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Abstract

In this thesis we study generalized global symmetries in Quantum Field Theory. In the modern
definition, symmetries are viewed as extended topological operators. On the one hand this new
paradigm efficiently encodes all the information a symmetry usually comes with (e.g. 't Hooft
anomalies) and on the other it allows for many interesting generalizations. After the Introduc-
tion, the first chapter is a brief review of basic concepts used throughout the thesis. The rest
of this work is conceptually divided into two parts. In the first one, we consider conventional
symmetries in exotic theories characterized by randomly distributed interaction couplings as
well as non-invertible symmetries in well-known 2 dimensional theories corresponding to Calabi-
Yau non-linear sigma models. In the second part instead we showcase two applications of the
holographic approach to symmetries, the SymTFT. In particular we show how this tool can
be used efficiently to discuss anomalies (defined as obstructions to gauging) of non-invertible
symmetries in higher dimensions, and also how it can be used to establish holographic corre-
spondences relating a Topological Quantum Field Theories and the universal effective theories

describing the spontaneous breaking phases of continuous symmetries.
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Chapter 1
Introduction

This thesis is devoted to the study of symmetries in Quantum Field Theory (QFT). Symmetries
and conservation laws play a crucial role in physics, particularly in QF T, where their significance
is even more pronounced, as they can offer insights into strongly coupled regimes that are
otherwise inaccessible. The first distinction we have to make when discussing symmetries is
between spacetime and internal symmetries. The first class consists of all transformations that
act on the spacetime manifold, such as parity and time reversal, or those generated by the
conformal or supersymmetry algebras. Internal symmetries act on states and operators of the
theory while commuting with all the space-time symmetries generators. Another very important
distinction is between global and gauge symmetries. Gauge symmetries are a redundancy
of the theory. Namely, their action relates indistinguishable physical configurations, and to
obtain a physical theory, we have to break them to single out one element for each gauge
orbit. Global symmetries instead relate different physical configurations, which happen to
share the same observables. This distinction is important in understanding how symmetries
put constraints on a theory. For instance, gauge symmetries are not matched across dualities
or along renormalization group (RG) flows, while global symmetries are. A caveat to this
distinction between global and gauge symmetries arises when we consider theories on manifolds
with boundaries. Indeed, in the presence of boundaries, the theory needs further data to be
completely specified, that is, we need to specify boundary conditions. In the case of a gauge
symmetry in the bulk, it is important to define the behavior of gauge transformations at the
boundary, with the standard approach being to allow only those transformations that become
trivial at the boundary. In these situations, the symmetry becomes global on the boundary

and does have consequences on the dynamics of the theory.

In this thesis the focus is on internal global symmetries. Whenever a theory enjoys such
a structure there are many consequences on can draw from it. First of all, these structures
provide an organization principle not only for the spectrum of the theory but also for its
infrared (IR) behavior. This is the (generalized) Landau Paradigm program, whose aim is to
understand all possible phases of a theory in terms of its global symmetries and how those are
realized on the vacuum of the theory. Symmetries themselves are RG invariants and dictate
which operators can be generated in the low energy effective actions. As we will describe more

extensively in the next chapter, a symmetry is equivalent to the presence of topological extended
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operators and, in the case of continuous symmetries, of conserved currents. The behavior of
these operators inside correlation functions is completely fixed by the symmetry structure and
leads to selection rules, which, in the most general form, can be understood as relations between
correlators containing different operators related by the symmetry action. A crucial method
for employing symmetries as a diagnostic tool for the properties of a theory involves the use
of background gauge fields. Indeed, a set of observables that is most easily detected using
background fields are anomalies; these can be defined as the failure of the partition function
of the theory to be invariant, up to counterterms, under background gauge transformations.
Importantly, anomalies are preserved under RG flow, and hence their matching between UV and
IR imposes constraints on the possible IR phases. In absence of anomalies, a global symmetry
can be gauged, namely, we can consistently make the background gauge fields dynamical. For
continuous symmetries this generically changes the dynamics of the theory in a dramatic way,
while gauging discrete symmetries changes only the global aspects of the theory. In particular
the gauging of discrete symmetries is a reversible operation, namely, the gauged theory always

has a dual (or ”"quantum”) symmetry which can be gauged to retrieve the original theory.

In recent years many efforts have been made to generalize the notion of symmetry. This
comes from the realization that all conventional symmetries can be comfortably described in
terms of topological operators [9]. This presentation of the symmetry has the advantage of
being an efficient packaging of all the information that a symmetry contains. As we will de-
tail in the next chapter, all the previously mentioned features, including background gauge
fields and anomalies, can be represented in terms of these operators. Another benefit of this
presentation is that it lends itself particularly well to generalizations. Conventional group-like
symmetries are represented by codimension 1 operators whose fusion rules follow the group law;
then either considering operators supported on lower dimensional manifolds or allowing more
general fusion rules leads to interesting generalizations, which have been intensively investi-
gated in the last few years. In particular, topological operators supported on a codimension
(p + 1) manifold generate a p-form symmetry, which naturally acts on p-dimensional extended
operators by linking. On the other hand, topological operators whose fusion rules are not group-
like and do not admit inverses, are called non-invertible. As it turns out, the mathematical
framework that best encapsulates the structures that one obtains from these generalizations
is that of (higher) category theory |[10H14]. In 2 and 3 dimensions the relevant categorical
structures, at least for finite symmetries, have been known for quite some time in the physics
communities (see e.g. [11,/12,/15-38]), more recently efforts have been made to understand the
relevant higher-categories in higher dimensions as well [6-8}|14,39-54]. These efforts, fueled by
the known results in 2d, resulted in the discovery and analysis of many generalized symmetry
structures in higher dimensions [55-89] as well as their applications [12}:30,/90-102] to study
the dynamics of the theory (see also [103-107] and [108] for reviews and more complete lists
of references). These generalizations are also important to bring to completion the generalized
Landau paradigm program. Indeed, some phases are outside of this paradigm if one sticks
to conventional symmetries, a prime example being confinining or deconfining phases of 4d
non-Abelian gauge theories. In this case the order parameter that distinguishes the two phases

is not a local operator. Instead, it is a Wilson line, whose vacuum expectation value signals
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the breaking of a 1-form symmetry as well as a perimeter law behavior, hence a deconfined
phase [9]. By now many other examples of vacuum and phases structures dictated by general-
ized symmetries have been discussed in various dimensions [12}/80,109-114]. As conventional
symmetries (aka invertible 0-form symmetries), higher-form and/or non-invertible symmetries
impose selection rules and can have anomalies, which are again best described using the topo-
logical defects themselves. Therefore, the modern take on symmetries is to define them as
topological operators. The topological nature implies that, in any quantization scheme, if they
are placed on a space-like slice, they become operators on the Hilbert space commuting with
the Hamiltonian, recovering the standard notion of symmetry in quantum systems [115][3.

A very fruitful perspective that has been adopted when studying symmetries is that of the
Symmetry Topological Field Theory (SymTFT) [9,[116H119]. This is a Topological Quantum
Field Theory (TQFT) in one dimension higher than the physical QFT that we want to study,
which contains all of the information on the symmetry structures of the physical theory. For
2d QFTs with a (unitary) fusion category symmetry the SymTFT picture can be made rig-
orous [120-123] (see section for more details), and it shares some similarities with the
Chern-Simons/WZW correspondence [124}125] although it applies to 3d TQFTs with gapped
boundaries and general 2d QFTs, not necessarily conformal invariant. Rigorous generaliza-
tions in higher dimensions have also been considered [126-130]. The holographic flavor of the
SymTFT picture is reminiscent of the AdS/CFT correspondence. The two setups are indeed
related and the SymTFTs for holographic theories can be derived from a full-fledged string
theory [7,67,69,[117,131H134]. Other, somewhat related, holographic approaches to symmetries
involve brane and/or geometric engineering [14}/67-72,82,/117,|132,/134-174] or the realization
of symmetry defects directly as branes in the gravity theory (that become topological in some
limit) [69-72,[175,/176].

This thesis is organized as follows.

Chapter 2. We review some background material to explain the basic concepts used
throughout the thesis. We start by introducing symmetries as topological operators in gen-
eral dimension, and then we focus on the 2d case to discuss more in detail the mathematical
description of non-invertible symmetries. We proceed with a review on the holographic ap-
proach to symmetries, starting with a discussion of TQFTs to conclude with a description of

the SymTFT and how this captures the symmetries of a physical QFT.

Chpater 3.  This is a transcription of the original works [1] and [3], in which we either
investigated symmetries in exotic QFTs [1] or exotic symmetries in well-know theories [3].
More precisely in 3] we studied the non-invertible symmetries along the conformal manifold of
some Calabi-Yau sigma models. Starting from the Gepner point, where the theory is rational
and has a large amount of non-invertible line defects, we can use tools discussed in Chaper 2 to

find the symmetries preserved by the exactly marginal deformations. This analysis shows that

!Non-invertible symmetry defects apparently evade Wigner theorem being non-invertible, hence non unitary,
when acting only on the untwisted Hilbert space. The expectation is that a notion of unitarity is recovered

considering the action on the full Hilbert space that includes twisted sectors, see e.g. [36].
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along many submanifolds of the conformal manifold there are preserved non-invertible lines
which can be useful to impose constraints on correlation functions and also that non-invertible
symmetries are not special to rational CFTs.

In [1] instead we studied the fate of invertible O-form symmetries explicitly broken by some
randomly distributed interaction. There are two scenarios that we considered: the disorder
case in which the random couplings are taken to be space-dependent or the average case in
which the random couplings are homogeneous. The results are pretty different in the two cases.
Symmetries in average theories turn out to behave very similar to standard symmetries in non-
disordered QFTs, while the non-locality introduced by the average over homogeneous couplings
turns out to have a rather profound impact on the structure of the symmetries in an average
of QFTs. In particular in the second scenario we find that topological defects implementing
the symmetries are not genuine and need a d-dimensional bulk attached to be well defined.
The selection rules imposed by those operators have a compelling interpretation in terms of a

higher-dimensional gravity dual and its wormholes that prevent factorization of the observables.

Chapter 4. This Chapter in a transcription of the original works [2] and [4], both of
which can be regarded as applications of the SymTFT setup. In [2] we discuss anomalies for
a special type of non-invertible symmetries, the duality defects, in 4 dimensions. We define 't
Hooft anomalies as obstruction to consistently gauge the symmetry via a Lagrangian algebra
insertion in the path integral. This is a stronger definition with respect to the one appeared
in the literature according to which an anomaly is an incompatibility with a trivially gapped
phase. More precisely our definition regards as non-anomalous situations in which there is no
compatible trivially gapped phase but there is a compatible TQFT, while an anomaly in our
definition also implies incompatibility with a trivially gapped phase. We study the problem
using the SymTFT approach reviewed in Chapter 2. This is useful as it allows us to rephrase
the gauging as an operation in steps, which in turn gives two successive layers of obstruction to
gauging. The first necessary condition is the presence of a duality invariant gapped boundary
condition for the SymTFT on which the duality defect becomes invertible. Thus the first step
to gauge the non-invertible symmetry is to condense a subgroup of the 1-form symmetry in
order to reach this particular global variant of the theory. The second and final step is to
gauge the now invertible duality defect, thus the second necessary condition is the absence of
anomalies for this symmetry. In this context the notion of symmetry fractionalization comes
into play as it allows us to mix the couplings to backgrounds in order to find an anomaly free
symmetry. We make these two conditions very explicit in terms of the 1-form symmetry group
and the other data appearing in the definition of a duality defect.

In [4] we investigate non-topological boundary conditions for the SymTFTs describing con-
tinuous symmetries. These boundary conditions induce dynamical edge modes giving rise to
a, possibly interacting, boundary theory. We show that gauging a suitable Lagrangian algebra
in the SymTFT we are able to trivialize the bulk theory on closed manifolds and establish
a full-fledged holographic duality. We argue that these types of holographic correspondences
involving a TQFT in the bulk can be dual only to specific boundary theories. More precisely

we conjecture, confirming our expectation with many examples, that when the TQFT involved
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is the SymTFT for a certain symmetry the boundary theory is the effective field theory (EFT)
for the spontaneous breaking of that symmetry. This conjecture allows us to derive the EFT for
the spontaneous breaking of a non-Abelian 2-group, which has implications for the low energy
dynamics of U(N) QCD.

We collect in two appendices some of the more techincal materials.
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Chapter 2

Background Material

In this first chapter we review standard material on symmetries in QFT. Many more complete

reviews on the subject have already appeared [103-107].

2.1 Symmetries and Topological Defects

We begin to discuss the relation between symmetries and topological defects showing how
topological operators can be constructed out of conserved currents. We will then describe
what properties of the operators can be generalized to accommodate both higher-form and
non-invertible symmetries. Consider a standard U(1) symmetry in a d-dimensional euclidean
QFT. This is implemented by a one-form current J™) that satisfies the conservation equation
d* JM = 0. The operator

Q(Xa1) = / xJ M) (2.1.1)
Xa-1
is topological, indeed, upon a small deformation of its support, we have
Q(Zyy) — Q(X4-1) = / d* JY =0, (2.1.2)
Bg

where B, is a manifold bounded by 3;_; and ¥/, ;. We can then construct the topological
operator
Un(Sg_y) = e@QEa-1) (2.1.3)

For a U(1) symmetry all charges are integer multiples of a fundamental unit, therefore, as-
suming a properly normalized current, the parameter « is identified modulo 27. For a general
continuous group G we are always able to construct, from the integrals of the currents, a set
of topological operators Uy(X4_1) labelled by group elements g € G.

The arguments we just presented give an intuitive picture as to why symmetries are related
to topological operators; however, before discussing possible generalizations, let us see how we
can make more precise statements in QFT by considering its correlation functions. The first
two most important features of these topological operators are the action on local operators
and fusion rules, both of which can be derived from the Ward identities associated with the

symmetry. These identities dictate how the U,(34_1) behave inside correlation functions, the
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basic relation idl

n

(dx TV (@)O1(21) ... Onlwn)) =D 6(x — 2:)(O1(1) ... 60;(;) ... Op(x)) (2.1.4)
i=1
where 00; is the infinitesimal G-symmetry action on the operator ;. Integrating this relation
in x over a d-dimensional ball B; bounded by ¥;_; we obtain the action of the charge operator,
on all those local operators inserted at points x; € By, namely all local operators linking with
Y4—1. In particular

i‘miGBd

()5, , implements the action of the Lie algebra of G, the full group action is obtained by

exponentiation and is implemented by the operators Uy (X4_1)

(Ug(Za1)O1(21) ... Onl@n)y = | [] Rilg) | (Or(z1) ... On(zn)), (2.1.6)

’i|w¢€Bd

where R; is the representation of GG in which O; transforms. Since this is a relation valid in any

correlation function it can be promoted to an operator equation
Uy(Ea-)Oi(x) = Rilg) - (0)(@)Uy(S) ) (2.1.7)

where 3,1 links with « while ¥/, ; does not.Thus as we sweep the operator Uy(X4_1) past O;(x)
we act on it with the element g € G. These relations prove that the operators U,(¥X,_1) are
topological, namely that correlation functions do not change under small deformations of their
support. Large deformations can cross the insertion points of local operators, and correlation
functions do change but in a very mild and controlled way. Starting from the Ward Identity
with two current insertions it is easy to show that the fusion of two topological defects follows

the group law, namely, in any correlation function
Ug(Ba-1)Uy (Bd-1) = Ugg (Bg-1) - (2.1.8)

The support of the operators U,(X4_1) is an oriented manifold ¥,_4, in particular reversing its
orientation is an involution on the set of topological operators which we take to correspond to
inversion in the group

Uy(Za-1) = Uy1(Sa-1). (2.1.9)

For more general symmetries we will not have a notion of inverse element, but this involution
induced by orientation reversal will provide the closest analog possible.

One can consider more intricate geometrical configurations of topological defects, one of the
simplest ones is a junction at which three operators meet in codimension 2. This configuration
is consistent, for the type of defects we have described so far, only if the labels of the three
operators satisfy (with all three orientations going towards the junction) g;gegs =1 € G. In

other words, this configuration is another way to describe the fusion of defects. We can go higher

'Here and in the rest of this chapter we are assuming that the symmetry is not spontaneously broken.

20



in codimension considering more defects meeting on a submanifold and generically there are
many possible different-looking configurations one can consider at some fixed codimension. The
expectation is that, since the defects are topological, all those configurations are equivalent,
but this is not always the case. This is important especially when we reach the maximum
codimension and consider operators meeting at points. In fact, as we will see later, violations
of this equivalence can signal an anomaly of the symmetry.

An immediate generalization from the case of continuous group symmetries is that to the
discrete case. In all key equations , , and it is not necessary for the group
to be continuous and can be applied equally to GG discrete. Thus, from now on, we take these
to be the defining properites of invertible, group-like symmetries for any group G.

