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General Introduction

This thesis concludes my XXXII PhD course of Bioengineering and Bio-
science at Università Campus Bio-Medico di Roma, under the supervision of
Professor Marco Papi. The initial research program originates from personal
research interests concerning mathematical modeling of collective dynamics,
both from numerical and analytical point of views. A first approach to the
topic is due to the master’s degree thesis on Mathematics, with supervisor
Roberto Natalini, Head of Istituto per Le Applicazioni del Calcolo “Mauro
Picone”, CNR, Rome. Moreover, the interdisciplinary nature of this PhD
Course, bringing together mathematicians, engineers with di↵erent knowl-
edge and biologists, allowed me to give a contribution in other research
areas. In particular, collective motions of agents, regardless of their nature,
has been linked to consensus problems and dynamics on network. In this
sense, the thesis collects two di↵erent yet complementary approaches to ad-
dress the above research directions. This classification loosely reflects Parts
I and II of the thesis, respectively.

Synopsis of the thesis

The thesis as a whole focuses on the study and mathematical modeling
of collective dynamics arising in di↵erent contexts. The results we present
follow a preliminary in-depth study of the literature, carried out during the
three-years term of the PhD course. When reporting multiple references, we
choose to cite, among the large amount of papers collected, those that have
played a major role on our researches.

The work is organized in two parts, that are structured to be read in-
dependently. Both parts start with a brief introduction, and discussion and
future works conclude the topic of each chapter. Since Part I and Part
II use concepts from di↵erent fields, the notation we employ is consistent
within each part. In particular, the terminology hybrid has two di↵erent
connotations.

In the first part, we study a distinct type of systems of di↵erential equa-
tions, arising from mathematical models that combine discrete and contin-
uum approaches, known as hybrid or discrete-continuum models. In the last
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years, these kind of models has gained particular interest, among others, in
biological phenomena involving cell-cell interactions and cell-matrix inter-
actions, specifically chemotactic ones. The terminology hybrid thus refers
to the presence of di↵erent scales within the same model: while cells are
treated as discrete units, the chemotactic signal influencing their dynamics
is represented as a continuum.
Part I of the thesis is devoted to analytical results concerning existence and
uniqueness of the solution of coupled hybrid systems. From a mathemati-
cal point of view, the general structure of the investigated models combines
second order ordinary di↵erential equations, which model inter-individual
interactions, with partial di↵erential equations describing the evolution of
the signal further influencing the dynamics. The fact that the great variety
of applications does not correspond to a relevant literature concerning theo-
retical fundaments is shared by experts of these kind of modeling. Moreover,
there are at least two main aspects that di↵erentiate our results compared
to the few available in the current state of the art concerning this class of
coupled systems. First, the solution to the chemotaxis equation is a path-
dependent function : for every time t, in order to evaluate the solution at
that time, it is necessary to know the entire trajectory of the agents up to
time t. Second, the coupling is achieved through the gradient of the solution
of the parabolic equation, evaluated, at each time step, in the position of
each agent.

With regard to the second order structure of coupled hybrid systems, we
propose an overview of the literature concerning the basic inter-individual
mechanical interactions arising in collective phenomena. Within this frame-
work, we present the first step of a current joint collaboration with Emiliano
Cristiani (Istituto per le Applicazioni del Calcolo-CNR), aiming at develop-
ing hybrid models with applications to crowds and flocks [H].
For the rest of Part I, we shall deal with hybrid systems, both with analyt-
ical and numerical purposes.
We start proposing well-posedness theorems for the solution in RN assuming,
in particular, the source term in the parabolic equation describing chemo-
taxis and the initial data continuous functions, with particular growth con-
ditions [A].
We extend the previous study investigating the case of a source term with
less regularity properties [C]. Finally, we further generalize the structure of
hybrid models, assuming in particular initial data in the Lebesgue space
L2(RN ) ,and source term in Liploc(RN⇥n;L2(RN )) [D].

The analytical approach is linked to a more applied and numerical ori-
ented work [B]. In this study we consider a hybrid model, adapting to those
phenomena involving alignment and chemotaxis mechanisms. The evolution
in time of the exogenous chemical signal is modeled by a parabolic equation
with constant coe�cient and initial null concentration. From the analytic
point of view, we prove existence and uniqueness of the solution. With re-
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spect to the previous researches, the focus is on the asymptotic behavior of
the system. In particular, we present the results obtained on a linearised
version of the investigated system. Theoretical findings are compared with
numerical simulations, based on finite di↵erence schemes, concerning the
behavior of the full nonlinear system.

Part II of the thesis introduces a di↵erent approach to collective dynam-
ics of agents, as a result of a joint work with the Research Unit of Automation
of Università Campus Bio-Medico di Roma. The collaboration started with
a published book chapter focused on robustness and control of distributed
systems [F]. In order to provide evidence of the robustness of distributed bi-
ological systems, we considered a case study describing chemotaxis processes
for a colony of E. Coli bacteria. Afterwards, distributed systems of agents
have been investigated in a decision-making perspective. The research in
this area has led to two contributions. In a first study, we find e↵ective
distributed algorithms to solve the Sparse Analytic Hierarchy Process prob-
lem, where a set of networked agents (e.g., wireless sensors, mobile robots
or IoT devices) needs to be ranked based on their utility/importance [E],
using information on the relative utility of pairs of agents (e.g., agent i is
twice as important as agent j).
Specifically, we provide a numerical comparison of the performances of four
methods over networks with di↵erent characteristics.
In a second contribution, we consider a scenario where a set of agents, in-
terconnected by a network topology, aim at computing an estimate of their
own utility, based on pairwise relative information having hybrid nature, i.e.,
combining information regarding the ratio of the utilities with information
regarding the di↵erence in utility of selected pairs of agents. Specifically,
we developed a distributed algorithm that lets each agent asymptotically
compute a utility value [G]. The novelty with respect to previous work in
literature relies in the fact that di↵erent types of information are considered
within the same scenario. For that reason, in Part II the terminology hybrid

refers to the framework of the investigated problem, which is characterized
by the coexistence of informations with di↵erent nature.
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Introduction

In the first part of this thesis, we study a particular type of systems
of di↵erential equations, arising from mathematical models that simultane-
ously combine discrete and continuum approaches. In recent years, these
kinds of models have been mainly adopted to describe phenomena concern-
ing living systems, such as cell aggregates ([1], [2], [3], [4], [5]) or crowds (
[6], [7]. For an updated survey of recent results in the mathematical mod-
eling and control of crowd, at the various level of modeling, see also [8]).
These are regarded as collections of agents presenting two fundamental as-
pects: a proper behavior, and the ability to sense and actively interact with
other individuals and the surrounding environment. When modeling collec-
tive phenomena, the choice of the scale of observation represents one of the
first point to address. The majority of mathematical models in the litera-
ture treats agents aggregates either as a continuum or as a discrete set of
individuals.

Discrete, continuous and hybrid approaches

Discrete models operate at the scale of individuals ([9], [10], [11], [12]).
For example, in the biomedical field, each cell is treated as a unit of finite
volume, which is able to move, divide and die individually according to bio-
logical observations. Agents have been modelled with simple points, spheres
and ellipsoids, both with fixed volume and size, or more complex evolving
deformable structures ([13],[14]). A discrete approach allows to easily model
mechanical interactions with other cells and with the surrounding matrix,
and to incorporate details concerning individual cells (e.g. size, metabolic
state). The possibility to model agents in fine details leads to the draw-
back of a large computational cost, which rapidly increases with the number
of agents considered. Thus, discrete models are suitable for a microscopic
description of phenomena when the number of agents is relatively limited.

Since a same problem can be modelled at di↵erent scales depending on
the aspects of interest, the choice of the approach to adopt is often not
unique. Sometimes the distinction among di↵erent approaches is not ex-
tremely defined, other times it is quite obvious. In fact, to model regions
in which mechanical and rheological properties are of primary interest, it
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is completely unnecessary to focus on the cell scale. Aiming at a global
description of the agents interactions, continuum models better fulfil the re-
quirements ([15],[16]). From a macroscopic point of view, the units’ aggre-
gate is described through its spatial mass density, and continuum equations
are used to model cell-cell and cell-matrix interactions. On the one hand,
continuous models are easier to be computationally analyzed, and do not
present limitations in the number of agents involved. On the other hand,
they su↵er from the fact that generally the averaging over space realized in
continuum formalisms cannot fully account for the diversity of cellular and
sub-cellular dynamical features.
Advantages and disadvantages of the two categories seem to be complemen-
tary. The emergent hybrid approaches, in which some of the variables of
the model are continuous and other are discrete, gain the advantages o↵ered
by both, providing a link between macro and microscale descriptions [17].
In the literature, there is no a commonly agreed definition for the class of
hybrid models. In [1], authors investigate the e↵ects of individual-based
cell interactions in the di↵erent stages of tumor growth, presenting a model
defined by a system of coupled non-linear partial di↵erential equations.

As already mentioned, modelling certain cell processes with a pure con-
tinuum approach would be challenging. The authors classify their model
as hybrid, since they discretize the reaction-di↵usion model using finite-
di↵erence methods in order to focus on the individual cell level. In par-
ticular, they consider a random-walk model, assuming that the coe�cients
arising from the discretization process correspond to the probabilities for
cells to move or remaining at their current location. Authors refer to this
kind of procedure as hybrid discrete-continuum. This technique has been
used in other works related to cancer growth [18], and also in the context
of angiogenesis [19] and retinal vasculature development [20]. Other hybrid
models are the so called interfacing hybrid models [21], in which the spa-
tial domain is partitioned in few time-dependent domains, and the cells are
described by discrete variable in a portion of the spatial domain, or by con-
tinuous variables in the rest of domain (see for instance [22] or [23] about
cancer cells invasion).

A further generalization has been developed on the basis of measure-
theoretic approaches ([24], [25]). The basic idea is that a same constituent
can be described, in the whole domain, in a unique framework in which
microscopic and macroscopic points of view coexist ([6], [26]). These models,
first applied to crowd dynamics, allow a balance between micro- and macro-
contribution through a combination of singular and absolutely continuous
measures with respect to the Lebesgue measure of the space. In this way,
one can suitably focalize the granularity of individuals (interaction with a
single) and the macroscopic description of crowd flow (interaction with the
mass). A first attempt to apply this framework in a biological context, about
the cell behavior, can be found in [27].
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In our work, we focus on a hybrid di↵erential system which generalizes
the mathematical setting of the models presented in [2] and [3]. In those
papers, cells are treated as a set of localized agents whereas chemical con-
centrations are described through the spatial distribution of their concen-
trations. In the above mentioned works, authors focus on the construction
of the models and provide some numerical simulations able to reproduce the
related biological phenomena. To this end, only a numerical approximation
of the solution of the system occurring in the mathematical model has been
proposed.

From a mathematical point of view, these models share some common
features. The dynamic of the cells is driven by second-order ODEs, whereas
the evolution in time of the chemical signals is described by reaction-di↵usion
equations. The dynamics of agents are not only influenced by mechanical in-
teractions, but also by chemotaxis, which leads the agents from regions with
low concentration to the ones at an higher level. The main contribution in
our model consists in the coupling through the gradient of the concentration
of the chemoattractant. In particular, the solution to the chemotaxis equa-
tion (see Equation (2) below) is a path-dependent function: for every time
t, in order to evaluate the solution at that time, it is necessary to know the
entire trajectory of the agents up to time t. In the investigated system, the
coupling is achieved through the gradient of the solution of the parabolic
equation, evaluated, at each time step, in the position of each agent. We
stress the realism of this assumption, since it is known that some living or-
ganisms [28] are able to construct local approximations to gradients. This
kind of dependence requires further regularity for the chemotaxis solution
in order to achieve a uniqueness result.

To the best of our knowledge, these features di↵erentiate our formula-
tion from those available in the current state of the art concerning analytical
results for coupled systems. We point out that, while applications of hybrid
models are increasingly frequent, the literature concerning well-posedness
(existence and uniqueness) of the solution of the resulting di↵erential sys-
tems is still lacking. In [29], authors investigate an initial value problem
for systems characterized by the coupling of conservation laws and ordinary
di↵erential equations through boundary conditions. From an analytic point
of view, the particular structure of model in [29] has been investigated in
some previous works ([30], [31], [32]).

Hybrid models: the general structure

We consider a group of n interacting agents in RN . The dynamic of
each agent i = 1, ..., n is expressed by the following second-order di↵erential
equation:

ẍi(t) = Fi

⇣
t,X(t), Ẋ(t),rf (xi(t), t;X)

⌘
, (1)
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where X(t) = [x1(t), ...,xn(t)] , Ẋ(t) = [ẋ1(t), ..., ẋn(t)] 2 RN⇥n are the col-
lections of position and velocity of each agents, at each time t, and f models
a signal influencing the dynamics (e.g. the concentration of a chemoattrac-
tant as in [3], [2]). The notation f = f(x, t;X) aims to emphasize the
dependence on the whole trajectory of all agents till time t, that will be
clear in the next section (see equation (3.5)) .
In the proposed model, f is the solution of the Cauchy problem

⇢
Lf(x, t;X) = g(x,X(t)), (x, t) 2 RN ⇥ (0, T )
f(x, 0;X) = '(x) x 2 RN ,

(2)

where L is the following di↵erential operator:

L =
NX

i,j=1

ai,j(x, t)@
2
i,j +

NX

i=1

bi(x, t)@i + c(x, t)� @t. (3)

Moreover we investigate a di↵erent variation of (1), in which rf(xi(t), t;X)
is replaced by the average over a ball centered in xi(t) and having radius � >
0. The introduction of an average gradient in [2] and [3] aims at modeling
the fact that, in biological system, a cell feels the presence of chemical signals
not only in its center, but also in the region surrounding it.
For the case of a non-local concentration, we generalize the above structure
of hybrid models (1)-(3), considering systems of the following coupled hybrid
form
8
>>>>>>>>>><

>>>>>>>>>>:

ẋi(t) = Fi

✓
t,X(t),

ˆ
RN

ru (x, t)h(x, xi(t))dx

◆
t 2 (0, T ) ,

ut = div (a(x, u,ru)) + b(x, u) + g(x,X(t)) in RN ⇥ (0, T ) ,

xi(0) = xi0 2 RN ,

u(·, 0) = u0 2 L2(RN ),

(4)

It is worth pointing out that the set of assumptions we will consider for
problem (4) generalizes the previous for (1) -(3), and cover the particular
structure of our inspiring models [2], [3].
Another crucial investigated aspect concerns the asymptotic behavior of the
solution. In a more applied and numerical oriented paper [33], we presented a
simplified model of system (2)-(3). Finally, in a more applied perspective, we
present a novel hybrid model, inspired by collective motions of cells occurring
in di↵erent biological phenomena, such as wound healing and morphogenesis
processes. We consider an alignment and chemotaxis mechanism, whose
evolution in time is modeled by a parabolic equation, with term of source
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and degradation. The basic structure is given by the following system:

8
>>>>>>>>><

>>>>>>>>>:

ẋi = vi,

v̇i =
�

n

nX

i=1

� (|xi � xj |) (vj � vi) + �rf(xi),

@tf = D�f + gX � ⌘f,

f(·, 0;X) = 0.

(5)

where �, �, �, D, ⌘ are positive constants, and � is the influence function,
modeling alignment interactions among agents and depending on the rela-
tive distances.

Plan of Part I

In Chapter 1 we provide an overview of the literature concerning second
order agent-based models. In particular, we performe numerical simulations
of these models, based on finite di↵erence schemes. Moreover, we present the
first step of a current joint collaboration with Emiliano Cristiani (Istituto
per le Applicazioni del Calcolo-CNR). The model we propose aims at repro-
ducing flocking behaviors typically displayed by starlings, with a particular
focus on turning phenomena. On the basis of comprehensive researches in
the literature of the field, we developed a novel agent-based second-order
model with delay. Numerical simulations show that the model is able to
reproduce the investigated behaviour .
Chapters 2, 3, 4 are devoted to analytical results concerning wellposedeness
of hybrid systems. With a step-by-step perspective, in Chapter 2 focus on
the solution of (1)-(3) assuming, in particular, g and ' continuous functions.
In Chapter 3 we extend the obtained results to the case of g with less regu-
larity properties. This study is motivated by the fact that in our inspiring
models ([2], [3]), the source term is modeled by a discontinuous function,
able to di↵erentiate regions from which the signal arises from the others.
In Chapter 4 we prove global existence and uniqueness results for the gen-
eral form of hybrid systems in (4). In particular, we assume ' 2 L2(RN )
and g 2 Liploc(RN⇥n;L2(RN )). In this Chapter we shall introduce a dif-
ferent technique, based on a preliminary study concerning well-posedness of
pseudo-parabolic approximating problems, in order to prove existence and
uniqueness of the solution.
In Chapter 5 we present the result of a joint collaboration with Roberto Na-
talini (Istituto per le Applicazioni del Calcolo-CNR) and other coauthors.
The aim is to combine analytical and numerical approaches in order to study
the asymptotic behavior of the solution of (5). From the analytic point of

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



22

view we prove existence and uniqueness of the solution. Then, the asymp-
totic behavior of a linearised version of the system is investigated. We prove
that the migrating aggregate exponentially converges to a state in which all
the particles have a same position with zero velocity. Theoretical results are
compared to numerical simulations performed on the full nonlinear system.
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Chapter 1

A microscopic model for
collective motions of birds
with turning

In this chapter 1 we present a microscopic model for collective behaviors
specifically conceived for modeling flocks of birds and swarms. In particular,
the aim is to model turning scenarios, due to sudden direction changes in the
motion of the group as a whole. With respect to flocking, the mechanisms
regulating turning events are rarely investigated by the present literature.
We first present a brief overview of mathematical models related to collec-
tive motions, in order to highlights the basic interactions that need to be
taken into account when dealing with flocks. Then, we focus on a novel mi-
croscopic model for flocking and turning phenomena. Numerical simulations
show that the introduced model is able to reproduce the desired behavior.

1.1 Collective motions: modeling background

Collective motions of agents can be regarded as a multidisciplinary area
of study, on the borderline of several scientific disciplines. The main feature
of collective behaviour is that the individual unit’s action is strongly dom-
inated by the influence of other units, so that its motion turns out to be
very di↵erent from how it would be if it was alone. Everyone could think at
those fascinating sceneries typically displayed by a flock of birds, or a school
of fish, but collective motions concern also bacteria colonies, amoebae, cells,
insects, mammals and humans ([34], [35], [36], [37], [38]).

Many reasons of aggregations in a given system have been proposed. In
the biological field, coordinated motion of cells results in making a biological

1This chapter is based on joint work with E. Cristiani, M. Papi
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process more e�cient. In particular, a large variety of models of the litera-
ture focus on the process of cell invasions and biological processes related to
tumor growth ([1], [11], [18], [39], [40]). In a di↵erent context, mathematical
modeling of crowd dynamics gives advantages to better forecast the behav-
ior of pedestrian flows ([6], [8], [26], [41], [42]). Regardless of the nature of
the agents and the field of application, mathematical research on collective
motions aims at modeling those phenomena in which individual units inter-
act in simple or more complex ways, which turn out to be combination of
simpler interactions.

In this section we present an overview of the literature, in order to high-
light the basic interactions which need to be taken into account when mod-
eling collective behaviors. Moreover, we present numerical simulations of
the described models, which are performed using finite di↵erence schemes
for ordinary di↵erential equations.

1.2 Alignment Models

Standard Vicsek Model

Perhaps the first widely-known flocking model was introduced in [43], in
order to establish a quantitative interpretation of the behavior of flocks in the
presence of perturbations. What we are going to present here is the so called
“Standard Vicsek Model” (SVM), which is discrete with respect to time.
According to SVM, the single organisms move with a fixed absolute velocity
v0, and assume the average direction of others within a given distance R.
Therefore equations for the position xi and velocity vi of particle i are

⇢
vi(t+ 1) = v0d(t) + perturbation,
xi(t+ 1) = xi(t) + vi(t+ 1)

(1.1)

with d(t) :=
hvj(t)iR
|hvj(t)iR|

, having labeled with j the neighbors of i, in the

sense of the flocking organisms belonging to a circle of radius R surrounding
particle i.
The notation hvj(t)iR denotes averaging of the velocities in that region,
and by definition d(t) is a unit vector, pointing in the average direction of
motion. We refer to the presence of noise with general perturbation, as it can
be explained in various way. In SVM it means adding a random angle to the
one corresponding to the average direction of motion in the neighborhood of
i. In other words, the final direction of particle i is obtained after rotating
the average direction of the neighbors with a random angle.
SVM is the starting point for the model we are now going to introduce,
pointing out di↵erences and similarities between them.
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Cucker-Smale Model

Originally presented for a flocks of birds, the model [10] can be extended
to all those phenomena in which single units reach a sort of consesus: in
case of birds, a common direction. For example, opinion formation dynamic
can be regarded as a collective behavior problem involving an alignment
process. This is the approach, for example, of [44]: the law describing the
evolution in time of the opinion of each agent is similar to the law prescribed
by Cucker and Smale for the velocities.
Let us consider a flock of n birds, labeled with i = 1, ..., n, moving in R3.
At each instant of their motion, every bird adjusts its velocity by adding to
it a weighted average of the di↵erences between its velocity and those of the
others in the flock.

vi(t+ h) = vi(t) + h
nX

j=1

aij(vj(t)� vi(t)), (1.2)

for every t 2 N and i = 1, ..., n.

The weights aij quantify the ability of bird i to communicate with j,
that is the way birds influence each other. A reasonable assumption could
be that aij depends on the distance between i and j :

aij = ⌘(|xi � xj |2) (1.3)

Here ⌘ : R+ �! R+ is a non increasing function, called influence function.
The prototype influence function chosen by Cucker-Smale is given by:

⌘ : R+ �! R+

y 7�! ↵1

(↵2 + y)�
,

where �, ↵1, ↵2 are fixed positive constants.

Letting h tend to zero, we obtain the equations of flocking: the dy-
namic of each agent i = 1, ..., n at a certain time instant t in the interval of
observation (0, T ] is given by

8
>>><

>>>:

ẋi(t) = vi(t),

v̇i(t) =
nX

j=1

aij(vj(t)� vi(t)),
(1.4)

where xi(t),vi(t) 2 R3, are the position and velocity of i -th bird. We will
refer to this system simply with CS.

There are two main di↵erences between these two models. First of all,
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while in SVM interactions are restricted to a region surrounding a given par-
ticle, in CS every flocking organism influences all the others. Furthermore,
CS does not consider perturbation, but only an alignment e↵ect.

System (1.4) is the original formulation given by Cucker and Smale, but
more often with “Cucker-Smale model” we refer to the following modifica-
tion, which contain a normalization pre-factor 1/n [45]:

8
>>>><

>>>>:

ẋi(t) = vi(t),

v̇i(t) =
1

n

nX

j=1

↵1⇣
↵2 + |xi(t)� xj(t)|2

⌘
� (vj(t)� vi(t)).

(1.5)

The Cucker-Smale paper [10] is widely known to have established an
analytical exact result on the convergence to the same velocity in a group
of interacting agents through an alignment e↵ect.

Consider system (1.5) with initial condition xi(0) = xi0, vi(0) = vi0.
The main convergence result proved in [10] has been improved in [46], us-

ing an explicit Lyapunov functional approach. First, as in this last reference,
we can give the definition of time-asymptotic flocking as follows:

Definition 1. Let xCM = 1
n

P
n

i=1 xi and vCM = 1
n

P
n

i=1 vi position and

velocity of the centre of mass. System (1.5) has a time-asymptotic flocking

if and only if (xi,vi), i = 1, . . . , n, satisfy the two conditions:

1. the velocity fluctuations go to zero time-asymptotically (velocity align-

ment):

lim
t!+1

nX

i=1

|vi(t)� vCM(t)|2 = 0; (1.6)

2. the position fluctuations are uniformly bounded in time t (forming a

group):

sup
0t+1

nX

i=1

|xi(t)� xCM(t)|2 < +1. (1.7)

Notice that the square root of the quantities under the limit and supre-
mum operations in (1.6)–(1.7) is proportional to the standard deviations of
vi(t) and xi(t) around the centre of mass system. In [10] and [46] authors
proved that for � 2 [0, 1/2] a global unconditional flocking of system (1.5)
occurs, as stated in Definition 1, regardless of initial configurations, whereas
for � 2 (1/2,+1) there is conditional flocking, that is only some parameters
and initial data lead to a flocking state, but in general the dispersion of the
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flock may occur.

1.2.1 Numerical simulations

In this section we present numerical simulations of the model in (1.5),
based on finite di↵erences scheme in a two dimensional domain. In par-
ticular, varying the value of � 2 [0,1), we verify the analytical results
concerning unconditional and conditional flocking.

We consider the interval of observation [0, T ] divided into M > 0 subin-
tervals: if �t is the time step, we denote by tk the k � th temporal step,
i.e. tk = k�t for any k = 0, ...,M . Finally, with xk

i
and vk

i
we denote

respectively the approximations of position and velocity of agent i at time
tk. Putting in implicit the term depending on the velocities, the scheme for
system (1.5) reads:

8
>>>>><

>>>>>:

xk+1
i

� xk

i

�t
= vk

i ,

vk+1
i

� vk

i

�t
=

1

n

nX

j=1

↵1

(↵2 + |xk

i
� xk

j
|2)�

(vk+1
j

� vk+1
i

).

(1.8)

The second equation in (1.8) can be rewritten as

0

@1 +
�t

n

nX

j=1

↵1

(↵2 + |xk

i
� xk

j
|2)�

1

Avk+1
i

� �t

n

nX

j=1

↵1v
k+1
j

(↵2 + |xk

i
� xk

j
|2)�

= vk

i .

(1.9)
Thus, for a flock of cardinality n, at each time step we solve a system

of n equations to find the unknown velocities Vk+1 := (vk+1
1 , ...,vk+1

n ). We
observe the simmetry property of the coe�cient matrix, denoted with B,
with entries:

B(i, j) =

8
>>><

>>>:

1 +
�t

n

nX

l=1 l 6=i

↵1

(↵2 + |xi � xl|2)�
if i=j ,

��t

n

↵1

(↵2 + |xi � xj |2)�
if i 6= j.

(1.10)

The proposed implicit method requires to solve a linear system at each
time step, and gains from the fact there there is no need to impose restric-
tion on the time step �t in order to guarantee stability. This represent an
advantage, since the time interval [0, T ] could be even very wide, virtually
infinite. In that case, the possibility to choose the time step relatively large
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plays an essential role in order to reduce the number of iterations, the cost,
and the accumulated errors.

Test 1

In this test we consider a group of n = 20 agents, initially located in
x0, as in Figure 1.1(a).We set the parameters ↵1 = 0.5, ↵2 = 1, �t = 0.1,
T = 20, � = 0.4. As � 2 [0, 12 ], we observe the time-asymptotic behavior,
regardless of the initial configurations of positions and velocities. In par-
ticular, at each time step, we evaluate the velocity fluctuation around the
centre of mass, and observe that it reduces as time increases.

(a) (b)

(c) (d)

Figure 1.1: Numerical simulation of Cucker-Smale model with � in the range
of unconditional flocking.
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1.3 Attraction-repulsion models 29

Test 2

In this test we consider a group of n = 20 agents, initially located in
x0, as in Figure 1.2(a). We set the parameters as in Test 1, apart from �
and T , which are now � = 1, T = 50. As � > 1

2 , we remember that time-
asymptotic behavior of the group is ensured only under certain conditions
for the initial velocities and positions. In this simulation, parameters are
chosen to simulate the dispersion of the group, as initial velocities do not
satisfy the necessary condition for flocking.

(a) (b)

(c) (d)

Figure 1.2: Numerical simulation of Cucker-Smale model with � in the
range of conditional flocking.

1.3 Attraction-repulsion models

The model proposed by Cucker and Smale in [10] takes into account
only an alignment mechanism of the individuals by adjusting their relative
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velocities with all the others, in order to move in the same direction, and the
strength of this process depends on the mutual distance. Other important
models in the literature investigate systems in which units do not follow any
kind of explicit alignment rule. Attraction-repulsion models are useful to
describe the social tendency of units to produce grouping (attraction/cohe-
sion), avoiding collision with other members and crowding (repulsion/sepa-
ration). Among the great variety of attraction-repulsion models, the model
in [47] is well-known to reproduce the so called milling formation:

8
>>><

>>>:

ẋi(t) = vi(t),

v̇i(t) = (↵� �|vi(t)|2)vi(t)�
1

n

X

j 6=i

rxi(t)U(|xi(t)� xj(t)|)
(1.11)

for i = 1, ..., n, where ↵,� � 0, and U : Rd ! R is a given potential
modelling short-range repulsion and long-range attraction. In [47] the form
of function U is given by

U(x) = k(|x|), k(r) = �CAe
� r

lA + CRe
� r

lR ,

where lA, lR > 0 represent the attractive and repulsive potential ranges, and
CA, CR their respective amplitudes. We can distinguish two components:

• the self-propelled component, due to the presence of a self-propulsive
force, ↵vi, and a friction force, which also depend on the Euclidean
norm of vi.

• the component relating to the potential. For agent i, this term is
sum of an attractive component and a repulsive one, characterized
by the intensities CA, CR, which dacay exponetially as a function of
the distance between i and every other j in the group. The positive
constant lA, lR denote the range within which attraction and repulsion
forces are perceived by the agents .

Consider the quantities C = Cr/Ca, and l = lr/la. If

C > 1 and l < 1, (1.12)

the repulsion prevails on the attractive component, and its range lr is shorter
than la. Thus we expect that particles relativity far attract each others,
keeping the cohesion of the group, but also avoid collision in case they tend
to become too close. In other words, particles tend to form mills, vortices
with velocity of center of mass equal to zero, similar to concentric rings. In
that configuration, all agents rotate in the same way, and their velocities
tend to the asymptotic value |vi|2 = ↵

�
.
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In our simulation we set Cr = 1, Ca = 0.5, lr = 0.5, la = 3, thus
condition (1.12) is satisfied, and we follow the dynamic of (1.11) in the
time interval [0, 100], using �t = 0.05. Figure (1.3) shows numerical results
obtained for n = 300 agents. Numerical simulations performed for a smaller
group of agents (data not shown here), highlight the fact that the vortex
size decreases as a function of particle number.

(a) (b)

(c) (d)

Figure 1.3: Numerical simulation of D’Orsogna model for a group of n =
300 agents.
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1.4 Zone models

A model combining alignment, attraction and repulsion e↵ects is called
three zone model. One of the first simulations was carried in [48]. Based on
the observational and empirical investigation of fish behavior in schooling
phenomenon, it distinguishes three fundamental regions of influence.

The repulsion zone is characterized by the tendency of moving apart
from another individual in near proximity, in order to avoid physical col-
lision or being of mutual obstacle. An agent moving out from this region
finds itself in the alignment or orientation zone, where it tries to identify
the possible direction of the group and to align with it. Finally, when the
individual is too far apart from the group, it will try to reach the others
which are located in the attraction zone.
Many behavioral models stand on Aoki’s model, which is consider to be a
proper base for further considerations. In [49], authors distinguish between
predators and prey, and focus on predators’ behavior. Using a three-zone
model, the region surrounding predator is divided in prey, chase and search-

ing area.
In [34] authors propose a model based on the three interaction zones,

modelled as spheres, centered on the individual, with radius Rr,Ro,Ra, 0 
Rr  Ro  Ra. This model also takes into account the fact that the
perception zone of an individual is limited, introducing the concept of cone
of vision. For example, the visual field of a bird or fish, is defined by an
angle ↵: ↵ = 360� correspond to an individual which can respond to others
in any direction within the behavioral zones. For all the others values of
↵, the cone with interior angle (360� ↵) defines a blind area within which
neighbors are undetectable. Varying the width of the perception zones and
some parameters of the model, the simulations exhibit various basic type
of collective motion: swarm, with little or no parallel orientation; milling,
with individuals that rotate around an empty core; dynamic parallel group,
where the individual are aligned but can move throughout the group, causing
fluctuation in density and group form, and highly parallel group (Figure
1.4). In [50], the concept of field of vision is enhanced by the introduction
of sensitivity zones. Clearly, the behavioral rules prescribed in the model
do not concern the blind region. Within the cone of vision, each agent
has its own zones of interaction, di↵erent in size and shape. Authors show
that simply changing, for example, the sensitivity angles for attraction and
repulsion forces, we obtain cluster, line and V-like formations.

1.4.1 Metric and topological distance

All models seen in our brief review adopt a metric concept of distance,
assuming that the motion of every unit is influenced by those mates within
a fixed range of interaction. This hypothesis seems to be natural, but it
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1.4 Zone models 33

Figure 1.4: The collective behaviour exhibited by the model in [34] : (A)
swarm with little orientation; (B) milling formations, in which individuals
rotate around an empty core; (C) dynamic parallel group; (D) highly parallel
group (source [34]).

presents several drawbacks. For example, how to explain those typical sce-
narios in which flocks abruptly contract, expand and even split, before re-
forming as a whole? In a metric context, one would expect cohesion to be
lost when the mutual distances become larger than the range of interaction,
thus the density changes, typical of animal aggregations, is not well repro-
duced. To cope with this problem, an alternative definition of distance is
been introduced, referred as “topological distance”: the relevant quantity
is how many agents separate two members of the flock, and not how close
or how far they are. It follows that each individual interacts with a fixed
number of mates, and that the aggregation can be dense or sparse, change
shape and fluctuate, but interactions do not vanish and cohesion under per-
turbation is kept.
Recent studies conducted for flock of birds [51] support the topological ap-
proach. Analyzing several independent flocking events recorded between
December 2005 and February 2006 in Rome, they observed that each bird
changes its position influenced by a range of six, seven neighbors. Moreover,
they compared numerical results of Vicsek Model simulations, with the ones
obtained replacing the metric interaction with the topological seen above.
Using the strictly metric interaction, a flock exposed to a perturbation repro-
ducing the attack of a predator tends to split into many small components,
which are of course more vulnerable, while the topological modification bet-
ter preserve the cohesion of the group.
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In [50] authors show that, choosing a suitably restricted angle of vision, to-
gether with a topological interaction, it is possible to reproduce the main
structure of animal group (e.g. clusters, lines and V-like structures). The
model is an agent-based zone model, including only the superposition of
attraction and repulsion e↵ect, without alignment. In particular, the choice
of a linear attraction and a repulsion term proportional to the inverse of
the distance between agents, are similar to those described in the previous
subsection. A development of the three zone model, combining multiscale
and both topological and metric approaches, can be found in [52]. It de-
scribes the dynamics of a large group of agents influenced by a small number
of external agents. This scenario is typically displayed in nature, when the
presence of external agents such as predators or leaders modify the internal
dynamics of a group (flock of birds, school of fishes, herd of sheep). The
proposed model, endowed of both metric and topological interactions, con-
siders di↵erent level of descriptions, from the microscopic to a kinetic one,
obtained through a mean-field limit, and finally to a macroscopic system
through a hydrodynamic limit.

In the following section we present a novel model, aiming at reproducing
turning phenomena in flock of birds, which includes the three basic interac-
tions above seen, and adopts a topological concept of distance. Our approach
is neither exhaustive nor definitive, since it represents the starting point of
an ongoing work. However, numerical results obtained in the first step of
our researches have been able to reproduce the investigated phenomena.

1.5 A novel mathematical model for turning

Before presenting our model, we clarify the reasons of the assumptions
that will be made, mainly justified by the nature of starlings. We consider
a flock of n units. Since males and females are similar in size and weight,
we assume that the birds have all the same mass. Each member of the flock
is represented by a dimensionless point having unit mass, corresponding to
its position xi(t) 2 RN . Hence, in our second-order model, the terminology
force and acceleration have to be considered as synonyms.

The dynamic of a generic agent i is described by a second-order particle
model with time delay � > 0, in the form

ẍi(t) = Ai (X(t� �),V(t� �)) , (1.13)

where X(·),V(·) denote the collection of positions and velocities of all the
agents. At each time t � �, the algorithm updates the values of the accelera-
tion of the agents, which is a function of positions and velocities. Integrating
the above equation we get the general expressions for velocity and position,
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namely
ẋi(t+ dt) = ẋi(t) + ẍi(t)dt, (1.14)

xi(t+ dt) = xi(t) + ẋi(t+ dt)dt. (1.15)

In the general form, the acceleration is thus a function of the velocities
and positions of all birds at a previous instant of the motion. The introduc-
tion of a delay parameter �, modeling the natural delay of living systems in
the response to external stimuli, allow to control the speed at which infor-
mation spreads through the flock.
In order to model turning scenarios, we define leader an agent that during
the motion randomly decides to change its direction, and follower any other
agent. Our main assumption, which particularly fits reality, is that each
member of the group is potentially a leader. In accordance with the biologi-
cal and mathematical literature, we reject the idea of a hierarchical structure
within the flock. Moreover, the reasons why a bird suddenly decides to move
in a di↵erent direction with respect to the rest of its group are not clear.
On the contrary, a large number of studies agree that a leader-bird trigger
a new phase of consensus within the group, moving in a di↵erent direction,
for a short period of time [34],[51],[53].
In order to reproduce this feature, we introduce the term persistency to de-
note the period of time, or number of time steps in numerical simulations,
in which a bird is a leader and moves in a fixed direction. Behavioral studies
of the literature [54] state that, when a bird stops being a leader, it cannot
be immediately one again. We will refer to negative persistency in order to
denote the period of time in which a bird cannot become a leader. Clearly,
assuming a null negative persistency, we are also able to consider the case
in which a leader bird stop moving in a direction and immediately become
again a leader, eventually choosing another direction.

The function Ai = Ai (X(t),V(t)) includes di↵erent types of interac-
tions: some are common to every agent of the flock, others are characteristic
of leaders or followers.

According to the empirical value in [55], a bird flies at a characteristic
speed between 10 and 12 km/h. We model this aspect introducing a force
that limits the velocity of each agent to be close to the characteristic one.
Namely, we define

Acha

i (t) = Ccha

⇣
Scha � |vi(t)|

⌘
vi(t), (1.16)

where Scha is the characteristic speed, Ccha a positive constant.

We consider only topological interactions, meaning that the dynamics of
each agent i are influenced by a fixed number M of mates, which are the
nearest ones [55]. In the followingN(i,M) denotes the set of theM�nearest
neighbors of agent i. In greater details, we model the attitude of each agent
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to be close to the rest of the group avoiding collisions with attraction and
repulsion term, respectively. We model these two kinds of interactions with
the following expressions:

Aatt

i (t) = Catt
X

j2N(i,M)

e|xi(t)�xj(t)| xj(t)� xi(t)

|xi(t)� xj(t)|
, (1.17)

Arep

i
(t) = �Crep

X

j2N(i,M)

e�|xi(t)�xj(t)| xj(t)� xi(t)

|xi(t)� xj(t)|
, (1.18)

with Catt, Crep positive fixed constants. We observe that attraction-repulsion
contributions are function of the distances among the agents. In particu-
lar, attraction force grows with the distance, whereas the repulsion one
decreases. In fact, when two agents are close, the attraction is low and col-
lisions have to be avoided. On the contrary, agents do not need to repel
themselves when they are at a long distance, and cohesion is kept due to
a high level of attraction. In order to follow the flock direction, the model
includes a topological alignment term: each agent tends to align to the
M nearest agents, always avoiding collisions with them and keeping close
enough. We choose the Cucker-Smale model form, defining

Aali

i (t) =
Cali

n

X

j2N(i,M)

(vj(t)� vi(t)). (1.19)

In order to model the turning phase of a flock, we define the turning
contribution. In our model, a bird i is picked randomly within the flock, and
a random turning velocity vtur

i
is assigned to it. The associated contribution

is expressed as

Atur

i (t) = Ctur
�
vtur

i � vi(t)
�
, (1.20)

with Ctur > 0.
The consensus is reached if the leader is followed by its neighbors, head-

ing them in the new chosen direction. Birds finding in the proximity of the
border of the flock are more likely to success [56], [57]. In fact, leaders in
denser areas of the flock would have to avoid many other members of the
group to change direction. On the contrary, birds not too far from the bor-
der can easily find their way out.

We can summarize the model with the following system. Firstly, we
introduce the variable

si(t) =

8
<

:

1 if i is a leader at time t,

0 if i is not a leader at time t.
(1.21)
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For any time t, the dynamic of each agent i = 1, ..., n is modeled by the
following equation

ẍi(t) = Acha

i
(t� �) +Aatt

i
(t� �) +Arep

i
(t� �)

+si(t� �)Atur

i
(t) + (1� si(t� �))Aali

i
(t� �),

(1.22)

where � > 0 denotes the delay parameter.

1.6 Numerical simulation

In this section we present some numerical simulations of the model in
(1.22), based on finite di↵erence schemes. The aim is to validate, from a
qualitative perspective, the model introduced. To this end, the values used
for the parameters have to been consider dimensionless. In an ongoing work,
concerning the three-dimensional domain, the availability of data arising
from empirical observations, will allow us to estimate their values.

Figure 1.5 shows four di↵erent time steps of a preliminary test, which
neglects the characteristic velocity (Scha = 0, Ccha = 0) and the delay
(� = 0) . We consider a flock of 200 agent, randomly displaced in a circle
of radius 0.1. We assume that each bird finding on the border at the initial
time, becomes a leader with infinity persistence, and moves with a prescribed
horizontal direction. We observe that the inner part of the flock decide to
move on the left or on the right depending on the position of each agent
with respect to the nearest leaders.
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(a) (b)

(c) (d)

Figure 1.5: Numerical simulation of (1.22) for a flock of 200 agents (pink
dots). We impose leaders (blu dots) only at the border, with infinite persis-
tence and fixed direction.

We now focus on the model (1.22), without imposing additional con-
ditions on leaders birds or on the directions. Clearly, the videos obtained
merging the frames of the di↵erent time steps have a greater visual impres-
sion. For the next numerical tests we present some significant frames, which
supports our conclusions.

We discretize (1.22) with classic Explicit Euler finite di↵erence scheme.
We consider the interval of observation [0, T ] divided into M > 0 subin-
tervals: if �t is the time step, we denote by tk the k � th temporal step,
i.e. tk = k�t for any k = 0, ...,M . Finally, xk

i
and vk

i
denote respectively

the approximations of position and velocity of agent i at time tk, and Ak��
i

the sum of the di↵erent contributions to the acceleration above mentioned,
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evaluated at time tk � �. The scheme reads:

8
>>><

>>>:

xk+1
i

� xk

i

�t
= vk

i ,

vk+1
i

� vk

i

�t
= Ak��

i
.

In order to implement the leadership status, we provide each agent with
a counter, initialized with null value. At each time step, the counter is
decremented. When its value reaches the negative persistence one, the agent
can become a leader. A random variable in (0, 1] is extracted: if its value
is greater than a leadership threshold parameter (in our simulations equal
to 0.002), the agent remains in the follower status, otherwise it becomes a
leader. The introduction of the leadership threshold allows to increase or
decrease the number of leader within the flock.

In Figure 1.6(a) we consider a flock of 500 agents, randomly displaced
in the square domain [0, 6] ⇥ [0, 6]. Leader birds are marked as blue dots,
whereas followers are red. According to the model, each bird i can randomly
become leader. In this case, our numerical implementation provides for the
assignment of a random direction vtur

i
.

The simulation shows the deformation of the flock in the time interval
[0, 1000]. We observe that cohesion within the flock is kept: the leaders
model the shape of the flock, but their influence is not strong enough to
split the group.

On the contrary, the scenario envisaged in Figure 1.7 shows an original
flock of 200 agents, randomly displaced in the square domain [0, 10]⇥ [0, 10],
dividing into two/three other groups. This comes as a result of using a
greater value for the parameter regulating turning forces, characteristic of
leaders. The simulation also outlines a typical behavior displayed by star-
lings: during the motion, new leader birds in a group, moving in the direction
of another group, can merge again the two part. This is what happens in
the couple of Figure 1.7(c)-(d), and Figure 1.7(e)-(f).

