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Introduction

Partial differential equations (PDEs) are mathematical equations that involve an unknown function
1 depending on different independent variables, for instance the time variable ¢ € R and the spacial
variable x € R, and also its partial derivatives (Op), 0,%, Oz, ...). Nevertheless the first trace of
partial differential process dates back to 17th century ([9]), the real study of PDEs dates from the
18th century with the works of Euler, d’Alambert, Lagrange and Laplace with applications on the
mechanics of continua. Through the 19th and the 20th century, thanks to the advance of the functional
analysis and the theory of the self-adjoint linear operators due to Fourier, Poincaré, Hilbert, Banach and
Sobolev, the analysis of PDEs played an important role also within mathematics itself. In particular,
this mathematical setting allows to reformulate many propagation phenomena in physics, chemistry,
biology in the common abstract language of theoretic operators. In [8] one can find an excursus on the
development of the PDEs through 18th and 20th century (models connecting with PDEs, methods and
technique developed to solve problems in PDEs field).

In this work we are interested into the analysis of a particular class of PDEs, the dispersive PDEs.
These equations were introduced to model waves propagation affected by dispersive phenomena, i.e. the
solution (wave phenomenon) spreads out spatially over time when no boundary conditions are imposed
([61], [66]). Let ¢ be a complex valued function. A linear dispersive PDE in one dimension (for the sake
of simplicity) has the following structure

O(t,x) = iP(—i0,)Y(t,x), (t,z) e R xR

where P(—i0,) is a linear differential operator with symbol —P(£). The dispersive character of the
equation is captured in the relation 7 = P(§), where 7 is the time Fourier variable. If such a relation is
nonlinear the equation is said dispersive.

The linear Schrédinger (LS) equation

Zat/(/) - 7'[0¢ =0, ’(/}(O) = 1/}07 (t7x) eRx Rn7

is the classical model to explain and to study the dispersive equations. Here Hy = —A denotes the
Laplace operator on R™. This equation is the quantum mechanics model to describe the evolution of a
free particle in a non relativistic regime when the system is initially prepared in the state 1. The study
of the linear evolution is strictly connected with the analysis of the free Schrodinger operator Hy and the
free Schrodinger propagator e~#*o. Tt is well known that Hy admits a self-adjoint realization in L?(R)
and hence the Stone’s theorem guarantees that the unique solution is given by e~#*04),. Moreover, since
we are on the whole space, the natural tool to study the propagator is the Fourier analysis. From the
kernel expression of the propagator e~ %o
1 _lz—yl?

_— 44t
(dmit)n2©

we deduce the dispersive estimate
—1 1 n n
e tH°¢0||Loo(Rn) < CT,I/Q 1Yol 22 (mn), %o € L'(R™) N L*(R™).

Interpolating this decay with the L2-conservation law we get the LP — L?" dispersive estimates

— 1
e b0l oo ey = gz 100 llr

The Strichartz estimates follow from dispersive estimates via TT* argument (non endpoint case)

||€7itHO77Z)O||LG(R;LT(RW,)) < C”?//OHL?(R"), 2<r<oo,
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where the pair (g, r) is admissible with respect to the scaling of the equation. The Strichartz estimates are
a fundamental tool to solve the nonlinear equation (one can see Section 2 in [I3] for a complete treatment
of LS equation and we quote [16] for a recent survey on Strichartz estimates for the Schrodinger equation).

Recently many authors studied potential type perturbation of the free Hamiltonian (one can see [56],
[43], [42], [44], [r4), [75], [76), [r1], [72], [77], [18], [I7]). These kind of equations occur to model the
evolution of the quantum particle in presence of a potential V. Mathematically, this means that in the
model equation, the free Hamiltonian H, is replaced by a perturbed one, H = Hy + V, and hence the
equation becomes

100 — Hap = 0, $(0,z) = v,

where V' is a real valued function. In the following we will call the equation above the perturbed LS
(LSP) equation. An important point is to understand whether or not the decay and Strichartz estimates
can be extended to the LSP problem. We can reasonably expect that certain conditions on spectral
scenario and decay of the potential have to be considered. Here we shall recall some standard relevant
assumptions. A significant decay restriction required is V' € L}Y(R”) (short range perturbation) where

) = {71 [WIFRP @l <oof, v 21

This decay guarantees that the operator H admits a self-adjoint realization in L?(R), moreover the
absolutely continuous spectrum of H is [0,00) and its point spectrum consists of a finite number of
negative eigenvalues. We immediately note that, if possibly bound states are presents, it is necessary to
remove them considering the ortogonal projection onto the continuous subspace of H, P,.(H). Indeed,
the bound states generate stationary solutions that cannot verify any decay estimates. Finally, from the
spectral view point, we shall also require that the perturbed Hamiltonian H has no resonances, since a
resonance state can be interpreted as an approximation in a suitable norm of a bound state.

The problem to generalize the dispersive estimates for potentials contained in the above specified class
was extensively studied in any dimension [44], [74], [75] (n > 3), [76] (n = 2), [, [71], [72] (n = 1) (one
can see [62] for a survey on the main techniques used under suitable regularity and decay assumptions
on the potential in different dimensions).

In this thesis we are interested in the one dimensional case: Ho = —02 and H = —92 + V(x), where
x € R. First of all we observe that in a perturbative regime the Fourier analysis is naturally replaced
by the spectral theory. As we can see in [(2], [71], [1], [I8], the main goal is the analysis of the kernel of
the perturbed resolvent (72 —#H)~! in terms of the spectral measure. Indeed, in one dimension, we have
the following explicit formula for the resolvent

2 T(r)

(% — H)_l(x,y) =57 m,(av,7')m+(y77')6_”(””_'”)7 z <y,

in terms of the modified Just functions my(x,7) and of the transmission coefficient T'(7). Here the
modified Jost functions are defined as

my(z,7) = e:Fi“fi(x,T),
d? ,
) sfe+ Ve = 2 fy, fe(z,7) =~ eF" as x — Foo0,
x

T(7)f4(z,7) describes the incoming plane wave sent from —oo and T'(7) f—(z, 7) describes the incoming
plane wave sent from +oo (one can see [I8] or Chapter 2 of this thesis for the rigorous definition of T'(7)).
In [I] the problem of establishing decay estimates for the perturbed problem is reduced to the problem
to prove the LP-continuity of the wave operators W,. Here the wave operators are defined by the strong
limits

W:t —g— tilrinoo Pac(zH)ezt’Heftho

and they intertwine H( and the absolutely continuous part of H, P,.(H)H, via the following relation
Wi f(Ho)WE = f(H)Puc(H), f € L. (R").
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In [1] it is proved that if the potential V' € Li(R) and T'(0) = 0 (zero is not a resonance) the wave
operators W are bounded in LP for 1 < p < co. The proof is based on the resolvent estimates obtained
by standard properties of the modified Jost functions and of the transmission coefficient ([19]) combined
with the explicit representation of the perturbed resolvent kernel. This result is improved first in [72]
(V e LL(R), v > 3/2) and then in [I8] (V € L{(R)). The more relaxed hypotheses on the decay of
the potential follows improving the results in [I9] and using Fourier analysis arguments. We note that
the LP-continuity of the wave operators and the intertwining property immediately imply the decay
estimates for LSP. Similar estimates are also proved in Sobolev spaces W*P(R) [71] using additional
decay assumptions on the weak k—derivatives of the potential.

Most of this analysis is motivated by the interest in understanding the asymptotic behaviour for
the nonlinear equation. In this respect we introduce the nonlinear problem. The nonlinear Schrédinger
equation (NLS)

1000 — How = [P, (0) = o,

with p > 1, is one of the universal model used to describe the evolution of a wave packet in a weakly
nonlinear dispersive media. Here we focus our analysis on the cubic NLS (p = 3) in one dimension.
The cubic nonlinearity comes from by a simplification process in the description of the N-particles
Schrédinger equation when the interaction potential behaves like a ¢ function ([66], [51]). This equation
occurs to model several phenomena in quantum optics. Special attention is also paid to the perturbed
NLS (NLSP)

104 — Hyp = £|9[*, 1(0) = o,

where the potential V' is a small perturbation in the sense above specified. Actually we can work
with more general nonlinearities but here, for the sake of simplicity, we consider just the pure power
nonlinearity.

For cubic NLS in one dimension in absence of potential, V' = 0, global well posedness results in H*(R)
for small data solutions have been established for any s > 0. The case s > 1/2 follows from fixed point
argument combined with the Sobolev embedding H*(R) < L*°(R), while for s < 1/2 it is crucial to use
the Strichartz estimates in the auxiliary Sobolev (Hy(R)) and Besov (B;(R)) spaces. Similarly, if the
potential V satisfies certain decay and spectral assumptions, the generalization of Strichartz estimates
for the perturbed propagator allows to get the analogous well posedness results for NLSP (one can see
Chapter 4 in [13]).

Once the solution exists globally in time, it is natural to ask whether or not this solution has a linear
behaviour. So, the first problem to address to have answers in this direction is to understand if the
solution ¢ of NLS (or NLSP) satisfies the decay estimate

1
¥ ()] Loo () < CW”%HHS(R)a

for small initial data. The problem of establishing the decay estimate and scattering (existence of
solutions that for large time behave like the solution of LS) for NLS has a large amount of literature [54],
[64], [B], [55], [38]. What it is proved is that for powers 3 < p < 5 the dispersive effect dominates the
equation and the solutions behave like the free ones. By contrast, in the case 1 < p < 3 the nonlinearity
modifies the asymptotics of the solutions. Indeed, in this last case the zero solution represents the unique
solution asymptotically free. Despite this result, in the cubic case, the dispersive estimate holds and it
is possible to construct a modified scattering profile that takes into account the long range interaction
and describes the asymptotics of the solutions. For this reason the cubic power is called critical for the
scattering. In particular, the decay estimate is proved for cubic NLS for small initial data in L?(R) and
HY(R) ([55]) and in weighted Sobolev spaces H**(R) = H*(R) N L?(R, (z)* dx) for s > 1/2 ([38]). Their
approach is based on the use of the generators of the pseudoconformal transform.

Analogous problems for the NLSP equation have also been recently studied [10], [1I], [17], [12], [28].
In particular, in [10] and [11] local and global well posedness for NLSP equation are discussed for smooth
and possibly unbounded potential in various weighted Sobolev spaces. The problem to generalize de-
cay estimates and scattering results for one dimensional NLSP is addressed in [I7]. The authors adapt
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the approach used in [54] to get analogous results for the perturbed equation. A scattering subcritical
nonlinearity is considered, i.e. 3 < p < 5. It is shown that for potential V sufficiently smooth, such
that o(H) = [0,+00) and for H without zero resonance (T°(0) = 0), the NLSP problem is globally well
posed in H**(R) for s > 1/2 and for small data solutions. Moreover, it is proved that the solutions
have a free asymptotic profile. The main point in this work is to prove the equivalence between classi-
cal homogeneous Sobolev spaces H %(R) and the ones generated by the perturbed Hamiltonian, H{‘, (R),
when 0 < s < 1/2. To this end the analysis of the Paley-Littlewood operators ¢(v/#) and the condition
of no zero resonance in terms of the transmission coefficient will play a fundamental role. From the
equivalence of the Sobolev spaces H*(R) and H,(R) it is possible to deduce the fractional Leibniz rule
for the perturbed Hamiltonian. This tool will be essential to estimate the nonlinear terms.

The aim of this thesis is to present some results concerning with questions related on one side to
LSP, we want to study the continuity of wave operators in homogeneous Besov and Sobolev spaces, and,
on the other side, concerning with NLSP, we want to prove well posedness and decay estimates in the
critical case.

The thesis is divided into three main parts. The first part (Chapters discusses problem strictly
connected with the perturbed Hamiltonian and with the LSP: The sectorial properties and the spectral
scenario (modes and resonances) of the perturbed Hamiltonian are studied. Motivated by the works
[72], [1], [I8] we study the continuity of the wave operators in homogeneous Sobolev and Besov spaces.
The second part (Chapter examines one dimensional NLSP with cubic nonlinearity. Motivated by the
analysis in [I7] the main goal is to generalize the results obtained in [55] and [38] in presence of short
range potentials. The last part (Appendix is a collection of some fundamental tools and known
results used in the thesis. Moreover all the spaces introduced in the thesis are defined. In order to keep
the presentation of the material short and readable, the third part is not fully rigorous.

In the following we give a more detailed description of the contents in the various chapters.

The first chapter is devoted to the study of the sectorial properties of the perturbed Hamiltonian,
H =Ho+ V, when the potential V' & L% (R), v > 1 and the Hamiltonian H has neither point spectrum,
nor zero resonance (one can see Deﬁnitionfor the free case, Deﬁnition for the perturbed
one and Proposition for a characterization). It is shown that these assumptions guarantee that
the perturbed Hamiltonian #H is a sectorial operator in LP spaces with 1 < p < co (Theorem .
In particular this property allows to define the fractional powers of the perturbed Hamiltonian, H~¢,
a € (0,1) by means of the Balakrishnan representation . The chapter is organized as follows: In
Section [I.1] we briefly recall some classical arguments on functional calculus, zero resonance and sectorial
properties for the Laplace operator Hy. In Section we collect some known results to understand
the spectral scenario of the Hamiltonian H in presence of short range perturbations. In Section [I.3] we
introduce the notion of no zero resonance for the perturbed Hamiltonian in terms of poles of the resolvent
or equivalently in terms of L® solutions of the equation Hu = 0 (see Proposition . Finally, in the
last section we establish LP estimates for the resolvent of the perturbed Hamiltonian. The main result
of the chapter is summarized in the statement of the Theorem

Chapter 2 considers the case of perturbed Hamiltonian #H on the real line, where the potential V'
verifies the decay hypothesis V € L}Y(R) and neither modes nor resonances are allowed for H. The
main goal is to study how the classical homogeneous Besov spaces B; (R), s € (0,1), 1 < p < o0, are
transformed under the action of the wave operators. In particular we show that, under the necessary
restriction s < n/p (in our case we consider n = 1), the homogeneous spaces generated from the perturbed
Hamiltonian are equivalent to the classical ones if V € L}Y (R) with 4 > 14 1/p. The plan of the chapter
is the following: In Section we first recall some notions and estimates concerning with the Jost
functions, the transmission coefficient and the reflection coefficients ([72], [19]). Then we prove some
improved estimates for the functions just mentioned (one can see Lemma [2.1.3]and Lemmal[2.1.9). These
estimates will turn to be crucial in order to establish the equivalence of the norms. To this argument
is devoted the Section At first we provide a counterexample to show that the requirement s < n/p
is necessary to guarantee the equivalence of the norms. Then, the functional calculus for the perturbed
Hamiltonian combined with the improved estimates got for the Jost functions, the transmission and
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the reflection coefficients allow us to get appropriate kernel estimates of the operator ¢(v/H/27), where
J € Z and ¢ is the Paley-Littlewood localization function. The equivalence of the norms is established
in Theorem and as an immediate consequence we have the continuity of the wave operators in
homogeneous Besov spaces (Corollary. From the continuity of the wave operators and the splitting
property we also get the Strichartz estimates in B; (R) for the perturbed Schrodinger propagator.

The Chapter 3 follows the same spirit of the previous chapter replacing the homogeneous Besov
spaces with the Sobolev ones. In this chapter we remove the technical assumption that the Hamiltonian
‘H has no modes. This requires to work with the absolutely continuous part of the Hamiltonian H,. =
P,.(H)H. The main goal is to show the equivalence of the homogeneous Sobolev spaces generated by
the Hamiltonian #H,. and the classical ones H;(R). This result is established in Theorem under
the conditions s < 1/p and V' € L! (R) with v = 1+ 5. From the equivalence of the norms we can deduce
the Hardy inequality for the perturbed Hamiltonian H,. (see inequality ), the fractional Leibnitz
rule (see Corollary and the continuity of the wave operators in these spaces. Here we outline the
contents of the various sections: In Section [3.1]and Section [3.2] the study of the perturbed Sobolev spaces
is motivated and the main results are exposed. The Section [3.3 and Section contain the proof of the
main results of the chapter. Finally, in Section [3.5]a counterexample of the equivalence of the norms in
the case s = n/p is given.

In the last chapter we study the asymptotic behaviour of the solutions of perturbed NLS with cubic
nonlinearity on the real line

Oy — Hap = £|P[*.

The presence of the potential V' breaks the symmetries of the equation. In order to preserve at least
the reflection symmetry we consider even real-valued potential and odd initial data. Finally, we suppose
that V € L% (R), v = 1+ s, and that the Hamiltonian # has nor modes neither resonances. Since to
characterize the potential without zero resonance is rather tricky, inspired by the work [45], we require
that a small perturbation of the potential V' is in the image of the Miura map (see relation (4.1.12))
and that V # 0 almost everywhere. In particular these last assumptions guarantee the absence of the
resonance at zero. The assumptions specified above and the additional assumption of smallness on
initial data guarantee the globally well-posedness of the NLSP problem in exams in weighted Sobolev
spaces H**(R), when 1/2 < s < 3/4. Moreover it is shown that the solution verifies the L>° decay
estimates (one can see Theorem . The sections are organised as follows: In Section we expose
the motivations and the state of the art of the problem. Then we discuss in details the assumptions for
the potential and for the initial data. Finally we state the main result (Theorem and we sketch the
fundamental ideas to prove it. The structure of the potentials connected with the Miura map is analysed
in Section [£.2] In particular we show that if a small perturbation of the potential V' lives in the image of
the Miura map (see (4.1.12))) and V # 0 a.e. then the perturbed Hamiltonian 7 has not zero resonance
(Lemma [4.2.2)). Moreover, these information are crucial to establish the equivalence of the standard
Sobolev spaces H'(R) and the perturbed ones H{ (R) when we consider their restrictions on the odd
functions (see Lemma [£.2.3). The Section and Section are addressed to the construction of the
modified scattering profile for the perturbed problem. Indeed, to prove the main Theorem we first
transform the original global problem (see (4.1.15)) into a new local one (see (£.1.18)) by means of the
pseudoconformal transformation. Then we construct the modified scattering profile using an approach
based on the two parameters groups, similar groups (see Definition and splitting generators (see
Definition . Once we have the expression of the solutions of the perturbed problem (see )
in terms of the two parameters groups, the fundamental step will be to define a leading part for the
scattering profile ((4.4.16)) and then prove a priori bounds for the leading term and the remainder. In
Section we establish the equivalence between the classical Sobolev norms and the ones generated
by the generator of the two parameters group (see Lemma [4.5.2). The Section [4.5] and Section [4.6| are
devoted to establish a priori estimates for the two parameters group. The fundamental result of this
section is Lemma The estimates established are the keys to control the H® and L norms for the
leading and the remainder term of the scattering modified profile. These estimates and the complete
proof of the Theorem can be found in Section [£.7]

Finally, in the Appendix [A] we first define the functional spaces and the relative norms used in this
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work. Then we recall classical Sobolev embeddings. In Appendix [B] the standard well-posedness results
for NLS is briefly exposed. In Appendix [C] we prove some modification of the Gronwall inequalities on
the real line. For the convenience of an inexpert reader we suggest to find relevant and exaustive material
from the references quoted in the appendices.

For a good understanding of this work it is required a knowledge of classical functional analysis and
basic PDEs theory.
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Chapter 1

Sectorial Hamiltonians without zero

resonance in one dimension

In this chapter we recall the concept of resonance and the sectorial estimates for the free Laplacian in
one dimension. Then we introduce the notion of resonance for the one dimensional Laplace operator
perturbed with a short range potential V' € LL(R), a > 1. We prove that the absence of eigenvalues and
resonances for the perturbed Hamiltonian H = —92+V, combining with the decay hypothesis V' € L!(R),

guarantee that the perturbed Hamiltonian H is a sectorial operator in LP(R), with 1 < p < oo.

1.1 Laplace operator in one dimension

In this Section we collect some known results for Laplace operator on the real line. One can find a

detailed treatment in [58] for the Spectral Theorem and in [39] for the Sectorial properties.

1.1.1 Functional calculus and spectral measure for Laplace operator

We consider the operator Ho = —9? with domain D(Hg) the Schwartz functions S(R). The Spectral
Theorem for unbounded self-adjoint operator on Hilbert spaces applied to the case of free Laplacian
establishes that the operator (Hg, D(Ho)) is essentially self-adjoint with respect to the standard scalar

product of L?(R) and by means of the Fourier transform

F: L*(R,) — L*(Re),



1.1. Laplace operator in one dimension 2

1

Fol) =96 = 5= [ e () dn, v € I*(R),

it is unitary equivalent to the multiplication operator M).;» on L?(R¢, d€), where M.24(§) = €120 (€), for

any ¢ € L?(Rg¢, d€). Moreover, given f a bounded borel function, f: R¢ — R defined almost everywhere,

we can define the functional calculus as follows

f(Ho)p = F~' My(ei2) Fob, ¢ € L*(R).

The functional calculus allows to build the spectral measure and express the Schrodinger group et*o

in terms of it. The Spectral Theorem in the projection valued measure form applied to the operator

(Ho, D(Hp)) establishes that:

Theorem 1.1.1. The operator (Ho, D(Ho)) is essentially self-adjoint with respect to the standard scalar
product of L*>(R). Let B(R) denote the Borel sets on R, and let L(L*(R)) be the set of the bounded

operators on L2(R). Hence, there exists a unique projection valued measure (PVM)
E: B(R) — L(L*(R)),
such that the following correspondence is verified:
Ho = / AE(N).
R
Moreover, if f € B(R), i.e. if f is a bounded Borel function, we have that
f(Ho) = [ FNEQ).
R

Remark 1.1.2. Fixed an initial configuration 1 € L?(R), the above theorem and the Riesz-Markov

representation theorem imply that there exists a unique Baire measure E, such that

(W, F(Ho)) = / FO)dE, (V). (11.1)

The measure Ey is called spectral measure associated to the state . If we consider Q € B(R) and



1.1. Laplace operator in one dimension 3

f = Xa the characteristic function, then we can interpret the spectral measure fiy

Q= (¥, xa(Ho)¥),

as a tool for quantum measurements. Indeed, this measure represents the probability that the quantum
observable Hy, takes values in ©Q C o(Hy), if the system is prepared in the state 1. Here o(Ho) denotes
the spectrum of Hy. (One can see sections VII.2 and VIIL5 in [58] for a proof of the spectral theorems
and [53] for the physical interpretation of the spectral theorems and the more general aspects of the

quantum probability theory.)

The Stone formula provides an explicit representation of the spectral measure associated with the

self-adjoint operator (Ho, D(Hp)) in terms of its resolvent.

Proposition 1.1.3 (Stone formula). Let a,b € R, a < b. Let (A, D(A)) be a self-adjoint operator on

the Hilbert space H. Then the following formula holds

lim —— /b RO\ —ie, A) — RO\ +ic, A) dA = = (BE({a}) + E({b})) + E((a, b)), (1.1.2)

e—0+ 21T

N =

where the operator R(z, A) = (z — A)™! denotes the resolvent operator.

Proof. We first compute the following limit

1o 1
lim — - — -
e—0t 2me J, AN—ie—t A+ie—1

We have that

o 1 b 2ie
lim — — d\ = lim — ————d\
0+ 27m'/a A—ie—t AN+ie—t S0+ 271'1'/(1 A=t)2+¢€

1 [ 1
= lim —/ 5 dA
e—=0t+ e a 1 + (A:t)
11
= lim — d\
oo T /a;f 1+ A2

The last integrand is uniformly bounded and the integral converges pointwise. So, computing this integral

and via the spectral theorem

1 1
A—te—1t A+ie—t

dE())

e—0+ 271 e—0+ 271

1 [t 1
lim 7/ RO\ —ie, A) — RO\ + e, A) d\ = lim 7/
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we get the Stone formula (1.1.2). O

On the other side we can also get an explicit representation formula for the kernel of the resolvent of

the free Laplace operator:

Proposition 1.1.4. Let z be in the resolvent set p(Ho) = C\[0,+00). Then, the resolvent operator of

the Laplacian can be written as an integral operator:

R(z, HoJu(x) = / Rz, Ho) (. y)uly) dy

R

where u € L*(R) and
etle—ylvz
%i/z

Notice that \/Z is the analytic branch of z'/? with branch cut [0,00) such that the map

R(Z,Ho)(l‘,y) =

ze{zeC\[0,0)} = S3vVz>0. (1.1.3)

is a well-defined analytic diffeomorphism.

Proof. Let z € p(Hy). We consider the problem (z — Hg)f = u. Our goal is to write f as an integral

operator. Applying the Fourier transform and then the anti Fourier transform, we have that

]_ ei(wfy)f
R(z Ho)(z.y) = / dt
R

o z— &2

Hence, we need to compute the following integral

s

We consider the holomorphic function

Fla) = e_icﬁ a € C~{£vz), Svz > 0.

z

Let M > 0. We consider the closed curves fﬁ@ defined as in the figure below.

By the Cauchy’s residue theorem we have that

F(a) da = 2miRes(F, + o TV
[yi (a) da = 2miRes(F, £v/z) = MT/E.
M
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We first consider the case > 0 and the path ;. It follows that
M i€ L eizM(c050+i sin 0) )
/ F(a)da:/ 7d§+/ ——— Me" df.
5 0

_ g2 — M202i0
+ _mz—E& z— M?e%
Passing to the limit M — +o0o we prove that

) ‘_eiw\/z eiré p
"o ke

If x < 0 we consider the path 7;, and similarly we get

) .e—im\/g eiré J
R

This completes the proof. O

1.1.2 Meromorphic extension of the free resolvent and resonances

In this section we define the concept of quantum resonance for the free Laplace operator. In physics, the
resonances are related to the existence of meta-stable states (one can see [80] and references therein for
a physical description of resonances). In mathematics, the resonances can be seen as a generalization
of the eigenvalues. Broadly speaking, the eigenvalues of a certain operator are the poles of its resolvent
operator in a suitable space while the resonances will be defined as poles of the meromorphic continuation
of the resolvent in a larger space.

In order to rigorous define the resonances, we firstly reparametrize the complex plane with the
following change of variable:

2 A2, QA > 0.
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Sz

N Rz

Hence, we consider the resolvent operator on the complex half plane A € C, and S\ > 0:

R\, Ho) = (V> —Ho): L*(R) — L*(R).

It is a bounded operator on L?(R), meromorphic on C, and continuous on the real axis, except possibly
at zero. Moreover, as showed in Proposition [1.1.4] we have the following explicit formula for the kernel

of the resolvent
eiAl"L’*y‘

25N

R(A27 7‘[0)(1’, y) -

where A € C, S\ > 0.

This representation of the resolvent suggests us to define a meromorphic extension to the entire complex
plane, A € C. In order to do this, we consider the cut-off function ¢ € C°(R) and we define the cut-off
resolvent @ R(A\?, Ho)p. The kernel of this operator is explicitly given by

eiA‘w7y|
o(x) ) o),

with A € C, 3\ > 0. Hence, it is natural to define the resolvent for A € C and S\ < 0, as follows

eR(—N?, Ho)ep.

The operator pR(—A2,Ho)p is meromorphic in S\ < 0. We note that, if we consider the operator
defined as @ R(A\?, Ho)p on the positive complex half plane and as @ R(—\?, Hg)¢ on the negative one,

we have a discontinuity on the real line.

Proposition 1.1.5. Let A > 0. Then we have the following jump discontinuity on the real axis at the
point A:
lim @R((A +i€)?, Ho)p — pR(—(A — €)%, Ho)p = pM(N)p

e—0t
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where
elle=yldemile=yld cog(|a — y|N)

M @y) = —n—+ =5 = ix :

Proposition 1.1.6. The cut off resolvent
$R(N?, Ho)p

admits a unique meromorphic continuation as a compact operator valued function to C. Moreover, the

meromorphic continuation of the cut-off resolvent has an isolated pole of order one at A = 0.

Proof. We consider the following extension of the resolvent

R ()\2 u ) @R(AQaHO)gO? SA 2 07
© s 710) =

OR(=X2,Ho)p + oM (N)p, S\ <O0.

By definition, ]N%g, (A2, H,) is continuous on the real line. Moreover, let f € L?(R), we have that

eMz—yl _q

R0 H0)(0) = S5 [ oty + o) [ o) ay

O

Definition 1.1.7. Let z € C. We say that z is a quantum resonance point for the Hamiltonian Hy or
equivalentely we say that the Hamiltonian Hg has a resonance in z, iff the meromorphic continuation of

the cut-off resolvent has a pole in z.

Remark 1.1.8. We note that the free Hamiltonian Hy has a resonance in zero.

One can find a more detailed description of resonances in terms of poles of the resolvent in [40] and

references therein.

1.1.3 Sectorial properties for Laplace operator

In this section we recall some classical results on the sectorial operators. We quote Section 1 in [39] for
the classical theory of sectorial operators and [3] for the fractional calculus defined on sectorial operators.

In the following we denote with (A, D(A)) a closed operator defined on the Banach space X. The
reported results state that, if the spectrum o(A) is confined in a certain sector of the complex plane,

and the resolvent operator satisfies suitable estimates, then we can define the functional calculus on A.
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Definition 1.1.9. Let (A, D(A)) be a closed densely defined linear operator on the Banach space X. A

is called sectorial operator if there exist 0 € (0,7/2), M > 1, a € R such that

(i) Sap={z]0 <larg(z —a)| <7, 2 # a} C p(A),

M
(ii) |R(z, A)l| £ ———, Vz € Sap.

|z —al’
Theorem 1.1.10. Let (A, D(A)) be a sectorial operator. Then —A is the infinitesimal generator of the
analytic semigroup (e=“%);>0, where

1
tA 1 _zt
= + A d
e 97 F(z )" et dz

where I is a contour in the resolvent set p(—A) with arg z — 6 as |z| — 400 for some 0 € (w/2, 7). The

At

operator e~ ' can be continued analytically into a sector {t # 0 : |argt| < e}. Moreover, if Ro(A) > b,

then there exists a constant C > 0 such that for any t > 0 we have that
—At —at — At C —at
le™ < Ce™, lAe™™ || < e™.

Definition 1.1.11. Let (A, D(A)) be a sectorial operator such that Ro(A) > 0. Then, for any o > 0

we can define the fractional powers of the operator A as follows
1 o0
AT = —/ t* et dt.
0

Theorem 1.1.12. Let (A, D(A)) be a sectorial operator on X with Ro(A) > 0. Then for any o > 0,
the fractional operator A=% is a bounded linear operator on X such that A=*A=F = A=(+8) for any

a, > 0. Moreover, if 0 < a < 1 we have the Balakrishnan representation:

sin(ra)

AT = / 2%z + A7l dz.
0

™

Corollary 1.1.13. Let us consider (Ho, C3°(R)) and z € C be such that |argz| < 6 < w. Then , for
any 1 < p < oo, the following estimate holds

c 1

||R(27H0)f“LP(R) < W H HfHLp(R).
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Moreover, the free Hamiltonian Ho is a sectorial operator in the spaces LP(R), with 1 < p < oo, in the
spaces of uniformly continuous bounded functions and in the space of continuous functions that vanish

at infinity, with spectrum o(Ho) = [0,00) in each case.