Another interesting generalization one can consider goes in a somewhat orthogonal direction
than the ones we will discuss below: instead of considering more exotic defects we can con-
sider more exotic theories. Interesting classes of unusual theories, which however have many
applications, is that of disordered/averaged theories. The fate of symmetries in these setups is
investigated in [3]

Higher-form symmetries

A first important generalization is to allow supports of different codimensions for the topolog-
ical defects. Consider a topological defect U,(¥X4_,—1) supported on an oriented manifold of
codimension p + 1 and labeled by g € G for some group GG. There are two immediate conse-
quences. First, it is clear that U,(X4_,—1) cannot act on operators of dimensions lower than p,
indeed if an operator is supported on a manifold of dimension less than p, there is always room
for Uy(X4-p—1) to move around it without ever interacting. Therefore, the lowest dimension
an operator needs to have to be charged under U (X4_,-1) is p, from here the name p-form
symmetry for the structure carried by the operators Uj(X4—,—1). In general an operator of
codimension p + 1 can act on operators supported in dimension p and higher, for simplicity
here we limit ourselves to the simplest action by linking. The second important consequence
is that higher-form symmetries are necessarily Abelian; indeed there is no notion of ordering
for (d — p — 1)-dimensional submanifolds in d-dimensions, namely we can always exchange the

order of fusion for higher-form symmetry defects,
Ug(Ba—p-1)Ug (Za—p-1) = Uy (Za-p-1)Ug(Ea-p-1) = Uy (Za—p-1) (2.1.10)

then gg’ = ¢’g and G is necessarily Abelian. Apart from these two extra constraints higher-form
symmetries behave analogously to 0-form symmetries. We have Ward identities that can be

uplifted to operator equations

Ug(Za—p-1)Vi(wp) = gqi‘/i(Vp)Ug( :1—p—1) ) (2.1.11)

where we denoted by ¢; the charge of V;. The fusion rules follow the group law and we have
again an involution induced by orientation reversal. Continuous p-form symmetries imply the

presence of a p + 1-form current J®*Y that is conserved d x J®T) = 0.
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Non-invertible symmetries

The second interesting generalization is to consider topological operators with more general

fusion rules. These generically take the form

Ua(Za—p-1)Up(Za—p-1) ZN (Zap-1)Ue(Zap1), (2.1.12)

here a, b, c are labels for the topological defects, while N;}b(Zd_p_l) are the fusion coefficients,
which generically depend on the topology of the support ¥4, 1. Generically these fusion
coefficients can be interpreted as partition functions of (d — p — 1)-dimensional Topological
Quantum Field theory. Importantly, the defects U, generically do not have an inverse. We still
have a dual defect obtained via orientation reversal, denoted Uy, and the fusion of dual defects

always contains the identity with coefficient 1

Ua(Zag—p-1)Us(Za—p1) ZN (Zd—p-1)Us(Bap_1) D 1. (2.1.13)

A consequence of these fusion rules is that shrinking the defects down to a point we get numbers,
called quantum dimensions, that satisfy the same fusion ring. Invertible defects always have
quantum dimension 1, while non-invertible operators have dimensions greater than 1 (in unitary
theories). Being topological the defects U,(¥4-,—1) still imply selection rules on correlators,
these however can be somewhat complicated due to the non-invertible action. For instance, as
we mentioned in the introduction, an hallmark of non-invertibility is that defects map genuine
operators into non-genuine ones, thus selection rules can relate correlators of operators of the
untwisted sector to those of the various twisted sectors. The mathematical structure that
properly describes these symmetries is that of higher category theory. Intuitively, we label n-
dimensional topological defects with objects in a higher category, morphisms between objects
are represented by n — 1-dimensional defects functioning as interfaces on the worldvolumes
of the defects. Higher morphisms are lower dimensional defects separating morphisms on one
degree lower and so on. Therefore the expectation is that general symmetries are described
by appropriate higher-categories [6,10-14,/57,|65,|118]. Relatively simple examples of these
structures arise when we only consider invertible defects, for instance forming 2-groups [177-
179]. These can be tought of as a group extension involving a 0O-form and an higher-form
symimetry.

We will not delve into the structure of higher categories in this thesis. In the next section,

we will consider the case of 1-categories that describe line defects.

2.2 The 2d case: Topological Defect Lines

The setting in which generalized symmetries are best understood is that of 2-dimensional QF T's.
The reason for this is that in 2 dimensions the most general situation we can consider is that
of O-form symmetries with non-invertible fusion rules. In principle we can also have 1-form
symmetries, but those are generated by local operators and always lead to decomposition and

universes [76,180] (as any d — 1-form symmetry in d dimensions). All universes are decoupled,
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and in each one we can at most have a 0-form symmetry. Moreover, O-form symmetries are
generated by line operators, which are clearly the simplest type of extended operator to consider.
This is due to their internal structure being entirely determined by local operators living on
the worldline. In the next two subsections we first briefly describe the mathematical structure

formed by these defect lines and then discuss a class of examples.

2.2.1 Fusion Categories

The mathematical structure that describes 0-form symmetries is that of fusion categories [11,/12]
17,29,[31}[181H184]. Let us motivate the various ingredients in the construction from a physical
perspective. As we tried to motivate in the previous section, a O-form symmetry is equivalent
to the presence of a collection of topological line operators, which we denote by L, for a in
some labeling set. We will assume to be dealing with a finite number of defects in this section,
techincally, this means that the category is finite and semisimple. On line operators we can

define an operation of direct sum é, in terms of correlation functions of the QFT we set
(La® Ly...)=(Lg...)+ (Lp...) (2.2.1)

where the dots denote any other possible insertion. We will consider oriented line defects,
reversing the orientation induces involution which we denote as a — @. We can think of this
orientation reversal as a way of bending the lines (which is of course allowed since these defects

are topological)

The topological property of these line operators allows us to define their fusion, denoted ®.
Physically, we can bring a line L, on top of another line L,, and no divergence arises from
this procedure. This necessarily produces another topological line operator, which in the most

general case can be written as a direct sum. This leads to the operator equation

L.® Ly, = P N, Le (2.2.2)

valid in correlation functions as long as we can deform the two lines to be on top on each other
in a continuous way, namely without crossing any local operator. The fusion coefficients Ny,
are positive integers, they depend on the basis we choose to describe the line defects. On any
given line operator there exist topological local operators. One way of realising this is the case
is to consider the line operators as a (topological) quantum mechanics coupled to the bulk
theory, then this quantum mechanics has its own operators and we can consider their insertion
in the path integral. Intuitively there are two types of these operators to consider. There are

operators i, that live on a specified line L,




we can represent those as maps p, : L, — L,, but there are also operators f,; that separate
two different lines L, Ly

Y

those can be thought of as maps p.p : Lo — Lp. In general, we can define vector spaces
Hom(L,, Ly) containing the morphisms between lines. Local operators on a fixed line defect
L, have additional structure as we have a multiplication ®, given by the operator product

expansion

Lla Xa Va = Zpa, (2.2.3)
P

or, pictorially,

Ha Vg,

Pa
\ \ \ =
—r—e— =D,

*—)

<

a a

This is important as it leads us to define a very useful basis for line defects. In particular for

any algebra of local operators we can find a basis of projectors (idempotents) 7; such that
T X Ty = 5ij7Ti . (224)

This means that if a line defect has a non-trivial algebra of topological local operators on it
we can split it into other line defects. To see this consider a line L, with an algebra of local
operators generated by projectors m; ,. Inserting m; on the line L, produces another defect L;,
which, thanks to the fusion rules of the projectors, has no topological local operators on it

besides 7; (which behaves as the identity). In particular writing the identity on L, as
1, = Zw (2.2.5)
we can rewrite the line L, itself as a direct sum

Le=ELia. (2.2.6)

The lines L; , cannot be split any further, this leads us to considering a basis of lines generated
by those defects that cannot be written as a sum of other lines. These are called simple line
defects. In the basis of simple lines, which we still label by latin letters, we can unambiguously
talk of fusion coefficients Ng,. Notice that the fusion of two simple lines is generically non
simple, in particular on the line L, ® L, we have local topological operators that can be
organized into projectors m, .. onto the simple lines L. appearing in the fusion. Therefore the
coefficient N ap COUNLS how many different operators living on L, ® L, project on the line L.. We
can give another interpretation to Ng, considering higher junctions of line defects. A natural

configuration to consider is the trivalent junction at which the simple lines a, b, ¢ meet

Cc

C

Na,b
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At the junction there is a topological local operator insertion g ,, in particular bringing the
lines a and b together we see that Hgp 1S @ map L,® Ly, — L. and belongs to Hom (L, ® Ly, L.).
Since L, ® L is non-simple we can also think of Hgp 8S an endormophism of L, ® L, hence
we see that it corresponds to one of the operators m, .. projecting onto L.. Since Ng,, counts
the number of different projectors available, it also counts the different junction operators ug ,
that we have, in other words N¢, = dim (Hom(L, ® Ly, L.)). Notice that the fusion of a line a

with its orientation reversal @ always contains the identiy, i.e. Ny = 1.

Another important quantity that we can associate to these line defects is their quantum
dimension. We can consider correlation functions with an insertion of a loop of some line L,

that encircles no local operator. Shrinking the loop generically produces a number

called quantum dimension of L,. These numbers have several important properties. First one

can show that they have to satisfy the same fusion rules as the simple lines, namely

dudy = Ny, . (2.2.7)

In conformal theories one can also show that d, > 0 for every line L, and, if the CFT is also

compact, one has the stronger constraint d, > 1.

We could move on and consider even higher junctions, but this is not really needed, in the
sense that an arbitrary network of lines can always be resolved in terms of trivalent junctions
only. Therefore to define correlation functions with a network of lines inserted we only need to
understand how to relate different meshes with only trivalent junctions. It turns out that we
can do so by using repeatedly the so-called F-move. This operation defines the F-symbols of

the symmetry

(2.2.8)

This collection of numbers is subject to the Pentagon equations, which guarantee that, starting
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from the same configuration and using F-moves, we always obtain the same result. In pictures,

(2.2.9)
F
--------- >
The corresponding equations are
Z [F;bf} (g,ﬁ,’y);(f,o,)\) I:erCd:I (faar)‘);(kvdjzp) -
A (2.2.10)

k e g
Z Z [F abC] (h,6,0);(L,0%)) [F ahd] (g,157); (Ksv5p) [F de](f,a,ﬁ)(h,&,u) :
h  Oouv

The data we have discussed so far define a fusion category C: the set S corresponds to the
objects of the category Obj(C), with the local operators living on the lines being morphisms
between objects, the fusion product ® is a tensor product on C whose is given by the F-symbols.
We also should point out that there is a gauge freedom in the F-symbols given by the possibility
of changing basis in the Hom spaces of trivalent junctions; only equivalence classes under these

changes of basis give inequivalent F-symbols.

Action on local operators and twisted sectors. Lines link with local operators. This
allows to define an action of any line L, on a local operator O, the result is, generically, a new

local operator L, - O:
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This action by linking should not be confused with the action we obtain sweeping a line L,
past a local operator

L, L, L, L,
@) L. O L.
2 - (o zc@e—i -3, a—i

here the sum over ¢ runs over all lines in the fusion channel L, ® Lz and (' is an operator in

the twisted sector of L.. We can retrieve the linking action by closing the line L, on itself, this

/LC
> %—QLa

Assuming faithfulness of the action of line operators the empty loop of L, vanishes unless

produces the tadpole diagrams

L. = 1, and we recover the standard linking action. For some local operators it may happen
that L, - O = 0, this is the situation we mentioned in the introduction, where a non-invertible
line maps genuine operators in twisted sectors. From the action we obtained sweeping a line

past a local operator we see that the most general action is encoded in the lasso diagrams [12]

these define the elements of the Tube algebra associated to the fusion category [185],186], see
also [36] for a more physical perspective and [51-53|)81] for generalisations to higher dimensions.
Operators, both genuine and twisted ones, transform in representations of this algebra from
which selection rules follow [36].

Invertible symmetries. When we are dealing with only invertible lines all the structure
above collapses to a simpler one. Indeed as we already know the fusion product reduces to the
group operation, and all line operators associated to a fixed group element g € GG are simple

and have quantum dimension d, = 1. The only extra datum are the F-symbols which take the
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particularly simple form

ghk ghk
(2.2.11)
o = F(g.h.}) "
g h k g h h
for g, h, k € G. One can check that the pentagon equation reduce to the condition
F F F
F(gh, k,1))F (g h. k)
while gauge transformations allow the transformation
Flg.ho k) = F(g, b, Iy LUK (9. 1K) (2.2.13)

fgh, k) f(g, )"
The most convenient framework to understand these conditions is that of group cohomology
(see e.g. [187]), and can be summarized saying that F'(g,h, k) defines a class in the third
cohomology of G valued in U(1), namely F € H*(G,U(1)). This group classifies the possible
anomalies of a 0-form symmetry G in 2 dimensions |188}|189]. Thus the symmetry category for
a group G, conventionally denoted Vec(G), also encodes the anomaly «. This also shows that
gauge inequivalent solutions to the Pentagon equations are isolated, this is a general fact valid

in Fusion Categories known as Oceanu’s rigidity [181].

Example: Tambara-Yamagami Categories. To keep the topic of fusion categories from
being too abstract let us discuss a concrete set of examples provided by Tambara-Yamagami
categories. These are constructed starting from an Abelian group A and adding a defect D

with fusion rules

g@h=gh, goD=Drg=D, DD=Fy. (2.2.14)
geA
The remaining data specifying the category are provided by the F-symbols. Specifically the

F-symbols to consider are

Fopulpp=100h), [FIS]  =alghk), [FRop),, =x(g.h),  (2215)

)

] ghshk

the Pentagon equations constraint these data as follows. The function v : A x A — U(1) is

constrained to be a non-degenerate symmetric bicharacter, namely it satisfies

(g, R)y(hg)™t =1, (2.2.16)

the cocycle a(g, h, k) instead needs to be trivial, so that the symmetry A is non-anomalous.
Finally one has
€ _
x(g,h) = m’y(g, h, (2.2.17)
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where € = +1 is the Frobenius-Schur indicator of the defect D. The FP indicator is a quantity

that can be defined for every self-dual defect as k, = d, [F @

. a} 000 We then see that the quantum

dimension of the non invertible line is

= /A (2.2.18)

The usual notation to denote TY categories is then TY(A), .. This symmetry structure arises
in theories that are self-dual under gauging the symmetry A [29,/57,63,/65,66], a prominent

example being the critical Ising model.

2.2.2 RCFTs and Verlinde Lines

A concrete class of examples where we can understand in detail the non-invertible symmetry
structure is that of Rational Conformal Field Theories in 2d. In this subsection we briefly
review these particular cases, with an emphasis on the "bootstrap” approach one can take to
find the set of topologial defect lines of the theory [12/16,131,/190]. RCFTs are CFTs with an
extended symmetry algebra and a finite number of primaries of the extended symmetry algebra
A. This means that the Hilbert space of the theory is a finite sum of irreducible representations
of the chiral algebra H = EB ; M, ;H; ® H;. The torus partition function is

Z X (TG (T) = TrH(LO’iGZO*ﬁ) (2.2.19)

where 7 is the complex modulus of the torus and
Xi(7) = Tra, (¢ %) (2.2.20)

is the character of the i-th representation of A. The coefficients M, ; are positive integers chosen
to have a modular invariant torus partition function. To an RCF'T we can associate an S matrix

and a T matrix studying the modular properties of the characters
1
= (-3) SSun) Tl =x )= Sl 222

and the partition function is required to be invariant under both transformations. The bootstrap
idea is to find constraints on the action of the topological line defects of the theory, in RCFTs
this program shows its full potential as the constraints one obtains are actually enough to
fully determine a large set of topological lines and their action on local operators, sometimes
called Verlinde lines [15,/16,[191,|192]. The only caveat is that we can only bootstrap lines that
commute with the chiral algebra, so that they do not mix different representations. One could
still only require that the lines commute with the Virasoro algebra contained in A, but the
equations obtained are very difficult to solve. Let us stick to the standard situation and only
consider lines that commute with A. The simplest bootstrap equation is derived considering a
putative line L inserted along the spatial cycle of the torus. The line acts on the Hilbert space

of the theory and the path integral produces the twined partition functionﬂ

Z(L) = Try (qLo-iqfo—iL) , (2.2.22)

2We omit the dependence on 7 where redundant.
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via an S transformation we can turn this into the L-twisted partition function
S-Z(L)=Z, (2.2.23)

and the constraint is that the twisted Hilbert space should have a well defined interpretation,
namely it should split in irreducible representations of A with positive integer multiplicities.