In particular, during the motion, new leader birds in a group moving in
the direction of another group, can merge again the two part.
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(a) (b)

(c) (d)

Figure 1.6: Numerical simulation of (1.22) for a flock of n = 500 agents.
We fix the following dimensionless values for the parameters: T = 900,
�t = 10�3, Catt = 0.5, Crep = 2, Cali = 3, Cturn = 1.

1.7 Discussion and future perspective

In this chapter we propose an overview of the literature concerning collec-
tive motions of agents, in order to highlights the basic interactions occurring
in collective dynamics. Moreover, we present a first step of our studies, with
application to flocking of birds. The model aims at reproducing those par-
ticular scenarios displayed by flock of birds, named as turning phenomena,
in which a flock moving as a whole abruptly changes its flight direction,
following the one chosen by one or few agents. Taking into account the
literature concerning behavioral aspects of flocks, the model relies on three
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(a) (b)

(c) (d)

(e) (f)

Figure 1.7: Numerical simulation of (1.22) for a flock of n = 200 agents.
We fix the following dimensionless values for the parameters: T = 3000,
�t = 10�3, Catt = 0.5, Crep = 2, Cali = 1.5, Cturn = 3.5.

main assumptions. Firstly, we replace the classic concept of metric distance
with the topological one [51]: the relevant quantity is how many agents sep-
arate two members of the flock, and not how close or how far they are. It
follows that each individual interacts with a fixed number of mates. The
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second assumption concerns the fact that there is not a hierarchical struc-
ture in a flock, and each member is potentially a leader, meaning that it can
decide to suddenly change direction and leave the consensus state. As in
the real phenomena, in our numerical simulation we observe that if a leader
bird find itself in crowded region of the flock, it is not able to trigger the
turning phase. On the contrary, birds finding in the proximity of the border
when become leaders, have better chances to success. Finally, the model
accounts for the natural delay in the response to external stimuli, thanks to
the presence of a delay parameter.
The first stage of our study is thus an agent-based model. We are work-
ing in order to create a multiscale model, as stated in the Introduction.
Moreover, the di↵erent parameters of the model will be estimated in the
three-dimensional version, using data coming from empirical observations.
Future perspective also involve the possibility to model the fact that the
turning phase is not triggered by agents within the flock, but by an ex-
ogenous signal, that spreads through the entire group and influences the
dynamics. The class of coupled hybrid models, representing the core of Part
I of the thesis, particularly fits to this last scenario.

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 2

Existence and uniqueness of
solutions for coupled hybrid
systems

In this chapter we propose well-posedness results for the solution of hy-
brid systems (1)-(3) under specific assumptions. In particular, we investigate
the case in which the source term and initial data of the parabolic equation
are modeled by continuous functions. Using a fixed-point argumentation,
we first present an existence and uniqueness result of the solution, locally
in time. By a principle of continuation of the solution, the result is then
extended to a global one.

2.1 Problem statement

We consider the following system of di↵erential equations

⇢
ẋi(t) = vi(t), 0 < t < T ,
v̇i(t) = Fi (t,X(t),V(t),rf (xi(t), t;X)) ,

(2.1)

with initial data xi(0) = x0i,vi(0) = v0i 2 RN , i = 1, ..., n. Here

Fi : [0, T ]⇥ RN⇥n ⇥ RN⇥n ⇥ RN �! RN ,

and f = f(x, t;X) is the solution to the Cauchy Problem in ⌦ = RN ⇥ [0, T ]

⇢
Lf(x, t;X) = g(x,X(t)), (x, t) 2 RN ⇥ (0, T ),
f(x, 0;X) = '(x), x 2 RN ,

(2.2)

with
' : RN �! R, g : RN ⇥ RN⇥n �! R

43
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continuous functions, and L the following di↵erential parabolic-type opera-
tor:

L =
NX

i,j=1

ai,j(x, t)@
2
i,j +

NX

i=1

bi(x, t)@i + c(x, t)� @t. (2.3)

We denote X(t) := [x1(t), ...,xn(t)], V(t) := [v1(t), ...,vn(t)] 2 RN⇥n, and
F := [F1, ..., Fn]. In particular, we denote X(0) = X0 and V(0) = V0.
When referring to vectors in RN , we use the bold notation to distinguish
component i of X and V, namely xi and vi, from a general vector of the
N�dimensional space. The complete list of notation introduced can be
found in the Glossary chapter. We use the notation f = f(x, t;X) in order
to highlight the fact that, for every t 2 [0, T ], f depends on the previous
states X(s), with s 2 [0, t].
Moreover we denote g(x,X(t)) with gX(x, t).

We shall consider the following standing assumptions:

H1) For every i = 1, ..., n, Fi is a continuous function, satisfying the fol-
lowing condition: 9LF � 0 such that 8K ⇢ RN⇥n compact, 9LK

F
� 0

such that
���Fi(t,X,V,w)� Fi(t, bX, bV, bw)

���  LK

F

⇣���X� bX
���+

���V � bV
���
⌘

+LF |w � bw| ,
(2.4)

for any X, bX,V, bV 2 K, w, bw 2 RN , t 2 [0, T ].

H2) The coe�cients ai,j , bi, c, are bounded Hölder continuous function in
⌦, with coe�cient ↵ 2 (0, 1) with respect to x and ↵/2 with respect
to t.

H3) L is uniformly parabolic in ⌦, meaning that there exist µ0, µ1 > 0 such
that, for every ⇠ 2 RN it holds

µ0 |⇠|2 
NX

i,j=1

aij(x, t)⇠i⇠j  µ1 |⇠|2 8(x, t) 2 ⌦. (2.5)

Moreover, there exists a constant 0  C < �0/4T , with �0  µ0/µ2
1

(See [58] and also Appendix for more details) such that:

H4)
|'(x)� '(bx)|  H exp

⇥
Cmax

�
|x|2, |bx|2

�⇤
|x� bx|↵, (2.6)
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for any x, bx 2 RN , for some constant H � 0.

H5) For every R > 0, there exists a constant HR � 0 such that

���g(x,X)�g(bx, bX)
���  HR exp

⇥
Cmax

�
|x|2, |bx|2

�⇤ n
|x� bx|↵ +

���X� bX
���
o

for any x, bx 2 RN , X, bX 2 BR.

In the following we shall make use of the following amount `(✓, ⌫) := e�✓(✓/⌫)✓

for every ✓ > 0, ⌫ > 0 that is easy to check that corresponds to the global
maximum of the function y 2 [0,1) 7! y✓e�⌫y.

Remark 1. If Assumption H5) holds true, for every X = X(t) RN⇥n-valued
continuous function on [0, T ], we define gX(x, t) := g(x,X(t)), which has the
following properties: let R̄ = supt2[0,T ] |X(t)|, then, for every M > 0,

|gX(x, t)� gX(bx, t)|  H
R̄,M

|x� bx|↵, (2.7)

for any x, bx 2 RN such that |x|, |bx|  M , t 2 [0, T ], where H
R̄,M

=
H

R̄
exp[CM2], that is gX is locally Hölder continuous in x with exponent ↵,

uniformly with respect to t.
Moreover, let C < C 0 < �0/4T , then, from H5), we obtain

|gX(x, t)|  |g(0, 0)|+H
R̄
eC|x|2 �|x|↵ + R̄

�

 |gX(0, 0)|eC0|x|2 +H
R̄
eC

0|x|2
⇣
|x|↵e�(C0�C)|x|2 + R̄eC

0|x|2
⌘


⇥
|gX(0, 0)|+H

R̄
(`(↵/2, C 0 � C) + R̄)

⇤
eC

0|x|2 . (2.8)

Similarly, such an upper bound is satisfied by the function ', thanks to
the Assumption H4) . These properties, satisfied by ' and gX, in light of
Theorem 12 (page 25) in [58], allow to establish that f (·, ·;X) : RN⇥[0, T ] !
R defined by

f (x, t;X) =

ˆ
RN
� (x, t; ⇠, 0)'(⇠)d⇠ �

ˆ
t

0

ˆ
RN
� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧

(2.9)
is the unique solution to the Cauchy problem (2.2) associated to X, meaning
in particular that f is continuous on RN⇥[0, T ], @tf ,@if ,@i,jf are continuous
on RN ⇥ (0, T ). Here the function � is a fundamental solution of Lu = 0
(See [58] and Appendix for the details).
Later on, we will use estimates concerning � and its derivatives:
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for every �⇤0 < �0 (see assumption H3)) there exists a constant C� such that

|� (x, t; ⇠, ⌧)|  C�
1

(t� ⌧)
N
2

e
��⇤0|x�⇠|2

4(t�⌧) , (2.10)

|r� (x, t; ⇠, ⌧)|  C�
1

(t� ⌧)
N+1

2

e
��⇤0|x�⇠|2

4(t�⌧) , (2.11)

��r2� (x, t; ⇠, ⌧)
��  C�

1

(t� ⌧)
N+2

2

e
��⇤0|x�⇠|2

4(t�⌧) , (2.12)

��r� (x, t; ⇠, ⌧)�r�
�
x0, t; ⇠, ⌧

���  C�
|x� x0|↵/2

(t� ⌧)1/2+↵/4
e�

�⇤0
4

|x�⇠|2
t�⌧

(t� ⌧)N/2
(2.13)

for any x, x0, ⇠ 2 RN , 0  ⌧ < t  T . for any x, ⇠ 2 RN , 0  ⌧ < t  T .
For (2.10)-(2.11) the reader is referred to [59], Theorem 4.5, whereas for
(2.12) and (2.13) to [60]. We observe that in [60], inequality (2.12) is proved
for a hypoelliptic di↵erential operator. However, such estimate is clearly
satisfied by the uniformly parabolic operator L defined in (2.3). An essential
ingredient for subsequent results is the estimation of the first and second-
order derivatives of f(x, t;X) with respect to x, in terms of the supremum of
X over [0, T ]. The inequalities in Proposition 2 improve the usual estimates
available for the solution of the Cauchy problem (2.2), thanks to the local
Hölder continuity of the data. Here we get a precise estimate of the constants
for such bounds.

Proposition 2. Let the assumptions H2)-H5) be satisfied. Then, for every

0 < ⌫0 < �0/4 � CT , x 2 RN
, 0 < t  T , X 2 C([0, T ];RN⇥n), i, j =

1, . . . , N , the following inequalities hold true:

|@if(x, t;X)|  Ke|x|
2

✓
H

t
1�↵
2

+
2

↵+ 1
t
↵+1
2 HX

◆
, (2.14)

|@2ijf(x, t;X)|  Ke|x|
2

✓
H

t1�
↵
2
+

2

↵
t
↵
2 HX

◆
, (2.15)

where C� is obtained from inequalities (2.10)-(2.12) for �⇤0 = �0 � 4⌫0, HX

stands for the constant in H5), for R = kXk1,T , H the one in H4), and

K :=
⇡N/2C�`(↵/2, ⌫0)

[�0/2� 2CT ]N/2
,  :=

C2T

�0/4� CT
+ 2C. (2.16)

Proof. Proposition 2
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We focus on (2.14). First we recall that the Fundamental solution � satisfies

ˆ
RN
�(x, t; ⇠, ⌧)d⇠ = 1, (2.17)

for any x 2 RN , 0  ⌧ < t  T . Therefore, we have

0 = @i

ˆ
RN
�(x, t; ⇠, ⌧)d⇠ =

ˆ
RN

@i�(x, t; ⇠, ⌧)d⇠, (2.18)

0 = @2ij

ˆ
RN
�(x, t; ⇠, ⌧)d⇠ =

ˆ
RN

@2ij�(x, t; ⇠, ⌧)d⇠. (2.19)

Let X 2 C([0, T ];RN⇥n) and set R = kXk1,T . Then, the representa-
tion formula (3.5) implies, for every x 2 RN , t 2 (0, T ], the inequality
|@if(x, t;X)|  G1 +G2, where

G1 :=
���
ˆ
RN

@i�(x, t; ⇠, 0)'(⇠)d⇠ � '(x)

ˆ
RN

@i�(x, t; ⇠, 0)d⇠
���, (2.20)

G2 :=
���
ˆ

t

0

ˆ
RN

@i�(x, t; ⇠, ⌧)gX(⇠, ⌧)d⇠ �
ˆ

t

0
gX(x, ⌧)

ˆ
RN

@i�(x, t; ⇠, ⌧)d⇠d⌧
���.

(2.21)

By the inequalities in H4)-H5), since C < �0/4T , we choose �⇤0 2 (4TC,�0)
and we set ⌫0 = (�0 � �⇤0)/4. Therefore from (2.11), for 0 < t  T , we get

G1 
C�H

t
N+1

2

ˆ
RN

e�
�⇤0
4

|x�⇠|2
t +C|x|2+C|⇠|2 |x� ⇠|↵d⇠

 C�H t
↵�1
2

ˆ
RN

e�(�
⇤
0/4�Ct)|u|2+2C

p
thx,ui+2C|x|2 |u|↵du

 C�H`(↵/2, ⌫0) t
↵�1
2

ˆ
RN

e�(�
⇤
0/4�Ct+⌫0)|u|2+2C

p
thx,ui+2C|x|2du

 C�H`(↵/2, ⌫0)t
↵�1
2 e

C2t|x|2
�0/4�Ct

ˆ
RN

e
�
���u
p
�0/4�Ct� C

p
txp

�0/4�Ct

���
2

+2C|x|2
du

=
C�H`(↵/2, ⌫0)

t
1�↵
2 [�0/4� Ct]N/2

e

⇣
C2t

�0/4�Ct+2C
⌘
|x|2

⇣⇡
2

⌘
N/2

. (2.22)

Here we have applied the changes of variable ⇠ = x +
p
tu and v/2 =

u
p
�0/4� Ct � C

p
txp

�0/4�Ct
and we have used the well known relation

´
RN e�

1
2 |v

2|dv = [2⇡]N/2. Since t 27! [�0/4�Ct]�1 is an increasing function,
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we finally obtain the estimate

G1 
C�H`(↵/2, ⌫0)

t
1�↵
2 [�0/4� CT ]N/2

e

⇣
C2T

�0/4�CT +2C
⌘
|x|2

⇣⇡
2

⌘
N/2

. (2.23)

By similar arguments applied to G2, using H5) (with X ⌘ bX) and replacing
t with t� ⌧ in the integral over RN , we can write

G2 
C�HR

`(↵/2, ⌫0)

[�0/4� CT ]N/2
e

⇣
C2T

�0/4�CT +2C
⌘
|x|2

⇣⇡
2

⌘
N/2

ˆ
t

0

1

(t� ⌧)
1�↵
2

d⌧

=
2C�HR

`(↵/2, ⌫0)

(↵+ 1) [�0/4� CT ]N/2
e

⇣
C2T

�0/4�CT +2C
⌘
|x|2

⇣⇡
2

⌘
N/2

t
↵+1
2 , (2.24)

Inequalities (2.23) and (2.24) yield (2.14). We observe that the proof of
inequality (2.15) follows through similar passages using the estimate for the
second-order derivatives of the fundamental solution in (2.12) together with
(2.19), hence we omit the details.

2.2 Existence and Uniqueness of a local solution

Using a fixed point argument, we prove the local existence and unique-
ness of the solution of (2.1)-(2.2). We state more clearly that, by solu-
tion of (2.1)-(2.2), we refer to the couple Y = (X,V), where X,V 2
C
�
[0, T ];RN⇥n

�
\ C1

�
(0, T );RN⇥n

�
, and f 2 C2,1

�
RN ⇥ (0, T )

�
, satisfy-

ing (2.2), is expressed as in (3.5).

Theorem 3. Local Exiscence and Uniqueness.
Under hypotheses H1)-H5), system (2.1)-(2.2) has a unique solution on

[0, T ], where T 2 (0, T ] depends on X0, V0, ↵, n, N , R.

Proof. Theorem 3

Let R > 0 and 0 < T  T .
In the following we denote C0 := max

⌧2[0,T ]
|F (⌧,X0,V0, 0)|. We consider the

mapping  defined as follows
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 (X,V) (t) =

0

BBBBBBBBBBBBBBBB@

x01 +

ˆ
t

0
v1(⌧) d⌧

...

x0n +

ˆ
t

0
vn(⌧) d⌧

v01 +

ˆ
t

0
F1 (⌧,X(⌧),V(⌧),rf (x1(⌧), ⌧ ;X)) d⌧

...

v0n +

ˆ
t

0
Fn (⌧,X(⌧),V(⌧),rf (xn(⌧), ⌧ ;X)) d⌧

1

CCCCCCCCCCCCCCCCA

(2.25)
for any (X,V) 2 ER, t 2 [0, T ], where ER := C

�
[0, T ];BR(X0)⇥BR(V0)

�
,

and f is the function in (3.5).
Due to (2.4) and (2.14), we have that  (X,V) is continuous at t = 0, thus

 (X,V) 2 C
�
[0, T ];RN⇥n ⇥ RN⇥n

�
.

We observe that a fixed point of  ,
�
X,V

�
2 ER, is a solution to (2.1)-(2.2).

We shall define suitable conditions on T , in order to guarantee  : ER �!
ER, and the fact that  is a contraction operator. Since ER, endowed
with the uniform norm, is clearly a Banach space, the result follows from
fixed-point theorem ([61], Theorem 1, p.534).

�� j (X,V) (t)� x0j

��  T (R+ |V0|) 8t 2 [0, T ], j = 1, ..., n.

Thus �������

0

B@
 1 (X,V) (t)� x01
...
 n (X,V) (t)� x0n

1

CA

�������
 nT (R+ |V0|) . (2.26)

Hence [ 1 (X,V) (t), ..., n (X,V) (t)] 2 BR (X0) for any t 2 [0, T ] if we
impose the condition:

T  R

n(R+ |V0|)
. (2.27)

Let us consider the component l 2 {n+ 1, ..., 2n}.
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Recalling (2.4) and (2.14), we obtain in particular that

�� j+n (X,V) (t)� v0j

�� 
ˆ

t

0
|Fj(⌧,X(⌧),V(⌧),rf(xj(⌧), ⌧ ;X))| d⌧


ˆ

t

0
|Fj(⌧,X(⌧),V(⌧),rf(xj(⌧), ⌧ ;X))� Fj(⌧,X0,V0, 0)|

+|Fj(⌧,X0,V0, 0)|d⌧

 2LR

F
RT +

ˆ
t

0
LF |rf(xj(⌧), ⌧ ;X)|+ |Fj(⌧,X0,V0, 0)|d⌧

 2LR

FRT +

ˆ
t

0
LF

p
NKe(|X0|2+R

2)
✓

H

⌧
1�↵
2

+
2

↵+ 1
⌧

↵+1
2 HX

◆

+|Fj(⌧,X0,V0, 0)|d⌧  T
�
2LR

F
R+ C0

�

+LF

p
NKe(|X0|2+R

2)
✓

2H

↵+ 1
T

↵+1
2 +

2HX

↵+ 1

2

↵+ 3
T

↵+3
2

◆
.

(2.28)
Thus �������

0

B@
 n+1 (X,V)� v01
...
 2n (X,V)� v0n

1

CA

�������
 nT

�
2LR

FR+ C0
�

+ nLF

p
NKe(|X0|2+R

2)
✓

2H

↵+ 1
T

↵+1
2 +

2HX

↵+ 1

2

↵+ 3
TT

↵+1
2

◆
. (2.29)

From (2.27) follows, in particular, that T < 1, thus T < T
↵+1
2 since ↵ 2

(0, 1). Hence it su�cies to impose T  T1, where T1 = T1 (X0,V0,↵, n,N,R)
is defined as

T1 := min

0

BB@
R

n(R+ |V0|)
,

0

B@
R

2n
p
NLFKe

(|X0|2+R2)

↵+1

⇣
1 + 2HX

↵+3

⌘

1

CA

2
↵+1

1

CCA ,

(2.30)
to ensure that the range of  is a subset of E.
We now show that it is possible to determine a condition on T such that  

is a contraction operator. Let (X,V) and
⇣
bX, bV

⌘
2 E.
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Clearly it holds

��� j (X,V) (t)� j

⇣
bX, bV

⌘
(t)
��� 

ˆ
t

0
|vj(⌧)� v̂j(⌧)| d⌧

 T ||V � bV||1,T
 T

���
���(X,V)�

⇣
bX, bV

⌘���
���
1,T

.

(2.31)

We now focus on the remaining components. From the Lipschitz condition
(2.4), it follows that, for j = 1, ..., n:

��� n+j (X,V) (t)� n+j

⇣
bX, bV

⌘
(t)
��� 

 LR

F

ˆ
t

0

���X(⌧)� bX(⌧)
���+

���V(⌧)� bV(⌧)
��� d⌧

+LF

ˆ
t

0

���rf(xj(⌧), ⌧ ;X))�rf(bxj(⌧), ⌧ ; bX))
��� d⌧ 

 LR

F
T
⇣
||X� bX||1,T

+ ||V � bV||1,T

⌘
+ LF

⇣
Ĩ1 + Ĩ2

⌘
,

(2.32)

where Ĩ1, Ĩ2 are the integrals

Ĩ1 :=

ˆ
t

0
|rf(xj(⌧), ⌧ ;X))�rf(bxj(⌧), ⌧ ;X))| d⌧, (2.33)

Ĩ2 :=

ˆ
t

0

���rf(bxj(⌧), ⌧ ;X))�rf(bxj(⌧), ⌧ ; bX))
��� d⌧. (2.34)

We observe that, by the mean value theorem and (2.15) , it holds

|rf(xj(⌧), ⌧ ;X))�rf(bxj(⌧), ⌧ ;X))| 


NX

i=1

|@if(xj(⌧), ⌧ ;X))� @if(bxj(⌧), ⌧ ;X))| 


NX

i=1

NX

m=1

��@2imf(x⇤
ij , ⌧ ;X)

�� (|xj(⌧)� bxj(⌧)|) 

 N2Ke|x
⇤
ij|

2
✓

H

⌧1�↵/2
+

2HX

↵
⌧↵/2

◆
(|xj(⌧)� bxj(⌧)|) ,

(2.35)

where x⇤
ij belongs to the segment connecting xj(⌧) to bxj(⌧) thus, in par-
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ticular, x⇤
ij 2 BR (X0). From the parallelogram inequality we get |x⇤

ij |2 
2
�
|X0|2 +R2

�
. We finally achieve the following estimate for Ĩ1:

Ĩ1  N2Ke(|X0|2+R
2)
✓
2H

↵
T
↵/2

+
2HX

↵(↵/2 + 1)
T
↵/2+1

◆ ���
���X� bX

���
���
1,T

.

(2.36)
We now focus on Ĩ2. Since f is a solution of (2.2), we observe that ⌘(⇠, ⌧) :=
f(⇠, ⌧ ;X)� f(⇠, ⌧ ; bX) satisfies the following Cauchy problem:

⇢
L⌘(⇠, ⌧) = g(⇠,X(⌧))� g(⇠, bX(⌧)) (⇠, ⌧) 2 RN ⇥ (0, T ),
⌘(⇠, 0) = 0 ⇠ 2 RN .

(2.37)

Ĩ2 can thus be rewritten as Ĩ2 =

ˆ
t

0
|r⌘(bxj(⌧), ⌧)| d⌧ .

From (2.11) and H5) we have

|r⌘(⇠, ⌧)| =
����
ˆ
⌧

0

ˆ
RN

r�(⇠, ⌧ ; ⇠, ⌧){g(⇠,X(⌧))� g(⇠, bX(⌧))}d⇠d⌧
����

 C�

ˆ
⌧

0

ˆ
RN

e�
�⇤0
4

|⇠�⇠|2
⌧�⌧

(⌧ � ⌧)
N+1

2

���g(⇠,X(⌧))� g(⇠, bX(⌧))
��� d⇠d⌧

 C�HR

ˆ
⌧

0

ˆ
RN

e�
�⇤0
4

|⇠�⇠|2
⌧�⌧

(⌧ � ⌧)
N+1

2

eC|⇠|
2

d⇠d⌧
���
���X� bX

���
���
1,T

= C�HR

ˆ
⌧

0

ˆ
RN

e�
�⇤0
4 |y|2+C|⇠+p

⌧�⌧y|2

(⌧ � ⌧)
N+1

2

(⌧ � ⌧)
N
2 dyd⌧

���
���X� bX

���
���
1,T

(2.38)
where, in the last equality, we have performed the change of variable

y =
�⇠ + ⇠p
⌧ � ⌧

. (2.39)

Since
��⇠ +

p
⌧ � ⌧y

��2  2 |⇠|2 + 2 |y|2, we rewrite the exponential term in

(2.38). We require T <
�⇤0
8C

, implying that � :=
⇣
�
⇤
0
4 � 2CT

⌘
> 0. Recalling

the expression of I0 (�), and its exact value (see Appendix for details), we

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



2.2 Existence and Uniqueness of a local solution 53

get:

|r⌘(⇠, ⌧)|  C�HRe2C|⇠|2
ˆ
⌧

0

ˆ
RN

1

(⌧ � ⌧)
1
2

e��|y|
2

dyd⌧
���
���X� bX

���
���
1,T

= C�HRe2C|⇠|2p⌧
✓
⇡

�

◆
N/2 ���

���X� bX
���
���
1,T

,

(2.40)
By (2.40), with |⇠|2 = |xj(⌧)|2  2 |X0|2 + 2R2, the estimate of Ĩ2 immedi-
ately follows:

Ĩ2  C�HRe
2C(|X0|2+R

2)
✓
⇡

�

◆
N/2

T
3
2

���
���X� bX

���
���
1,T

. (2.41)

From (2.32), (2.36) and (2.41) we get the following inequality

��� n+j (X,V) (t)� n+j

⇣
bX, bV

⌘
(t)
��� 


⇣
2LR

F
T + LFN2Ke(|X0|2+R

2)
⇣
2H
↵
T
↵/2

+ 2HX
↵(↵/2+1)T

↵/2+1
⌘

+ LFC�HRe
2C(|X0|2+R

2)
✓
⇡

�

◆
N/2

T
3
2

!���
���(X,V)�

⇣
bX, bV

⌘���
���
1,T

,

(2.42)

for any (X,V) ,
⇣
bX, bV

⌘
2 E, j = 1, ..., n, t 2 [0, T ].

From (2.31) and (2.42) we conclude that

���
��� (X,V)� 

⇣
bX, bV

⌘���
���
1,T


p
2n

⇥
max

�
2LR

F
, 1
�
T + S

⇤ ���
���(X,V)�

⇣
bX, bV

⌘���
���
1,T

,

(2.43)

where

S = S
�
X0,V0,↵, n,N,R, T

�
:=

⇣
2LR

F
T + LFN2Ke(|X0|2+R

2)T
↵/2

2
↵

�
H +HXT

�
+ LFC�HRe

2C(|X0|2+R
2)
✓
⇡

�

◆
N/2

T
3
2

!
.

(2.44)
Finally, a su�cient condition on T such that  is a contraction operator is
given by

T < min{T1, T2}, (2.45)

where T1 is defined in (2.30), and T2 = T2 (X0,V0,↵, n, N,R) is such that
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T2 <
�⇤0
8C

and S (X0,V0,↵, n,N,R, T2) < 1. We observe that such a choice

of T2 can be obtained since S is an increasing continuous function of T , and
S (X0,V0,↵, n,N,R, 0) = 0.
Hence, thesis follows from fixed-point theorem ([61], Theorem 1, p. 534),
which ensures the existence and uniqueness of a fixed point for  over the
interval

⇥
0, T

⇤
.

Remark 2. Let us consider the case of ' ⌘ 0. From Proposition 2 we
deduce that

|rf (x, t;X)|  2
p
N

↵+ 1
Ke|x|

2
T

↵+1
2 HX. (2.46)

Therefore Assumption H1) can be weakened, requiring only the local Lips-
chitz continuity of Fi with respect to all the arguments. Actually |rf (x, t;X)|
is bounded on BR ⇥

⇥
0, T

⇤
⇥ ER, for any R > 0.

2.3 The case of a non-local concentration

In the previous sections we established an existence result for a local
solution to systems in the form (2.1)-(2.2). Under the same assumptions,
we consider a variant of system (2.1), given by

8
><

>:

ẋi(t) = vi(t), 0 < t < T

v̇i(t) = Fi

 
t,X(t),V(t),

 
B�(xi(t))

rf (⇠, t;X) d⇠

!
,

(2.47)

where f satisfies (2.2). The main di↵erence between (2.1) and (2.47) lies in
the fact that rf (xi(t), t;X) is replaced by the average over a ball centered
in xi(t) and having radius � > 0. A local existence result is stated in the
following theorem.

Theorem 4. Under hypotheses H1)-H5), the system (2.47) has a unique

solution on [0, eT ], where eT 2 (0, T ) depends on X0, V0, ↵, n, N , R.

Proof. Theorem 4

We consider the operator defined in (2.25), replacing rf (xi (⌧) , ⌧ ;X) with 
B�(xi(⌧))

rf (⇠, ⌧ ;X) d⇠.

We shall sketch the proof of the result looking back to the proof of Theorem
3, analyzing only the main points a↵ected by such a change.
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The mapping defined in (2.25) for (2.1) can be rewritten likewise for (2.47),

 (X,V) (t) =

0

BBBBBBBBBBBBBBBBBB@

x01 +

ˆ
t

0
v1(⌧) d⌧

...

x0n +

ˆ
t

0
vn(⌧) d⌧

v01 +

ˆ
t

0
F1

 
⌧,X(⌧),V(⌧),

 
B�(x1(⌧))

rf (⇠, ⌧ ;X) d⇠

!
d⌧

...

v0n +

ˆ
t

0
Fn

 
⌧,X(⌧),V(⌧),

 
B�(xn(⌧))

rf (⇠, ⌧ ;X) d⇠

!
d⌧

1

CCCCCCCCCCCCCCCCCCA

(2.48)

for any (X,V) 2 E eR, t 2 [0, eT ], where E eR := C
⇣
[0, eT ];B eR(X0)⇥B eR(V0)

⌘
,

for a fixed eR > 0, 0 < eT  T .

Let (X,V) and
⇣
bX, bV

⌘
2 E eR. Clearly (2.31) still remains true. We now

focus on the component l 2 {n + 1, ..., 2n}. From the Lipschitz condition
(2.4), it follows that

��� n+j (X,V) (t)� n+j

⇣
bX, bV

⌘
(t)
���

 LR

F

ˆ
t

0

���X(⌧)� bX(⌧)
���+

���V(⌧)� bV(⌧)
��� d⌧

+LF

ˆ
t

0

�����

 
B�(xj(⌧))

rf (⇠, ⌧ ;X) d⇠ �
 
B�(x̂j(⌧))

rf
⇣
⇠, ⌧ ; bX

⌘
d⇠

����� d⌧

 LR

F
T
⇣
||X� bX||1,eT + ||V � bV||1, eT

⌘
+ LF (J1 + J2) ,

(2.49)
where J1, J2 are the integrals

J1 :=

ˆ
t

0

�����

 
B�(xj(⌧))

rf (⇠, ⌧ ;X) d⇠ �
 
B�(x̂j(⌧))

rf (⇠, ⌧ ;X) d⇠

����� d⌧, (2.50)

J2 :=

ˆ
t

0

�����

 
B�(x̂j(⌧))

rf (⇠, ⌧ ;X) d⇠ �
 
B�(x̂j(⌧))

rf
⇣
⇠, ⌧ ; bX

⌘
d⇠

����� d⌧. (2.51)
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Since |B�(xj(⌧))| = |B�(x̂j(⌧))|, we obtain:

�����

 
B�(xj(t))

rf (⇠, ⌧ ;X) d⇠ �
 
B�(x̂j(t))

rf (⇠, ⌧ ;X) d⇠

�����

 1

|B�(xj(⌧))|

�����

ˆ
B�(xj(⌧))

rf (⇠, ⌧ ;X) d⇠ �
ˆ
B�(x̂j(⌧))

rf (⇠, ⌧ ;X) d⇠

�����

 1

�NCN

ˆ
B�

|rf (⇠ � xj(⌧), ⌧ ;X)�rf (⇠ � x̂j(⌧), ⌧ ;X)| d⇠,

(2.52)
where CN denotes the volume of B� ⇢ RN .
The estimate follows as in (2.36), since from (2.35) we get:

J1  N2Ke(�
2+|X0|2+ eR2)

ˆ
t

0

✓
H

⌧1�↵/2
+

2HX

↵
⌧↵/2

◆
|xj(⌧)� bxj(⌧)| d⌧

 N2Ke(�
2+|X0|2+ eR2)

✓
2H

↵
eT↵/2 + 2HX

↵+ 2
eT↵/2+1

◆
||X� bX||1, eT .

(2.53)
Recalling the estimates of I2 in the previous section, we observe that

J2 =

ˆ
t

0

�����

 
B�(x̂j(⌧))

rf (⇠, ⌧ ;X)�rf
⇣
⇠, ⌧ ; bX

⌘
d⇠

����� d⌧


ˆ

t

0

1

|B�(x̂j(⌧))|

ˆ
B�(x̂j(⌧))

���rf (⇠, ⌧ ;X)�rf
⇣
⇠, ⌧ ; bX

⌘��� d⇠d⌧


ˆ

t

0

1

|B�(x̂j(⌧))|

 ˆ
B�(x̂j(⌧))

|r⌘ (⇠, ⌧)| d⇠
!
d⌧,

(2.54)
where ⌘ has been introduced in (2.37). From (2.41) we get

J2  C�H eR+�e
2C(|X0|2+ eR2+�2)

✓
⇡

�

◆
N/2 ˆ t

0

p
⌧d⌧

���
���X� bX

���
���
1,eT

 C�H eR+�e
2C(|X0|2+ eR2+�2)

✓
⇡

�

◆
N/2

eT
3
2

���
���X� bX

���
���
1, eT

.

(2.55)

From (2.53) and (2.55) we deduce a su�cient condition, of the same form
as (2.45), that eT has to satisfy in order to ensure that  is a contraction
operator. As done in (2.29), we can easily show an analogous relation for
eT in order to guarantee that the range of  is a subset of E eR. In fact, we
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observe that the replacement of the gradient term with the average results in

a slight modification of the exponential factor of (2.28), that is e(|X0|2+R
2)

is replaced by e(|X0|2+ eR2+�2).

2.4 Existence of global solution result

In this section we present a global existence and uniqueness result for (2.1)-
(2.2) using a principle of continuation of solutions. Strengthening the growth
conditions on functions g and ', we shall prove that bounded solutions can
be continued. For the sake of completeness, an analogous result will be also
shown for the variant (2.47)-(2.2).
In light of the previous section, let assume that there exists a local solution
Y = Y(t) to (2.1)-(2.2) in [0, T ], with T  T . We replace the previous
hypotheses H1) and H4) with the following assumptions:

H6) For every i = 1, ..., n

Fi : [0, T ]⇥ RN⇥n ⇥ RN⇥n ⇥ RN ! RN (2.56)

is globally Lipschitz continuous, with Lipschitz constant LF .

H7) g : RN ⇥ RN⇥n �! R, ' : RN �! R are assumed to be a continuous
functions, satisfying:

|g(x,X)|  M(1 + |x|+ |X|), |'(x)|  M(1 + |x|) (2.57)

for any x 2 RN , X 2 C
�⇥
0, T

⇤
;RN⇥n

�
, with T  T .

Theorem 5. Global existence and uniqueness of the solution
Under assumptions H6)-H7), the local solution Y is a global solution.

In order to prove Theorem 5, we shall use the following result:

Lemma 6. Let X 2 C
�⇥
0, T

⇤
;RN⇥n

�
, with T  T .

Under assumption H7), the following estimate holds true:

|rf (x, t;X)|  K1

✓
1 + |x|p

t
+K2 +

ˆ
t

0

✓
1 + |x|+ |X(⌧)|p

t� ⌧

◆
d⌧

◆
, (2.58)

for any x 2 RN
, t 2

�
0, T

⇤
, where K1 = K1(C�, N,M,�⇤0),

K2 = K2(N,�⇤0, T ), �
⇤
0 < �0, C� as in (2.11).

Moreover we adopt the following Gronwall-type inequality:
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Lemma 7. Let h 2 C ([0, T ]), w 2 L1 ([0, T ]), v 2 L1 ([0, T ]⇥ [0, T ]) be

non-negative functions, such that

h(t)  ↵+

ˆ
t

0
w(⌧)h(⌧)d⌧ +

ˆ
t

0

ˆ
⌧

0
v(s, ⌧)h(s)dsd⌧ 8t 2 [0, T ], (2.59)

Then the following inequality holds true:

h(t)  ↵ exp

ˆ
t

0

✓
w(⌧) +

ˆ
⌧

0
v(s, ⌧)ds

◆
d⌧

�
8t 2 [0, T ]. (2.60)

We posticipate the proof of the technical Lemmas, focusing first on the
main result of this section:

Proof of Theorem 5.

To establish the result, we structure the proof in two steps. In the first we
shall prove that a solution Y(t) of (2.1)-(2.2) on an interval [0, T ) remains
bounded. In the second, we will prove that Y(t) can be extended to [0, T ],
showing that there exists the lim

t!T
� Y(t). Thesis follows applying Theo-

rem 3 starting at t = T .

Step 1:

Recalling (2.1)2 we get that for every i = 1, ..., n

vi(t) = v0i +

ˆ
t

0
Fi (⌧,X(⌧),V(⌧),rf (xi(⌧), ⌧ ;X)) d⌧, (2.61)

thus

|vi(t)� v0i| 
ˆ

t

0
|Fi (⌧,X(⌧),V(⌧),rf (xi(⌧), ⌧ ;X))| d⌧

 tC0 + LF

ˆ
t

0
|X(⌧)�X0| d⌧

+LF

ˆ
t

0
|V(⌧)�V0| d⌧ + LF

ˆ
t

0
|rf (xi(⌧), ⌧ ;X)| d⌧.

(2.62)
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From (2.58), we get

|V(t)�V0|  nTC0 + nLF

ˆ
t

0
|X(⌧)�X0| d⌧

+nLF

ˆ
t

0
|V(⌧)�V0| d⌧ + nLFK1

✓ˆ
t

0

1 + |X(⌧)|p
⌧

d⌧ +K2T

◆

+nLFK1

✓ˆ
t

0

ˆ
⌧

0

1 + |X(⌧)|+ |X(s)|p
⌧ � s

dsd⌧

◆
.

(2.63)

Integrating (2.1)1, we get

X(t) = X0 +V0t+

ˆ
t

0
|V(⌧)�V0| d⌧. (2.64)

By equations (2.64) and (2.63) we obtain that

|Y(t)�Y0|  |X(t)�X0|+ |V(t)�V0|  |V0|T+

ˆ
t

0
|Y(⌧)�Y0| d⌧ + nTC0 + nLF

p
2

ˆ
t

0
|Y(⌧)�Y0| d⌧

+nLFK1

✓
(1 + |X0|) 2

p
T +

ˆ
t

0

|Y(⌧)�Y0|p
⌧

d⌧ +K2T

◆

+nLFK1

✓
(1 + 2 |X0|) 4

3

p
T 3 +

ˆ
t

0

ˆ
⌧

0

|X(⌧)�X0|p
⌧ � s

dsd⌧

+

ˆ
t

0

ˆ
⌧

0

|X(s)�X0|p
⌧ � s

dsd⌧

◆

 |V0|T + nTC0 + nLFK1 (1 + |X0|) 2
p
T + nLFK1 (1 + 2 |X0|) 4

p
T 3

3

+nLFK1K2T +
�
1 + nLF

p
2
� ˆ t

0
|Y(⌧)�Y0| d⌧ + nLFK1·

✓ˆ
t

0

|Y(⌧)�Y0|p
⌧

d⌧ +

ˆ
t

0

ˆ
⌧

0

|Y(⌧)�Y0|p
⌧ � s

dsd⌧ +

ˆ
t

0

ˆ
⌧

0

|Y(s)�Y0|p
⌧ � s

dsd⌧

◆
.

(2.65)
Denoting with ↵ = ↵ (X0,V0, LF ,K1,K2, N, n, T ) the quantity |V0|T +
nTC0 + nLFK1 (1 + |X0|) 2

p
T + nLFK1 (1 + 2 |X0|) 4

3

p
T 3 + nLFK1K2T ,
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we rewrite

|Y(t)�Y0|  ↵+
�
1 + nLF

p
2
� ˆ t

0
|Y(⌧)�Y0| d⌧

+nLFK1

ˆ
t

0

|Y(⌧)�Y0|p
⌧

d⌧ + nLFK1

ˆ
t

0
|Y(⌧)�Y0| 2

p
⌧d⌧

+nLFK1

ˆ
t

0

ˆ
⌧

0

|Y(s)�Y0|p
⌧ � s

dsd⌧

= ↵+
�
1 + nLF

p
2
� ˆ t

0
|Y(⌧)�Y0| d⌧ + nLFK1

ˆ
t

0

|Y(⌧)�Y0|p
⌧

d⌧

+2nLFK1

ˆ
t

0

p
⌧ |Y(⌧)�Y0| d⌧ + nLFK1

ˆ
t

0

ˆ
⌧

0

|Y(s)�Y0|p
⌧ � s

dsd⌧.

(2.66)
Finally, we observe that (2.66) can be rewritten as

h(t)  ↵+

ˆ
t

0
w(⌧)h(⌧)d⌧ +

ˆ
t

0

ˆ
⌧

0
v(s, ⌧)h(s)dsd⌧, (2.67)

with h(t) := |Y(t)�Y0| 2 C (0, T ), and w, v 2 L1 ([0, T ]) defined by

w(t) := 1 + nLF

p
2 +

nLFK1p
t

+ 2nLFK1

p
t,

v(t, ⌧) :=

8
<

:

nLFK1p
t� ⌧

⌧ < t

0 ⌧ � t.
(2.68)

Thus, by Lemma 7, we reach the conclusion

|Y(t)�Y0|  ↵ exp

ˆ
t

0

✓
w(⌧) +

ˆ
⌧

0
v(s, ⌧)ds

◆
d⌧

�
:= B (2.69)

where we denote with B the following constant:

B = B (n,↵, LF ,M,C�,�⇤0, N, T ) :=

= ↵ exp

�
1 + nLF

p
2
�
T + 2

p
TnLFK1 +

2

3
nLFK1T

3/2

�

= ↵ exp

"
�
1 + nLF

p
2
�
T + 2

p
TnLFC�M

2N⇡
N
2

(�⇤0)
N
2

✓
1 +

T

3

◆#
.

(2.70)

Step 2:

In order to prove the existence of a limit for |Y(t)|, as t goes to T�, we
consider {tn} a monotonic increasing sequence, with limt!T {tn}, and show

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



2.4 Existence of global solution result 61

that Y(tn) is a Cauchy sequence.
Let 0 < tm < t < tn < T . From (2.69) follows, in particular, that |X(t)| 
B + |X0|, |V(t)|  B + |V0|, for any t 2 [0, T ]. This allow us to retrace the
computation of Step 1, estimating |X0|, |V0| with 2B, and obtaining that

|Y(t)�Y(tm)|  A(t� tm) +

ˆ
t

tm

w(⌧) |Y(⌧)�Y(tm)| d⌧

+

ˆ
t

tm

ˆ
⌧

tm

v(s, ⌧) |Y(s)�Y(tm)| dsd⌧,

(2.71)

where

A(t) = A (B,LF , N, n, t) := 2Bt+ n (C0 + LFK1K2) t

+nLFK1 (1 + 2B) 2
p
t+ nLFK1 (1 + 4B) 4

3

p
t3.