In [39] one can find a proof of the sectorial estimates for the free Laplacian for any dimensions.

1.2 Spectral properties for the Schrodinger operator on the real
line

Let V: R — R be a given potential. We consider the Schrédinger operator in one dimension associated
with the potential V,

H="Ho+ V(z),

defined on the space C°(R). We are interested in potentials V' such that the Hamiltonian H can be
considered as a perturbation of the free Hamiltonian Hy. In particular this means that we are interested
in potentials such that the spectral properties of H (eigenvalues and resonances), resemble those of H,.

Now we collect some results that describe the spectral scenario for the perturbed Hamiltonian H
when the potential represents just a small disorder. In this case we will also say that V' has short
range effects. In the following we consider potentials bounded from below or that verify certain decay
at infinity (one can see [I5] and references therein for a more detailed tour on the spectral properties of

the Schrodinger operator associated with short range potential).

Theorem 1.2.1 (Theorem 3.1 and Theorem 3.2, Chapter 3, [0]). Let V € L. (R) be a locally bounded

potential. Let a € R, such that

liminf V(z) > a.

|| =00

Then H is essentially self-adjoint on C°(R) with discrete spectrum contained in (—oo,a), and for any
a' < a we have that o(H)N(—o0, a’) consists only of a finite number of eigenvalue with finite multiplicity.
Moreover, if z is an eigenvalue with eigenvector u, i.e. Hu = zu, then the eigenvector u has exponentially

decay. In particular the following estimate holds

lu(z)| < Cee™V 2 I,

for any € > 0.
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a(Hy)

RN /
~ \ /

\ —

Figure 1.2.1: Potential bounded from below without decay at infinity.

The next result shows that if additional decay on the negative part of the potential is required then
the spectrum of the perturbed operator resembles the spectrum of the unperturbed one except for a

finite number of negative eigenvalues.

Theorem 1.2.2 (Theorem 5.3, Chapter 2, [6]). Let V € L2 (R) such that the following decay hypothesis

loc

are satisfied

V(z) > a, and / |z||[V_(x)| dz < oo,
R

where V_(z) = min(V (x),0) is continuous and a € R. Then the number of the negative eigenvalues

N_(H) is finite and the following bound is proved

N_(H) < 1+/R|1:||V_(m)|da:.

o(Hy)

Figure 1.2.2: Example of a potential bounded from below and with decay at infinity on the negative
part.

Finally, we state the following more general result:

Theorem 1.2.3 (Theorem 10.2, [68]). Let V € L=(R) + L*(R). Then H is a self-adjoint operator on

H2(R) and essentially self-adjoint on C>°(R). Moreover

Oess(H) = 0(H) N op(H) = [0,00) = o(Ho).

In the following we focus our attention on particular potentials V' that are space localized and that
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decay at infinity. In particular, we will consider V' € L}Y (R) namely

/R () |V (@)ld < oo,

with (z)?2 =1+ 22, and v > 1.
To this end, we state the following result that fix the general spectral scenario for the perturbed

Hamiltonian H in examination:

Theorem 1.2.4. Let V € LY(R). Then H has only point spectrum in (—oc,0), where 0 is the only pos-
sible accumulation point. Moreover [0, 00) is an essential support for the absolutely continuous spectrum.

If V € L}(R) then there are only finitely many bound states.

The potentials V € L1(R) can be interpreted as a small disorder that perturbs the free evolution of

the quantum particle.

1.3 Zero resonance for perturbed Laplacian in one dimension

Let V: R — R be a time independent potential and we suppose that V verifies an infinity decay, namely
following [72], [T9] we require
(H1) V € LL(R), a > 1. (1.3.1)

We consider the perturbed Hamiltonian
H=-024+V=Ho+V
and we assume that the point spectrum o,(H) is empty, i.e.
(H2) (H—z20)u=0, uc L*R), 26 C = u=0. (1.3.2)

Now, we are going to introduce heuristically the notion of zero resonance for the perturbed Hamiltonian
‘H, following the heuristics for the free case.
The free Hamiltonian Hg has resolvent R(z,Hg) = (2 — Ho) ™! well defined in C\ [0, 00) as integral

operator with kernel
eiVzlz—yl

R(Z,Ho)(l‘,y) = QZ\/E

(1.3.3)
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Here and below /Z is the analytic branch of z'/2 with branch cut [0, c0), such that the map
z€{z€C\[0,00)} = A=z € {3\ >0} (1.3.4)

is a well-defined analytic diffeomorphism. Let f be a function in a suitable Banach space. Rewriting the

relation (|1.3.3]) as follows

eMlr—yl _ 1

ROZ ) @) = iz [ v+ [ iy, (135)

we interpret the resonance in zero as the simple pole in zero of the resolvent operator R(A\2, Hg). We
note that, if [, f(y)dy = 0, the effects of the pole are nullified.

Now we turn to the perturbed Hamiltonian H = Hy + V, where the potential V satisfies (H1) and
(H2). We want assumptions that guarantee that the spectral scenario (eigenvalues and resonances) of
the operator H resembles the one of the free operator Hy. Hence, at least informally, in addition to the
hypotheses (H1) and (H2), we need to require that the resolvent operator R(A?,H) has not any poles

apart from the one generated by R(\2, Hy). If this last requirement is satisfied, we will say that

(H3) ‘H has no zero resonance.

To formalize this last requirement, we firstly note that on the resolvent set C \ [0, 00), the following
identity is verified
R(N*,H) (I — VRN, Ho)) = R(A*, Ho). (1.3.6)

Then, we introduce a projector P on the space of the integrable functions L!(R), such that if
f € LY(R) then [, Pf(y)dy = 0. This projector removes the zero resonance generated by the free
Hamiltonian Ho. Applying the projector in (|1.3.6) we have the following relation

R(N*,H) (I = VR(N?, Ho)P) P = R(N*, Ho)P. (1.3.7)

Hence, it is clear that the problem to guarantee the absence of additional resonances in zero for the

perturbed Hamiltonian # is strictly related to the problem of the invertibility of the operator
(I = VR(N,Ho)P) (1.3.8)

in appropriate Banach spaces.
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In this section we will begin introducing a family of projectors so that it will be possible to give a
first rigorous definition of the zero resonance for the perturbed Hamiltonian. Finally, we will connect

the presence of resonances in zero to the existence of solutions u € L (R) of the equation Hu = 0.

Definition 1.3.1. Let ¢ € (0,1) and let

S ={Ne C;|\ <43\ > 0}.

Let us consider the functions

RA

emeS}'—)C,

e:Rngr—>C,

such that

(i) eo(N) = eo(-,A) € C(R) for any A € S§ and the support of eo(N) is independent from . Moreover

Jgeo(@,\)dz =1 for any X € SF;
i) eo(x) = eo(x,-) is analytic in S5 and continuous in S+ for any x € R;
s s

(iii) e(z,\) = (A2 — H)eo(z, ), [pe(x,\)dz =1 for any X € S§ and eo(z, \) satisfies (i) and (ii).

We define the set Egs as follows
Es = {e: R x S — C| (iii) is satisfied} . (1.3.9)

Lemma 1.3.2. Let V € L}(R). Then for any 6 € (0,1) we have that Es is not empty.

Proof. Since the potential V' € L%(R)7 there exist 0 < a1 < by < as < by < 0o such that by —a; = by —asg

and f;ll V(z)dr # f(f; V(z)dx. To construct ep as in (i) and (ii), we introduce the bump functions
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o1(z) = oY (2), p2(7) = ©¥(x) € CX(R), so that suppp; C [a1,b1], pa(x) = @1(z — az + a1) and

Jrp1(x)de = [; pa(x)de = 1. We set

v1=/ dw#/@z dr = vy

and we shall look for eq = eo(V') of the following form

eo(z,A) = ci(M) g1 () + c2(N)a (),
where ¢1(A) and cz(\) satisfy the following relations

/Reo(:v,)\)dxz I = o) +el) =1,

/(Az —Heo(z,\)dr =1 = c1(N)vg + ca(Nvg = A2 — 1.
R

The existence and uniqueness of solutions ¢; (\) and c2()\) is guaranteed by the relation

1 1
det =Aw@W@—/w@W@=w—m#0

V1 U2 R
that is true due to (|1.3.10). Hence we have that

1-X 4w A2—1-w
eo(,\) = ——2p(z) + ——
Vg — V1 V2 — V1

pa(T).

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)

By construction the requirements (i), (ii) and (iii) are satisfied for any § € (0,1). In particular, the

condition |A| < § < 1, guarantees that |eg(x, )| < M, with M > 0 independent from .

O

In the construction of the projector the weighted Lebesgue spaces play a fundamental role. Let

a € [1,2]. We define the following Banach spaces

={feLl'R)| (x)"f € L'(R)},
Bﬂw={f€U®H< T ®, [ 1wy }
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Definition 1.3.3. Let § € (0,1), e € Es and X € S;. Given a € [1,2], we define the projector
Peny: Ly(R) = Be(R)

as follows

Panf(a): = £(@) =@ ) [ ). (13.14)

For fixed e € Ejs and for fixed a € (1,2] we will define the zero resonance of a-order using the
projector (1.3.14). Then we will prove that the definition is independent from the choice of e € Es and
a€(1,2].

As mentioned in —, to guarantee that zero is not a resonance, we need to establish the
invertibility of the operator

(I - VR<A2aH0)P€()\))7

as A goes to zero in a suitable functional space. In order to do this we prove the following estimates for

the operators R(A?, Ho)P.(y), with X € Sy
Lemma 1.3.4. Let a € [1,2], 6 > 0 and e € E5. The following properties hold:

(1) There ezists a constant C. > 0 so that for any f € LL(R) and for any A € S5 the below estimate
18 satisfied

RN, Ho) Pery ()l e ®) < Cell fllLrmy; (1.3.15)
(2) There exists a constant C, > 0 such that for any f € LL(R) and any couple \1, A2 € S5 we have
| (R(AT; Ho) Pegry) — RN Ho) Pera)) (f)ll 2oy < CelAr — Xo|* M fll 21 mys (1.3.16)

(3) Let V € LL(R). Then the operator
Key = VRN, Ho)Pn): LLUR) — LL(R), (1.3.17)

s compact, analytic in S;' for any a € [1,2] and continuous in its closure § fora e (1,2].
Proof. We can use the relations ([1.3.3)) and (1.3.14)) to derive the following relation

_ ei/\|3c—z|)

I

ei/\|x—y\
1w%mmmmm=4@4w( F@)e(z, ). (1:3.18)



1.3. Zero resonance for perturbed Laplacian in one dimension 16

Let a, 8 > 0. Since in S; we have that S\ > 0, we can use the following estimates:

e <1, Ya >0,V € C,3\ > 0; (1.3.19)
ei)\a _ ei)\ﬂ

_la-8
20\ -

5 Yo f20, YA€ C8A 20, (1.3.20)

The inequality (|1.3.19) is trivial. Using this estimate and rewriting the left side in ([1.3.20)) as follows

(ei)\a 76i)\ﬁ) RGN
22'/\:2/5 e dr, (1.3.21)

we get ((1.3.20]).
In order to get (1.3.15)) we consider the L* norm of (|1.3.18]) and applying (|1.3.20) we have

1RO H0) P fll ey < 5 [ [z lle =91 = 1o = 2 F@leC N (1.3.22)

Hence, to complete the proof of ((1.3.15)) we note that, since e(\) verifies the property (iii) in Definition
then there exists a constant M, > 0, such that suppe(\) C [—M,, M,] and moreover, if |z| < M,
we have that

llz =yl = & = 2|| < Cmax(Me, |y[) < Cc(y), (1.3.23)

where C, > 0.

To prove ([1.3.16]) we proceed similarly. Let us denote the left side in (|1.3.16]) as follows:

T, ) f = / dy / Az Loy na (0 2)(0),

where
(ei)\l lz—y| _ ei)\1|zfz|)

2t

(ei)\Q\zfy| o 6i)\2|xfz\)

22

£>\1,>\2,I(y72) = 6(2,)\1) - 6(27/\2)

Suppose A1 < Sy, We have that

1 [z—y| i . .
‘C/\L)\z,a:(y’ Z) = 5 / el/\lT (6<Za )‘1> - 6(2’, )‘2)) - eMlT<eZ(>\2_>\1)T - 1)6(2, )‘2) dr.

z—z|

We can estimate the first addend above using the regularity property of e(x,-) and the inequalities

(1.3.19) and (1.3.23]). For the second addend we use the estimate (1.3.20) with 8 = 0. Then we integrate




1.3. Zero resonance for perturbed Laplacian in one dimension 17
in 7. Operating this computation we get

[J(A1, A2) fll oo ) CelA = Aol fll iy + CelM — Aol I fll Ly w)

<Cel|A1 — >\2|||f||L;(R)'

If SA1 > QAo the proof is similar. So, the inequality has been proved for a = 2. In the case

a = 1 the proof follows by (L.3.15). Slightly modifying the proof of the Riesz-Thorin theorem we can

use the complex interpolation in weighted Lebesgue spaces to deduce the for any a € [1,2].
Finally, to complete the proof we have to discuss the compactness of the operator K.(,) in Ll (R),

with a € [1,2]. Since we are assuming V' € L.(R), the inequality (1.3.15]) implies
Koy = VRN, Ho)Peny: Ly(R) = Li(R).

At first we prove the compactness of the operator K. (y) for fixed A € S;. Then, we can pass to the limit

on g thanks to the inequality (|1.3.16)).
Let A € S5, [\ < 8, and let f,, be a bounded sequence in L} (R),

”anL}l(]R) < M,, VneN,
with M, > 0. Combining the hypothesis V € L.(R) and the inequality (1.3.15)) we get
Koy fallormy < CeMallV | L1 (r)-

We put
RN, Ho)Pory fn = gn € L™(R).

Since

V: L>®R) — L:(R),

there exists N(e) > 0 such that

[Vanllriae <€
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where Q. = {z € R||z| < N(¢)} and Q¢ = C \ Q.. On the other side, we know that
Pe(/\)fn = /\29n + aﬂcmgna

so, we can gain regularity and hence compactness for the sequence g, in bounded domains. Indeed, we

have that

10z29nll 200 SIMPllgnllzr @y + [Pecry full .
<28%IN ()l gnll @) + Ma

<C.M|N(€)| + M,.

Hence, it is proved that g, € W21(€,). The proof follows by the compact embedding W21(Q,) <
L>(Q,). The analiticity of the resolvent operator R(\2, Ho) and of the function e(z, -) imply the analitic-
ity of the operator VR()\2, Ho)Pe(n) in S;. The continuity in § follows by the inequality (1.3.16)). [

The following Lemma will turn to be crucial to define rigorously the resononace at zero energy.

Lemma 1.3.5. Let V € LL(R) and let a € (1,2]. Suppose that there exist § > 0, e; € Es such that
(I - Kel(,\))_l there exists in LL(R) for any \ € 5’;, Then, for any 0 < &' < § and for any e € Es the

operator (I — K(x)) ™" exists in LL(R) for any A € S3f.

Proof. Suppose that there exist 0 < ' < 8, e € Ey and A € Sj; so that
Ker (I — K(x)) # {0}
Hence, there exists f = f\ € LL(R), f # 0, such that
[ =Ko f (1.3.24)
Let € € Es, € # e. Our goal is to construct a function gy € LL(R), g # 0, such that
Kzn)9x = 9, (1.3.25)

S0, the proof will follow by contradiction.
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By definition, we know that there exist ey and ég satisfying (ii) and (iii) such that
e(z,\) — é(z, ) = (A2 4+ 92 — V) (eo(w, \) — Eo(x, \)).
We can rewrite the equation above as follows
V (eo(z,\) — éo(z, ) = (A2 + 02) (eg(z, \) — éo(z, ) — (e(z,\) — &(x, \)). (1.3.26)

We define

gx: = f + (fv 1)V (60($7>‘) - éO(l‘v)‘)) )

where (f,1) = [ f(z)dz. Since V € L (R), we have that g\ € L (R) for any A € 5. Moreover, using

(1.3.26)) we have that
/ V(‘r) (eo(x, )\) - éo(x, )\)) dr = 07 (1327)
R

from which it follows that [, gx(z)dz = [, f(x)dz, and in particular gy # 0. It remains to compute

Kz(xgx- Using the definition of gy we have that
Kegx = VRN, Ho) Peyy [f + (£, 1) [V (e0(N) — E0(N))]] -
The relation , the definition of the projector combined with and the properties
Jpe(@, N dx = [peo(x,\)dx =1, P.ne(X) =0,
lead to the following computation:
Peygr = £ = (£ 1DEN) + (f,1) [ + 92)(eo(A) = €0(N) — (e(X) — &(N))] -
From the line above it follows that
Pengxr = Peoo f 4 (F, 1) (A% + 02)(eo(A) — E0(N)).
Hence, applying the operator VR(\%,Hy) and using we have

Kzygxn = VRN, Ho) Py f + (f, 1)V (eo(A) — €0(N)) = ga.
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In particular, since e; € Es C Ej/, we have proved that there exists A € S;C C Sgr such that (I — K¢, (x))

is not invertible. 0

Thanks to Lemma [[.3.4] and Lemma [[.3.5] we are able to define the notion of zero resonance for the

perturbed Hamiltonian H.

Definition 1.3.6. Let V be a potential such that the hypothesis (H1) is satisfied, namely V € LL(R),
a > 1. We say that the Hamiltonian H = —0% + V has zero resonance od a—order, with a € (1,2], if

there exist § <0, e € E5 and f € LL(R) with f # 0, such that
(I — Ke(o)) f=0. (1.3.28)
Now we show that the assumption (H3), 0 is not a resonance, implies some consequences in terms of
the L>°(R) solutions of Hu = 0.
Proposition 1.3.7. Let us suppose that V' satisfies the hypothesis (H1). If the Hamiltonian H has a
zero resonance of a—order with a € (1,2], then there exists u € L™ (R), u # 0 solution of the equation

Hu = 0.

Moreover, let f € LL(R), f # 0, be a zero resonance state od a—order, i.e. there exist § > 0, e € Ej
such that

(I = Keo))f = 0. (1.3.29)
Then u has the following expression
u(z) = (92)" f1 + (f. Deo(x,0), (1.3.30)
with
fi = Peo)f € Ly(R)

Proof. Let f € LL(R), f # 0, such that (1.3.29) is verified. Using the definition of the projector we have

that

=P+ (f;1)e(N). (1.3.31)
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Applying (I — K.(y)) in the relation above, we get

0= (I = Ken)Peny f + (f; De(N). (1.3.32)

We put
Uy ()\ HO) e(N) f+(f7 ) ( )

The relation and the resolvent identity imply that uy is a solution of the following problem
(A2 —H)uy = 0.
Moreover, by Lemma and by the regularity properties of ey we have that
u: = R(0,Ho)Pe(o)f + (f, 1)eo(0) € L=(R), (1.3.33)

and

Hu = 0.

Now, to conclude the proof we have to show that u # 0. Suppose that « = 0. Then we have that

R(Oa 7-L())]D«:(O)f = 7(fa 1)60(0)
So, we have that
x—z
RO Ho) P ) = [ ay [ == et 0),
but on the other side, ey(0) is in C°(R). O

Remark 1.3.8. Let V € LL(R), a € (1,2] and let f € L}(R) be a zero resonance state of b-order with

b€ (1,a]. Then f € LL(R). Indeed, by formula (1.3.32) we have that

(I = Ke(n)Peny f = —(f, D)e(N).

Since e(\) € C°(R), in particular P,y f is L (R). This prove that the zero resonance state f lives in

LL(R).

Remark 1.3.9. We note that asymptotically the generalized eigenfunction u in (|1.3.30)) has the following
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structure

. 1
u(z) =¢ +O<|x|“—1)’ |x] — oo,

where ¢* € C. Indeed, using the formula (|1.3.33) and the notations of the previous Lemma we have that

_ r—yl—le =z,
wr)= [y [ a0

e

i /|y|<ac dy/g dz 9 f(y)e(z,0)

e

+ (fu l)eO(x? 0)7

where Q. = [-M,, M,], with M, > 0 such that suppeg(A) C Q. for any A € Sgr. Since we are interested

in the behaviour for x large we can always consider || > M.. We have that as |z| — +o0

60(33, O) = Oa
/ dy/ dzwf(y)e(zﬂ) — 1 € C;
yl<lzl o 2

=yl —lz ==
/yzm dy/g dz 9 f(y)e(z,0) = 0.

e

Now it remains to check the speed of convergence of the last term. We recall that P o) Pe0) = Pe(o)s

hence

xr — —|r—Z xr — —|r—Zz
[ aP e < [y [ a PR e,
ly|=]| Qe lyl=]=| Qe

Passing to the modulus we have that

z—yl—|zr—=2
[ [ @R et | <

ly= ] e

T—yY—T—2
<[y @R s,
ly|> || Q

e

Furthermore, using the property of e we have that

T—Yy—T—=z
/||>| ‘dy A dZ%IPem)f(y)lle(z,O)l < C. dy(1 + |y Puoy f(W)]-
yi =zl e

lyl=]z|

Since we are in the case |y| > |z|, if we multiply and divide by (1 + |y|)%~! in the integral on the right
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side we have the following estimate

1
/ @ﬂ+yD&@ﬂM§<( )|ﬂmﬂ@my
ly|>|z|

L+ |a])et
This prove that

1
< Cer——raIIfllLiw)-

gzl
Lépwwl;d A e

2

e

In the following proposition we give a characterization of the zero resonance for the perturbed Hamil-

tonian H.

Proposition 1.3.10. Let V € LL(R), a > 1 and let H = Ho + V be the perturbed Hamiltonian. The

following statement are equivalent:
(a) There exist b € (1,a], f € L}(R), f # 0 such that f is a zero resonance state of b-order;
(b) There exists u € L™(R) such that [ V(z)u(x)dz =0 and Hu = 0;
(c) There exists f € LL(R), f # 0, such that f is a zero resonance state od a-order.

Proof. The proposition (a) and (c) are equivalent thanks to the Remark Hence, to prove the
Proposition [1.3.10| we will prove that (b) and (c¢) are equivalent. We assume the statement (c¢). The
Proposition m guarantees that in correspondence of a resonance state f € L1(R) we can construct

u € L*°(R) such that
u = (92) " Peo)f + (£, 1)eo(0),

and

In particular we have that

Vu = 83u = Puo)f + (f,1)87e0(0),

from which it follows that

/R V(z)u(z) dz = 0.

Vice versa, if we suppose (b), let ¢ € R and let &y € C°(R). We can define

fi = Vu—éd2é,
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and we put

fr=V©@R)
By the inequalities (1.3.15)), (1.3.16]), the hypothesis V' € L.(R) and the fact that Jz f1 = 0 we have
f € LL(R). Moreover, since 92u = Vu, and u = (02)~! f; + &, we have that
fi+ 0260 =V (03) " f1 + Ve,
and hence
f = fl + 683&) - Vééo
Finally we note that
Keo)f =V(02) ' Pooyf =V (32) " f1 = f.

O

Now we extend the definition of resonances to the positive energies. Then we will prove that the
hypothesis (H1) guarantees that the Hamiltonian A has not positive resonances.

Let @ € R~ {0}. The operator

io|z—y|
Rio? Ho) = ((a-+ 10 =) ' 1 = lim ((a-+ 0 =) ™" £ = [ S sy

is well defined as operator from L*(R) — L°°(R) and moreover the following estimate holds

<

[R(0?, Ho) f| o () < ol

Il o (w)-

Definition 1.3.11. Let o®> > 0 and let V € LL(R), a > 1. We say that o? is a resonance for the

perturbed Hamiltonian H if there exist b € (1,a], f € LL(R), f # 0, such that
[I —VR(a® Ho)] f=0.

The following Lemma guarantees that H does not admit positive resonance points.
Lemma 1.3.12. Let V € LY(R), a > 1. Then H has no resonances in (0, 00).

Proof. Suppose that there exists a positive resonance a?> > 0, i.e. there exists a no zero function
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[ € Li(R), for some b € (1,al, such that f = VR(a? Ho)f. We set u = R(a? Ho)f. Then u solves the
following equation

o?u = Hu.
As in Remark one can obtain the asymptotic expansions
u(z) = ey + O(|z|' ™), u/(z) = ice™®®cy + O(|z|' ™), = A +o0, (1.3.34)
u(z) = e e+ O(|z]' ™), v (z) = —ice™c_ +O(|z|' %), =\ —oc. (1.3.35)
Let fyi(x; ) be the Jost functions, namely the solutions to
Nfp=Hfs,
with SA > 0, such that fi(z,\) = eF**my (2, \) and

;I‘IJ'I_I |my (x5 A) — 1| + [m! (25 X)| = 0, Em Im_(x; A) — 1| + |m__(z; \)| = 0. (1.3.36)

Let us denote the Wronskian as follows:
W (v1,v2) = vy (2)v2(2) — v1(2)v5(2),
where vy, vo are two solutions to A2v = Hv. Since W (fy, f_) # 0, we have
u=uafy +bf_.

We remember that the Wronskian is indipendent from z. Hence, using (|1.3.34) and (1.3.36), and
computing the Wronskian for x — +o0, we get W(u, f1) = 0, that implies b = 0. Similarly, (1.3.35) and
(1.3.36)), for  — —oo, imply W (u, f—) = 0. It follows that a = 0 and consequently u = 0.

This completes the proof of the lemma. O

We conclude this section noting that, if we suppose that the potential V satisfies the hypotheses (H1),
(H2), (H3), then H has the same configuration in terms of eigenvalues and resonances of Hy. Hence, we

can expect to get for R(z, H) estimates similar to the free case.
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1.4 Estimates for the perturbed resolvent

The main goal of this section will be to get sectorial estimates for the perturbed resolvent operator. This
result is presented in Theorem At first we will prove sectorial estimates close to the origin and
then away from the origin. The hypothesis that zero is not a resonance will turn to be fundamental.

The next results are preparatory for the perturbed resolvent estimates near the origin.

Lemma 1.4.1. Let V be a potential such that the hypotheses (H1), (H2) and (H3) are satisfied. Then,
there exists § > 0 such that for any e € Eg there exists C. > 0 so that for any \ € § the operator

(I — KE(A))fl exists in Li(R) and it satisfies the following inequality
(I~ Ken) ™" Fllsm < Cellflnymys b e (1,dl. (1.4.1)
Proof. Since we consider V € L}(R) and b € (1,a], by the inequalities (1.3.15)), we deduce that
Ke(ny: Ly(R) = Ly(R)
is a compact operator, continuous in § and

[Keonfllzim < CellVILa@llfllz: @)
Moreover, the assumption (H3) guarantees that there exist § > 0 such that for any e € Ejs the operator
(I — Kc(y)) is invertible. Hence we conclude that (L.4.1]) is satisfied. O

Thanks to Lemma[I.3.5]and Lemma[[.4.1] we are able to derive a kind of limiting absorption principle
for the perturbed Hamiltonian 7. This result is described in the following Lemma and it will be the key

tool to establish the sectorial property of the perturbed Hamiltonian.

Lemma 1.4.2. Let V be a potential such that (H1) is satisfied, i.e. V € LL(R), with a > 1. Moreover,
the Hamiltonian H satisfies the hypothesis (H2) and (H3). Then there exists § > 0 such that for any

e € Es, for any A € S; the following resolvent estimate holds
|’R(/\27H)f||Loc(R) < Cer”L(ll(R)v (142)

for any f € LL(R).
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Proof. The Lemma shows that, assigned f € LL(R), there exist § > 0,e € Es,gx € LL(R) such

that

f=I—Kex))9n,

for any A\ € Sgr. We can rewrite gy as follows

g)\(:c) = Pe(,\)gx(:c) + (g)\, 1)6()\,I) (143)

We put
fiN) (@) = fi(z, A): = Pepyga(w).

Hence we have that f1(\) € B(R) for any A € S5 .
Applying the operator (I — K.(y)) in (L.4.3) and using that K yye(A) = 0 we get the following decom-

position of the space Ll (R):

f(l’) = (I - Ke()\))fl(xv )‘) + ((I - Ke(k))71f7 1) 6(13, )‘)a (144)
forany r € R, \ € S;. From the resolvent identity
RO, H)(I — Ke0)Pe(n) = RN, Ho) Poy)

it follows that

ROZ,H)f = RO, Ho) Py fr(N) + (I — Kon) 71 £, 1) eo(N). (1.4.5)

Moreover, we know that

Py = Koo)' f = Pepygr = f1(N).

Now computing the L*° norm in , thanks to the estimates (1.3.15)), (1.4.1) and to the hypotheses

on eg we get

IR, H) fll oo z) < Cell fll L1 w)-

Now we prove the sectorial estimates near the origin.

Theorem 1.4.3. Let V' be a potential such that (H1) is satisfied. Moreover the Hamiltonian H satisfies
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the hypotheses (H2) and (H3). Then, for any 1 < p < oo we have that there exists 6 > 0, such that for

any z in the sector S s

Ses: ={z€C\[0,00)| Rz < ¢|S2],]2] <},

with ¢ > 0, we have that

C
[R(z, H) fll ey < mllfllm(m)- (1.4.6)
Proof. We use the diffeomorphism
2z =)

with branch cut [0, 00), such that the map

z€{z€C\[0,00)} = A=+z€ {3\ >0}

is well defined and analytic. Using this transformation, we see that the sector S s is transformed into

Sos = {)\ € C| A > 0,0 =0(c) € (0,1), )] < \/5} .
Hence, we have to prove that the inequality

C
RO, H) fll e () < WHfHLP(]R), (1.4.7)
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holds for any A € Sy 5. To prove the inequality (T.4.7) we first consider the cases p = 2 and p = oco.
If p = 2, the operator H is essentially self-adjoint on C¢°(R) with spectrum o(H) = [0,00). Let
f € L*(R) and let dEf be the spectral measure associated. The spectral theorem implies the following

estimates

IROZH) fl2am) = (02— H)71f, f) < / A2 — o] 2 dE;

1
Wﬂfﬂizm)
1
< Wﬂfﬂiz(m

Now we consider the case p = co. The resolvent identity combined with the sectorial estimates for the

free Hamiltonian and with Lemma [1.4.2] give us

RO, H) fll Loy SIROAZ, Ho) fll Lo ®) + RN, H)VR(A?, Ho) f || oo (r)

0(97 €, ||V||L1(R))
S |)\|2 . ||f||L°°(R)

Applying the Riesz-Thorin interpolation theorem we get sectorial estimates

0(9,67 ||VHL1(R))
IR, H) fll Loy < e || fll e (m)

for 2 < p < co. By duality argument we will prove the estimates for p € (1,2). Indeed, let we consider
the conjugate diffeomorphism

A€ Sps—NeE Sps.