We can parametrize the action of the line L with some unknown coefficients X, ; so that

L -®,;=X,;;9,; (2.2.24)

1,0 1,0

where @, ; is a physical primary of the theory. Notice that this is the practical step where we

are using that L commutes with the chiral algebra. Then we have
* S * [ — *
Z(L) = Z Mz X xix; — Zp= Z Mz‘,EXi,{Si,jSzJXij = Z Nj,}Xij (2.2.25)
ii 0,7, 3
where N, 5 € N are the multiplicities in the twisted sector. The constraint is

(2.2.26)

75’

D MiiX,i8i5S5 = N,

which in general can be difficult to solve. For the diagonal modular invariant M, ; = 4, ; however

the Verlinde formula provides a solution

Sk
X; = —, 2.2.27
S ( )
so that we have a line L, for every representation k of A acting as
Sk,
Ly -0, =22, . (2.2.28)
) ‘S'O72 )
The twisted sector multiplicities for the line L are given by
Sk.iSi ;5=
k i 2~ 7
NF- = Z —5 (2.2.29)
and are positive integers. The fusion of these lines is also governed by the same coefficients
Ly®Lj=Y Ni,L. (2.2.30)

This analysis provides us with the set of lines as well as their action on local operators, however
this is not the full story, as we also have an action on twisted sectors. It is not hard to see that
using 7" on the twined partition function we obtain the action of a line L on its own twisted
sector, but to see how L acts on other twisted Hilbert spaces requires more work. We can repeat
the bootstrap analysis considering a more general network of lines on the torus. Representing

the torus as a rectangle with opposite sides identified we define as

[Zr,0.(La)l,, =
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the Ly-twisted partition function acted on by L, (we take time running from bottom to top).
The line L. is introduced to resolve the network into trivalent junctions, thus we need Ng, > 0.
The morphisms ug, and vg, are also arbitrary and each choice corresponds to a different
partition function. Via an S transformation, which amounts to a rotation of 90 degrees, we

obtain

— Fa }
L [ B.ab] (e, p,0);(d,a )

therefore, in formulas,

S [Zr0(La)l,, = [Fgmb]

d7a7ﬁ

(€1.0);(d,0,6) izl s (2.231)
These equations contain the basic one we have discussed above and generalize it to bootstrap
the action of topological lines on twisted sectors. Even in RCF'Ts these equations can be hard to
solve in complete generality, thus in irrational theories, unless one focuses on some particular
type of defects making an ansatz for their action, there is very little hope of being able to
solve them. Nevertheless there are ways of hunting for non-invertible line defects in irrational

theories, at least for those having a conformal manifold, more on this in

The importance of defects.  An important point that is highlighted by this approach is
that to properly define a symmetry defect, it is not enough to define a topological operator, but
there are more constraints this operator has to fulfill (see also [107]). Indeed, in a CFT setting,
we could define a topological operator simply as any operator that acts on conformal families
and commutes with the Virasoro generators, with no constraints on its action. However, as
we have seen above, there are bootstrap equations the defect need to satisfy. Concretely, we
require the twisted sectors to have a well-defined Hilbert space interpretation. If a defect £
satisfies this constraint, another defect that differs only by an overall normalization, £ = zL
with z a generic real number, does not. Hence £’ does not define a good defect. As an example
of why this is important consider the case of the Ising CF'T, this has three topological defect

line operators 1,n, D with fusion rules
n¥n=1, n®D=Den=D, DXD=1+n, (2.2.32)

corresponding to a Tambara-Yamagami category with symmetry Z, generated by n [12]. The

linking action on the three primaries 1, o, € is

1 o ¢
n 1 -1 1
D V2 0 —V2
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and the two nontrivial defects have a well-defined twisted Hilbert space. Consider now the

linear combination

1 1 1
I = - D—--1 2.2.33

it is easy to check that this line is invertible:
LRL=1. (2.2.34)

What is preventing us from taking this to be a defect of the theory instead of the Tambara-
Yamagami line D 7 As we have probably stressed enough in this section the reason why this line
does not define a consistent defect in the theory is that it does not solve the bootstrap equations,
hence does not have a good twisted sector. In general only linear combinations with positive
integer coefficients guarantee that the defects we obtain are well defined. As operators on the
Hilbert space any linear combination of defects is well defined, but the bootstrap equations

impose further constraints.

2.3 The Holographic perspective on symmetries

In this section we discuss a very useful tool to describe the symmetry structure of general
QFTs in general dimensions: the Symmetry Topological Field Theory [9, 116—119”?]. This
construction provides a very powerful framework to study the realization of symmetry and
anomalies in QFT as well as possible phases of the theory [2,/7,8(67,/69,98,99,[109-112,[133//195~
198|. The general idea is somewhat a generalization of anomaly inflow [199-201], according to
which the anomalies of a d-dimensional theory are captured by an invertible field theory (i.e.
with a 1-dimensional Hilbert space on every manifold) in (d + 1)-dimension. Indeed, instead
of considering an invertible theory, we can couple the QFT to a full-fledged TQFT in one
dimension higher. Intuitively one can think that the coupling occurs via the symmetries of the
boundary QFT. Namely we can imagine turning on a background on the boundary and extend
it dynamically to one dimension higher, where by dynamically we mean that we are essentially
gauging the symmetry of the boundary theory in (d + 1) dimensions. Imposing Dirichlet
boundary conditions Bqgrr on the TQFT we can interpret the boundary value of the bulk fields
as a background for the QFT. This constructs a (d 4+ 1) dimensional theory, which depends
on the extension in the bulk, and is a reminiscient set-up of that of relative theories [202]. To
recover the original d-dimensional theory we need to trivialize the dependence on the extra

dimension. This can be done imposing a topological boundary condition By, on the other side

3see also [193,/194] for a condensed matter theory perspective.
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of the set-up, resulting in the so-called the sandwich picture

TQFTd+1
Biop Bqrr

Since the extra boundary condition is topological we can shrink the interval and recover the
d-dimensional theory. The TQFT,,, is called the Symmetry theory (or SymTFT in short) for
the original quantum field theory and it captures all the information contained in the boundary
symmetry. We should, however, be a bit more precise. In general a QFT may have various
symmetries and the construction outlined above can be applied to any of those, not necessarily
the full symmetry. Therefore it is more correct to refer to the TQFT,,; as the SymTFT for
a specific symmetry of the boundary theory. Symmetries in QFT are described by (higher)
categories, therefore this construction provides a physical argument as to why there should
exist, for a given symmetry category C in d-dimensions, a TQFT Z(C)441 in one dimension
more interpreted as its SymTFT.

Generally a TQFT can have more than one topological boundary condition, thus we often
have many possibilities for By, each of which corresponds to a global variant of the theory.
Here we define the global variants of the theory as the allowed boundary conditions of the
SymTFT.

We still have not explained the meaning of the SymTFT or how it captures the information
of the boundary symmetry. Moreover, we have only given a physical construction of this theory
without a very precise definition. In order to fill those gaps we need to give a quick review of
what TQFTs are, what are their observables, and also what we mean by topological boundary

conditions.

2.3.1 Topological Quantum Field Theories

TQFTs are among those few QFTs that can be given a rigorous axiomatic definition [203] (see
e.g. [204] for a nice review) which is also computationally useful, especially in low dimensions.
Intuitively TQFTs are QFTs which do not depend on the metric on spacetime, hence have
a vanishing stress energy tensor. This implies that all their observables are independent of
distances on spacetime and only the topological classes of the objects involved are meaningful.
We start by giving a lightning review of the axiomatic definition, then proceed and discuss

examples that highlight aspects important for our discussion.

Axiomatic TQFTs. Formally TQFTs in d dimensions are defined as symmetric monoidal

functors from a category of oriented d-dimensional bordisms to that of complex vector spaces.
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Let us quickly introduce those ingredients. Objects in the category of bordisms are (d — 1)-
dimensional manifolds. In general we can equip those manifold with extra structures depending
on the TQFT. For instance we can add a G-principal bundle, for GG a discrete group, if we want
to describe backgrounds for a G 0-form symmetry or we can input a spin structure to describe
spin TQFTs. For simplicity let us focus on oriented manifolds only. A morphism between
two manifolds My_; and M) , in the bordisms category is d-dimensional manifolds M, with
boundaries such that OMy = M,_; LUM’,_;, where the bar denotes orientation reversal. We can
view the d-dimensional manifold as a map M, : M,_; — M’,_; with a particular choice of an in
and an out boundary. The usual notation for the category of d-dimensional oriented bordisms
is Bordso, with SO standing for the structure group of the tangetn bundle. In presence of extra
structures on M,_; those are extended in d-dimensions and one enriches the notation to denote
the category of the associated bordisms. The category of (finite dimensional) complex vector
spaces instead has as objects complex vector spaces, which are all built as direct products of
the unique simple object C. Morphisms instead are linear maps between vector spaces and the

category is denoted by Vecc. Then a d-dimensional TQFT is a functor
7 : Bordi® — Vece . (2.3.1)

Physically this means the following. To every object in BordiO the TQFT assigns an object of
Vecg, this is simply the fact that to every (d — 1)-dimensional manifold the theory assigns an
Hilbert space

Z(Ma-1) = H(Mg-1) . (2.3.2)

To a morphism My = My U M'y_q of BordgO the functor assigns a linear map between the

vector spaces associated to My_; and M),
Z(My) : H(My—y) — H(M_,), (2.3.3)

physically this is the time evolution of a state in H(M,_;) to a state in H(M/_;). The adjectives
symmetric and monoidal attached to the functor Z are needed to guarantee that the path
integral on disjoint manifolds factorizes on the various components, that it is compatible with
the tensor product of Hilbert spaces and that gluing manifolds along a common boundary
amounts to the compoisition of linear maps.

We can make contact with the path integral of the theory as follows. Consider a d-
dimensional manifold N; with ON; = My_1, the path integral on M, produces the wave-
functional of a state in H(M,_1). This is the same result as the action of the functor Z which

produces the map
Z(Ng): C— H(My_). (2.3.4)

A special choice is Ny = Dy the d-dimensional disk, the path integral on this topology produces
the Hartle-Hawking state. Changing the internal topology of N, with a fixed boundary, we can
probe the Hilbert space on 0Ny. In general dimensions the difficulties in concretely using this
approach lies in the complexity of the classification of the topological classes of d-dimensional
bordisms (even more so if we add more structures). In low dimensions however the axiomatic

approach can be fruitful. For instance in 2d one has a finite amount of data that uniquely
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specify the TQFT (this stems from the possibility of constructing every 2d manifolds gluing
pairs of pants), and one can show important results such as the equivalence of TQFTs and

symmetric Frobenius algebras [205].

TQFTs, symmetries and operators. The axiomatic definition is a very convenient frame-
work as it packages in an efficient way the properties of the path integral. However, for our
purposes, it is more useful to understand the operator content and correlation of the theory.
As we already mentioned, TQFTs have a vanishing stress-energy tensor thus all the opera-
tors are necessarily topological, then, following the modern philosophy, TQFTs are essentially
determined by their symmetries. In other words all operators in a TQFT are generators of a
symmetry and, at the same time, are charged under another. Let us be more precise. In general
a TQFT can have operators of all possible codimensions, each corresponding to a higher-form
symmetry (not necessarily invertible). Consider for instance operators U,(X4—,—1) and Us(%,),
in codimensions p + 1 and d — p respectively, both these classes of operators are topological
hence generate a p-form and a (d — p — 1)-form symmetries. However the two classes also have
a natural linking configuration which imply that one class of operators is charged under the

other and viceversa. Explicitly we can write, taking ¥y, 1 and X linking once,
Ua(Ba-p-1)Ua(E}) = x(a, a)Ua(E,)Ua(Ea—p-1) (2.3.5)

where x(a,a) is a, generically complex, number encoding the action of one operator on the
other. Notice that the labels a, a can be interpreted as the charges of the operators. Indeed, in
order for an operator to be detectable in correlation functions of a TQFT (hence distinguishable
from the identity), it has to be charged under a symmetry. Thus far in this thesis we have only
considered linking configurations as possible interactions of topological defects. In 2d this is not
a problem if we also discuss junctions of line defects. However in higher dimensions this is no
longer true: there are other configurations of topological defects of various dimensions which we
need to consider. In TQFTs we can always interpret those configurations as a topological defect
acting on another one, for instace we can have a 0-form symmetry acting on lower dimensional
extended operators. This is realized by a defect U,(%,) piercing a 0-form symmetry generator
Up(X4-1) and getting transformed to a new defect U, (3,)

Ua(%)



Alternatively we can consider a cylinder of Uy(X4_1) around U,(X,) (with other directions

compactified), shrinking the cylinder results in a new defect U, (3,)

Ua(zp) Ua/(zp) )

0-form symmetries act by linking on local operators, however, in TQFTs we can often get rid of
local operators simply focusin on a specific vacuum of the theory. One might be then tempted
to say that in each vacuum the 0-form symmetries act trivially but, due to the actions we have
just mentioned, this is not necessarily true. Moreover, in the absence of local operators, it is
not necessary for the O-form symmetry defects to be of codimension 1: they can be constructed
as a mesh of lower-dimensional defects. This is the idea of condensation defects [13]: we can
gauge a discrete higher form symmetry in higher codimension to construct a topological defect.
Condensation defects are important for many reasons. For once, especially in higher dimensions,
certain non-invertible defects are non invertible precisely for the appereance of condensation
defects in fusion rules (see e.g. [7,8,57,63,/65]). Another reason is that in 3d TQFTs with
only line operators it is a theorem that all O-form (unitary) symmetries are implemented by
condensation defects [13], this has also implications for the classifications of modular invariants
in RCFT [17].

Besides 0-form symmetries acting on lower dimensional defects we can have more intricate
configurations. As an example consider surface defects in 4d, these link with lines and hence
generate a 1-form symmetry. However we can also consider the configuration of three surfaces
Egi), 1 =1,2,3 such that z&” links with the line »; = Eg) mzé” on which the two other surfaces
intersect. This triple linking configuration carries information that can distinguish TQFTs with
the same operator content [206](we will expand on this in the following subsections). We will
not attempt to classify all possible non-trivial configurations, which seems a rather complicated
task. Rather, to provide a more concrete perspective on the topics we just discussed, we now

discuss examples of TQFTs that are relevant for the rest of this thesis.

Discrete Abelian gauge theories. A gauge theory for a discrete Abelian 0-form symmetry
A has two types of extended operators. The first one can be thought of as the Wilson lines for
the gauge field of A, these are labelled by representations of A. In the discrete Abelian case
these representations are elements of the Pontryagin dual group A= Hom(A,U(1)) ~ A, where
the isomorphism is non-canonical, we will denote these Wilson lines as W;(3;). The second

type of operators can be defined as disorder operators for the Wilson lines. This means that we
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pick a submanifold 3, 5 in spacetime and the insertion of an operator U,(X; ) is defined as
the integral path of the configurations of the gauge field A such that, for every cycle ¥; linking
with X;_» we have

Wa(21) = xala), (2.3.6)

where y;(a) is the character of the element a € A of the representation a € A. Thus the
discrete A gauge theory has a symmetry Al x Ald=2 with the apices denoting the degree of

the higher-form symmetries. By definition there is a non-trivial linking, or braiding,

Bioay.ii) = Xa(b)x;(a), (a,d),(b,b) € A x A, (2.3.7)

which simply indicates that the generators of one symmetry are charged under the other and
viceversa. Depending on A the theory can also have O-form symmetries. One that is always

present is charge conjugation, namely
C-(a,a)=(at,a™ " (2.3.8)
which respects the braiding in the sense that

Be.aa),.c-00) = Blaa) ) - (2.3.9)

and is implemented by a condensation defect.

Now, every Abelian group is isomorphic to a product of Z,,’s with different n’s. In this sense
the Z,, gauge theory is a building block for discrete Abelian gauge theories. To this extent it
is often useful to use the lagrangian formulation of the Z, gauge theory given in [207]. One
simply writes (in Euclidean signature)

S=22 1 Ay NdAL,, (2.3.10)

27 S,
where A; and A, o are a standard U(1) gauge field and an higher-form one. The action is
gauge invariant if and only if n € Z. In this formulation the operator content is clear: there
are no gauge invariant local operators, we only have Wilson lines and Wilson surfaces, both of

which are labelled by elements of 7Z,
Wo(S1) = oM Uy(Dy) = R bz (2.3.11)

One can see that the operators W,, and U, are trivial in correlation functions computing the

linking of a Wilson surface and a Wilson line,
<Wa(22)Ub(Ed_2)> = eZiWLk(227Ed—2)%b , (2312)

where Lk(X9, ¥.y_) is the linking number of the surfaces involved. This justifies labeling oper-
ators by elements of Z,. Charge conjugation now acts reversing the signs of both A; and Ay s,
and is an evident O-form symmetry of the theory acting on lines by (a,b) — (—a,—b). This
discussion can be repeated for the gauge theory of an higher-form symmetry. For instance we
can write the action ,

S=2 A NdAg (2.3.13)

27 i,
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for the Z,, p-form gauge theory, from which the operator content and braiding follow as in the
0-form symmetry case.
For certain choices of d and p we might be able to write more general topological actions.