(2.72)

By Lemma 7 and (2.69) we get that

|Y(tn)�Y(tm)|  A(tn � tm)exp
h´

tn

tm

⇣
w(⌧) +

´
⌧

tm
v(s, ⌧)ds

⌘
d⌧
i

= A(tn � tm)
B

↵
.

(2.73)
From (2.72) we observe that A(tn � tm) ! 0 as n,m ! 1.
Thus {Y(tn)} is a Cauchy sequence, and admits a limit valute as t ! T�.

In the following we present the proof of the previous Lemma 6 and 7.

Proof of Lemma 6.

From (3.5) we get the following expression

rf (x, t;X) =

ˆ
RN

r� (x, t; ⇠, 0)'(⇠)d⇠ �
ˆ

t

0

ˆ
RN

r� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧

= fG1 � fG2,
(2.74)

where

fG1 =

ˆ
RN

r� (x, t; ⇠, 0)'(⇠)d⇠, fG2 =

ˆ
t

0

ˆ
RN

r� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧.

(2.75)
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We now focus on fG1. In particular, from (2.11) and (2.57) we obtain

���fG1

��� 
ˆ
RN

C�
1

t
N+1

2

e�
�⇤0
4

|⇠�x|2
t M(1 + |⇠|)d⇠ 

 C�M
1p
t

ˆ
RN

e�
�⇤0
4 |u|2du (1 + |x|) + C�M

ˆ
RN

e�
�⇤0
4 |u|2 |u| du

= C�M
1p
t
I0

✓
�⇤0
4

◆
(1 + |x|) + C�MI1

✓
�⇤0
4

◆
,

(2.76)

where, in the last inequality, I0(.), I1(.) are defined in (6.12), (6.13).

Replacing I0

✓
�⇤0
4

◆
and I1

✓
�⇤0
4

◆
with their exact value (see Appendix for

computation), we obtain the following estimate for fG1 :

���fG1

���  C�M

 
2N⇡

N
2

(�⇤0)
N
2

(1 + |x|)p
t

+

✓
4

�⇤0

◆N+1
2 !N

2

2⇡
N+1

2

!N+1

!

= C�M

 
2N⇡

N
2

(�⇤0)
N
2

(1 + |x|)p
t

+
2N2

(�⇤0)
N
2
p
�⇤0

!N⇡
N
2 ⇡

!N+1

!

= C�M
2N⇡

N
2

(�⇤0)
N
2

 
(1 + |x|)p

t
+

2p
�⇤0

!N⇡

!N+1

!
= K1

✓
(1 + |x|)p

t
+ eK2

◆
,

(2.77)

where K1 := C�M
2N⇡

N
2

(�⇤0)
N
2

, and eK2 :=
2p
�⇤0

!N⇡

!N+1
. As already noted in the

proof of Proposition 1, the estimate of fG2 follows by similar computation.
For the sake of simplicity, we omit details and state that

���fG2

���  K1

✓ˆ
t

0

1 + |x|+ |X(⌧)|p
t� ⌧

d⌧ + eK2T

◆
. (2.78)

Thesis follows from (2.77) and (2.78), denoting with K2 the constant eK2 +
eK2T .

Proof of Lemma 7.

Let us define eh(t) := sup
0st

h(s). Clearly, eh(t) � h(t), for any t 2 [0, T ]. For

any fixed bt  T , inequality (2.67) implies that

h(t)  ↵+

ˆ bt

0
w(⌧)eh(⌧)d⌧ +

ˆ
t

0

eh(⌧)
ˆ
⌧

0
v(s, ⌧)dsd⌧ (2.79)
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for any t  bt. Hence, in particular,

eh
�bt
�
 ↵+

ˆ bt

0
w(⌧)eh(⌧)d⌧ +

ˆ bt

0

eh(⌧)
ˆ
⌧

0
v(s, ⌧)dsd⌧. (2.80)

We conclude that

eh (t)  ↵+

ˆ
t

0

✓
w(⌧) +

ˆ
⌧

0
v(s, ⌧)ds

◆
eh(⌧)d⌧ 8t  T. (2.81)

Applying Gronwall inequality to (2.81), we obtain

h(t)  eh(t)  ↵ exp

ˆ
t

0

✓
w(⌧) +

ˆ
⌧

0
v(s, ⌧)ds

◆
d⌧

�
8t  T. (2.82)

This concludes the proof.

Under the same assumptions for the global existence of solutions to system
(2.1)-(2.2), we state an analogous result for system (2.47)-(2.2), previously
introduced as a modification of (2.1) and already investigated for a local
result in Theorem 4.

Theorem 8. Let Y = Y(t) local solution to (2.47)-(2.2) in [0, eT ], with

eT  T .
Under assumptions H6)-H7), Y is a global solution.

Proof Theorem 8
We present only a sketch of the proof, which follows the same line of rea-
soning of proof of Theorem 5. In particular, we point out the steps in which
the replacement of the gradient term in (2.1) with the average over a ball
involves modifications. Integrating (2.47)2, we obtain that

|vi(t)� v0i| 
ˆ

t

0

�����Fi

 
⌧,X(⌧),V(⌧),

 
B�(xi(t))

rf (⇠, t;X) d⇠

!����� d⌧

 tC0 + LF

ˆ
t

0
|X(⌧)�X0| d⌧

+LF

ˆ
t

0
|V(⌧)�V0| d⌧ + LF

ˆ
t

0

�����

 
B�(xi(t))

rf (⇠, t;X) d⇠

����� d⌧,

(2.83)
The above Lemma 6, recalling that ⇠ 2 B�(xi(t)), leads to

|rf (⇠, ⌧ ;X)|  K1

✓
1 + � + |X(⌧)|p

⌧
+K2 +

ˆ
⌧

0

✓
1 + � + |X(s)|+ |X(⌧)|p

⌧ � s

◆
ds

◆
.

(2.84)
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Hence we get

|V(t)�V0|  nTC0 + nLF

ˆ
t

0
|X(⌧)�X0| d⌧

+nLF

ˆ
t

0
|V(⌧)�V0| d⌧ + nLFK1

✓ˆ
t

0

1 + � + |X(⌧)|p
⌧

d⌧ +K2T

◆

+nLFK1

✓ˆ
t

0

ˆ
⌧

0

1 + � + |X(⌧)|+ |X(s)|p
⌧ � s

dsd⌧

◆
.

(2.85)
We note that the previous upper-bound for |V(t)�V0| can be obtained
from (2.63), simply replacing |X(⌧)| with |X(⌧)| + �. Hence the proof of
Theorem 5 can be repeated for system (2.47), observing that 1 + |X0| will
be replaced by 1 + � + |X0|, and 1 + 2 |X0| by 1 + � + 2 |X0|, in (2.65) and
thus in the definition of constant ↵. We observe that modifications occur
only in Step 1 of the proof, whereas Step 2 follows as for Theorem 5.

2.5 Discussion

In this chapter we presented a first step toward a theoretic character-
ization of emergent coupled systems of di↵erential equations. These kind
of systems are widely involved in modelling of collective motions of agents
interacting with each other and with the surrounding. The coexistence of
distinct mathematical formalisms represents the main feature of hybrid ap-
proaches, in which the dynamics of the agents are modeled by second-order
ODEs, while reaction-di↵usion equations are used to model the evolution
in time of a signal influencing them. We proved existence and uniqueness
results for the solution, assuming continuous source term and initial data in
the parabolic equation. In the next chapter, we extend the obtained result
to the case of a discontinuous source term, in line with the modeling choice
in [3] and [2].
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Chapter 3

Existence results for hybrid
systems under exogenous
information with
discontinuous source term

In Chapter 2 we presented analytical results concerning the existence
and uniqueness of solution for systems of di↵erential equations in the form
of (2.1)-(2.2). In particular, the source term in the parabolic di↵usion equa-
tion is assumed to be modeled by a continuous function g. The present
literature exhibits models with discontinuous source term, in order to di↵er-
entiate regions from which a signal arises from the others. For that reason,
in the following chapter we investigate (2.1)-(2.2) focusing on the case of a
source term with less regularity properties, covering the structure of models
in [2] and [3].

3.1 Problem statement

For the sake of simplicity, we here recall the structure of the investigated
system and the working assumptions we will consider in this chapter. The
dynamics of n agents is modeled by system (2.1), which reads

⇢
ẋi(t) = vi(t), 0 < t < T ,
v̇i(t) = Fi (t,X(t),V(t),rf (xi(t), t;X)) , i = 1, ..., n,

with initial data xi(0) = x0i,vi(0) = v0i 2 RN , for any i = 1, ..., n. Here

Fi : [0, T ]⇥ RN⇥n ⇥ RN⇥n ⇥ RN ! RN ,
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satisfies H6), and f = f(x, t;X) solves the Cauchy problem (3.1)

⇢
Lf(x, t;X) = g(x,X(t)), (x, t) 2 RN ⇥ (0, T ),
f(x, 0;X) = 0, x 2 RN ,

(3.1)

where

H8) L is the uniformly parabolic-type operator in (2.3) satisfying H2) and
H3). Moreover, we assume that the coe�cients ai,j assume weak
derivative with respect to x in L1

loc
(⌦).

The functions Fi, i = 1, . . . , n, specify inter-individual interactions be-
tween the agents, whereas the function f describes the information which
a↵ects the behavior of agents. In particular, the source term in equation
(2.2), given by the (possibly discontinuous) function g, accounts for both
exogenous features coming from the surrounding environment (thanks to the
dependence on x) and self-production of information related to the agents,
through the state X(t).

As in the previous chapter, we shall use the notation f(x, t;X) in order
to highlight the fact that, for every t 2 [0, T ], f depends on the previous
position of agents X(s), for s 2 [0, t], and we assume f(x, 0;X) ⌘ 0 in order
to fit the scenario of [2] and [3]. Possibile extension to more general initial
data ' follows simply replacing (3.5) with (2.9).

Let us focus on the structure of the source term g : RN ⇥ RN⇥n �!
R. We consider g a measurable real-valued locally bounded function on
Rn ⇥ RN⇥n, satisfying the following assumptions:

G1) |g (x,X)|  M (1 + |x|+ |X|) ,
for any x 2 RN , X 2 RN⇥n, for some constant M � 0.

G2) For every K ⇢ RN compact, and  2 C
�
RN

�
satisfyingˆ

RN
| (x)g (x,X)| dx < 1, for any X 2 Kn, there exists K 0 � K,

compact, such that
����
ˆ
RN

 (x)g (x,X1)�  (x)g (x,X2) dx

����  |X1 �X2|_⌫K
0

 
(|X1 �X2|) ,

(3.2)
for any X1,X2 2 Kn, where ⌫K

0
 

denotes the modulus of continuity of
the function  on K 0.

As already stated in the introduction, the case of g discontinuous is of in-
terest for this kind of model. In fact, both in [2] and [3], we find that g is
defined as the sum of characteristic functions over circular domains mod-

eling the cells, that is g (x,X(t)) =
nX

i=1

�B�(xi(t)) (x), where � > 0 denotes
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3.2 Strong solutions for approximating problems 67

their radius and xi (t) the center coordinates at time t . It is immediate to
prove that G1) is satisfied by that choice of g.
We show that G2) holds true for such a case. It su�ces to verify the con-
dition for g (x,X) = �B�(xj) (x), for some fixed j 2 {1, ..., n}. Namely, for

every K ⇢ RN compact, let  as in G2), and K 0 = K +B�. Denoting with
|B�| the measure of B� ⇢ RN , it holds:

����
ˆ
RN

 (x)�B�(xj(t)) (x)�  (x)�B�(xj(t)) (x) dx

����


����
ˆ
RN

 (xj + z)�B� (z)�  (xj + z)�B� (z) dz

����

 |B�| ⌫K
0

 
(|xj � xj |)  |B�| ⌫K

0
 

���X�X
��� _

��X�X
�� ,

(3.3)

for any X,X 2 Kn . Finally we also observe that, if  is a Lipschitz
continuous function with Lipschitz constant L , (3.2) clearly reduces to

����
ˆ
RN

 (x)g (x,X1)�  (x)g (x,X2) dx

����  L |X1 �X2| . (3.4)

Hence we stress that our working assumptions cover the particular mod-
eling choice of function g presented in [2] and [3].

3.2 Strong solutions for approximating problems

In Chapter 2 we have obtained existence and uniqueness results for the
solution of the system in the form (2.1)-(2.2) where g is a continuous func-
tion, satisfying H5).

Under assumptions H5),H6),H8),we have proved that system (2.1)-(2.2)
admits a unique solution Y = (X,V), locally in time. In particular, X,V 2
C
�
[0, T ]; RN⇥n

�
\ C1

�
(0, T );RN⇥n

�
, with T  T , and f (·, ·;X)

2 C2,1
�
RN ⇥ (0, T )

�
is the unique classical solution of (2.2) .

As stated in [58], Theorem 12, f (·, ·;X) can be expressed in terms of the
fundamental solution � associated to Lu = 0, precisely:

f (x, t;X) = �
ˆ

t

0

ˆ
RN
� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧. (3.5)

Moreover, if g satisfies the growth G1) the solution Y is proved to be global
in time. In particular, we refer the reader to Theorem 7 (p. 188) in [62] for
the details. Therefore, the existence and uniqueness results obtained for the
continuous case, ensure the well-posedness of the following approximating
problems:
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Let us consider {"k}k2N, with "k 2 (0, 1), an infinitesimal sequence as
k ! 1, let

�
gk
 
k2N denotes a x-mollifier sequence approximating the dis-

continuous function g, namely

gk (x,X) := '"k ⇤ g (·,X) =

ˆ
RN

'"k (x� ⇠) g (⇠,X) d⇠,

for any x 2 RN , X 2 RN⇥n, where {'"k}k2N is the usual mollifier sequence:

'"k(x) =
1

"N
k

'

✓
x

"k

◆
, with

'(x) :=

8
>><

>>:

c exp

✓
� 1

1� |x|2

◆
|x| < 1,

0 |x| � 1,

(3.6)

and c chosen in order to satisfy

ˆ
RN

'(x)dx = 1. In order to simplify the

notation, in the following we omit the subscript k when writing "k and '"k .
We observe that gk satisfies A4) and G1) for any k 2 N. In fact, applying
G1) to the function g, we obtain the inequality

��gk (x,X)
��  M

ˆ
RN

'"k (x� ⇠) d⇠ + |X|
ˆ
RN

'"k (x� ⇠) d⇠ + (1 + |x|)

ˆ
RN

'"k (x� ⇠) d⇠

�
 2M (1 + |x|+ |X|) ,

(3.7)
for any x 2 RN , X 2 RN⇥n. Moreover, since gk (·,X) belongs to C1 �

RN
�

for any X 2 RN⇥n, by assumption G2) and (3.4) follows that gk satisfies
A4). Therefore from Theorem 4 (p. 184) in [62], for each k, there exists a
unique global solution Yk =

�
Xk,Vk

�
of

8
><

>:

ẋk

i
(t) = vk

i
(t), 0 < t < T ,

v̇k

i
(t) = Fi

⇣
t,Xk(t),Vk(t),rfk

⇣
xk

i (t), t;X
k

⌘⌘
, 8 i = 1, ..., n,

(3.8)
with xk

i
(0) = x0i, vk

i
(0) = v0i, and fk is the unique classical solution to

Lfk = gkXk , on RN ⇥ (0, T ], with fk
�
x, 0;Xk

�
⌘ 0. Moreover fk can be

also expressed as in (3.5). For the sake of convenience, we recall here the
following estimate, proved in [62] (Lemma 5, p. 184), that will be used in
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the following sections:

���rfk

⇣
x, t;Xk

⌘���  K1

✓
1 + |x|p

t
+K2 +

ˆ
t

0

✓
1 + |x|+ |Xk(⌧)|p

t� ⌧

◆
d⌧

◆
,

(3.9)
for all x 2 RN , t 2 (0, T ], where K1, K2 > 0 are constants independent of k.

3.3 Global existence of weak solutions

Classical results of the literature , see for instance [58], [63], [64], do not
cover the considered setting for the parabolic equation. In this section, using
the results concerning the approximating problems in (3.8), we prove our
main contribution, namely the existence of a weak solution for system (2.1)-
(2.2). We preliminary clarify the notion of weak solution to (2.2), which is
suitable for the particular coupling of the investigated system, in presence
of a possibly discontinuous source term.

Let X : [0, T ] ! RN⇥n, we recall that f (·, ·;X) denotes the solution of
(2.2) associated to X, meaning that the source term corresponds to gX.

Definition 9. For every X 2 C
�
[0, T ];RN⇥n

�
, f (·, ·;X) solves the Cauchy

problem (2.2) if and only if

i) f (·, ·;X) is continuous;

ii) for every t 2 [0, T ], f (·, t;X) 2 C1
�
RN

�
;

iii) rf (·, ·;X) 2 C
�
RN ⇥ [0, T ]

�
;

iv) for every ⇢ 2 C1
0 (⌦), satisfies the equation

ˆ
T

0

ˆ
RN

f(⇠, ⌧ ;X)@t⇢(⇠, ⌧)d⇠d⌧ +

ˆ
T

0

ˆ
RN

c(⇠, ⌧)⇢(⇠, ⌧)d⇠d⌧

+

ˆ
T

0

ˆ
RN

X

i

bi(⇠, ⌧)@if(⇠, ⌧ ;X)⇢(⇠, ⌧)d⇠d⌧

�
ˆ

T

0

ˆ
RN

X

i,j

@i (aij⇢) (⇠, ⌧)@jf(⇠, ⌧ ;X)d⇠d⌧ =

ˆ
T

0

ˆ
RN

gX(⇠, ⌧)⇢(⇠, ⌧)d⇠d⌧.

(3.10)

In the following Definition 10, we specify the concept of solution to sys-
tem (2.1)-(2.2), taking into account the fact that the source term gX may
be discontinuous as in the reference model considered in [2] and [3].

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



70

Definition 10. For every Y0 = (X0,V0) 2 R2(N⇥n)
, by a solution to prob-

lem (2.1)-(2.2) we mean a couple Y = (X,V) 2 C1
�
[0, T ];R2(N⇥n)

�
such

that Y (0) = Y0, Y is a solution of (2.1) and f (·, ·;X) solves (2.2) in the

sense of Definition 9.

We can now formulate our main result as follow:

Theorem 11. Under Assumptions H6),H8),G1),G2), system (2.1)-(2.2)

admits a solution Y = (X,V), where the function f(·, ·;X) is given by

f (x, t;X) = �
ˆ

t

0

ˆ
RN
� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧, (3.11)

satisfying |f (x, t;X)|  LT

⇣
1 + |x|+ ||X||1,T

⌘
, and |rf (x, t;X)|  LT (1 + |x|

+ ||X||1,T

⌘
, for any x 2 RN

, t 2 [0, T ], for some constant LT � 0.

In order to prove our result, we introduce the following set: for every
R > 0, � > 0, we define

⌦�,R := {(x1, x2, t,X1,X2) : |x1| , |x2| < R,X1,X2 2 C ([0, T ] ;BR) ,

t 2 (0, T ] , |x1 � x2| < �, ||X1 �X2||1,T
< �

o
.

(3.12)
Moreover, we shall use the following technical Lemma 12, concerning the
behavior of

⌃" :=

ˆ
t

0

ˆ
RN

r� (x1, t; ⇠, ⌧)'"⇤g (⇠,X1 (⌧))�r� (x2, t; ⇠, ⌧) g (⇠,X2 (⌧)) d⇠d⌧,

(3.13)
with " 2 (0, 1), (x1, x2, t,X1,X2) 2 ⌦�,R. We rewrite ⌃" as ⌃" = ⌃"1 +⌃

"

2 +
⌃3, where:

⌃"1 := ⌃
"

1 (x1, t,X1,X2) :=

ˆ
t

0

ˆ
RN

r� (x1, t; ⇠, ⌧)'" ⇤ g (⇠,X1(⌧)) d⇠d⌧+

�
ˆ

t

0

ˆ
RN

r� (x1, t; ⇠, ⌧)'" ⇤ g (⇠,X2(⌧)) d⇠d⌧,

(3.14)

⌃"2 := ⌃
"

2 (x1, t,X2) :=

ˆ
t

0

ˆ
RN

r� (x1, t; ⇠, ⌧)'" ⇤ g (⇠,X2(⌧)) d⇠d⌧+

�
ˆ

t

0

ˆ
RN

r� (x1, t; ⇠, ⌧) g (⇠,X2 (⌧)) d⇠d⌧,

(3.15)
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⌃3 := ⌃3 (x1, x2, t,X2) :=

ˆ
t

0

ˆ
RN

[r� (x1, t; ⇠, ⌧)�r� (x2, t; ⇠, ⌧)]

g (⇠,X2 (⌧)) d⇠d⌧.
(3.16)

Lemma 12. Under assumptions H8) and G1)-G2), for every R > 0, it

holds:

i) sup
⌦�,R

"2(0,1)

|⌃"1 (x1, t,X1,X2)| ! 0 as � ! 0.

ii) sup |⌃"2 (x1, t,X2)| < 1, where the supremum is taken for " 2 (0, 1), t 2
[0, T ], |x1|  R, ||X2||1,T

 R and, for every X2 2 C
�
[0, T ] ;RN⇥n

�
, t 2

(0, T ], lim
"!0

sup
|x1|R

⌃"2 (x1, t,X2) = 0.

iii)

sup
⌦�,R

|⌃3 (x1, x2, t,X2)|  C3�
↵
2 , (3.17)

where C3 > 0 depends on M,C�,↵, T,�⇤0, R.

Proof. Lemma 12

Let �, R > 0, (x1, x2, t,X1,X2) 2 ⌦�,R.
i) We observe that ⌃"1 can be rewritten as

ˆ
t

0

ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))]

ˆ
RN

r� (x1, t; ⇠, ⌧)'"k (⇠ � y) d⇠dyd⌧

=

ˆ
t

0

ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))] dy (r�)" (x1, t; y, ⌧) d⌧,

where (r�)
"
denotes the convolution of r� (x1, t; ·, ⌧) with '" as a function

of ⇠. Let c 2 (0, T ). For the properties of �, r� is uniformly continuous in
the compact set

Kc,R := {(x, t; ⇠, ⌧) | |x|  R, |⇠|  R+ 1, t� ⌧ � c, t, ⌧ 2 [0, T ]} .

In the following we shall denote with ⌫R,c

� the modulus of continuity of r�
over Kc,R.

In order to study the behavior of the mollifier (r�)
"
with respect to y

variable, we observe that, for any " < 1, since
´
RN '" (⇠) d⇠ = 1, it holds:

|(r�)
"
(x, t; y1, ⌧)� (r�)

"
(x, t; y2, ⌧)|  ⌫R,c

� (|y1 � y2|) , (3.18)

for any x, y1,2 2 BR, t� ⌧ � c. Then we decompose ⌃"1 as ⌃1
"

a +⌃1
"

b
, where
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⌃1
"

a :=

ˆ (t�c)_0

0

ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))] (r�)" (x1, t; y, ⌧) dy d⌧,

⌃1
"

b
:=

ˆ
t

(t�c)_0

ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))] (r�)" (x1, t; y, ⌧) dy d⌧.

Firstly,

|⌃1
"

a| 
ˆ (t�c)_0

0

nX

j=1

����
ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))] (@j�)" (x1, t; y, ⌧) dy

���� d⌧.

From (3.18) and G2) with  (⇠) = (@j�)" (x1, t; ⇠, ⌧), ⇠ 2 RN there exists
R0 > R, dependent only on R and c, such that

����
ˆ
RN

[g (y,X1 (⌧))� g (y,X2 (⌧))] (@j�)" (x1, t; y, ⌧) dy

����

 ⌫R
0
,c

� (|X1(⌧)�X2(⌧)|) _ |X1(⌧)�X2(⌧)| .

(3.19)

Therefore

|⌃1
"

a| 
⇣
⌫R

0
,c

�

⇣
||X1 �X2||1,T

⌘
_ ||X1 �X2||1,T

⌘
(t� c) _ 0, (3.20)

Let us consider ⌃1
"

b
. From (3.7), we obtain

|⌃1
"

b
| 

ˆ
t

(t�c)_0

ˆ
RN

|r� (x1, t; ⇠, ⌧) ('" ⇤ g (⇠,X1 (⌧))� '" ⇤ g (⇠,X2 (⌧)))| d⇠d⌧

 4M

ˆ
t

(t�c)_0

ˆ
RN

|r� (x1, t; ⇠, ⌧)| (1 + |⇠|+R) d⇠d⌧.

(3.21)
Using (2.11), we compute an upper bound for the integral in (3.21):

|⌃1
"

b
|  4M

ˆ
t

(t�c)_0

ˆ
RN

C�
e�

�
⇤
0
4

|x1�⇠|2
t�⌧

(t� ⌧)
N+1

2

(1 + |⇠|+R) d⇠d⌧

= 4MC� (1 +R)

ˆ
t

(t�c)_0

ˆ
RN

e�
�⇤0
4 |u|2

p
t� ⌧

dud⌧

+4MC�

ˆ
t

(t�c)_0

ˆ
RN

e�
�⇤0
4 |u|2

p
t� ⌧

��u
p
t� ⌧ � x1

�� dud⌧

 4MC� (1 + 2R) I0

✓
�⇤0
4

◆ ˆ
t

(t�c)_0

d⌧p
t� ⌧

+ 4MC�I1

✓
�⇤0
4

◆
(t� (t� c) _ 0),

(3.22)
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From (3.20), (3.22) we finally have

|⌃"1|  N
⇣
⌫R

0
,c

� (�) _ �
⌘
T It�c + 8MC� (1 + 2R) I0

⇣
�
⇤
0
4

⌘p
c+ 4MC�I1

⇣
�
⇤
0
4

⌘
c.

(3.23)
where It�c denotes the indicator function of [c, T ] ⇢ [0, T ]. Since c is arbi-
trary, we get the assertion lim

�!0
sup
⌦�,R

"2(0,1)

|⌃"1 (x1, t,X1,X2)| = 0.

ii) By (2.11), (3.7) and G1), with usual arguments we have

|⌃"2|  C�

ˆ
t

0

ˆ
RN

e�
�
⇤
0
4

|x1�⇠|2
t�⌧

(t� ⌧)
N+1

2

|'" ⇤ g (⇠,X2(⌧))� g (⇠,X2(⌧))| d⇠d⌧

 3MC�

ˆ
t

0

ˆ
RN

C�
e�

�
⇤
0
4 |u|2

p
t� ⌧

⇣
1 + 2R+ |u|

p
T
⌘
dud⌧

 2
p
TC�

h
3M (1 + 2R) I0

⇣
�
⇤
0
4

⌘
+ 3M

p
TI1

⇣
�
⇤
0
4

⌘i
.

(3.24)
Therefore, we deduce that ⌃"2 is uniformly bounded. To prove the second
part of the assertion, we estimate ⌃"2 with the sum of two contributions,
|⌃"2|  ⌃2⌫ + ⌃2

"

⌫ , where, for a fixed ⌫ > 2R,

⌃2⌫ := 3MC�

ˆ
t

0

ˆ
|⇠|>⌫

e�
�
⇤
0
4

|x1�⇠|2
t�⌧

(t� ⌧)
N+1

2

(1 + |⇠|+ |X2(⌧)|) d⇠d⌧,

⌃2
"

⌫ := C�

ˆ
t

0

ˆ
|⇠|<⌫

e�
�
⇤
0
4

|x1�⇠|2
t�⌧

(t� ⌧)
N+1

2

|'" ⇤ g (⇠,X2(⌧))� g (⇠,X2(⌧))| d⇠d⌧.

(3.25)

Since |x1|  R <
⌫

2
, and ||X2||1,T

 R, we obtain

|⌃2⌫ | 
ˆ

t

0

3Mdud⌧p
t� ⌧

ˆ
|x1+

p
t�⌧u|>⌫

e�
�⇤0
4 |u|2

⇣
1 +

��x1 +
p
t� ⌧u

��+ ||X2||1,T

⌘


ˆ

t

0

3Mp
t� ⌧

ˆ
|u|> ⌫p

t�⌧
� |x1|p

t�⌧

e�
�⇤0
4 |u|2

⇣
1 + 2R+

p
T |u|

⌘
dud⌧


ˆ

t

0

3Mp
t� ⌧

ˆ
|u|> ⌫

2
p

t�⌧

e�
�⇤0
4 |u|2

⇣
1 + 2R+

p
T |u|

⌘
dud⌧.

(3.26)
We observe that, for any fixed ⌧ < t, the inner integral tends to zero as
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⌫ ! 1. Moreover

3Mp
t� ⌧

ˆ
|u|> ⌫

2
p

t�⌧

e�
�⇤0
4 |u|2

⇣
1 + 2R+

p
T |u|

⌘
dud⌧

 3Mp
t� ⌧

✓
(1 + 2R) I0

✓
�⇤0
4

◆
+
p
TI1

✓
�⇤0
4

◆◆
,

(3.27)

which is an integrable function with respect to ⌧ 2 (0, t). From Lebesgue’s
dominated convergence theorem, we obtain

lim
⌫!1

sup
|x1|R

⌃2,⌫ (x1, t,X2) = 0. (3.28)

Let now focus on ⌃"2⌫ .
We recall that, for every h 2 L1

loc

�
RN

�
, ||'" ⇤ h� h||

Lq(BR) tends to zero for

" ! 0, for any q 2 [1,1), R > 0 (see [61]). Thus, let 1 < p <
N

N � 1
be

fixed, we define ✓ :=
N + 1

2
� N

2p
< 1. Applying Hölder inequality, we get

⌃2
"

,⌫ =

ˆ
t

0

C�

(t� ⌧)
N+1

2

"ˆ
|⇠|<⌫

e�
�⇤0
4

|x1�⇠|2p
t�⌧ d⇠

# 1
p

||('" ⇤ g � g) (X2 (⌧))||Lq(B⌫) d⌧.

(3.29)
With a change of variable, we rewrite the integral

"ˆ
|⇠|<⌫

e�
�⇤0
4

|x1�⇠|2p
t�⌧ d⇠

# 1
p

=

"ˆ
|x1+

p
t�⌧u|<⌫

e�
�⇤0
4 |u|2pdu

# 1
p

(t� ⌧)
N
2p


ˆ

RN
e�

�⇤0
4 |u|2pdu

� 1
p

(t� ⌧)
N
2p =

 s
4⇡

�⇤0p

!N

(t� ⌧)
N
2p .

(3.30)
Hence we obtain the inequality

sup
|x1|R

⌃2
"

,⌫ 
ˆ

t

0

C�

(t� ⌧)✓

 s
4⇡

�⇤0p

!N
p

||('" ⇤ g � g) (X2 (⌧))||Lq(B⌫) d⌧.

(3.31)
where p and q are conjugate exponents.
Furthermore, C� (t� ⌧)�✓ ||('" ⇤ g � g) (X2 (⌧))||Lq(B⌫) converges to 0 as
" ! 0, for any ⌧ < t, and, by G1) and (3.7), it is bounded from above
by

C�
3M (1 + ⌫ + |X2(⌧)|)

(t� ⌧)✓
, which is integrable over (0, t). From Lebesgue’s
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dominated convergence theorem, we conclude that sup|x1|R ⌃2
"

⌫(x1, t,X2) !
0 as "! 0, for any ⌫ > 2R. Thus we can write

lim
"!0

sup
|x1|R

|⌃"2 (x1, t,X2)|  sup
|x1|R

⌃2⌫ (x1, t,X2) , (3.32)

which converges to zero as ⌫ ! 1, for any ||X2||1,T
 R, t 2 (0, T ).

iii) From (2.13) and G1), recalling the expressions in (6.12), (6.13) we
get

|⌃3|  2MC�

ˆ
t

0

|x1 � x2|
↵
2

(t� ⌧)
1
2+

↵
4

ˆ
RN

e�
�
⇤
0
4

|x1�⇠|2
t�⌧

(t� ⌧)
N
2

⇣
1 + |⇠|+ ||X2||1,T

⌘
d⇠d⌧

 2MC� |x1 � x2|
↵
2

ˆ
t

0

I0 (�⇤0)
⇣
1 + |x1|+ ||X2||1,T

⌘
+
p
TI1 (�⇤0)

(t� ⌧)
1
2+

↵
4

d⌧  C3�
↵
2 ,

with C3 = C3 (M,C�,↵, T,�⇤0, R) =
8MC�T

2�↵
4

2� ↵

h
I0 (�

⇤
0) (1 + 2R) +

p
TI1 (�

⇤
0)
i
.

Therefore sup
⌦�,R

|⌃3 (x1, x2, t,X2)| ! 0 as � ! 0. This complete the proof.

The following Lemma 13 provides some regularity properties of the function
in (3.11), that will be used to prove Theorem 11.

Lemma 13. Under assumptions H8),G1),G2), the following properties con-

cerning the function expressed in (3.11) hold true:

1. For every X 2 C
�
[0, T ] ;RN⇥n

�
, x 2 RN

, t0 2 [0, T ] we get

lim
t!t0

|f (x, t;X)� f (x, t0;X)| = 0. (3.33)

For every R > 0,

sup
||X||1,TR

|f (x, t;X)� f (x0, t;X)|  CT,R

p
t |x� x0| , (3.34)

with CT,R a suitable positive constant, for any t 2 [0, T ], |x|, |x0|  R,

and

|f (x, t;X)|  LT (1 + |x|+ ||X||) t. (3.35)

2. For every t 2 [0, T ], X 2 C
�
[0, T ] ;RN⇥n

�
, f (·, t;X) 2 C1

�
RN

�
and

rf (x, t;X) = �
ˆ

t

0

ˆ
RN

r� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧. (3.36)
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In particular rf(·, t;X) is a locally Hölder continuous function with

exponent ↵/2 with respect to x, uniformly with respect to t 2 [0, T ].
Moreover rf (·, ·;X) 2 C

�
RN ⇥ [0, T ]

�
and

|rf (x, t;X)|  LT (1 + |x|+ ||X||)
p
t. (3.37)

3. For every X 2 C
�
[0, T ];RN⇥n

�
, R > 0

lim
k!1

sup
|x|R

t2(0,T ]

⇣���fk (x, t;X)� f (x, t;X)
���+

���rfk (x, t;X)�rf (x, t;X)
���
⌘
= 0

where fk
is the unique classical solution to Lfk = gkX, fk (·, 0;X) ⌘ 0.

4. For every R > 0, it holds:

lim
�!0

sup
⌦�,R

|f (x, t;X1)� f (x, t;X2)|+|rf (x, t;X1)�rf (x, t;X2)| = 0.

(3.38)

Proof. Lemma 13:

1. We preliminary extimate the following integrals:

It1,t2(x, t) :=

ˆ
t2

t1

ˆ
RN
� (x, t; ⇠, ⌧) |gX (⇠, ⌧)| d⇠d⌧, (3.39)

Jt1,t2(x, t) :=

ˆ
t2

t1

ˆ
RN

r� (x, t; ⇠, ⌧) |gX (⇠, ⌧)| d⇠d⌧, (3.40)

for t2 � t1, t 2 [0, T ].

Using (2.10), G1) and the change of variable y =
⇠ � xp
t� ⌧

, we have

It1,t2(x, t) 
ˆ

t2

t1

ˆ
RN

C�e
��⇤0

4
|x�⇠|2
t�⌧

(t� ⌧)
N
2

M
⇣
1 + |⇠|+ ||X||1,T

⌘
d⇠d⌧

 C�M

ˆ
t2

t1

ˆ
RN

e�
�⇤0
4 y

2
⇣
1 + |x|+ |y|

p
t+ ||X||1,T

⌘
dyd⌧

 C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t

�
(t2 � t1) .

(3.41)
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In a similar way we extimate Jt1,t2(x, t), using (2.11) instead of (2.10)

Jt1,t2(x, t) 
ˆ

t2

t1

ˆ
RN

C�e
��⇤0

4
|x�⇠|2
t�⌧

(t� ⌧)
N+1

2

M
⇣
1 + |⇠|+ ||X||1,T

⌘
d⇠d⌧

 2C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t

�p
t2 � t1.

(3.42)
Let x 2 RN , X 2 C

�
[0, T ] ;RN

�
. Without loss of generality, we prove

the assertion for t0 2 (0, T ], and we consider the case of t 2 (0, t0).
Let c 2 (0, t), we estimate |f (x, t;X)� f (x, t0;X)|


ˆ

t

0

ˆ
RN

|� (x, t; ⇠, ⌧)� � (x, t0; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧

+

ˆ
t0

t

ˆ
RN
� (x, t0; ⇠, ⌧) |gX (⇠, ⌧)| d⇠d⌧

=

ˆ
t�c

0

ˆ
RN

|� (x, t; ⇠, ⌧)� � (x, t0; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧ + It�c,t(x, t)

+It�c,t0(x, t0) 
ˆ

t�c

0

ˆ
RN

|� (x, t; ⇠, ⌧)� � (x, t0; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧+

+

✓
C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t0

�◆
[2c+ t0 � t] .

(3.43)
We conclude that

lim sup
t!t

�
0
|f (x, t;X)� f (x, t0;X)|

 lim sup
t!t

�
0

ˆ
t�c

0

ˆ
RN

|� (x, t; ⇠, ⌧)� � (x, t0; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧

+

✓
C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t0

�◆
2c.

(3.44)

Since t � ⌧ � c, by the above mentioned uniform continuity property
of � and (2.10), we can take the limit as t tends to t�0 , through the
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integral, to get

lim sup
t!t

�
0
|f (x, t;X)� f (x, t0;X)|


✓
C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t0

�◆
2c.

(3.45)
The relation (3.33) follows since c is arbitrary.
Let t 2 [0, T ], X 2 C

�
[0, T ] ;RN

�
, x, x0 2 RN then we write:

|f (x, t;X)� f (x0, t;X)|


ˆ

t

0

ˆ
RN

|� (x, t; ⇠, ⌧)� � (x0, t; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧


ˆ

t

0

ˆ
RN

ˆ
t

0
|r� (x0 + �(x� x0), t; ⇠, ⌧)| d� |x� x0| |gX (⇠, ⌧)| d⇠d⌧

 CT,R |x� x0|
p
t,

(3.46)

where CT,R := C�M
h
(1 + 2R) I0

⇣
�
⇤
0
4

⌘
+ I1

⇣
�
⇤
0
4

⌘p
T
i
. In order to

prove (3.35), we observe that from (3.41) it follows

|f(x, t;X)|  LT (1 + |x|+ ||X||1,T ) t, (3.47)

where LT denotes the quantity C�M
⇣
I1
⇣
�
⇤
0
4

⌘p
T + I0

⇣
�
⇤
0
4

⌘⌘
.

2. For every i = 1, ..., n, let us consider x 2 RN , t 2 (0, T ], X 2
C
�
[0, T ] ;RN

�
, h 6= 0. Denoting with ei the vectors of the standard

basis of RN for any i = 1, ..., n, we get

����
f (x+ hei, t;X)� f (x, t;X)

h
+

ˆ
t

0

ˆ
RN

@i� (x, t; ⇠, ⌧) gX (⇠, ⌧) d⇠d⌧

����

=

�����
ˆ

t

0

ˆ
RN

ˆ 1

0
@i� (x+ h�ei, t; ⇠, ⌧) gX (⇠, ⌧) d�d⇠d⌧

+

ˆ
t

0

ˆ
RN

@i� (x, t; ⇠, ⌧) gX (⇠, ⌧) d⇠d⌧

����


ˆ 1

0

ˆ
t

0

ˆ
RN

|@i� (x+ h�ei, t; ⇠, ⌧)� @i� (x, t; ⇠, ⌧)| |gX (⇠, ⌧)| d⇠d⌧d�.

(3.48)
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By using Lemma 12 iii) in the last inequality, taking the limit for
h ! 0, we argue that the right-hand term in (3.48) goes to zero.
Hence

rf (x, t;X) = �
ˆ

t

0

ˆ
RN

r� (x, t; ⇠, ⌧) gX(⇠, ⌧)d⇠d⌧. (3.49)

In order to prove that rf (·, ·;X) 2 C
�
RN ⇥ [0, T ]

�
we retrace the

steps of the proof of point 1). Let x 2 RN , X 2 C
�
[0, T ] ;RN

�
,

replacing f with rf in (3.43), by the uniform continuity property of
r� for t� ⌧ � c > 0, we get the inequality

lim sup
t!t

�
0
|rf (x, t;X)�rf (x, t0;X)|


✓
2C�M

⇣
1 + |x|+ ||X||1,T

⌘
I0

✓
�⇤0
4

◆
+ I1

✓
�⇤0
4

◆p
t0

�◆
4
p
c.

(3.50)
By Lemma 12 iii) we get the Hölder continuity property of rf(·, t;X)
with respect to x, uniformly with respect to t 2 [0, T ]. Inequality
(3.37) immediately follows using (3.40) for J0,t(x, t), with computa-
tions similar to the ones performed to prove (3.35).

3. By (3.15), we obtain

���rfk (x, t;X)�rf (x, t;X)
��� = |⌃"k2 (x, t,X)| , (3.51)

and the result follows from Lemma 12 ii). Analogous estimate can be
obtained for

��fk (x, t;X)� f (x, t;X)
��, replacing r� with �, and using

(2.10) instead of (2.11), in the proof of Lemma 12 ii).

4. Since ⌃"k1 (x, x, t,X) = rfk (x, t;X1) � rfk (x, t;X2), Lemma 12 i)

yields

lim
�!0

sup
⌦�,R
k

���rfk (x, t;X1)�rfk (x, t;X2)
��� = 0. (3.52)

With similar arguments, using (2.10) instead of (2.11) one can prove
an analogous result for fk:

lim
�!0

sup
⌦�,R
k

���fk (x, t;X1)� fk (x, t;X2)
��� = 0. (3.53)

Combining (3.52), (3.53) and point 3), we deduce (3.38).
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Combining the previous results, we finally prove the existence theorem:

Proof. Theorem 11:

Let {Yk}k2N =
�
Xk,Vk

�
be the solution of (3.8). First, we recall that��Yk

��  B+ |Y0|, for any k 2 N, where B is a positive constant independent
of k (see Theorem 4 in [62]). We now prove the equicontinuity property of
the sequence {Yk}k2N. From (3.8) immediately follows the equicontinuity
of the first n components of the sequence {Yk}k2N =

�
Xk,Vk

�
, since for

every t, t0 2 [0, T ]

���xk

i (t)� xk

i

�
t0
����  (B + |V0|)

��t� t0
�� , 8i = 1, ..., n. (3.54)

For the remaining components, we observe that, from (3.8)2 and (3.9), it
holds:

��vk

i
(t)� vk

i
(t0)

�� =
����
ˆ

t

t
0
Fi

⇣
⌧,Xk(⌧),Vk(⌧),rfk

⇣
xk

i (⌧) , ⌧,X
k

⌘⌘
d⌧

����


ˆ

t

t
0
|Fi (⌧,X0,V0, 0)|+

p
2LF

���Yk (⌧)�Y0

���+ LF

���rfk

⇣
xk

i (⌧) , ⌧,X
k

⌘��� d⌧

 C0

��t� t0
��+ LF

p
2

ˆ
t

t
0

���Yk (⌧)�Y0

��� d⌧

+

ˆ
t

t
0
LFK1

 
1 +

��Xk (⌧)
��

p
⌧

+K2 +

ˆ
⌧

0

1 +
��Xk (⌧)

��+
��Xk (s)

��
p
⌧ � s

ds

!
d⌧,

(3.55)
where C0 = sup⌧2(0,T ] |Fi (⌧,X0,V0, 0)|. Since K1 and K2 in (3.9) are inde-
pendent of the index k, we get

��vk

i
(t)� vk

i
(t0)

�� 
�
C0 + LF

p
2B + LFK1K2

�
|t� t0|

+2LFK1 [1 + (|X0|+B)]
p

|t� t0|

+LFK1 (1 + 2B + 2 |X0|) 2
p
T |t� t0| .