We have that

Sos

— C
RN, H) fllor ) < W”fHLP(R%
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for any \ € 5‘9,5, and 2 < p < oo. Let p € (1,2) and let p’ be the conjugate exponent. Since H is a

self-adjoint operator, the following relation holds
(2 =H)f.0) = (/P =) g)
where f € LP(R) and g € L? (R). Therefore we get

_ C
IR, H) o = sup [(A2=H)"f,g)| < WllfHLP(R)-

9l ot @y =1
This completes the proof. O

Now it remains to prove the sectorial estimates away from the origin. In order to do this we will use
that H cannot have positive resonances as proved in Lemma
We define the operator
Ko(\) = V(A2 —Ho) ™' = VR(\?, Hy),

and the sector

N ={ e C||A\>6SN€]0,0],6 > 0}.

As in the previous case, we need some preparatory lemmas to get resolvent estimates.

RO

Lemma 1.4.4. Suppose that the potential V satisfies (H1) and in addition the Hamiltonian H satisfies
(H2) and (H3). Then, for any b € (1,a], there exist C > 0 and § > 0 such that for any A € N; the

operator (I — Ko(\)) ™' f eaists in Li(R) and satisfies the following estimate

(= ro0) 5]

sy < Wl (1.48)

Proof. The key point in the proof is the estimate

| (Ko(e+ie1) = Ko(a +iga)) fllpie) < Cler — 2|l fllze) (1.4.9)
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valid for any b € [1,a], any o € R with || > 6/+/2 and any 1,¢5 € [0,8/v/2]. Using the relation m

we get
et lz—yl

2i\

Ko (f)(x) = V(z) / F(w)dy. (1.4.10)

We can proceed as in the proof of inequality (1.3.16]). Let \{ = o +ie1, o = a +iex, 0 <6 < < [ Al

with ¢ = 1,2, and let 8 > 0. Since €1, €2 > 0, we have that

eiMB idaB

A A2 ‘—52

|1 = A2(B).

Indeed, we have that

eiMp eir2f8

Ag — A1
A1 A2 '

A2

B
— Z/ ei)\lT(l _ ei(A2—>q)T) dT +
0
Integrating by part we get the following identity

eiMB  gixaB eiMB ) B gidiT ) Ao — A
—_ - 1— z()\zf)q)ﬁ) / Ao — \q)efP2=A0)T 4 2 L
N e < M )( ¢ i) Rem e IR WY

Hence, passing to the modulus we have that

eMB gidf| 9 A2 — A
- <=|A1 — A2 —
A A2 ’ S Rlf+ s
C
§5—2|)\1 — Xal(B). (1.4.11)
On the other side we also have
eMB B (O
— < =. 1.4.12
A A2 | T 6 ( )
The inequalities (1.4.11)) and (1.4.12)) imply
eNB gidap
_ A A 0 (4
S| < - ey,
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for any 6 € [0, 1]. Choosing 6 = a — b, we have that

| (ol +i21) = Koo+ ie0)) flaggey <g5ler — 2l [ da@V@)l [ ot =)~ 150

T — a—b
<gle -l [w@ vl [ ol 1w

for any b € [1,a]. Finally we use that o is not a resonance point to derive the invertibility of the

operator I — K(X) as well as the estimate ((1.4.8). This completes the proof of the Lemma. O
In particular we have the following Lemma:

Lemma 1.4.5. There exists § > 0 so that for any A € {A € C; I\ >0, |\| > 0} we have the estimate
IR, H) fll 22y < Cllflly ) (1.4.13)

forbe[l,al
Now we are in position to state and complete the proof of the main theorem of this chapter.

Theorem 1.4.6. [Sectorial estimates| Suppose that the perturbed Hamiltonian H = Ho + V(z) satisfies

the following assumptions:
(H1) V € LL(R), a > 1;

(H2) op(H) = 0;

(H3) H has no zero resonance.

Then for any 1 < p < oo, the following resolvent estimate holds:

C
< =

z€ C\ [0,00), Rz < ¢|[Qz|,= [|R(2z, H) fll r (w) ILfllLe(r)- (1.4.14)

||

Proof. The proof of Theorem [1.4.3] establishes this result for z close to the origin. If z is far from the
origin, using Lemma and hence the estimate (|1.4.13]) we can complete the proof in the case in which

z is far from the origin. O
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Remark 1.4.7. By Theorem [[.1.12] follows that we can define the fractional powers of the perturbed

Hamiltonian ‘H by means of the Balakrishnan representation

2o _ M/ (4 H) "V dz, a € (0,1). (1.4.15)
0

™
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Chapter 2

Perturbed Homogeneous Besov

spaces: equivalent norms

In this chapter we consider 1-D Laplace operator with short range potential V and we study homogeneous
Besov type spaces B; (R) where 0 < s < 1/p, 1 < p < 0co. The main goal is to study how the classical
homogeneous Besov spaces B;(]R) are transformed under the action of the wave operators. We present
the plan of the chapter. In Section 2.1 we recall some classical results concerning with the Jost functions,
the transmission and reflection coefficients. These results are mainly contained in the papers [72], [19].
In Lemma Lemma and Lemma [2.1.9 we establish some improved estimates for modified Jost
functions, transmission and reflection coefficients (one can see also [27]). These estimates will be crucial
to reach our goal. The Section 2.3 is devoted to the proof of the main results. In particular it is shown
that non resonance assumption at zero and sufficiently decay of potential at infinity guarantee that the
free Hamiltonian and the perturbed one generate equivalent Besov norms B;(R), under the condition

s < 1/p. Moreover some relevant counterexample that justify the requirement s < 1/p are given.

2.1 Functional calculus for the perturbed Hamiltonian

We start giving an informal overview on the connection between the functional calculus for the perturbed
Hamiltonian and the Jost functions, the transmission and the reflection coefficients. This connection

will motivate the meticulous study of the aforementioned functions in the following.
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The spectral Theorem and the Stone formula (1.1.2)) imply that for any g € L*°(0, 00) we have

g(H) = % /OOO 9N Eac.(dN), (2.1.1)
where
Eoe(d\) = [(A4+i0402 V) ' = (A=i04 02 = V) '] d], (2.1.2)

is the spectral measure. The representation formula for the kernel (X & i0 — H)~!(z,y), namely, the

Green function of the operator (A £1i0 — #H), is given by

fo@EVNLEEVR) o g
(A +i0—H) e, t) = w(EVA) ’ ’ (2.1.3)
f- (t,iﬁ){}(z,iﬁ) x>t
w(E£VA) ’ =

Here, v/\ is the analytic branch of A\1/2 with branch cut [0,00), such that the map
Ae{deC\[0,00)} = VAe {3IVA>0} (2.1.4)

is well-defined analytic diffeomorphism. The functions fi(x,+/)), known as the Just functions, are the

solutions of the problem

d
*Efi + VL= A4,

such that they verify the free asymptotic behaviour fi(z,7) ~ e*7® as x ~ +00. The Wronskian w()\)

is defined by the relation

w(A) = [f-, f+] = O f1- (2, ) f= (@, A) = f4(2,A) 0z f- (2, A). (2.1.5)
Operating in (2.1.3)) the change of variable A\ = 72, the symmetry of the problem with respect to 7
d 2
_Efi +Vie=1"fz,

suggests to introduce the transmission and the reflection coefficients T'(7) and Ry (7) defined later on.
In particular, we could express the Wronskian in terms of the transmission coefficient by means of the

following relation

= (2.1.6)
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Substituting the relations (2.1.3) and (2.1.6) in (2.1.1)) we can connect the functional calculus for the

operator ‘H with the functions fi(z,7), T(7) and R+ (7). In particular, if z < y we get

1

—5- [ T()g(r*) - (@, 7) f+(y, 7)dr (2.1.7)
R

g(H)(x,y) =

One can proceed similarly for z > y. Furthermore, we define the modified Jost functions m4 (z, 7) such

that
fr(x,7) = e Tma(z,7) (2.1.8)

and
Ill}rjr:loo my(z,7) =1, (2.1.9)

that will turn to be crucial to simplify the problem of studying the properties of the Jost functions.

Finally, for any even function ¢(7) € L'(R), we can express the functional calculus for H as follows:

® (@) (z,y) = —% A o (T) T(T)mg(y, Ym_ (2, 7)e " T@Vdr, for x < y. (2.1.10)

Hence, one of the main goal will be to investigate the properties of the functions m4 (z,7),T(7), R+(7)

in order to get properties and estimates for the kernel (2.1.10)).

2.1.1 An overview on Jost functions, transmission and reflection coefficients

We consider the Sturm-Liouville problem

d
- @)+ V@) f(e,7) = 7 f(x,7), (2.1.11)
with the limiting conditions
fi(z,7) = e, x — +oo, (2.1.12)
and
fo(z,7)~e ™z — —oo. (2.1.13)

The limiting conditions (2.1.12)-(2.1.13) require a free asymptotic behaviour, that is a natural require-
ment since we are considering short range potentials V' € L,1y (R), with v > 1. Moreover, we recall that

we have also assumed o,(#H) = () and H has no zero resonances, hence the spectral scenario is totally
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similar to the unperturbed one.
At first we prove formula (2.1.3)). To this end, we want to write the general expression of the solution

y of the following problem

— L y(@) + (V(z) — 72)y(z) = F(x),
a1y(—o0) + By’ (—o0) = 0, (2.1.14)
sy(+00) + By’ (+00) = 0,

where a; = i7, f1 = 1, ag = —iT, B2 = 1. If we denote the solutions of the homogeneous problem with

f-(z,7) and fy(x,7), then we can look for the solutions y of the form
y(@) = cr(@) f-(z, 7) + c2 (@) f (2, 7). (2.1.15)
Proceeding with the variation of the parameters we get the following system

ci(@)f-(x,7) + (@) f4 (2, 7) = 0,

() L, 7) + coa) fi(w, 7) = —F ().

Let us denote the Wronskian w(z,7) = f_(x,7)f} (2, 7) — fy(x,7)f_(x,7). The relation (2.1.11))

implies that “Lw(z,7) = 0. Hence, we can rename w(z,7) = w(r). Solving the system above with

respect to ¢} (z), ch(x) we get

Cl(x) - w(T) ’
/ Sz 1)F(x)
c2(‘%') - U)(T)

By the limiting conditions in (2.1.14)) follows respectively that co(—o0) = 0 and ¢;(400) = 0. Then,

integrating, we get

)

a@=- [ LEDEO,

" w(7)
A0M
oo w(T) '

ca(z) = — ’(TT

Substituting the expressions above in (2.1.15)) we deduce the formula for the kernel of the operator
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(=)
LUnfen o oy
(12 = H) (2, t) = o
f—(ta;’;])(J:S(%"') x>t

Since the equation (2.1.11) is symmetric with respect to 7, it is evident that also fyi(z,—7) are

solutions of the problem (2.1.11)) with limiting conditions (2.1.12)), (2.1.13). Moreover, fi(z,7) and

f+(x,—7) and respectively f_(z,7) and f_(z, —7) are independent solutions for 7 # 0

[f+(:l?,7'), f+(:C, 77)] = —2r,

[f_(z,7), f-(z,—T)] = 2iT.

Hence, there exist unique functions T (7) and R4 (7) such that

Fil@,—7) = Ty (1) f—(2,7) = R (1) f (2, 7), (2.1.16)

[, =) =T (7) fr(2,7) = R(7) [~ (2, 7), (2.1.17)

for 7 # 0. By physical reasons the coefficients T4 (7), R4 (7) are called respectively transmission and

reflection coefficients and they are defined by relations (2.1.16) and (2.1.17).

We note that T (7) f(z,7) describes a plane wave sent in —oo that is the overlap of €7 transmitted
from 400 and R_(7)e "™ reflected from —oo. Similarly, T (7)f_(x,T) represents a plan wave sent in
+00 that is the overlap of the plane wave e~**" transmitted from —oo and Ry (7)f1(x,7) reflected from

—+00.

f(@.7) fola,—7) Jila, =7) fole.m)

o—» ILi(f(2,7)

o —Ry(7)fi(x,7)

T (1) fe(z,7) ~<a—0
“R(D)f (x,7) <—e
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Using the relations (2.1.16)), (2.1.17)) respectively when x ~ +o00 and = ~ —oc0

T R+(T) ixT 2 A% 400
i ~ )

Fen et e
_ eix'r R— (T) —ixT ~
fo(z,7) = ) + e e , T A —00,

It follows that T'(7) := T—(7) = T+ (7). Moreover, we can easily recover the relations

R (")T(-7)+ R_(—7)T(7) =0,

T(-7),Re(1) = Re(—7),

I(r) =
=1,

T(7)]* + |R(7)[?

computing [f_(z,7), f+(x,7)] and [f_(z,—7), f+(z,7)]. Hence, for any 7 # 0 the scattering matrix

defined as

is an unitary matrix (one can see [19] to enter more in details in this direction).

To better understand the properties of the Jost functions fi (z,7), of the transmission and reflection

coefficients T'(7) and R4 (7) we are going to introduce the modified Jost functions my (z,7) defined in

(2.1.8) with limiting conditions (2.1.9)).
Substituting (2.1.8)) in (2.1.11)) we get the following ordinary differential equations

(et¥m L, (2,7)) + X2V (2)my (z,7) = 0,

da
dx
. o . d o
IEI:II:loo my(z,7) =1, :I:EIle:loo T=mx(z,7) = 0.
Integrating we have
+oo
D(£(t — ), )V (t)mx(t, 7) dt,

my(x,7)=1%

(2.1.18)
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where
627J'rt -1 t )
D(t,7) = —— = / e*s7 ds. (2.1.19)
227— 0

The following subsections are devoted to the study of the functions my (z,7), T(7) and R4 (7) and their

derivatives 0Fm (z,7), OFT(r) and OF Ry (7) for V € L)(R), v >1and k <~ —1.

2.1.2 Estimates for the Jost functions

Here we recall some preliminary estimates for the modified Just functions and their derivatives under
the classical assumption V' € Li(R). Then, we improve these estimates in the general case V € L}/(R)
with v > 1.
In the following we set x4 := max{0,z}, z_ := max{0, —x}.

The next Lemma contains the main properties and estimates satisfied by the modified Jost functions

m4 (z,7) under the assumption V € Li(R).
Lemma 2.1.1. (see Lemma 1 p. 130 [19]) Assume V € L3(R). Then we have the properties:

a) For any x € R the function
7€Cyr—my(x,7), Cy={reC;3r =0} (2.1.20)

is analytic in C+ and C*(CL);

b) There exist constants Cy and Cy > 0 such that for any x,7 € R:

|my(z,7) — 1| < C’1<x;><7'>71, (2.1.21)

|0;m (z,7)| < Colx)?. (2.1.22)

Proof. Here, we just recall the main idea of the proof that will be helpful in the following. We consider
m (x,7) but there is the obvious analogous for m_ (z, 7).

We denote with

K (z,7) = / dry ...dz;D(xy —z,7) ... D(x; — xj_1,7)V(21)..V (2;), (2.1.23)

r<z;<..<zj
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and we prove that the iterates of the Volterra integral equations
+00 )
my(z,7) =1+ ZKi(x,T)

Jj=1

converges. Indeed, considering the trivial estimate

1
|D(t, 7)| < min (t, ) )
7|
we have that

I - o))’

J!

K (2,7)] < (

Then, the Volterra integral converges and moreover the estimates of the terms Ki lead immediately to

a rough version of the desired inequality. Indeed we have

Imy (z,7) — 1] < e(FIminO2))()

where v(z) is a bounded function. O
From now we suppose V € L}Y(R) with v > 1 and we derive some improved estimates.
Lemma 2.1.2. Suppose V € L}Y(R) with v > 1. Then we have the following properties:

a) There exists a constant C > 0 such that for any v € R, 7 € C1, we have

Ims(z,7) — 1] < C@gﬁ_l; (2.1.24)

b) There exists a constant C' > 0 such that for any x € R, 7 € C4 \ {0}, we have

Imy (z,7) — 1] < C@gﬁﬂ; (2.1.25)

¢) Let 0 € [0,1). Then there exists a constant C > 0 such that for any x € R we have

<£U >1+U
[ma(z,7) = Ul gowcyy < 0@7_1_0, ¥>1,0<0<y—1; (2.1.26)
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d) Let 0 € [0,1). Then there exists a constant C > 0 such that for any x € R we have

T 140
I7(ma(2,7) = Dl co.e(cy) < 025537”7 v > 1. (2.1.27)

Proof. We can fix for determinacy the sign + in the left sides of the inequalities (2.1.24))-(2.1.27)), since
the argument is similar for the term m_. We start proving the (2.1.24)). The right side of (2.1.24)

suggests to consider the quantity

(w )77t

{z-)

v(z,T) = |y (z,7) — 1].

We plan to use the integral equation for m, (z,7) and to check inequalities of type

o0

(@) < a(z) + / b(t)u(t)dt, (2.1.28)

x

where b € L' (R). Applying for v(z) a Gronwall type inequality (see Lemma[C.0.2)), we can derive the a
priori bound v(z) < C(a(z), ||b]l 11 (r))-
The relations
my(z,7)— 1= o D(t — x, )V (t)my(t, 7)dt, (2.1.29)

x

[D(t —2,7)] < C{t —2) < C({t) + (z-)),

imply the following estimate:

+oo <x+>7—1 <t— m> N -
e <0 [ L V) (e er) <1141 .

We setll]
(w4) Mt —2)(t-)

c] =su eRy, v2>1,
L T ey ST
y—1 t—
ey = sup R =T g oy

>z (@ )(t)7
and we deduce that

+oo
(@, 7) Scl/ &V @)[o(t,7) dt+ cal]V 11 e
x

ITo prove that the quantity ci, co are finite, we consider three different cases: ¢ <t < 0,0 < x < t, ¢ < 0 < ¢t
separately. In the last case, we distinguish the behaviour for z = ¢, |z| << |t| and |t| << |z|.
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Now applying the Gronwall argument of Lemma we find (2.1.24]).
We will follow the same idea to prove the other inequalities. Indeed, to get (2.1.25) we define

ol
u(z,7) = |T<ZE+>> Ima (2, 7) — 1]. (2.1.30)
This time we quote the estimates
. 1
|D(t — x,7)] < Cmin ((tx),H> . (2.1.31)
T

Hence, by the integral equation (2.1.29)) and the estimates above follows

+007<x+>ﬂy<t_> -z, T w(t, 7)dr
uar) < [ DU = [V Olu(t. ) d
+

<

z4)"

Jr/x (x_) IT[D(t — =, 7)||V(t)| dr.

As beford?d we can set

€1 = sup (@) {t — 2){t-)
>z (T ) (O (E4)7

Y

€ R-‘r) vz 1,
cg=sup——-— €ERy, v2>1
TR Om
and via Gronwall argument we get u(z,7) < C(||[V|| 1 r)), i-e. (2.1.25).
Similarly to get the (2.1.26) we put

o ()71 Imy (1) — my(x,72)|
g (aj,Tl?TQ): <$ >a+1

71 — 2|7
and by the estimate

|D(t —x,71) — D(t — x,72)|

o < Oft— )7 < ()™ + (@2)+7), o € (0, 1)
T1 — T2

we get

+o0 <J) >'y—1—a<t _ x>1+0’
o +
g% (x, 71, T2) S/m [z yot

+oo T y—1—0o /4 Y o1
+/ < +<>$>U+1<zt+>7>—<f—¢>y [V (£)lg” (t, 71, 72) dt.

(V()l[m (¢, 71)] di+

20ne can see footnote 1
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Moreover, we can estimate |m4 (¢, )| with (2.1.24]).

If we consider 1 <y < 2and o <y—1or~vy>2and o € (0,1), we have that the following quantities

are ﬁnitdﬂ
G L ) S
a=ir (@) (t)y

ey = sup (z )71t — 2yt )1t
e (w1t )1

y—1l—0o t— 140 t
o (R )

eyl

Then we have g7 (z,71,72) < C(|V|L1 (»))-

Finally we prove the inequality (2.1.27) for any o € (0,1). We rewrite (2.1.29)) as

T(my(z,7)—1) = 71 - D(t —x,7)V(t)dt + (2.1.32)

x

+oo
b [ D V) (e r) - D .

Setting now

—0

W (1) = E?i”“ I (m (,7) = Dllgoo e -

we can use the inequality

Ifgllco.r < C(lIfllcorllglice + 1 fllcollgllce.)

and arrive at the estimate

o * z )77
< [ ) Dl ) IV (0 +

I(z)

(oo} T Yy—o
s [ D = o) [V Ol () = Uesce, it +
T

<z_>1+a
II(z)
()77 [ [V(t)|(t-) " he (t.7)dt
e ) 1Ptz o, e :
I11(z)

30ne can see the footnote 3
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We quote the inequalities
|71 D(t — 2, 7)|| g0,y < Ct— )7, k=0,1, 0 €[0,1). (2.1.33)

For the term I(x) we use the estimate (2.1.33) with ¥ = 0 and we note that

VYOt — o
N L )

< o0,
on (e %

f01E|O <o <7,v > 1. Hence,

I(z) < c1||V|La m)-

In a similar way, for II(z) we use the estimate (2.1.33) with & = 0 combined with (2.1.24)) and using the

estimate
N L e )
>z (@) ()1

ERJF?

for0 <o <1,y >1, we arrive at

I(z) < 2|V 11 (w).-

Finally, for 111(z) we use || D(t — 2,7)llco(c,) < C(t — z) and from

o s T =) ()

i>e ()T (t e < o9,

we deduce
o

[11(z) < s / V()R (¢, 7).

x

So, the application of Gronwall inequality implies h?(z,7) < C and hence (2.1.27)). This complete the

proof. O
We can get similar estimates for the derivatives 9% (m4 (x,7) —1). In particular the next result holds.
Lemma 2.1.3. Suppose V € L}Y(R) with v > 1. Then we have the following properties:

a) If v > 2, then for any integer k, 1 < k <~y —1 the function in ([2.1.20)) is C*(C1) and there exists
a constant C > 0 such that for any x € R and 7 € (C) we have
1+k

0 m (o) = 1) < O

4the only case, when o < - is necessary is the case < 0 < t, |z| < |t|

(2.1.34)
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b) For any integer k, 1 < k < =, then the function in ([2.1.20)) is C*(CLi) and there exists a constant
C > 0 such that for any v € R and 7 € (C1 ~ {0}) we have
YLt

0¥ (m (w,7) —1)| < C s

W; (2.1.35)

¢) If v > 2, then for any integer k, 1 < k <~ —1 and for any o € (0,1) such that 0 <o <~v—1—k,

there exists a constant C' > 0 such that for any x € R we have

<$¢>1+k+0

W; (2.1.36)

[ma(z, 7) = Ulgroe,y <C
d) If v > 1, then for any integer k, 1 < k <~ and for any o € (0,1) such that 0 < o < v —k, there

exists a constant C' > 0 such that for any x € R we have

<$¢>1+k+0

[7(me(z,7) = Dllgro(cy) < CW'

(2.1.37)
Proof. The proof of this Lemma follows the same spirit of the proof of the previous one.
We prove the inequality (2.1.34) fixing the sign + in the left side. The arguments are similar for the

estimates involving m_.

The right side in (2.1.34)) suggests us to define

()1
o) (z) = W 0% (my (z,7) — 1)].
We intend to prove the (2.1.34]), i.e.
v (z) < CViri@®), 0<k<~vy-1, (2.1.38)

by induction in k. The inequality above for k = 0 is already established in (2.1.24)). Then we suppose

that it holds for any 0 < k <~ — 1 and so our goal will be to prove that

v (@) < €,
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with kK +1 <~ — 1. The key tools here will be to consider the following formula
k+1 0o
w*wu@ﬂqZE:%l/ OMHI=ED(t — z, T)V (£)0lmy (t, T)dt (2.1.39)

£=0

and to quote the following inequality

k
]&DQJHSCmm{@M%$>},k:QLZ“WTEC+\m}
T

Then, from the boundness of the quantitied’]

y—2—k t— k+2
= up = )
o (wo)PR(E)

6R+7

<x+>7—2—k<t _ x)k“*@(t,)l”
= eR
Ca ogr?galz:d igg () 2Rt )1 +5

combined with a Gronwall argument we get (2.1.34)). We do not prove the inequalities (2.1.35)), (2.1.36)
and (2.1.37)) to avoid the repetition of the same arguments. We just note that for the proof of the

inequalities (2.1.36]) and (2.1.37)) we need also the following estimate

77 D(t = 2, 7)o oy < CE—2)*7, k=0,1, 0 €[0,1).

2.1.3 Estimates and expansions for the transmission and the reflection coef-

ficients

In this section we study the transmission coefficient T'(7) and the reflection coefficients R4 (7) defined

by the formulas (2.1.16)) and (2.1.17)

T(r)m=(z,7) = Re (1) my (2, 7) + my(z, —7), (2.1.40)

5To prove that the quantity above are finite, we consider three different cases: ¢ <t < 0,0 <z <t, 2 < 0 < t
separately. In the last case, we distinguish the behaviour for z = ¢, |z| << |t| and |t| << |z|.
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in terms of m4 (z, 7). In particular, as = goes to —oo, by Lemma follows that,

oo 2itt

e 1 +oo

V(t)ymy(t,7) + (1 - — V(t)ym (¢, T)) +o(1).

2T J_o

my(x,7) = 6_2”9”/

oo 2T

By formula (2.1.40) and by limiting conditions on m_(z,7) as x goes to —oo we have

R_ (T) ef2i7:v 4 1 4 0(1)

) = T(r)

Hence, comparing the two last expressions we have that

R(r) 1 / ey (e (4, 7)

T(7) 2T J_o
and
1 1 [t
— =1 — Vit t,7)dt.
T(7) 2iT J_o (t)my (t,7)

Similarly we can get

Ri(r) 1 / T By (6 7) dt,

T(r) = 2ir oo
1 1 [t
o) 5ir | V(E)m_(t,7)dt

We summarize in the following Lemma some known results on the transmission and reflection coefficients

proved in [19] and [72].
Lemma 2.1.4. The transmission and reflection coefficients verify the following properties:
a) T Ry € C(R);

b) There exists C1,Cy > 0 such that:

IT(r) = 1|+ |R+(7)| < Co(n) 7, (2.1.41)

IT(T)]? + [Re(T)? = 1; (2.1.42)

¢) If T(0) = 0, (i.e. zero is not a resonance point), then for some o € C\{0} and for some ay,a_ € C

T(r)=ar+o(r), 1+ Ri(r)= st +o(7), (2.1.43)
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forteR, 7 —0.

49

In particular, (2.1.42)), (2.1.43) follow from Sect.3 in [I9] and (2.1.41) follows from Theorem 2.3 in

2.

We note that substituting (2.1.6) and (2.1.8) in (2.1.3) we get

(g ) = eirtt—e) =@ T (L, T)T(T)

0T

)

(=)

if © < t. Similarly if > ¢. Hence, the properties of m4(x,7) (one can see in particular Lemma 2

and Remark 5 in [19]) and the properties of the transmission coefficient T'(7) (one can see in particular

property ¢) in Lemma [2.1.4]) suggest the following definition.

Definition 2.1.5. The origin is a resonance point for the hamiltonian H if and only if

T(0) # 0.

Now we are going to use the assumption V € L'ly (R), v > 1, to get from Lemma and Lemma

.13l similar bounds for the transmission and reflection coefficients.

Lemma 2.1.6. Suppose V € L}Y(R) with v > 1 and T(0) = 0. Then for any integer k, 0 < k <~y —1 we

have:
a) T, Ry € C*(R);

b) There exists C > 0 such that for any 7 € R we have:

" d*
L1+ \diRi(T) <,
it d*
T lr @@=l + [ bR <
Proof. The proof is based on the relations
T L [ Vmat, )i, T eR\ {0}
T(r) | 20 fy e T ’
_T(r)

, /e:intTV(t)m:F(t,T)dt, 7€ R\ {0}
2t Jr

(2.1.44)

(2.1.45)

(2.1.46)

(2.1.47)
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and the properties of the functions m4 (¢, 7) from Lemma Indeed, if we set

1

/ V(tyme (8, 7)dt,
R

it is not difficult to use the Lebesgue convergence theorem as well the uniform bounds of Lemma [2.1.3

and see that ®(7) € C*(R) where k is as specified above according with Lemma and

2 dk
k=0
The relation ([2.1.46)) guarantees that
T=T(7)(1 — ®(7)). (2.1.49)

Moreover, we know that 7(7) € C(R) and 7 — ®(7) € C*(R). The relation (2.1.49) implies in particular
that 7 — ®(7) # 0 for any 7 € R\ {0}, so T € C*(R\ {0}). We have also the estimate

dk

for any k integer as stated in Lemma To study the differentiability of T" near zero, we note that

the assumption 7'(0) = 0 and ([2.1.43)) guarantee

im 27— 20 (2.1.51)
T—0 T
and hence
1
(0] = —— .
(0)=— #0

So we can deduce the differentiability (of class C*) of

near 7 = 0. In this way we can summarize the above argument into the regularity property

@ € C*(R) (2.1.52)
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and using ([2.1.50) we get
dk
Further, we can use the relation
1(r) 2itr
Ri(r)=—=—= [ e™"V(t)m(t,7)dt (2.1.54)
2T Jg
and observe that the inequality
&
W(I)l (n| <c (2.1.55)

with

dE(r) = / TV (tym (¢, T)dt
R
can be established following the proof of ([2.1.48)). This estimate and the relation (2.1.54]) imply

dk

WR:E(T) S C.
For |7| sufficiently large, we can use the relation
T()—;—1+§: o)\ (2.1.56)
= 1—771o(r) = T o

and note that the estimate (2.1.48]) can be improved for |7| sufficiently large as follows

dk

(Mg z®(M)|<C. (2.1.57)

Indeed, we can use the estimates (2.1.35]), using bounds involving the factor |r|~!. In this way from
(2.1.56) and (2.1.57)) we get (2.1.45) for T'(7). O

Remark 2.1.7. It is easy to see that

‘T(T) +’Ri(7)+1' <C (2.1.58)
T T
and
H () HRi(THl <c. (2.1.59)
T Ao mw) T corR)
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Indeed (2.1.58)) follows from relations (2.1.46)), (2.1.54), using the inequality (2.1.24]) and the property
(2.1.43)) in Lemma, Similarly (2.1.59)) follows from relations (2.1.46)), (2.1.54]), using the inequality
(2.1.26) and the property (2.1.43) in Lemma

In the same spirit of the Lemma before, we can establish the corresponding Hélder norm estimates

for the transmission and the reflection coefficients.