For instance take d = 3 and p = 1, then we may write

mn ik

27 s AT s
and we have modified the initial BF action with the addition of a Chern-Simons term. Gauge
transformations are standard an impose n.k € Z. Gauge invariant operators are Wilson lines

of Ay and Bj, which satisfy the constraints

ein le A eikle Av ei”le B _ 1. (2315)

We have a Z, 1-form symmetry generated by the lines of By, while the Wilson lines of A;
generate a Zged(k,n) 1-form symmetry. The Chern-Simons term also modifies the linking of the
lines, inducing a self-linking for the Wilson lines of A;.
Another example is for d = 4 and p = 2 in which case we can write
s=" [ Byndc, + 2L

= By A By, (2.3.16)
2 M, T Ju,

this extra term modifies gauge transformations of the 1-form '} mixing them with those of Bj:
By — By + d)\l s Cl — Cl — p)\l + d)\o . (2317)

The quantization condition for p is np € 2Z on general manifolds and we also have the identi-

fication p ~ p + 2n [207]. The gauge invariant operators of the theory are the surfaces
Ua(So) = €2 B2 (2.3.18)

and the non-genuine lines

Wy(S1, 5p) = e dm Crtite [, B2 (2.3.19)

with 0¥y = Y. Since the surface operator U, (X5) is trivial the genuine lines are those for

which bp is a multiple of n, namely

—

Wa(%1) = (Wn/gcd(n,p)> (2.3.20)

with @ € Zgeq(pn). Notice that when a is a multiple of p the surface operators U,(X,) can be

cut open on a Wilson line, so that there are ged(p, n) non-trivial closed surface operators.

3d TQFTs and Modular Tensor Categories. In low dimensions d = 2,3 TQFTs are very
well understood. We already mentioned that in d = 2 we even have a classification of TQFTs in
terms of Frobenius algebras, we now quickly describe the 3d case. As we have already mentioned
we can assume that the TQFT has no local operators without loss of generality, moreover we
know that surface operators in 3d implement O-form symmetries and, in a theory with only line

defects, the expectation is that every 0-form can be constructed by condensing an appropriate
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set of lines [13]. Then let us focus only on the line content of the theory, the punchline is that
those defects are described by a Modular Tensor Category (MTC), see e.g. [17,28,192,208,209)
for an extensive treatment. In 2d we have seen that line defects form a Fusion category, in 3d
this is still true, namely we again have a fusion product and a set of F-symbols, but we have
more structure to take into account. In particular, the presence of an extra dimension allows

us to consider configuration of braided lines which are all built from the basic diagram

Cc

1%

~
a b

The possibility of distentangling lines leads to the definition of a new datum in the category
called the R-matrix:

2
This additional datum has to satisfy a compatibility condition with the F-symbols called the
Hexagon equation, see e.g. [28]. Similarly to the F-symbols the R-matrix depends on the basis
we choose for the morphisms in trivalent junctions. An gauge equivalence class of compatible
F-symbols and R-symbols gives a braided category, in order to obtain a full fledged MTC there
are more constraints to be satisfied. To explain those we have to define two crucial observables,
which play a central role in 3d TQFTs, and are invariant under chenges of basis in trivalent
vertices. One observable is given by the spins, a set of numbers 6, we can attach to each simple

line a. These are defined by the diagram

where d, is the quantum dimension of the simple line a. Two lines linking define the S-matrix

Sab

DSab =
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Here D is the total quantum dimension of the category defined as

D= ) & (2.3.21)

where the sum runs over the simple lines of the category. In an MTC the spins are phases
|0,] = 1 and the S-matrix is unitary. The adjective modular comes from the fact that the S

matrix, togheter with the 7" matrix defined as
T, = e 21249 &5 . (2.3.22)
form a representation of SL(2,7Z), namely
(ST =8*=C, (C*=1. (2.3.23)

The number c_ is the chiral central charge and is defined as
1 i o=
5 Z O,d> = ¥ | (2.3.24)

while C' is the charge conjugation matrix. If the data /' and R, which we can use to express both
the spins and the S-matrix, satisfy these extra conditions we obtain an MTC that describes
line operators in generic 3d TQFTs (at least when we are considering a finite number of lines).
Quantities such as the S-matrix and the spins, being gauge invariant, can be computed as
correlators in the TQFT.

The framework of MTCs can be enriched including 0-form symmetries acting as automor-

phisms of the set of simple lines, this is described by G-crossed categories [28].

Non-Compact TQFTs. As a final class of examples of TQFTs we want to describe a simple
case of a TQFT with a continuous/non-compact spectrum of topological operators. These are
relevant for the SymTFT description of continuous symmetries [206210,211] (see also [212]),
have nice holographic properties (see the second half of chapter {4 in this thesis) and also come
into play in the structure of generalized symmetries in 4 dimensions [213]. To our knowledge,
there is no axiomatic definition for this type of theories, which in fact seem to have divergent
partition functions on general manifolds (see . However normalized correlators are always
valid observables, and, from a SymTF'T perspective, these are the objects of central importance.
The idea to describe these TQFTs is to consider actions that look very similar to those of finite
group gauge theories, but relax the compactness of one (or both) the fields involved. As an

example consider

S i/ ar A dA; (2.3.25)
M3

27
where A; is a standard U(1) gauge field while a; is an R gauge field. The difference between R
and a U(1) gauge fields lies in their gauge transformations: U(1)-valued gauge transformations
include what are called large gauge transformations. In the case of a 1-form gauge field A;
these are gauge parameters )y such that le dX\ # 0 for a 1-cycle ;. Of course their integral

cannot be arbitrary but is quantized in certain units, generically one takes le d\ € 2nZ.
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For higher form gauge fields one can think of large gauge transformations as not globally
defined U(1) gauge fields of lower degree. Instead, R gauge fields do not have such large gauge
transformation. This has an important impact on the spectrum of operators of the theory,
indeed the quantization of the charges of Wilson lines is a direct consequence of the presence
of large gauge transformations. If we disallow those we have a valid line operator for every real

number. This means that the gauge invariant operators of the theory we are considering are
Wo(S) =™ Uy(ny) =mm (2.3.26)

with n € Z and o € R. However it turns out that not all values of a give independent operators,

indeed computing the linking correlator
(Wi (Z1)Ua(E)) = e sna (2.3.27)

we see that o and « + 1 are identified. This leaves us with a U(1)1 x ZI symmetry in the

theory. Many other interesting examples are discussed, from a different perspective, in the
second half of Chapter []

2.3.2 Boundary conditions

A central ingredient in any holographic construction is the boundary conditions. In the setup
outlined at the beginning of this section, we mentioned both a topological boundary condition
and a non topological one ( often called physical). The study of boundary conditions in general
QFTs is very complicated, many results are known in 2d CFTs, where it is possible, in cer-
tain cases (especially in RCFTs), to classify all conformal boundary conditions that preserve
some symmetry [191,214-218]. In higher dimensions the situation is much more complicated,
and there are no equivalent results. However, in the SymTFT setup, there are a couple of
caveats. On the one hand, the non-topological boundary is not really a boundary condition
for the TQFT, but we have to allow for more general possibilities. Indeed, as we have already
mentioned, it is best to think of the physical boundary as a coupling of a QFT to the TQFT in
one dimension higher, which is equivalent to saying that we are not only putting some Dirichlet
boundary condition for the TQFT fields but also adding some edge modes. This is because we
want the SymTFT to be universal, namely to be shared by all those QFTs with same symmetry.
It is of course possible, and interesting, to study what happens when we do not add those edge
modes and only consider the dynamics induced by a non-topological boundary for the SymTFT.
This is explored in the second half of 4, We will not discuss here the details of the general cou-
pling between the SymTFT and the boundary degrees of freedom. Rather we will assume that
such coupling allows all the bulk defects to consistently end on lower-dimensional, and possibly
non-topological, operators in the physical boundary and also that we can push a bulk defect
onto the boundary retaining its topological nature. In this part of the thesis we will be mostly
interested in the topological boundary condition, which can be much better characterized. The
intuitive reason for this is that a topological boundary preserves as much as possible of the
bulk symmetries, including topological invariance. Basically a topological boundary condition

is such that correlators of the whole theory do not depend on the location, or the geometry,
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of the boundary, but only on its topology. Let us now consider the properties we expect from
such boundary conditions. In a (d + 1)-dimensional TQFT we can have defects U,(34_,) for
every codimension p = 1,...d — 2 (we can again not discuss local operators). In presence of a
topological boundary we can push all bulk defects onto the boundary without changing correla-
tion functions. A natural way in which we can characterize a topological boundary is in terms
of the category of defects it hosts, or, equivalently, in terms of which defects become trivial on
it. In this sense we can think of the operation of pushing a bulk defect onto the boundary as a
map f from the category of bulk defects to those of the boundary. Intuitively, we expect this
map to be surjective, namely all boundary defects are induced by those of the bulk, but not
injective, i.e. some of the bulk defects are mapped to the identity on the boundary. The name
of the game then is to understand which consistency conditions we have to impose on a set of
bulk defects in order for them to be trivializable on the boundary. This is quite a difficult task

in general, so let us proceed by examples.

Topological boundaries in 3d 7Z, gauge theories. Consider the action

s=""| A nrdB (2.3.28)

27 J o,

The bulk defects are Wilson lines labelled by a pair (a,b) € Z,, X Z,,, with braiding

Blon o) = 475 (2.3.29)
based on our general consideration we now should look for defects that we can consistently
set to the identity on the boundary. The key observation here is that if two defects link non-
trivially we cannot have both of them become trivial on the boundary. The reason is that,
given a link in the bulk, we can resolve it in two ways, which have to give the same result. We
can first unlink them in the bulk, possibly getting a phase, and then close the slab mving the
topological boundary, or we can close the slab first and unlink them after. Another condition
that we have to require is that this set has to be maximal, namely all those lines not included
in it have to link non-trivially with at least one line of the set. This follows from requiring
that the symmetry hosted on the boundary acts fatihfully, we will see this later. These sets of
defects are in one to one correspondence with subgroups B C 7Z, and, thinking of the Wilson

lines of By as labelled by elements of the Pontryagin dual Zm we have
Ly ={(a,X) €EZyxZyp: a€B, ye NB)} (2.3.30)
where N (B), the normalizer of B, is defined as
NB)={x€Zy : x(b)=1YbeB}. (2.3.31)

It is not difficult to generalize this to a generic discrete gauge theory, see e.g. Appendix B.2]
For a general n there can be many subgroups of Z,, but two choices that always exist are
B = @ and B = Z,,, which correspond to boundary conditions which trivialize respectively all
Wilson lines of By or A;. In this simple case we also have a direct approach to study boundary

conditions as literal boundary conditions for the fields A; and By, for instance we can set A; = 0
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which corresponds to the boundary hosting all Wilson lines of By, but using topological defects
directly allows to understand also more complicated situations in which no simple lagrangian

presentation is known.

Algebras, boundary conditions and gauging The example of 3d discrete gauge theories
can be easily generalized to higher dimensions with arbitrary Abelian groups, and the result
is always that topological boundary conditions can be labeled by maximal sets of trivially
braiding defects. These sets identify what are called Lagrangian Algebra objects in the category
of defects [17,219]. From a physical perspective the requirement of having trivial braiding
translates into the condition for the symmetry of being anomaly free, while the maximality
implies that there are no defects invariant under the action of the algebra. Let us explain
this in some more detail. To gauge a symmetry we need to couple the theory to a dynamical
background, for discrete symmetries this is equivalent to the insertion of topological defects
along the various cycles of spacetime. In order for the gauged partition function to be well
defined it should not depend on the details of the mesh of defects we are inserting. Requiring
this to be the case constraints the type of defects we can insert, the precise conditions depend
on both the dimensionality of defects and that of spacetime and it is difficult to make general
statements for general non-invertible symmetries. For general line defect operators in 2 and
3 dimensions these conditions are very well-known. Gaugable symmetries in 2d are given
by algebra objects in the fusion category [11], which generalize the choice of non-anomalous
subgroups and of discrete torsion. In 3d gaugable 1-form symmetries correspond to connected
commutative special Frobenius algebras [17,[219], which are not necessarily maximal. When
also maximality is obeyed they are called Lagrangian Algebras. Some more techincal details
on these procedures in 2 and 3 dimensions are collected in [B.1 Note that, by definition, after
gauging a Lagrangian algebra the theory becomes trivial as there are no defects invariant under
it. Therefore no object of the original category survives the gauging. One might object that, as
it always happens for discrete symmetries, the gauged theory necessarily has a dual symmetry,
however in the cases we are considering this dual symmetry has no non-trivial charged objects
on which it can act.

When the symmetries involved are invertible, one can proceed ”by hand” and figure out
the set of topological boundary conditions and Lagrangian algebras also in higher dimensions,
however the non-invertible cases are more difficult to treat, though there exist definitions for
algebras in certain higher categories [43,/44]. The general picture we get is that there is a cor-
respondence between topological boundary conditions and Lagrangian algebra objects, namely
maximal gaugable symmetries. Physically we can think of this correspondence as follows. Di-
vide space-time in two halves, separated by the trivial interface. On one half we can gauge
a Lagrangian algebra, namely insert a fine enough mesh of defects, this has the effect of triv-
ializing the theory on that half of spacetime. On the interface we allow the defects of the
Lagrangian algebra to terminate topologically. What was originally the trivial interface now
separates the trivial theory from the starting TQFT, thus providing a topological boundary
condition [26}220-222]. One might be tempted now to state that there is a one-to-one corre-

spondence between topological boundary conditions and Lagrangian algebras. This, however, is
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not true as just stated, due to the freedom of stacking on the topological boundary a decoupled
TQFT to obtain a different boundary. Moreover, since stacking of TQFTs is not an equivalence
relation, we cannot eliminate this freedom by taking equivalence classes. Therefore, to keep
our discussion simple, in what follows we will focus directly on lagrangian algebras rather than

boundary conditions.

2.3.3 The SymTFT

We are finallyready to present the SymTFT approach. The setup is the same discussed at
the beginning of this section, a slab with two boundaries. The topological boundary By,
corresponds to a bulk Lagrangian algebra £ whose defects are allowed to terminate on the
boundary. As the SymTFT is determined by the symmetry C of the QFT, which coincides with
the category of defects hosted by By, we will denote by Z(C) the category of bulk defects.

Symmetry generators and Charged objects. The defects of the bulk TQFT which are
not allowed to terminate on the topological boundary (i.e. do not participate in the Lagrangian
algebra L), hence remain as non-trivial defects on the boundary, generate the symmetry C that
acts on the QFT.

IBtop IBQFT — BQFT

IBgtop

Roughly speaking we can think of those defects as elements of the ”"quotient” of the set of
bulk defects with respect to the Lagrangian algebra corresponding to the boundary, namely
C = Z(C)/L. With the intuition that, if two bulk defects are related by fusion with a defect
in the algebra, they must be identified on the boundary. For invertible symmetries this is
precise, since we can define the quotient of the group of bulk symmetries with respect to one
of its Lagrangian subgroups, for non-invertible symmetries the situation is technically more
complicated. For 3d TQFTs of lines the defects confined on a topological boundary B, form
the module category of the Lagrangian algebra Modz)(£) [219], so that Modzey(£) = C
as fusion categories. The expectation is that a similar statement should also hold in higher
dimensions and for higher categories [39}50,223,224]. In 3d the map f : Z(C) — C induced by
pushing the bulk defects onto the boundary is a (forgetful) functor between the bulk MTC and
the boundary fusion category (see e.g. [36]).

Charged objects are realized as bulk defects of the Lagrangian algebra stretching between

the two boundaries. Upon closing the slab these correspond to non-topological operators of the

44



QFT. The action of C on those operators is obtained by letting the defects link in the bulk

IBtop IBQFT

resolving this configuration in terms of the categorical data in Z(C) yields the action of C. In
general a bulk defect could have various consistent endpoints on the two boundaries, so that
the picture drawn can describe families of operators on the boundary. For example, the lines
of a 3d SymTFT for a 2d CFT can end, at the physical boundary, on a whole conformal family
and not just on the primary operators. Similarly, there could be several possible topological

endpoints on By, leading to physical operators with different properties.

In this picture we can also describe twisted sectors operators and the symmetry action on
them. To construct a twisted sector operator we can take a bulk defect L, not participating
in the algebra and let it end on the physical non-topological boundary. Since this bulk defect
cannot end topologically on By, it does not become trivial on the boundary, rather, it reduces
to a defect f(L,) of C

IB3t0p IBBQFT

Closing the slab we obtain an operator in the twisted sector of the f(L,). The action of C
on those operators can again be described by appropriately linking the bulk defects with the
configuration above. Also in this context there could be several choices for the endpoints of the
defects on the two boundaries that lead to different physical operators. Another description of
non-local boundary operators arises compactifying the SymTFT to lower dimensions, in this
setup twisted sector operators are described by topological boundary conditions for the reduced
TQFT [224].
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Global Variants. A SymTFT can have several Lagrangian algebrag!] thus to any given
SymTFT we can associate various QFTs in one dimension less. These define the possible
global variants of the boundary theory, and the common lore is that any two such variants
are related by a generalized discrete gauging operation (or topological manipulation). In other
words, starting from any given global variant with a certain symmetry category, we can reach all
the other ones by successive gaugings, possibly with the inclusion of discrete torsion. This can
be explicitly checked in SymTFTs with invertible defects, see e.g. [7,,66,116,(133] and Chapter
of this thesis for some examples. Again the situation is more involved for non-invertible
symmetries, and most of the results are in low dimensions as we will discuss momentarily. Still
the common lore is that there is a one-to-one correspondence between topological manipulations
in the boundary theory and lagrangian algebras of the SymTFT. This lore applies at least to
categories in which there is no charged object which is also topological. When some of the
charged objects are topological one must allow for a more general notion of Lagrangian algebra,

that includes also non-genuine defects [8§].