(3.56)

By (3.54) and (3.56), the equicontinuity of the sequence {Yk}k2N is proved.
Hence, Ascoli-Arzelà theorem implies the existence of a subsequence, still
denoted as {Yk}k2N, which converges to Y =

�
X,V

�
2 C

�
[0, T ] ;R2(N⇥n)

�
,

such that
����X

����
1,T

,
����V

����
1,T

 B + |Y0|.
Clearly, fk

�
·, ·;Xk

�
satisfies equation (3.10), being the unique classical so-

lution of Lf
�
·, ·;Xk

�
= gkXk . We now prove that the function in (3.11) is a

solution of (2.2), associated to X, in the sense of Definition 9. From Lemma
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12, f
�
·, ·;X

�
, as in (3.11), satisfies i), ii) and iii) of Definition 9. Therefore,

it su�ces to prove that it satisfies also equation (3.10). We observe that
Lemma 13, points 2. and 3., imply

lim
k!1

sup
|x|R

t2[0,T ]

���rfk

⇣
x, t;Xk

⌘
�rf

�
x, t;X

����+
���fk

⇣
x, t;Xk

⌘
� f

�
x, t;X

���� = 0,

(3.57)
hence f

�
·, ·;X

�
satisfies (3.10), since the test functions have compact sup-

port. From (3.8)1 immediately follows that, as k ! 1,

Xk (t) ! X (t) = X0 +

ˆ
t

0
V (⌧) d⌧, 8t 2 [0, T ] . (3.58)

By (3.8)2, for every i = 1, ..., n, it holds:

����vi (t)� vi0 �
ˆ

t

0
Fi

�
⌧,X(⌧),V(⌧),rf

�
x (⌧) , ⌧ ;X(⌧)

��
d⌧

����


��vi (t)� vk

i
(t)
��+

����
ˆ

t

0
Fi

⇣
⌧,Xk(⌧),Vk(⌧),rfk

⇣
xk

i (⌧) , ⌧ ;X
k

⌘⌘

�Fi

�
⌧,X(⌧),V(⌧),rf

�
x (⌧) , ⌧ ;X(⌧)

��
d⌧
�� 

p
2LFT

����Yk �Y
����
1,T

+LF

ˆ
t

0

����rfk

⇣
xk

i (⌧) , ⌧ ;X
k

⌘
�
ˆ
⌧

0

ˆ
RN

r� (x(s), ⌧ ; ⇠, s) gX (⇠, s) d⇠d⌧

���� d⌧


p
2LFT

����Yk �Y
����
1,T

+ LF

ˆ
t

0

���⌃"k1
⇣
xk

i (⌧) , ⌧,X
k,X

⌘��� d⌧+

LF

ˆ
t

0

���⌃"k2
⇣
xk

i (⌧) , ⌧,X
⌘��� d⌧ + LF

ˆ
t

0

���⌃3

⇣
xk

i (⌧) ,xi (⌧) ⌧,X
⌘��� d⌧,

(3.59)
where ⌃"k1 , ⌃"k2 , ⌃3 are defined in (3.14)-(3.16), with "k 2 (0, 1) an infinites-
imal sequence as k ! 1.
Let us consider R = |Y0| + B, and �k =

����Xk �X
����
1,T

. Since �k ! 0 as

k ! 1, from Lemma 12 i), we getˆ
t

0

���⌃"k1
⇣
xk

i (⌧) , ⌧,X
k,X

⌘��� d⌧  T sup
⌦�k,R

"2(0,1)

���⌃"1
⇣
xk

i (⌧) , ⌧,X
k,X

⌘��� ! 0

as k ! 1. Moreover,

ˆ
t

0

���⌃"k2
⇣
xk

i (⌧) , ⌧,X
⌘��� d⌧ ! 0 as k ! 1.

In fact,
���⌃"k2

⇣
xk

i (⌧) , ⌧,X
⌘���  sup

|x|R

��⌃"k2
�
x, ⌧,X

���, and Lemma 12 ii) en-
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sures that the function

⌧ 7! sup
|x|R

��⌃"k2
�
x, ⌧,X

���

is uniformly bounded with respect to k and it converges to zero as k ! 1,
pointwise in (0, t), for t 2 (0, T ]. Finally, from Lemma 12 iii), we obtain

ˆ
t

0

���⌃3

⇣
xk

i (⌧) ,vi (⌧) ⌧,X
⌘��� d⌧  T sup

⌦�k,R

���⌃3

⇣
xk

i (⌧) ,xi (⌧) ⌧,X
⌘���  TC3�

↵
2
k
,

which converges to zero as k ! 1.

Thus, by (3.59), taking the limit for k ! 1, we argue that

V (t) = V0 +

ˆ
t

0
Fi

�
⌧,X(⌧),V(⌧),rf

�
x (⌧) , ⌧ ;X(⌧)

��
d⌧ (3.60)

for any t 2 (0, T ]. We conclude that Y :=
�
X,Y

�
, solves the coupled system

(2.1)-(2.2) in the sense of Definition 10 .

3.3.1 Some regularity properties

In the following Theorem 14, we investigate further regularity properties of
the function defined in (3.11), which we have already proved to solve (2.2)
in the sense of Definition 9-10. Here, we shall make use of an additional
hypothesis concerning the structure of the source term g, together with the
previous assumptions G1) and G2).
Precisely, under a suitable assumption on the support of the function g(·,X(·)),
it is possible to identify a region, in RN , where the function f(·, ·;X) is
smooth enough and it is also possibile to deduce some estimates on its deriva-
tives, despite the possible presence of discontinuities of the source term.

Let X 2 C
�
[0, T ] ;RN⇥n

�
, for every fixed r > 0, h > 0, we define the

following sets:

�Xr :=
n[

i=1

⇢
x 2 RN : inf

⌧2[0,T ]
|x� xi(⌧)|  r

�
, (3.61)

⌦X
h,r

:=
�
x 2 RN : dist (x,�rX) > h

 
. (3.62)

Clearly ⌦X
h,r

is an open set in RN . Roughly speaking, �Xr represents the
region of points whose distance from at least one of the trajectories, enclosed
in X, is less or equal to r. On the other hand, the set ⌦X

h,r
includes all the
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3.3 Global existence of weak solutions 83

points that are quite far from the trajectories, the distance being greater
than a. Thus, we can establish the following result.

Theorem 14. Assume H8) and let f = f (x, t;X) be the solution of (3.11)

with g satisfying G1)-G2). Suppose that, for some r > 0, the support of

(x, t) 7! gX (x, t) is a subset of

⌦r :=
n[

i=1

n
(⇠, ⌧) 2 RN ⇥ (0, T )

��� |⇠ � xi(⌧)|  r
o
. (3.63)

Then, for every a > 0, hold:

i)

f(·, ·;X) 2 L1 �
[0, T ];W 2,1 �

⌦X
h,r

��
. (3.64)

with the inequalities:

||@jf(·, t;X)||1,T  M
���Xr

�� (1 + 2||X||1,T + r)⇥

⇥
✓

4

�⇤0h
2

◆N�1
2

�e

✓
N � 1

2
,
�⇤0h

2

4t

◆
,

(3.65)

||@2
i,j
f(·, t;X)||1,T  M

���Xr
�� (1 + 2||X||1,T + r)⇥

⇥
✓

4

�⇤0h
2

◆N
2

�e

✓
N

2
,
�⇤0h

2

4t

◆
.

(3.66)

for any i, j = 1, . . . , N .

ii) f(·, ·;X) 2 W 2,1,1
⇣
⌦X
h,r

⇥ (0, T )
⌘
and

||@tf ||L1(⌦X
h,r⇥(0,T ))  ||c||1 + (1 + 2||X||1,T + r)M |�Xr |⇥

⇥
"
p
n||b||1

✓
4

�⇤0h
2

◆N�1
2

�

✓
N � 1

2

◆
+ n||a||1

✓
4

�⇤0h
2

◆N
2

�

✓
N

2

◆#

+M (1 + 2||X||1,T + r) (3.67)

Here �(·) is the Gamma function, �e(↵, x) =
´1
x

u↵�1e�udu being the upper

incomplete Gamma,
���Xr

�� stands for the N -dimensional Lebesgue measure

of �Xr and kck1, kbk1, kak1 denote the supremum norm of the functions

c,
�P

i
b2
i

�1/2
and

⇣P
i,j

a2
ij
)
⌘1/2

, respectively.

Remark 15. We emphasize that the modeling form of g, presented in [2]
and [3], falls within the assumptions of Theorem 14.

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



84

Remark 16. The bounds for the x-partial derivatives of f(·, ·;X) yield a
precise information on the decay rate as t ! 0+, for any fixed h > 0. In fact
it is well known that �e(↵,�?0h

2/4t) ⇡
�
�?0h

2/4t
�
↵�1

e��
?
0h

2
/4t, as t ! 0+,

for ↵ = N/2 or ↵ = (N � 1)/2.

Proof. Theorem 14:

i) In the following @p
j
denotes the p-order partial derivative with respect

to xj , for p = 0, 1. Let h > 0 and ' 2 C1
0

⇣
⌦X
h,r

⌘
, with compact support

⇤' ⇢ ⌦X
h,r

. Thus, by (2.11), (2.12), G1) and the assumption that the support

of gX is a subset of ⌦r, for every x 2 RN , t 2 (0, T ), it holds:

����
ˆ
RN

@p
j
f (x, t;X) @i'(x)dx

����


ˆ
RN

ˆ
t

0

ˆ
RN

���@pj� (x, t; ⇠, ⌧) gX (⇠, ⌧) @i'(x)
��� d⇠d⌧dx

 M (1 + 2||X||1,T + r)

ˆ
⇤g,t

d⇠d⌧

ˆ
⇤'

���@p+1
j
� (x, t; ⇠, ⌧)

��� |'(x)| dx

 M (1 + 2||X||1,T + r)

ˆ
⇤g,t

d⇠d⌧

ˆ
⇤'�⇠

e
� �⇤0|⌘|

2

4(t�⌧)

(t� ⌧)
N+p+1

2

|'(⌘ + ⇠)| d⌘

(3.68)
where ⇤g,t denotes the intersection between the support of gX and RN⇥(0, t).
Here, in order to get the second inequality, we have applied the integration
by parts and, in the last passage, we have changed the variable setting
⌘ = x� ⇠. We observe that, if ⌘ 2 ⇤' � ⇠, for some ⇠ 2 ⇤g, since ⇤g ⇢ ⌦r,
then |⌘| = |x� ⇠| � dist(x,�Xr ) > h. Therefore, we obtain the inequality

ˆ
⇤g,t

ˆ
⇤'�⇠

e
� �⇤0|⌘|

2

4(t�⌧)

(t� ⌧)
N+p+1

2

|'(⌘ + ⇠)| d⌘d⇠d⌧


���Xr

�� ´ t

0
e
�

�⇤0h
2

4(t�⌧) d⌧

(t�⌧)
N+p+1

2
||'||

L1

=
���Xr

��
⇣

4
�
⇤
0h

2

⌘N+p�1
2

ˆ 1

�⇤0h
2

4t

e�vv
N+p�1

2 �1dv ||'||
L1

=
���Xr

��
⇣

4
�
⇤
0h

2

⌘N+p�1
2

�e

✓
N + p� 1

2
,
�⇤0h

2

4t

◆
||'||

L1 ,

(3.69)
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where, in the first equality, we have applied the change of variable 4v =
�⇤0h

2(t� ⌧)�1. Thus, using (3.69) in (3.68) we get

����
ˆ
RN

@p
j
f (x, t;X) @i'(x)dx

����  M (1 + 2||X||1,T + r)
���Xr

��
⇣

4
�
⇤
0h

2

⌘N+p�1
2

�e

✓
N + p� 1

2
,
�⇤0h

2

4t

◆
||'||

L1 .

(3.70)

Hence f(·, t;X) 2 W 2,1
⇣
⌦X
h,r

⌘
(see [65]), and (3.65), (3.66) follow from

(3.70) for p = 0, p = 1, respectively.

ii) In light of inequalities (3.65)-(3.66), it su�ces to prove the existence
of the weak derivative with respect to t of f(·, ·;X) and the inequality (3.67).
Let ⇢ be a smooth test function with compact support in ⌦X

h,r
⇥ (0, T ), since

f(·, ·;X) satisfies condition iv)-Definition 9, we have:

���
ˆ

T

0

ˆ
⌦X

h,r

f(⇠, ⌧ ;X)@t⇢(⇠, ⌧)d⇠d⌧
��� 

ˆ
T

0

ˆ
⌦X

h,r

|c(⇠, ⌧)| |⇢(⇠, ⌧)|d⇠d⌧

+

ˆ
T

0

ˆ
⌦X

h,r

|b(⇠, ⌧)| |rf(⇠, ⌧ ;X)| |⇢(⇠, ⌧)|d⇠d⌧

+
���
ˆ

T

0

ˆ
⌦X

h,r

X

i,j

aij(⇠, ⌧)@
2
ijf(⇠, ⌧ ;X)⇢(⇠, ⌧)d⇠d⌧

���

+M (1 + 2||X||1,T + r) ||⇢||L1 (3.71)

where in order to get the last term, we have applied G1) and the fact that
⇤g ⇢ ⌦r. Here the L1-norm refers to the domain ⌦X

h,r
⇥ (0, T ). Thus, by

inequalities (3.65)-(3.66), we can write:

���
ˆ

T

0

ˆ
⌦X

h,r

f(⇠, ⌧ ;X)@t⇢(⇠, ⌧)d⇠d⌧
���  ||c||1||⇢||L1 + (1 + 2||X||1,T + r)⇥

⇥
"
p
n||b||1M |�Xr |

✓
4

�⇤0h
2

◆N�1
2

ˆ
T

0

ˆ
⌦X

h,r

�e

✓
N � 1

2
,
�⇤0h

2

4⌧

◆
|⇢(⇠, ⌧)|d⇠d⌧

+n||a||1M |�Xr |
✓

4

�⇤0h
2

◆N
2
ˆ

T

0

ˆ
⌦X

h,r

�e

✓
N

2
,
�⇤0a

2

4⌧

◆
|⇢(⇠, ⌧)|d⇠d⌧

#

+M (1 + 2||X||+ r) ||⇢||L1  ||c||1||⇢||L1 + (1 + 2||X||1,T + r)M |�Xr |⇥

⇥
"
p
n||b||1

✓
4

�⇤0h
2

◆N�1
2

�

✓
N � 1

2

◆
+ n||a||1

✓
4

�⇤0h
2

◆N
2

�

✓
N

2

◆#
||⇢||L1

+(1 + 2||X||1,T + r)M ||⇢||L1 . (3.72)
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This proves the point ii) together with inequality (3.67).

3.4 Discussion

In this chapter we presented an existence theorem for the solutions of hy-
brid systems of di↵erential equations, which generalizes the results obtained
in Chapter 2. In particular, our working assumptions allow to deal with the
form of the functions considered in [2] and [3] to model the source term of the
di↵usion equation. We observe that the particular structure, together with
the set of chosen assumption, do not allow to establish uniqueness property
of the solution. We emphasize that the particular choice of a discontinuous
source term is not covered by the classical results of the literature. From
these premises, we cannot expect to have classical solutions for the specific
problem. Therefore, the main contribution of this work relies on the ex-
istence of weak solutions for coupled hybrid systems, in the sense of our
given definitions. With a step by step approach, the setting we introduce in
Chapter 4 is the higher level of generalization presented in this thesis, and
it represents the starting point of ongoing and future works.
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Chapter 4

On a coupled system of
nonlinear di↵erential
equations with a non-local
concentration and L2 initial
data

We present 1 existence and uniqueness results for the solution of hybrid
systems which, in particular, represent a further generalization of the mod-
els previously investigated. With a step by step approach, we here consider
the case of g 2 Liploc(RN⇥n;L2(RN )). The equation modeling chemotaxis is
given in a divergence form, and initial data belonging to L2 are considered.
The results are obtained using a di↵erent technique, based on a preliminary
study concerning well-posedness of pseudo-parabolic approximation prob-
lems, and a passage to the limit.

4.1 Problem statement and results

In this chapter we investigate, from an analytical view point, a particular
coupled system of nonlinear di↵erential equations. The considered structure
takes inspiration from the hybrid form of models in [2], [3], and generalizes
the ones previously investigated in this thesis. In particular, as in the in-
spiring papers of the literature, the coupling between ordinary and partial
di↵erential equations is realized in a non-local form.

1This chapter is based on joint work with F. Smarrazzo, M. Porzio, M.Papi
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Let consider the following hybrid system:

8
>>>>>>>>>><

>>>>>>>>>>:

ẋi(t) = Fi

✓
t,X(t),

ˆ
RN

ru (x, t)h(x,xi(t))dx

◆
t 2 (0, T ) ,

ut = div (a(x, u,ru)) + b(x, u) + g(x,X(t)) in RN ⇥ (0, T ) ,

xi(0) = xi0 2 RN ,

u(·, 0) = u0 2 L2(RN ),
(4.1)

for any i = 1, ..., n.
In the following we denote X(t) = [x1(t), ...,xn(t)] 2 RN⇥n, xi(t) 2 RN .
With respect to the previous chapters, we use a di↵erent notation u, for the
function modeling the signal, in order to highlight the fact the the model
is investigated only on a theoretical basis, and u is not necessarily a chem-
ical concentration. In the same way, xi denotes the variable modeling the
dynamic of agent i, e.g. position, velocity. In our setting, we assume:

A1) For every i = 1, ..., n, the function Fi : [0, T ] ⇥ RN⇥n ⇥ RN ! RN

belongs to the space C
�
[0, T ]⇥ RN⇥n ⇥ RN ;RN

�
, and there exists

LF > 0 such that for every i = 1, ..., n it holds
���Fi (t,X, z)� Fi

⇣
t, bX, ẑ

⌘���  LF

⇣���X� bX
���+ |z� ẑ|

⌘
, (4.2)

for any X, X̂ 2 RN⇥n, z, ẑ 2 RN , t 2 [0, T ].

A2) i) The function a : RN ⇥ R ⇥ RN ! RN belongs to the space
C
�
RN ⇥ R⇥ RN ;RN

�
, and there exists La > 0 such that

���a (x, u, ⇠)� a
⇣
x, û, ⇠̂

⌘���  La

⇣
|u� û|+

���⇠ � ⇠̂
���
⌘
, (4.3)

for any u, û 2 R, ⇠, ⇠̂ 2 RN , and for all x 2 RN . Moreover, with-
out loss of generality, in the following we assume a(x, 0,0) = 0
for any x 2 RN .

ii) For every ⇠1, ⇠2 2 RN , there holds

[a (x, u, ⇠1)� a (x, u, ⇠2)] · [⇠1 � ⇠2] � 0 , (4.4)

for all x 2 RN and u 2 R.
iii) There exists ↵0 > 0 such that

a (x, u, ⇠) · ⇠ � ↵0 |⇠|2 (4.5)
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4.1 Problem statement and results 89

for all x 2 RN , u 2 R, ⇠ 2 RN .

A3) The function b (x, u) 2 C
�
RN ⇥ R;R

�
, and there exists Lb > 0 such

that
|b (x, u)� b (x, û)|  Lb (|u� û|) , (4.6)

for all x 2 RN and u, û 2 R. Moreover, without loss of generality, in
the following we assume b(x, 0) = 0 for any x 2 RN .

A4) g 2 Liploc
�
RN⇥n;L2

�
RN

��
.

Hence, for every R > 0 there exists L(R)
g > 0 such that

||g (·,X1)� g (·,X2)||L2(RN )  L(R)
g |X1 �X2| (4.7)

for any X1,X2 2 RN⇥n, |X1|  R, |X2|  R .

A5) h 2 Liploc
�
RN ;L2

�
RN

��
.

Hence for every R > 0 there exists L(R)
h

> 0 such that

||h (·,x1)� h (·,x2)||L2(RN )  L(R)
h

|x1 � x2| (4.8)

for any x1,x2 2 RN , |x1|  R, |x2|  R .

A6) There exist Ch, Cg > 0 such that

||h (·,x)||
L2(RN )  Ch (1 + |x|)✓1 for all x 2 RN , (4.9)

||g (·,X)||
L2(RN )  Cg (1 + |X|)✓2 for all X 2 RN⇥n , (4.10)

where ✓1, ✓2 2 [0, 1] satisfy ✓1 + ✓2  1.

In the next sections, we prove global existence and uniqueness of the
solution to (4.1) under the above assumptions. Firstly, we state clearly the
definition of solution to problem (4.1) .

Definition 17. For every u0 2 L2
�
RN

�
, X0 2 RN⇥n

, by a solution to

problem (4.1) in (0, T0), with 0 < T0  T , we mean any pair (X, u),
with u 2 C

�
[0, T0];L2

�
RN

��
\ L2

�
(0, T0);H1(RN )

�
, X = (x1, ...,xn) 2

W 1,2
�
(0, T0);RN⇥n

�
such that

i) X (0) = X0, u (·, 0) = u0 a.e. in RN
;

ii) for any i = 1, · · · , n, equality (4.1)1 is satisfied a.e. in (0, T );
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iii) for any ⇢ 2 C
�
[0, T0];L2(RN )

�
\L2

�
(0, T0);H1(RN )

�
, with ⇢t 2 L2(QT0),

there holds¨
QT0

{u⇢t � a(x, u,ru)r⇢+ b(x, u)⇢+ g(x,X(t))⇢} dxdt = �
ˆ
RN

⇢(x, 0)u0(x) dx

(4.11)
We denote QT0 := RN ⇥ (0, T0).

The main results of our study are the following theorems concerning the
existence and uniqueness of the strong solution to problem (4.1).

Theorem 18. Let assumptions A1)-A6) be satisfied. Then, for every (X0, u0) 2
RN⇥n ⇥H1(RN ), problem (4.1) admits a global solution in [0, T ].

In order to prove uniqueness, we replace assumption A2)� ii) with the
stronger condition

A2) �iv) There exists �0 > 0 such that, for every ⇠1, ⇠2 2 RN , there holds

[a (x, u, ⇠1)� a (x, u, ⇠2)] · [⇠1 � ⇠2] � �0 |⇠1 � ⇠2| . (4.12)

Observe that (4.12) and the assumption a(x, 0,0) = 0 (see A2)-i))
plainly give A2)-iii) (with ↵0 = �0).

In Theorem 19 below we shall denote by A2)0 the set of assumptions
A2)-i) and A2)-iv).

Theorem 19. Let assumptions A1), A2)0, A3)-A6) be satisfied. Then, for

every (X0, u0) 2 RN⇥n ⇥H1(RN ), problem (4.1) has at most one solution.

In this chapter, the proof of existence will rely on a pseudoparabolic
approximation of the parabolic equation in (4.1) (see [66], [67], [68], [69]).

In Section 4.2, we prove well-posedness of the approximating problems.
In particular, we present some a priori estimates on the approximating solu-
tions . The results previously obtained are combined in Section 4.3, devoted
to the proof of global existence and uniqueness of the solution to (4.1).

4.2 Approximating Problems

For every " > 0, let us consider the problem
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8
>>>>>>>>>><

>>>>>>>>>>:

ẋi(t) = Fi

✓
t,X(t),

ˆ
RN

ru (x, t)h(x,xi(t))dx

◆
t 2 (0, T ) ,

ut � "�ut = div (a(x, u,ru)) + b(x, u) + g(x,X(t)) in RN ⇥ (0, T ) ,

xi(0) = xi0 2 RN ,

u(·, 0) = u0 2 H1(RN ),
(4.13)

for i = 1, ..., n.

In the sequel, besides hypothesis A1), A2)-i) and A3), we shall always
assume that

A4)0 g 2 Lip
�
RN⇥n;L2

�
RN

��
\ L1 �

RN⇥n;L2
�
RN

��
.

Hence there exists Lg > 0 such that

||g (·,X1)� g (·,X2)||L2(RN )  Lg |X1 �X2| (4.14)

for any X1,X2 2 RN⇥n.

A5)0 h 2 Lip
�
RN ;L2

�
RN

��
\ L1 �

RN ;L2
�
RN

��
.

Hence there exists Lh > 0 such that

||h (·,x1)� h (·,x2)||L2(RN )  Lh |x1 � x2| (4.15)

for any x1,x2 2 RN .

Definition 20. For every u0 2 H1
�
RN

�
, X0 2 RN⇥n

, by a solution to prob-

lem (4.13) in (0, T ) we mean any pair (u,X), with u 2 C1
�
[0, T ];H1

�
RN

��
,

(x1, ...,xn) = X 2 C1
�
[0, T ];RNn

�
such that

i) X (0) = X0, u (·, 0) = u0 a.e. in RN
;

ii) xi is a classical solution of (4.13)1, for any i = 1, ..., n;

iii) for every t 2 [0, T ] and ⇢ 2 H1(RN ) there holds

ˆ
RN

ut(t)⇢+"rut(t)r⇢+a (x, u(t),ru(t))r⇢�b (x, u(t)) ⇢�g (x,X(t)) ⇢ dx = 0.

(4.16)

Remark 21. For any solution (u,X) of problem (4.13), assumptions A4)0

and A5)0 ensure that the mappings t 7! g (·,X(t)) and t 7! h (·,xi(t)) belong
to the space C

�
[0, T ];L2(RN )

�
(here i = 1, · · · , n).
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The following theorem states well-posedness results for (4.13):

Theorem 22. Let assumptions A1), A2)-i), A3), and A4)0–A5)0 be satisfied.
Then, for every (u0,X0) 2 H1

�
RN

�
⇥RN⇥n

problem (4.13) admits a unique

solution in [0, T ].

Before proving the theorem, we consider an equivalent abstract formu-
lation of system (4.13). Let introduce the mapping

L : [0, T ]⇥ RN⇥n ⇥H1
�
RN

�
�! RN⇥n ⇥H1

�
RN

�

(t,X, u) �! L (t,X, u) :=
�
X, u

� (4.17)

(X = (x1, · · · ,xn), with xi 2 RN for every i = 1, · · · , n), defined as follows:

L1) X = (x1, ...,xn), where

xi = Fi

✓
t,X,

ˆ
RN

ruh(x,xi) dx

◆
8i = 1, ..., n ; (4.18)

L2) u 2 H1
�
RN

�
is the unique weak solution of problem

� "�u+ u = div (a (x, u,ru)) + b (x, u) + g (x,X) in RN . (4.19)

We observe that the existence and uniqueness of u follows from A2)–i),
A3), and A4)0 which guarantee, respectively, |a (·, u,ru)| 2 L2(RN ),
b(·, u) 2 L2(RN ), and g (·,X) 2 L2(RN ) for any u 2 H1(RN ) and
X 2 RN⇥n.

Thus the approximating problem (4.13) can be rewritten in the equiva-
lent form

8
<

:

ẏ(t) = L (t, y(t)) y 2 Y,

y(0) = (X0, u0) 2 Y
(4.20)

where we have set

Y := RN⇥n ⇥H1(RN ), y = (X, u) 2 Y . (4.21)

The following Lemmas 23 and 25 ensure the existence and uniqueness of
a local solution (X, u) of (4.20).

Lemma 23. Let Y be the Banach space in (4.21), and let L : [0, T ]⇥Y ! Y
be the mapping defined in (4.17). Then L 2 C([0, T ]⇥ Y ;Y ).

Proof. Lemma 23

Let tk ! t 2 [0, T ], Xk = (x1,k, ...,xn,k) ! X = (x1, · · · ,xn) in RN⇥n, and
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uk ! u in H1(Rn) as k ! 1. Set

�
Xk, uk

�
= L (tk,Xk, uk) ,

�
X, u

�
= L (t,X, u) . (4.22)

We shall prove that Xk ! X in RN⇥n, and uk ! u in H1(RN ).

Since h 2 C
�
RN ;L2(RN )

�
, whence h(·,xi,k) ! h(·,xi) in L2(RN ) as

k ! 1, for every i = 1, ..., n we have
ˆ
RN

ruk h(x,xi,k) dx !
ˆ
RN

ruh(x,xi) dx ,

and

xi,k := Fi

✓
tk,Xk,

ˆ
RN

ruk h(x,xi,k) dx

◆
! xi := Fi

✓
t,X,

ˆ
RN

ruh(x,xi) dx

◆
,

as Fi is continuous.

In order to prove that uk ! u in H1(RN ), we observe that uk, u 2
H1(RN ) are the unique weak solutions in RN of

� "�uk + uk = div (a (·, uk,ruk)) + b (·, uk) + g (·,Xk) , (4.23)

and
� "�u+ u = div (a (·, u,ru)) + b (·, u) + g (·,X) . (4.24)

By assumptions A2)-i), A3), and A4)0 we get, respectively,

a (·, uk,ruk) ! a (·, u,ru) in
⇥
L2(RN )

⇤N
(4.25)

b (·, uk) ! b (·, u) in L2(RN ) (4.26)

g (·,Xk) ! g (·,X) in L2(RN ) (4.27)

Then, by standard results on elliptic equations, it follows that uk ! u in
H1(RN ).

Lemma 24. There exists L1 > 0 such that for any (X1, u1), (X2, u2) 2 Y ,

||u1 � u2||H1(RN )  L1

⇣
|X1 �X2|+ ||u1 � u2||H1(RN )

⌘
, (4.28)

where u1 2 H1(RN ) is the solution of (4.19) with u = u1 and X = X1, and

u2 2 H1(RN ) is the solution of (4.19) with u = u2 and X = X2.

Proof. Lemma 24

First, we observe that (u1 � u2) 2 H1
�
RN

�
is the weak solution in RN of
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the equation

�"� (u1 � u2) + (u1 � u2) = div (a (·, u1,ru1)� a (·, u2,ru2))
+b (·, u1)� b (·, u2) + g (·,X1)� g (·,X2) .

(4.29)
Choosing as test function ⇢ = u1 � u2, it follows that

"

ˆ
RN

|r (u1 � u2)|2 dx+

ˆ
RN

(u1 � u2)
2 dx

 La

ˆ
RN

(|u1 � u2|+ |r(u1 � u2)|) |r (u1 � u2)| dx

+Lb

ˆ
RN

|u1 � u2| |u1 � u2| dx+ kg(·,X1)� g(·,X2)kL2(RN )ku1 � u2kL2(RN )

 (La + Lb + Lg)
n
ku1 � u2kH1(RN ) + |X1 �X2|

o
ku1 � u2kH1(RN ) ,

(4.30)
with La, Lb, Lg as in A2)-i), A3) and A4)0. Then the conclusion immediately
follows from (4.30), with a suitable choice of a constant L1.

Lemma 25. For every R > 0, there exists LR > 0 such that, for any

(X1, u1) , (X2, u2) 2 Y , with ||u1||H1(RN ) , ||u2||H1(RN )  R, and for every

t 2 [0, T ] it holds

����Fi

✓
t,X1,

ˆ
RN

ru1 h(x,x1i) dx

◆
� Fi

✓
t,X2,

ˆ
RN

ru2 h(x,x2i) dx

◆����

 LR

⇣
|X1 �X2|+ ku1 � u2kH1(RN )

⌘

(4.31)
for any i = 1, ..., n.

Proof. Lemma 25

Let Xj =
�
xj1, ...,xjn

�
2 RN⇥n (j = 1, 2). Then, by A1) it holds

����Fi

✓
t,X1,

ˆ
RN

ru1 h(x,x1i) dx

◆
� Fi

✓
t,X2,

ˆ
RN

ru2 h(x,x2i) dx

◆����

 L̃Fi

✓
|X1 �X2|+

ˆ
RN

|ru1 h(x,x1i)�ru2 h(x,x2i)| dx
◆
.

(4.32)
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Since ku1kH1(RN )  R, the thesis follows observing that

ˆ
RN

|ru1 h(x,x1i)�ru2 h(x,x2i)| dx

 Rkh (·,x1i)� h (·,x2i) kL2(RN ) + ||u1 � u2||H1(RN ) khkL1(RN ;L2(RN ))

 RLh |x1i � x2i|+ khkL1(RN ;L2(RN )) ku1 � u2kH1(RN )

(4.33)
Here, use of assumption A5)0 has been made.

Proof. Theorem 22

By Lemmas 23–25 we get that for every (X0, u0) 2 Y , there exists a unique
local solution (X, u) of (4.20), thus of the equivalent problem (4.13),

X 2 C1
�
[0, T�];RN⇥n

�
, u 2 C1

�
[0, T�];H

1
�
RN

��
(4.34)

for some T� 2 (0, T ). We now show that (X, u) can be continued in [0, T ],
being the unique solution of (4.13). To this end, we prove the existence of
a positive constant independent of T�, which is an upper-bound for |X(⌧)|
and ||u(·, ⌧)||

H1(RN ), for any 0 < ⌧ < T�.

From (4.13)1 and A1) we get, for all t 2 (0, T�),

|ẋi(t)|  C1
�
1 + |X(t)|+

´
RN |ru(x, t)| |h(x,xi(t))| dx

�

 C2

✓
1 + |X(t)|+

⇣´
RN |ru(x, t)|2 dx

⌘1/2 ⇣´
RN |h(x,xi(t))|2 dx

⌘1/2◆

 C3

⇣
1 + |X(t)|+ ||u(·, t)||H1(RN )

⌘

(4.35)
with C3 > 0 independent of T�.
Here we have also used that h 2 L1(RN ;L2(RN )); see A5)0. Integrating the
above estimate over [0, ⌧ ], with 0 < ⌧ < T� we obtain

|X(⌧)|  C4

✓
1 +

ˆ
⌧

0
ku(·, t)kH1(RN )dt+

ˆ
⌧

0
|X(t)| dt

◆
. (4.36)

By Gronwall inequality it follows

|X(⌧)|  C5

✓
1 +

ˆ
⌧

0
||u(·, t)||H1(RN )dt

◆
8⌧ 2 (0, T�) (4.37)

where C5 = C5,T > 0 can be made independent of T�. We now focus on an
estimate of ku(·, ⌧)kH1(RN ). For every t 2 (0, T�), choosing ⇢ = ut(t) as test
function in (4.16), by assumptions A2)-i), A3) and A4)0 it holds
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ˆ
RN

⇣
" |rut(x, t)|2 + |ut(x, t)|2 dx

⌘


ˆ
RN

|a(x, u(x.t),ru(x, t))| |rut(x, t)| dx

+

ˆ
RN

�
|b(x, u(t))|+ |g(x,X(t))|

�
|ut(x, t)| dx

 La

ˆ
RN

�
|u(x, t)|+ |ru(x, t)|

�
|rut(x, t)| dx+ Lb

ˆ
RN

|u(x, t)| |ut(x, t)| dx

+kgkL1(RN⇥n;L2(RN ))

✓ˆ
RN

�
ut(x, t)

�2
dx

◆ 1
2

 1

2

ˆ
RN

⇣
" |rut(x, t)|2 + |ut(x, t)|2

⌘
dx

+C1,"


1 +

ˆ
RN

⇣
u2(x, t) + |ru(x, t)|2

⌘
dx

�
,

(4.38)

with C1,✏ :=
L
2
a
✏
+ L2

b
+ kgk2

L1(RN⇥n;L2(RN )). Then we conclude that

||ut(·, t)||H1(RN )  C2,"

⇣
||u(·, t)||

H1(RN ) + 1
⌘
. (4.39)

Integrating the above inequality in [0, ⌧ ] and using the Gronwall’s inequality,
we get that there exists C3," > 0 independent of T�, such that for all ⌧ 2
[0, T�) there holds

||u(·, ⌧)||
H1(RN )  C3," . (4.40)

Combining (4.40), (4.37) and (4.35) gives, for some C4," > 0 indepenedent
of T�,

|X(⌧)|  C4,",
���Ẋ(⌧)

���  C4," ,

for all ⌧ 2 [0, T�). Therefore the conclusion immediately follows.

4.2.1 A priori estimates

In the following we suppose assumptions A1)-A6) to be satisfied. In
particular, from A1) and A3) it follows that there exists CF > 0 Ca > 0 and
Cb > 0 such that

|Fi (t,X, z)|  CF (1 + |X|+ |z|) 8i = 1, ..., n, (4.41)
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|a (x, u, z)|  Ca (|x|+ |u|) 8i = 1, ..., n, (4.42)

|b (x, u)|  Cb |u| (4.43)

for any X 2 RN⇥n, z, x 2 RN , u 2 R and t 2 [0, T ].

For every j 2 N, we consider the function lj 2 C1
c (R) with supp(lj) ✓

[�j � 1, j + 1], such that

0  lj(s)  1, lj(s) = 1 8s 2 R : |s|  j. (4.44)

Let X 2 RN⇥n, x̂ 2 RN . We define the sequences {gj (·,X)}j2N and
{hj (·, x̂)}j2N by setting

gj (·,X) := lj (|X|) g (·,X) a.e. in RN , (4.45)

hj (·, x̂) := lj (|x̂|)h (·, x̂) a.e. in RN . (4.46)

Clearly, there holds

gj ! g in Cloc(RN⇥n;L2(RN )) , (4.47)

hj ! h in Cloc(RN ;L2(RN )) . (4.48)

By A4)–A5) and the very definition of {gj} and {hj}, for every j 2 N
there exist Cj

g , C
j

h
> 0 such that

kgjkL1(RN⇥n;L2(RN )  Cj

g , (4.49)

khjkL1(RN ;L2(RN )  Cj

h
, (4.50)

whereas by assumption A6) and (4.44) we get

��gj (·,X)
��
L2(RN )

 Cg (1 + |X|)✓2 , (4.51)

��hj (·, x̂)
��
L2(RN )

 Ch (1 + |x̂|)✓1 , (4.52)

for any X 2 RN⇥n, x̂ 2 RN .

Let u0 2 L2(RN ) and X0 2 RN⇥n. In Lemmas 26–29 below, we present
some a priori estimates on the solution

�
Xj , uj

�
of the approximating prob-
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lem
8
>>>>>>>>>>><

>>>>>>>>>>>:

ẋj

i
(t) = Fi

✓
t,Xj(t),

ˆ
RN

ruj (x, t)hj(x,xj

i
(t))dx

◆
t 2 (0, T ) ,

uj
t
� "j�uj

t
= div

�
a(x, uj ,ruj)

�
+ b(x, uj) + gj(x,Xj(t)) in Q,

xj

i
(0) = xi0 2 RN ,

uj(·, 0) = uj0 2 H1(RN ),
(4.53)

for i = 1, ..., n. Here
"j ! 0+ , (4.54)

and the sequence {uj0} ✓ H1(RN ) is chosen so that

uj0 ! u0 in L2(RN ) , (4.55)

p
"j

���ruj0

��� ! 0 in L2(RN ) (4.56)

as j ! 1 (such a sequence can be constructed by a convolution of u0 with
a sequence of standard mollifiers).

Notice that the existence of a unique solution to problem (4.53) follows
from Theorem 22, since for every j the functions gj and hj satisfy assump-
tions A4)0 and A5)0, respectively.

Lemma 26. There exist C1, C2 > 0 independent of j, such that for every

⌧ 2 (0, T ] there holds

i) if 0  ✓1 < 1

sup
j

��Xj(⌧)
��  C1

"
1 +

✓ˆ
⌧

0
||ruj (·, t) ||2

L2(RN )dt

◆ 1
2(1�✓1)

#
, (4.57)

sup
j

����gj
�
·,Xj(⌧)

�����
L2(RN )

 C2

2

41 +
✓ˆ

⌧

0
||ruj (·, t) ||2

L2(RN )dt

◆ ✓2
2(1�✓1)

3

5 ;

(4.58)

ii) if ✓1 = 1

sup
j

��Xj(⌧)
��  C1

2

6641 + e
C1

 ˆ ⌧

0
||ruj (·, t) ||2

L2(RN )dt
! 1

2
3

775 , (4.59)
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sup
j

����gj
�
·,Xj(⌧)

�����
L2(RN )

 Cg , (4.60)

with Cg > 0 defined in (4.51).

Proof. Lemma 26

For every ⌧ 2 (0, T ], integrating equation (4.53)1 in (0, ⌧) and using (4.41)
gives

���xj

i
(⌧)

���  |xi(0)|+ CFT + CF

ˆ
⌧

0

��Xj(t)
�� dt

+CF

ˆ
⌧

0
||ruj (·, t) ||L2(RN )||hj

⇣
·,xj

i
(t)
⌘
||L2(RN )dt

(4.61)

for all i = 1, · · · , n. By (4.52), considering the sum over i = 1, ..., n, it
follows

1 +
��Xj(⌧)

��  C


1 +

ˆ
⌧

0

�
1 +

��Xj(t)
��� dt+ˆ

⌧

0
kruj (·, t) kL2(RN )

�
1 +

��Xj(t)
���✓1 dt

�
,

(4.62)

for some C > 0 independent of j.

i) Let 0  ✓1 < 1, ⌧ 2 (0, T ] (whence 0 < ✓2  1; see assumption
A6)). Using a non linear generalized form of Gronwall inequality ([70],
Theorem 21, p.11), we obtain

1 +
��Xj(⌧)

�� 
n
C

(1�✓1)e(1�✓1)C⌧

+(1� ✓1)

ˆ
⌧

0
C||ruj (·, t) ||L2(RN )e

(1�✓1)C(⌧�t)dt

� 1
1�✓1

.

(4.63)
Since ⌧ 2 (0, T ], we finally get

��Xj(⌧)
��  C̃

⇢
1 +

ˆ
⌧

0
||ruj (·, t) ||L2(RN )dt

� 1
(1�✓1)

 C1

(
1 +

✓ˆ
⌧

0
||ruj (·, t) ||2

L2(RN )dt

◆ 1
2(1�✓1)

)
,

(4.64)

with C1 > 0 independent of j.

In order to prove (4.58), it su�ces to combine (4.57) and (4.51).
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ii) Let ✓1 = 1. In this case (4.62) reduces to

1 +
��Xj(⌧)

��  C


1 +

ˆ
⌧

0

�
1 +

��Xj(t)
��� dt+ˆ

⌧

0
||ruj (·, t) ||L2(RN )

�
1 +

��Xj(t)
��� dt

�
,

(4.65)

and (4.60) follows from the Gronwall’s inequality (e.g., see [70] Theo-
rem 21). Moreover, in this case assumption A6) implies ✓2 = 0, hence
estimate (4.60) immediately follows from (4.51). This concludes the
proof.