Lemma 2.1.8. Suppose V € LL(R) withy > 1 and T(0) = 0. Then for any o € (0,7—1] and M € (0, c0)

we have:
a) T,Ry € C%7(R);

b) For M € (0,1) we have
||90(')T(M')HCOxU((O,—&-oo)) + lle(-) (Re (M) + 1)||00»o((1/2,2)) <COM; (2.1.60)
¢) For M € [1,00) we have

() (T(M-) = Dl co.o((0,4-00)) T IC) R ) [ oo ((1/2,2)) < cM~t, (2.1.61)

where @ is a non negative cutoff, ¢ € C§°(R) and supp ¢ C [1/2,2].
Proof. The proof is based on the relations

T 1

T(r) | 2i s V(©)my(t,T)dt, T e R\ {0}, (2.1.62)
Ry(r)= I;E:_) /Re:F%tTV(t)m:F(t,T)dt, T e R\ {0} (2.1.63)

and the properties of the functions m« (¢, 7) from Lemma Indeed, we can get the estimates

o()
(Re(M-) +1)

<CcM™! (2.1.64)
€07 ([0,4])

H e()
T(M-)

)
€07 ([0,4])

first. Further, we can use the factEI that we can control the norm of the inverse of f in the subalgebra

Sthe problem to have norm-controlled inversion in smooth Banach algebra is well-known and some more general results
and references can be found in [37]
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C% by the norm of f in C%“ and the norm of 1/f in C(T)

5
fC)

where ¢ € C§°((0, 00)) has slightly larger support in [1/2—46, 2+ 48] with § > 0 sufficiently small. Applying

o()

f0)

1PC)fllgo.e (o4

<C ,
C0([0,4]) ||f()H%‘O([074])

€07 ([0,4])

this estimate, the estimate (2.1.64)) and the analogous one in C°, all with ¢ replaced by a cut-off function

with slightly larger support, we complete the proof. O

Lemma 2.1.9. Suppose V € L}{(R) with v > 1 and T(0) = 0. Then for any integer k, 0 < k <y —1

and any o € (0,1) N (0,7 — 1 — k| we have:
a) T, Ry € CF7(R);

b) There exists C > 0 such that for any 7 € R we have:

i =
——T(7) + ‘ —— R (7) <C, (2.1.65)
dr® coom) |ldTE C0.7 (R)
d* d*
‘ s [T (T(1) —1)] + Hdk [TR+(7)] <C. (2.1.66)
T 0,0 (]R) T C0,0 (R)

2.2 Equivalence of homogeneous Besov norms

Here we consider the perturbed Hamiltonian H = Hy + V where V is a short range potential. The wave
operator methods have been used frequently in the study of the evolution flow generated by Hamiltonians
that can be considered as perturbations of free Hamiltonians. The wave operators are defined by the
strong limits

itH ,—itHo_

Wi=s— lim e
t—+oo

The existence of the wave operators W is well known according to the results in [71], [1], [18], so
Wy are well defined operators in LP(R), 1 < p < oo. Moreover, the mapping properties for the case of
Sobolev spaces W (R™) are studied in [74] and [71] and they show examples of spaces invariant under
the action of the wave operators. We recall that the results in [71] deal with short range assumptions
that guarantee W} (R) boundedness of W. The LP(R) boundedness is studied in [I8]. Here we analyse

the mapping properties for the case of homogeneous Besov spaces B; (R).
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The functional calculus for the perturbed operator H can be defined as follows
g(H) = Wyg(Ho)Wi = W_g(Ho)W* (2.2.1)

for any function g € LS. (R). So the wave operators map unperturbed Sobolev spaces in the perturbed

ones

Wy : D(HY?) = D(H?).

In [74], [1], [71] it was proved the continuity of the wave operators on general Sobolev spaces and then the
equivalence between perturbed and unperturbed Sobolev norms. The study of the dispersive properties
of the evolution flow in some cases of short range perturbations shows (see [I7]) that we have stronger

equivalence between homogeneous Sobolev norms

s s/2
152 £l L2 @ny ~ 1HS? Fll 2@y (2.2.2)

provided s < n/2. Our first goal is to show in Section that the requirement s < n/2 is optimal at
least for n = 1,2. Then we study how classical homogeneous Besov spaces B; (R) are transformed under
the action of the wave operators.

We introduce a Paley-Littlewood partition of unity
1= * t>0
= Z © 2 ) >

for an appropriate non-negative cutoft ¢ € C§°(R), such that suppy C [1/2,2].
The homogeneous Besov spaces B;(R) for 1 < p < oo and s > 0 can be defined as the closure of

S(R) functions f with respect to the norm

1/2

o] 2

e = | > 2

j=—o0

1/ (2.2.3)

27

(5),

Lr(R)

Similarly we can define the perturbed homogeneous Besov spaces B;H (R) associated with the per-

turbed Hamiltonian H as the closure of S(R) functions f with respect to the norm
VA 9 1/2

. — 2js vt
Il 5 @ = Z 22 (p< > >f (2.2.4)

j=—o00

LP(R)
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The splitting property implies that
Wy : BS(R) = B34 (R), Vs >0, 1 < p < oo.
Then, once the equivalence of the homogeneous Besov norms is established
||f||ZB;(R) ~ Hf”é;,{(m) J (2.2.5)

it follows easily that the homogeneous Besov spaces B;(]R) are also invariant under the action of the
wave operators W under the natural restriction 0 < s < 1/p.

To be more precise, we shall assume
1
VeL,(R), y>1+1/p, 1 <p< oo, (2.2.6)

op(H) = and 0 is not a resonance point for the perturbed Hamiltonian. Then, our approach to establish

(2.2.5)) is based on the study of the Paley-Littlewood localization operators
VR (VA (Y (VAR (VR

The key point is to find an appropriate decomposition for the kernel of the operator ¢ (7—[ / Zk) into a

leading term involving similar estimates for the unperturbed Hamiltonian

/ J
‘4,0 ( Ho ¢2 VjeZ (2.2.7)

2 ) (%y)‘ < @iz =2’

and a remainder satisfying better kernel estimates. We will treat differently the case of low energy

(Lemma [2.2.2)) and high energy (Lemma [2.2.3)). Finally we need to get estimates of this kind

o <ﬁ> 0 (\/770) <l

2k 27 2lk—jls
L (R)

¢<\/7To>w<\/ﬁ> SC#IIfIILPoR),

2k 2 2lk—ijls
Lr(R)

to prove the equivalence (2.2.5]).
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2.2.1 Counterexample for the equivalence of homogeneous Besov spaces

In this section we consider the simplest case p = 2 and we shall prove that the equivalence property

1(Ho + V)" *ull p2eny ~ [|(Ho)™ *ul L2 @ny

is not true for n = 1, 2. In particular we have the following result.

Theorem 2.2.1. Ifn = 1,2, and V(z) is a positive potential such that
/ Vn2(z)dz < C < oo,

then (2.2.2) with s =n/2 is not true.

Proof. Let us suppose that the relation (2.2.8) holds. First, we show that

[HGull7zmny > V0l 720y,

(2.2.8)

(2.2.9)

(2.2.10)

with ®z = 0 and Rz = 1/2. Then, using the Stein interpolation Theorem (one can see [22]), we have

that

IHGullZz@ny = VUl 22 @y,

with 0 < a < 1/2. Tt is easy to see that we have the property
ib
1o ullZ2@ny = lullz@ny, Vb ER,

and

||Vibu||2i2(Rn) = Hu||2L2(R)7 VbeR,

so we have to check (2.2.11)) only for a = 1/2. The equivalence of the norms (2.2.8) implies that

1Ho *ull 2y = 1| (=2 + V)2 )20 gy =((—A + V), u) 2 gy

>(Vu, u)p2eey = [V ?ull72 gy,

(2.2.11)

and we conclude that (2.2.11) is true. Then, assuming (2.2.8) is fulfilled and applying the proved
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inequality with a =n/4 < 1/2,ie. n <2, we get
| V@) @) s < CID™ulagmny, D = (-2)2 (2.2.12)

Taking v in the Schwartz class S(R™) of rapidly decreasing function, we can apply a rescaling argument.

Indeed, considering the dilation

ux(x) = u(z),

we find
”Dn/Qu/\HZL?(R") = ||D"/2U|\2L2(Rn)
| ——
constant in A
and

fim [ V2(0)uy (2)2da = (/R V"/Z(:z:)da:) u(0) 2.

ANO Jpn

In this way we deduce

lu(0)? (/ vn/2(x)dx> < C| D™ ul|72 gy (2.2.13)

The homogeneous norm || D™/ 2ul|2, (rn 18 also invariant under translations, i.e. setting
u(z) = u(z + 1),

we have

—

u(€) = e u(¢)

and

1D 2ul D[ oy = IE™ 20 G2 gny = NEM AN Z2ny = 1D 2ull 2 gn)-
Applying ([2-2.13) with «(7) in the place of u, we find

Ju(r)|? 8 V2 (z)de < C| D™ PulZa gy,

or equivalently

HU||2L<><>(1Rn) < Cl||D"/2U||2L2(Rn)7 (2.2.14)
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where

C

Ci=————.
LIV

The substitution ¢ = D"/2?u enables us to rewrite (2.2.14) as

112(8)|F e gy < Callll72(@nys (2.2.15)

where

n

L(8)(x) = D~*(6)(x) = ¢ / 2 — 4| (y)dy, a € (0,n)

are the Riesz operators. It is easy to show that ([2.2.15]) leads to a contradiction. Indeed, taking

N
on(@) = Y lal ™ Laicpicarn (),

Jj=0

with N > 2 sufficiently large and being 1 4(x) the characteristic function of the set A, we can use the

estimates

J+1
2 e 1dr

> CN

I 2(on) (0 Z/z

and
j+1
. ldr < C'N.

o112 ey Z /

Hence, from (2.2.15)) we deduce
ON? < | L2 (dn) |2 @y < Cillon 2 @ny < CaN,
for any N sufficiently big and this is impossible. This completes the proof of the Theorem. O

2.2.2 Kernel estimates

In this section we establish an appropriate decomposition for the kernel of the operator 90(\/77 /M) where
M > 0. As we have seen in (2.1.7), the kernel ¢(v/H /M) has the following representation

o (VAM) @) = =5= [ GADT@ L r)f - (@ r)dr, when o <y, (2216)
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and

© (\/Q/M) (z,y) = —%/RL,O(T/M)T(T)‘}C_ (y,7)fy(z,7)d7, otherwise. (2.2.17)

In particular we will find a leading term involving ¢ (v/Ho/M) and a remainder satisfying better estimates.

Using the classical result due to Weder [71] one can derive the following L? estimate:

()

for M >0, f € S(R), 1 < p < 00, as well the Bernstain inequality.

< Cllfllra (2:2.18)
L (R)

Here, using the improved estimates established in Lemma and Lemma we get the following

low energy and high energy kernel estimates.

Lemma 2.2.2. Suppose the condition (2.2.6)) is fulfilled, the operator H has no point spectrum and 0 is
not a resonance point for H. If ¢ is an even non-negative function, such that ¢ € C§°(R\{0}), then for

any M € (0,1] and o € (0,1) N (0, — 1] we have

< (2.2.19)

where
e TE Y (M) b(x,y,7)dr (2.2.20)

with
T(7) <0<y,

b(@,y,7) = § (Ry(7) + 1)e2ime — e2ite 4] 0<z<y,
(R_(7) + 1)e~2™ — =20 41 7 <y <0.

Lemma 2.2.3. Suppose the condition (2.2.6)) is fulfilled and the operator H has no point spectrum. If p is

an even non-negative function, such that ¢ € C§°(R\{0}), then for any M € [1,00), o € (0,1)N(0,v—1]
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we have

< (2.2.21)

1 1 1
=¢ @ MG y>>v> (@)

Proof of Lemma[2.2.34 We assume z < y for determinacy and consider three cases:

z <0<y, (Case A)
0<z <y, (Case B)
<y <0. (Case C)

In the we can use the representation

T(rymy(y, m)m-(z,7) = T(r) + T(r) my™"™" (y, 7) +

=a1(y,7)

+T(7) mg™™ ™ (@, 7) +T(r) mg™™ " (y, T)mg™™ ™ (, 7),
| —
=as(z,T) =az(x,y,T)
where

mie™E (2, 7) = ma(z,7) — 1. (2.2.22)

In this way, from (2.2.16[), we have the representation

@ <\f) (2,y) = cpu(z —y) +0§:11M(aj)(w,y)’ (2.2.23)
where
In(a)(z,y) = M /R @ (1) T(MT)a(z,y, M7)e MT@=v) g7
and
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The term a7 (z — y) is included in the leading term K/ (x,y) defined in (2.2.20) since we have

Pz —y) = /Re‘”(’f—y)@ (ﬁ) T(7) dr.

To estimate the terms Ins(a;)(z,y) we are going to use the following fractional integration by parts
estimatd’]

C
< — 0,0 . 2.
= <M€>0‘ HgHC (R)> Vo € (07 1) (2 2 24)

/ e™MEg(r)dr
R

Hence it follows that

M
(M(z —y))°

T(MT)

[t (a;)(z,y)l < C (1) =y Mra;j(w,y, Mr) (2.2.25)

C0 (R)

Then, using the estimates proved in Lemma combined with the following estimates for T'(7)

T T
H(T) +‘(T> <C, o€ (0,1)N(0,y—1]
T ollcoew 1T
we get
T(M)

INA
Y

ng(T) e Mrai(z,y, MT)

0 (R) ¢ <<yl> " <y];470"> ’
Coo (R) =C (@1> - <$>”i”> ’

1 1 M
S (<m>ﬂ<y>v Tt <y>v<x>wl> |

Turning back to (2.2.23) and using the estimates (2.2.25) together with Holder estimates above, we
M

v\
|*” <M> et < O (e + )

with o € (0,1) N (0,7 — 1], and 2 < 0 < y, i.e. we get (2.2.19) in the [Case A]
In the since we have x > 0, we shall write m_(z,7) in terms of m_ (x,+7). In order to do

o T

Mrtas(z,y, MT)

=2

HW) T%T) Mras(z,y, M)

obtain

this, we can use the relation

T(r)m_(z,7) = Ry (7)™ m (x,7) + my (x, —7). (2.2.26)

"here g is a compactly supported function in C?%¢(R) such that 0 ¢ suppg.
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Then we can write

T(r)my(y, T)m-(2,7) =
(R (m) + 1)e* ™ mey (y, T)my (2, 7)—

_eQiTxm-i- (y7 T)m-‘r (Z‘, T) +my (y7 T)m-i- (J?, _T)'

Using the remainders introduced in (2.2.22f) we can represent the kernel ¢ (%) (z,y) as a sum of kernels

of three types:

S

j=1
where
Ky(z,y; M) = M / e M o(7)by (2, y, M) dr, (2:2.27)
R
Ka(a,i M) = = | M ()b, M), (2.2.28)
R
and

by(z,y, MT) = mgem’Jr(y, M)+ mgem’+(ac, —MrT) + mgem’Jr(y, MT)mgem7+(;v, —MrT),
ba(z,y, MT) = mgem’+(y, M)+ mgem’+(x, Mr)+ mgem’+(y, MT)mSem’+(a:, Mr).

As before, we firstly estimate the terms Iy (z,y) and IIIy(x,y) with fractional integration by parts

estimate (2.2.24)) and then we use Lemma combined with the estimates

n Ri(r)+1

Ri(7)+1
-

- ‘S0,0’E(O,I)H(O,’Y”,

COv”(Ci) ‘

and the properties of the function ¢ to prove (2.2.19)) in the Here

b(z,y,7) = (R (7) + 1™ — X7 41
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and 0 <z <y.

In the we follow the argument used in the but this time we replace (2.2.26)) by
T(T)m4(y,7) = R_(7)e 2 "m_(y,7) + m_(y, —7), (2.2.29)

to derive ([2.2.19)). This completes the proof of Lemma |2.2.3 O

Proof of Lemma[2.2.3 In the high energy domain M > 1 we can follow the proof of Lemma Using
the estimates

T(r)=1+0("Y, R(t)=0(r"1Y)

near 7 — 0o we can absorb the factor M > 1 that appears in

© (g) (@,y) —¢ (ﬁ) (z,y) =

= M/ @(7—) [T(TM)m+ (y, TM)m_(l‘, TM) — 1] e_iTM(x_y) dr.
R

Then, proceeding as in the proof of Lemma we obtain the following estimate

|s0 <g> (,y) — ¢ <\/§> (z,9)

<

i.e. the inequality (2.2.21)). O

2.2.3 Equivalence of the norms

In this section we prove the equivalence of the homogeneous Besov norms and hence the invariance of

the homugeneous Besov spaces under the action of the wave operators.

Theorem 2.2.4. Suppose

1
Vel (R), y>1+1/p, 0<s<1/p, pe(1,00),
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the operator H has no point spectrum and 0 is not a resonance. Then we have

/1

Bs 4, (®R) ™ ||f||B;(R)-

As immediate consequence we have the following result.

Corollary 2.2.5. Suppose the assumptions of Theorem are fulfilled. Then for any p € (1,00), any
s € [0,1/p), we have
Wy : B5(R) — Bi(R).

In order to prove Theorem we recall that the comparison of homogeneous Besov spaces B;(R)
and B;H (R) is closely connected with the definition and properties of fractional power of the Hamilto-
nians H and Hgy. As studied in Chapter [1] for sectorial operators A in LP(R) introduced in Definition

we can define for any o € (0, 1) the fractional negative powers of A as follows

sin(7o)

AT =

/ AN+ A)"ta.
m 0

Sectorial properties of H are studied in Chapter [T] under the assumption that 0 is not a resonance for

H. In particular, if s € [0,1) and 0 = 1 — s/2, by Theorem [L.4.6] it follows that

sin(mwo)

H/2 =HOH =

™

/ ATOHA+H) A (2.2.30)
0

As mentioned before, using the existence of the wave operators, its boundness in L?(R) and the splitting

property, one can derive the following L? estimate (partial case of Bernstein inequality)

()

for M > 0 and f € S(R). Moreover, from Lemma combined with Young convolution inequality we

< O\ fllzr ) (2.2.31)
Lr(R)

get the Bernstain inequality for M > 1
@ f— VHo f
\ M \m

where 1 <p < g<ooandd >0, =s— o according with the notations used in Lemma [2:2.3]

< CMYP T fl| oy, (2.2.32)
Lr(R)
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Now we are going to get some estimates for the operators

() (2). o () () o

M A M A

We start with the case of low energy domain M < 1.

Lemma 2.2.6. Assume that V € L} (R) with
1
v>1+1/p, 0<s<5, 1<p<oo.

Then for any even function () € CG°(R\ 0) there exists a constant C = C(||V||r1(r)) so that for any

pair of real positive numbers A, M such that 0 < A < M, M < 1 and for any f € S(R), the following

()05

Proof. We can assume that the support of ¢ is in [1/2,2]. Firstly we note that if A/4 < M < 4A,

inequality holds:

AS
<C PR 2.2.33
<O flzee (2.2.59)

LE(R)

or M/4 < A < 4M the LP boundness of the operators o(vH/M) and ¢(v/Ho/A) imply the estimate
(2.2.33)). Now we prove the estimate in the remaining cases.
Since V € L} (R) with v > 14 1/p and 0 < s < 1/p, then V € Li, (R). Our first step is the proof

of (2.2.33)), assuming
A< M/4. (2.2.34)

Our goal is to check the inequality

G (ﬁ) (2, 9) I (w)dy

<c <J\A4) 1l ey (2.2.35)

L (R)

where fi = o(v/Ho/A)f.
We can apply the kernel estimate (2.2.19)) from Lemma so we get

/ lw (ﬁ‘) (9) —KM<x,y>] | <
R LP(R)
|fa(y)ldy |fa(y)ldy
<C’M‘ /]R (M(z — y))o (z)1F5— - +CM /]R (M(z — y))o (y)1+5—7 e ) (2.2.36)

for any o € (0,s]. The terms in the right side of the inequality above can be evaluated using Hardy-
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Sobolev estimates. To be more precise, the equivalence between the Lebesgue spaces LP(R) and the
Lorentz ones LPP(R) in the case 1 < p < oo (one can see [7]) allows us to use the sharp inequalities in

Lorentz spaces. Indeed, we recall that |z|~'/# € L#>(R), for any § > 1. Using the relation
1 1
1+:U+(1+S—U)+(—s>, (2.2.37)
p

we are in position to apply Young and Holder inequalities in Lorentz spaces to get

|fA )|dy 11
<C—||— I — | fallLaw(r)-
WY N @y~ M2 ([ o @y LY o= = "
where
1
—=—-—s.
q p

This estimate can be combined with the Sobolev embedding in Lorentz spaces
R 1 1
Hf”quP(]R) S C”D f||LP=P(]R)7 E = 1; — S, 0<s< 1/p (2238)
so that we obtain that the second term in the right side in (2.2.36)) is bounded from
CM' 7N fllr@) < CA°||fllLr(wy

One can proceed similarly to find

|fA )dy
|x|1+a o

07/\ 1f 1l e R)-

LP(R)

At this point we have proved that, for 0 < A < M < 1, the inequality

|fA )dy

| ‘$|1+S o

A
— )l

Lr(R)

(2.2.39)

L?(R)

< OWAS (FAFPRSE

holds, where 0 < o < s.
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Now we go further to estimate the leading terms

Ana(f)(@) = / Kr(z,9) faw)dy, (2.2.40)

caracterized in (2.2.20)). We start with the study of the kernel

T

K§p (@) = ]lm>0]ly>0/€7iT(w7y)80 (M) dr. (2.2.41)

At first we look for the kernel Kz a(z,y), such that

and then we will find suitable bounds for |I~(](\})A (x,y)| in order to estimate ||A5\2A(f)|\Lp(R). We can

neglect the characteristic function 1,-0. On the other side, the presence of 1,~¢ and the integration in

AN = [[ e (1) o () Foasan

We note that 7 —¢ # 0 since we are considering the case A < M /4. By definition of the Fourier transform

dy imply that

f6) =c / e E £ (y) dy,

we get the expression of the kernel

f(l(\/lI)A(x,y) = c// e T W, <%) ® <i> le dé dr. (2.2.42)

Operating the changes of variables 7 — M7 and £ — A& we obtain

1

f(z(vl[?A(x,y) = cMA // e TMEem WA o (1) o (€) Mr—Af dg dr.

Integrating two times by parts in 7 and then in £ we find the following estimate

KAz y) < CWHCJ;QAW // 0202 <M)‘ de dr (2.2.43)
AM 1

(Mz)?(Ay)2 max (M, A)

<C
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Now we can apply Holder inequality to get

A

1

1A AN e @) < Cqazpmimizs 1l (2.2.44)

We can proceed similarly for the kernels
K3 (2,9) = Locoly0 / @ (L) T(r)dr (2.2.45)

M
and
—ir(x T

K (z,y) = 11ix>0]1iy>0/6 @) (M) (Ry(7) +1)dr (2.2.46)

using the assumption T'(7) ~ 7, (Rx(7) + 1) ~ 7 near 7 = 0 and fractional integration by parts.
Indeed, from the Theorem 2.3 in [72] we have that T'(7) is C*(R) and R4 (1) € C%%(R) with o < y—1.
Applying « integration by parts we have that

AM 1
(Mz)>(Ay)y> max(M, A)

\Kara(z,y)| <C

and

A
lAnra(f)ller) < Cm”f”Lp(R)v

where we have chosen o« > max(1/p,1/p’) thanks to the hypothesis v > 1+ 1/p. In conclusion the
estimate ([2.2.33)) is checked and it holds whenever 0 < A < M < 1. O

Our proof of the equivalence of the high energy part of the homogeneous Besov norms (2.2.5)) for
the perturbed Hamiltonian and the corresponding unperturbed homogeneous Besov norms is based on

(2.2.31). More precisely, we have the following estimates.

Lemma 2.2.7. Assume that V € L}Y(R), v > 14 1/p, the operator H has no point spectrum and
resonance at zero. Then for any even function o(7) € C5°(R\0) there exists a constant C' = C’(HVHL%(R))

so that for any pair of real positive numbers A, M and for any f € S(R), the following inequalities hold:

\/ﬁ H A 1/]7
() CB 2o(2) i rensms e
LL®)
and
VH VH MNP
H@ (M (p( A0>f <C<A) Ifllee. ¥ A> MM >1, (2.2.48)
Li®)
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with 1 < p < co.

69

Proof. We shall prove in details (2.2.47)), since the proof of (2.2.48]) is similar. We take p € (1,00),

f,9 € S(R) and we set

H
= (307
We are considering the case
A<M, M>1

Now we use the relation

¥ <\/Z\jl> fA = MﬁSSﬁl <\]/\/[ﬂ> HS/Q]CA +M78§01 <\Z/W7T[> (HS/Q _HS/2) fA,

where s > 0 will be chosen later on and

Hence we have the representation formula

(m
A\

) fa=M"p (g) (Ho)*"? fa + Gara(f),

where

~ VH
Gua=M "7 ¢ ( %

S
N———
/N
<
N
\
X
S&
()
N——
A
N
|3
o
N———

By (2.2.31)), we can write

s [VHN 52 C |.,,s/2 CA®
HM ®1 <M Ho " fa SV Hy fAHLp(R) S | fll e r)
LP(R)
so we have the estimate
_ \/ﬁ s/2 CA‘;
HM 2 (M Ho/ Ia . < IVE Il Lo ®)-

The operator H*/? — ’HS/Z, entering in the right side of (2.2.52)) can be substituted by

C/ AT N+ H) T = Ho(A+ Ho) ] dr =
0

(2.2.49)

(2.2.50)

(2.2.51)

(2.2.52)

(2.2.53)
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:c/ N2+ H) TV (A + Ho) A
0

due to (2.2.30)). Hence
C o0
[GaraDllire < 15 [ A2HOA M)A
0

where

BOVA, M) = |y <ﬁ> (A+H) VA + Ho) ™ fy

M

Lr(R)

By (2.2.32) and the standard estimate

CAY/P=1/a
< W”fHLP(]R)u

(5

) (A+Ho) ' f

La(R)

we can write

<

Lr(R)

h(\ A, M) =

1 ({f) A+ H) VA +Ho) T fa

CM*—1/p

S W ||V()‘ + HO)_lfAHLl(R) S

cM*-p B CM1=1/PpAL/P
< S 10+ H) e <

So, we derive from ([2.2.54)) the inequality

AS/2d )\

1GaA ()L w) < C’MI*l/P*SAl/p/ (
0

The following estimate

o0 5/2 o0 ys/2-1
/ A*/2d) g/ AN e
o (A+M2Z)(A+A2) o (A+M2)

and ([2.2.56)) imply
1Gara() oy < CMTYPAYPF Ly gy -

Taking s = 1/p, via identity (2.2.51) and inequality (2.2.53) we obtain

@ ; <CA1/1’ CAYP CAY/P
® i A

Lr(R)

()\+M2)(>\+A2) Hf”LD(]R) .

< o Wl ey + s Mo < i 1 lngey

70

(2.2.54)

(2.2.55)

(2.2.56)

(2.2.57)

(2.2.58)
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for M > 1.

We can proceed similarly in the case A > M, M > 1. Indeed we can use the relation

() () s ()0

where

We can write H /2 —H,, /2 and Ho */2 Via (2.2.3). Then operating computations similar to the previous

® (g) Ia

for any s € (0,1). In particular it holds for s = 1/p. O

case and using M > 1, we get

MS
< CF”JIHLP(R)»
LP(R)

Corollary 2.2.8. Assume that V € L} (R) with
1
y>1+1/p, 0<s< =, 1<p< oo,
p

and assume that the operator H has no point spectrum and no resonance at zero. Then for any even
function (1) € CG°(R\0) there exists a constant C' = C(||V||11(r)) so that for any pair of real positive
numbers A, M such that 0 < A < M, M <1 and for any f € S(R), the following inequality holds:

()

Proof. By Lemma we have that

AS
D (Y. 2.2.
e L1l ey (2.2.59)

<C
L3 (R)

") <\{;ﬁ> = K\ + Remj,

where the kernel Ky (z,y) is defined in (2.2.20)) and the kernel of the remainder Remy (z, y) satisfies the
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estimate ([2.2.19]). We first estimate the remainder term. By (2.2.19) we have
<

\/H())
—— | Rem
HS0< M et L2(R)

1 1 1
I (; <A<xiy>>o> (= + s 1

where o € (0,1) N (0,7 — 1] will be choose small enough. Applying Hélder and Young inequalities in

< CA

)

Lr(R)

Lorentz spaces with the following indices relation
1 1
—+l=0+{1-0)+ -,
p p

we get

AS
MS”fHLP(R)-

(5

A
% SCF”fHLP(R) <C

) RemAf

Lr(R)

Now we turn to estimate the leading term. We consider

Ka(,9) = sl [ @0 (T) dr
R A

since we can proceed similarly for the other terms defined in (2.2.20). We look for the kernel Ky (z,y)

such that
o (50) ([ st an) @) = [ Buatenitan
We put
h(z) = /dy/dT e Ty (%) F@)Lyso
and

g(.’IJ) = Cﬂw>0h(x)'

Using the notation above we have that

o “ﬁ) o) =e [t () a0 ac

and
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Hence we deduce

@ (@) g(x) = /dy/dﬁ/dne”geiy% (AZ) ¢ (%) ﬁf(y)ﬂwo-

Kyoa(z,y)

Then, as in (2.2.42)), integrating by parts we get

MA 1
(Mxz)2(Ay)2 max(M,A)’

‘kM,A(xay)‘ S C
We note that we are considering the case 0 < A < M < 1. Then, using Holder inequality combined with
a scaling argument we get

A
< Cm”f”m@&)-

|- (57)s

LP(R)
O

Corollary 2.2.9. Assume that V € L}/(R), v > 1+ 1/p, the operator H has no point spectrum and no
resonance at zero. Then for any even function (1) € C§°(R\0) there exists a constant C = C(||V| L1 v))

so that for any pair of real positive numbers A, M and for any f € S(R), the following inequalities hold:

VH VH ANYP
Hw( ) (A) A =o(5p) Wlee vo<asmuzi ez
LE(R)
and
VH VH MNP
H<P< M0>¢<A>f SC(A) Iflle@y, YA>MM>T1, (2.2.61)
L2(R)

with 1 < p < oco.