The 2d — 3d case. As we have already mentioned generalised symmetries of 2d QFTs are
described by fusion categories, at least as far as we are interested in discrete and finite symme-
tries. In these cases there is a mathematically rigorous construction of the SymTFT. Indeed,
for any unitary fusion category C, it is possible to construct a 3d TQFT, the Turaev-Viro the-
ory [120-122], that admits at least one topological boundary hosting topological line defects
described by the seed category CE] The line defects of the Turaev-Viro theory are described by a
(finite and semisimple) modular tensor category called Drinfeld center Z(C) of C [122,123]. As
we have discussed in the section the 2d perspective is that the action of a fusion category
C on the operators of a 2d QFT is via the lasso actions, which generate the Tube algebra of C.
The SymTFT provides an alternative description via linking in 3d, the connection between the
two is that representations of the Tube algebra, which label the operators of the QFT, are in
one to one correspondence with the anyons of the Drinfeld center Z(C) [225H227]. Physically
the correspondence is realized noticing that the lasso actions, from the SymTFT perspective,
happen on the topological boundary By, and hence cannot change the bulk anyon attached to
the local operators, which is then an invariant of the Tube algebra representation. See [36] for
a complete account of this correspondence from a physical point of view.

In this context, it is also possible to render precise the correspondence between bulk La-
grangian algebras and topological manipulations in the boundary fusion category. Possible
gaugings in the boundary fusion category C are given by algebra objects. More precisely in-
equivalent gaugings are labelled by module categories M over C, and two algebras corresponding

to the same module category are said to be Morita equivalent |[11]. After gauging an algebra

4By definition a TQFT to be interpreted as a SymTFT must have at least one topological boundary condition.
There are situations in which we have a (d+1)-dimensional TQFT that does not adimt any topological boundary
consition attached to a d-dimensional theory, these are generally called relative theories [202]. Famous examples
of this are chiral WZW models in 2d [124[125/[208] and A/ = (2, 0) theories in 6d [131], which need, respectively,

a 3d or 7d Chern-Simons theory to be well defined.
5Generalizations of the state sum procedure used to construct the Turaev-Viro theory in 3d have also been

considered in higher dimensions, especially in both math and condensed matter theory literature [126H130].
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in a certain Morita equivalence class we get a dual symmetry C’, and it can be shown that
two unitary fusion categories C and C’ are dual in this sense if and only if they have the same
Drinfeld center Z(C) [11,/182]. This result can also be stated in a slightly different form. The
notion of Morita equivalence can be generalised to fusion categories, and physically amount to
the statement that two fusion categories C and C’ are Morita equivalent if and only if they are
connected by a discrete gauging (see e.g. [228,1229]). Then the correspondence between bulk
lagrangian algebras and boundary topological manipulations amounts to the statement that the
Drinfeld center Z(C) is the unique invariant of the fusion category C under categorical Morita
equivalencd?]

8The study of higher-categories from the point of view of Morita equivalence classes and how those are
related to Drinfeld centers has appeared in the math literature [42}[230+233].
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Chapter 3

Generalized Symmetries in Quantum
Field Theory

In this chapter we study how symmetries are realized in QFT. In the first half we study non-
invertible symmetries preserved along some branch of the conformal manifold of a Calabi-Yau
sigma model. In the second half instead we study how conventional O-form are realized in

disordered or averaged theories.

3.1 Non-Invertible Symmetries in Calabi-Yau conformal
field theories

Despite their seemingly exotic nature, non-invertible symmetries exist in many familiar quan-
tum field theories. In particular, as we have explained in the first chapter of this thesis, one of
the arenas in which generalized symmetries are best understood is that of 2-dimensional CFTs.
The Verlinde lines we have described in are a useful example to study non-invertible
symmetry in part because the associated rational CFTs are essentially exactly solvable. Look-
ing beyond these examples, our goal here is instead to find irrational CFTs that still possess
non-invertible global symmetry, where the existence of new symmetries may yield new insight
into the dynamics. Below we will carry this out by constructing non-invertible global symme-
tries for supersymmetric CFTs described by non-linear sigma models with Calabi-Yau target
spaces, specifically, K3 surfaces, and quintic threefolds [234-236]. These models are interest-
ing in that they provide some of the first examples of irrational theories with non-invertible
symmetries (excluding interesting symmetries of the compact boson and orbifolds at generic
radii [31,[237,1238].) Moreover, in string theory such CFTs can describe the string worldsheet
and it is expected, though not proven, that any worldsheet global symmetry should give rise
to a spacetime gauge symmetry. If that is the case we expect string theory on the spacetimes
we describe below to exhibit novel gauge structures, perhaps implying the existence of novel

branes as in [171,239-241], which is an interesting target for future investigation.
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Summary of Results

Our starting point is the observation that Calabi-Yau CFTs come in moduli spaces known
as conformal manifolds. Along these manifolds the scaling dimensions and operator product
coefficients of generic operators vary. The typical point in the conformal manifold is an irrational
CFT with a current algebra given by the appropriate (extended) superconformal algebra. The
moduli space is parameterized by exactly marginal local operators, which moreover preserve the
supercharges. It is locally factorized into the Kahler moduli, corresponding to size deformations
of the target space, and complex structure moduli corresponding to deformations in the shape
of the target space (or more pragmatically deformations in the coefficients of the equations
defining the target space.)

At special loci in these conformal manifolds, some Calabi-Yau CFTs admit Gepner points
[242244] where the models are described formally by Fermat Calabi-Yau’s with a suitable
discrete gauging (orbifolding). At these Gepner points the CFT specializes and becomes ra-

tional. In such theories, there are many non-invertible symmetries described by the Verlinde

lines reviewed above. Our first task, carried out in Sections |3.1.1| and [3.1.2| below is thus to

construct explicitly the symmetries of these Gepner models by reviewing their operator content
and S-matrices following [234,235],245-249]. We achieve this by using a Cardy condition and
demanding that the twisted sector Hilbert spaces, describing operators at the end of the lines,
has a well-defined positive integral dimension at each energy level and spin [16,31,/190,214]. We
also provide an equivalent perspective using an associated three-dimensional topological field
theory which encodes the symmetries of these models [9},69,116-119,/133}/195].

In Section we derive our main results. Specifically, we move away from the Gep-
ner point by deforming the action by exactly marginal operators. We then track which non-
invertible symmetries are preserved by these deformations. We content ourselves to an investi-
gation of the fusion rules, leaving a detailed study of the F-symbols to future work. Remarkably,
we find that at many special loci in the moduli space preserve some of the non-invertible sym-
metry. These theories are generically irrational, and correspondingly little is known about their
non-BPS spectrum of scaling dimensions and OPE coefficients. While the exact non-invertible
symmetry depends in detail on the special locus investigated, we highlight several special cases

to get a feeling for our results:

e We begin with a warm up of the torus SCFT. The Gepner point of interest corresponds
to a square torus of unit volume. As we deform away from is point, we find that an
interesting non-invertible symmetry is preserved at any modulus 7 as long as the B field
is taken to always vanish and the volume (defined by the metric G) obeys:
1+ 2% +9°

= —2y .

Specifically, along this locus in moduli space there are topological defect lines (TDLs)

T=x+1y, det(G) (3.1.1)

with fusion algebra of a Zy X Z,; Tambara-Yamagami category [31,[250,251]. This fusion
category has invertible lines 7; generating the group Zs; x Z, as well as a single non-

invertible line D obeying;:

DxDl =14m+mm+mxn. (3.1.2)
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e In the case of the K3 CFT we find a variety of subloci in moduli space preserving non-
invertible symmetries. For instance along a four-dimensional subspace preserving the
full ' = 4 superconformal algebra we find a fusion algebra containing of a Tambara-

Yamagami Zj category

4
DxDV =T+ mi+ Y mi X Y 0 X105 X+ X 72 X3 X4 (3.1.3)

i=1 i<j i<j<k
As discussed in [12,31}[37,57,/62,/63] Tambara-Yamagami fusion category symmetries arise
when a model is self-dual under gauging invertible symmetries. Thus, our identification
of Tambara-Yamagami fusion category symmetry in the K3 sigma model implies that at

these special loci there are new self-dualities of these CFTs.

e In the case of the quintic threefold, we again find many loci preserving non-invertible
symmetry. Notably in this case, these are all loci in the complex structure moduli space;
the unique Kéahler modulus is frozen to its Gepner value. As a particular highlight, we
mention that along various ten-dimensional loci in complex structure moduli space we
find (at least) a fusion category symmetry characterized by Fibonacci line W obeying the
fusion rule:

WxW=1+W (3.1.4)

The fact that non-invertible symmetry appears in the irrational CFTs discussed above
implies new constraints on these models which may be useful, for example, in constraining
correlation functions or in a bootstrap type analysis of their spectral data [190,[252H255].
To this end in Section we review results of [36] which characterize these selection
rules in representation theoretic terms. Finally we then apply these considerations in
Section to conformal perturbation theory of the K3 sigma model near its Gepner
point as recently studied in [256]. In particular, we show that the non-invertible symmetry
at the Gepner point implies that only certain powers of the coupling can appear with non-
zero coefficients in calculations of the perturbed scaling dimensions. This is consistent

with observations of similar phenomena in [256].

3.1.1 LG/CY Correspondence and Supersymmetric Minimal Mod-

els

In this section we briefly review the Landau-Ginzburg/Calabi-Yau correspondence to provide
the necessary context, then we prepare the stage to study the topological defect lines in Gepner

models analyzing the case of a single minimal model.

Landau-Ginzburg/Calabi-Yau Correspondence

Gepner [244],257] was the first one to provide evidence relating N = 2 minimal models with
Calabi-Yau sigma models. We won’t attempt to give an historically accurate account of the

subsequent developments, the interested reader can consult [234,235]. Here we instead recall the
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arguments of [246], providing evidence for this relation. We consider N = (2, 2) supersymmetric
theories in two dimensions. The particular class of models we are going to look at are U(1)

gauge theories with r + 1 chiral multiplets P and X, ..., X, with a specific superpotential
W=P(XP2 4 4 XP2) kieNy, Vi=1,...,r (3.1.5)

and a linear twisted superpotential

W =t% (3.1.6)

where ¥ = D, D_V, V being the vector multiplet, and ¢t = r — 76 encodes the FI parameter r
and the theta angle. The U(1) gauge group transformations are

P N efiH)\P’ Xz N eiwz‘)\XZ, (317)
where
H :=lem {k; 4+ 2},
y (3.1.8)
w; ‘= .
ki + 2

Before analysing the phases of this system let’s look at the symmetries of the action, in particu-
lar to the R-symmetries. In superspace notation the F-terms involving the two superpotentials

are of the form
/ 40, d6_W (P, X;) + h.c / d6, di_TW (%) + hec, (3.1.9)

then, in order for the theory to enjoy both left and right moving R-symmetries we need to find
charge assigments for the chiral multiplets such that W has charges (—1,—1) under U(1)} x
U(1)g. For the twisted superpotential instead one can check that a consistent charge assigments
for the vector multiplet are possible only if W is linear [246]. This ensures that the R-symmetries
are classical symmetries of the action, but they may still be affected by ABJ-anomalies as they
couple to fermions of a given chirality only. It is simple to check that the anomaly cancellation

condition is

1
—1+Zk+2 =0, (3.1.10)
i=1 "

i.e. that the gauge charges of the chirals sum to zero. If this condition is verified the twisted
superpotential is not renormalized and the FI parameter r is a true parameter of the theory
[235246]. We now look at the space of classical vacua to try to understand the IR phases of this
system. The scalar potential is (in the following the lowercase letters are the expectation values

of the scalar components of the superfield denoted by the corresponding uppercase symbol)

U(‘xia g, p) =

2
2 2
ki+2 2 ki+112 , € H|xz| 2
Zfﬂ + |pl Zl(kﬁ?)% | +3< ‘ ki+2—H!p| - ( |
¢ ¢ ¢ 3.1.11

H2’$i’2
+2|0‘|2 (ZW——Q)?+H2|M2 .

)
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Notice that the second term vanishes if [p| = 0 and/or |z;| = 0 for all i = 1,...1f] We can
identify two regions with qualitatively different behaviour. For r > 0 we see that the susy vacua

necessarily have |p| = |o| = 0, the leftover equations are
a 2
z|f =7

g xfiﬁ =0.
i

The first one identifies a compact submanifold of C", for instance in the case k; = k this

(3.1.12)

is simply a sphere. Modding out by the U(1) gauge group we find that the first equation
identifies a complex weighted projective space CP[wy, .. ., w,] with weights given by the gauge
charges (notice that if k; = k for all ¢ then w; = 1). The second equation then identifies a
complex hypersurface M inside the weighted projective space, in particular M is Kahler and
the vanishing of its first Chern class turns out to be equivalent to the anomaly cancellation
condition for the R-symmetries (see e.g. Chapter 14 of [258]). The system at low
energies reduces to a non-linear sigma model on M (one checks that all fields except the
components of the z; tangent to M get a mass at tree level), thus an anomaly free R-symmetry
in the IR sigma model is equivalent to the CY condition. At least classically we found a
region of the parameter space in which the low energy theory is a Calabi-Yau sigma model,
although classical these computations are qualitatively correct also taking into account quantum
corrections [246]. The other regime of interest is instead r < 0, in this case the susy vacua are
—r

ol = |zl = =2 =0, |pl=1/57 (3.1.13)

around these vacua the only the x; are massless (unless some k; = 0) with interactions de-
termined by a superpotential obtained integrating out P. This can be done replacing P with
its expectation value, so that, modulo reabsorbing an overall constant in the x;’s, the new
superpotential is simply

X2 o g X2 (3.1.14)

Notice that, since P is charged under the gauge group, we have an Higgsing from U(1) to Zy

with the unbroken gauge group acting as
X; = e X (3.1.15)

where ¢ = 1. Thus in this regime the theory below the breaking scale is a theory of only
chirals with superpotential (3.1.14)), a.k.a a Landau-Ginzburg model, orbifolded by the action
(3.1.15)). The theory of a single chiral superfield with superpotential W = X**2 flows in the IR

to an N = 2 minimal model M, of central charge

3k
C= —— 3.1.16
k+2° ( )
1For a generic superpotential of the form W = PG(Xy,...,X,), where G is a quasi homogeneous function,

one requires that the equations 0x,G = 0 for ¢ = 1,...r have a unique common solution at X; = Xo = ... =

X, = 0. In our example this transversality condition is automatically built in.
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in particular to the so called A-series minimal model corresponding to choosing the diagonal
modular invariant partition function [245]. Then our initial model, for negative values of the

FI parameter, flows in the IR to an orbifolded product of minimal models

f[ Mki/ZH (3.1.17)
=1

this is the Gepner model.

From the perspective of the NLSM we discussed before this Gepner model should correspond
to a particular value of the Kahler modulus, that is it should correspond to a particular point on
the conformal manifold, the Gepner point. The path connecting a generic point and this special
point is smooth and there are no singularities (at least as long as one keeps a generic value of
the theta angle [246]). There is much more to this story, with many possible generalizations
(for instance taking a gauge group U(1)") and further subtleties to be addressed, however this

general picture is enough to provide context.