Lemma 27. There exists C3 > 0 such that, for every j 2 N,

kujkL1((0,T );L2(RN )) + k
��ruj

�� kL2(Q)  C3, (4.66)

kp"j ujtkL2(Q) + k"j |ruj
t
| kL2(Q)  C3 . (4.67)

Remark 28. The estimates obtained in (4.57)-(4.60) and (4.66) ensure the
existence of C4 > 0, independent of j 2 N and t 2 (0, T ), such that

sup
j

kXjkL1(0,T ;RN⇥n)  C4, (4.68)

sup
j

��gj
�
·,Xj(t)

���
L2(RN )

 C4 for all t 2 [0, T ]. (4.69)

In particular, combining (4.66) and (4.69) with assumptions A2)-i) and A3),
it follows that

�
div

�
a(·, uj ,ruj)

� 
is bounded in L2

�
(0, T );H�1(RN )

�
and

{b(·, uj)} is bounded in L1 �
0, T ;L2(RN )

�
, whence (see (4.53)2, (4.67) and

(4.69))
{uj

t
} is bounded in L2

�
0, T ;H�1(RN )

�
. (4.70)

Proof. Lemma 27

We rewrite the pseudoparabolic equation in (4.53), choosing uj as test func-
tion in its weak fromulation. For every ⌧ 2 (0, T ], we get

1

2

ˆ
RN

n�
uj(⌧)

�2
+ "j

��ruj(⌧)
��2
o
dx� 1

2

ˆ
RN

⇢⇣
uj0

⌘2
+ "j

���ruj0

���
2
�

dx

+

¨
Q⌧

a(x, uj ,ruj) ·rujdxdt =

¨
Q⌧

b(x, uj)ujdxdt+

¨
Q⌧

gj
�
x,Xj(t)

�
ujdxdt

 Cb

¨
Q⌧

�
uj
�2

dxdt+
C

2

¨
Q⌧

�
gj
�
x,Xj(t)

��2
dxdt+

1

2C

¨
Q⌧

�
uj
�2

dxdt ,

(4.71)
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for a suitable constant C > 0 which will be chosen below; observe that in
the last inequality, we have used (4.43) and the Hölder inequality. Let focus
on the case of 0  ✓1 < 1. Estimating the integral

ˆ
RN

n
(uj0)

2 + "j |ruj0|
2
o
dx

with the constant C0 (see (4.55)–(4.56)), by A2)-iii), A6) (in particular,
recall that ✓1 + ✓2  1) and (4.58) we get

1
2

ˆ
RN

⇢⇣
u
j(⌧)

⌘2
+ "j

���ru
j(⌧)

���
2
�
dx+ ↵0

ˆ
Q⌧

���ru
j
���
2
dxdt� C0


✓
Cb +

1

2C

◆¨
Q⌧

⇣
u
j
⌘2

dxdt+
C

2

ˆ ⌧

0

C
2
2

2

41 +
✓ˆ t

0

||ru
j (s) ||2L2(RN )ds

◆ ✓2
2(1�✓1)

3

5
2

dt


✓
Cb +

1

2C

◆¨
Q⌧

⇣
u
j
⌘2

dxdt+ CC
2
2

ˆ ⌧

0

2

41 +
✓
1 +

ˆ t

0

||ru
j (s) ||2L2(RN )ds

◆ ✓2
(1�✓1)

3

5 dt


✓
Cb +

1

2C

◆¨
Q⌧

⇣
u
j
⌘2

dxdt+ CC
2
2


2T +

ˆ ⌧

0

ˆ ⌧

0

||ru
j (s) ||2L2(RN )dsdt

�


✓
Cb +

1

2C

◆¨
Q⌧

⇣
u
j
⌘2

dxdt+ 2TCC
2
2 + CC

2
2T

¨
Q⌧

���ru
j
���
2
dxdt.

(4.72)

Choosing C = ↵0
2C2

2T
we get that CC2

2T = ↵0
2 , hence the above inequality

gives

1

2

ˆ
RN

n�
uj(⌧)

�2
+ "j

��ruj(⌧)
��2
o
dx+

↵0

2

ˆ
Q⌧

��ruj
��2 dxdt

 C1

h
1 +

˜
Q⌧

�
uj
�2

dxdt
i
,

(4.73)

where C1 is a positive constante independent of j. By Gronwall inequality,
there exists C4 > 0 such that

||uj ||L1(0,T ;L2(RN ))  C2. (4.74)

Combining (4.73) and (4.74) (the former with ⌧ = T ), we conclude that

sup
j

¨
Q

��ruj
��2  C3. (4.75)

Then (4.66) follows with C3 = max{C2, C3}.
We leave the proof of the easier case ✓1 = 1, which follows using (4.60)
instead of (4.58) in the above computations.
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The proof of (4.67) relies on similar steps. The key factor is to choose
the test function ⇢ = "ju

j

t
in the weak formulation of the pseudoparabolic

equation in (4.53), using the a priori estimates (4.66) and (4.69) (we omit
the details).

Lemma 29. There exists C5 > 0 such that, for every j 2 N,
ˆ

T

0

���Ẋj(t)
���
2
dt  C5. (4.76)

Proof. Lemma 29

From the first equation in (4.53), (4.41), (4.68) and assumption A6)), we
get, for every i = 1, ..., n

���ẋj

i
(t)
���
2

 C2
F

✓
1 +

��Xj(t)
��+

ˆ
RN

��ruj (x, t)
��
���hj

⇣
x,xj

i
(t)
⌘��� dx

◆2

 C2
F

✓
1 + C4 +

����ruj (·, t)
����
L2(RN )

���
���hj

⇣
·,xj

i
(t)
⌘���
���
L2(RN )

◆2

 C2
F

⇣
1 + C4 + Ch

�
1 +

��Xj(t)
���✓1 ����ruj (·, t)

����
L2(RN )

⌘2

 C
⇣
1 +

����ruj (·, t)
����2
L2(RN )

⌘
,

(4.77)
for a suitable C > 0 independent of j and t 2 (0, T ). Thus,

ˆ
T

0

���ẋj

i
(t)
���
2
dt  CT + C

¨
Q

|ruj(x, t)|2 dxdt ,

and the conclusion follows combining the above inequality and (4.66).
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4.3 Global Existence and Uniqueness

4.3.1 Letting " ! 0

Throughout this subsection we shall always assume that assumptions
A1)–A6) are satisfied.

For every j 2 N, let
�
uj ,Xj

�
be the solution to problem (4.53), in the

sense of Definition 20.
By the a priori estimates (4.66)-(4.70) and (4.76) we deduce the following
convergence results.

Proposition 30. (i) There exists u 2 C
�
[0, T ];L2

�
RN

��
\L2

�
0, T ;H1

�
RN

��
,

with ut 2 L2
�
0, T ;H�1

�
RN

��
, such that possibly up to a subsequence (not

relabeled) it holds

1) uj ! u in L2(Q), and uj ! u a.e. in Q;

2) ruj * ru in
⇥
L2 (Q)

⇤
N
;

3) "ju
j

t
! 0 in L2 (Q);

4) "jruj
t
* 0 in

⇥
L2 (Q)

⇤
N

.

(ii) There exists X 2 W 1,2
�
0, T ;RN⇥n

�
such that possibly up to a subse-

quence (not relabeled) it holds

5) Xj ! X in C
�
[0, T ];RN⇥n

�
,

6) Ẋj * Ẋ in L2
�
0, T ;RN⇥n

�
.

Remark 31. Recalling the definition of the approximating sequences {gj}
and {hj} in (4.45)-(4.46), together with the continuity properties of g and h
in assumptions A4) and A5), from 5) it follows that for all t 2 (0, T ) there
holds

7) gj
�
·,Xj(t)

�
�! g (·,X(t)) in L2

�
RN

�
,

8) hj
⇣
·,xj

i
(t)
⌘
�! h (·,xi(t)) in L2

�
RN

�
, for any i = 1, ..., n ,

as j ! 1. Since by (4.68)–(4.69) and assumption A6) we have

sup
(0,T )

��gj
�
·,Xj(t)

���
L2(RN )

 C4 (4.78)

sup
(0,T )

���hj
⇣
·,xj

i
(t)
⌘���

L2(RN )
 Ch(1 + kXjkL1(RN⇥n))

✓1  Ch(1 + C4)
✓1 ,

(4.79)
by the dominated convergence theorem we get
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9) lim
j!1

ˆ
T

0

��gj
�
·,Xj(t)

�
� g (·,X(t))

��p
L2(RN )

dt = 0,

10) lim
j!1

ˆ
T

0

���hj
⇣
·,xj

i
(t)
⌘
� h (·,xi(t))

���
p

L2(RN )
dt = 0

for any p 2 [1,1) and i = 1, · · · , n.

Proof of Proposition 30.

Claims 2)–6) immediately follow from the a priori estimates (4.66)-(4.70) and
(4.76). By (4.66), (4.70) and classical compactness arguments [71] possibly
up to a subsequence (not relabeled) we have

uj * u in L2(Q) , (4.80)

uj ! u in L2(0, T ;L2
loc(RN )) , (4.81)

for some u 2 C
�
[0, T ];L2

�
RN

��
\ L2

�
0, T ;H1

�
RN

��
, with distributional

derivative ut 2 L2
�
0, T ;H�1

�
RN

��
. Observe that without loss of generality,

by standard diagonal arguments, we may assume that uj ! u a.e. in Q.
Then, it only remains to prove that

uj ! u in L2(Q) . (4.82)

For every p 2 N, let ⇢p 2 C1(RN ) \ L1(RN ) be chosen so that ⇢p(x) = 0
if |x|  p, ⇢p(x) = 1 if |x| � 2p, 0  ⇢p(x)  1 for all x 2 RN , and
k|r⇢p|kL1(RN )  C̃, for some C̃ > 0 independent of p. Choosing  (x, t) =

⇢2p(x)u
j(x, t) as test function in the weak formulation of the pseudoparabolic

equation in (4.53) gives, for every ⌧ 2 (0, T ],

1

2

ˆ
RN

�
uj(x, ⌧)

�2
⇢2p(x) dx� 1

2

ˆ
RN

(uj0)
2⇢2pdx

+
"j
2

ˆ
RN

|ruj(x, ⌧)|2⇢2p(x) dx� "j
2

ˆ
RN

|ruj0|
2⇢2p dx

+2"j

¨
Q⌧

ruj
t
·r⇢p uj⇢p dxdt+

¨
Q⌧

a(x, uj ,ruj) ·ruj ⇢2p dxdt

 2

¨
Q⌧

|a(x, uj ,ruj)| |r⇢p| ⇢p |uj | dxdt+
¨

Q⌧

|b(x, uj)| |uj | ⇢2pdxdt

+

¨
Q⌧

|gj(x,Xj(t))| |uj | ⇢2p dxdt  2

¨
Q

|a(x, uj ,ruj)| |r⇢p| ⇢p |uj | dxdt

+

✓
Cb +

1

2

◆¨
Q⌧

(uj)2 ⇢2p dxdt+

¨
Q

(gj(x,Xj(t)))2 ⇢2p dxdt
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(here we have used (4.43)). Then, from the Gronwall’s inequality, for all
⌧ 2 (0, T ] we have

ˆ
RN

�
uj(x, ⌧)

�2
⇢2p(x) dx  C̃1

⇢ˆ
RN

(uj0)
2⇢2p dx

+"j

ˆ
RN

|ruj0|
2⇢2p dx� 2"j

¨
Q

ruj
t
·r⇢p uj⇢p dxdt

+

¨
Q

⇥
|a(x, uj ,ruj)| |r⇢p| ⇢p |uj |+ (gj(x,Xj(t)))2 ⇢2p

⇤
dxdt

�

for some C̃1 > 0 independent of both j and p.
In view of (4.80)–(4.81), (4.55)–(4.56), and point 4) in Proposition 30,

Remark 31, and since we may assume |a(x, uj ,ruj)| * F in L2(Q) for
some nonnegative F 2 L2(Q), integrating the above inequality in (0, T ) and
letting j ! 1, we get

lim sup
j!1

¨
Q

�
uj
�2
⇢2p dxdt  C̃2

⇢ˆ
RN

u20⇢
2
p dx+

¨
Q

(g(x,X(t)))2 ⇢2p dxdt

+

¨
{(x,t)2Q: p|x|2p}

F |r⇢p| ⇢p |u| dxdt
)

(here we have used that r⇢p has compact support in RN ). Since the func-
tions in the right-hand side of the previous inequality belong to L2(RN ) and
L2(Q), by the very definition of the function ⇢p we have

lim sup
p!1

 
lim sup
j!1

¨
Q

�
uj
�2
⇢2p dxdt

!
= 0 . (4.83)

Then, it is enough to observe that

lim sup
j!1

kuj � ukL2(Q)  lim
j!1

¨
Q

(uj � u)2(1� ⇢2p) dxdt

+ lim sup
j!1

¨
Q

(uj � u)2⇢2p dxdt = lim sup
j!1

¨
Q

(uj � u)2⇢2p dxdt

(notice that
˜

Q
(uj �u)2(1� ⇢2p) dxdt ! 0 by (4.81), as the function �(x) =

(⇢2p(x)�1) has compact support in RN ), and the convergence in (4.82) easily
follows from the above inequality, (4.83) and the condition u 2 L2(Q). ⇤

Remark 32. (i) Observe that (4.42) and (4.66) ensure the existence of
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z =2
⇥
L2(Q)

⇤
N

such that

a
�
·, uj ,ruj

�
* z in

⇥
L2 (Q)

⇤N
. (4.84)

Moreover, by (4.43) and the convergences in Proposition 30- 1), it holds

b
�
·, uj

�
! b (·, u) in L2(Q). (4.85)

(ii) In view of (4.54)–(4.56), and the convergences in Proposition 30 and
in Remark 31, letting j ! 1 in the weak formulation of the pseudoparabolic
equations in (4.53) we get

¨
Q

u�t dxdt�
¨

Q

{z ·r�� b(x, u)�� g(x,X(t))�} dxdt

=

ˆ
RN

u(x, T )�(x, T ) dx�
ˆ
RN

u0(x)�(x, 0) dx (4.86)

for all � 2 C([0, T ];L2(RN )) \ L2(0, T ;H1(RN )), such that �t 2 L2(Q).

The following proposition states the relationship between u and z.

Proposition 33. Let u and z be the limiting functions in Proposition 30

and (4.84), respectively. Then, for a.e. (x, t) 2 QT , it holds

z (x, t) = a (x, u(x, t),ru(x, t)) . (4.87)

Proof. Proposition 33

Let ⇢ 2 C1
c

�
RN

�
and  2 C1

c (Q),  � 0. Choosing
�
uj � ⇢

�
 as test

function in the weak formulation of the pseudoparabolic equation in (4.53),
we get
¨

Q

a
�
x, uj ,ruj

�
·r

�
uj � ⇢

�
 dxdt

= �"j
¨

Q

ruj
t
·r

⇥�
uj � ⇢

�
 
⇤
dxdt�

¨
Q

a
�
x, uj ,ruj

�
·r 

�
uj � ⇢

�
dxdt

+

¨
Q

 t

�
uj � ⇢

�2

2
dxdt+

¨
Q

b
�
x, uj

� �
uj � ⇢

�
 dxdt

+

¨
Q

g
�
x,Xj (t)

� �
uj � ⇢

�
 dxdt.

(4.88)
Focusing on the first integral in the right-hand side of the above equality,
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we observe that

"j

¨
Q

ruj
t
·r

⇥�
uj � ⇢

�
 
⇤
dxdt = "j

¨
Q

ruj
t
·r 

�
uj � ⇢

�
dxdt

�"j
2

¨
Q

|ruj |2  t dxdt� "j

¨
Q

ruj
t
·r⇢ dxdt .

(4.89)
We now pass to the limit as j ! 1 in (4.88)-(4.89).

lim
j!1

¨
Q

a
�
x, uj ,ruj

�
·r

�
uj � ⇢

�
 dxdt

= �
¨

Q

z ·r (u� ⇢) dxdt+

¨
Q

 t

(u� ⇢)2

2
dxdt

+

¨
Q

b (x, u) (u� ⇢) dxdt+

¨
Q

g (x,X (t)) (u� ⇢) dxdt

=

¨
Q

z ·r (u� ⇢) dxdt ;

(4.90)

here we have formally used the test function � = (u � ⇢) in the equation
ut = div(z) + b(·, u) + g(·,X) in L2(0, T ;H�1(RN )) (see (4.86)).

On the other hand,
¨

Q

a
�
x, uj ,ruj

�
·r

�
uj � ⇢

�
 dxdt

=

¨
Q

⇥
a
�
x, uj ,ruj

�
� a

�
x, uj ,r⇢

�⇤
·r

�
uj � ⇢

�
 dxdt

+

¨
Q

a
�
x, uj ,r⇢

�
·r

�
uj � ⇢

�
 dxdt

�
¨

Q

a
�
x, uj ,r⇢

�
·r

�
uj � ⇢

�
 dxdt,

(4.91)

since A2)� ii) holds true. Hence, by the convergences in Proposition 30 we
have

lim
j!1

¨
Q

a
�
x, uj ,ruj

�
·r

�
uj � ⇢

�
 dxdt �

¨
Q

a (x, u,r⇢)·r (u� ⇢) dxdt .

(4.92)
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Since  is an arbitrary function, by (4.90) and (4.92) it follows that

[a (x, u(x, t),r⇢(x))� z(x, t)] · [ru(x, t)�r⇢(x)]  0 (4.93)

for any (x, t) 2 Q\N0, for some null set N0 ⇢ Q (observe that the choice of
N0 can be made independent of ⇢ by standard separability arguments).

Let
�
x, t

�
2 Q\N0 be fixed. Then by the arbitrariness of ⇢ in (4.93) it

can be easily seen that

⇥
a
�
x, u

�
x, t

�
, l
�
� z

�
x, t

�⇤
·
⇥
ru

�
x, t

�
� l

⇤
 0 (4.94)

for all l 2 RN . Choosing l = ru
�
x, t

�
� ⌧⌫ (with ⌫ 2 RN , ⌫ 6= 0) and

dividing (4.94) by ⌧ 6= 0, in the limit as ⌧ ! 0+ and ⌧ ! 0� we get

⇥
a
�
x, u

�
x, t

�
,ru

�
x, t

��
� z

�
x, t

�⇤
· ⌫ = 0 (4.95)

(here we have also used the continuity of the mapping ⇠ 7! a(x, u, ⇠)). Then
(4.87) follows from the arbitrariness of ⌫.

4.3.2 Proof of Theorem 18 and Theorem 19

We can finally prove our main results, stated in Theorem 18 and Theorem
19. In the former, we shall use the following Proposition 34, which refers to
convergence properties of the terms in the ordinary di↵erential equations in
4.1.

Proposition 34. Let {(Xj , uj)} be the subsequence given in Proposition 30.

Then, possibly up to a subsequence (not relabelled for simplicity), for a.e.
t 2 (0, T ) it holds

i) ruj (·, t)* ru (·, t) in
⇥
L2

�
RN

�⇤N
,

ii)

ˆ
RN

ruj (x, t)hj(x,xj

i
(t))dx !

ˆ
RN

ru (x, t)h(x,xi(t))dx,

for all i = 1, · · · , n.

Proof. Proposition 34 The convergence in ii) is a direct consequence of i)
and claim 8) in Remark 31.

In order to prove i), we follow the same line of reasoning of Proposition
33. Let us consider the function uj (t), with  2 C1

c (0, T ),  � 0 as test
function in the pseudoparabolic equation of (4.53). Arguing as in (4.90),
and using (4.87), we get

lim
j!1

¨
Q

a
�
x, uj ,ruj

�
·ruj dxdt =

¨
Q

a (x, u,ru) ·ru dxdt . (4.96)
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For simplicity of notations, we define

�j(x, t) =
⇥
a
�
x, uj ,ruj

�
� a

�
x, uj ,ru

�⇤
·r

�
uj � u

�
. (4.97)

Clearly �j(x, t) � 0 a.e. in Q (see assumption A2)-ii)). From Proposition
30, (4.84), (4.87) and (4.96) we get

lim
j!1

¨
Q

�j(x, t) (t) dxdt = 0. (4.98)

Since  is an arbitrary nonnegative function, there exists a subset N ⇢
(0, T ), of zero Lebesgue measure, such that

�j(·, t) ! 0 in L1
�
RN

�
(4.99)

for any t 2 (0, T )\N .

Let t 2 (0, T )\N be fixed. Observe that without loss of generality we
may assume that u(·, t) 2 H1(RN ), and (possibly up to a subsequence, again
not relabeled) uj(·, t) ! u(·, t) in L2(RN ) for any such t (see Proposition
30-1)) . From the definition (4.97) of �j , and using (4.42), for a.e. x 2 RN

it holds

a
�
x, uj(x, t),ruj(x, t)

�
·ruj(x, t)

 �j(x, t) + Ca

���uj(x, t)
��+

��ruj(x, t)
��� |ru(x, t)|

+Ca

���uj(x, t)
��+ |ru(x, t)|

� ��ruj(x, t)
��

+Ca

���uj(x, t)
��+ |ru(x, t)|

�
|ru(x, t)|

 �j(x, t) + C1

⇣��uj(x, t)
��2 + |ru(x, t)|2

⌘
+
↵0

2

��ruj(x, t)
��2 ,

(4.100)

where in the last inequality we applied Young inequality with suitable con-
stants. Moreover, by A2)� iii) it follows that

a
�
x, uj(x, t),ruj(x, t)

�
·ruj(x, t) � ↵0

��ruj(x, t)
��2 . (4.101)

Combining (4.100)–(4.101) plainly gives

↵0

2

ˆ
RN

|ruj(x, t)|2 dx

 C2

ˆ
RN

�j(x, t) dx+

ˆ
RN

|ru(x, t)|2 dx+

ˆ
RN

(uj(x, t))2 dx

�
,
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whence (see (4.66) and (4.99))

↵0

2

ˆ
RN

��ruj(x, t)
��2 dx  Ct , (4.102)

for some Ct > 0 depending on the choice of t 2 (0, T ) \ N . Then the weak
convergence

ruj(·, t)* ru(·, t) in [L2(RN )]N

will easily follow from (4.102), since uj(·, t) ! u(·, t) in L2(RN ).

Proof of Theorem 18.
Let us check that the pair (X, u) given by Proposition 30 is a solution of
problem (4.1) in (0, T ). Clearly, the regularity requirements of Definition 17
and the equality X(0) = X0 are satisfied (concerning the latter, recall that
Xj(0) = X0 for all j andXj ! X in C([0, T ];RN⇥n)). The weak formulation
(4.11) – whence the equality u(·, 0) = u0 a.e. in RN – immediately follows
combining (4.86) and (4.87). Finally, in view of (4.53)1, claims 5) and 6) in
Proposition 30 and Proposition 34, by standard arguments we get, for every
i = 1, · · · , n,

Fi

✓
·,Xj ,

ˆ
RN

ruj(x, ·)hj(x,xj

i
(·)) dx

◆
= Ẋj

i
* Ẋi in [L2(0, T )]N ,

and

Fi

✓
·,Xj ,

ˆ
RN

ruj(x, ·)hj(x,xj

i
(·)) dx

◆
* Fi in [L2(0, T )]N ,

where

Fi(t) = Fi

✓
t,X(t),

ˆ
RN

ru(x, t)h(x,xi(t)) dx

◆
(a.e. t 2 (0, T ))

(here we have also used assumption A1). From the above convergences, it
follows that equality (4.1)1 holds for a.e. t 2 (0, T ). This concludes the
proof. ⇤

Proof of Theorem 19.

Let (X1, u1) and (X2, u2) be two solutions to (4.1).
For every i = 1, ..., n, and for a.e. t 2 (0, T ), by A1) we get

���Ẋ1i(t)� Ẋ2i(t)
���  LFi (|X1(t)�X2(t)|

+

����
ˆ
RN

ru1(x, t)h (x,x1i(t)) dx�
ˆ
RN

ru2(x, t)h (x,x2i(t)) dx

����

◆
.

(4.103)
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Since A5) holds true, and X1, X2 2 C([0, T ];RN⇥n), the above integral can
be estimated as follows:

����
ˆ
RN

ru1(x, t)h (x,x1i(t)) dx�ru2(x, t)h (x,x2i(t)) dx

����

 ||ru1(t)�ru2(t)||L2(RN ) ||h (·,x1i(t))||L2(RN )

+ ||ru2(t)||L2(RN ) ||h (·,x1i(t))� h (·,x2i(t))||L2(RN )

 C1 ||ru1(t)�ru2(t)||L2(RN ) + Lh ||ru2(t)||L2(RN ) |X1(t)�X2(t)| ,
(4.104)

for a suitable choice of C1 > 0 and Lh > 0 depending on the norms kX1k1,
kX2k1. Hence, using (4.104) in (4.103) and integrating over (0, ⌧), with
⌧ 2 (0, T ], we obtain

|X1(⌧)�X2(⌧)|  C2

ˆ
⌧

0
|X1(t)�X2(t)| dt

+

ˆ
⌧

0
||ru1(t)�ru2(t)||L2(RN ) + ||ru2(t)||L2(RN ) |X1(t)�X2(t)| dt

�

 C2

"
p
⌧

✓ˆ
⌧

0
|X1(t)�X2(t)|2 dt

◆1/2

+
p
⌧

✓¨
Q⌧

|ru1 �ru2|2 dxdt

◆1/2

+

✓¨
Q⌧

|ru2|2 dxdt

◆1/2✓ˆ ⌧

0
|X1(t)�X2(t)|2 dt

◆1/2
#

(4.105)
whence,

|X1(⌧)�X2(⌧)|2

 C3

ˆ
⌧

0
|X1(t)�X2(t)|2 dt+

¨
Q⌧

|ru1 �ru2|2 dxdt

�
,

(4.106)

for some C3 > 0 also depending on k|ru2|kL2(Q).

Since u1 � u2 satisfies in the weak sense the parabolic equation

@t (u1 � u2) = div (a(x, u1,ru1)� a(x, u2,ru2))

+b(x, u1)� b(x, u2) + g (x,X1(t))� g (x,X2(t)) ,
(4.107)

choosing ⇢(x, t) = u1(x, t)�u2(x, t) as test function and integrating in Q⌧ =
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RN ⇥ (0, ⌧), we obtain

1
2

ˆ
RN

(u1(⌧)� u2(⌧))
2
dx+

¨
Q⌧

[a(x, u1,ru1)� a(x, u1,ru2)] ·r (u1 � u2) dxdt

= �
¨

Q⌧

[a(x, u1,ru2)� a(x, u2,ru2)] ·r (u1 � u2) dxdt

+

¨
Q⌧

[b(x, u1)� b(x, u2)] [u1 � u2] dxdt

+

¨
Q⌧

[g (x,X1(t))� g (x,X2(t))] [u1 � u2] dxdt

 La

¨
Q⌧

|u1 � u2| |ru1 �ru2| dxdt+ Lb

¨
Q⌧

|u1 � u2|2 dxdt

+
1
2

ˆ ⌧

0

L
2
g |X1(t)�X2(t)|2 dt+

1
2

ˆ ⌧

0

ku1(t)� u2(t)k2L2(RN )dt .

(4.108)

In the last inequality we have used assumptions A2)�i), A3) and A4),the
latter with a suitable choice of Lg > 0 depending on the norms kX1k1,
kX2k1. From (4.108) we obtain

1
2

ˆ
RN

(u1(⌧)� u2(⌧))
2
dx+

¨
Q⌧

[a(x, u1,ru1)� a(x, u1,ru2)] ·r (u1 � u2) dxdt


✓
Lb +

1
2

◆¨
Q⌧

|u1 � u2|2 dxdt+
L

2
g

2

ˆ ⌧

0

|X1(t)�X2(t)|2 dt

+
L

2
a

2�0

¨
Q⌧

|u1 � u2|2 dxdt+
�0

2

¨
Q⌧

|ru1 �ru2|2 dxdt ,

(4.109)

where �0 is the constant in (4.12).
Finally, recalling A2)� iv) we get that, for every ⌧ 2 (0, T ],

1

2

ˆ
RN

(u1(⌧)� u2(⌧))
2 dx+

�0
2

¨
Q⌧

|ru1 �ru2|2 dxdt

 C4

ˆ
⌧

0
|X1(t)�X2(t)|2 dt+

¨
Q⌧

|u1 � u2|2 dxdt

�
.

(4.110)

By (4.110) and Gronwall inequality, we conclude that

ku1(t)� u2(t)k2L2(RN )  C5

ˆ
t

0
|X1(s)�X2(s)|2 ds , (4.111)

for any t 2 (0, T ]. By (4.111) and (4.110) we obtain

¨
Q⌧

|ru1 �ru2|2 dxdt  C6

ˆ
⌧

0
|X1(t)�X2(t)|2 dt (4.112)
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4.4 Discussion 113

for any ⌧ 2 (0, T ]. Using (4.112) in (4.106) it follows that X1(t) = X2(t) for
all t 2 [0, T ]. Then, inequality (4.111) implies that u1 = u1 a.e. in Q. This
concludes the proof.

⇤

4.4 Discussion

In this chapter we presented well-posedeness results for a coupled system
of nonlinear di↵erential equations. The coupling is realized in a non-local
form, and L2 initial data are considered for the parabolic equation. The
strategy adopted in order to prove our results relies on a preliminary study
of the pseudo-parabolic approximating problem, and several a priori esti-
mates of the di↵erent quantities in object. The study here presented has to
be regarded as the starting point of a more general on-going work, which
takes in consideration L� initial data, with � 2 [1, 2]. Further perspectives
include the case of a bounded domain ⌦ ⇢ RN as the spatial domain of the
investigated system.
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Chapter 5

A hybrid model for collective
motions under alignment and
chemotaxis

In this chapter we propose and study a hybrid mathematical model of
collective motion under alignment and chemotaxis e↵ect. In particular,
the alignment term has the form of Cucker-Smale [10], seen in Chapter
1, whereas the chemotaxis equation is based on classic Keller-Segel model
[72]. The proposed model is then studied both from an analytical and a nu-
merical point of view. From the analytic point of view we prove, globally in
time, existence and uniqueness of the solution. With respect to the previous
Chapters, we also investigate the asymptotic behaviour of the solution. A
comparison between the analytical findings and numerical results concludes
our study.

5.1 Chemotaxis: the Keller-Segel model

It is well known that the movement of living species is influenced by
the environment they live in. In general, the reaction of an organism to an
external stimulus is called taxis. Di↵erent types of taxis can be mentioned,
for instance phototaxis refers to the response to variation in light intensity,
aerotaxis if the variation concerns oxygen concentration. In this chapter we
are interested in chemotaxis: the influence of chemical substances on the
movement of mobile species. In particular, if the organism is driven away
from the source of chemical signal, we have negative chemotaxis and the
chemical substance is called chemorepellent. On the contrary, we have pos-
itive chemotaxis when the chemical factor, which is now a chemoattractant,
tends to attract the organism. In multicellular organisms, chemotaxis of
cell populations plays a crucial role throughout the life cycle. Starting from
embryogenesis, it takes part in organizing cell positioning, for example dur-
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ing gastrulation [11]and patterning of the nervous system. In the adult, it
directs the migration of immune cells to sites of inflammation [73], and the
same mechanisms occur in cancer growth, allowing cancerous cells to move
and develop faster than healthy ones [74].

Before presenting our model, we introduce the mathematical modelling
of chemotaxis, exploring the most classical model to describe collective mo-
tion of cell, proposed by Keller and Segel [72], [75].

Keller-Segel Model
The most famous model of partial di↵erential equations was proposed in 1970
by the mathematicians Evelyn F. Keller and Lee A. Segel. They followed
a macroscopic approach, where the behavior of a population in considered
as a whole, despite of a microscopic one, which focuses on the irregular
movements of a single member. Their model was elaborated to describe
the aggregation behavior of living organism like Amebae Dictyostelium Dis-
coideum. The hallmark of these eukariotes is their tendence to aggregate
under food restrictions. Once food resources are over, they emit a chemical
signal, called cyclic Adenosine Monophosphate (cAMP), which attracts the
other amoebae. After the aggregation process, they di↵erentiate to form a
multicellular organism, where individuals maintain their integrity, and move
on slime toward light. The original techniques used to understand the be-
havior of Dictyostelium, are currently being used to understand phenomena
in other domains of science, such as in the study of angiogenesis and athero-
genesis.
Consider a cell population c(x, t) and a chemoattractant u(x, t). In the orig-
inal form of Keller-Segel model, authors distinguish between di↵erent types
of chemical substances, and the model was given by a system of four equa-
tions. Further semplifications allowed the problem to be reduced to the two
equations we present.

In the following we derive the chemotaxis equation following the ap-
proach in [76]. Many further approaches, like stochastic and discrete meth-
ods, have been, as it is reviewed in [77].

We consider a cell population c(x, t) and a chemoattractant u(x, t) which
give Let V be an arbitrary fixed region in Rd. The principle of mass conser-
vation states that the change of mass in V is equal to the rate of flow J of
material across @V , plus the material created in V :

@

@t

ˆ
V

c(x, t) dv = �
ˆ
@V

Jc · n ds+

ˆ
V

Qc dv,

@

@t

ˆ
V

u(x, t) dv = �
ˆ
@V

Ju · n ds+

ˆ
V

Qu dv

where n is the outward unit normal to V and Qc/u represents the source of
material, depending possibly on c/u, x and t. Using the divergence theorem,
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5.1 Chemotaxis: the Keller-Segel model 117

we have

ˆ
V

@c

@t
+r · Jc �Qc dv = 0, (5.1)

ˆ
V

@u

@t
+r · Ju �Qu dv = 0 (5.2)

Since the equations have to hold for arbitrary V , then the integrand
must vanish, giving the continuity equation

@a

@t
+r · Ja = Qa a = c, u

To characterize the flux and growth terms, authors made the following
assumptions for the concentration of the chemical substance u and the den-
sity of cell population c. For equation (5.1), they assumed the total number
of amoebae to remain relatively fixed, thus Qc = 0. A reasonable form for
the flux term Jc is

Jc = �Dcrc+Duru

which captures two important aspects of the movement of the species. The
term �Dcrc with Dc > 0 says that the organisms avoid increasing concen-
trations of their own kind of species. The second term Duru with Du > 0,
illustrates the positive chemotaxis phenomenon, and can be interpreted as
the movement of individuals from low to higher concentrations of u. For
equation (5.2), Ju is supposed to follow the classic Fick’s law Ju = �Dru,
with D constant di↵usion coe�cient.
Finally, Keller and Segel assume Qu in the linear form Qu(c, u) = k1c�k2u,
where k1, k2 > 0. With these two terms, they take into account a sponta-
neous production of chemoattractant proportional to the number of cells,
and a molecular exponential degradation if the chemotactic signal is not
produced by the cells. Then the Keller Segel model can be written as:

8
><

>:

@c

@t
= r · (Dcrc�Duru),

@u

@t
= D�u+ k1c� k2u.

(5.3)

In literature there exist several variations of (5.3), which di↵er in assump-
tions based on additional biological realism. Among these, we remember the
so called Minimal Keller-Segel Model
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8
><

>:

@c

@t
= r · (µrc� �(c, u)ru),

@u

@t
= �u+ c� u

(5.4)

where � is called chemotactic sensitivity function and µ mobility coe�cient.
Typically, � is assumed to be linear in the species c, in keeping with the
notion that the flux of a species should be proportional to its density. We
write

�(c, u) = c�0(u).

As already said, positive or negative chemotaxis can occur, and here the
coe�cient �0 distinguishes between the two situations: if �0 > 0, we are in
presence of a chemoattractor, whereas if �0 < 0 the chemical signal behaves
as a chemoinhibitor. We observe that, in case of �0 ⌘ 0, (5.4)1 reduces to a
pure di↵usion equation, and chemotaxis is not taken into account.

Parameter µ is the analog of the di↵usion coe�cient for nonliving species
and, in general, it can depend on space, density of the living specie consid-
ered c, concentration of the chemical signal u, or a combination of these
variables. Whether it is constant or not, typically it is µ � 0.

5.2 The basic mathematical model

Let consider a group of n particles. We assume that the force acting on
each particle is given by an alignment term, proportional to the di↵erences
of velocity with the other particles and weighed on the distances, and by
a chemotactic attraction towards higher concentration of a chemical signal
f(x, t), produced by the particles themselves. Typically, this last force is
proportional to the gradient of the concentration rf (see [78] for biological
backgrounds, and [76, 79] for some mathematical references). In our hybrid
description, while particles are considered discrete entities, endowed of a
radius R describing their circular shape, the signal f is supposed to be
continuous and its rate of change in time is equal to a di↵usion term, a
source term depending on the position of each particle, and a degradation
term.

To summarize our hypotheses, we write the following system:
8
>>>>>><

>>>>>>:

ẋi = vi,

v̇i =
�

n

nX

j=1

1⇣
1 + |xi�xj |2

R2

⌘� (vj � vi) + �rf(xi),

@tf = D�f + gX � ⌘f,

(5.5)
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5.2 The basic mathematical model 119

where �, �, �, D and ⌘ are positive constants.
Initial data are given by initial position and velocity for each particle:

X(0) = X0, V(0) = V0,

with X = (x1, . . . ,xN ), v = (v1, . . . ,vN ), and by the initial concentration
of signal, that we assume

f(x, 0) := f0 = 0. (5.6)

We note that equation (5.5)3 can be analytically solved making the classical
exponential transformation:

f = e�⌘tu,

with u(x, t) solution of

@tu = D�u+ e⌘tgX,

and u(x, 0) = f0. Denoting with

�(x, t) :=
1

(4⇡Dt)N/2
e�

|x|2
4Dt

the fundamental solution of the heat equation on RN , the unique solution
of (5.5)3 (see [58] and Appendix for details) can be written as

f(x, t) = (�(x, t) ⇤ f0)e�⌘t + e�⌘t
ˆ

t

0
�(x, t� ⌧) ⇤ (e⌘⌧gX (x, ⌧)) d⌧

=

ˆ
t

0
e�⌘(t�⌧)

ˆ
Rn
�(x� x̄, t� ⌧)gX (x, ⌧) dx̄d⌧, (5.7)

where ⇤ is the convolution operation in the variable x, and f0 = 0 for our
initial condition (5.6).

In the following, for analytical and numerical simplicity, we will discuss
the case of n particles in R2. Moreover, analytical results in RN have already
been discussed in the previous chapters.

For the source term gX in the chemical signal equation, we assume

gX(x, t) := ⇠
nX

j=1

' (|x1 � xj1|)' (|x2 � xj2|) , (5.8)

where ⇠ > 0, x = (x1, x2), xj = (xj1, xj2) is the position of j�th cell, and
' : R ! R is a nonnegative bounded function, ' 2 C1

c ([�R,R]). This
function is intended to take into account for the production of chemical
signal due to each cell.
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First, if x = (x1, x2) and x̄ = (x̄1, x̄2), from (5.7) and (5.8) we can thus
write

f(x1, x2, t) =⇠
nX

j=1

ˆ
t

0

e�⌘(t�⌧)

4⇡(t� ⌧)D

ˆ
R
� (x1 � x1, t� ⌧)' (x1 � xj1(⌧)) dx̄1

ˆ
R
� (x2 � x2, t� ⌧)' (x2 � xj2(⌧)) dx̄2 d⌧, (5.9)

where, for the sake of notational simplicity, we denote with � : R⇥(0, T ] �!
R the function given by

� (x, t) := e�
x2

4Dt .

Equation (5.9) can be rewritten in a more compact way, introducing

W : E �! C (R⇥ (0, T ]) ,

with E :=
n
 2 C (R) : | (x)|  Cehx

2
with C > 0, h < 1

4DT

o
, defined by

W ( ) (x, t) :=

ˆ
R

1p
4⇡Dt

� (x� y, t) (y) dy. (5.10)

We observe that (5.10) is the unique classical solution to the parabolic
Cauchy problem, given by

8
<

:

@tW ( )(x, t) = D@2xxW ( )(x, t), (x, t) 2 R⇥ (0, T ],

W ( )(x, 0) =  (x).

Hence, (5.9) can be rewritten as

f(x1, x2, t) = ⇠
nX

j=1

ˆ
t

0
e�⌘(t�⌧) (W (') (x1 � xj1(⌧), t� ⌧)

W (') (x2 � xj2(⌧), t� ⌧)) d⌧.

(5.11)

Before computing the chemotactic gradient rf = (@1f, @2f), we observe
that for any  2 E, (x, t) 2 R⇥ (0, T ], it follows

@xW ( )(x, t) =

ˆ
R

1p
4⇡Dt

✓
�x� y

2Dt
� (x� y, t)

◆
 (y) dy

=

ˆ
R

� (x� y, t) 0 (y)p
4⇡Dt

dy

= W ( 0)(x, t).
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Thus

@1f(x1, x2, t) = ⇠
nX

j=1

ˆ
t

0
e�⌘(t�⌧)

�
W ('0) (x1 � xj1(⌧), t� ⌧)

W (') (x2 � xj2(⌧), t� ⌧)) d⌧,

@2f(x1, x2, t) = ⇠
nX

j=1

ˆ
t

0
e�⌘(t�⌧) (W (') (x1 � xj1(⌧), t� ⌧)

W ('0) (x2 � xj2(⌧), t� ⌧)
�
d⌧. (5.12)

Finally, substituting (5.12) into (5.5) we can summarize, for i = 1, . . . , n,
the following system:

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

v̇i1 =
�

n

nX

j=1

1⇣
1 + |xi�xj |2

R2

⌘
� (vj1 � vi1)

+
nX

j=1

ˆ
t

0
K(t� ⌧)

�
W ('0) (xi1(t)� xj1(⌧), t� ⌧)

W (') (xi2(t)� xj2(⌧), t� ⌧)) d⌧,

v̇i2 =
�

n

nX

j=1

1⇣
1 + |xi�xj |2

R2

⌘
� (vj2 � vi2)

+
nX

j=1

ˆ
t

0
K(t� ⌧) (W (') (xi1(t)� xj1(⌧), t� ⌧)

W ('0) (xi2(t)� xj2(⌧), t� ⌧)) d⌧,
ẋi1 = vi1,
ẋi2 = vi2,

(5.13)

with

K(t� ⌧) := �⇠e�⌘(t�⌧). (5.14)

5.3 Local existence and uniqueness of the solution

5.3.1 Preliminary results

In this section, using a fixed point argumentation, we prove for (5.13)
the local existence and uniqueness of solutions. In the next section, the
result will be extended to a global result in time. For analogous results in
the general case of RN , the reader is referred to Chapters 2.

First, let y = (v1, . . . ,vn,x1, . . . ,xn) the solution vector. We rewrite
(5.13) in a compact form. To this end, let introduce the following vectors

q := (q1,q2),
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with

q1,i1 :=
�

n

nX

j=1

1⇣
1 + |xj�xi|2

R2

⌘� (vj1 � vi1), (5.15)

q1,i2 :=
�

n

nX

j=1

1⇣
1 + |xj�xi|2

R2

⌘� (vj2 � vi2), (5.16)

q2,i1 := vi1, (5.17)

q2,i2 := vi2, (5.18)

and

p := (p1,p2),

with

p1,i1 :=
nX

j=1

W ('
0
) (xi1(t)� xj1(⌧), t� ⌧)W (') (xi2(t)� xj2(⌧), t� ⌧) ,

(5.19)

p1,i2 :=
nX

j=1

W (') (xi1(t)� xj1(⌧), t� ⌧)W ('
0
) (xi2(t)� xj2(⌧), t� ⌧) ,

(5.20)

p2,i1 = p2,i2 = 0.

With the introduced notations, system (5.13) can be written as

ẏ = q(y) +

ˆ
t

0
K(t� ⌧)p(t� ⌧,y(t),y(⌧)) d⌧,

with K(t� ⌧) given in (5.14). Integrating from 0 to t we have

y = y0 +

ˆ
t

0
q(y(⌧)) d⌧ +

ˆ
t

0

ˆ
s

0
K(s� ⌧)p(s� ⌧,y(s),y(⌧)) d⌧ ds,

with y0 = y(0). Then, interchanging the order of integration in the second
integral, we have

y = y0 +

ˆ
t

0


q(y(⌧)) +

ˆ
t

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

�
d⌧, (5.21)

or

y = y0 +

ˆ
t

0
[q(y(⌧)) + h(t, ⌧,y(⌧))] d⌧, (5.22)

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



5.3 Local existence and uniqueness of the solution 123

with

h(t, ⌧,y(⌧)) :=

ˆ
t

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds.

For a discussion of such type of equations see, for example, [80, 81], and also
[82, 83].

Now, let a, b > 0. We consider the set

S = {(t, ⌧, s,y) : 0  ⌧  s < t  a, |y(t)� y0|  b} .