Proof. The proof of the inequalities ([2.2.60]) and (2.2.61)) follows repeating the same arguments of Lemma

and replacing H with Ho and vice versa. O

Now we turn to the proof of the main theorem.

Proof of Theorem [2.2.] We have to prove the equivalence of the norms in (2.2.3)) and (2.2.4)), i.e.

(]S

2J
LP(R) j=—o00

o] 2

Z 22ks

k=—o0

(2.2.62)

Lr(R) .
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We set

(58

27

ap —

w(ﬁ?)f

Using the Paley-Littlewood partition

LP(R) LP(R)

f= i fi= i @(@)ﬁ

j=—eo  j=-oco
we take (1) € C§°(R) such that 1(7) = 1 on the support of ¢. Then we can use the identity

TE TN NE TR

j=—o0

We distinguish the two cases kK > 0 and k < 0.

Let k > 0 be fixed. We can apply Lemma [2.:2.7] and we obtain that
N VH
ak = || ok f

From this we deduce that

<0 Y 2 WA e =0 S 2kl

Lr(R) Jj=—o00 Jj=—o0

ks js
2 a’f“zgzo <Cl bj“zg(z)' (2.2.64)
Indeed we have
ks —1i—kl(1/p)g—(i—k)sois| ¢.
|20l iz < c|y,.,2 2 2 ||fj|\Lp(R)H€i>o. (2.2.65)
Using the discrete Young inequality combined with the estimate
Hz"”‘(l/m—"s <C (2.2.66)
@ =

with 0 < s < 1/p, we get the inequality (2.2.64]).
Let k < 0 be fixed. Then we write

2ksqy, < 2k 3" w(f)zﬁ(vgfo)fj +
i<k L?(R)
, VH VH
+2kéz <P<2k>w< 2j0>fj
jzk LP(R)
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Now we estimate the (3., norm of the two addends above. We can estimate the first addend as in the
case k > 0 using the inequality and the index s’ such that 0 < s < s’ < 1/p. Then we can
proceed as in (2.2.65), replacing 1/p with s’. For the second addend the prove of the estimate
is simpler. Indeed, using we have

: <ﬁ> v (\/277) /; <CY 222 f - (2.2.67)

LP(R) Jjzk

2ks Z

izk

2k J

Since we are considering the case j > k and k < 0, we can estimate the right side above with the sum
C Y 27 E 230 £l Lo -
JEZL

Now, computing the 6% norm and applying the discrete Young inequality we complete the proof of the
estimate

HQkSakHeg(Z) <C ||2j8bj||e§(2) : (2.2.68)

To prove that

1278,

<C ]|2’“akH2?(Z) , (2.2.69)

we use Corollary [2:2.8 and Corollary 2:2.9] Indeed, if we write

@(@)JE i @(@)?ﬁ(g)ﬁw

k=—o0

where
2

fk¢<\/kﬁ) s

as before we can distinguish the case j > 0 and j < 0. Computations similar to the ones used to prove

(2.2.68)) conclude the proof. O
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Chapter 3

Hardy inequality and fractional
Leibnitz rule for perturbed

Hamiltonians on the line

In this chapter we consider the perturbed Hamiltonian H = Ho + V on the real line, where V is a short
range potential, V & L%(R), v > 1. We assume that the Hamiltonian H has no zero resonances and
that the point spectrum of H consists of just real negative numbers with absolutely continuous part
[0,00). Our main goal will be to prove that the perturbed homogeneous Sobolev norms generated by
the absolutely continuous part of the Hamiltonian H,. = P,.(H)H are equivalent to the classical ones.

The plan of the chapter is the following. In Section [3.1] we motivate the study of the problems and
we expose the main results. In Section we outline the idea that we follow to prove the main results
of the chapter. The Section [3.3] and Section [3.4] are devoted to the proof of the equivalence of the
norms. Finally, in Section [3.5 we provide a counterexample that shows that some requirements on the
relationship between the regularity index, the integrability index and the dimension of the homogeneous

Sobolev spaces are necessary to guarantee the equivalence of the norms.
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3.1 DMotivation, assumptions and main results

The uncertainty principle in quantum mechanics is frequently associated with Hardy type inequality

I~ fll o rny < CIHS Fllonys s € [0,0/p), (3.1.1)

where Hy = —A is the free Hamiltonian in R™ n > 1. The presence of a perturbed Hamiltonian H =
Ho + V(x) with a short range real-valued perturbation potential V' (z) leads to the natural question to
verify if Hardy type inequality is true for this perturbed Hamiltonian. The appearance of eigenvectors
of H is an obstacle to have Hardy type inequality or to establish existence and completeness of the wave

operators in the whole LP(R™) space, so it is natural to look for estimates of type

1|~ fllzoeny < CIUHEE f ooy, s € [0,0/p), (3.1.2)

where H,. is the absolutely continuous part of the perturbed Hamiltonian and f is in the domain of

Hace- Our key goal in this work is to study the equivalence of the following homogeneous Sobolev norms
322 o ey ~ 14 F o ), (3.1.3)

since this equivalence property (in the case n = 1) shows that (3.1.1)) implies (3.1.2]).
Another motivation to study the equivalence property (3.1.3) is connected with the necessity to

generalize so called fractional Leibnitz rule, used as a basic tool in rigorous analysis of local well-posedness
of nonlinear dispersive equations, to the case of fractional Hamiltonians of type ’HZéQ To be more precise,

the following estimate is known as fractional Leibnitz rule or Kato-Ponce estimate (one can see [36])

1M1 (f)l Loy < CIHY Flloo @llgll oz @) + CllFllzrs ) 1 Hy *gll nos 2) (3.1.4)

where the parameters s,p,p;,j = 1,...,4, satisfy

1 1 1 1 1
s>0, 1<p,pi,p2,p3,pa<oo, —=—+—=——+ —.
p D1 D2 b3 D4

The estimate can be considered as natural homogeneous version of the non-homogeneous inequality
of type (3.1.4) involving Bessel potentials (1 — Ho)*/? in the place of ’HS/ 2, obtained by Kato and

Ponce in [48] (estimates of type (3.1.4) are also called Kato-Ponce estimates). More general domains for



3.1. Motivation, assumptions and main results 78

parameters can be found in [34]. A more precise estimate can be deduced when 0 < s < 1. In particular,

Kenig, Ponce, and Vega [50] obtained the estimate
1952 (f9) = FH 29 = gH3* Flluwy < CIHE fllien ) 11529 1o s, (3.1.5)

provided

0<s=s1+8 <1, 81,5 >0,
and

1 1 1
1<pap1ap2<007 -=— 4+ —. (316)
P p1 P2

Therefore, one can pose the question to find appropriate short range assumptions on the perturbed
Hamiltonian so that the fractional Leibnitz rule (3.1.4)) or the more precise bilinear estimate are
valid for this perturbed Hamiltonian. This problem can be solved again by using .

We can make another interpretation of in terms of the invariance of homogeneous Sobolev
spaces H; (R) with norms

s/2
171 sy = 16" Fll o ey

under the action of the wave operators

Wi =s5— lim P,.(H)eHe o,

t—+oo

where s — lim means strong limit. The existence and completeness of the wave operators in standard
Hilbert space (typically Lebesgue space L?) in case of short range perturbations is well known (see
[62], [68], [41] and the references therein). The functional calculus for the absolutely continuous part
Hae = Puc(H)H of the perturbed non-negative operator H can be introduced with a relation involving
Wy

9(Hac) = Wig(Ho)W = W_g(Ho)WZ, (3.1.7)

for any function g € L{2.(0,00). Moreover, the wave operators map unperturbed Sobolev spaces in the
perturbed ones,

Wa : D(H?) — D(HZ?)
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and we have

Wy : H;(R) — HS,HGC(R)7 Vs >0, 1 <p<oo,

where H o Hoe (R) is the perturbed homogeneous Sobolev space generated by the Hamiltonian H,.. More
precisely, H;,Hn,c (R) is the homogeneous Sobolev spaces associated with the absolutely continuous part
Hae of the perturbed Hamiltonian H = Ho + V. This is the closure of functions f € S(R) orthogonaﬂ

to the eigenvectors of H with respect to the norm

. — 5/2
Wi, e = [P221]

: 3.1.8
o®) (3.1.8)

The equivalence property implies that the homogeneous Sobolev space H; (R) is invariant
under the action of the wave operators Wy for 0 < s < 1/p.

The study of the dispersive properties of the evolution flow in some cases of short range perturbed
Hamiltonians H shows (see [I7], [29]) that homogeneous Sobolev norms for perturbed and unperturbed

Hamiltonians are equivalent

IHEL Fll e oy ~ I/ £l oy (3.1.9)

provided s < n/2. Our goal is to extend this equivalence to the case
s s/2
11202 Fll oy ~ 1 F ooy, (3.1.10)

with s < n/p.

First, we shall show that the requirement s < n/p is optimal, i.e. we shall prove the following result:

Theorem 3.1.1. Ifn > 1 and V(x) is defined as follows

1
IREIEE

V(z) (3.1.11)

then (3.1.3) with s =n/p < 2 is not true.

Next we turn to the proof of (3.1.3) for the case n =1 and we shall describe the assumptions on the
potential V.
We shall assume that the potential V' : R — R is a real-valued potential, V € L'(R) and V is

decaying sufficiently rapidly at infinity, namely following [(2] we require V' € L% (R), with v > 1. The

1 the precise definition of eigenvectors is given below in (4.1.8))
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key assumption is to suppose that 7 has no zero resonance using Definition 2.1.5] This definition is

expressed in terms of the transmission coefficient
T(0) = 0.
Moreover the point spectrum of H consists of real numbers A € (—o0, 0], such that
Hf - Nf =0, feL*R), (3.1.12)

and absolutely continuous part [0,00). We shall denote by L2 (R) the linear space generated by the
eigenvectors f in . This is finite dimensional space and its orthogonal complement in L? is the
invariant subspace, where the perturbed Hamiltonian #H is absolutely continuous.

The key tool to prove the Hardy inequality and the fractional Leibnitz rule is the following

estimate.

Theorem 3.1.2. Suppose
1 _
VeL,(R), y>1, s=y-1<1/p, p€(1,00)

and the perturbed Hamiltonian H has no resonance at the origin. Then there exists a positive constant

C = C(s,p) > 0 so that we have
I(HL2 — 1) Fll oy < Ol oy,

for1/p—1/qg=s and f € S(R).

It is natural to use a Paley-Littlewood localization associated with the perturbed Hamiltonian. Here

and below ¢(7) € C§°(R \ 0) is a non-negative even function, such that
T
Z¢(§>:1, V7reR\0 (3.1.13)
JEZ

and

()9 (3:) =0 Vhtez, k—d 22 (3.1.14)
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We set

W;‘ic:w(@{?), Ly =<p<\/2?>. (3.1.15)

We have the following equivalent norm (see [79])

o 1/2
||f||H;,HaC(R) ~ ( Z 22ks |7T1’§Cf|2> . (3.1.16)

heee Lr(R)
Our approach to prove Theorem [3.1.2]is based on establishing estimate of the type.

Lemma 3.1.3. If the assumptions of Theorem are fulfilled, then for any s € (0,1/p) and q € (1, 0)
defined by

we have

125 (rie = =) 11,

<C a(R)- 3.1.17
priey < Ol (3..17)

Indeed if this estimate is verified, via (3.1.16]), combined with (3.1.13) and (3.1.15) we can deduce

the assertion of Theorem Therefore, the estimate (3.1.17)) is the key point in the proof of Theorem

. 1.2

Corollary 3.1.4. If the assumptions of Theorem are fulfilled, then the equivalence property (3.1.3)
holds.

Proof. The results in [19], [71], [1], [18], [79] imply the existence and continuity of the wave operators in

LP 1 < p < o0, so one can deduce Bernstein inequality
175 fll oy < C@VP N fll oy, 1<p<q<oo, keZ (3.1.18)
and via the equivalence property (3.1.16)) we deduce the Sobolev estimate

Hf”LQ(]R) < C”H%QfHLP(R)) I<p<g<oo, s= (3.1.19)

D=
Q| =

From the estimate of Theorem B.1.2] now we can write

(2 = H ) ooy < Cllfllna) < CIHI2 Fllio ),
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so we have

s/2

IHo " flloem) < C”H(Szézf||LP(R)~

The opposite estimate can be deduced in the same way from Theorem and from the ”free” Sobolev
estimate

£ poz) < CIHY* Fllivm), 1<p<g<oo, s= (3.1.20)

bR
SN

This completes the proof. O
Theorem has also the following simple consequences.

Corollary 3.1.5. If the assumptions of Theorem are fulfilled, then the Hardy inequality (3.1.2))
holds.

Corollary 3.1.6. If the assumptions of Theorem[3.1.9 are fulfilled, then we have the fractional Leibnitz

rule, i.e.
M2 (fg) — Mg — g2 fllem) < CIH? Fllom @ lIH2 gl e 2 (3.1.21)
provided
0<s=s81+8 <1, s1,5 >0,
and

11 1
L <p,p1,p2 <00, —=—+—. (3.1.22)
P p1 P2

3.2 Idea to prove the key Lemma [3.1.3

Our main tool to study the kernel

ap(\/;?) (2,9)

is the following representation of the kernel as filtered Fourier transform

Foar@(©) = [ o (57) atr)e<7ar (32.)
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of symbols a(7) represented as linear combinations with constant coefficients of functions in the set

A=1{1, T(r), Ru(r) }, (3.2.2)

or more generally of symbols involving functions a(z, 7) represented as linear combinations with constant

coefficients of functions in the set

B = {mi(z,7), T(r)mx(z,7), Re(r)mx(z,7) }, (3.2.3)

where m1(z,7) = my(x,7) — 1, my are modified Jost functions, while T, Ry are the transmission and
reflection coefficients.

It is simple to establish that the kernel ¢(v/Hae/M)(z,y) can be decomposed as follows (one can see
Section in the previous chapter):

Lemma 3.2.1. If ¢ is an even non-negative function, such that ¢ € C§°(R\ {0}), then for any M > 0

we have

(Ve

1) @) = K + sl (324

where K$;(x,y) can be represented as sum of the terms

]161(11>0]162y>0f ,M(a) (633j + 64y) (325)

and the term f(M(;v,y) 1s represented as sum of the terms

Te,os0leyy>0F o n(bi(z, ) (€32 + €4y) + Leyasoleyy>0F o, n (b2(y, -)) (€3 + e4y)+ (3.2.6)

+]161$>0]162y>0f§07M(b3(m7 )ba(y, ")) (€3 + €1y),

where ¢, = *1, for i = 1,...,4, a(T) represents a linear combination with constant coefficients of

functions in the set A in (3.2.2) and b;, fori=1,...,4, are linear combinations with constant coefficients
of functions in the set B in (3.2.3)).

Remark 3.2.2. We shall call the term K3, (z,y) the leading one, with the following exact representation

K% (z,y) = c/ e iITEY (ﬁ) a(z,y,7)dr (3.2.7)

R
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with symmetric kernel a(z,y,7) = a(y,z,7) and

T(r) <0<y,
a(@,y,7) = § (Ry (1) + 1)ei™® — e2ite 41 0<z <y,
(R_(1)+ 1)e 2™ —e=2mv + 1 2 <y <0.

The term K v (z,y) will be called the remainder one. In Lemma m to simplify the notation we
neglected the symbolism a*, b;t.
A priori estimates for the remainder term are obtained using the estimates of the filtered Fourier

transform which will be established in Lemma [3.3.4] and Lemma [B3.3.5]

Lemma 3.2.3. Suppose V € L}/(R), v >1+s,s€(0,1), the operator H has no point spectrum and 0
is not a resonance point for H. If ¢ is an even non-negative function, such that ¢ € C§°(R\ {0}), then

for any p € (1,1/s), any M € (0,00) and for any b*(x,7), bi(x,7), by (z,7) in the set ([3.2.3) we have

/]R Ly 0Fp i (05 (y, ) (z £ ) f(y)dy

+ (3.2.8)
LE(R)

/R]l:tm>0~7'—<p,M(bi(xa )z E+y)f(y)dy

X

C
< — 1 fllLaqw),
rewy (M) )

and

H/]R ]lztz>0]liy>0fgo,M(bit (fv )bét (yv ))(:E + y)f(y)dy

C
< —|fllLar)s 3.2.9
LE®) <M> || HL (R) ( )

where X =1 _g,
¢ p

According with the notation introduced in (3.1.15)), we set

Tl = we, wlG =) me (3.2.10)

J<k Jizk

Fe=mCf, fae=Y_mf, fou =Y 1l fuk = Y wCS

J<k Jj>k k1<j<ks
and respectively fp, f%k, fgk, flgl,kz defined as before replacing 7§ with 7r;-).

Hence, the decomposition (3.2.4]) can be rewritten as follows

7'(';;’6 =1, + (ﬂ'ZC — Ik),
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where the operator I represents the operators involved in the leading kernel and (7{® — I) is the
remainder term.

To prove Lemma we will establish the following inequalities:

Iz (e = 1) £l

< Ol fll ey, 3.2.11
m S 11l zar) ( )

1125 (2 = =) 1112

< COf | Larys 3.2.12
ey < Ol e (3:2.12)

with 1/p = 1/q + s and I}, are the operators

L(f) () = / K3 (2 9)/ (4)dy

with kernels representing the leading term ([3.2.5]) in the expansion of Lemma of .

3.3 Estimates of the filtered Fourier transform of m, — 1

Given a bump function ¢ € C§°(R), we define the corresponding filtered Fourier transform as in (3.2.1)).
We shall distinguish two different cases. If the bump function ¢ € C§°((0,00)) is such that (3.1.13]) and
(3.1.14) are satisfied, then we can assert that ¢(7/M) has a support with 7 ~ M.

The integral equation
oo
my(z,7)— 1= / D(t —x,7)V(t)my(t,7)dt,

can be rewritten as

[e'e] t—x [e'e] t—x
P (2, 7) = / /0 2TV () dydt + / /0 2TV (1) (¢, 7)dydt, (3.3.1)

where

my(x,7) =mqy(z,7) — 1.

If we assume that V' € L!(R), v = 1+ s, then the assertion of Lemma guarantees that my (z,7) is

in L. (R). Applying the filtered Fourier transform and setting

(i) = [ i .10 () dr = Fos (T (2,)(6)
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we get

plese) =M [ / TV @0M(E - 29))dydt + (3.3.2)

an (&)

o] t—x
+/m /0 V(t)gnr (& — 2y;t)dydt.

We have the following pointwise estimates.

Lemma 3.3.1. If p € C§°(R), satisfies (3.1.13)), (3.1.14) and V € L}/(R)7 vy=1+s,s€(0,1), then for
M € (0,1) the filtered Fourier transform

Forr (5 (2, ) (€) = / e (e, 7)p () dr

satisfies the pointwise estimates:

e one can find functions

Fi;(€) € L'(R), [[Fzlloi@ < CUIV

- 1+s

®)Pl @),

so that

Lizas0} (2)° [ Fpona (mx (2, ) (6)] < Fiz (6). (3.3.3)
Proof. We choose the sign + in (3.3.3|) for determinacy. To prove (3.3.3]) we set
Gu(&7) = Tasoy sup lgaa (5 ) (),
n<

where gps(&;x) is the Filtered Fourier transform of the remainder my (z,7) = my(x,7) — 1, satisfying

the integral equation (3.3.2)). The function

Far(€) = M / T V) / BOM(E — 29))|dydt, (3.3.4)

satisfies

Fu(€) € L'R), Fallrw < Ve @@l @)- (3.3.5)
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Moreover, since we are considering the case z > 0 we get easily the following estimates
[Laso(x) an (& 2)] < Far(8),

where apr(&; 2) is defined in (3.3.2]). Hence, coming back to Gps(&; ) and recalling (3.3.2) we have

o0

Gar(&2) <Fu(€) + / OV (1)|Gar (& 8)dt, Yo > 0. (3.3.6)

x

Applying the Gronwall lemma we get

Gu (&) < CFy(8),

where C' is a positive constant depending on [[V|| 1) and Fp(§) satisfies and (3.3.5). This

completes the proof. O

If M > 1 and ¢ satisfying (3.1.13)) and (3.1.14)), then we can improve the results of Lemma
Indeed, the term aps(&; ) in can be rewritten as follows

Me 27,M‘r(t z) _
- M e~
/ dt/dTV o(T ) SN T

Hence we have that

Laso(@) anr (& 2)| < Fi(6),

where

SHCEY TV |p(ae) | di (337)

xT
and

IFS ()] @) < —||V|

Ll (R) ||90||L1

Proceeding as in the proof of Lemma [3.3.1] we get the following result.

Lemma 3.3.2. If ¢ satisfies (3.1.13)) and (3.1.14) and V € L}/(R), v=1+s, s € (0,1), then for
M € (0,00) the filtered Fourier transform
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satisfies the pointwise estimates:

e one can find functions

1
Fyi(©) € L'R), |Fill@ < 7 CUV I

(M) 1+5(R))||@HL1(R),

so that

L{zas0} (2)° [ Fpona (mx (2, ) (6)] < Fiz (6). (3.3.8)

One can use a Wiener type argument and deduce estimates for T'(7), Ry (1) + 1.

Lemma 3.3.3. (see [18], [79]) If ¢ € C(R) obeys (3.1.13), (3.1.14) and V € L}Y(]R)7 v =1+s,
€ (0,1), then for M € (0,00) the filtered Fourier transforms

Fort(T())() = /

A e T (1) (L) dr

M

and
-

e (R (1) + 1) (7) dr

Foou(Re() + 1O = [ .

R

are in L*(R) and the following inequality are satisfied

L @)@y, M€ (0,1),

[Fem (T() = 1))l @) + FomBe () 1@y < ﬁC(HV”L%H

1Fo (TN Er ) + [Fpa (R () + ()1 < CIV 1
1

@)@l ®)y, M > 1.
Turning to the estimates (3.3.3)), we see that
a(x,€) = Lzas03 o (ma(x,-))(E)

satisfies estimate

la(z, &) < ay(z)as(§), a1 € LV*>(R), az € L'(R), (3.3.9)

where a;(z) = (z)~°. Lemma [3.3.3] guarantees that

b(€) = Foue(T(-))(€) € L' (R).
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Since

Uzas0y Fom (T () (mx(x,-)))(E) = alz, ) b(-)(£),

we see that
la(z,-) % b(-)(€)| < a1(x) ag * [b](€), a1 € LY*®(R), a3 € L' (R),
——
as
since

L'sxIL'c Lt

due to the Young inequality.

The above inclusion actually can be modified in a suitable way for our a priori estimates as follows
(L'NL®) = (L'NL>®) C (L' nL>). (3.3.10)

This observation leads to the following result.

Lemma 3.3.4. If p € C3°(R), V € LL(R), vy = 1+35, s € (0,1), and a®(z,7) is any function in the set
{mz(z,7), T(T)mx(z,7), (Re(T)+ 1)mz(x,7)}, (3.3.11)
then for M € (0,00) the filtered Fourier transform

Forr(a®(z,))(€) = / e (w7 (1) r

satisfies the pointwise estimates:

Lissoy |[Fonr (@ (2, ))(€)] < fulx) £ (), (3.3.12)

where
fi(z) € LY== (R) N L=(R), £ (€) € L'(R)
and || £ 1wy < C/(M).

Finally we consider products of type a*(x, 7)b* (y, T), where a,b are in the set (3.3.11]) and we have

the following estimates.

Lemma 3.3.5. If ¢ € C5°(R) is a bump function satisfying (3.1.13), (3.1.14), V € L} (R), v = 1 + s,



3.3. Estimates of the filtered Fourier transform of m4 — 1 90

€ (0,1), then for M € (0,00) the filtered Fourier transform of a*(x,7)b* (y, ) satisfies the pointwise
estimate:

LapsoLayso [Foar(a® (2, 0% (y,))(€)] < fil@) 56 fa(y). (3.3.13)

where

fir fs € LV=R) N I=(R), f"(€) € I'R), 1110 < <C>

with some constant C > 0 independent of M.

Now we can proceed with the proof of Lemma [3.2.1

Proof of Lemma[3.2.1 To fix the idea and to simplify the notation we consider the case involving

bt (y,7) = b(y, 7). We separate two cases: M € (0,1] and M > 1. For M € (0,1] our first step is

We use the pointwise estimate (3.3.12]) so we can write

to prove

/R Lo Fp e (b(y, ) (@ + y) f(y)dy

< Cllfllpaw)- (3.3.14)
LE(R)

Lys0 | Fpar(b(y, ) (@ £ )| < BM (2 £ ) Ba(y),

where

BM e L'R), ||BM)||Li <C, By € LY*®(R)

and (3.3.14) follows from Young inequality

[B < Bon)] ) < CUBE 1B ey (3:3.15)
and the Holder estimate
1Bf sy < Cll sy Bo € LV(R), ¢ = s (3.3.16)
Similarly, to prove
[ a0l e £ )0 e S OMllinco (33.17)
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we use the pointwise estimate (3.3.12)) again, so we can write
Laso | Fpar (b)) (@ £ 9)| < B* (@ £ ) Ba(w),

where

BM e L'R), B |pi@) < C, By € LY**(R).

This time we have to estimate the term

HB2(B§M) *f)‘

L% (R)
so first we apply Holder estimate (3.3.16)) and then the Young convolution inequality.
Finally, the estimate (3.2.9)) follows from ([3.3.13) since we have

Lusolyso [Foar(bi(z, )ba(y, ) (@ £ y)| < B (2 £ ) Ba(y) Ba(x),

where

BM e LNR), IBM)||Li@) < C, Baly), Bs(z) € LY*=(R) N L®(R).

This completes the proof for the case M € (0,1]. For M > 1, we note that, we can also use the fact that
we have better estimate

1B 1y < CM

and we can prove (3.2.8)) and (3.2.9) assuming V' € L}(R) only. This completes the proof. O

3.4 Equivalence of homogeneous Sobolev norms

In this section we are going to prove Lemma |3.1.3

Proof of the inequality (3.2.11). The relation (3.2.6) guarantees that
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can be represented as a sum of remainder terms of the form

Z | PSP /R Il62y>0]:<p,M(b1 (337 '))(€3$ + €4y)f(y) dy+

61,..‘,64::‘:1
+ Z IL61w>0 / 162y>0]::,07M(b2(y7 '))(63.2? + €4y)f(y) dy+
€1,...,ea=%1 R

+ Y tamo [ LapsoFou el ) + ) ) dy

€1,...,64=%1

such that the estimates of Lemma imply

ac O
(T2 = L) fll o ry < @HfHL«(Ry

with

- =—-—s.

Using the inequalities

1125 (e = 1) £l

< [t e = 71

<
LE(R LE(R)

< HHQkS (7 — Ik) f”Lg(R)

2ks
< R
o= H <2k> ’% ||fHLg(R);
we deduce (3.2.11f). This completes the proof. O

Proof of Lemma[3.1.3 Our main goal is to establish the following estimate

1125 (e = m) 7]

< C|fllLam), 3.4.1
oy < Ol (3.4.1)

with 1/g=1/p — s.
We start proving that

H“ka(ﬂgc_ﬂg)fuei@H < C)flpom- (3.4.2)
<llzr )

In particular, it will be enough to prove

wah—dm@J\ < Ollfllpace),
<0l Lr(R)

since the estimate (3.2.11]) has been just established above.
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Using the decomposition

F=>21,

JET
we have that

(Ik - 772) f= (Ik - 71'2) f/g—Q,k+2- (3.4.3)

Indeed, if follows from

(I — mp) f24_o(x) = C//ei(zw)ﬁp (2%) a(w,y,7) f2p_o(y) drdy =0

and
( ) f>k+2 = c// ¢ z+y)7 ) oz, y, 7 )f§k+2(y) drdy =0,
where a(z,y, ) has been defined in Remark Moreover, the expression of the leading term shows

that the kernel (Ik — wg) (z,y) can be also represented as sum of the terms

Le,zs0le,ys0F o (a)(e3z + €1y),

where ¢; = £1,j = 1,...,4, according with Remark [3.2.2} and the symbol a is a linear combination with
constant coefficients of functions in the set A defined in (3.2.2]).

For simplicity we consider the case a =1, ¢; =1, Vj =1,...,4, and we shall estimate the term

-
/]]-z>0]ly>(]e @)y (M) dr.

Then, we can proceed similarly for the other terms.

Integrating by parts and using Lemma [2.1.2] we get

s T (x T
’2k //]1z>0]1y>0€ @+e)g (27) fily) dr dy <
<o
2k(9+1)1 >0]1y>0
dy d
<o [ |Paaastnwma|
k<0
2kt ol
< T y>0 0
<c [T, 1., o
<o
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From the trivial inequality

C

< |x‘1+s

oo
<o

2k(s+1)
H <2k}x>l+s

combined with the Young inequality in Lorentz spaces we have

)

. . T
2ks//]1x>0]ly>06”(x+y)<ﬁ (2?) f}g(y) dr dy

< CHHf;?(y)ng
R)

igo Lp( k<Ol La(Rr)
with 1/g=1/p—sand 0 < s < 1/p.
The case k > 0 follows similarly using the estimate
fy) 11
(e — 7)) f () SC/i —+-— ) dy.
(i = ) @) 2z +y))* \(z)  (v)
This complete the proof. O

3.5 Counterexample for equivalence of homogeneous Sobolev
spaces

In this section we consider the case p € [n/2,00) N (1,00) and we shall prove Theorem therefore

we shall show that the equivalence property

1(Ho + V)™ CPul| Lo gy ~ [|(Ho)™ PPul| Loy (3.5.1)

is not true for n € N.

Proof of Theorem[3.1.1] Let us suppose that the relation (3.5.1)) holds. Choosing positive potential

1
Vv = —
(@) =17 BE

we can apply the heat kernel estimate obtained in [7§], i.e.

Cle—cl|w—y\2/4t 026—02‘$_y|2/4t

—tH
e <e ' (z,y) < /2 (3.5.2)



3.5. Counterexample for equivalence of homogeneous Sobolev spaces 95

This estimate and the relation

H = — /OO totemtMqt
0

imply
|[(Ho + V)" lu(a)| < C[(Ho) ™ u(2)]

so taking the LP norm and using a duality argument, we can write
IV(Ho + V) flle@ny < CllfllLe@ny, (3.5.3)

so we have

IVglle®ny < Cll(Ho + V)gllLr@n)- (3.5.4)

Interpolation argument and the assumption p > n/2 combined with the equivalence property (3.5.1))
lead to

[ @yt pds < CIm e (3.5.5)

Taking u in the Schwartz class S(R™) of rapidly decreasing function, we can apply a rescaling argument.
Indeed, considering the dilation

ux(z) = u(z),

we find
n/(2 n/(2
”HO/( P)uA||ip(Rn) = ”HO/( p)U||iz(Rn)
constant in A
and

i n/2 Py —
iy [ V@ o) (

V"/Q(x)dx) |u(0)[P.