Minimal Models: Representations and Fusion Rules

Minimal models for the N' = 2 superconformal algebra (see Appendix for our conventions)

form a discrete series with central charge

3k

= 3.1.18
“Tkt2 ( )

where k£ € N is the level. At these values of ¢ unitarity allows only a finite number of super-
conformal primaries, these are labelled by their weight and U(1)g charges
o\ l(l + 2) )\2 (m - 2)\)2
b T ik 2) T2 Akt 2)
\n m+ kA
=

(3.1.19)

with A = 0 in the NS sector and A = —1/2 in the R sector. The variables [, m are valued in
(Ibm)e Po={l=0,...;k,|m| <l,l+m=0 (mod 2)} . (3.1.20)

Chiral primaries in the NS sector have m = [ while antichirals have m = —[, Ramond sector

ground states are obtained by spectral flow.
()

Lm WE assoclate two characters

To each superconformal primary representation H
Ch()\) (7_ Z) — Tr 2iwT Lo 2im2j0
1,m\T> == Hz(/\n)z e e
(3.1.21)

~ () ) o e 1
ch§,r;)1(T, 2) = Trye (1) e?mmhoemaio — e~ chY) <T, Z+ _>

I,m 2

where, since the fermionic modes have U(1)g charge +1, we represented fermion parity as
)
(—1)°"%m. To discuss SL(2,Z) transformation is convenient to work with characters of the

bosonic subalgebra, this is equivalent to realize the minimal model as the coset su(2), x
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1u(1)2/1(1)g2 which we will discuss momentarily. The bosonic sub-representations include

only states with a fixed fermion number mod 2, their characters are

Xl(:;)l(T, z) = % <chl(7);,)1(7, z) + &152(7‘, z)> (3.1.22)
which only contains states with even fermion numbers, and

X0 2) = 5 (e, 2) — i (7,2)) (3.1.23)

Following [249] we relabel the primaries using new variables a = [,c =m—2X and b = [a+¢] =

—2\, where here and in the following we define

[z] = 2 mod 2. (3.1.24)
We have
Cala+2)—¢  Ja+ ]
S Ak 8 (3.1.25)
I
Qo =3 197 2
and the new variables take values in
(a,c) € P.={(a,c)|a=0,....k,|c—[a+ ]| <a}. (3.1.26)
Now we setf]
X (7, 2) = Xae(T,2)  Xioh(T,2) = Xk—aserhra(T, 2). (3.1.29)

Notice that for (a,c) € P] the pair (k — a,c + k + 2) does not belong to P}, thus we have to

enlarge the indexing set for characters to
Qr=PFP,U{(k—a,c+k+2),(a,c) e P} ={(a,0)|0<a<k,0<c<2k+3} (3.1.30)

It turns out that x,. with (a,c) € Q) do have nice modular properties and yield a unitary

representation of SL(2,7Z) with S and 7" matrices

— ! I !
Socale = 1 sin (77(a 1)(a 1)) iy imetellee]
| e e (3.1.31)
Tacﬂlcl - 62iw(ha70_21)(5a,a/5c,cl .
2The notation
)NCZ(X(T» 2) = Xk—a,c+k+2(T,2) - (3.1.27)

is justified noticing that the states of lowest weight surviving the projection are obtained acting with Gfl /2 in
the NS sector and Gat in the R sector. It is then easy to check that

a,c +1= Qk—a,c+k+2 mod 2

1 (3.1.28)
atet mod 1

hk—a,c+k+2 - ha,c ==

then hi_q ctrt2 mod 1 is the eigenvalue of T : 7+ 7+ 1 on Xk—q,ctk+2(T, 2).
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As usual S? = C, C? =1 with

Ca’c’;ac = a’,aJr(sc’,@L
(a,—cmod 2(k +2)) if [a+¢c]=0 (3.1.32)

(a®,c") =
(k—a,k+2—cmod2(k+2)) if [a+c=1.

Notice that in this basis of half-characters the T" matrix is diagonal, while this would not be
the case if we were working with the full characters chl(ii (1,2).

By means of the Verlinde formula we can obtain the fusion coefficients for the bosonic

subrepresentations
N = Z Sacdf Sarc'sdf Sorysaf
ac;a’c SOO’df
(dvf)EQk ’
(o) (NSl ko] o ] = 0 (3.1.33)

——\ k—a ~
(Nsu(Q)k> (Nu(l)k+2)z—;k+2 , if [a, + C] [CL, + Cl] =1

for (ac), (a'd), (ay) € Qk,

where

=N !
(Vo) =6 (ja—d| <1< min(a+ 2k —a—d))d(a+d = mod )

- aa (3.1.34)
<Nu(1)k+2) = d(c+cd =nmod 2(k +2))

are the fusion coefficients for the su(2), and 1(1)s,2 Kac-Moody algebras. One can check that
this result is consistent with the conservation of the U(1)g charge in the OPE.
Symmetries and Orbifolds

In the rest of the paper we will only consider the minimal model with diagonal modular invari-

ant, the torus partition function is

Z(r2)= Y Iae(m2) = > Trygo) ( + (= 1)FL+FR)qL0*%qfw%yﬂbg%) , (3.1.35)
(CL,C)GQk (l m)GPk
A=0,—1/2

with ¢ = €™,y = %™, Requiring modular invariance automatically includes the GSO pro-

jection, and in the diagonal case the physical primaries have to be fermionic or bosonic on
both sides. Notice in particular that among those the holomorphic and antiholomorphic super-
currents do not survive the projection, rather they can appear only when paired with another
fermionic state on the other side.

We now construct the Verlinde lines of the theory, the simplest way to do so is bootstrap
them from the partition function. In Appendix we also give an alternative derivation using
the folding trick. The idea is to make an ansatz for the action of the line on the physical

primaries of the theory, and then constrain it imposing concistency of the twisted Hilbert
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spaces. This is a well known construction, we repeat it here as a warm up for the more involved

case of Gepner models. In the diagonal theory the circle Hilbert space is

H= P Hie®H, (3.1.36)
(a,c)EQy

and a physical primary ®,. corresponds to the state |a,c) ® |a,c). A topological line L,
commutes with the Virasoro generators, here we also require it to be supersymmetric, namely
to commute with all the generators of the bosonic subalgebra. We parametrize the action on
primaries as

Ly s®ge= X1 g (3.1.37)

and constrain it imposing that the twisted partition function Z, (7, z) admits a decomposition

in characters of the bosonic subalgebra with integer multiplicities. We have

Zr,s(Ty Z) = Z X;.t’scsac;alc/ S;c;a”c”xa/,cl (q, y)Xa”,C” ((j, g) (3138)
(a,c),(a’ ")
(a//7c//)
then we require
Z XS;Z;CSO/C;G/CISZC;@”CN E N . (3139)
(a,c)EQy
A natural solution for the multiplicities is given by the fusion coefficients, namely
a,c STS'(IC a.c * a e’
XT’S - : y Z XT'ZGSGCWIC,SaC'a”C” - rs:alc (3].40)
’ SOO;ac ' , '
(a)C)GQk

corresponding to
Zr,s(Ta Z) = Z f;:glflc/Xa’,c’(% y)Xa”,c”(Cja g) . (3141)

(@) (a" ")

The action by linking on physical primaries is the usual one

Srsuc
Lr,sq)a,c = g ,
00;ac

D, (3.1.42)

and fusion immediately follows from the Verlinde formula

Lys X Lyg = > N2 L, (3.1.43)
(r".s")EQ
we therefore have |Qy| = 2(k + 1)(k + 2) topological defect lines.

The partition functions Z, (7, z) are traces over the twisted Hilbert spaces. The states in
those spaces are mapped, by the state operator correspondence, to non-genuine local operators,
namely local operators attached to the topological line L,;. When inserted in correlation
functions these twist defects generically introduce branch cut singularities, corresponding to
the action of the attached TDL. We also notice that, since L, 5 acts non-trivially on the physical
primaries of the theory the corresponding twisted Hilbert spaces cannot contain the identity
operator, namely the ground state necessarily has positive Virasoro weights.

We first want to find the set of invertible lines. To this extent it is useful to recall that

the fusion of a line and its orientation reversal always contains the identity. Reversing the
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orientation however is equivalent to act with charge conjugation on the labels of the line. From

the explicit expression of the fusion coefficients it is simple to compute

3(0 <r < min(2a,2k — 2a)) 6(r =0mod 2)d5¢ if [a+c]=0
J0<r<k—|2a—k|)é(r=0mod2)dso if [a+c =1

rs _
acatet —

(3.1.44)

which consistently obey N

acia™

fusion channel with its charge conjugate, we then see that the invertible lines are Lo s and Ly s;

.+ = 1. A line is invertible if only the identity appears in the

where s = 0,...,2k + 3. Thus there are 4(k + 2) invertible lines. The fusion among those is
controlled by the coefficients

0a.00csrs |S][s] =0
Ngow =4 00t slls' (3.1.45)

5a,k(sc,s+5’+k+2 [S] [S/] =1

00.00csts |k+sl[k+5]1=0
Ny = ¢ et ot sllh o+ ] (3.1.46)
5a,k5075+s’+k+2 [k + S] [k + S/] =1

0aiOcsts |k+s][s]=0
NI?SC;OS’ = e [ ][ ] = Ngsc’;ks : (3147)
5a,060,s+s’+k+2 [k + 5] [S/] =1

The group structure depends on k:

e Lk even. It is easy to see that

Linl = Lognin(k+2) Lif‘lﬂ = L ont14n(k+2) (3.1.48)
and in particular Li(f t2) _ 1, therefore Ly ; generates a Zsy(2) group. We also have
Lio=1 (3.1.49)

so Ly o generates a Zy. By computing
Lio - Lia - Lo = Lia (3.1.50)

we see that the symmetry structure is a direct product. One also checks that all invertible
lines can be obtained fusing Ly, and L;;. Thus the invertible lines for k& even form a

group Zs X Zy42) with the generators acting as

Lio®oe = (—1)%®p, Ly ®pe = (—1)tertim (e S etd) g (3.1.51)
e k odd. In this case fusing Lo, with itself we can generate all lines, in particular

Lo n = 0,1 mod 4
Ly, = (3.1.52)
k.n+(k+2) n = 27 3 mod 4

SO Lgfkﬁ) = 1. Thus the invertible lines form a Z2) group, with the generator acting
as _
Lo ®,, — eitein e (ki2)late)g (3.1.53)

28



These match known symmetries of the minimal models see e.g. [234]24§].

For any value of k£ we have a Zj_o subgroup generated by Lg 2
LO,Q(I)ac = eZiﬂ—kiiQ(I)ac (3154)

notice that under this subgroup a full superconformal family transforms with the same charge

since

24w
LO,QCI)k—a;c—i-k—&—Q =€ k2 CDk—a;c-i-k—i-Q . (3155)

Another symmetry present for all values of k is a Zy generated by Ly 2. This acts by
Lk:,k:-‘rQ(bac = (_1)a+cq)ac (3156)

i.e. it leaves invariant the NS sector primaries while giving a sign on the R ones, one way
of interpreting this is as the symmetry dual to (—1)F which has been trivialized by the GSO
projection. Both these Zy,o and Z, will play an important role in the construction of the
Gepner models.

As a warm-up for the next section we compute the partition functions of the diagonal
minimal model orbifolded by the Zj,o described above. To do so we need to twist and twine
the partition function by the generator of Z;,, and then sum over the group elements. The
twined partition function is simple to write down, acting with (a s-th power of) the symmetry

operator on the Hilbert space we get

Z(r,28) = > €T Xao(q,Y) Xae T 1) - (3.1.57)
(a,c)EQy

The twisted partition function is obtained with a S modular transformation

1 z i —SC_ _
7 <T’ Z> =7 <_;7 ;) - Z 62 B SCLC a’ C'Sac e Xa'c! (Q7 y)XG"C” (Q7 y)
(a,0),(a’,c’),(a” ") EQK (3158)
= Z Na//’d(l)sta 'c! (q y)Xa”c”(q y) Z Xac<Q7 y)Xa,chQs(q’ g)
(alvc/)v(a//70//)€Qk (avc)er

Where we used the Verlinde formula and, in the last step, the explicit form of the fusion
coefficients. To write down the orbifold partition function we need both twisting and twining,

the simplest way to twine a twisted partition function is to use the T transformation. We have

TS 2c+2s — _\x
Zo(r.2) Y €I Xoe(q,Y) Xaes2s (3, 7)" - (3.1.59)
(CL,C)GQk
therefore
QT 2c+2s o
Zs (T, Z, T’) = Z 62 2(k+2) Xac<q7 y)Xa,c+28(Q7 y) . (3160)
(a,C)GQk

The partition function of the gauged theory is then

k+1 k+1
1 i 2c+2s o
Z,4,(T: 2) = T2 PIRACERD k+ Z > TR X oe(q, Y) Xawt2s (4, 7) (3.1.61)
s,7r=0 s,r= O(a )EQy
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the sum over r sets

2c+2s =0mod 2(k +2) = ¢+ 2s = —c mod 2(k + 2) (3.1.62)
thus
Z502(r,2) = ) Xaelts )Xol @ 7) (3.1.63)
(a’c)er

This partition function is modular invariant?] and defines a sensible SCFT. We now want to

determine the symmetries of the orbifolded theory. The first thing we notice is that
N&/;;;ac = 0a,a/0¢ c+25 = NiéféQS (3.1.64)
i.e. the fusion of the generic Verlinde line with the Zj o symmetry is abelian
LoosLacLlo—2s = Lac (3.1.65)

therefore we may hope that L,. survives the gauging operation. Another independent way we
have to study the symmetries of the orbifold is to use modular covariance. The Hilbert space
of the gauged theory is
H® ) = @ He ® H—o) (3.1.66)
(a,0)€Qk
then we make an ansatz for the action of some new TDL L, on it. Denoting again a physical
primary as ®,. we set
L5 Pac = X5 Pac, (3.1.67)

clearly this action preserves the full chiral algebra. We then constraint this ansatz by requir-
ing that the TDL L, s gives a consistent twisted Hilbert space. Specifically, via a modular

transformation of the twined partition function, we impose
Z XSESGC§G/C,S;,—C;G”C” S N . (3168)
(a,c)€Qy

Using the symmetry S,—c.o/cr = Sacia'—e We see that there is an obvious solution

Sae:
X = 3.1.69
SOO;ac ( )
corresponding to
> X Sacae Sy earer = Nivwrs - (3.1.70)
(ac)
This shows that the lines £, ; acting as
SGC'T’S
E(T,s)q)ac = —7(1)(107 (3171)
SOO;ac

yield a consistent twisted Hilbert space. Whenever we gauge a discrete symmetry we expect a
dual one to show up in the gauged theory. Indeed one can easily show that this dual symmetry
is generated by L2, which acts by

EO,qu)ac = eQiﬂsk—er(I)ac. (3172)

30ne can quickly check this using that Sy c.arer = Sacia’—er
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giving charge to the new physical primaries coming from the old twisted sectors. It is also
easy to see that gauging this new Zj,o symmetry we get back to the original theory with the
diagonal modular invariant. One can repeat a similar analysis for the Z, generated by Ly s+
and also for the product Zs X Zj.o. In particular one can check that gauging the product we

obtain the charge-conjugation invariant partition function
Zgysta(T2) = > Xael@: Y)Xarer (T.0)" - (3.1.73)
(a‘7C)EQk

This property is well known in the literature [234,242/259] and is important in the construction

of mirror manifolds.

The 3d TQFT

A very useful realization of the N’ = 2 minimal models, that we implicitly used throughout this
section, is as the coset (see e.g. [260] for a complete list of references)

M, = — . 3.1.74
‘ U(1) g2 ( )

In particular when the minimal model is presented in this form it is immediate to write down
the 3d TQFT corresponding to it. This is simply the Chern-Simons theory with gauge group
SU(Q)k X U(l)Q X U(l),(kJrz)

G. = 3.1.75
k Zgl) ( )

where Z(Ql) is the one-form symmetry deriving from common center of gauge group factors.
The Wilson lines for SU(2); x U(1)2 x U(1)k4+2 can be labelled by three integers (a, s, ¢) with
a=0,...,kfor SU(2)g, s=0,1,2,3and ¢c=0,...,2(k+2) — 1 for the two U(1)s. The fusion

rules are
min(a+a’,2k—a—a’)

‘C(a,s,c) X E(a’,s/,c’) = Z ‘C(a“,ers/,chc/) (3176)

a’"'=la—a’|
a'’=a—a’ mod 2

while the topological S matrix and spins are

/ ! . cc’
7T(CL + 1)(0’ + ]') e?iﬂ%e*2lﬂ'm )
k+2

kt+2>

._a(a+2) . 2 . 2
W T saoy ST 5 T 5
gasc — e  2(k+2) "2 " k2

Sasc;a’s’c’ —

(3.1.77)

Also the F-symbols are factorized, see [17] for explicit expressions. The Zél) is generated by the
line (k,2, k + 2), which has 62+ = 1 for any k, hence can always be gauged. The eigenvalue

of the action by linking on other lines is

S ;asc
k2k+25asc (—1)atets (3.1.78)
SOOO;asc
while fusion is
Likakt2) X Liase) = Lik-ast2erhra) - (8-1.79)
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Then in the theory with gauge group (3.1.75)) we identify
(a,s,¢) ~(k—a,s+2,c+k+2) (3.1.80)

and keep only gauge invariant lines with @ + ¢+ s = 0 mod 2. Notice that the action by
fusion has no fixed points, therefore there is no doubled line. These of course match the field
identifications and restrictions in the coset . In our analysis above we have chosen,
following [249], a particular gauge fixing in which s = 0,1 = [a+ ¢|, then anyons can be labelled
by a pair of integers (a,c) € Q. The S-matrix, fusion rules and F-symbols are well defined
on the anyons of the gauged theory, one only needs to be careful with the gauge fixing chosen
when writing down explicit expressions.