Since q(y) is continuous on S, we can define

M1 = max
S

|q(y)| . (5.23)

Then we prove that K(s� ⌧)p(s� ⌧,y(s),y(⌧)) is L1(⌧, t) with respect
to the variable s, in order to prove that h(t, ⌧,y(⌧)) is continuous in S. It
is enough to demonstrate the integrability around s = ⌧ . From (5.19) and
(5.10) it follows

p1,i1(s� ⌧,y(s),y(⌧)) =
nX

j=1

W ('
0
) (xi1(s)� xj1(⌧), s� ⌧)

W (') (xi2(s)� xj2(⌧), s� ⌧)

=
nX

j=1

ˆ
R

e
�

(xi1(s)�xj1(⌧)�ỹ1)
2

4D(s�⌧)

p
4⇡D(s� ⌧)

'0(ỹ1)dỹ1

ˆ
R

e
�

(xi2(s)�xj2(⌧)�ỹ2)
2

4D(s�⌧)

p
4⇡D(s� ⌧)

'(ỹ2)dỹ2.

Considering the change of variables

xi1(s)� xj1(⌧)� ỹ1p
4(s� ⌧)D

= z1,
xi2(s)� xj2(⌧)� ỹ2p

4(s� ⌧)D
= z2, (5.24)

recalling that
´
R e�z

2
dz =

p
⇡, it follows

|p1,i1(s� ⌧,y(s),y(⌧))|  1

⇡

nX

j=1

ˆ
R
e�z

2
1dz1

ˆ
R
e�z

2
2dz2 ||'||L1(R)

����'0����
L1(R)

= n ||'||
L1(R)

����'0����
L1(R) .
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The same holds for p1,i2 in (5.20), so we can write

|p(s� ⌧,y(s),y(⌧))| 

s

n

✓
2
⇣
n ||'||

L1(R) ||'0||
L1(R)

⌘2◆
(5.25)

(5.26)

=
p
2n3 ||'||

L1(R)
����'0����

L1(R) , (5.27)

and

|K(s� ⌧)| |p(s� ⌧,y(s),y(⌧))|  �⇠e�⌘(s�⌧)
p
2n3 ||'||

L1(R)
����'0����

L1(R) .

(5.28)

Now K(s � ⌧)p(s � ⌧,y(s),y(⌧)) is continuous in y and, from (5.28), it is
L1(⌧, t) with respect to the variable s, so h(t, ⌧,y(⌧)) is continuous in S,
and we can define

M2 = max
S

|h(t, ⌧,y(⌧))| . (5.29)

5.3.2 Local existence and uniqueness

To prove local existence and uniqueness, we want to obtain a Lipschitz
condition in S for the functions q and p with respect to the variable y.
First, because of q is C1 on S, the Jacobian matrix [@q/@y] is bounded on
S uniformly in ⌧ , so q satisfies the Lipschitz condition

|q(y1)� q(y2)|  L1 |y1 � y2| , (5.30)

with L1 positive constant and (t, ⌧, s,y1), (t, ⌧, s,y2) 2 S.

To obtain a Lipschitz condition in S for p with respect to y, we prelim-
inary observe that, for any  2 E, (x, t) , (x0, t) 2 R ⇥ (0, T ], by definition
(5.10) immediately follows

|W ( ) (x, t)| 
|| ||L1(R)p

⇡

ˆ
R
e�z

2
dz = || ||L1(R). (5.31)

Moreover, using the mean value theorem, and the estimate of the derivative
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of function � [58], we obtain

��W ( ) (x, t)�W ( ) (x0, t)
�� 

ˆ
R

��� (x� y, t)� �
�
x0 � y, t

��� | (y)| dy

 || ||
L1(R)

|x� x0|
t

ˆ
R
e�|u|2p4Dt du

 2
p
D⇡ || ||

L1(R)
|x� x0|p

t
.

(5.32)

Let now focus on the component p1,i1 of p. We observe that, for any
(t, ⌧, s,y1), (t, ⌧, s,y2) 2 S, denoting with X(1), X(2) the variables belonging
respectively to y1 and y2, we obtain

|p1,i1(s� ⌧,y1(s),y1(⌧))� p1,i1(s� ⌧,y2(s),y2(⌧))|


nX

j=1

���W ('0)
⇣
x(1)
i1 (s)� x(1)

j1 (⌧), s� ⌧
⌘
W (')

⇣
x(1)
i2 (s)� x(1)

j2 (⌧), s� ⌧
⌘

�W ('0)
⇣
x(2)
i1 (s)� x(2)

j1 (⌧), s� ⌧
⌘
W (')

⇣
x(2)
i2 (s)� x(2)

j2 (⌧), s� ⌧
⌘���


nX

j=1

⇣���W ('0)
⇣
x(1)
i1 (s)� x(1)

j1 (⌧), s� ⌧
⌘���
���W (')

⇣
x(1)
i2 (s)� x(1)

j2 (⌧), s� ⌧
⌘

�W (')
⇣
x(2)
i2 (s)� x(2)

j2 (⌧), s� ⌧
⌘���+

���W (')
⇣
x(2)
i2 (s)� x(2)

j2 (⌧), s� ⌧
⌘���

����W ('0)
⇣
x(2)
i1 (s)� x(2)

j1 (⌧), s� ⌧
⌘
+W ('0)

⇣
x(1)
i1 (s)� x(1)

j1 (⌧), s� ⌧
⌘���
⌘


nX

j=1

2
p
D⇡ ||'||

L1(R) ||'0||
L1(R)p

s� ⌧

⇣���x(1)i2 (s)� x(2)
i2 (s)

���+
���x(1)j2 (⌧)� x(2)

j2 (⌧)
���

+
���x(2)i1 (s)� x(1)

i1 (s)
���+

���x(2)j1 (⌧)� x(1)
j1 (⌧)

���
⌘
. (5.33)

The same can be done for p1,i2, so p satisfies the following condition in y
on S:

|p(s� ⌧,y1(s),y1(⌧))� p(s� ⌧,y2(s),y2(⌧))|

 L2p
s� ⌧

(|y1(s)� y2(s)|+ |y1(⌧)� y2(⌧)|) ,
(5.34)

with L2 a suitable positive constant that incorporates previous constants,
and (⌧, s,y1), (⌧, s,y2) 2 S.

Now, we fix

T = min


a,

b

M1 +M2
,

1

L1 + 2L2M

�
, (5.35)
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with L1, L2 Lipschitz constants in (5.30), (5.34),M1, M2 given by (5.23),
(5.29), and

M :=

ˆ +1

0

|K(z)|p
z

dz. (5.36)

Then we prove the following

Theorem 35. Equation (5.22) has a unique solution on [0, T ], where T is

defined in (5.35).

Proof. Theorem 35:

We consider the functional space

B =
�
y 2 C0 ([0, T ]) : ||y � y0||C0  b

 
,

where

||y � z||C0 := sup
0tT

|y(t)� z(t)| ,

and we define the functional A : B ! B as

A(y)(t) := y0 +

ˆ
t

0
[q(y(⌧)) + h(t, ⌧,y(⌧))] d⌧,

To see that A : B ! B notice that y continuous implies A(y) continuous,
because q and h are continuous, and that

kA(y)� y0kC0 = sup
0tT

|A(y)(t)� y0|

 sup
0tT

ˆ
t

0
(|q(y(⌧))|+ |h(t, ⌧,y(⌧))|) d⌧

 (M1 +M2)T  b,

where we have used (5.23), (5.29) and, in the last inequality, (5.35). To see
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that A is a contraction mapping, notice that if y1 and y2 2 B then

kA(y1)�A(y2)kC0 = sup
0tT

|A(y1)(t)�A(y2)(t)|

 sup
0tT

ˆ
t

0
(|q(y1(⌧))� q(y2(⌧))|

+

ˆ
t

⌧

|K(s� ⌧)| |p(s� ⌧,y1(s),y1(⌧))� p(s� ⌧,y2(s),y2(⌧))|) ds d⌧

(5.30),(5.34) sup
0tT

ˆ
t

0
[L1 |y1(⌧)� y2(⌧)|+ L2

ˆ
t

⌧

1p
s� ⌧

|K(s� ⌧)|

(|y1(s)� y2(s)|+ |y1(⌧)� y2(⌧)|)] ds d⌧

 L1T ky1 � y2kC0 + 2L2 ky1 � y2kC0 sup
0tT

ˆ
t

0

ˆ
t

⌧

|K(s� ⌧)| 1p
s� ⌧

ds d⌧

=

 
L1T + 2L2 sup

0tT

ˆ
t

0

ˆ
t�⌧

0
|K(z)| 1p

z
dz d⌧

!
ky1 � y2kC0


✓
L1T + 2L2

ˆ
T

0

ˆ +1

0
|K(z)| 1p

z
dz d⌧

◆
ky1 � y2kC0

= (L1 + 2L2M)T ky1 � y2kC0 .

From (5.35) the constant (L1 + 2L2M)T 2 (0, 1). The Banach-Caccioppoli
fixed-point theorem completes the proof.

5.4 Global existence of the solution

To obtain global existence for (5.21) we will use a principle of continua-
tion of solutions. We will prove that bounded solutions can be continued to
t = +1. The following general result, adapted to equation (5.21), provides
a condition for the continuation of solutions.

Proposition 36. Let y(t) be a solution of (5.21) on an interval [0, T ), if
there is a constant P with |y � y0|  P on [0, T ), then there is a T̄ > T
such that y(t) can be continued to [0, T̄ ].

Proof. Proposition 36:

We show that limt!T� y(t) exists, so we can apply Theorem 35 starting at
t = T , and this completes the proof.

Let tn be a monotonic increasing sequence with limit T , and let

Ū = {(t, ⌧, s,y) : 0  ⌧  s  t  T, |y � y0|  P} .

We prove that {y(tn)} is a Cauchy sequence. If tm > tn, from (5.21) we
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have

|y(tm)� y(tn)| =
����
ˆ

tm

0


q(y(⌧)) +

ˆ
tm

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

�
d⌧

�
ˆ

tn

0


q(y(⌧)) +

ˆ
tn

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

�
d⌧

����


ˆ

tn

0

����
ˆ

tm

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

�
ˆ

tn

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

���� d⌧

+

����
ˆ

tm

tn


q(y(⌧)) +

ˆ
tm

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

�
d⌧

����


ˆ

tn

0

����
ˆ

tm

tn

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds

���� d⌧

+

����
ˆ

tm

tn

ˆ
tm

⌧

K(s� ⌧)p(s� ⌧,y(s),y(⌧)) ds d⌧

����+
����
ˆ

tm

tn

q(y(⌧)) d⌧

����


ˆ

tn

0

ˆ
tm

tn

|K(s� ⌧)p(s� ⌧,y(s),y(⌧))| ds d⌧

+

ˆ
tm

tn

ˆ
tm

⌧

|K(s� ⌧)p(s� ⌧,y(s),y(⌧))| ds d⌧ +
ˆ

tm

tn

|q(y(⌧))| d⌧.

In the last inequality the third integral tends to zero as n,m ! +1, because
q is bounded on Ū and tm, tn ! T . Also the first two integrals converge to
zero as n,m ! +1, because of (5.28). The proof is completed.

Now, from Proposition 36, we obtain the following

Theorem 37. Equation (5.22) has a unique global solution for all t � 0.

Proof. Theorem 37:

First, equations (5.15)–(5.18) imply

|q1,i1|  2�|y|, |q1,i2|  2�|y|,
|q2,i1|  |y|, |q2,i2|  |y|,

so that

|q| 
p
2N(4�2 + 1)|y|.
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Then (5.21), (5.25) yield

|y|  |y0|+
p

2n(4�2 + 1)

ˆ
t

0
|y(⌧)| d⌧

+
p
2n3 ||'||

L1(R)
����'0����

L1(R)

ˆ
t

0

ˆ
t

⌧

|K(s� ⌧)|p
s� ⌧

ds d⌧

= |y0|+
p
2n(4�2 + 1)

ˆ
t

0
|y(⌧)| d⌧

+
p
2n3 ||'||

L1(R)
����'0����

L1(R)

ˆ
t

0

ˆ
t�⌧

0

|K(z)|p
z

dz d⌧

 |y0|+
p
2n(4�2 + 1)

ˆ
t

0
|y(⌧)| d⌧

+
p
2n3 ||'||

L1(R)
����'0����

L1(R)

ˆ
t

0

ˆ +1

0

|K(z)|p
z

dz d⌧

= |y0|+
p
2n(4�2 + 1)

ˆ
t

0
|y(⌧)| d⌧ +M

p
2n3 ||'||

L1(R)
����'0����

L1(R) t,

where we have set z = s� ⌧ , and M is given by (5.36).
Now, for each 0  t < T ,

|y| 
⇣
|y0|+M

p
2n3 ||'||

L1(R)
����'0����

L1(R) T
⌘
+
p

2n(4�2 + 1)

ˆ
t

0
|y(⌧)| d⌧,

so that

|y| 
⇣
|y0|+M

p
2n3 ||'||

L1(R)
����'0����

L1(R) T
⌘
et
p

2n(4�2+1)

by the Gronwall’s inequality. Since the solution remains bounded, for Propo-
sition 36, it can be continued to all [0,+1).

5.5 Asymptotic properties on the linearised sys-
tem

In this section we prove some asymptotic properties on the linearised
form of system (5.5). To simplify some computations and the following
numerical simulations, here we consider the case in which the source term
in the chemical signal equation is given by a characteristic function on a ball
of radius R centered on each particle, as in [2], [3], where R represents the
cell radius. Namely, we assume

gX = ⇠
nX

j=1

�B(xj ,R), with ⇠ > 0, R > 0, (5.37)
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and

�B(xj ,R) :=

⇢
1, if x 2 B(xj , R) := {x : ||x� xj ||  R} ;
0, otherwise.

(5.38)

With similar computations to those of the previous section, from (5.7),
(5.37), we get

f(x1, x2, t) = ⇠
nX

j=1

ˆ
t

0

¨
B(xj(⌧),R)

e�⌘(t�⌧)e
� (x1�x̄1)

2+(x2�x̄2)
2

4(t�⌧)D

4⇡(t� ⌧)D
dx̄1 dx̄2 d⌧.

(5.39)

Performing the change of variables x̃2 = x̄2 � xj2(⌧), we express the
chemotactic gradient rf = (@1f, @2f), obtaining

@1f(x1, x2, t) = �⇠
nX

j=1

ˆ
t

0

e�⌘(t�⌧)

4⇡(t� ⌧)D

ˆ +R

�R

e
�

(x2�xj2(⌧)�x̃2)
2

4(t�⌧)D

0

@e
�

✓
x1�xj1(⌧)�

p
R2�x̃22

◆2

4(t�⌧)D � e
�

✓
x1�xj1(⌧)+

p
R2�x̃22

◆2

4(t�⌧)D

1

A dx̃2 d⌧,

(5.40)

and similarly we can proceed for @2f(x1, x2, t).

Hence, substituting (5.40) into (5.5)1 we can summarize, for i = 1, . . . , n,
the following system:
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8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

v̇i1 =
�

n

nX

j=1

1⇣
1 + |xi�xj |2

R2

⌘
� (vj1 � vi1)

�
ˆ

t

0
C(t� ⌧)

nX

j=1

ˆ +R

�R

e
�

(xi2(t)�xj2(⌧)�x̃2)
2

4(t�⌧)D

0

@e
�

✓
xi1(t)�xj1(⌧)�

p
R2�x̃22

◆2

4(t�⌧)D

�e
�

✓
xi1(t)�xj1(⌧)+

p
R2�x̃22

◆2

4(t�⌧)D

1

A dx̃2 d⌧,

v̇i2 =
�

n

nX

j=1

1⇣
1 + |xi�xj |2

R2

⌘
� (vj2 � vi2)

�
ˆ

t

0
C(t� ⌧)

nX

j=1

ˆ +R

�R

e
�

(xi1(t)�xj1(⌧)�x̃1)
2

4(t�⌧)D

0

@e
�

✓
xi2(t)�xj2(⌧)�

p
R2�x̃21

◆2

4(t�⌧)D

�e
�

✓
xi2(t)�xj2(⌧)+

p
R2�x̃21

◆2

4(t�⌧)D

1

A dx̃1 d⌧,

ẋi1 = vi1,
ẋi2 = vi2,

(5.41)

with

C(t� ⌧) :=
�⇠e�⌘(t�⌧)

4⇡(t� ⌧)D
. (5.42)

We are interested in the equilibrium points that satisfy the condition:

⇢
xi(t) = xeq(t), 8i, 8t;
vi(t) = 0, 8i; , Xi(t) = Xeq = constant, 8i. (5.43)

Equation (5.43) means that all particles are in a same position for all times.
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Now, to make a first-order approximation of (5.41), we consider the
following Taylor expansions around points (5.43):

F1 (xj � xi, vj1 � vi1) :=
1⇣

1 + |xj�xi|2
R2

⌘� (vj1 � vi1) (5.44)

=vj1 � v1i + ⇢1(xj � xi, vj1 � vi1), (5.45)

F2 (t� ⌧, xi2(t)� xj2(⌧), x̃2) := e
�

(xi2(t)�xj2(⌧)�x̃2)
2

4(t�⌧)D (5.46)

=e
� x̃22

4(t�⌧)D + ⇢2(t� ⌧, xi2(t)� xj2(⌧), x̃2), (5.47)

F3 (t� ⌧, xi1(t)� xj1(⌧), x̃2) := e
�

✓
xi1(t)�xj1(⌧)±

p
R2�x̃22

◆2

4(t�⌧)D (5.48)

=e
� R2�x̃22

4(t�⌧)D ⌥ e
� R2�x̃22

4(t�⌧)D

p
R2 � x̃22

2(t� ⌧)D
(xi1(t)� xj1(⌧))

+⇢3(t� ⌧, xi1(t)� xj1(⌧), x̃2), (5.49)

where the functions ⇢1 and ⇢3 contain the nonlinear terms, while ⇢2 contains
the linear and the nonlinear terms. Similarly we can treat equation (5.41)2.

From (5.44)–(5.49), we linearise equation (5.41)1 in the form

˙vi1 =
�

n

nX

j=1

(vj1(t)� vi1(t))�
ˆ

t

0

C(t� ⌧)

2(t� ⌧)D

ˆ +R

�R

e
� x̃22

4(t�⌧)D e
� R2�x̃22

4(t�⌧)D
p
R2 � x̃2

nX

j=1

(xi1(t)� xj1(⌧) + xi1(t)� xj1(⌧)) dx̃2 d⌧

=
�

n

nX

j=1

(vj1(t)� vi1(t))�
ˆ

t

0

C(t� ⌧)e
� R2

4(t�⌧)D

(t� ⌧)D

ˆ +R

�R

q
R2 � x̃22 dx̃2

nX

j=1

(xi1(t)� xj1(⌧)) d⌧

=
�

n

nX

j=1

(vj1(t)� vi1(t))�
ˆ

t

0
C̄(t� ⌧)

nX

j=1

(xi1(t)� xj1(⌧)) d⌧,

with

C̄(t� ⌧) :=
⇡R2C(t� ⌧)e

� R2

4(t�⌧)D

2(t� ⌧)D
. (5.50)
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Similarly it can be done for V̇i2. Finally, we obtain

8
>>>>>>>><

>>>>>>>>:

˙vi1 =
�

n

nX

j=1

(vj1(t)� vi1(t))�
ˆ

t

0
C̄(t� ⌧)

nX

j=1

(xi1(t)� xj1(⌧)) d⌧,

˙vi2 =
�

n

nX

j=1

(vj2(t)� vi2(t))�
ˆ

t

0
C̄(t� ⌧)

nX

j=1

(xi2(t)� xj2(⌧)) d⌧,

˙xi1 = vi1,
˙xi2 = vi2.

(5.51)

We are interested to establish the following time-asymptotic convergence
property of (5.51):

Theorem 38. Let

xCM(t) :=
1

n

nX

i=1

xi(t), (5.52)

vCM(t) :=
1

n

nX

i=1

vi(t), (5.53)

position and velocity of the centre of mass of the system of n particles, of the

same mass, satisfying (5.51). For t ! +1, the following properties hold:

i) the velocity and position of all particles converge to the same values.

This position is their centre of mass (5.52);

ii) the velocity of the centre of mass (5.53), tends to zero.

Remark 39. Theorem 38 ensures a condition of time-asymptotic flocking
such as stated in Definition 1. Moreover, we have also the stronger condition
that all particles converge asymptotically to their centre of mass and the
velocity of the centre of mass decays to zero.

Next propositions and lemmas will lead to the proof of Theorem 38 at
the end of the section. First, it is convenient to introduce the centre of
mass system, in which equations (5.51) become a nonautonomous system
of ordinary di↵erential equation, decoupled with respect to the i-th particle
and with respect to the two components of each position and velocity vector.
Then the equation of the centre of mass can be studied apart.

Starting from (5.52)–(5.53) we define the new variables

x̄i := xi � xCM, (5.54)

v̄i := vi � vCM. (5.55)
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In variables (5.54)–(5.55) the equilibrium condition (5.43) becomes

(x̄i, v̄i) = (0,0) , 8i = 1, . . . , n, (5.56)

moreover the following identities hold:

nX

i=1

x̄i = 0, (5.57)

nX

i=1

v̄i = 0. (5.58)

If vCM = (vCM1, vCM2) and xCM = (xCM1, xCM2), from (5.51) we have

v̇CM1 =
1

n

nX

i=1

v̇i1 =
1

n

�

n

nX

i=1

nX

j=1

(vj1(t)� vi1(t))

� 1

n

ˆ
t

0
C̄(t� ⌧)

nX

i=1

nX

j=1

(xi1(t)� xj1(⌧)) d⌧

=
1

n

�

n

nX

i=1

(nvCM1(t)� nvi1(t))

� 1

n

ˆ
t

0
C̄(t� ⌧)

nX

i=1

(nxi1(t)� nxCM1(⌧)) d⌧

=
1

n

�

n
(n2vCM1(t)� n2vCM1(t))

� 1

n

ˆ
t

0
C̄(t� ⌧)

�
n2xCM1(t)� n2xCM1(⌧)

�
d⌧

= �
ˆ

t

0
C̄(t� ⌧) (nxCM1(t)� nxCM1(⌧)) d⌧, (5.59)

where we have used definitions (5.52)–(5.53). The same holds for v̇CM2:

v̇CM2 = �
ˆ

t

0
C̄(t� ⌧) (nxCM2(t)� nxCM2(⌧)) d⌧. (5.60)

In the variables (x̄i, v̄i), taking into account (5.59)–(5.60), equations (5.51)1,3
become
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˙̄vi1 = �v̇CM1 +
�

n

nX

j=1

(v̄j1(t)� v̄i1(t))

�
ˆ

t

0
C̄(t� ⌧)

nX

j=1

(x̄i1(t)� x̄j1(⌧) + xCM1(t)� xCM1(⌧)) d⌧

=
�

n

0

@
nX

j=1

v̄j1(t)�
nX

j=1

v̄i1(t)

1

A

�
ˆ

t

0
C̄(t� ⌧)(nx̄i1(t)�

nX

j=1

x̄j1(⌧) + nxCM1(t)� nxCM1(⌧)

� nxCM1(t) + nxCM1(⌧)) d⌧

= ��v̄i1(t)� n

✓ˆ
t

0
C̄(t� ⌧) d⌧

◆
x̄i1(t),

where we have used (5.57)–(5.58), and

˙̄xi1 = �ẋCM1 + v̄i1 + vCM1 = v̄i1.

Similarly for ˙̄vi2 and ˙̄xi2.

Finally, we can write the following system:

8
>><

>>:

˙̄vi1 = ��v̄i1(t)� g(t)x̄i1(t),
˙̄vi2 = ��v̄i2(t)� g(t)x̄i2(t),
˙̄xi1 = v̄i1,
˙̄xi2 = v̄i2,

(5.61)

where we denote for simplicity

g(t) := n

ˆ
t

0
C̄(t� ⌧) d⌧. (5.62)

Now we will prove the uniform asymptotic stability of equilibrium (5.56)
providing a suitable Lyapunov function for system (5.61). For simplicity,
system (5.61) can be written, for each particle and for each component, as
a planar system in the variable y = (V,X):

⇢
V̇ = ��V � g(t)X,
Ẋ = V,

(5.63)

with g(t) given in (5.62).

In relation to (5.63) we prove the following two propositions.

Proposition 40. Fixed a t̄ > 0, the system (5.63), admits a Lyapunov

function U(t,y) with the properties:
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1.

k2 |y|2  U(t,y)  k1 |y|2 ; (5.64)

2.

U̇(t,y) =
@U

@t
+
@U

@V
V̇ +

@U

@X
Ẋ  �k3 |y|2 ; (5.65)

for all t � t̄, where k1, k2, and k3 are positive constants.

Proof. Proposition 40: Let t̄ > 0, we define the Lyapunov function

U(t, V,X) := (V 2 + kXV + g(t)X2) (t),

where

 (t) := e
� g(t)

g , (5.66)

g := inf
t�t̄

g(t) = n

ˆ
t̄

0
C̄(t� ⌧) d⌧, g := sup

t�t̄

g(t) = n

ˆ +1

0
C̄(t� ⌧) d⌧,

(5.67)

 := inf
t�t̄

 = e
� ḡ

g ,  := sup
t�t̄

 = e�1, (5.68)

 := sup
t�t̄

| ̇| = sup
t�t̄

e
� g(t)

g ġ

g
, (5.69)

k := min

"
 

 
,
g  

 
,

2�g  2

2g   + ( + � )2

#
. (5.70)

Similar functional can be found in [84]. In the following equations we con-
sider the inequalities:

�X2 + V 2

2
 XV  X2 + V 2

2
.

Then, because of g(t) is an increasing function,  (t) is nonincreasing, so

 ̇  0, (5.71)

and finally

 ̇g +  ġ = �e
� g(t)

g
ġ

g
g + e

� g(t)
g ġ

= ġe
� g(t)

g

✓
1� g(t)

g

◆
 0, 8 t � t̄. (5.72)
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To prove the second inequality in a) we consider

U(t, V,X) 
✓
V 2 + k

X2 + V 2

2
+ gX2

◆
 

=

✓
1 +

k

2

◆
V 2 +

✓
g +

k

2

◆
X2

�
  k1 |y|2 ,

where

k1 := max

✓
1 +

k

2

◆
 ,

✓
g +

k

2

◆
 

�
.

To prove the remain inequality in 1. we consider

U(t, V,X) �  V 2 + g  X2 � k 
X2 + V 2

2

= V 2

✓
 � k 

2

◆
+X2

✓
g  � k 

2

◆

�(5.70) V
2 

2
+X2 g  

2
� k2 |y|2 ,

where

k2 := min


 

2
,
g  

2

�
.
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To prove point 2. we consider the following inequalities:

U̇(t, V,X) =  ̇(V 2 + kXV + gX2)

+  
⇥
2V (��V � gX) + kV 2 + kX(��V � gX) + ġX2 + 2gXV

⇤

=
⇣
 ̇ � 2� + k 

⌘
V 2 +

⇣
k ̇ � �k 

⌘
XV +

⇣
 ̇g +  ġ � kg 

⌘
X2

(5.71),(5.72) (�2� + k )V 2 +
⇣
k ̇ � �k 

⌘
XV � kg X2

 (�2� + k )V 2 +
⇣
k| ̇|+ �k 

⌘
|X||V |� kg X2


�
�2� + k 

�
V 2 +

⇣
k + �k 

⌘
|X||V |� kg  X2

=
�
�2� + k 

�
V 2 �

kg  

2

2

4|X|�
|V |

⇣
 + � 

⌘

g  

3

5
2

�
kg  

2
X2 +

k
⇣
 + � 

⌘2

2g  
V 2



0

B@�2� + k +
k
⇣
 + � 

⌘2

2g  

1

CAV 2 �
kg  

2
X2

(5.70) �
✓
� V 2 +

kg  

2
X2

◆
 �k3 |y|2 ,

where

k3 := min


� ,

kg  

2

�
.

This completes the proof.

Starting from Proposition 40 we can state the following

Proposition 41. The equilibrium point (V,X) = (0, 0) of the linearised

system (5.63) is globally uniformly asymptotically stable with exponential

rate of convergence.

Proof. Proposition 41: Inequalities (5.65) and (5.64) imply that U satisfies
the di↵erential inequality

U̇  �k3
k1

U, 8 t � t̄.

By the Gronwall’s inequality,

U(t,y(t))  U (t̄,y (t̄)) e�(k3/k1)(t�t̄).
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Then, using again (5.64), we have

|y(t)| 
✓
U(t,y(t))

k2

◆1/2


 
U (t̄,y (t̄)) e�(k3/k1)(t�t̄)

k2

!1/2


 
k1 |y (t̄)|2 e�(k3/k1)(t�t̄)

k2

!1/2

=

✓
k1
k2

◆1/2

|y (t̄)| e�(k3/(2k1))(t�t̄).

Hence the conditions for the uniform asymptotic stability are satisfied with
exponential convergence. The proof is completed.

Remark 42. Returning to system (5.61), Proposition 41 can be applied for
each particle and for each component of the position and velocity vectors.
Recalling transformations (5.54)–(5.55), this proves the first part of Theorem
38.

Now, to prove the second part of Theorem 38, we investigate equa-
tion (5.59) for the motion of the centre of mass. Taking into account that
ẊCM1 = VCM1, it assumes the form of a Volterra Integro-Di↵erential Equa-
tions (VIDEs) of the type

v̇(t) = �
ˆ

t

0
c(t� ⌧)

ˆ
t

⌧

v(s)dsd⌧, (5.73)

with

c(u) = c1
e�c2ue�

c3
u

u2
, (5.74)

c1, c2 and c3 being positive constants, that arise from (5.50) and (5.42).
The same holds for equation (5.60).

While existence and uniqueness of the solution of (5.73) follow from
classic techniques, here we want to study its asymptotic properties, which
give the asymptotic behaviour of the centre of mass. By Dirichlet formula,
equation (5.73) becomes

v̇(t) = �
ˆ

t

0

ˆ
s

0
c(t� ⌧)d⌧v(s)ds,

or equivalently

v̇(t) = �
ˆ

t

0
K(t, s)v(s)ds, K(t, s) =

ˆ
t

t�s

c(u)du. (5.75)

The analytic form of the kernelK is not known. Observing that lim
u!1

u2c(u) =
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0, we can write K(t, s) = F (t)� ↵+ ↵� F (t� s), where

F (t) =

ˆ
t

0
c(u)du, (5.76)

and

↵ = ↵(c1, c2, c3) =

ˆ 1

0
c(u)du = lim

t!1
F (t). (5.77)

With this notation equation (5.75) can be written in the form (VIDEs) of
the type [85, eq. (9.9)], i.e.

v̇(t) = f̄(t) +

ˆ
t

0
B(t� s)v(s)ds, (5.78)

with

f̄(t) = �(F (t)� ↵)

ˆ
t

0
v(s)ds, (5.79)

and
B(t) = F (t)� ↵. (5.80)

Our aim now is to apply the theorem by Miller and Grossman in [85, Th.
9.2], that we report here adapted to a scalar equation of the type (5.78).

Theorem 43 (Miller and Grossman). Assume that, in equation (5.78),
the kernel B is in L1(0,1). Then v(t) ! 0 whenever f̄(t) ! 0 if and only

if

w(z) = z �
ˆ +1

0
B(u)e�zudu 6= 0, Re(z) � 0. (5.81)

The following results are then the fundamental premise for applying
Theorem 43.

Lemma 44. The function B(t), defined in (5.80) with F (t) given in (5.76),
satisfies (5.81).

Proof. Lemma 44:

For z = 0, we have w(0) =
´ +1
0 B(u)du < 0, since F (t) < ↵. When z 6= 0,

according to the elementary properties of the Laplace transform, we get

w(z) = z � 1

z

ˆ +1

0
c(u)e�zudu+

↵

z
=

1

z
'(z),

with '(z) = z2 �
´ +1
0 c(u)e�zudu + ↵. Then, with z = x + iy, we have
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'(z) = '(x, y) = a(x, y) + ib(x, y), with

a(x, y) = x2 � y2 + ↵�
ˆ +1

0
c(u)e�xucos(yu)du

b(x, y) = 2xy +

ˆ +1

0
c(u)e�xusin(yu)du.

Consider the case x > 0, y > 0. Let p > 0 be an arbitrary constant, denote
by x̃ = xp

p
and ỹ = yp

p
, and define

ã(x̃, ỹ) = x̃2 � ỹ2 +
↵

p
� 1

p

ˆ +1

0
c(u)e�

p
px̃u cos (

p
pỹu)du

b̃(x̃, ỹ) = 2x̃ỹ +
1

p

ˆ +1

0
c(u)e�

p
px̃u sin (

p
pỹu)du

(5.82)

Then a(x, y) = 0 , ã(x̃, ỹ) = 0 and b(x, y) = 0 , b̃(x̃, ỹ) = 0. Taking
into account that

����
ˆ +1

0
c(u)e�xu cos (yu)du

����  ↵, 8x > 0, y 2 R,

and ����
ˆ +1

0
c(u)e�xu sin (yu)du

����  ↵, 8x > 0, y 2 R,

we deduce that
x̃2 � ỹ2 < ã(x̃, ỹ) < x̃2 � ỹ2 + 2

↵

p
,

b̃(x̃, ỹ) > 2x̃ỹ � ↵

p
,

and hence ã(x̃, ỹ) > 0 for 0 < ỹ < x̃, and ã(x̃, ỹ) < 0 for ỹ >
q

x̃2 + 2↵
p
,

whereas b̃(x̃, ỹ) > 0 for ỹ > ↵

2px̃ . This assures that ã and b̃ may vanish
simultaneously only in a region of the x̃ỹ plane which, by choosing p properly,
can be made small and included in a square having side of length 1. An
example of this region RA has been drawn in Figure 7.1, for specific values
of ↵ and p. Finally, by plotting ã(x̃, ỹ) and b̃(x̃, ỹ) for 0 < x̃ < 1, 0 < ỹ < 1,
we can verify that it definitely results that they never vanish at the same
time. Hence, also a(x, y) and b(x, y) are never both zero at a point (x, y)
and (5.81) is true.

The case x � 0, y < 0 can be treated analogously, since a(x, y) =
a(x,�y) and b(x, y) = �b(x,�y).

Lemma 45. Assume that, in equation (5.78),

i) there exists M > 0 and c4  c2 such that |v(u)| < Mec4t,
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Figure 5.1: RA : vanishing region for ã and b̃ defined in (5.82), bounded by

the curves ỹ =
q

x̃2 + 2↵
p
, ỹ = ↵

2px̃ and ỹ = x̃.

where c2 is one of the positive constants appearing in the definition of kernel

B by (5.74), (5.76) and (5.80), then limu!+1 |v(u)| = 0.

Proof. Lemma 45:

In the assumptions i), the function f̄ in (5.79) satisfies

|f̄(t)|  (↵� F (t))
M

c4
(ec4t � 1).

By the de l’Hospital rule,

lim
t!+1

(↵� F (t))ec4t =
1

c4
lim

t!+1
c(t)ec4t.

Then by recalling the expression (5.74) of c(t), the hypothesis c4  c2 and
(5.77), we get

lim
t!+1

f̄(t) = 0. (5.83)

By analogous considerations it can be shown that limt!+1(F (t)�↵)t2 = 0,
so that

B(t) 2 L1. (5.84)

Lemma 44, together with (5.83) and (5.84) assure that all the assumptions
of [85, Th. 9.2] are accomplished, so that limt!+1 v(t) = 0.

Remark 46. Lemma 45 requires that the solution of (5.75) is bounded by
an increasing exponential function. So, the class of functions involved in
this result is quite large and assures that any bounded solution of equation
(5.78), and thus of (5.73), vanishes at infinity. Nevertheless we want to
prove that this is true for any solution of (5.73).
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The following result, which generalizes Lemma 45, considerably relaxes
the hypotheses on the function v(t).

Lemma 47. Assume that, in equation (5.78),

9M0 > 0 and n 2 N : |v(t)|  M0e
nc2t. (5.85)

Then limt!+1 v(t) = 0.

Proof. Lemma 47:

If we multiply both sides of equation (5.78) by e�(n�i)c2t and add and sub-
tract the quantity (n� i)c2e�(n�i)c2tv(t), we obtain

e�(n�i)c2tv̇(t)� (n� i)c2e
�(n�i)c2tv(t) = e�(n�i)c2tf(t)

� (n� i)c2e
�(n�i)c2tv(t) +

ˆ
t

0
B(t� s)e�(n�i)c2(t�s)e�(n�i)c2sv(s)ds.

Denoting by vi(t) = e�(n�i)c2tv(t), Bi(t) = e�(n�i)c2tB(t) and

f̄i(t) = e�(n�i)c2tf̄(t), (5.86)

this reads

v̇i(t) = f̄i(t)� (n� i)c2vi(t) +

ˆ
t

0
Bi(t� s)vi(s)ds. (5.87)

Now we want to prove that, for i = 0, . . . , n�1, equation (5.87) satisfies the
hypotheses of [85, Th. 9.2]. First of all we note that Bi 2 L1[0,+1), for all
i = 0, . . . , n� 1. Consider

z + (n� i)c2 �
ˆ +1

0
Bi(u)e

�zudu, (5.88)

which, setting ⇣ = z + (n� i)c2, becomes

⇣ �
ˆ +1

0
B(u)e�⇣udu. (5.89)

In Lemma 44 ve have proved that the expression in (5.89) is nonzero for all
Re(⇣) � 0, hence also (5.88) is nonzero for all Re(z) � 0.
Now consider fi(t). For i = 1, from (5.85) and (5.86),

|f̄1(t)|  (↵� F (t))

✓
M0

nc2
enc2t � 1

◆
e�(n�1)c2t.

According to the proof of Lemma 45, it is easy to see that
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lim
t!+1

(↵� F (t))enc2te�(n�1)c2t = lim
t!+1

(↵� F (t))ec2t = 0.

Then, limt!+1 f̄1(t) = 0 and, in view of [85, Th. 9.2], we have limt!+1 v1(t) =
0. This in turn implies that

9M1 > 0 : |v(t)|  M1e
(n�1)c2t. (5.90)

Now consider i = 2, and assume that (5.90) holds. By analogous consid-
erations on f̄2(t) we obtain that 9M2 > 0 : |v(t)|  M2e(n�2)c2t. Proceed-
ing further for i = 3, 4, . . . , n � 1, we obtain that 9Mn�1 > 0 : |v(t)| 
Mn�1ec2t, thus satisfying the hypotheses of Lemma 45 with M = Mn�1 and
c4 = c2.

Proposition 48. For any triple of positive constants c1, c2 and c3, the

solution v(t) of equation (5.73) satisfies limt!+1 v(t) = 0.

Proof. Proposition 48

By integrating both sides of the VIDE in (5.75) we obtain the Volterra
integral equation

v(t) = v(0)�
ˆ

t

0
A(t, s)v(s)ds,

with A(t, s) =
´
t

s

´
⌧

⌧�s
c(u)dud⌧. Observe that, since e

� c3
u

u2  4
c
2
3e

2 , it holds

that c(u)  4c1
c
2
3e

2 e
�c2u. Therefore, for ṽ(t) = e�c2tv(t), the following inequal-

ity holds.

|ṽ(t)|  e�c2t|v(0)|+
ˆ

t

0
e�c2(t�s)

ˆ
t

s

ˆ
⌧

⌧�s

4c1
c23e

2
e�c2udud⌧ |ṽ(s)|ds,

hence,

|ṽ(t)|  |v(0)|+ 4c1
c22c

2
3e

2

ˆ
t

0
⇤(t, s)|ṽ(s)|ds,

where ⇤(t, s) = e�2c2t(ec2s � 1)(ec2t � ec2s)  1. So, by Gronwall inequality
(see e.g. [86, pg. 79])

|v(t)|  |v(0)|e

✓
4c1

c22c
2
3e

2+c2

◆
t

,

and the result follows from Lemma 47.

Remark 49. Proposition 48 holds for both components VCM1, VCM2 with
equations (5.59), (5.60)

We can now prove our main result of this section:
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Proof. Theorem 38:

The results immediatelly follows combining the previous results. In greater
details, First, Proposition 41 and Remark 42 prove point i), the proof of ii)
rely on Proposition 48 and Remark 49 .

5.6 Numerical simulations

In this section we present some numerical simulations, performed in order
to show the dynamical behaviour of the model introduced in Section 5.2.
Finally, we compare the obtained results with the analytical ones presented
in Section 5.3. Firstly, we consider the following dimensionless quantities:

t⇤ := t⌘, x⇤ :=
x

R
, f⇤ :=

f

fmax
, �⇤ :=

�

⌘
,

�⇤ :=
�fmax

R2⌘2
, D⇤ :=

D

R2⌘
, ⇠⇤ :=

⇠

fmax⌘
,

where fmax is the maximum concentration of signal f . With these defini-
tions, system (5.5) can be written as

8
>>>>>>><

>>>>>>>:

v̇i =
�

n

nX

j=1

1⇣
1 + |xi � xj |2

⌘
� (vj � vi) + �rf(xi),

ẋi = vi,

@tf = D�f + ⇠
nX

j=1

�B(xj ,1) � f,

(5.91)

where we have dropped, for simplicity, the asterisks for the nondimensional
quantities. Notice that, due to the choice of R as characteristic length, the
dimensionless particle ray turns out to be a unit value.

5.6.1 Numerical method

The numerical approximation scheme used here employs a 2D finite dif-
ference method on a spatial domain ⌦ := [a, b]⇥ [c, d].

The computation grid for our problem consists of points (xm, yl) where
xm = m�x, m = 0, ..., Nx, and yl = l�y, l = 0, ..., Ny. The same is done for
the period of observation [0, T ]: choosing the time step �t, it follows that
the generic k � th temporal step is given by tk = k�t, k = 0, ..., NT .

For the parabolic equation (5.91)3, we perform the classical exponential
transformation in order to eliminate the sti↵ term �f . In greater details,
we write f = e�tu, where u solves
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@tu = D�u+ ⇠et
nX

j=1

�B(xj ,1). (5.92)

At each time step, the solution of (5.91)3 will be approximated at nodes
of the obtained grid: we denote the approximation of u((x, y), t) at point
((xm, yl), tk) with uk

m,l
.

We now discuss the discretization for the Laplace operator, using a five-
point scheme. The second order partial derivates can be approximated with
a second order accuracy. Defining

uxx((xm, yl), tk) ⇡ D2
xu

k :=
uk
m�1,l � 2uk

m,l
+ uk

m+1,l

�2
x

,

uyy((xm, yl), tk) ⇡ D2
yu

k :=
uk
m,l�1 � 2uk

m,l
+ uk

m,l+1

�2
y

,

(5.93)

we approximate �u((xm, yl), tk) as

�u((xm, yl), tk) ⇡ (D2
xu

k +D2
yu

k)

=
uk
m�1,l � 2uk

m,l
+ uk

m+1,l

h2x
+

uk
m,l�1 � 2uk

m,l
+ uk

m,l+1

h2y
.

(5.94)

Since this model at this stage does not require to reproduce a particular
experimental setting, from a numerical point of view it was natural for us to
choose periodic boundary conditions to avoid to introduce artificial bound-
ary conditions that would a↵ect the solution.

With the notation used in (5.93), we write

uk+1
m,l

� uk
m,l

�t
=

D

2

⇣
D2

xu
k+1 +D2

yu
k+1

⌘
+

D

2

⇣
D2

xu
k +D2

yu
k

⌘

+
1

2
e(k+1)�t⇠

nX

j=1

�B(xk
j ,1)

+
1

2
ek�t⇠

nX

j=1

�B(xk
j ,1)

(5.95)
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With simple calculation, it can be rewritten
✓
1 +

D�t

�2
x

+
D�t

�2
y

◆
u
k+1
m,l � D�t

2�2
x
u
k+1
m�1,l �

D�t

2�2
x
u
k+1
m+1,l �

D�t

2�2
y
u
k+1
m,l�1 �

D�t

2�2
y
u
k+1
m,l+1 =

✓
1� D�t

�2
x

� D�t

�2
y

◆
u
k
m,l +

D�t

2�2
x
u
k
m�1,l +

D�t

2�2
x
u
k
m+1,l +

D�t

2�2
y
u
k
m,l�1 +

D�t

2�2
y
u
k
m,l+1+

+
1
2
�te

(k+1)�t
⇠

nX

j=1

�B(Xk
j ,1)

+
1
2
�te

k�t
⇠

nX

j=1

�B(Xk
j ,1)

.