R’n
In this way we deduce

u(0)[? (/ V”/2(x)dx> < CIHY PPl - (3.5.6)

The homogeneous norm

p

n/(2
||7'l0/( p)u”LP(R")

is also invariant under translations, i.e. setting

™ (z) = u(z + 1),
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we have
un)(€) = e (€)
and
n/(2 T n/(2
1HG EOuDNE = 11 Pl

so applying (3.5.6) with u(™) in the place of u, we find
u(P [ Vs < CIHE Pl o

or equivalently

n/(2
el < oy < CallHG Ul s, (3.5.7)
where
C
Ci=—F75-7".
F IVl
The substitution ¢ = 7—[3/ (2P)4; enables us to rewrite as
||In/p(¢)||poo(Rn) S CIHQS”Z[)/;J(]Rn)v (358)

where

n

L(8)(x) = Hy™*(8) () = ¢ / & — 5| G(y)dy, a € (0,n)

are the Riesz operators.

It is easy to show that (3.5.8)) leads to a contradiction. Indeed, taking

N
on(z) = Z ||~/ Toi<|zj<2itr (T),

Jj=0

xi ()
with N > 2 sufficiently large and being 1 4 () the characteristic function of the set A. Since the functions
X; have almost disjoint supports and they are non-negative, for almost every = € R we have

p

N N
> = | Yo
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SO
i1
2T pn=1gy

N
sl =3 [, <O
=0

Further, we can use the estimates

N

L) = [ /2

Jj=0

9J+1

j rh
Hence, from (3.5.8) we deduce

CNP < HIn/p(qﬁN)pr(Rn) < Cl||¢N||iP(R"L) < C2N,

for any N sufficiently big and this is impossible. This completes the proof of the Theorem.
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Chapter 4

On gauge invariant NLS with short

range potential

In this Chapter we consider the 1D Schrodinger equation with a gauge invariant nonlinearity and with

Hamiltonian with short range potential without zero resonances. The aim will be to prove that the

quantity sup(1 + ¢)'/2[9)(t,-)|| L= (&) is bounded if the initial data are chosen small enough in a suitable
t>0

norm.

4.1 Introduction

We consider the nonlinear Schrodinger (NLS) equation with gauge invariant nonlinearity

i04) — Hp = YF([y[?), (4.1.1)

where the Hamiltonian H = Hy + V(z) can be considered as a real valued potential perturbation of the
free hamiltonian Ho = —0?2 on the real line x € R. We will explain the properties of the nonlinearity
function F' later on. For the moment we can keep in mind the classical semilinear Schrodinger equation
with pure power nonlinearity. We are interested in the asymptotic behaviour in time of the solution v of
when the initial data are suitably chosen. It is well-known that, in the case of free Hamiltonian,

the cubic nonlinearity

100 — Hotp = [, (4.1.2)
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is critical for the scattering in one dimension. At least heuristically, we can guess that the cubic case is

critical. Indeed, let us consider the Cauchy problem

10p) — Hop = [P~
¢(O) = 1/’07

and its integral formulation

t
p(t) = e Moy :Fi/ et Hogpl =1 s, (4.1.3)
0

where 1 < p < 5. We note that, the free L> estimate could be verified also in the nonlinear case if the

t
ds 1
/t/2 o = O

Hence, in one dimension, if the exponent p is greater than 3 we can expect asymptotic decay close to

following estimate holds

the free one. Moreover, we also expect that p = 3 is a threshold exponent in the study of the asymptotic
behaviour of the solution, and in this case we will call this exponent critical for the scattering.

We are going to focus our attention to the one dimensional case. For the other dimensions it is
possible to find the state of the art of the problem in [I7] and references therein. It is well known that,
if we consider initial data of small size in a suitable Sobolev norm, for 3 < p < 5, the solution of the

problem (4.1.3)) verifies the decay estimate

()@ < C,

one can see [54]. On the other hand, in [64] and [5] one can find a proof that, if 1 < p < 3, then
the zero solution is the only one asymptotically free. In [I7] and references therein one can find a
more complete list of the literature connected with the problem of the decay of the solutions and the
existence of the scattering operators for NLS. We also quote [55], where the existence and the form of
the scattering operator are obtained and [38] in which the completeness of the scattering operator and
the decay estimate are proved. In presence of a perturbed operator, H, there is a narrower literature.
Indeed, as far as we are concerned, for p > 3, the problems of establishing decay estimates and of proving
the scattering of the small data solutions were addressed in [I7]. If the potential verifies suitable decay

hypotheses and there are neither eigenvalues nor resonances, then the solutions scatter if the initial data
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are small in the energy-variance space. Our goal will be to prove decay estimates in critical regime with
perturbed Hamiltonians.

Now we come back to the problem ([4.1.1). We consider F': R — R such that
FeC'R), Fluy=Cu+0(i) 1<qg<?2, for0<u<l, (4.1.4)
with C' € R ~ {0}, so that we can consider as typical example
F([¢]*) = Clyf* + Cal*!, 1 <q <2, C1 €R,

when the nonlinearity is gauge invariant, but the scale invariance of (4.1.2)) is broken. The presence of
the potential V' brakes also the translation invariance of the NLS.
In this chapter we consider

V:R >R, (4.1.5)

i.e. real valued potential, that is even function
V(z) =V(-x). (4.1.6)

This assumption enables us to preserve at least the reflection symmetry, i.e. if the initial data of the

problem are odd functions
$(0,2) = Po(x) € Hygy(R) = {f € H*(R); f(—z) = —f(2)},
then the solution flow preserves this symmetry, i.e.
P(t,x) = —¥(t, —x)

for any time interval, where the solution flow of (4.1.1)) is well defined. We deal with potentials decaying

sufficiently rapidly at infinity, namely following [72] and the previous chapter we require

1
VeL'(R), y=1+s. (4.1.7)
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Our next spectral assumptions concern the self-adjoint operator

H=Ho+V(x),

namely we require that

op(H) = 0. (4.1.8)

Finally, we assume that 0 is not a resonance for H. This practically means that V is of generic type, i.e.

the transmission coefficient 7'(7) defined in [19] satisfies
T(0) = 0. (4.1.9)

Characterizing such potentials is rather tricky. We note that the assumption (4.1.7) is equivalent to
H > 0, if we add the requirements that zero is neither eigenvalue nor resonance for H. A reasonable

characterization appeared only recently in [45]. It is shown that for potentials with reasonable decay at

+00, such as (4.1.7)), we have
H=-02+V >0+ V(z)=w'(z) +w?(zr) = Miura(w). (4.1.10)

In other words, V' generates a non-negative Schrédinger operator, if and only if V' is in the image of the
Miura map, that it will be denoted with I'mage(Miura). In fact, we observe that (4.1.10) implies in
particular that

H = (0, +w)(—8y +w) = MM*. (4.1.11)

For technical reasons, instead of assuming (4.1.10), we make a slightly more general assumption (one
can see Lemma for a proof), namely for some € > 0, we require that (1 + €)V € Image(Miura),
that is

(14 e)V(z) = w'(x) + w*(x). (4.1.12)

We will show below that this is slightly more general property than just V € I'mage(Miura). Indeed,
the condition V' € Image(Miura) guarantees the absence of negative eigenvalues whereas the condition
implies (4.1.10]), see Lemma Moreover, in Lemma we also show that, under the
additional assumption, V' # 0 a.e. (and still in tandem with ), we can guarantee the absence

of resonance at zero. It gives the equivalence of the norms of the twisted Sobolev spaces Hi,(R) with
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the standard H'(R) (we note that in Chapter [3| we established the equivalence of homogeneous Sobolev
norms in the case s < 1/p, 1 < p < o). Finally, regarding the non-resonance condition (£.1.9)), this is
equivalently defined by saying that the equation H[f] = 0 does not have bounded solutions (it follows
from Proposition in Chapter [1] relation and Lemma 2 in [19]). The connection between
the Miura map and the solutions of H[f] = 0 is described in [45], Lemma 3.1. In particular the following

relation between the resonance state f and the generating function w is established:

wl) = = (In f(2)).

The non-resonance condition is essentially requiring that the generating function w in does not
have an integrable decay.

Our goal is to study the asymptotic behavior of small data solutions to the Cauchy problems, under
suitable smallness assumptions on the initial data.

In the following, for simplicity, we consider a time translation and we assume the initial data is given
at t =1, 1.

The following is the main result of this chapter.

Theorem 4.1.1. Let s € (1/2,3/4). Let V be a potential such that (4.1.6), (4.1.7) and (4.1.12) are

satisfied and V' # Oa.e. Then one can find constants C > 0 and § > 0 so that whenever
w2 . 2
e T € HSu(R), |le leHgdd(R) <eg, (4.1.13)

the unique global solution v € C([0,00); HZ;,(R)) N L>®(R; L>(R)) to the Cauchy problem (4.1.1) exists

O

and moreover it satisfies

sup(L+ )2 ||y (t, )| Lo m) < Cee. (4.1.14)
t>0

In the following of this section we are going to give the main idea of the proof.

For simplicity of the explanation we consider only the case
F(u) = u.
We can define 9 (t) as a solution to the integral equation

t
() = e DMy, 3 i/ e M (5)|yh(s)|2ds, t > 1. (4.1.15)

1
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If the initial data are in the weighted Sobolev spaces H**(R) = H*(R) N L?(R, (x)® dz) with norm
small enough and V' = 0, then it is proved in [38] that the solutions live in the space C(R; H**(R))
and moreover the free decay estimate holds. In [38] is also proved the existence of modified
scattering states. Our main goal will be to control the decay of the L>-norm of the solution provided
we have small initial data as stated in ({.1.13).

In the following we will outline the main ideas of the proof.

We first operate the transform

t, ) = (T,9),

where
T (4.1.16)
=7 x) = ) L.
Then, we can rewrite the solution (4.1.15)) as follows
H(E 1) ! iH(L-1) 5dS
U(T) =™\ 77 qpy +1 . e"\TTE)U(S) | (S)] 52 (4.1.17)

In other words, we passed from the set of threes, time, space and real part of the wave function
(t, z, R (t, 2)),
to the set of threes, frequency, space and real part of the wave function
(T, z, RY(T, z)).
Next, the key point is the construction of an appropriate isometry for the spacial distance,
B(T): L*(R) — L*(R),

so that

satisfies the integral equation

O(T) = U(T,1)B(1)E:ti/T U(T, 5)@(5)\@(5)?%

, (4.1.18)
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and the two-parameter group U(T, S) has property very close to the two-parameter group eiT=9H,

To be more precise, we choose

U(T,S) = B(T)e™/Te= /S B*(S9), (4.1.19)
where B(T) is defined by
B(T) = M(T)or, (4.1.20)
with
(2 1 T
M(T)f(x) = &5 f (@), or(D) = 757 (F)- (4.1.21)

The introduction of the isometry B(T'), transforms the set of threes, frequency, space and real part of
the wave function into the set of threes, frequency, momentum and the real part of the backward wave
function

(T, X, R(T, X)).

In this way, the proof of Theorem is reduced to the proof of the following estimate.

Theorem 4.1.2. Suppose the conditions (4.1.6), (4.1.7) and (4.1.12)are fulfilled. Hence the operator

H has no point spectrum and 0 is not a resonance for H. Let ®(T) be the solution to the integral

equation (4.1.18)) with initial data ¢1(x) = 6“32 P1(x) and let (A.1.13) be verified. Then the following

decay estimate holds

(T, M o) < Ce. (4.1.22)

To prove this a priori bound we are going to introduce a leading term for the asymptotic wave profile.
Indeed we are interested in establishing the leading part of the backward wave function.

To be more precise, since we looking for B(T') such that the property of U(T, S) are very close to the
one of e ""(T=5) we can define the leading term when T~ 0 as specified in the following lines. If the
existence of U(0, S), with S € (0, 1), can be justified, we set
=

S

B, = U(0, 1)3(1)1/;111/01 [U(0,8) — 1] ®(S)|®(S) (4.1.23)

Then, we define the leading term of the asymptotic wave profile as

. ds
(blead(T) = ‘I)O +i |(I)| (I)lead(’s’)§7
T
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namely,

Dyeqq(T) = Boe™ ), (4.1.24)

where

o(T) = /T |<I>(S)|2%. (4.1.25)

To prove the Theorem and in particular to control the L* norm of the solution, we are going

to establish the following a priori bounds:

sup (TQ/NH(I)leadHHsfe(R)) + ||<I)leadHL°°([0,1]><R) S CE, (4.1.26)
Te[0,1]
and
sup (TG/NH‘I’(T) - cI’lead(T)||HH)(1R)) +[2(T) = Prcad(T) (0,11 xr) < C, (4.1.27)

T€[0,1]
where 6 € [0,1] is such that 1/2 < s — 6 < 3/4, N will be chosen big enough and we are supposing that
the condition (4.1.13]) on the initial data is verified.

4.2 Spectral assumptions and Hardy type inequality

In this section we want to establish the equivalence between the norms ||v/Hol|r2(r) and ||VH|| 2 for
a wide class of potentials.

Now, with a variational approach, we will show that the absence of eigenvalues and zero resonances
for the operator H, give us information on the whole family of operators Hy+ gV as g is close to 1. This

information will be crucial to get an Hardy type inequality.

Lemma 4.2.1. Suppose that the operator H satisfies the assumptions (4.1.8), (4.1.9) and
1
Ve L,(R),
with v > 1. Then there exists §g > 0, so that

IV F 1122 + (1 +5O)/RV(x)|f(x)|2dx >0, Vf € H'(R). (4.2.1)
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Proof. Define the functional

(1+9)

1
Es(f) = §||VfH%2(R) t

/R V(@)|f(x)dr, fe H'R).

We argue by contradiction. Suppose the assertion of the Lemma is not true. Then we can find a sequence

In € Hl(R)7 ”an%Z(R) =1,
so that

Then the problem
Es(f) (4.2.2)

L; = inf
fEHl(R)» HfHL2(mg)=1

has negative minimum. Let g, € H*(R) be the minimum with constraint ||g, || 2y = 1. Hence we have

that

L jn = By yn(gn) < 0.

Rewriting the line above as follows

El/n(gn) = Il/ann||L2(R)7

and computing the first variation of the functional we get
9 1
_axgn + |1+ ; V(x)gn = 211/ngn> Hgn”Lz(R) =1L
We can renormalize this relation as
1
(ftn — 02) hyy + <1 + n) V(z)h, =0, / V(2)|hy(2)?dz = 1, (4.2.3)
R

taking h,, proportional to g,. Here and below, taking suitable monotone subsequences, we can assume
the sequence

Hn = _QIl/n >0
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is decreasing (thanks to the renormalization) and convergent, so we have

o = =211 /5, N\ o > 0. (4.2.4)
If > 0, then we can use and see that
pnllnllg2 @) + 102kl 22 @) = O1), /RV(x)Ihn(w)I?de =1
as n — 00. So taking again subsequence, we can assure the weak convergence
hp — B*
and the renormalization condition gives us

1= lim V(x)|hn(x)|2dx:/V(x)|h*(m)|2dac.
R R

n—oo

In this way we find a nontrivial function h* € H*(R) so that
(L=02)h* +V(z)h* =0

and this contradicts the assumption (4.1.8).
Therefore, it remains to consider only the case p1 = 0 in (4.2.4). In this case we can use the fact that

([4.2.3) implies that
1
(k= 02) b + V(2)h, = —=V (@) Iy
n

and we are in position to use the assumption that zero is not a resonance and apply the resolvent estimate

obtained in Lemma [1.4.2)
(A - H)_lfHLOO(R) < C@) fllprw) YA€ C, A >0, (4.2.5)

where v > 1. So, choosing A = i,/p,, we get

C C
el TWhill yim < —
n [|[{x)"V nHL ® =

1l ey < 1)Vl gy Mol e gy -
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Since V € L!(R), we can take n sufficiently large and deduce
th”LOO(]R) =0
that is in contradiction with the normalization condition

1= lim [ V(z)|hn(x)]*dz.

n—oo R

O

Remark 4.2.1. The connection between the creation and annihilation of resonance at zero and the point
spectrum of the family of operators

Ho + gV

as g — 1, is studied in [57]. The result established in Theorem 3 in [57] requires however exponential
decay of the potential, while the assumptions of the last Lemma just require the weaker assumption
V e L}Y(]R), with v > 1. In particular, we have proved that, if V € L}Y(R), with v > 1 and the

Hamiltonian has nor zero resonances neither eigenvalues, then there exists do > 0 such that
—A+ (14 )V >0.
Conversely, now we discuss the structure of the potentials connected with the class Image(Miura)
V(z) = w'(x) + w(z)?, (4.2.6)

its relations to the Hardy inequality and how it is connected with the positivity of the operator H. In
particular, we will establish an equivalence between the standard Sobolev space H!(R) and the twisted
Sobolev space H{(R).

In this way we choose the potentials that are in the image of the Miura transform. More precise
information for the image of the Miura transform can be found in [45].

We can infer the equivalence of the norms above supposing that a small perturbation of the potential

lives in Image(Miura).

Lemma 4.2.2. Let ¢ > 0 and ¢V € Image(Miura). Then for everyp: 0 < p < q, pV € Image(Miura),

and under the additional assumption that V(x) # 0 a.e., one can infer from (14 €)V € Image(Miura)
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that H = Ho + V' does not support resonances at zero.

In particular, our assumption (4.1.12)) guarantees that V' € I'mage(Miura), which by (4.1.10]) implies
that X =Ho+V > 0.

Proof. We have that there exists w, so that
qV(z) = w'(z) + w?

Thus,

pv = P8 P e (2= B = ariara () 4 w(o) (2 1))

q q? q?
But 2 — 5—; > 0, so we have (in operator sense)

2

— 02 +pV = [—83 + Miura (p;uﬂ + w?(z) (2 — 52> > —9% + Miura <p;11> >0, (4.2.7)

where in the last step, we have used in that —92 + Miura(W) > 0. Using again the other
direction of the equivalence , we conclude pV € Image(Miura).

Let V # 0 a.e. and (1 + €)V € Image(Miura). Assume for a contradiction that f # 0, f € L*(R),
is a resonance function for #H, that is H[f] = 0. We take a positive cutoff function H : ¢(x) =1, |z| < 1,
w(z) =0, |z| > 2 and we put o (z) = p(xz/N). We can evaluate for any large N >> 1, (H(fon), fon)-

Since f is a resonance, we must have

Jm (H(fen), fen) = 0.

Following the line of reasoning of (4.2.7)) however (with p = 1,¢ = 1+ ¢€), we have

My (fon), fon) = ([~0us + Miura((1 + €) " w)](fon), fon) +
(14+¢)2 Jg

+ e(L+ e Hw’fon, fon) 2 w?(2)|f (2)*|en|*dz > 0.

It follows that

| @@ = Jim [ v @lf@Plex @)k =0,
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Hence we have that w = 0 a.e. on supp{f}. On the other side, since f is a resonance we have that

/|Vf|2dx+/w’|f|2dx 0.

The line above implies that w’ is negative a.e. on supp{f}. This is in contradiction with the statement

w =0 a.e. on supp{[}. O

Our next result establishes the equivalence of the Sobolev spaces Hi,(R) N L2,,(R) and HZ,,(R),

under the assumptions put forward in Theorem [4.1.1

Lemma 4.2.3. Assume that V satisfies (4.1.7) and (4.1.12)). Then, there exists a constant C, so that

for all odd Schwartz functions f,
1
ez < IVHfl2@) < CILF 22wy (4.2.8)

In other words, || f|m, ®ynrz,,® ~ |fllm®)-

2
odd

Proof. We have
IVHS|2s ) = (H, ) = / /()P + / V(@) (2)2dz.
R R

The right-hand side inequality in (4.2.8]) is a direct consequence of the Hardy inequality. Indeed, by
[@.1.7), |V(2)| < Cy|z|~2. Thus, by the standard Hardy’s inequality, we have

2 |f (@)[? o2
/RV(x)|f(x)| d:EgC’l/R e dachg-/R|f (z)|*dx.

whenever f(0) = 0 (which is of course satisfied if f is odd to begin with). This shows

IVHS |22 ®) < V/Co + 1| £ || 22 () -

For the left-hand side inequality of (4.2.8), we argue from —92 + (1 + €)V > 0, which is a consequence

of our assumption (4.1.12)). This implies

0<{(=02+ (1 +V)f f) = 1fZo@ + (1 +€)/RV($)|f($)I2dff'
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Since we have

L+ OIVHS 2w = el f 2@ + 11222y + (1 +€)/RV(J?)|f(x)I2dx,

follows that

1 1
17wy < (143 ) VAo < 14 o) (14 2) 15 o

Dividing by (1 + 1/¢) we get (4.2.8). O

4.3 Heuristic idea to define modified scattering profile.

In this section, we want to define heuristically the modified scattering profile of the unperturbed problem,
using an approach that involves the two parameters groups.

The flow map associated with cubic NLS is determined by the group e " with generator —i#. How
anticipated in the introduction to this chapter, the most important step is to define a family of unitary
operators

B(T): L*(R) — L*(R) (4.3.1)
so that the new two parameters group

1

U(T,S) = B(T)e*(7-%)B*(S), 0< T, <1
has properties very close to the original group
o TH(T=S)

The same question is meaningful for the unperturbed Hamiltonian 7y and can be posed in the following

way. We are looking for a continuous family of unitary operators (4.3.1]), so that the generator of

1

Uo(T, S) = B(T)e™o(+=5)B*(5), 0< T,5 < 1 (4.3.2)
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is exactly —iHo, and hence we can write

B(T)eMo(1=3) B*(§) = ¢~ Ho(T=5),

Uo(T,S)

One can see that the generator of this two parameters group Uy (T, S) is iA, provided

where

M(D)f(2) = €57 (&), or(@) = 7 (3

Indeed, taking f € D(Ho) and using (4.3.2]) we see that

Uo(T,1)f = B(T) ™o (=) B*(1)f .

®(T) w(T)

Hence

formally solves the Cauchy problems
i
or¥(T) = —EHO‘I’(T% (1) =B*(1)f.

Setting
B(T) = Up(T,1)f = M(T)orW(T),

we obtain (the detailed proof is given in Lemma below)
or®(T) =iAD(T), ®(1) = f.

This observation proves (4.3.3)).
The solution to the Cauchy problem

O = —iHov(z) Fil?, (t,z) ERxR

(1, 2) = ¢ (2),

112

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)
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can be rewritten as a solution to the integral equation

t
le) = e Moy 5 [ ey (5) i (s) P,

1

We can make the simple transform

where

Now setting

where

To this end we use the relation
U(S)|W(S)|* = [B*(S)®(S)|B*(S)®(S)|*] = SB*(S) [®(S)|®(5)[?]

and via (4.3.3]) we find

1
B(T) = e Ho(T=1) p(1) (v1) :ti/ e—iHo(T—S)(I)(S”(I)(S)‘Q%.

T

The free group Uy (T, S) satisfies the estimates

H(l — A2 U(T, S) — 1) gHL2(R) <C|T - §|/? H(l _ A)(a+0)/2g’

L2(R)

113

(4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)
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for any 0 € (0,1) and for any 7', S € (0,1].
Hence, the integral formulation (4.3.13]) suggests us to define the leading term of the asymptotic

profile as follows. Setting

Py = M0 B(1) (¥) ii/o [eoS — 1] <I>(S)|<I>(S)|2%,

we can define the leading term ®;.,4(T") of the solution ®(7") as the solution of the integral equation

! ,dS
(plead(T) = @0 +i (I)lead(S)|q)(S)| ?
T

(4.3.15)
If we choose 0 € [0, 1] sufficiently small such that
3/4>a=s—-0>1/2,

then, using (4.3.14])) we can prove the estimates (4.1.27]) and (4.1.26| provided the initial data satisfy the

following smallness condition

.2
lle™** /41/J1||H5(R) <e.

The presence of the norm ||e—1962/4¢1 | &7+ (r) in the estimates above, due to the introduction of the unitary

operators B(T'), explains the use of weighted Sobolev spaces H**(R) equipped with norm

Il fll sy = 1{2) fll L2y + (1 — A)s/2f||L2(R)7 52>0,a >0.

4.4 Modified profile for the perturbed Hamiltonian

Now, following the free case, we want to construct the modified scattering profile for the perturbed

problem. As before, we define the two parameters group

where

and M(T), or are defined according to (4.3.4).
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The generator of the two parameters group U(T), S) is
IA(T),

where

1 N 1 T
A(T) = —orHop = A= =V (T) . (4.4.1)

Indeed, taking f € L?(R), so that B*(1)f € D(H), we see that

U(T,1)f = B(T) ™+ -1) B(1) ¥, (4.4.2)
———— —_————
®(T) U(T)

Hence,

solves the Cauchy problem
i *
orv(T) = —ﬁ’HV\II(T), ¥(1) =B*(1)f. (4.4.3)

Setting
O(T) = U(T, 1) f = M(T)oru(T),

we obtain (the detailed proof is given in Lemma below)
Or®(T) =iA(T)®(T), @(1)=f. (4.4.4)

Using the fractional calculus for the perturbed Hamiltonian H, one can define the fractional powers

of (=A(T))*/? and (1 — A(T))*/? as follows

(=A(T))¥/? = %UTHS/%;, (1—A(T))*? = %UT(TZ + 1) %0k (4.4.5)

Of special importance is the following estimate (for detailed proof see Lemma [4.5.2))

CHIA = A2 fllzemy < I+ Ho)* 2 flram < ClI(L = AT fll 2@ (4.4.6)
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for any s € [0,1].

Turning to the Cauchy problem

O = —iHY(x) Fiv|y)?, (t,z) eRxR

P(1,z) = ¢ (),

(4.4.7)

we follow the same steps already done for the free Hamiltonian. So, we rewrite (4.4.7) as follows

t
Y(t) = e DMy, Fi / e =My (s)|1h(s) |2 ds. (4.4.8)

1

The transformation

defined by
1 1
==, U(T,x2) = = . 4.4.
(=3 v = (g0 (1.49)
leads to the integral equation
1
(T) = e‘H(%*)Eii/ elﬂ(%—%m(sw(swg. (4.4.10)
T
Further, we defined
o(T) = B(T)¥(T),
and from (4.3.11)) we find ¥(7T)
U(T) = BY(D)&(T), BT)* = M* ()}
This observation leads to the integral equation
! ds
O(T) =U(T,1)¢1 ii/ U(T, S)<I>(S)|<I>(S)|2§7 (4.4.11)
T

where

o1(z) = B(1)y1(x) = e T 1 (x). (4.4.12)
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The perturbed group U(T, S) satisfies the estimates

|a-a@)m,m) - 14

<CT—T 9/8H1_A(a+9)/2 ‘
ew = O BRI ) g

4.4.13
. ( )
provided ¢ is an odd function and 0 < 75,77 < 1, @ € [0,3/4), 6 € [0, 1] sufficiently small. One can see
the hypotheses in Lemma for the sharp constrains on 6 and a.

If we can justify the existence of the strong limits
U0,1)f =lmU(s,1)f, (4.4.14)
e—0

and
[ wi.5) - nes)jes)P = iy [ UES) - ne)es)RS, (1.4.15)
0 e

then, in the same spirit of the free case, we can define

1
o = U(0,1)n +i / U(0.5) ~ 11(S)]a($)P

By means of @y, we can go further and we define the leading term ®;e,4(T") of the solution ®(T') as in

@315, i.c.
ot 5dS
‘I)lead(T) = (DO +i (I)lead(S)|(I)(S)| ?
T

(4.4.16)

By the line above we find
Dead(T) = Poe™ M), (4.4.17)

where ©(T) is defined in (4.1.25)).
Our goal is to prove some a priori bounds (4.1.26[), (4.1.27)), for the leading term ®;.,q defined in

(4.4.17), and for the remainder
Drom (T) = q><T) - élead(T)~

Taking the difference between the equation (4.4.11)) and the equation (4.4.16f), we find

1

By (T) = [U(T,1) = U, D] £1U(T,0) ~ 1) [ U0.5)0(3)2()PG 7

T

#i [ 00.5) - 18S)@SPY +i [ 00 ($)BS)PG
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This equation suggests to consider the linear operator
L:fxF e Hj(R)xC([0,1]; Hygy(R)) — C([0, 1]; Hyqq(R)),
defined as follows

L(f, F)(T) = (4.4.18)
U(T,1) — U0, 1)]f +i[U(T,0) — 1] /T U, S)F(S)g =
ds

T
i /0 U0, ) - IIF ()5

We can rewrite the equation for the remainder term as follows:

[t ds
Bron(T) = Lo, AOLNT) £ | D0 )IBS)P
where ¢, is defined in (4.4.12)).

Hence, we can express the remainder by the identity

,dS

1
e (T) = G(T) £i / eHOM=0GNG(9)|| < (4.4.19)
T

where

G(T) = L(¢1, ®|2*)(T).

Our next step is to choose, as in the free case, the parameter 0 € [0, 1] sufficiently small such that we

can select « = s — 0 € (1/2,3/4).

Using (4.4.13]) we can show the estimates (4.1.27) and (4.1.26]), provided the initial data satisfy

_ir2
[e™** /4¢1||Hgdd(R) <e

4.4.1 Similar Orbits and Splitting Generators

In this section we will give a rigorous justification of the formulas (4.3.9)) and (4.3.13]) for the free case,
and then we analyse the perturbed case. In both cases, we are going to show the relation between the

two two parameters groups that appear in the integral expressions of ¥(T') and ®(7).
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After the change of variable (4.3.10)), the integral equation (4.3.9) suggests us to consider the two
i’Ho(i—i)
parameters group e T 5/,
Moreover, as explained in the section above, we are looking for a suitable unitary operator B(T)
ables to simplify the group ¢0(+-%) and the integral equation (4.3.9). Now we give two equivalent

definitions to connect two two parameters groups.

Definition 4.4.1 (Similar groups). Let 0 < T,S < 1. Let U(T,S) and Uy(T, S) be two two parameters
groups with generators —iA(T) and —iAo(T) having respectively dense domains D(T) and Do(T) on the

Hilbert space H. We say that U(T,S) and Uy(T, S) are similar if there exists a unitary operator
B(T): H— H,
such that
Uo(T,S) = B(T)U(T, S)B*(S), (4.4.20)

and

Definition 4.4.2 (Splitting operators). Let A(T) and Ao(T) be self-adjoint operators with dense domains
D(T) and Do(T) on the Hilbert space H. We say that the couple (A(T), Ao(T)) is splitting if there exists
a unitary operator

B(T): H - H,

such that

B(T): D(T) — Do(T),

and

B/(T) =i [B(T)A(T) — Ao(T)B(T))] . (4.4.21)

Remark 4.4.3. We can verify that the two two parameters groups are similar if and only if the couple of

the generators is splitting. The key is to compute drUp (T, S) using (4.4.20) and (4.4.21)).