When discussing the full CF'T and not only a chiral half the coupled 3d-2d system consists
of a 3d bulk given by a Chern-Simons theory with gauge group G x G_; with two boundary
conditions, a conformal one and a topological one. Anyons of the theory are labelled by four
integers (ar,cr,ag, cr) € Qr X Qk giving the labels of the Wilson lines for G, and G_j respec-
tively. Lines can terminate on the conformal boundary giving rise to local, but not necessarily
genuine, operators labeled by the same four integers (ar,cr,ag,cgr). As usual the physical

spectrum is determined by the topological boundary condition [17].

3.1.2 Symmetries of Gepner Models

By the Landau-Ginzburg/Calabi-Yau correspondence the Gepner model can be constructed as

an orbifold of a tensor product of N'= 2 minimal models, in particular

(@ M,%) /ZH (3.1.81)

where My, is a minimal model at level k; and H = lem{k; + 2}, with the group Zy being

generated by the line operator

®L0,2 . (3.1.82)
=1

The levels are chosen to satisfy the Calabi-Yau condition (3.1.10) so that the total central

charge is a multiple of 3

r

c=> ki _ 3(r—2). (3.1.83)

ki +2

Before carrying out the Zy orbifold we have to perform the correct GSO projection. This has to
be imposed simultaneously on all the minimal models, namely we are going to allow only states
whose components along the single minimal models are all either in the NS or in R sector. We
detail the construction of the Gepner model via subsequent gaugings starting from the product
of GSO-projected minimal models in the first subsection. In the rest of this section we study

the spectrum of the model as well as its symmetries.
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Construction of the Model

To construct the model we start from the product of GSO-projected minimal models, the

partition function is simply

=T > Ixealew)l. (3.1.84)

i=1 (a;,c;)€Qy;

and the physical primaries are
T

Plasey = ® (I)((zii{ci . (3.1.85)

i=1
Clearly the TDLs of the tensor product theory are just tensor products of the lines of each

minimal model, therefore in total we have

f[ 2(ky 4+ 1) (k; + 2) (3.1.86)

i=1

topological line defects. To achieve the correct GSO projection consider the lines
L, k42 @ L, k12 1=2,...71, (3.1.87)
these generate a Zj ' group and act as
Ly 42 @ L 12 Pay e = (—1)0FATaTaPe o (3.1.88)

Therefore gauging this Z5 ' enforces the correct projection, and the addition of the correspond-
ing twisted sectors ensures modular invariance. Instead of going through the gauging procedure
via the insertion of defects a quicker way to obtain the correct expression is to consider the
diagonal modular invariant partition function one would write using the full superconformal
characters

Zaso(r,2) = ) H!Chz,,mz 4y !2+H|Chzl,ml ¢ 9", (3.1.89)

{li;m;} =1
A=0,—1/2

in which the proper NS/R alignement is imposed by hand and is manifestly S and 7" invariant.

Now, rewriting it in terms of the half-characters y,., we have

ZGSoTZ ZZATZ

Aes (3.1.90)
Za(m2) = > PO T Xave (@ 9)Xaree (@ 9) T | Xaves (@ 9)Xti—acrbi42(@. )
{ai,ci} i€AL i€A
where A is an ordered subset of {1,...,r} of even order, At is its complement and
1+ (_1)a1+01+aj+cj
PEo =T] 5 (3.1.91)

j>1

enforces the proper projection. We have also denoted by S, the set of all ordered subsets of

{1,...,r} of even order. The sum over A is the sum over twisted sectors of the Z; !, indeed
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|S.| = 277! and there are exactly 2"~! — 1 non-empty ordered subsets of {1,...,r} of even order,
one for each non-trivial element of Zg’l.

We now repeat the bootstrapping analysis for the TDLs of this theory. The physical pri-
maries are labelled as ®y,, 3,4 and are subject to the NS/R alignement constraint [a; + ¢;] =
lai + | Vi=2,...,r. ATDL Ly, s, 5 acts by

Lip sy 8%aea = | Can [ [ X5 | Planenyas (3.1.93)
=1

here we have added an extra sign (45 which parametrizes the quantum Z5 * symmetry acting

on the twisted sectors, namely (45 = (—1)%42 and (4 = 1. The constraint on multiplicities is

GSO 7,84 * 75,84 *
Z CAB Z {a‘l Cl} Xal Ci SCL“C.L';CL Sa'uczya” CN H Xaz Cq Sa"ucha C S —azacz"l‘k? +2 (1” C// E N

AES, {a;,ci} €A+ i€A
(3.1.94)
We first notice that
PSSO — 1 E :( 1)Sicar diter — Z H Skiki+2iaie:
{ai,ci} or—1 or— 9r—1 00 ’
A'ES, A'ES, ie Al aiCi (3.1.95)
_ a’+ch
Ski*aiyci+ki+2§afiyc§ - <_1) b 9a,0qal
Then
1 ul S . . oy . .
— i i +C 7‘ ,Si kiki+2;a4,ci *
(3.1.94) = 51 g (—1) ettt Cyp H g aj,CETSai,ci;a Sagcnalel | X
,U3a4,C4

AA'ES, i€ A’ ai,Ci

| | E X TirSi *
el A
a;i,Ci Sai,ci,ai,ci Saz,cz,a N

i€ AL \aic;

(3.1.96)
Now, setting
Y ST‘ 8§30 ,Ci
Xowor = o (3.1.97)
o SOO;ai,ci
and using that X% is a one-dimensional representation of the fusion ringﬂ we find the multi-
plicities
]. 7" a’ // "1
+c a,; c
9r—1 Z ( ) At CAB Z H 7"1,517(1 H Nk-—rl,si—l—ki—i—Q;a;,c; : (31100)

AeS, A'eS, je AL zEA’

4A generic element of Z5 ™" corresponds to the line

®ij7kj+2 with A€, . (3.1.92)
JEA
5Concretely

Sr s;a,c Sr/ s’;a,c "l r' s a,c

Srsiene 2r80ee AL LR (3.1.98)

Sovac Sovae ., Z):EQk ST Sh0a.c

In the case at hand

Sr,s;a,c Sk,k+2;a,c _ Skfr,s+k:+2;a,c (3 1 99)
SOO;(L,C SOO;a,c SOO;a,c

which is equivalent to the statement that the line Ly ;1o is invertible in the fusion ring of a single minimal

model.
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The factor

]. /!
= (Z(—nzﬂe& a;/+¢] ¢A3> (3.1.101)

A
is again a projector, and the whole expression is always a positive integer. Clearly for (45 = 1
and r; = s; = 0 we get back the original partition function. We then can conclude that the
GSO-projected theory has TDLs Ly, s,1, 5 acting as

L{n7 i} P {ai,ci},A = ((AB H 7'1,317041,01) (asch A s (3.1.102)

SOO a;,c;

however because of the NS/R alignement condition on physical primaries the parametrization
above is redundant. Namely a line with labels {r;, s;} and one in which we replace (7, s;) —
(k; —rj,s; + k;j + 2) for any even number of values of j = 1,...,7 act in the same way on
physical primaries and can be identified. Nevertheless, because of the presence of the quantum
symmetry, the total number of faithfully acting lines is preserved by the orbifold, and still
equals . We shall comment further on these redundancies later.

Among the TDLs we found there is also the Zy group that we have to gauge to obtain the
Gepner model. Indeed setting (7, s;) = (0,2) for every i = 1,...7 as well as B = @ we obtain

a line Lyy2y o acting as

L02y,06P{a,ci},4 = e2i7rZZ:1 %@{ai,ci},/}- (3.1.103)

The final step is then to gauge this symmetry. We start by letting a line L 2,5 act on the
circle Hilbert space, namely we insert it along the space cycle of the torus. This gives us the

twined partition function

GSO 2177521
ZGSO(T,Z,S) = E P{a“cl} 1’“+2><

A;{aivci} (31104)
X H Xaic; (q, y)Xai7Ci (7.7) H X%Ci(q? y)in_aivCi+ki+2(q’ v)
icAL i€EA

where s € Zy is the extra fugacity. By means of an S transformation on the expression above,
or directly employing the multiplicities (3.1.100)), we obtain the twisted partition functions

Z6s0,:(T,2) = Z P{%S,g}

Afaiei) (3.1.105)
X H Xai,ci (q7 y)XCLi,CiJr?I(q_v g) H Xas,ci (q7 y)in*“ivci+ki+2+2x <q’ g) ’
icAL €A

with x € Zy. To combine both the twisting and twining operations we need to know how
the symmetry acts on twisted sectors. For invertible abelian symmetries however this action
is already completely encoded in the modular transformations. Indeed the T transformation
mixes the two cycles of the torus, and acting with it on Zggo, twines the twisted partition

function. Since T is diagonal on the half-characters the result of its action is the phase

2 (Z haivci - haivci+2x + Z hai7ci - hki—ai,ci+2x+kzi+2>] (3.1.106)

icAL i€A

exp
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multiplying the characters. From the explicit expression of the weights we have

Pa,e. — ha, civ00 = xci T mod 1,
1“1 19%1 kl _"_ 2 (3 1 107)
L L a; +c +1 ¢+ 41 o
e — Rk o290t kito = T mo .
7,01 kz 79 ’L+2 +kl+2 2 kl + 2

Using the NS/R alignement constraint, the Calabi-Yau condition (3.1.10]) and the fact that the
order of A is always even the phase simplifies to

2z7rzz:I 1% +2 ) (31108)

Acting multiple times with 7" we obtain power of this phase, therefore the twisted and twined

partition function is

j : GSO 2imsy i_
ZGSO,LL‘(Tu Z, S) - P{ai’ci}e Lki+2 +2 X
AeSri{ai,ci}

(3.1.109)
X H Xag,c; (QJ y)Xai,CH-?w(Cj? g) H Xai,ci (Q7 y)in—ai,ci—&-ki—&-Q—&—Qm((Z g) .
i€EAL i€A
The Gepner model partition function is then obtained summing over x,s € Zgy
ZGep(T, 2) Z Z6s0.4(T, 2, 8) (3.1.110)
S, TEL
The sum over s produces a projector
1 ; e - C;
Z g 2imsy 1 . i .
Pley = 57 EEZ: e 1R = (2 il mod 1) (3.1.111)
SEL =

we might then express the total partition function as a sum over the twisted sector contributions

ZGep<T, Z) = Z Zx,A(Ta Z) (31112)
rE€L;AES,
with
Zpa(T,2) = Z PSL?7(31}P£’;’7CZ}
e (3.1.113)
X H Xaji,ci (Q7 y)Xai,ci+2x(Q7 g) H Xai,c; (Q7 y)in—ai,ci-i—ki—l—Q-i-Qx(Cja g) .
icAL i€A

This is the partition function of the Gepner model.
Another method to construct Gepner models is via simple current extensions [247,258|. In
particular starting from the tensor product of the GSO-projected minimal models (3.1.84]) the

simple current of interest are

Ji:(I)kl,k1+2®]1~--®(I)k-k-+2®-'~1 i:2,...T

. (3.1.114)
Jorb = Py, k1+4‘1)i1 k12+2 ® D, fyta -
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Extending the diagonal theory by these currents means to gauge the corresponding Verlinde
lines. The J; correspond to the Z5 ™! group imposing the GSO projection, while J,y, corresponds

to a line acting as
(I){ahq} — (_1)3r(a1+61)(_l)zzzl(ai-i-cl‘)e?iﬂ > k:ﬁ@{ai,ci} . (3.1.115)

In the theory before NS/R alignement this is not a Zy action, rather its order depends on the
various levels k; [247]. However proceeding in steps as we did and performing first the 75!
gauging it is immediate to check that, on physical primaries of the NS/R aligned theory, the
action above turns exactly in the Zy we have considered. Another way to state this is that
the identification of the Zg in the theory is ambiguous because of the redundancies
we discussed around . The fact that the action of J,,, and Zg coincide after GSO

projection precisely means that the two are identified in the aligned theory.

Spectrum and Exactly Marginal Deformations

By inspection of the partition function we read off the circle Hilbert space

H= P HY

T ;A
A o — — (3.1.116)
H(% )= ® Haivci ® Hai70i+29€ ® Hai,ci ® Hki—ai,ci+ki+2+2:c
{aici} icAL icA
subject to the conditions
Xi: ki s=0mod 1, [atal=ltel=...=+al (3.1.117)

The first condition ensures that, for all states at the Gepner point, both the left and right
U(1)g charges are integer for states coming from the NS sector (and half-integer for R sector
states). This integrality condition is crucial in string compactification as it ensures spacetime
supersymmetry. We start by noticing that this spectrum contains a single spectral flow operator.
The vacuum state is unique and the spectral flow operator is obtained acting on it with 1/2
units of spectral flow. Clearly doing this only on a subsets of the minimal models violates NS/R
alignement, only acting on all minimal models simultaneously we get a state that’s still in the

spectrum. The spectral flow operator corresponds to the state

X)0,1) @10,1) € H*? (3.1.118)

i=1
which satisfies the constraints and has

c r—2 c r—2

(3.1.119)

We can also spectral flow by —1/2 unit obtaining a state with hy, = hg = (r — 2)/8 and
qr = qr = (r —2)/2. Similarly with a £1 unit of spectral flow we obtain states with h;, =
hr = (r—2)/2 and q;, = qg = £(r — 2). The CY sigma model has an (extended) N' = (2,2)

algebra, which at the Gepner point, is realized as the diagonal subalgebra of the tensor product
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of algebras of the single minimal models. Note that h;, — hr € Z consistently with T invariance
of the partition function and that qr,qr € %Z, with the half-integer charge state being those
in the R sector.

We are interested in the states corresponding to exactly marginal deformations, as those
allow to probe the moduli space of the Calabi-Yau manifold. In order to preserve N' = 2
supersymmetry the deformation has to be BPS. The condition of marginality selects a subset of
the BPS operators, the requirement being that the deformation preserves both the holomorphic
and antiholomorphic R-symmetries. It turns out that the superconformal Ward identities imply
that any N' = 2-supersymmetric marginal deformation is exactly marginal [234,261]. Therefore,

modulo complex conjugation, there are two classes of operators to consider:

e Given a chiral-chiral primary ¢(z, z) with q;, = qr = 1 its descendant

<a:1/2G:1/2¢> (w,w) (3.1.120)
has hy = hr =1 and qp = qr = 0.

e Given an antichiral-chiral primary ¢(z, z) with g, = —qg = 1 its descendant

(G 1/2G 1/2¢>( w) (3.1.121)
has hy = hgr =1 and q1, = qr = 0.

In both those cases, in order to have a real deformation one has to add the complex conjugate
field given by (a descendant of) the antichiral-antichiral or chiral-antichiral primary. In terms
of representations of the bosonic subalgebra notice that the exactly marginal deformation has
the same total fermion parity of its primary state, thus to detect its presence in the spectrum
it is enough to find the corresponding primary.

The BPS spectrum of the Gepner model, in the NS sector, consists of the four chiral rings.
A primary of the Gepner model is chiral or antichiral if it is so under every A/ = 2 subalgebra
of to the single minimal modelsﬂ. Let’s then take the generic state in a sector with both
A, At # @, requiring the holomorphic side to be chiral or antichiral we need to set ¢; = +a;

for all . Requiring the antiholomorphic side to be of the same type as the holomorphic part

5To see this we consider the generator of the diagonal subalgebra

=Y 19..06%9"®...1 (3.1.122)
and let it act on a tensor product state
G=, Q) 1o:) (3.1.123)
i=1

assuming that the ¢; are orthonormal we see that the norm of such descendant state is

o= Q|| ZHG 16,
i=1

Then the total state is annihilated if and only if all its components are.

(3.1.124)
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we would need ¢; + 2o = +a; for i € A+ and ¢; + k; + 2 + 20 = £(k; — a;) for i € A. Clearly

this sets = 0 and the remaining equation is
ta; + ki +2==x(ki —a;) mod 2(k; +2) = 2a;+2=0mod 2(k; + 2) (3.1.125)

which has no solution in the range a; = 0,...k;. The first extremal case to consider, that is

present for any r, is A = @. Here it is easy to find the BPS states

) la;, £a;) @ Ja;, £a;) € HO?) (3.1.126)
i=1
of course only those with integral U(1)g charges survive the projection. The other extremal
case to consider is when r is even and A = {1,...r}. Here again ¢; = +aq; for all 4, but we are

no longer forced to set x = 0, rather we need to solve the equations

2(a;+1+t2)=0mod 2(k; +2) Vi=1,...r (3.1.127)
which fix
a; =k +1—x,
(3.1.128)
a;=x—1.

for + and — signs respectively. In the range a; = 0,...,k; we have 1 < s < min(k;) + 1.