(5.96)

The numerical scheme for (5.91)1,2 reads:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

xk+1
i

� xk

i

�t
= vk

i
,

vk+1
i

� vk

i

�t
=
�

n

nX

j=1

1⇣
1 + |xk

i
� xk

j
|2
⌘
�

⇣
vk+1
j

� vk+1
i

⌘

+�Fxk
i

�
rm,lfk

�
.

(5.97)

We now focus on (5.97)2. It can be rewritten as

 
1 +�t

�

n

nX

j=1

1

(1 + |xk
i � xk

j |2)�

!
vk+1
i ��t

�

n

nX

j=1

vk+1
j

(1 + |xk
i � xk

j |2)�
=

vk
i + �Fxk

i

�
rm,lf

k
�
.

(5.98)

Finally, let us deepen the structure of the term FXk
i

�
rm,lfk

�
. Finite

di↵erence method (5.96) returns the values of function u and thus of f ,
reminding the exponential transformation, only at the points of our compu-
tational grid. Using a central di↵erence scheme, we discretize the gradient
at those points. Namely we write

rm,lf
k :=

 
fk

m+1,l � fk

m�1,l

2�x
,
fk

m,l+1 � fk

m,l�1

2�y

!
. (5.99)

Our problem requires the value rf(Xi), for all i = 1, ..., n. The di�culty
is that the position xi is identified by a general point in the domain, which
could not belong to our computational grid. For that reason we use an inter-
polation of values rm,lfk concerning the grid points nearest to Xk

i , denoted
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with FXk
i

�
rm,lfk

�
. In particular, we choose the following expression:

FXk
i

⇣
rm,lf

k

⌘
=

P4
j=1rfk(xj)
P4

j=1 d
j

, (5.100)

where xj , j = 1, ..., 4 denote the four points of the grid which are nearest to
Xk

i
, and dj the value of the distance, namely dj =

��Xk

i
� xj

��.
We summarize the numerical scheme for (5.91) in the following system

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

xk+1
i

� xk

i

�t
= vk

i ,

vk+1
i

� vk

i

�t
=
�

n

nX

j=1

1⇣
1 + |xk

i
� xk

j
|2
⌘
�

⇣
vk+1
j

� vk+1
i

⌘

+�Fxk
i

�
rm,lfk

�
,

fk

m,l
= e�tkuk

m,l
,

(5.101)

where uk
m,l

is obtained solving (5.96).

5.6.2 Numerical tests

In the following numerical tests we consider a spatial domain ⌦ =
[0, 50]⇥ [0, 50] with periodic boundary conditions, and we choose a suitable
time interval of observation [0, T ]. For the initial data we fix f(x, 0) = 0
and, for i = 1, . . . , n, Xi(0) = Xi0, Vi(0) = Vi0. In particular Xi0 is chosen
as a random vector, such that all the particles at t = 0 are contained in a
suitable initial region, fixed in the domain. Then Vi0 = (Vi0 cos ✓i, Vi0 sin ✓i)
are chosen with Vi0 random numbers in [0, V0,max], and ✓i random numbers
in [0, 2⇡]. Let us now describe some meaningful tests.

Test 1

In this test we set the parameters � = 0.5, � = 5, � = 2 ⇥ 102, D =
2 ⇥ 102, ⇠ = 0.5, V0,max = 3, and we consider n = 10 particles located in
X0 as in Figure 5.2 (a). The time interval of observation is [0, 500]. Spatial
and temporal discretizations are given respectively by �x = �y = 0.25 and
�t = 10�4.

Figure 5.2 shows four time steps of the numerical simulation. Here and
in the next tests for each time step we plot, on the left the chemoattractant
concentration f(x, t), while on the right the positions and the velocities of
the particles in the spatial domain. The red square at t = 0 is the region in
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which the initial positions are taken. The red marker indicates the centre of
mass of the system, and the blue arrows are the velocity vectors. We observe
an initial stage in which the particles tend to move somewhat aligned about
until t = 5 (Figure 5.2 (b)), then they begin to converge to their centre of
mass about at t = 30 (Figure 5.2 (c)), finally all particles stop in a same
position (Figure 5.2 (d)).

In Figure 5.3 (a) is shown the spatial fluctuation around the centre of
mass system

FlX(t) :=
nX

i=1

|xi(t)� xCM(t)|2 ,

as a function of the time. In Figure 5.3 (b) is shown the velocity fluctuation
around the centre of mass

FlV (t) :=
nX

i=1

|vi(t)� vCM(t)|2 .

For t � 61 FlX(t) and FlV (t) are less than 10�10. Notice that the square
root of FlX(t) and FlV (t) is proportional to the standard deviations of xi(t)
and vi(t) with respect to the position and velocity of the centre of mass.
Figure 5.3 (c) displays the norm of the velocity of the centre of mass |vCM(t)|
versus time. For t � 52 this velocity is less than 7.8⇥ 10�2. The oscillating
pattern, shown here and in the next tests, can be attributed to the numerical
error, as it is confirmed using finer meshes for the discretization.

Test 2

In this simulation we fix the parameters as in Test 1, and we double the
number of the interacting agents, considering N = 20 cells as in Figure 5.4
(a). The time interval of observation is [0, 500].

In Figure 5.4 we can observe four di↵erent time steps of the numerical
simulation showing the aggregation of the initial group and the convergence
to zero of its velocity.

In Figures 5.5 (a)–(b) we plot, the quantities FlX(t) and FlV (t). Here,
for t � 34 we have values less than 10�10. In Figure 5.5 (c) we show
the quantity kVCM(t)k versus time, with values smaller than 8.39 ⇥ 10�2

for t � 28. Comparing the results of this test with those of Test 1 we
can state that, with the same parameters, an increasing number of cells
enhances the rate of convergence due to the greater amount of the expressed
chemoattractant.

Test 3

In this test we consider a case in which, for the pure Cucker-Smale model
(1.5), i.e. � = 0 in our model, the flocking behaviour does not occur. We fix
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the other parameters � = 0.8, � = 5, D = 2⇥ 102, ⇠ = 0.5, V0,max = 3, and
X0 as in Figure 5.6 (a). The time interval of observation is [0, 15]. Spatial
and temporal discretizations are as in Test 1. Clearly in this case equations
(5.6)1,2 and (5.6)3 are decoupled. Since � > 1/2, and taking into account
the initial data, according to the results in [87], the flocking of the system
is not guaranteed.

Figure 5.6 shows our numerical simulation at three time steps. We can
observe, in fact, a dispersion of the initial group of particles.

In the next test we will show that, adding the chemotactic e↵ect, we can
recover the time-asymptotic convergence of the migrating group.

Test 4

Inspired by the mathematical model proposed in [3] for the zebrafish
lateral line development, we consider a simulation in which two kinds of
cells are involved: the leaders that produce the chemotactic signal and the
followers that do not produce any signal, both subjected to the alignment
e↵ect and to the attraction of the chemical gradient.

For the numerical simulation set � = 0.5, � = 5, � = 1.5 ⇥ 102, D =
2⇥102, ⇠ = 3, V0,max = 0.3, and X0 as in Figure 5.7 (a). We consider a time
interval of observation [0, 500]. Spatial and temporal discretizations are as
in Test 1.

Figure 5.7 shows four time steps of our simulation. A single leader cell
is marked in green colour, while the other follower cells are in red colour.
Here the centre of mass is marked in blue. We observe, about at t = 15,
that cells begin to be attracted toward the chemoattractant source (Figure
5.7 (b)). In the next time steps the cells tend to converge in the centre of
mass and then they stop (Figure 5.7 (c)–(d)).

In Figures 5.8 (a)–(b) are shown the spatial and velocity fluctuations,
FlX(t) and FlV (t), around the centre of mass system. For t � 131 these
quantities are less than 10�10. Figure 5.8 (c) displays the quantity kVCM(t)k.
For t � 328 we have values smaller than 5.3⇥ 10�2.

Test 5

In this test we simulate the system only under the chemotactic e↵ect,
neglecting the alignment term, that is we set � = 0. The other parameters
are � = 102, D = 2⇥ 102, ⇠ = 1.5, and the initial data V0,max = 0.8, X0 as
in Figure 5.9 (a). The time interval of observation is [0, 4000]. Spatial and
temporal discretizations are fixed as in Test 1.

In Figure 5.9 we plot four time steps. Although the initial group aggre-
gates, we do not observe, in our time of observation, a convergence of the
particles, rather they show an oscillating behaviour around their centre of
mass.
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In Figures 5.10 (a)–(b) we plot respectively FlX(t) and FlV (t). In this
case, the spatial and velocity fluctuations around the centre of mass remain
bounded but do not converge to zero. In particular, in the time interval
of observation, we have FlX(t) � 0.88 and, if we consider a trend line, its
slope seems to decreases monotonically approaching to zero. For example,
in relation to Figure 5.10 (a), the slope of the linear fit on the values of
FlX(t), computed on the time intervals [0, 800] and [3200, 4000], changes
from �1.46⇥ 10�1 to �1.84⇥ 10�4. Moreover, we remark that in previous
simulations, containing the alignment e↵ect, on time intervals much smaller
than this test we have obtained values of FlX(t) less than 10�10.

In Figure 5.10 (c) is shown |vCM(t)| as a function of time. For t � 254
we have values smaller than 3.79 ⇥ 10�2. Performing the same numerical
test with the finer discretization �x = �y = 1.25 and �t = 10�5, we find
that, for t � 120, |vCM(t)| is smaller than 1.41⇥ 10�2, see Figure 5.10 (d).
From this we can deduce that the velocity of the centre of mass goes to zero.

Our numerical results suggest that our model, in absence of alignment
and with the only chemotactic e↵ect, is unable to reproduce stationary pat-
terns.

5.7 Discussion

In this chapter we have proposed simplified version of the models in
[2] and [3]. The model can be regarded as an extension of the Cucker-
Smale model, coupling alignment and chemotaxis e↵ects, and introducing a
hybrid description. Di↵erently from the previous chapters, we have studied
our model by both an analytical and a numerical point of view. From the
analytical point of view, we have proved local and global existence and
uniqueness of the solution to the nonlinear system (see [62] and Chapter
2 for an extension to a more general framework). The novelty rely on the
study of the asymptotic behaviour of the linearised system. We have proved
the asymptotic convergence of the particles in their centre of mass with
same velocity. Then, the velocity of the centre of mass is proved to go time-
asymptotically to zero. From a numerical point of view this property has
been tested on the full nonlinear system, finding a complete concordance
with the analytical results.
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a)

b)

c)

d)

Figure 5.2: Test 1. Simulation with parameters � = 0.5, � = 5, � = 2⇥102,
D = 2⇥ 102, ⇠ = 0.5, V0,max = 3, and X0 randomly taken in the red square
shown in the top panel. The chemoattractant concentration f(x, t) is on
the left, while on the right there is the positions and the velocities of the
particles. The red marker marks the centre of mass of the system, and the
blue arrows are the velocity vectors.
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Figure 5.3: Test 1. Functions FlX(t), FlV (t) and |vCM(t)| versus time
(x-axis shows only a part of the time domain), as defined in Section 5.6.2.
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a)

b)

c)

d)

Figure 5.4: Test 2. Numerical simulation in a spatial domain ⌦ = [0, 50]⇥
[0, 50] with periodic boundary conditions, and in the time interval [0, 500].
The parameters values are N = 20, � = 0.5, � = 5, � = 2⇥102, D = 2⇥102,
⇠ = 0.5, V0,max = 3, and X0 randomly taken in the red square shown in (a).
Spatial and temporal discretizations are respectively �x = �y = 0.25 and
�t = 10�4. The four plots are respectively at time steps t = 0, 10, 20, 500.
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Figure 5.5: Test 2. (a)–(b) Spatial and velocity fluctuations around the
centre of mass system FlX(t) and FlV (t) (x-axis shows only a part of the
time domain). For t � 34 we have values less than 10�10. (c) Norm of
the velocity of the centre of mass |vCM(t)| versus time (only a part of the
time interval is shown on the x-axis). For t � 28 this velocity is less than
8.39⇥ 10�2.
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a)

b)

c)

Figure 5.6: Test 3. Numerical simulation in a spatial domain ⌦ = [0, 50]⇥
[0, 50] with periodic boundary conditions, and in the time interval [0, 15].
The parameters values are � = 0.8, � = 5, � = 0, D = 2 ⇥ 102, ⇠ =
0.5, V0,max = 3, and X0 randomly taken in the red square shown in (a).
Spatial and temporal discretizations are respectively �x = �y = 0.25 and
�t = 10�4. In this case the motion equations and the chemoattractant
equation are decoupled and for the particles we simulate the pure Cucker-
Smale model (1.5). Taken into account the parameters values and the initial
data the flocking behaviour is not ensured by results in [87]. In fact, from
the three plots, taken respectively at time steps t = 0, 5, 15, we can observe
a dispersion of the initial group.
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a)

b)

c)

d)

Figure 5.7: Test 4. Numerical simulation in a spatial domain ⌦ = [0, 50]⇥
[0, 50] with periodic boundary conditions, and in the time interval [0, 500].
The parameters values are �x = �y = 0.25, �t = 10�4, � = 0.5, � = 5,
� = 1.5 ⇥ 102, D = 2 ⇥ 102, ⇠ = 3, V0,max = 0.3, and X0 randomly taken
in the red square shown in (a). The green cell marks a leader cell (•), that
produce the chemical signal, while the other red cells are the followers (•),
that do not produce any signal and follow the chemoattractant gradient.
The four plots are respectively at time steps t = 0, 15, 40, 500. On the left
there is the chemoattractant concentration, while on the right the positions
and the velocities of the particles.
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Figure 5.8: Test 4. (a)-(b) Spatial and velocity fluctuations, FlX(t) and
FlV (t), around the centre of mass system (only a part of the time domain
is shown on the x-axis). For t � 131 FlX(t) and FlV (t) are less than 10�10.
(c) Velocity of the centre of mass |vCM(t)| as a function of the time. For
t � 328 we have values smaller than 5.3⇥ 10�2.
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a)

b)

c)

d)

Figure 5.9: Test 5. Numerical simulation in a spatial domain ⌦ = [0, 50]⇥
[0, 50] with periodic boundary conditions, and in the time interval [0, 4000]
(plots on the right shown only a part of the spatial domain). Spatial and
temporal discretizations are respectively �x = �y = 0.25 and �t = 10�4.
In this test only the chemotactic force is considered, neglecting the alignment
e↵ect (� = 0). For the other values we fix � = 102, D = 2 ⇥ 102, ⇠ = 1.5,
V0,max = 0.8, and X0 randomly taken in the red square shown in (a). The
plots taken at time steps t = 0, 10, 2000, 4000 display the aggregation of the
initial group of particles. In this case the convergence is not observed, but
an oscillating behaviour around their centre of mass is shown.
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Figure 5.10: Test 5. (a)-(b) Spatial and velocity fluctuations, FlX(t) and
FlV (t), around the centre of mass system versus time (only a part of the
time domain is shown on the x-axis). In this case FlX(t) and FlV (t) remain
bounded but do not converge to zero. In particular we have FlX(t) � 0.88
and, if we consider a trend line, its slope seems to decrease monotonically.
In particular in the time intervals [0, 800] and [3200, 4000], the slope of the
fit line changes from �1.46⇥10�1 to �1.84⇥10�4. (c) Velocity of the centre
of mass kVCM(t)k versus time, using a spatial and a temporal discretization
given by �x = �y = 2.5 and �t = 10�4 (x-axis shows a part of the time
interval). For t � 254 this quantity is smaller than 3.79⇥ 10�2. (d) With a
finer mesh, �x = �y = 0.125 and �t = 10�5, we obtain smaller values: for
t � 120 we have values less than 1.41⇥ 10�2.
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Chapter 6

Conclusions and Future
Perspective

The purpose of Part I is to introduce the reader to the emerging class
of what we call coupled hybrid models. With a step by step approach, the
previous chapters investigate well-posedeness properties and the asymptotic
behavior of the solutions to systems generally expressed as in (1)-(3). After
a preliminary chapter, in which we give a brief overview of seminal second-
order models of the literature, we present part of an ongoing work, consisting
in a novel second-order model with delay. The aim is to couple the actual
discrete-particle model with a continuum one, describing the evolution in
time of an exogenous information, which influence the dynamics. For the
rest of this Part, we focus on the coupled structure in (1)-(3). From a mod-
eling point of view, the idea to treat the agents as discrete entities, and
the exogenous signal, regardless of its nature, as a continuum, combines the
advantages of individual-based models with continuous ones. The particular
structure has been already adopted by other work of the literature, which
only have modeling and numerical purposes. For that reasons, our work has
to be considered as a first step towards a more detailed analytical charac-
terization. Since the literature concerning analytical findings is still lacking,
there are several future perspective in this field we are going to address. In
particular, one of the future work directions concerns another critical issue,
that is the shortcoming of a detailed technique to estimate the parameters
occurring in a model.

Suppose to introduce a set of real parameters in a suitable domain D 2
Rp, denoted with ✓ = (✓1, ..., ✓p), in the reaction-di↵usion equation. It means
to assume aij = aij(.; ✓), bi = bi(.; ✓), c = c(.; ✓) in equation (3), and f =
f(.; ✓) as the solution to (3), once assigned initial conditions. Recalling
that f influences the dynamics expressed in (1), the introduction of the
parameters a↵ects the solution X = X(·; ✓). The introduction of parameters
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leads to the following modifications of equations (1)-(3):

ẍi(t; ✓) = Fi

⇣
t,X(t; ✓), Ẋ(t; ✓),rf (xi(t; ✓), t;X(t; ✓), ✓) , ✓

⌘
, (6.1)

⇢
L✓f(x, t;X(t; ✓)) = g(x,X(t; ✓)) (x, t) 2 RN ⇥ (0, T ),

f(x, 0;X) = '(x) x 2 RN ,
(6.2)

where

L✓ =
NX

i,j=1

ai,j(x, t; ✓)@
2
i,j +

NX

i=1

bi(x, t; ✓)@i + c(x, t; ✓)� @t. (6.3)

Given a set of observable data, {x⇤
i
(t): i = 1, ..., n, t 2 I } where I is a

discrete set of times, I ⇢ (0, T ), (e.g. the set of positions of n cells recorded
at di↵erent time steps of an experiment), the issue to address is to find the
optimal values of the parameters for which a considered model fits reality,
meaning that the model is able to reproduce the observed behavior.
Mathematically, this can be regarded as a least squares problem, aiming at

finding ✓opt 2 D arising from inf
✓2D

nX

i=1

X

t2I
|xi(·; ✓)� x⇤i (t)|

2+ ✏(✓), where ✏(✓)

is a suitable penalization term, and xi(·; ✓) is the solution to model (6.1)-
(6.2). Standard numerical procedures used to solve the above optimization
problem require the computation of the derivative uik := @✓kxi (·; ✓) for
k = 1, ..., p. By di↵erentiating (6.1) and (6.2) with respect to ✓k, k = 1, ..., p,
we obtain that uik is solution, at least formally, to a problem of the same
form of (6.1)-(6.2). For that reason, we argue that the obtained analytical
results can be extended to investigate the dependence of the solution on the
parameters.

Another extension of our researches concern the possibility to give an-
alytical foundations to the case in which the N�dimensional domain is re-
placed by a bounded domain, and to consider the coupling with di↵erent
advection-di↵usion equations could be considered in the coupling with the
dynamics equations.
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Appendix Part I

Fundamental solution and Cauchy problem

Let consider the Cauchy problem

⇢
Lf(x, t) = g(x, t) (x, t) 2 ⌦ := RN ⇥ (0, T ],
f(x, 0) = '(x), x 2 RN ,

(6.4)

where L is the operator

L =
NX

i,j=1

ai,j(x, t)@
2
i,j +

NX

i=1

bi(x, t)@i + c(x, t)� @t. (6.5)

Let L uniformly parabolic in ⌦, i.e. the matrix (aij(x, t)) is positive definite
and there exist positive constants �0, �1 such that for any ⇠ 2 Rn

�0 |⇠|2 
nX

i,j=1

ai,j(x, t)⇠i⇠j  �1 |⇠|2 8(x, t) 2 ⌦.

Moreover let ai,j , bi, c bounded Hölder continuous function in ⌦, with coef-
ficient ↵ 2 (0, 1) with respect to x and ↵/2 with respect to t.
Let g(x, t), '(x) be continuous functions respectively in ⌦ and RN , satisfying

|g(x, t)|  Ceh|x|
2
, |'(x)|  Ceh|x|

2
, (6.6)

with h positive constant satisfying h <
�0
4T

.

Finally, let assume g locally Hölder continuous with exponent ↵ in x 2 RN ,
uniformly with respect to t. Then the function

f(x, t) =

ˆ
RN
� (x, t; ⇠, 0)' (⇠) d⇠ �

ˆ
t

0

ˆ
RN
� (x, t; ⇠, ⌧) g (⇠, ⌧) d⇠d⌧ (6.7)

is a solution of (6.4)-(6.5).
� (x, t; ⇠, ⌧) is a fundamental solution of Lf = 0,and it is a continuous func-
tion of (x, t), uniformly with respect to (⇠, ⌧) if t � ⌧ � constant > 0,
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and it is a continuous function of (⇠, ⌧), uniformly with respect to (x, t) if
t � ⌧ � constant. Hence � (x, t; ⇠, ⌧) is a continuous function of (x, t; ⇠, ⌧).
Moreover also the first and second derivative with respect to space, and the
derivative with respect to time of � are continuous functions of (x, t; ⇠, ⌧),
where x, ⇠ 2 RN and 0  ⌧ < t  T .

Computation of a possible upper bound for �0 in
Chapter 2.

Let A be a symmetric matrix satisfying

µ0 |⇠|2  hA⇠, ⇠i  µ1 |⇠|2 8⇠ 2 RN (6.8)

where µ0, µ1 are positive constants.
Defining ⌘ = A⇠ 2 RN , (2.5) can be rewritten as

µ0

��A�1⌘
��2 

⌦
⌘, A�1⌘

↵
 µ1

��A�1⌘
��2 . (6.9)

We choose W = {w1, ..., wN} an orthonormal basis of eigenvectors of A, and
rewrite ⌘ as a linear combination, with coe�cients c1, ..., cN 2 R,namely

⌘ =
NX

i=1

ciwi. Denoting with ✓i, i = 1, ..., N , the eigenvalues of A, we thus

obtain:

A�1⌘ =
NX

i=1

ci
✓i
wi.

Since |⌘|2 =
NX

i=1

c2i , we have

��A�1⌘
��2 =

⌦
A�1⌘, A�1⌘

↵
=

NX

i=1

c2
i

✓2
i

>
1

max
i=1,...,N

(✓2i )

NX

i=1

c2i >
1

µ2
1

|⌘|2 . (6.10)

By (6.9), we get the following lower bound:

⌦
⌘, A�1⌘

↵
� µ0

��A�1⌘
��2 � µ0

µ2
1

|⌘|2 . (6.11)

We performed the algebraic computation above in order to show the relation
between �0 and µ0, µ1 in H3), following the approach in [58]. Let A be the
matrix having entries Aij = aij(x, t), where aij are the coe�cients intro-
duced in (2.3): we note that, since L is of parabolic-type, A is symmetric,
and (2.5) corresponds to condition (6.8). Hence, from equation (6.11), we
get an upper bound for the parameter �0.
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Computation of I0(�), I1(�).

Let � be a positive constant.
We define I0 (�), I1 (�) the integrals

I0 (�) :=

ˆ
RN

e��|y|
2

dy, (6.12)

I1 (�) :=

ˆ
RN

e��|y|
2

|y| dy. (6.13)

With the changes of variable given by v :=
p
2�y and then u := vp

2
, we

rewrite:

I0 (�) :=

ˆ
RN

e��|y|
2

dy =

ˆ
RN

e�
v2

2
1

(2�)N/2
dv =

1

�N/2

ˆ
RN

e�u
2
du =

✓
⇡

�

◆
N/2

.

(6.14)
For the second, we convert it in polar coordinates and perform the change

of variable given by t = �h2, obtaining

I1 (�) :=

ˆ
RN

e��|y|
2

|y| dy =

ˆ 1

0
e��h

2
hN!Ndh

=

ˆ 1

0
e�t

✓
1

�

◆N�1
2

t
N�1

2
!N

2

1

�
dt = �e

✓
N + 1

2

◆✓
1

�

◆N+1
2 !N

2
=

=
⇣

1
�

⌘N+1
2 !N

2
2⇡

N+1
2

!N+1
,

(6.15)

recalling that �e(N/2)!N = 2⇡
N
2 .
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Glossary Part I

Throughout Part I, we will identify each element of RN⇥n with the column
vector of RNn obtained putting in column the n columns one after another.
Moreover, we will refer to BR(P ) and BR as subsets of RN⇥n or RN , de-
pending on the context. In the following we denote ⌦ ⇢ RN open.
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BR(P ) Closed ball of Rp, with center P 2 Rp,radius R
BR Closed ball of Rp, with center O 2 Rp, radius R
|| · ||1,T sup[0,T ] | · |
!N Surface area of the (N-1)-dimensional sphere, in RN

|V| Euclidean norm of V 2 Rp

An A⇥ ...⇥A, for any A ⇢ RN

A = [a1...ad] A 2 Rn⇥d, with ai 2 Rn i = 1, ..., n column vector
rf (x0, t) Gradient of f = f(x, t), with respect to x variable

for any f such that f(·, t) is di↵erentiable at x0
Ẋ Derivative with respect to t of function X

for any X : [0, T ] ! Rp

@↵
i

Partial derivative operator with respect to
xi variable of order ↵ > 1. We denote @1

i
= @i

@t Partial derivative operator with respect to t variable
(f _ g)(x) Maximum value between f(x) and g(x)
Ck (⌦;Rp) Class of Ck functions f : ⌦! Rp,

k = 0 is the class of continuos functions.
We denote C0 = C

Ck,1 (⌦⇥ [0, T ];Rp) Class of functions f : ⌦⇥ [0, T ] ! Rp, p � 2,
⌦ ⇢ RN open, Ck in ⌦ and C1 in [0,T]

||f ||Lp(⌦) p 6= 1
✓ˆ

⌦
|f |pdµ

◆1/p

W k,p(⌦) p � 1 Sobolev space of functions f 2 Lp(⌦)
with D↵f 2 Lp(⌦), |↵|  k

W p,q,1(⌦ = ⌦1 ⇥ (0, T )) Sobolev space of functions f 2 L1(⌦) with

D↵f 2 L1(⌦), |↵|  p, @�
t
f 2 L1(⌦), |�|  q

Liploc(⌦) Locally Lipschitz functions
H1(⌦) W 1,2(⌦)

H�1(⌦) The dual space to H1
0 (⌦) = W 1,2

0 (⌦)
C1
c (U ;Rp) Space of infinitely di↵erentiable functions � : U ! Rp,

with compact support in U
Lp (0, T ;⌦) p � 1 Strongly measurable functions f : [0, T ] ! ⌦ with

||f ||Lp(0,T ;⌦) :=

✓ˆ
T

0
|f(t)|pdt

◆1/p

< 1

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Part II
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Introduction

In Part II of this thesis, the research area of collective dynamics is ap-
proached with a di↵erent point of view. This comes as a result of an ongoing
collaboration with the Research Unit of Automation of Università Campus
Bio-Medico di Roma. The aim of our studies is to investigate distributed
systems of interacting agents over networks, in a decision making perspec-
tive.

In the following we present a well-established technique in this field, that
represents the starting point of our researches in the next two chapters.

Sparse Analytic Hierarchy Process

TheAnalytic Hierarchy Process (AHP) [88] is an e↵ective decision-making
technique aimed at ranking a set of alternatives based on their utility or im-
portance. This task is typically done by resorting to relative preference
information, i.e., by considering the ratio of the utilities. Such ratios are
typically perturbed or a↵ected by subjective biases or errors, and do not
represent a perfectly transitive ordering, thus calling for approximated solu-
tions. In its standard formulation, the AHP problem requires knowledge on
the ratio of the utilities of each pair of alternatives; however, in the literature
several results have been provided in order to handle incomplete information
[89, 90, 91, 92].

The AHP problem appears of particular interest in a distributed decision-
making context; in particular we are interested to the scenario envisaged in
[92], where a set of networked agents need to rank themselves in a distributed
manned, based on the knowledge of perturbed ratios of utilities with respect
to their neighbors. An example, in this sense, is a network of mobile agents,
each provided with di↵erent equipment or tools in order to perform their
tasks; agent i, by comparing its equipment with the one of a neighboring
agent j, is able to assess its relative priority; by composing such a local
information, the agents are able to rank themselves and compute an absolute
priority.

Notice that, in the literature, typical distributed ranking approaches aim
at developing a ranking based on the topological structure of the network
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(see, among other methodologies, the pagerank problem [93]). Conversely,
the ranking achieved within the AHP approach has no relation with the
topological structure, but is the result of the composition of the relative
importance information involving the nodes and their neighbors.

We point out that the standard approach to solve the AHP problem,
the so-called eigenvector method, has been often regarded as an arbitrary
or questionable choice for approximating the unknown utilities (see for in-
stance the debate in [94, 95]); the main reason for such a criticism is that
the ranking obtained via the eigenvector method might be reversed when
additional alternatives are considered. Moreover, the procedure developed
in [92], although e↵ective, has nontrivial computational requirements. To
the best of our knowledge, no other approach has been provided in the lit-
erature in the distributed case.

The research in this area has led, for the time being, to two contributions,
that will be presented in the two chapters of Part II.

In Chapter 7 we investigate the possibility of solving the distributed
AHP problem in three alternative ways which are based on di↵erent ap-
proaches with respect to the eigenvector method, and require less computa-
tional resources with respect to the approach in [92]. Specifically, the pro-
posed methods are inspired to well known algorithms in the literature, i.e.,
Metropolis-Hastings Markov chains [96], Heat-Bath Markov chains [97] and
formation control [98]. In the end, we identify strengths and weak points of
such methodologies, evaluating their performance on an experimental basis.

In Chapter 8, we consider a scenario where a set of agents, interconnected
by a network topology, aim at computing an estimate of their own utility,
based on pairwise relative information having hybrid nature. In greater
detail, the agents are able to measure the di↵erence between their value
and the value of some of their neighbors, or have an estimate of the ratio
between their value and the value of the remaining neighbors. This setting
finds application in problems where estimations provided by humans have to
be merged with sensor measurements: the human is able to give qualitative
informations, whereas the sensors represent those agents giving quantitative
informations. We observe that this coupled scenario, in which di↵erent
kind of information are considered, represents the novelty with respect to
previous work in literature, where the two types of information are treated
separately. In this sense, also in Part II we will use the terminology hybrid :
here, it highlights the possibility to deal with di↵erent kind of information
within the same model, whereas in Part I it concerns the presence of di↵erent
scales at which a phenomena is simultaneously observed.
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Chapter 7

Distributed Methodologies
to Solve Sparse Analytic
Hierarchy Process Problem

In this chapter we present distributed algorithms to solve the Sparse An-

alytic Hierarchy Process (SAHP) problem, where a set of networked agents
(e.g., wireless sensors, mobile robots or IoT devices) need to be ranked
based on their utility/importance. Recently, the Sparse Eigenvector Method

proved its e↵ectiveness in tackling this problem. However, such a method
has several drawbacks, such as demanding computation/communication re-
quirements and lack of control on the magnitude of the computed estimate.
With the aim to mitigate such issues, we inspect the possibility to resort to
a suite of di↵erent methodologies, each inspired to well known algorithms
in the literature. Strength points and drawbacks of the proposed methods
are highlighted by numerical comparisons.

7.1 Problem Statement

In the Introduction to Part II, we gave an overview of SAHP. We now
formalize the graph structure that underlines this kind of problem. For a
detailed description of the basic concepts and notations here adopted, the
reader is referred to the Appendix of Part II.

Let us consider a set of n agents, interconnected by an undirected and
connected graph G = {V,E}, and suppose that each agent is characterized
by an unknown utility or relevance wi > 0. Suppose further that each agent,
identified with the a vertex of the graph vi, is provided with just relative
information regarding the ratios between its utility wi and the utility wj

of each of its neighbors vj 2 Ni over G. In particular, let us assume that
each ratio is perturbed by a multiplicative error or bias ✏ij > 0; in other
words, for each neighbor vj 2 Ni, the i-th agent vi knows just Sij =

wi
wj
✏ij .

173

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



174

In particular, as implicitly done in [92], we assume that there is no vector
f 2 Rn such that ✏ij = fi/fj for all (vi, vj) 2 E; in other terms, the
perturbations ✏ij represent a distortion of the utilities and there is no obvious
way to compute a vector ew that satisfies ewi/ ewj = ✏ijwi/wj for all links
(vi, vj) 2 E.

Let S be the n⇥n matrix collecting the overall information available to
the agents; we assume that, for all (vi, vj) 2 E, it holds Sji = S�1

ij
, i.e., we

assume that ✏ji = ✏�1
ij

. Such an assumption is common practice in the AHP
literature [88, 99, 100]. The aim of each agent vi is to compute an estimate
ewi for its utility wi. Note that, since the agents are provided with ratios
of utilities, we assume that such utilities are defined up to a multiplicative
scaling factor that is the same for all the agents. In the following, we denote
by w 2 Rn and ew 2 Rn the stack of all wi and ewi, respectively.

7.2 Sparse Eigenvector Method

The Sparse Eigenvector Method (SEM), developed in [92], is an e↵ective
distributed methodology to solve the AHP problem in the case of a matrix
S having the structure of a connected and undirected graph G = {V,E}.
The main idea behind the approach is that, in the nominal case where all
perturbations ✏ij = 1, the dominant eigenvector of matrix D�1S (we recall
that D is a diagonal matrix having the degree di of the i-th node at its i-th
diagonal entry) is indeed the desired utility vector w, while the dominant
eigenvalue associated to it is equal to one, i.e., it holds D�1Sw = w.

As demonstrated in [92], the dominant eigenvalue of D�1S is equal to
one if and only if the perturbations are not present, while it is in general
di↵erent from one. Following the path of the traditional eigenvector method
for the complete information case [88], the algorithm in [92] aims at letting
the agents compute the dominant eigenvector of D�1S, and specifically each
agent aims at computing the corresponding component of the eigenvector.
This is done by implementing a power iteration [101], which corresponds to
a distributed algorithm given the sparse nature of matrix D�1S. However,
since in general the dominant eigenvalue of D�1S is not equal to one, a
naive power iteration (i.e., without normalization) would either converge to
zero or diverge; in order to address this challenge, the algorithm in [92] aims
at letting the agents compute also an estimate of the dominant eigenvalue
of D�1S, which is used as a normalizing factor in the power iteration. In
more detail, the agents have knowledge on an upper bound e� of the graph
diameter � and execute a max-consensus procedure which is reinitialized at
time steps that are multiple of e�, in order to reach an agreement on the
estimate of the dominant eigenvalue as of e� steps earlier.

The pseudocode of the algorithm developed in [92] is given in Algorithm
1. Specifically, Algorithm 1 is initialized with an estimate hi(0) = 1 for
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Algorithm 1 Sparse Eigenvector Method. The pseudocode represents the
point of view of the i-th agent.

procedure SEM(e�)
. Initial Condition
ewi(0) = random positive real number
yi(0) = `i(0) = hi(0) = 1
. Synchronous Iteration

ewi(k + 1) =
1

hi(k)di

X

j2Ni

Sij ewj(k)

yi(k + 1) =
1

ewi(k)di

X

j2Ni

Sij ewj(k)

`i(k + 1) =

8
<

:
yi(k), if mod(k, e�) = 0,

max
vj2Ni[{vi}

{`j(k)}, otherwise.

hi(k + 1) =

(
`i(k), if mod(k, e�) = 0,

hi(k), otherwise.
end procedure

the dominant eigenvalue that is the same for all agents; moreover, each
agent relies on ewi(k) in order to compute a quantity yi(k) that tends to the
dominant eigenvalue of D�1S as k approaches infinity. While doing so, the
agents execute several max-consensus procedures, which are re-initialized
every e� steps, so that every time a max-consensus procedure terminates at
a given time instant k, they compute an updated hi that is the same for
all agents and corresponds to the greatest among the values yi(k � e�) over
all agents i. By repeatedly doing so, the agent i is able to compute the
i-th component of a finite and nonzero vector in the span of the dominant
eigenvector of D�1S, as well as the dominant eigenvalue of D�1S.

7.2.1 Discussion

We point out that Algorithm 1, although e↵ective, has several drawbacks:
(1) the agents need to know a global parameter such as an upper bound e�
of the network diameter � (e.g., computing it via the approach in [102]); (2)
each agent needs to let four state variables evolve in parallel, relying at each
step on the state variables of their neighbors; (3) the agents need to run
a max-consensus iteration in parallel with the main iteration, and such a
max-consensus procedure has to be reinitialized at prescribed time instants;
(4) no guarantee on the magnitude of ew is given, and the agents might
need to further interact to calculate a normalization of the result. However,
the main advantage of Algorithm 1 is that, by computing the dominant
eigenvalue of D�1S, the agents become aware of valuable meta-information
regarding the degree of inconsistency of the available data.
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7.3 Metropolis-Hastings Method

In this section we inspect the possibility to resort to aMetropolis-Hastings

(MH) Markov chains [96, 103] to solve the AHP problem in a distributed
way. We point out that Metropolis-Hastings Markov chains are quite a pop-
ular tool in the literature to sample from a known discrete distribution (or,
at least, a distribution for which probability ratios are known). However,
to the best of our knowledge, the adoption of such a tool in order to rank a
set of alternatives based on perturbed ratios can be regarded as an original
contribution of this paper.

Let an n⇥ n matrix M having the same structure as the graph G, such
that, for all i, j 2 {1, . . . , n} it holds

Mij =

8
>><

>>:

1
di
min

n
1, di Sji

dj

o
, if (vi, vj) 2 E

1� 1
di

P
h2Ni

min
n
1, di Shi

dh

o
, if i = j,

0 otherwise.

(7.1)

It can be easily noted that, by construction, it holds Mij 2 [0, 1] and M1n =
1n; hence, matrix M is the transition probability matrix of a Markov chain
in the form

p(k + 1) = MTp(k). (7.2)

The standard Metropolis-Hastings algorithm corresponds to the above Markov
chain, in the special case when all terms Sij = wi/wj , i.e., when no pertur-
bation is considered. In such a special case, assuming that G is undirected
and connected and that all wi > 0, as shown in [96, 103], the Markov chain
in Eq. (7.2) is aperiodic and has w as its limiting distribution.

Note that if the initial condition p(0) of the Markov chain is a probabil-
ity distribution vector, then at each time k the state p(k) is a probability
distribution vector. Conversely, as noted in Remark 64, when p(0) is not a
probability distribution vector but it has nonnegative entries and nonzero
sum, the state converges to a vector in the span of the limiting distribution
vector having sum of the entries equal to the sum of the entries of p(0). This
means that, di↵erently from the SEM approach, if the agents select random
positive initial conditions, there is a guarantee that the sum of the entries
of the estimated utilities will remain constant during the execution of the
algorithm. Moreover, since the algorithm exhibits asymptotic convergence,
if a normalized vector with sum equal to one is required, it is more con-
venient to let the agents cooperate in order to select an initial distribution
beforehand, rather than performing normalization after the execution of the
asymptotic algorithm is truncated. In order to do this, the agents need to
execute an initialization phase where ew(0) is constructed. Among other
possible choices, a feasible approach is to elect a leader via max-consensus
or other techniques (see [104] and references therein for recent works on this
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topic) and then select ewi(0) = 1 if node vi is the leader and ewi(0) = 0
otherwise.

Algorithm 2 Distributed Metropolis-Hastings Algorithm. The pseudocode
represents the point of view of the i-th agent.

procedure MH(e�,↵, normalize)
. Initialization
send di to all neighbors;
receive dj from each neighbor vj 2 Ni;
. Choose initial condition ew(0)
if normalize then

elect a leader, e.g., via max-consensus(e�)
select ewi(0) = 1 if i leader wi(0) = 0, otherwise

else
ewi(0) = random positive real number

end
. Synchronous Iteration

ewi(k + 1) = (↵Mii + 1� ↵) ewi(k) + ↵

X

j2Ni

Mji ewj(k)

end procedure

Let us now discuss the proposed algorithm when perturbations are present;
the pseudocode is reported in Algorithm 2. As said above, the algorithm ei-
ther requires the agents to choose an initial condition ewi(0) that corresponds
to a distribution vector ew(0) or a positive random number.

Moreover, in order to compute the entries Mij according to Eq. (7.1), the
agents need to know the degree dj of their neighbors vj 2 Nj . Let ↵ 2 (0, 1)
be a parameter known to all agents and let us consider the stacked dynamics
of all the agents, i.e., ew(k + 1) = (↵MT + (1 � ↵)I) ew(k). As discussed
in Remark 63, the dynamic matrix of the above discrete-time system is a
convex combination ofMT and the identity matrix, hence (↵MT+(1�↵)I) is
aperiodic. Moreover, since the graphG is connected for hypothesis, it follows
that (↵MT + (1 � ↵)I) is irreducible. Therefore, the proposed dynamics
corresponds to a Markov chain having a limiting distribution, which is given
by the dominant left eigenvector of M .

7.3.1 Discussion

The approach discussed in this section has several advantages with re-
spect to Algorithm 1: (1) except for an initialization in order to select a
starting distribution, the algorithm requires less memory and communica-
tion among the agents and a less complex interaction, since only a standard
discrete-time linear iteration is executed; (2) the vector computed is intrin-
sically normalized (provided that the initial state is a distribution) or, in
any case, the sum of the entries of the estimated utilities is constant over
time. However, the main drawback of this approach is that the parameter
↵, which is used to guarantee the existence of a limiting distribution, has
to be known to all agents; moreover, if a distribution is required, the agents
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need to know a global parameter (e.g., the network diameter, in order to
execute a leader election procedure).

7.4 Heat-Bath Method

The Heat-Bath (HB) method, similarly to the Metropolis-Hastings ap-
proach, is yet another popular way to design a Markov chain that has a
desired limiting distribution (see among others [97, 105]). Note that the
adoption of a Heat-Bath Markov chain for the distributed ranking can be
regarded as an original contribution of this paper.

Let an n⇥ n matrix Q having the same structure as the graph G, such
that, for all i, j 2 {1, . . . , n} it holds

Qij =

8
><

>:

�

1+Sij
, if (vi, vj) 2 E

1� �
P

h2Ni

1
1+Sih

, if i = j,

0 otherwise,

(7.3)

where � is a global parameter known to all agents and such that � <
1/maxi=1,...,n di. It can be easily noted that, by construction, it holds
Qij 2 [0, �] ✓ [0, 1] and Q1n = 1n; hence, matrix Q is the transition proba-
bility matrix of a Markov chain. Moreover, we observe that it holds

X

j2Ni

Qij = �
X

j2Ni

1

1 + Sij

<
1

max{di}
X

j2Ni

1 =
di

max{di}
 1;

hence, we have that, for all i 2 {1, . . . , n} it holdsQii > 1� di/max{di} � 0.
Therefore, as discussed in Remark 62, the Heat-Bath Markov chain, in the
general case, is intrinsically aperiodic and since G is connected we conclude
that such a dynamics always reaches a limiting distribution. As a conse-
quence, di↵erently from the Metropolis-Hastings case, there is no need to
implement convex combinations with the identity matrix. We point out
that, in the nominal case where all terms ✏ij = 1, the Heat-Bath Markov
chain is known1 to have w as its dominant left eigenvector [97, 105]; there-
fore, when no perturbation is present, the Heat-Bath Markov chain has a
limiting distribution that corresponds to w.