At first we consider the unperturbed Hamiltonian Hg. In the following Lemma we prove that (%, 7—[0)

is a splitting couple.
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Lemma 4.4.4. Let Ho = —02. Then, one can find a unitary operator
B(T): L*(R) — L*(R),
so that for any T, S € (0,1] we have the relation
B(T)eo(73) B (§)g = e Ho(T=5) g, (4.4.22)
Proof. We consider the two-parameter groups
Uo(T, §) = eMo/T=1/9) 7 (T, §) = ¢=(T=S)Ho

with generators
.Ho

—iHo(T) = —itg, —iHa(T) = ~itlo.

It is easy to show that the similarity condition for the two two parameters groups, (4.4.22)) will follow

from
B'(T)=i B(T)% —HoB(T)| . (4.4.23)
We follow , so we can choose
B(T)=M(T)or, (4.4.24)
where
M(D)f(2) = €% [(@), or(f)@) = 75/ (3 (14.25)

We have to check the identity (4.4.23]) with this choice of B(T'). For this we take g(z) € S(R) and

use the relations
2
Y — — A Vi a R R A
B'(T)g = ~ 75 B(Dg(x) + M(T) [ng (T)] _
iz? 1 T 1 T
v . . —1/2 1 (*
172 B(T)g(@) = 5= B(T)g(e) — M (T T2 (7))

so setting

L = x0,, (4.4.26)
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we find

Further, we have

_ a2 T i 4%‘ T
~arerizc Y (T) Tzt I (T) -

1 22 9 x
Tt (Lg) ( (—029) (T) :

€T 1 i:v;f
T) + T1/2+2e

In this way we obtain

1

ﬁB(T)HO —HoB(T) = [ +

S QT] B(T) + LB(T)L.

T

The relations (4.4.27)) and (4.4.28]) imply

B(T) =i | 15 B Ho ~ HoB(T)|.

so we have (4.4.23)). This completes the proof of the Lemma.

Now we proceed similarly for the perturbed case. We consider the perturbed Hamiltonian H =

—02 4+ V(x). We can consider the two parameters group defined by

U(T,S) = B(T)e™/Te /S B*(9),

121

(4.4.27)

(4.4.28)

(4.4.29)

O

(4.4.30)
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where B(T') and B*(T) is defined as in (4.4.24). We shall see that this two-parameter group has generator

1
O'T,)L[VO'%7 (4431)

iAT), AT)=-=

where

1 1
A(T) = —5or (<03 +V)op = A= =V (%) .

Lemma 4.4.5. Let H = —02 +V, and let B(T) be defined as in (4.4.24). Then, the genarator of the

two-parameter group

U(T,S) = B(T)e™/Te= /S B*(S) (4.4.32)
is the operator iA(T) defined in ([4.4.31)), i.e. for any g € H*(R) we have

diTU(T, S)g = iA(T)U(T, S)g. (4.4.33)

Proof. Again the relation will follow from and the splitting relation
+ A(T)B(T)] . (4.4.34)
We know from Lemma 4.4 that
B(T)=1 [B(T)H0 + AB(T)} .

Hence, the line above and the trivial identity

(T)% - % (7) B(T) =0, (4.4.35)
imply . The thesis follows computing

diTU(T, S)g = diT [BD)e™IT (M5B (5)g)]

with g € H?(R) and using (4.4.34)). O
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4.5 Equivalent Sobolev norms

Once established the relation (4.4.32)), and keeping in mind the integral equation (4.4.11)), it is useful to

look for estimates for the Sobolev norms

”U(Tv S)fHHs(R) , (4.5.1)

where 0 < T'< S < 1and 0 < s < 1. In this section we want to establish an equivalence relation

between the classical Sobolev norms defined by H and the modified ones defined by A(T"). This result

will turn to be crucial to get estimates for the norms that we will study in the next section.
Fixed s € [0,1], we introduce the fractional powers (—A(T))*/2, of the generator A(T) of the two

parameters group U(T,S). We recall that these operators are defined by

1
(—A(T))*? = FUTHS/%;, se0,1]. (4.5.2)

The following Lemma will give us an integral formulation of the operator (—A(T))*/2U(T,S), with
s €[0,1].

Lemma 4.5.1. Let 0 < S <1 be fized. If f € H*(R), then for any s € [0,1] the function
Oy(T) = (-A(T)**U(T, S)

satisfies the integral equation

dr

Ts+17

S
®,(T) = U(T, S)(—A(S))*/2f — /T U(T, 7)o A(s)o U (r, ) f (4.5.3)

where
A(s) = sH? + [L, H¥/?), (4.5.4)
A(s): L*(R) — L*(R),
s a bounded operator.

Proof. The function

o(T)=U(T,S)f
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is a solution to the equation

i07®(T) + A(T)®(T) = 0, (4.5.5)

if f is sufficiently regular, namely f € H?(R). If s € [0, 1], then we can use a density argument and
assuming f € H?T*(R), we can assert that ®(T) € C([0,1]; H?>T*(R)) satisfies (4.5.5)).

The proof of (4.5.3) can be reduce to the proof of the commutator relation

[0r, (~A())*"? :—§K*AUW”2*quoﬂLﬂfﬂpa (4.5.6)

where L = x0, is the delation operator. Hence we show that (4.5.6) is verified. The fractional powers

involve the operators o7 and H*/? so we can use the following relations:

1 1
Or,or] = —=0orL — —op, [Or,07] = LUT + 55

- 57 (4.5.7)

217

To prove (4.5.6) we can use (4.5.7) combined with the definition of the commutator. In this way we

find

S
_Ts+1

1
|:8T, (—A(T))S/Z} = |:8T, FO'TIHS/QO';

1
_Ts+1

orH 2ok~

L, 11
orLH* %o o7 = 5 Tst1

1 1
s/2
O'TH L T+2TS+1

(TT'HS/QU;“F

1 s 2 *
TS+1 O—TH / T'

Hence we obtain

ar [Lv HS/Q]U;

(o, (~A@D)?] = —H (=A@ -

Tl+s
To complete the proof we note that
1 * S s s *
Tor 0T A0} = Z(-AT)2 + s or (L Hor, (4.5.8)

where A(s) is defined in (4.5.4)). One can find a proof of boundness of A(s) in [I7]. Now, computing
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Or®,(T), and using (4.5.6) and (4.5.8]) we get

i

i0r®(T) + AT)P(T) = — 77

orA(s)orU(T, S)f, (4.5.9)

provided f € H?T%(R). This equation and the definition of the two parameters group U(T, S) give the

integral equation (4.5.3)). Now using density argument, we can assert that it is true for f € H*(R). O

In order to control the norm (4.5.1) thanks to the results of Lemma we want to establish the

following equivalence relation

IVHo fllre@ = IV=AT) fllrz ),

with s € [0,1]. Using the equivalence property of Lemma as well as the fact that

V—-A(T) = %O—T\/;Tto—;

with

or: L*(R) — L*(R)

an isometry, we deduce the following estimate

1 1
VAl < (14 5 ) IV-BD W <2 (14 5 ) VAo (4.5.10)

0

for any f € H!,,(R). An interpolation argument implies the following result.

Lemma 4.5.2. Suppose that the operator H satisfies the assumptions (4.1.7), (4.1.8) and (4.1.9). Then

for any s € [0,1], there exists C > 0, so that
CHH? llamy < I (=A@ fllza@) < CIHY flle ) (4.5.11)

for any f € HS,,(R).
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4.6 Estimates for the two parameters group U(T),S)
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In this section we derive some a priori estimates for the group U(T,.S) and we prove the main technical

lemmas essential to establish our main a priori estimates (4.1.27)), (4.1.26]).

4.6.1 Linear Strichartz estimates

Here we recall the classical Strichartz estimates for the Schrodinger group and then we get Strichartz

type estimates for the two parameters group.

The Strichartz estimates for the free Hamiltonian in any time interval (0, A) are

He_motfHLP((o,A);Lq(R)) < Clif ey,

where here and below the pair (p, ¢) verifies the admissibility relation

2 1 1
2<q<o0, —4+-=3.
P q 2

A standard T — T™ argument implies the following estimate on the Duhamel term

< CHFHLPQ((QA);LQ(]R));
LP1((0,A); L1 (R))

¢
/ e Mo(t=5) P (5)ds

0

where

2 1 1
2<QI<OOa 7+7:77
a2
2 1 )
1<q2<27 7_’_7:7
P2 g2 2

(4.6.1)

(4.6.2)

(4.6.3)

(4.6.4)

For similar Strichartz estimate for the perturbed Hamiltonian H we can refer to [72] and Chapter

and [3| One can make a time shift and assume the initial data at t = 1. Then if we assume (4.1.7)),

(4.1.8) we shall have the estimates

e—iH(t—1) ’

<C VA > 1
i anmamy S O le@, ¥4 =1,

(4.6.5)
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provided the pairs (p, q) satisfy (4.6.2) and

when (4.6.4) holds.
Now we turn to the two parameters group U(T,S), introduced in (4.1.19), (4.1.20), (4.1.21). Our

t
/ e MU= P(s)ds

1

< CF | ez ((1,4);L92 () (4.6.6)
LP1((1,A);L91 (R))

first step is to check the estimate
IO, ) fll o ((a,1);pamy) < CllF 2@, (4.6.7)
where 0 < a < 1 and (p, q) satisfy (4.6.2). Setting
g(t,z) = MV BH (1) f(2),
we can see that

HU(T, 1)f||Lp((a71);Lq(R)) = ||M(T)UT(9(T_17 .))”Lp((avl);[,q(]R)) ’

o, using the relation
HM(T>UT(9<T_17'))HLq(R) = HUT(Q(T_lv'))HLq(R) =1/ Hg(T_l’ ')HL‘I(R)

and , we obtain
||UT(9(T_17 '))HLQ(R) =T HQ(T_la ')HLQ(R) .

To this end we can set

h(t) = 19 )l Lo gy -

so we use the relation

[r=rene |, = Ol A=1/a

L?(a

and in this way we arrive at

U(T, D) f |l oo 1y Lo = He—iH(t—l)B* 1 ‘
NU(T, 1) fll 1o (a,1); L0 ) 0f (LAY Lo (®)

so applying the Strichartz estimate (4.6.5), since B*(T) is an isometry in L?(R), we find ({4.6.7).
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In a similar way, we can check the other Strichartz estimate

for any a € (0,1) and for p1, g1, pa, ¢2, satisfying (4.6.4). Indeed, thanks to relation (4.6.7) we have that

1 1 x
‘ nvereel (t’ t)

Hence, operating the change of variable, T + 1, in the right side of (4.6.8) and, using (4.6.3)), we get
the inequality (4.6.8).

/ U(T. 8)F(S)ds
T

< CF | ez ((a1);L92 (R)) (4.6.8)
LP1((a,1);L91(R))

= ||F||LP2((a,1);L‘?2(R)) :
Lr2((1,A);L2(R))

4.6.2 Some a priori estimates

In the following we collect some important estimates for the two parameters group U (T, S) that we are

going to use for the proof of the Theorem [4.1.1

The Strichartz estimates (4.6.7), (4.6.8) and the equivalence property of Lemma imply the

following result.
Corollary 4.6.1. For any S, 0 < S <1 and for any f € H,,(R), we have that:

a) Ifs€0,1] and 0 <T < S, then

s 3/4
dr
NU(T,9) fllzsmy < C | 1 fllmsm) + (/T TS§> U7, S) fllL=((r,s);L=m)) | ;  (4.6.9)
b) If s € (3/4,1], then
1 s—3/4
0T, ) L) < € (ans(R) +(z) e S>f||m<T,S);Lx(R)>> (610

c) If0<s<1/2o0rl/2<s<3/4and0<T <S8, then
NU(T, ) fllm=®y < Cllfllmew)- (4.6.11)
Proof. We consider s € [0,1]. It is well known that

gl @) = 9]l 2@ + 15 gl 2 @)-
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Moreover, Lemma and equation (4.5.3)) imply that

I(=A(T))*2U(T, S) fll 2y <

_dr

S
< WS A e + | | V7)o AWV 5) 4

L2(R)

Using the Strichartz estimates (4.6.7), (4.6.8) we get the estimate (4.6.9). The estimate (4.6.10)) is a

trivial consequence of the estimate (4.6.9) in the case s € (3/4,1]. To complete the proof we note that,

if 0 < s < 1/2, we have

1U(T, ) fllme@y < NUT,S)fllz2) + Cll(=AT))*U(T, ) f 12w

A(s)orU(T,S)f

s+l Or

< ez + 11l o) + ‘
LA/3((S,T); L' (R))

T 1/2
< N f ey + ‘ i e U s, S)f‘

LA/3((8,T);L>=(R))

<oy + 7l gy 10T ) Fllpas e -

The Strichartz estimates and the condition s < 1/2 imply the inequality (4.6.11). On the other side, if

1/2 < s < 3/4, we use the interpolation Sobolev estimate

1/2 1/2
lgllzo @) < Cllgllyfira—s ey 9l oo ey

for g=U(7,S)f and 1/2+ 6 < s. Hence, the inequality (4.6.9)) and the interpolation Sobolev estimates

above combined with Young inequality

2 b2
<X+ ab>0, e>o0,
2e 2
imply (4.6.11f). This complete the proof of the Corollary. O

Now we want to get H*(R) estimates, with a > 1/2, for the operators involved in the expression of
the remainder @ .., (T) (4.4.19).
We prove the fundamental lemmas to get the estimates (4.1.26) and (4.1.27).

Lemma 4.6.2. Let g € HS,,(R). The perturbed group U(T, S) satisfies the estimates

I[U(T1, T2) — 1) gl o (my < C|T1 — |/ 91l grovo () (4.6.12)
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provided
4
ac0,3/4), 0¢0,1], ?O‘+9< 1, 0<T, T, <1. (4.6.13)

Proof. We can consider the operator
B(a,e) = |T1 — T2|*6/8(1 _ A)a/Z [U(Tl,TQ) B I] (1 B A)f(oc+0)/2

and show that (4.6.12)) follows from the fact that it is L? — L? bounded operator. We have also the
following simple observation: if

B(a,0) : L*(R) — L*(R)

is bounded for some «a, 6 € R, then the operator
B(a +ir,0 +i7) : L*(R) — L*(R)

is bounded operator for any 7 € R. This observation and the Stein interpolation theorem guarantee that

it is sufficient to show the L? boundedness of B(a,#) at three points
(a,0) = (0,0), (a,0) = (3/4—¢,0), (a,0)=1(0,1),

with € > 0 arbitrarily small. Hence, we have to check (4.6.12)) for the three points written above. The

-0.2

estimate (4.6.12) is trivial in the point (0,0). Moreover, it is valid for the case § = 0, a € [0,3/4) due to
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the estimate (4.6.11)) of Corollary Therefore it only remains to prove the case (o, 8) = (0,1), i.e
I[U(T1,T3) - I]!JHL?(R) <O - T2‘1/8 ||g||H1(]R) 0<T <Thi <L (4.6.14)

To verify this estimate we note that

T:

10T - Dol = | 5 (UG T2) = gl ) dr (4.6.15)

T>

We compute the derivative

L)~ ol =ty [T =D T “ Dol
and we get
NG To) ~ 19l 2ae) =
= 2R </ A(T)U (T ,Tg)g-U(T,Tg)gd:C) + 29 (/RiA(r)U(r,Tz)g.gdz>
- (—z/‘ N2 (7, Ty)g ‘ da:) + 23 (—i/R(—A(T))l/QU(T,Tg)g~(—A(7‘))1/2gdx>

=23 (—z‘/(—A(r))WU(T, Ty)g - (—A(T))l/zgdx) :
R
Now, coming back to (4.6.15) and applying (4.6.10) we get

Th e —
||[U(T1,T2)—I}g||iz(R)§/T dr /R(fA(T))l/zU(T,TQ)g.(fA(T))l/zgdx

T 1
< HgHHl(R)/T (1 + 1/4> g1l £ (my dT
2

4
< ol ey (- T + 5@ - 13/

< C(T = T2)"* gl g)-

Hence we deduce (4.6.14)). The Stein interpolation theorem proves that the estimate (4.6.12)) holds for
any a € [0,3/4), a € [0,1] and § < =3 + 1. O

As consequence, we can justify the limits (4.4.14) and (4.4.15). More precisely, we have

Corollary 4.6.3. Let f € H*:'(R) and let F(T) € C ((0,1]; Hs‘d‘ze(R)), with o+ 60 < 2, a > § and
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0 > 0, such that

sup TYN||F(T)| oo ) < C < o0,
Te(0,1] odd

with N > 16. Then we have:

a) Given any S € (0,1] the function
Te (0,1 = U(T,S)f

can be extended as a Hélder continuous function in C%%/% ([0,1]; HS,,(R));

b) The function

! s
Te (0,1l — [ [UT,S)— I]F(S)g
T
can be extended as a continuous function in C%9/8=0/N ([0,1]; H2,,(R));

c) The function
T
T e (0,1] '—>/ (0, 8) —I}F(S)%
0

can be extended as a continuous function in C%9/8=0/N ([0,1]; H2,,(R)) .

Proof. We shall prove the point a). We take 0 < 77 < T < 1 and then we have the relation
U(T1,8)f —U(T2, ) f = [U(Th,T2) — 1] U(T3,5) f.

Taking

3 1
+0< = —, 0>
o <4,a>2, 0,

and applying Lemma we find
||U(T1,S)f - U(TZ»S)f”Ha(R) < C’|Tl - T2|9/8 ||U(T2a S)fHHaJrS(R) :

So, the assumption

3
0< 0 < -
<a+ <4,

and the inequality (4.6.11]) of the Corollary below imply

|U(Ty, 8)f = U(Ta, S) fll oy < CIT1 = Tol*® (| 1l grocso )

132

(4.6.16)

(4.6.17)

(4.6.18)

(4.6.19)

(4.6.20)
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and this completes the proof of the point a). To prove b) we note that

/T[U(TlaS)—I]F(S)%—/T[U(TQ,S)—I}F(S)%:

T ds

- / (T, 5) - NF(S)% 4 / U, $) - U SFE)E.

Ty S T> S

Hence, using (4.6.12) and (4.6.20) we have that

| was) -nrs)g - [ wes) - nre)

Ho(R)
T> S — T,)9/8 1 F(S at6
<o [TETIE r©) sy 0 [ @ - T g
Ty T>
If we choose N > 16, we have that
1 1
[fn 0@, s) ~1F$)% — 1,01 ) - NFE©E| <
< CITy — To|879/N sup TON|F(T)| ro+o gy +
T€(0,1]
+C|Ty = To|*% sup TON||F(T)| oo w))-
Te(0,1]
Similarly, we prove ¢). Indeed, if N > 8 we have that
T T
! ds 2 ds
‘ [ wes-nrsg - [Cwos) -nrsg| -
0 0 H>(R)

/ P w.5) - 1) %

He(R)

<Oy =)%Y sup TYN||F(T)|| grovo w)-
Te0,1]

4.7 Bound of the L*° - norm

133

In this section we prove the Theorem [£.1.1] i.e. Theorem In particular we are going to prove the a

priori estimates (1.1.27) and (4.1.26)), when the initial datum ¢;(z) = ¢'**/4W (z) verifies the hypothesis

(4.1.13]). Hence we are going to control the quantities on the left sides in (4.1.26)) and (4.1.27)). We recall

the expressions in (4.4.19) and (4.4.17) that define respectively ®,..,, and Pjeaq.
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Before starting with the proof, we need some additional estimates. Indeed, by the expression (4.4.19)),

we note that we need estimates of the Sobolev norms of products of the type
g(x) = €9 f(x),

for a real valued function ©(x). For this purpose, we use the following equivalent norm of the Sobolev

space H*(R) with 0 < s < 1,

1
gl e ey = llgllzaqe) + ( / /
RJ—-1

The definition and the equivalence properties of Sobolev and other interpolation spaces are discussed

g(x+h) —g(x)

)
e (4.7.1)

1/2
2 dhde\ "
A

in details in [69], [59], [60].

Lemma 4.7.1. If ©(z) is a real valued function and
© € H*(R), feHju(R)NLyga(R),
for some s € [0,1), then

HeiefHHs(R) S CY”f”Hg

odd

® OOz @l fllzs, ®)- (4.7.2)
By Sobolev embedding ( for s > §, || fll Lo @) < Csll fll o) );
HeinHHs(R) <CA+[Olas@)Iflla:,,®- (4.7.3)
Proof. We use the inequality
elor — ei“2| < |ar — as|, Vai,as € R,

and we have the inequalities

ei@(x+h)f(x +h) — ei@(m+h)f($) +

(O f(z + ) — O f(a)| <

+

O f(2) — ) ()| < |7+ h) — ()| + 1O + h) — O |l
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so we can apply the equivalence property (4.7.1)) to obtain (4.7.2) and complete the proof of the Lemma.

[
Finally, in order to prove the estimates (4.1.26]), (4.1.27)), we will also need the following Lemma.
Lemma 4.7.2. If ®(T) is a solution to the integral equation (4.4.11), i.e.
. ,dS
B(T) = U(T.1) (00) £ [ UTS)a(S)a(9).
T
then for any s € (1/2,3/4) we have
! , dS
12(T) | zsr) < Cllonllaswy + C . ||‘I’(S)HHS(R)||‘I’(5)HL°¢(R)§- (4.7.4)

Proof. The estimate (4.7.4]) follows directly from the estimate (4.6.11)) of the Corollary and from

the fractional Leibnitz rule

1falles®) < Cllfllm=@)llgllL=w) + Cllgll s @)l fll L @) (4.7.5)
(more details on fractional Leibnitz rule can be found in [48], [50] or [35]). This completes the proof of
the Lemma. 0

Remark 4.7.3. A simple computation shows that

! ds 1
s 200 - < T G/N 8 200 .
/T 2 (S)| 225 m) 1R (S) |7, ®) g = CTg/N Ssel[lol?l] (S 12 (S) 225 =) 1P(S) 1T (R))

Indeed, we have that

L , dS
1) e @) 12 (S Loe ) g <
T

T
ds
< C sup (SQ/NQDS s )<I> o Jo0 e
S (SN e ) 19l s | g
< Crr s (S”N18(S) 1 ) 1] 1220
TN se(0.1)

Now we can start with the proof of the inequality (4.1.27).
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First of all, we note that from Corollary [£.6.3] we have
IU(T,9)f = U0, 8)f ey < CT*(1f || goso @y (4.7.6)
provided f € Hg‘dze (R) and 0 < T < S < 1. Taking into account Corollary b) and c), we get

IL(f, F)(T)| o ®) < CTG/SHfHHaJre(R) L oT9/8-0/N 581(1(})1] SH/N||F(S)||Ha+9(R), (4.7.7)
€(0,

where L(f, F)(T) is defined in (4.4.18). Replacing F by |®|?® and using the fractional Leibnitz rule
(here we need a4+ 0 < 1)

NP1 ®|| ooy < ClIP| prato @) 1Pl = gy (4.7.8)

we obtain

IL(f, 1P ()| oy < CT®|| fll oo my + (4.7.9)

+ CTO/0N supge o 1y (VDS oo ) 19(S) 2o ry ) -

Our next step is to estimate

1 2
[ e ) ep (zifo(r) - 0(5))) s,

where ©(T) is the real-valued function defined in (4.1.25)).By (4.7.3), we have

b e —_e(s)] 2 |22(S)
H/T e L(f,|®] ‘I’)(S)T S| e ®) < (4.7.10)

/T (L+16(T) = ©S) || e L f ‘(I)|2(I))(S)”HQ(R)”q)(S)HL‘X’(R)”(I)(S)”H“(R)%'

This necessitates estimating ||©(T") — ©(S5)|| g (). We have by the fractional Leibnitz rule

S = dz
|O(T) = O(S)lr-cx) < | |9(2)8(:) e T < (4.7.11)

< Cn(T)] sup ([[®(2)l|mem@)l|®(2)l| Lo (r)),

z€[T,S]
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since 0 < T < S < 1. To simplify the notation we put for a while

Ky = Ks([| @]l o) = sup ](II‘I’(Z)IIHa(u@H‘I’(Z)IILOG(R)%

ze|T,

K3 = K3([| @] gatom) = SSI(%)” [Se/lﬁHq)(S)HH“*'Q(R)”(I)(S)H%N(R) .
€0,

Moreover we note that

1 - 1
K> < Se/NK GO/N 51[10p . (SQ/N”(I)(S)”H“”(R)”(I)(S)”LOO(]R)) .

Hence, entering the estimate (4.7.11)) together with (4.7.10) and (4.7.9) we get

“/ H[OM-OG) L, (4, |B2D)(S )‘(MS( )dSIIHa<R><

) .
Ky K2 0/8 6/8—60/N ds
S/T <1+IH(T)|59/N> So/N (5/ 61| ractory + S50/ K3) 5

So, choosing N big enough the following estimate holds

|| / x-S g, 010)(5) 2L g0 e, < (47.12)
< C (14 (1) Kz) Ko (61 ooy + K)

On the other side, we note that, the control of the L norm of the term above is easier. Indeed, we

have that

1
: P
I / HIOM-0S (5, |5[2)(5) 215 '( L 48]l ey < (4.7.13)
T

< CNO| o (0,11 x) (191 | recvo my + K3) -

Thus, it becomes clear that we need an estimate of the term

sup (59/N||<1>(S)||HQ+Q(R)) , (4.7.14)
Se(0,1]

where N is chosen enough big. For the purpose we shall apply the result of Lemmal[£.7.2] Indeed, turning
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back to the estimate (4.7.14]), we find

sup (TG/NH(I)(T)HHQW(R)) < Cllo1ll govom)+
Te(0,1]

+C sup (59/N||‘1>(5)||Ha+0(R)) 17 o0 ((0.1]xR)-
S€(0.1]

Setting
I9ls = sup (TS| oo ) + 18] 0100 (4.7.15)
T€(0,1] odd
we can rewrite the last estimate as

sup (To/N||<p(T)||HQ+9(R)) < Cllgulgymtogg) + ClIPIIE 4. (4.7.16)
TE(O,].] odd odd

Now, combining the estimates (4.7.9) and (4.7.12)) and using the notation in (4.7.15), we deduce

— 3
1S(T) ~ Preaa(Dll e, ) SCTS|1llgeso ) + CTYS N @2 41

+C (14 @) N2 o) NRI2 o (Il oo + 19120
On the other side, using , we can easily estimate the L°° norm of the reminder as follows
18(T) = reaa(T) | 12wy < Clléllsrasoqmy + CURIL o+ CUBIZ, o (Irll ooz + NI, ) -
Since T9N|1In(T)| is bounded for T € [0, 1], we have that
I8 remlllag < Clldrllmasom) + ClIRIG o + CO+ 121, )IRIZ (e + 1DII5,0)-

Now we want to estimate the leading term (4.1.24f). Using the established estimates for the perturbed
group U(T, S), we get

1 @rcad(T)l| o) < Cllbllmasomy + ClIPIL g5

and

1@tcaa(Dllzacey < € (1+ DI ) (o1l srosoqmy + N2I) -
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From the previous estimates we conclude that

2]

wio < Cllorlaso) + ClRI g + C (14 1@l 0) DRI 9110y + DI, 0)-
Provided that the initial data ¢ (z) = e /4y () verify
o1l fretom) < Ce,
with € small enough, we have the uniform bound
I®llq6 < Ce,
for any o € (1/2,3/4) and 6 € [0, 1] sufficiently small such that

3/4>a+0=s>1/2.
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Appendix A

Functional spaces and classical

embeddings

One of the main point when we work with PDEs is to set the problem in the appropriate functional
spaces. Since the initial data and the solutions of the evolution equations are functions that model
waves, we need to set the problem in some Banach (or Hilbert) spaces able to quantify the size of these
functions in terms of measure of their integrability and of their derivability.

We start enumerating the definitions of the functional spaces used in this work. In the following
we use the letters s, k, a as regularity indices and the letters p, ¢ to denote integrability indices. Let

f(z): R® — C be a Borel-measurable functions and n € N, n > 1. We recall the following spaces.

- Lebesgue spaces: LP(R™) = {f L1 2oy < oo},

1/p
|f||Lp<Rn)=</R Ifl”dx) l<p<oc,

|.fl| oo (mny = supessga| fl;

- Schwartz spaces:

SR") ={f € C*R")[a(z)P(D)f(x) € L=(R") },

for all a, P polynomial functions. Here D% = g} ... 09" with a = (ay,...,a,) € N
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- Hélder spaces: C*(R™) = {f| fcontinuous, |f|lcre <o}, k€N, 0<a <1,

.
Ifllenamn = sup |f@)|+ sup DTG
zERn cyeRr oty T =Y

Il fllcko@ny = Z 1D £l co.e (s

1B|<k
- Sobolev spaces: WP (R") = {f\||f||Wk,p(Rn) <oo},keN,1<p< oo,
1/p
U lhweor = (1510 + S 0D |

|| <K

where D® denotes the weak derivatives. Similarly we can define the spaces W*P(R"), s € R

considering the fractional derivative D?;

- Tempered distributions:
S'(R™) ={L: S(R") — R| L is a linear continuous functional in .(R")}.

Since we are basically dealing with waves function, it is helpful to introduce functional spaces that
control the regularity of the functions in the frequency space. Thanks to the Fourier transform
and to the classical localization procedure in frequency space (Paley-Littlewood theory) we can
introduce the Sobolev and Besov norms (semi-norms) and their homogeneous counterparts. Then
the relatives functional spaces are the set of the tempered distributions f € S’(R™) such that the

connected norm is finite.

- Sobolev and homogeneous Sobolev norms:
1z @my = 1F U F flll 2@ny = 16)° Z fll2enys s €R,

1l e ey = IF HIERPZ flll L2 @ny = NEPF Fllz2eny, 5 € R,

where (§) = /(1 + [£]?), and .Z is the Fourier transform defined in (B.1.2),

(),

27

, §20, 1 <p<oo;
Lr(R™)

11l iz gy = ‘

@



- Homogeneous Besov norms:

2]{:5

;, 20, 1 <p<oo.

&

11l g ny = 2

().

Lr(R™)

Here ¢(¢) € C§°(R \ 0) is a non-negative even function, such that

Zg;(;j) =1, V¢eR\0,

JET

Ho = —02 and F (p(27IVHo) f) (€) = ¢(277€) f(£).

[
S(R™)
regularity index s
k@ CHRY) @ {H'(R"); H*R")}
s @ {W*P(R"); H;(]R”): B;(]R”)}
/2 ® H"AR")
a @ Cla(RY)
LA(R") L'(R")
{L>(R™);| CO(R™)} 1/p 1/2 1
1 . e s
— integrability index
p

Figure A.0.1: Functional Spaces
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We can also define more refined spaces if we introduce a second integrability index. Spaces of this

kind are for instance the Lorentz spaces LP?(R™), or the two indices Sobolev and Besov spaces

Hy (R™), By (R"). One can see [7] and [2] for a definition of these spaces. For a more complete

diagram of the functional spaces one can see Terence Tao’s web site, section " A type diagram for

function spaces”.

An important point is to understand the relations between the spaces. It is well known that there


https://terrytao.wordpress.com/tag/besov-spaces/
https://terrytao.wordpress.com/tag/besov-spaces/
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1

............. ‘. H 1 (:;_n )

regularity index. s !

‘!H‘ (2™ Bp,(3M}

P ﬁ-rst 1nteg1ib111t\ index

=2 =
N T

Figure A.0.2: Functional spaces

are no inclusions between spaces with different inegrability index, i.e. in general LP(R") ¢ L(R™)
and L9(R") ¢ LP(R™) if 1 < p # q < co. Indeed, if we fix the integrability index p, the spaces with

more regularity are contained in the spaces with less regularity, for instance, H?(R") — H*(R"™).

Now we are interested to recall the most important embeddings between spaces with different
integrability and regularity indices. One can find a brief exposition of the most relevant Sobolev
inequalities in Section 1.3 and Section 1.4 in [I3]. For a proof of these inequalities the classical

books suggested are [21]], [7] and references therein.

The critical Sobolev embeddings
H™2(R") — LP(R"),

holds for any 2 < p < co. Representing this critical embedding in the plane (1/p, s), we note that

it is possible to recover all the numerology of the main Sobolev embeddings from this.

Indeed, fixed a Sobolev space W31:P1(R™) (similarly for H;ll, Bf,}), the numerology of the relative

sharp embedding can be recovered intersecting the line s — s; = n(1/p — 1/p;) with the s-axis if

s1 > n/py or intersecting the line s — s = n(1/p — 1/p1) with the 1/p-axis if s; < n/p;. In this



regularity index

Q-

L HYA(R™)

LR

che(rn)
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s= o H(kte) keN, 0<a

8w

regularity index

HY2(R")— LP(R"), 2 < p < oo.

. 1
1/2 p integrability index

L integrability index
»

Figure A.0.3: Critical Sobolev embedding

way, we can easily remember the well known Sobolev embeddings with this graphic method:

s<n/p

s=mn/p

s>n/p

Che@r)

k=[s—n/p}’
a=s—n/p—k

WeP(R") — LY(R™),
WeP(R™) < LI(R™),

WHP(R"™) < C**(R™),

1
s=n=—
B

regularity index

WP ("

’lw*'-rv(w)

* * np

n—sp’

p < q <o

k=I[s—n/p, a=s—n/p—k.

-

L=®"y

L(®Y) S DAR") nE") 1) eRr) 1
, P

integrability index

Figure A.0.4: Sobolev embeddings

We note that any pair (1/p, s) does not identify a unique functional space but several of them.

Here we just mention the relations between homogeneous Sobolev and homogeneous Besov spaces

identified by the same pair (1/p,s). Firstly it is well known that H5(R") ~ B§(R") ~ H*(R")



(one can see Section 1.4 in [13]). In general, the following relations are satisfied:

H(R™) = By(R"), 1<p<2,

B,(R") < H,(R"), 2 <p< o0

regularity index

(") ~IB3(RY) 5 P (R")

° @ °
By (R")— H(R") : Hi(R")— By (R")
'
2<p< oo : 1<p<2

'
'
'
PorAen)

&

®
v 1

172 p  integrability index
!

Figure A.0.5: Homogeneous Sobolev and Homogeneous Besov spaces

denotes one of the following norms:

T 1/q
191l 2o (0,71, 2(®n)) = (/0 Hg(t)qu(Rn) dt) ; 1< g <oo;

191l o (0,71, z(rn)) = supessyo 71l19(t)[| z(rn);

l9llc(o,11,z@n)) = sup ||g(t, )|l z@n)-
[0,1]
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The spaces introduced up to now are spaces that take into account the spacial variable z € R™.
When we study the evolution equations, is appropriate to introduce the Bochner spaces that
consider also the time variable. Let us denote with the generic notation (Z(R"), || - || z(r»)) one of
the Banach spaces introduced above. Let 0 < T < oo, n € N;n > 1 and let g(¢,z): [0,T]xR"™ — C.

The Bochner spaces are the spaces X ([0,T],R") = {g] [lg]lx((0,7],r") < o0}, where || - || x(jo,7],z")
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Appendix B

Classical latter for NLS

In this appendix we recall some general facts about the dispersive PDE. In particular we summarize the
main ideas and the main tools to approach the linear and the nonlinear Schrédinger Cauchy problem to
get local and global well posedness results. The reader can find an in-depth discussion of these arguments

in [13], [67], [63].

B.1 A dispersive model: Linear Schrodinger equation

The linear Schrédinger equation
1
10U + iaﬁxp =0, (t,2) eRxR, (B.1.1)

is the Quantum Mechanics model to describe the evolution of a free particle in a nonrelativistic regime
and it is the classical model to explain the dispersive equations. According to this presentation, we will
consider only the one dimensional case.

If we are on the whole space R, we can solve the equation by means of the Fourier transform.

We define the Fourier transform of f € .7 (R) and its inverse as follows:

—_

71/2/]1{6_1.%{]"(26) dx, (B.1.2)

FRE /R e f(€) de,

and then we can extend this operator on tempered distribution space S’(R).
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The space Fourier transform is a kind of change of variable able to simplify the problem.

Let f € S(R™) be the initial datum. It can be regarded as a wave packet

@) = Gy [ e Ae) de

Then, thanks to Fourier transform, by ordinary differential equation theory, we can prove that the
Cauchy problem
0,V + 3020 =0

\I/(Ov ) = f7
has a unique solution
U(t) =S(@)/f,
where
S(t) = e Ft S(R™) — S(RY),

is defined via Fourier transform as follows:

2
€1, 2 1

SWf()=F e T HEO)N) = s /R e f(¢) de. (B.1.3)

We can interpret the solution as a superposition of plane waves, where £ is the wave number
(equivalently the momentum by De Broglie relation), w = £2/2 is the angular frequency (or equivalently
the energy), f (€) is the amplitude. We can see that the phase velocity, v, = %, depends on the wave
number, so, waves with different wave number go to different velocities. The group velocity, vy = Jew(),
is the velocity at which energy is conveyed along the wave. If the group velocity v, depends on &, as in
this case, the equation is dispersive and the relation w = w(§) is called the dispersive relation.

We can think to the dispersive PDEs as to the equations which solutions are waves that spread out
spatially as long as no boundary conditions are imposed as a result of different frequency components of
the wave packet travelling at different velocities.

Always informally, we can also characterize the dispersive PDEs as follows. Let us consider the
general linear evolution equation

0y = iP(—id,)V (B.1.4)

where P(—id,) is a linear differential operator of symbol P(¢), and . (P(—id,)¥)(£) = P(£)¥(€). Then,
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using the space-time Fourier transform

~ 1 .
V(&) =5 /R /R e T Y (¢, 2) dt d,

we get

(it — iP(§)¥(7,€) = 0.

The space-time Fourier transform of the solution has to be supported on the surface

N=A{r9|T=PE)}

that lives in the phase space R x R (energy - momentum). Hence, always informally, we can also say
that the evolution equation is dispersive if the surface ¥ is curved (the energy is not a linear
function of the momentum). The relation 7 = 7(§) = iP (i) is called the dispersive relation.

To work with the nonlinear problem a preliminary step is to solve the non homogeneous Cauchy
problem

Zat\:[/ + %83\11 = F(t,l’), (t,l’) S R+ X R,
(0, ) = 0.

Interpreting the driving force F' as a superposition of initial pulses in time we can produce the formula

for the solution. Indeed, we rewrite the driving force as follows
F(t,z) = /0C>O F(s,z)0(t —s)ds
and we look for a partial solution ¥(¢,x; s) such that
OV (t,z;8) = —iF(s,2)d(t — s) + i%@iﬁ/(t,x; s).

Suppose that the system is completely at rest in the distant past and that at some time s the driving
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force F(t,x) starts to operate. Hence, we look for the partial solution ¥(¢, z; s) such that

U(t,x;8) =0 t<s
U(t,z;s) = —iF(s,z) t=s

i0W + 020 =0 t>s.

By the Duhamel’s principle we have that the solution of the non homogeneous problem W(¢,x), is

obtained as a superposition of the partial solution ¥ (¢, x;s)

U(t,z) = /000 U(t,z;8)ds = —i/O/S(t — 8)F(s,x)ds.

This principle will turn to be crucial to introduce the definition of the solution of the Cauchy problem

in the nonlinear contest. The ideas summarized in this section are broadly discussed in [21], [61], [23].

B.2 Abstract formalization of the nonlinear problem

In this section we recall the classical theory to prove the well-posedness of the nonlinear problem.

Let us consider the nonlinear Cauchy problem

10,V + $020 = N (V) B.2.1)

v(0) = f,

where N is a nonlinear function with respect to W. In particular, since we are considering N nonlinear
only with respect to ¥ but linear with respect to all its derivatives, the PDE is said to be semilinear.
The semilinear Schrodinger type equations are employed to model many quantum physical phenomena.
Since it is a mathematical model, many physical laws have been simplified, hence it is necessary to verify
the well-posedness of the problem before passing to any other questions.

First of all we have to define what we mean by a solution of the problem. So, we have to introduce
suitable Hilbert space H in which the initial data live. Then, in order to have the well posedness of the

problem, we want that the following features have to be satisfied:

- The model is coherent, i.e. the solution exists at least for short time T > 0 and its evolution in

time lives in the same Hilbert space of the initial data, U(¢,z) € C([0,T], H);
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- The mathematical model fits well in the numerical simulations, i.e. the uniqueness and the stability

of the solution are satisfied.

Let H be an Hilbert space such that the initial datum f € H (keep in mind H = H*(R)). Let X be
a Banach space such that the solution ¥(t,z) € X (keep in mind X = C([0,T], H)) for some positive
time T' > 0. Now we want to formalize the definition of the solution of the Cauchy problem (B.2.1)). Let

us introduce the operators T' and T™*:

T:H— X
f= S0,
T*: X* = H

FH/IRS(—S)F(S) ds,

and we define a restricted version of the operator TT* as follows:

t
(TT*rF|(t) = / S(t—s)F(s)ds.
0
Definition B.2.1. Let f € H and let FZ be the operator defined as follows

H:X - X

W) =Tf—i(TT*)gRN(¥).
We say that ¥ € X is a solution of the nonlinear Cauchy problem (B.2.1)) if U is a fixed point of the
map H, i.e. (V) =T,

Once we assume the initial data f € H and once we define the notion of solution we can deal with

the following classical problems:

- Local well possedness: Check if there exists 0 < T' < oo such that the (B.2.1) admits a unique

solution ¥ € C([0,T], H*(R)). Check if the solution depends continuously on the initial data.
- Global well posedness: Check if the maximal existence time can be extended to T = oco.

- Behaviour near the maximal time: Understand as the solution looks near the maximal time and if

scattering or blow up phenomena can occur.
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B.3 Tool box: Fixed point theorem - Dispersive estimates -
Strichartz estimates

In this section we collect the main tools useful to prove well posedness theorems with the techniques
introduced by Kato [47]. Moreover, we just give a sketch to underline the main keys and to show how
these tools are used.

The main machinery used to prove well posedness is the fixed point theorem.
Theorem B.3.1 (Banach’s fixed point theorem: Théoreme 6, [4]). Let (X,d) be a complete metric space
and 7€: X — X. If there erists a constant K < 1 such that

d(H(V1), H(V2)) < Kd(V1,¥2)

for all U1,Vy € X, then J€ has a unique fized point ¥ € X, i.e., there exists a unique ¥ € X such that
e X.

The key properties of this theorem used to prove local well posedness are the following;:

- (X,d) is a complete metric space;

- J is a contraction;

- The proof of existence is obtained by successive approximations (Picard iteration).

Here we state the fixed time estimates (Dispersive estimates):

Theorem B.3.1. Let f € L'(R") N L?*(R"), 1 < p < oo, and %—i— i = 1. Then, there exists a postive

constant C' > 0, such that the Schrédinger group S(t) = T'(-)(t) satisfies the following estimates:

1
ITF @Ol @n) < Crmllfllir,

ITf )2y = 1 ll2n),

1
ITf@)lLe@ny < Crmmrs

n/2—n/p Hf||Lp’~

These estimates give an a priori precise decay-rate on the linear solution and they have some strong
consequences about the boundeness of some global norms (space-time) of nonlinear solution. On the

other hand, these estimates is not quite handy for dealing with the nonlinearity.
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Indeed, for the nonlinear case, the space-time integrability properties (Strichartz estimates) will turn

to be crucial.

Definition B.3.2. Let n > 2. We say that a couple of number (q,r) is Schriodinger admissible if the

following relations hold:

y 4 Z 27 (qaran) 7é (270072)

|3
33

q
Let n = 1. We say that a couple of number (q,r) is Schrédinger admissible if the following relations

hold:

1
= —*7QZ4~
r

N | =

2
q

The pairs (p,q) = (2, %) in dimension n > 2 are called endpoint pairs.

Theorem B.3.3 (Strichartz estimates). For any (q,7), (¢,7) Schrodinger admissible pairs one has the

homogeneous Strichartz estimates
(1) NTfOpaLr@ryy < Clfllz2@ny;
the dual homogeneous Strichartz estimates
(T*)  NT*Fllr2@ny < ClIF |l Lar ®, 7 @)}
the inhomogeneous (retarded) Strichartz estimates

(TT*)  (TT*)rF||Law Lr @) < CIF La @, 17 (mrY)-

The proof of this theorem is due to different authors. In the original version, elaborated by Strichartz

2(24+n)

e The non-

2(”:2) and q/ — 7';/ — q/ — ,r./ —

in [65], the statement is proved in the case ¢ = r =
endpoint case is proved in [32] and the end-point case is proved in [49]. For the nonlinear application is

crucial the fact that the pairs (¢,r) and (g,7) are not related to each other in the (T'T*) estimate.
Remark B.3.4. We note that, the Schrédinger operator T'(+)(t) commutes with the Fourier multipliers like
|ID|* = Z7L(|£]°.F) or (D)* = . F~1({¢)5.F). Hence, we easily get Strichartz estimates for Sobolev spaces

substituting the spaces L2(R™), L"(R™), L™ (R") with the Sobolev spaces H*(R"), H5(R"), HZ (R™) or
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their homogeneous counterparts H*(R™), H?(R™), Hg (R™). Similarly, using the Minkowski’s inequality

H”gk(t)HEz(Z)HLq(R) < HHgk(t)HL‘?(R)ng(Z)v

where ¢ > 2, combined with the fact that the Schrodinger group commutes with the Fourier multipliers,
we get the Strichartz estimates in Besov and homogeneous Besov spaces.
We note that the Strichartz estimates in homogeneous Besov spaces implies the Strichartz estimates

in homogeneous Sobolev spaces since the following embeddings hold

By(R") = Hj(R"), 2 <p < o0,

H3(R™) < B3(R™), 1 <p<2.

B.4 Semilinear Schrodinger equation and classical results

We recall some classical results about the model case of the pure power nonlinearity, well known as

semilinear Schrodinger:

i,V + 202V = oV 1Y,
(B.4.1)

(0) = f,

with v > 1 and a = +1.
These equations are one of the universal model to describe the evolution of a wave packet in a weakly
nonlinear and dispersive media. In particular, the case v = 3 occurs to model different physical phe-
nomena: the propagation of waves in optical fibers for n = 1, the focusing of laser beams for n = 2, the
Bose-Einstain condensation phenomenon for n = 3, see [66], [46] and references therein.

As we can see in , the evolution is a competition between the linear part and the nonlinear one.
So we can expect that the evolution can assume different behaviours: a linearly dominated behavior or a
nonlinearly dominated behavior or also an intermediate behavior. In order to understand the behaviour,
we shall classify the nonlinearity. Two basic features are crucial: the conservation laws and the natural

scale-invariance of the equation. The structure of (B.4.1]), in H'(R), implies the mass conservation

(@) L2y = [1Y(0) |l L2w),
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and the energy conservation

B(V(1) = IV sy = =1 VOIF ) = EF0))

Using the scale-invariance for (B.4.1))

t x
\I}A(tvx) = )‘2/(177)\:[/(?’ X)v (B42)

where A > 0, we can classify the conservation laws as subcritical, critical (scale-invariant), or supercritical.
In particular, in one dimension, using L?(R)-conservation (similarly for H*(R) conservation), we have

5

1O, L2 @) = AZ0= | 9(E, )| 22 m)- (B.4.3)

We can give the following definition:
Definition B.4.1. Let v > 1, we say that
- 7 is L2-subcritical if 1 < v < 5,
- v is L2-critical if v = 5,
- v is L?-supercritical if v > 5.

The adjective critical in this context concerns with the well posedness theory in L2. Indeed, the
scaling relation , could be interpreted as follows: in subcritical case, the norm of the initial data
can be made small while the interval of time is made longer, in the critical case, the norm is invariant
while the interval of time is made longer or shorter and finally in supercritical case, the norm grows as
the time interval gets longer. In the last two cases we could find some problems for the well posedness.

Another important point is to distinguish if the equation is focusing (a« = —1) or defocusing (o = 1).
We can not make an exact theoretical distinction, but, in the defocusing case, since the nonlinearity
has the same sign as the linear component, we guess that the dispersive effects of the linear equation
are amplified. On the contrary, in the focusing case the dispersive effects can be attenuated, halted
(stationary or travelling waves) or reversed (blow up of solution in finite time). For some literature on
local existence results in the subcritical case, one can see [30], [47], [70] and [I3]. For local existence in

the critical case, one can see [14], [I3]. Finally, for the global critical case one can see [31], [13].
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Now we state a fundamental result based on the fixed point method and we give a sketch of the
strategy of the proof underlining where the critical effects come out. As we will see, the problem of the

well-posedness is closely intertwined with the quantitative estimates (a priori estimates).

Theorem B.4.2 (Tsutsumi [70]). Assume that 1 < v < 1+ 4/n. Then, for any f € L?(R™) there exists
a time T'= T'(7y,n, || f||2(r~)) > 0 such that (B.4.1)) has a unique local solution W(t):

(i) ¥ e C([0,T], L*(R™)) N L9([0,T], L"(R)), for any (g, r) admissible pair;
(i) W(t) =Tf(t) —i(TT*)r(I¥]~1T)(t);

(iii) ¥ depends continuosly on f in the following sense: Let f,, f € L?(R") be such that f,, — f, (n —
o0), in L2(R™). Let ¥ € C([0,T], L>(R™)) be the solution of (NLS) with initial data f. Then, the

solutions W,,(¢) with initial data f,, there exist in [0, 7] and ¥,, — ¥, (n — o0), in C([0, T], L*(R™));
(iv) 10(0)| ey = | fllzagan, for each ¢ € [0,7].

We outline here the strategy of the proof since it is a classical argument.
Let f € L?*(R") and let (q,7) be an admissible pair. We take T be a positive time (it will be

determined later), and we consider the functional space X = L*([0,T], L2(R™)) N L4([0, T], L™ (R")).
We define 57: X — X

H (V) =Tf —i(TT")rRN(¥),

where N (W) = o|¥|7"~1W. The first step is to introduce the ball Xp
Xp = {¥ € X||¥ Lo~ 0,7, L2 + 1] ago,7),2r@n)) < 20 fllz2en) }

with C' > 0 and to prove that (Xp,d) is a complete metric space, where d is the distance defined as

follows

d(V1, ¥2) = U1 — Vol x, = W1 — Vol Lo (o,17,22(Rn)) + Y1 — a2l La(o, 77,7 ("))
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Then we need to show that 5#: Xp — Xp is a contraction, i.e. we need to verify the following properties

W) T fllxs < Cllfllz2@ny;
@) N La 0,77, ey < crr H‘I’Hm([o ], L (R")}
@B) NTT) RN x5 < CIN(Y)Lar (o,71,27 (R

+n(1 )
(H\Ill||L‘1(0T 1,L™(R™)) + ”\II?HLq([()T LT(RWL))) d(\I/L\IlQ)?

(4) d(A#(V1),5 (V) < CT

where (g, ) is an admissible pair with 47 = r. Hence, we can choose T' = T'(v, n, || f| £2(r~)) sufficiently
small in order to apply the Theorem [B:3.1] This implies that there exists a unique ¥ € Xp such that
() = U. We note that this argument works in subcritical regime or in critical regime with small
data. Now we can prove uniqueness for small time. Suppose that there are two solutions ¥y, W, €

C([0,T), L3(R™)) N L4([0,T], L"(R)). The following estimate

(1 — Wol[x = [[(¥1) — A (P2)|x < [IN(V1) = N(W2)|| 1 (jo,77,7 ®r))

combined with estimate (2) gives the uniqueness for small time. A contradiction argument shows unique-
ness in the interval [0, 7). Finally, to have the local well posedness we have to establish the continuous
dependence of the solutions on the initial data. Let f, fo € L?(R™) and let Wy (¢), Uo(¢) be the corre-

sponding solutions. For some time 7" depending on || f1||z2(®n), || f2|| L2 (m») We have

d(¥1,¥2) < C|f1 — falle2@ny-

The mass conservation is proved under more regularity condition. Indeed, we assume the solution
U € C([0,T), H*(R")) and we multiply by ¥ the equation in and we integrate by parts. The
general statement is proved by density arguments combined with continuous dependence. One can see
[70], [13] for a detailed proof.

We summarize the fundamental results of L?(R) and H'(R) theory in the following theorems:

Theorem B.4.1 (L*(R) well-posedness). (Cazenave [13], Section 4.6) Let f € L*(R). The following

statements hold:
o Letl <~ <5 anda==41. Then there exists a unique global solution ¥ € C(R, L?)NLY(R, L"(R));

o Let v =5 and o = £1. Then there exists § > 0, quite small, such that, if || f|lz < 0 we have a
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unique global solution ¥ € C(R, L?) N LY(R, L"(R)).

In addition, the following conservation law holds:

M(t) = U (t)| L2y = | fllL2rm),

for each t € R.

Theorem B.4.2 (H'(R) well-posedness). (Cazenave [13], Section 4.4) Let f € HY(R). The following

statements hold:

o Let 1 < v < 5 and a = £1. Then there exists a unique global solution ¥ € C(R,H') N
LR, W (R));

o Let v =5 and o = —1. Then there exists § > 0, quite small, such that, if || fllrz < § we have a

unique global solution ¥ € C(R, H') N L4(R, W (R)).

In addition, the following conservation laws hold:

M(t) = (@)@ = IfllL2@n),

«
E(t) =7 =[V¥@)lle2@m + ﬁll‘l’(t)lllﬁl = E(0),

1
4
for each t € R.

We underline here the fundamental steps to reach the results quoted above.
To pass from a local result to a global one the tools are the blow up alternative and the conservation

laws.

Proposition B.4.3 (Blow-up alternative). Let Tar < 00 (respectively , if Thin < 0o ), then, under
the hypothesis of the Theorem [B.Z.4 we have

i 190z = o0 ((Jm 12( e = o).

s . . . . n(l=7v)
In the critical case, as we remarked before, in the estimates 2. and 3. the time disappears, T’ e

T9, so we cannot play on the smallness of time. The absolute continuity of the Lebesgue integral helps
us to establish local result. In the critical case the existence time T' = T'(~y, n, f) depends on the shape of
the initial data and so we cannot extend the local result to global one. The results in the space H'(R)

are proved using Strichartz estimates in H!(R).
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Appendix C

Gronwall’s inequality on the real line

In this appendix we shall recall the classical Gronwall inequality and some modifications of its on R.

We state the classical Gronwall’s inequality in the integral form.

Lemma C.0.1. Let v: [zg,71] — RT be continuous and non-negative function and suppose that v
satisfies the following inequality

.
v(z) < a—l—/ b(s)v(s)ds
xT

0

for all x € [xo,21], where a > 0 and b: [vg, 1] — RT is continuous and non negative. Then, we have

o(z) < aexp ( /x b(s) ds)

for all x € [xg, z1].

This simple result is very useful in both the ordinary differential equations and the partial differential
equations. Indeed, in the ODEs theory this result provide some control of the solution in terms of the
initial data and of the linear perturbation. In the PDEs theory it is a very useful tool to get uniqueness
results or to assure the absence of blow up in suitable norms.

The next Lemma is a slightly modified version of the previous one. It is a fundamental step to get the
improved results on the modified Jost functions m4 presented in Chapter 2, Lemma and Lemma
2.1.3

Lemma C.0.2. If v(x), a(z), b(x) are continuous non-negative functions on R, and for any real r we
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have

a(z), v(xz) € L>=((r,00)), b(x) € L*((r,o0)) (C.0.1)

that satisfy the inequality

o0

(@) < a(z) + / b(t)u(t)dt, (C.0.2)

x

then we have
o0

o(z) < a(z) + / a(£)b(t) exp ( / t b(s)ds) dt. (C.03)

x

Proof. We shall sketch the proof for completeness. Set

o(z) = /  b(ty(t)t.

The function is well-defined and C*(R) due to the assumption (C.0.1)). Then

and

(e*B(z)go(x))/ > —e B@p(2)a(x)

with B(z) = [° b(t)dt. Integrating this inequality in the interval (z, R), we get

R
o(z) < P@-BE) ,(R) 4 / eB@=B® g (t)b(t)dt.

x

Using again the assumption (C.0.1)), we see that

Jim B(R) =0, lm ¢(R)=0

so we get
o) < / eB@=BW q()b(t)dt.
x
Then (C.0.2)) implies v(z) < a(z) + ¢(x) and we arrive at (C.0.3|). This completes the proof. O

Since in the PDEs field the Lebesgue’s spaces LP(R) play a fundamental rule, some generalization
of the Gronwall’s inequality for LP(R) functions are also very useful. One can see [73] and references

therein for this kind of generalizations of the Gronwall’s inequality and their discrete analogues. One
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can compare the Gronwall type estimate proposed below with Theorem 2 in [73] for example.

We shall assume v(t) € C([0,+00)) and a(t) € L ((0,4+00)) are non-negative functions that satisfy

loc

the inequalities

t a/p
0<t<l= (/ 11(7')”d7'> < Ch, (C.0.4)
0

t a/p t
t>1= (/ v(T)pdT) <y +/ a(T)v(r)dr, (C.0.5)
0 1
where 1 < ¢ < p < oo (with obvious modifications for p = co.)

Lemma C.0.3 (L? — L9 Gronwall’s Lemma). Suppose that 1 < ¢ < p < o0 and Cy > 0. Ifv(t) €

C([0,400)) and a(t) € LyS.((0,400)) are non -negative functions that satisfy the inequalities (C.0.4),
(C.0.5), then

( /Otv(T)pdT)Q/p . ( pp%q )q/p Cr o ( (z)q/@—q) /j ap/(p—w(T)dT), (C.0.6)

Proof. First, we shall consider the case 1 < p < +00, ¢ = 1. Then the inequality (C.0.5) can be rewritten

as

t
t 51 = |lollron < Cr + ( / a(T)v(T)dT) | (C.0.7)
1

Set

o(t) = C4 +/1 a(T)v(r)dr.

Then ¢(t) is increasing function and we have the relation

so, we have

t>1—

A < (). (C.0.8)

Lr(le)

Further we can use the inequality (C.0.8)) and we can derive the estimates

Pt =p(1)P + / & (1)gP(7)dr =

t /
~ct4p [ e <t |
1

HasopiluLv’(l,t) =
Lr(1,t)

SO{) + ng(t) |‘a<pp—1 HLP’(O’t) .
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Hence we have

t (p—1)/p
P(t)P < CY + py(t) ( /1 a(r)P/ (P%P(r)dr) . (C.0.9)

so setting
(r=1)/p

a0 =p ([ atrpoDprmar)

we can write

P P’
S < CP 1 (A< CP 4 % LA

VRS

so we get

Q)P <P'OY+ AP =

t
— O 1 ( / a(r)p/@”w(r)czf) ,
1

and we are in position to apply Gronwall’s inequality and to derive the following estimate

t
©P(t) < p'CTexp <pp// ap/(p_l)(T)dT) . (C.0.10)
1

The line below

p—1

1/p t
o(t) < (p) exp <p1/<p1> / ap/@l)(T)dT) : (C.0.11)
1

and the inequality (C.0.7) completes the proof for the case ¢ = 1. For the case 1 < ¢ < p < 0o we can

set

o(t) = C1 + /1 a(7)o(r)1dr

and repeating the above argument, we arrive at (C.0.6]) for the case 1 < ¢ < p < co. Finally, the case
1 < q < p= oo is well-known (see [73]) and can be reduced to the classical L> — L! Gronwall estimate

by the aid of the same transform v9(¢) = w(t). This completes the proof of the Lemma. O

We show an interesting application of the LP — L? Gronwall’s Lemma that provide a control of the

L norm of the solution of the Schrodinger equation.

Corollary C.0.4. Let 1 = 9(1,:) € L*(R) and suppose V a potential continuing to support the
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assumptions made in Chapter[f} Then the unique solution of the integral equation

t
B(t) = e~ DMy £ / eI M(5)lb(s) 2ds, > 1, (C.0.12)

1

Y(t,x) € C([1,00); L2(R)) N L*([1,00); L= (R)) satisfies the following control estimate

t 1/4
([ 19 ds) < Colallaageyexp (Callonlaayt). (©013)

for some positive constants Cy, Cs.

Proof. The local and global existence in the Banach space C([1,00); L2(R)) N L*([1,00); L>°(R)) can be
derived using a fixed point argument in L>([1, 00); L?(R)) N L4([1, 00); L>°(R)) and Strichartz estimates

(one can see Appendix . Applying the Strichartz estimates to the integral equation (C.0.12) we get

190l sz @) < Cllivnllo®) + ClvnlZz @19l Lass 1) o= =)
for any 7 > 1. Setting
X(t) = [|¥ ()| Lo )

we rewrite the inequality above as follows

.4
3

t t
([ xras) " <clatie + [l e

=

Using the L? — L9 Gronwall estimate of Lemma we complete the proof of the Corollary. O
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