The pseudocode of the proposed Heat-Bath algorithm is reported in
Algorithm 3. Similarly to the MH algorithm, if an estimated utility vector
having sum of the entries equal to one is required, a feasible path is to
resort to leader election; otherwise, if the agents select random positive
initial condition then the sum of the entries is preserved as discussed in

1This is a consequence of the fact that the Heat-Bath Markov chain satisfies the detailed
balance wiQij = wjQji for all (vi, vj) 2 E; the interested reader is referred to [97, 105] for
further information.

Tesi di dottorato in Bioingegneria e bioscienze, di Marta Menci, 
discussa presso l’Università Campus Bio-Medico di Roma in data 12/03/2020. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



7.5 Sparse Logarithmic Least Squares Method 179

Algorithm 3 Distributed Heat-Bath Algorithm. The pseudocode repre-
sents the point of view of the i-th agent.

procedure HB(�, e�, normalize)
. Initialization
. Choose initial condition ew(0)
if normalize then

elect a leader, e.g., via max-consensus(e�)
select ewi(0) = 1 if i leader wi(0) = 0, otherwise

else
ewi(0) = random positive real number

end
. Synchronous Iteration

ewi(k + 1) =
X

j2Ni[{i}
Qji ewj(k)

end procedure

Remark 64.

7.4.1 Discussion

Similarly to the MH algorithm, the Heat-Bath approach has several ben-
efits with respect to the eigenvector method, i.e., lower memory and com-
munication requirements. Moreover, di↵erently from MH, there is no need
to force aperiodicity and the agents need not to know the degrees of their
neighbors. However, just like MH, in case there is a need to select an ini-
tial condition, the agents must be aware of a global parameter such as the
diameter.

7.5 Sparse Logarithmic Least Squares Method

In this section we develop an algorithm, namely Sparse Logarithmic Least

Squares (SLLS) Method that extends the Logarithmic Least Squares (LLS)
Method developed in [99, 100] for the complete information case; such an
algorithm is based on Fax and Murray’s formation control algorithm [98,
106]. Specifically, within the SLLSM algorithm, the agents aim at finding a
logarithmic least squares approximation ew of the vector w that is the stack
of the utilities wi. In other words, the problem corresponds to finding the
vector ew such that

ew = argmin
q2Rn

+

8
<

:

nX

i=1

nX

j2Ni

✓
ln(Sij)� ln

✓
qi
qj

◆◆2
9
=

; ; (7.4)

notice that, since the above function is convex, such a vector always exists.
We now provide a theorem that is the basis for the extension of the LLSM
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method to a sparse information context2.

Theorem 50. Let us consider a set of n agents, interconnected by an undi-

rected and connected graph G = {V,E}, and let S be the n ⇥ n matrix

collecting the overall information available to the agents. Let us define

si =
P

n

j2Ni
ln(Sij) and let s be the stack of all si. Moreover, let r⇤ 2 Rn

be the vector that satisfies Lr⇤ = s, where L is the laplacian matrix corre-

sponding to the graph G. It holds ew = exp(r⇤), where by exp(r⇤) we mean

the component-wise exponentiation with base equal to e of the vector r⇤.

Proof. Theorem 50 Let ri = ln(qi); Eq. (7.4) can be rearranged as

ew = exp

0

@argmin
r2Rn

8
<

:

nX

i=1

nX

j2Ni

(ln(Sij)� ri + rj)
2

9
=

;

1

A =

= exp

✓
argmin
r2Rn

{f(r)}
◆
.

(7.5)

According to Eq. (7.5), y⇤ is the solution of a convex and unconstrained
minimization problem. Therefore the vector r⇤ that minimizes f(r) is such
that

@f(r)

@ri

���
r=r⇤

= 0, 8i = 1, . . . , n,

which corresponds to
P

n

j2Ni
(r⇤

i
� r⇤

j
) = si, for all i = 1, . . . , n. Stacking

the above equation for all agents i we get Lr⇤ = s. This completes our
proof.

We point out that, since the Laplacian matrix L is singular by definition,
the vector r⇤ can not be computed by matrix inversion. A possible way to
compute r⇤ is thus to resort to an asymptotic algorithm, whose pseudocode
is reported in Algorithm 4.

Algorithm 4 Sparse Logarithmic Least Squares Method. The pseudocode
represents the point of view of the i-th agent.

procedure SLLSM(✓)
. Initialization
ri(0) = random positive real number
ewi(0) = exp (ri(0))
si =

Pn
j2Ni

ln(Sij)
. Synchronous Iteration

ri(k + 1) = ri(k) + ✓

X

j2Ni

(rj(k)� ri(k)) + ✓si

ewi(k + 1) = exp (ri(k + 1))
end procedure

2We point out that some of the ideas of this theorem are similar to the results in
[98, 106]; the theorem is given with a proof for the sake of self-containedness and clarity.
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Remark 51. We point out that Algorithm 4 and, in particular, the dynam-
ics chosen for ri(k), amounts to a discrete-time version of the continuous time
formation control algorithm developed by Fax and Murray [98, 106], which
has the form ṙ(t) = �Lr(t) + s; over connected undirected graphs, such a
continuous time equation is known to converge to a vector r⇤ that satis-
fies Lr⇤ = s. Let us consider a discrete-time setting and let us write down
the stack of the dynamics for all the agents within Algorithm 4, which is
r(k + 1) = (I � ✓L)r(k) + ✓s. The above dynamics is indeed a discrete-time
average consensus dynamics (plus a constant exogenous input that does not
a↵ect stability); such a dynamics is known to converge asymptotically [106]
over connected undirected graphs if the parameter ✓, which can be regarded
as a sampling time, satisfies ✓  1/maxi=1,...,n di.

7.5.1 Discussion

We notice that Algorithm 4 has several advantages with respect to Al-
gorithm 1: (1) instead of approximating the unknown utilities with the
dominant eigenvector of D�1S, a procedure that has raised some criticism
in the literature, the solution computed by Algorithm 4 represents a clear
log-quadratic minimization of the error between the perturbed ratios Sij

and the ratios ewi/ ewj ; (2) the algorithm requires less memory and com-
munication among the agents and a less complex interaction, since only a
standard discrete-time average consensus iteration (with an exogenous con-
stant input) is executed. We point out that Algorithm 4, being essentially an
asymptotic average-consensus algorithm, can be the base for several exten-
sions, such as distributed stopping criteria [107, 108], finite-time [109, 110]
or asynchronous implementations [111]. However, Algorithm 4 has some
drawbacks: (1) there is no control on the norm of the estimate, which might
need to undergo normalization; (2) each agent needs to known the same
global parameter ✓.
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7.6 Experimental Comparison

In this section we analyze in an experimental way the performances of the
four methodologies discussed in this paper, considering random networks of
di↵erent typologies with n = 50 nodes. In more detail, we consider a Watts-
Strogatz small-world network with 3 links per node and rewiring probability
30%, a Barabási-Albert scale free network with 3 preferential attachments
per node, a random geometric network (i.e., a network where the nodes are
generated at random in the unit square and are connected if their Euclidean
distance is less than a radius ⇢) with ⇢ = 0.3 and an Erdős-Renýı random
network model with connection probability 30%. In order to evaluate the
performance of the four methodologies, we consider log-normal perturba-
tion terms ✏ij = exp(�ij), where �ij = N(0,�2) is sampled from a Gaussian
distribution with zero mean and standard deviation �; we consider di↵erent
values of � 2 [0, 1] and for each choice of � we show the results over m = 50
random networks. Note that we select random terms �ij for i < j, while we
set �ji = ��ij , in order to obtain ✏ji = ✏�1

ij
.

In Figures 1–4 we show, plotted against the standard deviation of the
terms �ij , the Kendall correlation coe�cient ⌧ between the ranking ob-
tained via the nominal utility vector and the one obtained based on the
approximation ew computed via the di↵erent algorithms. According to the
figures, as the perturbation magnitude grows, the Sparse AHP methodol-
ogy exhibits a comparatively large degree of shu✏ing with respect to the
nominal ranking; conversely, the other methodologies have remarkably bet-
ter results, especially for large perturbation. We point out that the MH,
HB and SLLS methodologies have comparable results, although the SLLS
approach has slightly better correlation with the nominal ranking than the
other approaches, especially for large perturbations.
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Figure 7.1: Kendall correlation coe�cient between the nominal and per-
turbed ranking, plotted against the standard deviation of the log-normal
perturbations in the case of Small-World networks with n = 50 nodes, 3
links per node and rewiring probability equal to 30%. Results are the aver-
age over m = 50 runs.
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Figure 7.2: Kendall correlation coe�cient between the nominal and per-
turbed ranking, plotted against the standard deviation of the log-normal
perturbations in the case of Scale-Free networks with n = 50 nodes and 3
preferential attachments per node. Results are the average over m = 50
runs.

7.7 Conclusions and Future Work

In this chapter we provided three di↵erent methodologies to solve the
Sparse Analytic Hierarchy Process problem in a distributed way, based on
popular algorithms in the literature such has Metropolis-Hastings Markov
chains, Heat-Bath Markov chains and formation control. Future work will
be aimed at providing a formal characterization of the performance of such
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Figure 7.3: Kendall correlation coe�cient between the nominal and per-
turbed ranking, plotted against the standard deviation of the log-normal
perturbations in the case of Random Geometric networks with n = 50 nodes
and ⇢ = 0.3. Results are the average over m = 50 runs.
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Figure 7.4: Kendall correlation coe�cient between the nominal and per-
turbed ranking, plotted against the standard deviation of the log-normal
perturbations in the case of Erdős-Renýı networks with n = 50 nodes and
connection probability equal to 30%. Results are the average over m = 50
runs.

algorithms as a function of the perturbations, as well as to identify topolog-
ical conditions that can be used to select the most appropriate methodology
depending on the structure of the network. We highlight the fact that the
methods here presented focuses on information expressed only as ratio. In
the following chapter we present a novel methodology, which is able to deal
with di↵erent kind of relative informations, e.g. ratios and di↵erences of the
utility.
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Chapter 8

Distributed Utility
Estimation with
Heterogeneous Relative
Information

In this chapter we consider a scenario where a set of agents, intercon-
nected by a network topology, aim at computing an estimate of their own
utility, importance or value, based on pairwise relative information, hav-
ing heterogeneous nature. In greater detail, the agents are able to measure
the di↵erence between their value and the value of some their neighbors,
or have an estimate of the ratio between their value and the value the re-
maining neighbors. This setting may find application in problems involving
information provided by heterogeneous sensors (e.g., di↵erences and ratios),
as well as in scenarios where estimations provided by humans have to be
merged with sensor measurements. Specifically, we develop a distributed
algorithm that lets each agent asymptotically compute a utility value. To
this end, we first characterize the task at hand in terms of a least-squares
minimum problem, providing a necessary and su�cient condition for the
existence of a unique global minimum, and then we show that the proposed
algorithm asymptotically converges to a global minimum. Numerical anal-
yses corroborate the theoretical findings.

8.1 Introduction

In Chapter 7, we presented three di↵erent methods to solve the Sparse
Analytic Hierarchy Process. In particular, the agents aim at ranking their
utility knowing their relative, eventually perturbed, importance with respect
to their neighbors. In this chapter we enhance the previous scenario, dealing
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with information of heterogeneous nature.
In recent years, a large body of scientific literature has been aimed at

endowing networked agents with the ability to distributedly compute ab-
solute information based on relative measurements. A relevant example
in this sense is Sensor Network Localization, where networked sensors aim
at computing their location based on relative information such as bear-
ings [112, 113], distances [114], presence within the sensing range [115], or
combinations of distance and presence information [116, 117]. Other exam-
ples include Formation Control and Distributed Analytic Hierarchy Process.
Within Formation Control problems [98, 106, 118, 119], networked mobile
agents aim at occupying locations that satisfy prescribed relative positions
(e.g., in a least-squares sense as done in [98, 106] or exactly, under the as-
sumption that the network is rigid, as done in [118]). Conversely, within
distributed Analytic Hierarchy Process algorithms, the nodes in the net-
work aim at computing their own utility or importance value based on the
knowledge of perturbed utility ratios [89, 90, 92, 120].

To the best of our knowledge, current approaches in the literature op-
erate based on homogeneous information. However, there are situations
where one can improve the quality of the estimate by mixing heterogeneous
pieces of information. For instance, consider a scenario where humans and
machines cooperate; in this case, while sensors might be able to provide mea-
surements of the di↵erence between two quantities, while humans might be
able to provide ratio information, e.g., assessing how many times one light
or sound source is brighter or louder than another (see for instance [121]).
Another example is the fusion of the information provided by sensors of
heterogeneous nature, e.g., some able to measure distances [114], some able
to measure ratios, such as signal strength ratios [122] or hop-count ratios
[123]. To overcome some of the limitations of previous works, in this paper
we consider a hybrid scenario where networked agents aim at computing
their own utility, position or importance, based on heterogeneous pairwise
relative information. Specifically, each agent knows: (i) an estimate of the
di↵erences between its utility and the utility of some of its neighbors; (ii)
an estimate of the utility ratio with respect to the remaining neighbors.
Based on such heterogeneous relative information, the agents cooperate in
order to compute the absolute utility of each agent. To this end, we first
define a least-squares minimization problem, by characterizing its global
minima and providing a necessary and su�cient condition for the existence
of a unique global minimum. Then, we develop a synchronous continuous-
time distributed algorithm and we show that its dynamics converges to a
global minimum, discussing the conditions guaranteeing that such a problem
admits a unique or several global minima. We point out that the proposed
problem setting is a mixture of the formation control approach, where agents
are equipped with sensors able to measure relative positions, and the case
where just ratios are considered. However, due to the presence of informa-
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8.2 Problem Statement 187

tion of heterogeneous nature, there is no straightforward way to apply either
of the above methodologies, thus calling for a di↵erent approach. Indeed, we
point out that a simple replacement of the ratios by their logarithm, with
the aim to resort to an approach able to handle just distances, would not be
an e↵ective choice. In fact, there would be the need to introduce additional
variables and constraints (i.e., constraints in the form zi = log(xi)), which
would need to be carefully handled. However, this represents an interesting
direction that we leave for future research.

8.2 Problem Statement

In the following section we shall make use of basic notions and defini-
tions concerning graph theory. For a detailed description see the Appendix
section of Part II.
Let us consider a bidirectional strongly connected graph G = {V,E} with
n nodes, where each node vi 2 V represents an agent and each link (vi, vj)
captures the existence of a communication channel from agent vi to agent vj .
Each agent vi 2 V has the task to compute a value fi > 0 (e.g., its utility,
position or importance), based on relative information with respect to its
neighboring agents; we assume that such an information has an heteroge-
neous nature, as discussed next. In the following, we refer to the i-th value
fi simply as utility. In more detail, for each agent vi the in-neighborhood
N in

i
over G is partitioned into two mutually exclusive1 sets Din

i
and Rin

i
,

i.e., Din

i

T
Rin

i
= ; and N in

i
= Din

i

S
Rin

i
. The set Din

i
contains the in-

neighbors of i for which relative information on the di↵erence of the values
is available; in other words, for all vj 2 Din

i
the agent vi knows the value

dij for the di↵erence fi � fj . The set Rin

i
contains the in-neighbors of

i for which relative ratios are available; in other words, for all vj 2 Rin

i

the agent vi knows the value rij > 0 for the ratio fi/fj . Note that, for
simplicity, we assume that vj 2 Din

i
whenever vi 2 Din

j
and vj 2 Rin

i

whenever vi 2 Rin

j
. Moreover, for each available di↵erence dij it holds

dji = �dij , while for each available ratio rij it holds rji = 1/rij . Note that
we can express E as E = Ed

S
Er, where Ed = {(vi, vj) 2 E |vi 2 Din

j
} and

Er = {(vi, vj) 2 E |vi 2 Rin

j
}; clearly, it holds Ed

T
Er = ;.

In this paper we provide a distributed algorithm to let each agent asymp-
totically estimate its utility. To this end, we first formulate a least-squares
optimization problem; then, we prove that our distributed algorithm asymp-
totically converges to a global optimal solution of the least-squares optimiza-
tion problem.

1Note that the proposed approach can be easily extended to the case where the graph
is a multigraph with at most two links connecting any pair of nodes, i.e., a node vj may
belong to both sets. In this way it would be possible to handle situations where both
di↵erence and ratio information is provided for the same link.
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8.3 Optimization Problem

In this section we consider the problem of finding an x⇤ 2 Rn that
satisfies all the distance and ratio constraints in an optimal least-squares
sense. To this end, we consider a function g : Rn ! R defined as

g(x) =
1

2

X

(vi,vj)2Ed

(xi � xj � dij)
2

+
1

2

X

(vi,vj)2Er

✓
rji

1 + rji
xi �

rij
1 + rij

xj

◆2

.

(8.1)

In order to solve the problem at hand in this paper, we look for a global mini-
mum x⇤ of g(·), i.e., we aim at finding x⇤ that satisfies g(x⇤) = minx2Rn {g(x)}.
It is immediate to recognize that g(x) � 0 for all x 2 Rn and that g(x) = 0
if and only if for all (vi, vj) 2 Ed it holds xi�xj = dij and for all (vi, vj) 2 Er

it holds xi/xj = rij ; hence, in order to solve the problem at hand in this
paper, we seek a global minimum x⇤ for g(·).

Let us now characterize the structure of the optimal solutions of the
above problem. By straightforward computations, and since by assumption
j 2 Din

i
whenever i 2 Din

j
and j 2 Rin

i
whenever i 2 Rin

j
, it follows that the

first order partial derivative of g(·) with respect to xi is given by

@g(x)

@xi
=

X

j2Din
i

(xi � xj)�
X

j2Din
i

dij

+
X

j2Rin
i

rji
1 + rji

✓
rji

1 + rji
xi �

rij
1 + rij

xj

◆
.

(8.2)

Again, by simple computations, it can be shown that the n ⇥ n Hessian
matrix H(·) associated to g(·) is such that

Hij(x) =
@2g(x)

@xi@xj
=

8
>>>><

>>>>:

|Din

i
|+

P
j2Rin

i

r
2
ji

(1+rji)2
, if i = j

�1 if vj 2 Din

i

� 1
(1+rij)(1+rji)

if vj 2 Rin

i

0, otherwise.

(8.3)

Let us now collect some observations about g(·) and H(·).

Remark 52. We point out that, since H is positive semidefinite, the func-
tion g(·) is convex 2 (see, for instance [124], Chapter 2). Finally, we notice
that for i 6= j it holds Hij 6= 0 if and only if (vj , vi) 2 E; hence, H 2 AG.

2The positive semidefiniteness of H implies convexity but not strict convexity, i.e., g(·)
might have multiple global minima.
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Remark 53. Since g(·) is convex, any of its global minima x⇤ satisfies

@g(x)

@xi

���
x=x⇤

= 0, 8i 2 {1, . . . , n}.

Stacking Eq. (8.2) for all i 2 {1, . . . , n}, setting �i =
P

j2Din
i
dij , � =

[�1, . . . , �n]T and evaluating at x = x⇤, we conclude that the global min-
ima x⇤ of g(·) satisfy Hx⇤ = �. Therefore, we observe that g(·) has a unique
global minimum x⇤ = H�1� if and only if rank(H) = n. Otherwise, it holds
rank(H) = m < n and the set of global minima of g(·) is a subspace of Rn

with dimension equal to n�m.

8.4 Existence of a Unique Global Minimum

In this section, we provide a necessary and su�cient condition that guar-
antees the existence of the unique global optimal solution to the minimiza-
tion problem. To this end, let us now provide a necessary and su�cient
condition for a vector x 2 Rn to belong to the kernel of the Hessian matrix
H of g(·).

Proposition 54. Let G = {V,Ed
S

Er} be a connected bidirectional graph

with n nodes, where Ed
and Er

reflect, respectively, the di↵erence and ratio

information available; moreover, let g(·) be defined as in Eq (8.1). A vector

x 2 Rn
satisfies Hx = 0n, where H is the Hessian matrix associated to g(·),

if and only if it holds

X

(vi,vj)2Ed

(xi � xj)
2 +

X

(vi,vj)2Er

(xi � rijxj)
2

(1 + rij)2
= 0. (8.4)

Proof. Proposition 54 To establish the result we notice that, being H sym-
metric, it holds Hx = 0n if and only if xTHx = 0. Moreover, we have
that H = H 0 +H 00, where H 0 and H 00 are symmetric matrices having en-
tries given by

H 0
ij =

8
><

>:

|Din

i
|, if i = j

�1 if vj 2 Din

i

0, otherwise.

(8.5)

and

H 00
ij =

8
>><

>>:

P
j2Rin

i

r
2
ji

(1+rji)2
, if i = j

� 1
(1+rij)(1+rji)

if vj 2 Rin

i

0, otherwise.

(8.6)
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In other words, we have that Hx = 0n if and only if it holds

xTHx = xTH 0x+ xTH 00x = 0. (8.7)

We observe that

xTH 0x =
nX

i=1

xi
X

j2Din
i

(xi � xj) =
X

(vi,vj)2Ed

(xi � xj)
2, (8.8)

and that

xTH 00x =
nX

i=1

xi
X

j2Rin
i

 
r2
ji

(1 + rji)2
xi �

1

(1 + rij)(1 + rji)
xj

!
.

At this point, we notice that, by some algebra, it holds

xTH 00x =
X

(vi,vj)2Er

(xi � rijxj)
2

(1 + rij)2
. (8.9)

The proof follows.

We now show that rank(H) � n� 1.

Lemma 55. Let G = {V,Ed
S

Er} be a connected bidirectional graph with

n nodes, where Ed
and Er

reflect, respectively, the di↵erence and ratio infor-

mation available; moreover, let g(·) be defined as in Eq (8.1). The Hessian

matrix H associated to g(·) is such that rank(H) � n� 1.

Proof. Lemma 55 Let x 2 Rn \ {0n} be such that Hx = 0n. By Propo-
sition 54, x satisfies Eq. (8.4). Therefore, it must hold xi � xj = 0, for all
(vi, vj) 2 Ed and xi � rijxj = 0, for all (vi, vj) 2 Er. The above conditions
can be rearranged as xi/xj = 1, for all (vi, vj) 2 Ed and xi/xj = rij , for
all (vi, vj) 2 Er. In other words, for each link (vi, vj) 2 E, the ratio of
the entries xi and xj of the vector x must be equal to a given wij , where
wij = rij for links corresponding to ratio information and wij = 1 for links
corresponding to di↵erence information. Let W 2 AG be the n ⇥ n matrix
collecting such ratios, i.e., Wij = wij if (vj , vi) 2 Ed

S
Er and Wij = 0, oth-

erwise. In [92], the authors demonstrate that, when a matrix W collecting
sparse ratio information has the same structure as a connected bidirectional
graph, a necessary and su�cient condition for the existence of a vector x
such that Wij = xi/xj for all Wij 6= 0 is that the product of the entries Wij

along any cycle of the graph is equal to one; otherwise, no solution exists.
When such a condition is satisfied, we observe that the ratios xi/xj are de-
fined up to a scaling factor. Hence, the kernel of H has dimension one and
rank(H) = n� 1. In the latter case, no solution exists (other than the triv-
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ial one) and therefore the kernel of H coincides with {0n} and rank(H) = n.
The proof is complete.

As a consequence of Lemma 55, we can state a necessary and su�cient
condition for rank(H) to be equal to n.

Proposition 56. Let H be the Hessian matrix associated to g(·) and let

us assign a weight wij = 1 to all (vi, vj) 2 Ed
and a weight wij = rij

to all (vi, vj) 2 Er
. It holds rank(H) = n if and only if there is a cycle

c = {(v1, v2), . . . , (vm, v1)} over G = {V,Ed
S

Er} such that
Q

(vi,vj)2cwij 6= 1.

Proof. Proposition 56 By Lemma 55, it holds rank(H) = n� 1 if and only
if all cycles over G satisfy

Q
(vi,vj)2cwij = 1, otherwise rank(H) = n. The

proof follows.

8.5 Proposed Algorithm

If all the information can be collected and processed in a centralized
way then, as noted in Remark 52, a solution to the problem at hand in this
paper is to find x⇤ that satisfies Hx⇤ = �. In several situations it might be
impossible to solve the problem by means of a centralized supervisory entity;
in those cases, each agent aims at computing its own utility in a distributed
way. Specifically, based on the information regarding its neighbors, each
agent i aims at computing a value x⇤

i
such that, overall, the vector x⇤

satisfies all di↵erence and ratio constraints in a least-squares sense; in other
words, the agents aim at computing a vector x⇤ that is a global minimum
for g(·). Within the proposed algorithm, each agent i executes the following
continuous-time and synchronous update algorithm

ẋi(t) = ↵
X

j2Din
i

(xj � xi)

+ ↵
X

j2Rin
i

rij
1 + rij

✓
rij

1 + rij
xj �

rji
1 + rji

xi

◆
+ ↵�i,

(8.10)

where ↵ > 0 and �i =
P

j2Din
i
dij .

Let us now show that the proposed distributed algorithm asymptotically
converges to a global minimum3 x⇤ for g(·).

Theorem 57. Let us consider a connected bidirectional graph

G = {V,Ed
S

Er} with n nodes, where Ed
and Er

reflect, respectively, the

di↵erence and ratio information available to the agents. Let the agents

execute the synchronous update rule in Eq. (8.10), with initial condition

3As discussed in the previous section, the solution is unique if and only if the condition
in Proposition 56 is satisfied.
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xi(0) > 0 and ↵ > 0. It holds limt!1 xi(t) = x⇤
i
, where x⇤ = [x⇤1, . . . , x

⇤
n]

T

is a global minimum for g(·).

Proof. Theorem 57 Stacking Eq. (8.10) for all the agents and setting x(t) =
[x1(t), . . . , xn(t)]T and � = [�1, . . . , �n]T , we get

ẋ(t) = �↵Hx(t) + ↵�. (8.11)

As noted in Remark 52, we have that H is positive semidefinite and by
Lemma 55 it holds rank(�↵H) � n�1. Hence, matrix �↵H is stable in the
continuous-time sense and the system ẋ(t) = �↵Hx(t) converges to an equi-
librium point. We point out that the presence of the constant input ↵� does
not a↵ect stability; hence, also the dynamics in Eq. (8.11) converges to an
equilibrium point xeq, which satisfies 0n = �↵Hxeq + ↵�, that is, Hxeq = �.
Therefore, using the same reasoning as in Remark 53, we conclude that the
equilibrium reached corresponds to a global minimum of g(·). The proof is
complete.

Remark 58. The parameter ↵ can be used to arbitrarily increase the speed
of convergence of the proposed algorithm, e.g., by letting each agent choose
the same ↵ � 1. However, to select a specific (e.g., instance-dependent)
value of ↵, some form of distributed coordination or agreement (e.g., dis-
tributed consensus [106]) is required before the execution of the proposed
algorithm.

We now characterize the structure of the particular global minimum of
g(·) computed by the proposed algorithm.

Theorem 59. Let us consider a connected bidirectional graph

G = {V,Ed
S

Er} with n nodes, where Ed
and Er

reflect, respectively, the

di↵erence and ratio information available to the agents. Let the agents

execute the synchronous update rule in Eq. (8.10), with initial condition

xi(0) > 0 and ↵ > 0. Without loss of generality, let �i be the i-th smallest

eigenvalue of the Hessian matrix H of g(·) and let zi be the corresponding

eigenvector such that the set {z1, . . . , zn} represents an orthonormal basis

for H. The state of the agents asymptotically converges to

xeq =

8
><

>:

�
zT

1 x(0)
�
z1 +

P
n

i=2
1
�i

�
zT

i
�
�
zi, if �1 = 0,

P
n

i=1
1
�i

�
zT

i
�
�
zi, otherwise.

(8.12)

Proof. Theorem 59

As noted in Remark 52 and Lemma 55, the Hessian matrix H is symmetric
and it has at most one eigenvalue equal to zero, while all other eigenvalues
are positive. Hence, we diagonalize H by writing H = Z⇤Z�1, where ⇤ is a
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diagonal n⇥n matrix with ⇤ii = �i and Z = [z1, . . . , zn]; since {z1, . . . , zn}
represents an orthonormal basis, we have that it holds Z�1 = ZT . The state
of the agents at time t is given by x(t) = e�↵Htx(0) +

´
t

0 e
�↵H(t�⌧)↵�d⌧ and

can be rearranged as

x(t) = Ze�↵⇤tZ�1x(0) + ↵Ze�↵⇤tZ�1
ˆ

t

0
Ze↵⇤⌧Z�1�d⌧

Let us define ⌘ = Z�1�, so that it holds ⌘i = zT

i
� for all i 2 {1, . . . , n}.

Notice thatHxeq = �; hence, when �1 = 0 it holds ⌘1 = zT

1 � = zT

1 Hxeq = 0.
Since e↵⇤⌧ is diagonal and Z�1 = ZT , it holds

x(t) = Ze�↵⇤tZ�1x(0) + ↵Ze�↵⇤tZ�1
ˆ

t

0

nX

i=1

zie
↵�i⌧⌘id⌧

= Ze�↵⇤tZ�1x(0) + ↵
nX

i=1

Ze�↵⇤tZ�1zi⌘i

ˆ
t

0
e↵�i⌧d⌧.

Let ei be the i-th vector in the canonical base in Rn; since Z�1 = ZT , we
have that

Ze�↵⇤tZ�1zi = Ze�↵⇤tei = Ze�↵�itei = e�↵�itZei = e�↵�itzi;

hence, it holds

x(t) = Ze�↵⇤tZ�1x(0) + ↵
nX

i=1

⌘ie
�↵�itzi

ˆ
t

0
e↵�i⌧d⌧.

At this point we notice that, when �1 = 0, it holds ⌘1 = 0; hence,

x(t) =
nX

i=1

e�↵�it
�
zT

i x(0)
�
zi +

nX

i=2

�
zT

i �
� 1� e�↵�it

�i
zi

and therefore limt!1 x(t) = xeq, where xeq corresponds to the first case in
Eq. (8.12). Conversely, when �1 > 0, we have that

x(t) =
nX

i=1

e�↵�it
�
zT

i x(0)
�
zi +

nX

i=1

�
zT

i �
� 1� e�↵�it

�i
zi

and therefore limt!1 x(t) = xeq, where this time xeq corresponds to the
second case in Eq. (8.12). This completes our proof.

Remark 60. Notice that, when �1 = 0 the set of global minima of g(·)
correspond to a subspace of Rn of dimension equal to one. Conversely,
when �1 > 0 the problem admits a unique global minimum. In particular,
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as shown in Eq. (8.12), in the first case the solutions coincide with an a�ne
space of the eigenspace spanned by z1 (the particular value computed by
the agents depends on the initial condition x(0) and on the complete sets
of eigenvalues and eigenvectors of H), while in the latter case the solution
is unique, and it depends on all the eigenvalues and eigenvectors of H but
is independent on the initial condition.

Remark 61. Note that, although Eq. (8.12) provides a closed-form solution
for the global minima of g(·), its structure depends on the entire set of
eigenvalues and eigenvectors of H; a distributed algorithm to compute such
information has a remarkably higher computational burden for the agents
(e.g., see [125]) with respect to the proposed algorithm, thus justifying the
adoption of our approach in a distributed computing scenario.

8.6 Simulation Results

In this section we provide numerical evidence to corroborate the theo-
retical findings. Let us take into account two small scale instances such that
g(x⇤) = 0, i.e., such that the available information is perfectly consistent.
Specifically, we consider two graphs with |V | = 5 nodes and |E| = 12 edges
(i.e., six pairs of bidirectional edges); the graphs and the available di↵er-
ences/ratios are reported, respectively, in Figure 8.1(a) and Figure 8.1(c).
Let us now discuss the first example. Note that the information associ-
ated to the example in Figure 8.1(a) satisfies the necessary and su�cient
condition in Proposition 56, hence it can be shown that g(·) has a unique
global minimum at x⇤ =

P
n

i=1
1
�i

�
zT

i
�
�
zi = [1, 2, 2, 8, 1]T , thus numerically

corroborating Eq. (8.12). Figure 8.1(b) shows the evolution of the proposed
distributed algorithm when ↵ = 1; it can be noted that the state xi(t) of
each agent vi e↵ectively converges to x⇤

i
.

Let us now discuss the example in Figure 8.1(c); Figure 8.1(d) shows that,
for x(0) = [0.5768, 0.0259, 0.4465, 0.6463, 0.5212]T , the state of the agents
converges to an xeq corresponding to the first case in Eq. (8.12), numerically
validating Eq. (8.12). It can be easily shown that for any ✏ 2 R the vector
x⇤(✏) = [1 + ✏, 2 + ✏, 8 + ✏, 4 + ✏/2, 1 + ✏/8]T is a global minimum, since it
holds g(x⇤(✏)) = 0 ; note that, as demonstrated in Theorem 59, the partic-
ular value of ✏ associated to the asymptotic solution found depends on the
initial condition x(0).
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Figure 8.1: Examples with |V | = 5 nodes and |E| = 12 edges (i.e., six pairs of
bidirectional edges). In panel 8.1(a) the condition in Proposition 56 is satis-
fied and there is a unique global minimum for g(·). In panel 8.1(c) the condi-
tion in Proposition 56 is violated and there are several global minima for g(·)
(we show them as a function of the parameter ✏). Panels 8.1(b) and 8.1(d)
show the evolution of the proposed algorithm for ↵ = 1, considering the
instance in panels 8.1(a) and 8.1(c), respectively.

In order to assess the e↵ect of perturbations on the available information,
and to compare with standard formation control and AHP approaches, in
Figure 8.2 we consider a graph where |V | = 100 nodes are sampled uniformly
at random in the unit square [0, 1]2 and a pair of nodes vi, vj is connected
by an edge provided that their Euclidean distance is smaller than ⇢ = 0.2;
the resulting graph, reported in Figure 8.2(a), has |E| = 1038 links, i.e.
519 distinct pairs. Moreover, we consider a scenario where the utility of
the i-th agent is x⇤

i
= 2i

n(n+1) (so that, overall, it holds 1Tnx
⇤ = 1) and we
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partition the links of E into the sets Ed (black solid lines in Figure 8.2(a))
and Er (blue dotted lines in Figure 8.2(a)), which correspond to di↵erence
and ratio information, respectively. Specifically, in order to guarantee that
the problem can be solved based on just di↵erences or ratios, we first cal-
culate two edge-disjoint spanning trees over G and we assign their links to
Ed and Er, respectively; then, we randomly partition the remaining links
in E, assigning them to the sets Ed and Er with equal probability; as a
result we obtain |Ed| = 554 (277 distinct pairs) and |Er| = 484 (242 distinct
pairs). In order to evaluate the e↵ectiveness of the proposed methodology,
we consider multiplicative errors a↵ecting the available ratios and additive
perturbations a↵ecting the available di↵erences. In more detail, we consider
ratios a↵ected by log-normal random perturbations, as typically done in the
AHP literature [100], i.e., we set rij = exp(N (0,�))x⇤

i
/x⇤

j
, whereN (0,�) is a

normal random number with zero average and standard deviation �. Then,
we select random additive perturbations for the di↵erence information which
are comparable to the magnitude of the multiplicative ones. To this end,
we observe that if x⇤

i
/x⇤

j
= rije�, then x⇤

i
� x⇤

j
= (rije� � 1)x⇤

j
= x⇤

i
e� � x⇤

j
;

therefore, if we seek for a perturbation � such that x⇤
i
� x⇤

j
= dij + � we

have that � = x⇤
i
e� � x⇤

j
� dij = x⇤

i
(e� � 1). For the above reason, we set

dij = x⇤
i
� x⇤

j
+N (0, x⇤

i
(e� � 1)). In Figure 8.2(b) we compare the results

achieved by considering only di↵erence information via formation control
(blue dashed line), only ratios via the AHP approach in [100] (green dotted
line) and the performance of the proposed algorithm when we consider both
di↵erences and ratios (red solid lines); for all curves we show the results
in terms of average and standard deviation over M = 100 runs with the
same choice of �. Specifically, we plot against � the Kendall’s Tau Distance

[126] ⌧ between the nominal and perturbed ranking of the agents; such a
distance is such that ⌧ 2 [0, 1], where ⌧ = 0 means that the ranking is the
same and ⌧ = 1 means that the rankings are in reverse order. As shown by
Figure 8.2(b), the proposed approach is remarkably more robust to the per-
turbations; for instance, ⌧  0.01 for �  0.1, while using only di↵erences
or ratios we get ⌧ ⇡ 0.07 and ⌧ ⇡ 0.04, respectively. The di↵erence in the
result of the three approaches widens as � grows, and for � = 0.3 we have
that the proposed approach yields ⌧ ⇡ 0.07, while the cases of using only
di↵erences and ratios yield ⌧ ⇡ 0.31 and ⌧ ⇡ 0.13, respectively.

8.7 Conclusions and Future Work

In this paper we develop a novel distributed decision making technique
that endows a network of agents with the capability to compute a quan-
tity that represents their own utility or importance, based on the knowledge
of pairwise relative information of heterogeneous nature, i.e., the di↵erences
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Figure 8.2: (a) graph considered in the simulation. (b) comparison of the
proposed approach (red line) with formation control (blue dashed line) and
AHP (green dotted line) for growing perturbations.

and ratios of the utilities of a node with respect to its neighbors. Specifically,
we frame the problem in terms of a least-squares minimization problem and
we characterize the structure of the global minima of such problem, provid-
ing a necessary and su�cient condition that guarantees the existence of a
unique solution. Moreover, we develop a distributed continuous-time algo-
rithm that lets the agents asymptotically find a global minimum. Future
work will follow four main directions: (i) extending the framework to di-
rected graphs; (ii) introducing constraints in the formulation; (iii) including
in the framework di↵erent typologies of nonlinear functions describing the
relative information available; (iv) extending the approach to wireless sen-
sor network localization, considering a scenario where some sensors are able
to measure distances while other sensors are able to estimate of the ratio
between their distance from pairs of neighbors.
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Appendix Part II

We recall some basic notions and definitions relating to the topics of
Chapters 7 and 8.

Kendall’s Correlation Index

Let a 2 Rn and let b 2 Rn be a permutation of the elements in a. Given
two pairs of values (ai, bi) and (aj , bj), we say they are concordant if both
ai > aj and bi > bj or if both ai < aj and bi < bj ; similarly the pairs are
discordant if ai > aj and bi < bj or if ai < aj and bi > bj . If ai = aj
or bi = bj the pairs are neither concordant nor discordant. The Kendall’s

correlation index [126] ⌧ is defined as ⌧ = |C|�|P|
n(n�1)/2 , where C and P are the

sets of concordant and discordant pairs (ai, bi) and (aj , bj), respectively. We
point out that ⌧ can be regarded as the degree of shu✏ing of b with respect
to a; in fact, for ⌧ equal to one the two vectors are identical, while for
⌧ = �1 b is in reverse order with respect to a and for ⌧ ⇡ 0 the two vectors
are independent.

Graph theory and Markov Chains Definitions

Let G = {V,E} be a graph with n nodes V = {v1, . . . , vn} and e edges
E ✓ V ⇥V , where (vi, vj) 2 E captures the existence of a link from node vi to
node vj . A graph is said to be undirected if (vi, vj) 2 E whenever (vj , vi) 2 E,
and is said to be directed otherwise. In the following we will consider only
undirected graphs. A graph is connected if for each pair of nodes vi, vj there
is a path over G that connects them. Let the neighborhood Ni of a node vi
be the set of nodes vj that are connected to vi via an edge (vj , vi) in E. The
degree di of a node vi is the number of its incoming edges4, i.e., di = |Ni|.
The adjacency matrix A of a graph G = {V,E} with n nodes is the n ⇥ n
matrix such that Aij = 1 if (vj , vi) 2 E and Aij = 0 otherwise; moreover,
the n ⇥ n degree matrix D is an n ⇥ n diagonal matrix such that Dii = di,
for all i 2 {1, . . . , n}. The n ⇥ n Laplacian matrix of G is L = D � A;

4Over undirected graphs, for each node vi the number of its incoming and outgoing
edges coincide.
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since, by construction, the rows of L sum to zero, it can be noted that L is
singular. The diameter � of a graph G is the length of the longest among
the minimum paths between any pair of nodes. We say an n ⇥ n matrix
W has the same structure as a graph G = {V,E} with n nodes if Aij = 0
implies Wij = 0. It can be shown that, in the case of undirected graphs, the
fact W is irreducible corresponds to the fact that W has the same structure
as a connected graph G.

Markov Chains

Let a graph G = {V,E} with n nodes; a (time-homogeneous) Markov
chain [127, 128] is a dynamic system in the form p(k+1) = HTp(k), where
p(0) 2 Rn is a probability distribution, i.e., it has just nonnegative entries
and satisfies 1Tnp(0) = 1, and the transition probability matrix H is such
that Hij 2 [0, 1] for all i, j 2 {1, . . . , n} and H1n = 1n. The notation 1n
denotes a vector with n components, each equal to 1 A Markov chain is
said to be irreducible if H is irreducible, i.e., if H has the same structure
as a connected graph G. For each state variable i, the associated period

is h = gcd{n 2 N+ | (Hn)ii > 0}, where gcd is the greatest common divisor.
From the definition, it follows that a su�cient condition for the period of
the i-th variable to be h = 1 is that Hii > 0. A Markov chain is said to be
aperiodic if all the state variables have period equal to one.

Remark 62. Note that, if the Markov chain is irreducible, then all the states
have the same period (see, for instance [127, 128] and references therein).
Therefore, a su�cient aperiodicity condition is that matrix H has at least
one nonzero diagonal entry.

Remark 63. If a Markov chain is irreducible but not aperiodic, and H
has a vector f as its left dominant eigenvector, i.e., HTf = f , it can be
easily noted that for any ↵ 2 (0, 1) the matrix H⇤ = ↵H + (1� ↵)I is ape-
riodic and it holds (H⇤)Tf = ↵HTf + (1� ↵)f = ↵f + (1� ↵)f = f , i.e.,
H⇤ has the same left dominant eigenvector as the original matrix H.

A Markov chain is said to have a limiting distribution p1 if, for all prob-
ability distributions p(0) it holds limk!1(HT )kp(0) = p1. Note that, in
general, a Markov chain might not have a limiting distribution; a neces-
sary and su�cient condition for its existence is that the Markov chain is
irreducible and aperiodic.

The following remark shows that, in the general case when the initial
condition is not a probability distribution vector, any Markov chain is sum-

preserving.

Remark 64. Let us consider a Markov chain with transition probability
matrix H, a vector p(0) 2 Rn with non-negative entries and such that
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1Tnp(0) 62 {0, 1}, and a vector p0(0) = p(0)/1Tnp(0). Moreover, let p(k) and
p0(k) be the state of the Markov chain when the initial condition is p(0) and
p0(0), respectively. At each time step k it holds

p(k) = (MT )kp(0) =
�
1Tp(0)

�
(MT )kp0(0) =

�
1Tp(0)

�
p0(k),

and since p0(k) is a distribution for all times k, it follows that 1Tp(k) =
1Tp(0), 8k = 0, 1, . . ..

A consequence of the above remark is that, if a Markov chain has a limit-
ing distribution p1, then in the general case where p(0) is not a distribution
vector the state asymptotically converges to a vector bp1 = (1Tp(0))p1, i.e.,
to a vector in the span of the limiting distribution p1 with 1T bp1 = 1Tp(0).
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