Therefore for r even we find two extra conjugate BPS states for each non-zero x € Zy

® |ka +1— x, k’z +1-— J}> X m c H(s,{l,...r})
- (3.1.129)
QRlz—1,—z+ 1)@k +1-z,—k — 1+ ) € HOD

=1

which also satisfy the charge constraint. We conclude that the chiral-chiral or antichiral-
antichiral states can only belong to the untwisted sector and, for r even to the twisted sectors
with A = {1,...,r}. Marginal deformations correspond to those states with |qz| = |gr| = 1, in
the untwisted sector this constraint is

-
a;

;k‘i—i—Q:

1 (3.1.130)

due to the CY condition the state with a; = 1 for all ¢ are always a solution. The chiral-chiral

and antichiral-antichiral states in H®{5"H have charges

“ki+1l—z c+1 ] ]
=Y ————=-+l-z=r—1—-2; qp=1—
o kt2 3 (3.1.131)

=1-z; qr=—-r+1l+zx
respectively. Those giving rise to a marginal deformation have

r—l—z=2x—-1=1<«<= =2 ,r=4. (3.1.132)
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We can repeat the analysis for the chiral-antichiral states and their conjugates. For A, At # @

the equations are

Ci:ﬂ:(li s Vi
ci+2x=7Fa; , i€ At (3.1.133)
cit+ki+2+2r=F(ki—a;),i€A

and one easily sees that there is no admissible solution. We again consider first the extremal

case A = &, here we do not have to impose the third equation above, therefore we have
¢ = +a; T = Fa; (3.1.134)

hence a; = a for all 7. The corresponding states are

) la, £a) @ [a, Fa) € HF*?). (3.1.135)
i=1
The other extremal case is again A = {1,...,r} for r even. Here we have ¢; = +a; and x = +1,
the states are .
Q) lai, £ai) @ [ki — a;, 7 (ki — a;)) € HEH D (3.1.136)
i=1

Thus we have an antichiral-chiral BPS state for every H®?) with appropriate = and, if r is even,
we have more coming from the twisted sector H* L+ Among those in the H®?) sectors
only for x = 41 we have a marginal deformation. Instead the conditions on the R charge of

the states showing up for r even are

- a; - kz — Q;
=1 =1 3.1.137

if the first condition is met the second requires

L —r—3 (3.1.138)

i.e r = 4. Summarizing, the marginal deformations are:

e chiral-chiral and antichiral-antichiral states. For any r

r

40 @l Ea e HO2) @ _
(§ |a;, £a;) @ |a;, +a;) € H ; b (3.1.139)

For r =4 and H > 2 we also have

4
Q) ki — 1,k — 1) @ [1,1) € H> 1)
= (3.1.140)

4
® |17 _1> ® |]€7, —-1,1-— ]{;Z> c H(Q,{l,...,zl}) .
=1
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e antichiral-chiral and chiral-antichiral states. For any r there’s only one with the correct
R-charges
Q) 11, £1) @ [1, F1) € HF2), (3.1.141)
i=1
For r =4 and H > 2 we also have

a;

oy + 2

@ |ai, +a;) @ [k — a;, F(ki — a;)) € HEML-4D —1. (3.1.142)
The case r = 4 is evidently special as it admits particular marginal deformations. The theory
has ¢ = 3(r — 2) = 6, corresponding to a sigma model on a K3 surface. We notice that for
r = 4 we have the same number of chiral-chiral and antichiral-chiral marginal deformations.
It is also known that there is an enhancement of supersymmetry and the theory enjoys an
N = (4,4) superconformal algebra, therefore the marginal deformations moving along the
moduli space should preserve the full supersymmetry. Indeed the degeneracy between chiral-
chiral and antichiral-chiral states meets the expectation that A" = 2 BPS states pair up to form

a BPS multiplet for the larger algebra. For r = 4 we also have the states

T

) |ki, k:) ©10,0) € HE-4) ®|kl,— ®0,0) € H-1 -4 (3.1.143)

i=1
which correspond to holomorphic operators Wlth hr =1 and q; = £2. Similar states exist also
for the antiholomorphic side. Together with the R-symmetry generator we have three currents
that transform in the adjoint of SU(2)g, the R-symmetry of the N' = 4 algebra. It is known,
see e.g. [262], that for any CY sigma model the chiral algebra is extended, for K3 the resulting
symmetry is N' = 4 supersymmetry, while in general the algebra is the /' = 2 one extended by
the square of the spectral flow operator [263]. One could then expect that also when r is odd
new holomorphic and antiholomorphic states corresponding to this operator show up in the
spectrum, this however is not the case. Indeed if the complex dimension of the CY is odd this
operator is a fermion with half-integer weight, therefore, due to the GSO projection, it cannot
appear as a purely left-moving state, rather it can only appear tensored with a right-moving
fermion. When r is even instead these operators are bosonic, and appear tensored with the

identity in the antiholomorphic sector precisely in the twisted sectors with A = {1,...,7}.

Topological Defect Lines and 3d TQFT

We now investigate the symmetries of the model. Again our strategy is to bootstrap the action
of line operators on physical primaries imposing consistency of the twisted Hilbert spaces. The
physical primaries appearing in can be labelled as @y, 3,4, With the set of labels
{a;, ¢;} subject to

Ci
;kﬁg =0mod 1,  [u+a]l=lete]=.. =+l (3.1.144)

Since we obtained the Gepner model as a Zjy orbifold of the GSO-projected theory we can

factor out the dual Zy symmetry in our ansatz, we set

ﬁ{ri,si},B,nq){ai,ci},A,a: - CABB%W% (H Xgﬁ;?) (I){ai,ci},A,x . (31145)

i=1
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Inserting Ly, 5,1,y @ an operator acting on the Hilbert space and acting with an S transfor-

mation we obtain the multiplicities in the twisted sector

€L H;AES {ai,ci}
i o (3.1.146)
| | a;,c | | a;,c
XrZs:SCLzCﬂCL;C;Saz,cl-l—Qz He XTZsZSazCuCL (4 Sk: —a;,cit+ki+242x;0] ¢
ieAL €A

To rewrite this in a more manageable form we use

/
'Ll mEE
Sk—a,c+k+2+2x;aljcx — (_1)& +c e T k+2S

ac;a’c
P{ZH } 1 Z 62”1—821 1T +2 . Z H SO 2s;a;¢; (31147)
ai,Cq
H S€Zy seZ Soo; $iC
and also (3.1.95)) for the GSO projector. We get
"
e R W VIR GRSt
Z‘GZH,
X @inci 0 2s;ai¢; 20.2siaici g g* X0 SO,QS%%'Ci Skmkri-?;tli,ci g g*
n,sz S, a;ci;aic; aj,ci;al Tirsi g IS a;ci;aic; ag,cial
{ai,ci}; i€AL 00;a;c¢; iEA! 00;a;c; 0,05a4,c;
A/,S’EZ[ZI
(3.1.148)
Again we see that there is a natural solution
a;,C; __ ST’iysi;(lh%
X = ———— (3.1.149)
SOO?“i:Ci
that gives the integer multiplicities
u
n r i
N{Gep {;Q{’,C;/}/} _ ;1 2 : CAB(—l) zeAa"+‘3"62“m(H+zi:1 kz‘+2)
Tiy84 5510;,C; 27’— H
r€Z;AES, (31150)
// ll a// C//
Z H 7‘1757,""25;0/:;76; H Nk =TS i+ki+2+25§afpc¢
A’€S,,s€L ic AL €Al
We conclude that the Gepner model enjoys line defects Ly, s,};5,, acting as
2’L7T Tlaslaalacl
E{n,si};B,n(I){ai,ci};A,s = (aBe H IS (I){ai,ci},A,m
i=1 00;a;,c;
. w(ri+1)(a;+1)
. (2771‘_,’_2 _[a1+C1][T1+51]> LS (T
— e i Fis 2 Drye
CAB {alvcl}vAa'I N
. w(a;+1)
i=1 S1n W
(3.1.151)

By our analysis of the lines of a single minimal model we see that any line for which at least

one 1; # 0, k; is non-invertible. The fusion ring is simple to describe, we have

E{T“Sl} Bn X £{7~ sikiBln = Z H rz,sz,r s E{T“ s 1 BB mtn’ <31152)

{7’7’;I7S;/} 27
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with the dual symmetry labels following a group law. The remarks concerning the redundancy
of our parametrization apply also in this case. Namely the set of labels of faithfully acting
lines is the quotient of @, Qk,, where the 2r-tuple {r;,s;} takes values, with respect to the

equivalence relations

(Tj,Sj)N(kj—Tj,Sj+kj+2) ‘v’jGA,AEST

(3.1.153
(riy8i) ~ (15,8 +2) Vi=1,...,r. )

Of course, accounting for the dual symmetry labels, the total number of lines still equals
(3.1.86). If we identify these lines with those of the theory prior to GSO projection and
orbifold the equivalences above derive by fusion with the gauged lines, which are invisible in
the Gepner model. Both the multiplicities N{C;jzl{f ’{/:{/g;} and the fusion coefficients are well
defined on the quotient. In the multiplicities of the twisted sectors this is guaranteed by the
sum over s € Zy and A’ € S,, as changing the representative of the line only reshuffles the
terms in the sums. For the fusion coefficients, since the identifications follow from fusing with
invertible lines, changing representatives of the lines on the left hand side does not affect the
fusion coefficients or the equivalence class of the result of the fusion.

Also in this case we can give a 3-dimensional description of this symmetry. Since we only
performed orbifolds in 2d the 3d TQFT corresponding to the Gepner model is the same one
corresponding to the product of GSO-projected minimal model. This is just the Chern-Simons

theory with gauge group

Gaep = Gy X ... X Gl X G_py X ... x Gy, (3.1.154)

r

with G, as in (3.1.75). The MTC data of this TQFT can be computed from those of a single
factor. In particular anyons are labelled, in our choice of gauge, by a 4r-tuple {(r, s;); (74, $;) }

with (r;,s;), (73, 5;) € Qg, and their fusion is

T
s =1 g1
— LD i 8
Lioasatan X Liotprsy = Y LIV o Vel s Laersn sy -
{0y )i i)} =1

(3.1.155)
From the TQFT perspective gauging a O-form symmetry in the boundary amounts to change
topological boundary condition. The topological boundary condition for the tensor product of
GSO-projected minimal models is the diagonal one, corresponding to the diagonal lagrangian
algebra €9 (re5)} L{(rs,50);(rss:)}- 10 general we can read off the lagrangian algebra corresponding
to a gapped boundary directly from the torus partition function. Consider the 3d TQFT on
a solid torus with an inner and an outer torus boundaries, on the outer boundary we impose
the conformal boundary condition, while on the inner one we set the topological boundary
condition. Evaluating the path integral of the TQFT in this configuration produces the torus
partition function of the CFT. Now, shrinking the inner torus leaves behind the lagrangian
algebra corresponding to the chosen boundary condition, which we can write out as a sum of
anyons, possibly with multiplicities. Since the path integral on a solid torus with the insertion of
an anyon produces a character of the chiral algebra we can extract the anyons of the lagrangian

algebra by comparing with the explicit expression of the partition function. For instance the
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£{(ai76i)§({di7§i)}

L{(ri50)4(73,5) i (\ Loy drispids

Figure 3.1: An anyon of Lge, can end on both the (red) topological and the (green) conformal

boundaries, upon shrinking of the bulk we obtain a local operator in the CFT. The symmetry
of the boundary CF'T is captured by linking in the bulk.

lagrangian algebra imposing the GSO-projection is

Caso= P PE Ly X La (3.1.156)

{(7‘1',81')},1465
where L, is the bulk line with r; = s; = 0 Ve and 7; = k;,5; = k; +2 Vj € A. And similarly one
can write down an expression for the lagrangian algebra corresponding to the Zg-orbifolded

theory

£Gep = @ P{TL,SZ}P{ZT“SZ}E{ (ri,5:);(ri,si) A (3,1.157)
{(r4,8:)},AESr,x€ZY

with
L{(ri,:)rirsi) Az = L{rasaitrisy X La X L{0,0)0,22)} - (3.1.158)

Anyons participating in a lagrangian algebra can end on both the conformal and topological
boundaries, therefore producing local operators in the CFT.

Bulk lines that are not condensed on the topological boundary generate the symmetry of the
CFT. In the bulk the symmetry action is detected linking an anyon of the lagrangian algebra
with a generic bulk line. In our case, for the gapped boundary corresponding to the Gepner

model, we consider the configuration in Fig[3.1] then

*

S* - S* -
y = H a’uﬂurzvsz H Oéz'ﬂm’i,sri-?xH a;,Biski—ri,si4ki+24-2

00 R icAL SOO'ri,si—i-Qx icA SOO'ki—ri,si—i-ki—i-Z—i-Qx

o (3.1.159)
—= 6727;7”6(21 1 kﬂ}r2)( 1)21€A[az+ﬂz] H 06175172752 04176177’1:32 .
i=1 00;7r;,8;

When Ly, 53.(a:,5) is also participating in £ge, the quantity above reduces to its quantum
dimension, as it should given the commutativity of the lagrangian algebra. In the two
phases in front of the product give the action of the dual symmetries, with n = H Y, 8/ (ki +2)
and C4p = (—1)Zieal@ 5] Due to the boundary condition many bulk lines will be mapped to
the same boundary line, hence act on lines in £, with the same eigenvalue. As representatives
of the faithfully acting lines we can take all those with a; = ; = 0 and impose the identifications
implied by the projectors P5° and P%#, then matches what we found directly in the
CFT.
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3.1.3 Symmetric Marginal Deformations and Selection Rules

We found a wealth of non-invertible lines at the Gepner point of the Calabi-Yau sigma model.
We now want to investigate the existence of continuous families of SCFTs which preserve some
subcategory of lines. To this extent we look at marginal deformations invariant under the action
of the lines described in the previous section. On general grounds, for an operator ¢ of a 2d
QFT to be invariant under the action of a TDL L, the two have to commute |12]. Shrinking £

produces a number, then the condition is
LD = (L)D (3.1.160)

where (£) is the quantum dimension of £, which can also be seen as the eigenvalue of £ on
the identity operator (we are assuming a CFT with a unique vaccum). Therefore a physical

primary @y, c.},4. of the Gepner model is invariant under a line Ly, 5,1 B,y if
r T
i 31 Sz i304,Ci Sz 4300
CABGZMrH Ti,54;0i,Ci H TS (31161)
paiey SOO;ai,ci i—1 SOO;OO

Since we are going to consider only exactly marginal deformations we can take @y, ¢;};4,. to be

in the NS sector, then the invariance condition is slightly simpler

- ﬂ(ri+1)(ai+1)) - <7r(7”¢+1)>
(25 sic; S11l (— sin | ————~
CABem<2Hn+Zi ki+2> H kit2 = H $ . (3.1.162)

The operator we add to the action is a descendant of the BPS primaries we discussed in the

previous section. To obtain it we act on those primaries with a product of the supercharges
G*,G* of the diagonal V' = (2,2) algebra. In terms of the supercharges of each tensor factor

the operators we are interested in are

=) 19..06""g.. . 0le..e¢"e.. o1, (3.1.163)

ij=1
with z,y = +. As states in the Gepner model Hilbert space these operators correspond to

T

G*G)y =D 10,00 @ ... @ ki ki +2) @...[0,0) @ ... [kj, k; +2) @ ... ®[0,0). (3.1.164)
ij=1
The summands belong to the twisted Hilbert spaces HOA={D if § £ 4 while are in the

untwisted Hilbert space if i = j. A line Ly, 4,}.8: acting on a component gives

(=1)"** sy i F

(3.1.165)
(=1)rts =,

A single term in the sum (3.1.163)), upon acting on the BPS primary, gives raise to an operator

participating in the deformation. For each such component the commutation condition is

(2 e - sin <_7r(7"14;€3r(;z+1)> r sin (ﬂglj;))
C{i,j},B(_l)Ti+SiCABezﬂ—( H +Zl kl+2) H = H —_— VZ,] . (31166)

. w(a;+1) . s ’
=1 S1n (—kl+2 ) =1 Sln <_kz+2>
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We can take the line Ly, 1.8, to commute or anticommute with both the product of super-
charges and the BPS primary. Requiring (anti-)commutativity with the supercharges we see
that we have to set (—1)"*% = %1 foralli=1,...,7 and (.5 = 1.

Now, solving for the commutativity with the BPS primary in full generality is complicated.
In order to continue our analysis we consider specific examples. In the following we shall only
focus on chiral-chiral and antichiral-chiral deformations, as we can use charge conjugation to
relate those to the antichiral-antichiral and chiral-antichiral ones. In the literature the usual
way to denote Gepner models is as [[, (k,)™ where m, is the number of times k, appears in

the list (kq,..., k&), we’ll make use of this notation in the remainder of this section.

Torus

The simplest target space we can consider for the superconformal sigma model is the torus.
The theory is free, and consists of a complex scalar X parametrizing the torus, a complex left
moving fermion v and a complex right moving one A. The conformal manifold is the Narain
moduli space

M =0(2,2,2)\0(2,2,R)/O(2) x O(2). (3.1.167)
A point in M consist of a choice of metric G;; = G; and B-field B;; = —Bj; on the target

torus, with ¢, 7 = 1, 2. The partition function of the theory on a torus worldsheet with modular
parameter 7 at a point m € M is the product of the bosonic one and the GSO-projected

fermion partition function. The R-symmetry charges are

q q
v 1 0
A0 1
X 00

The tangent space of M can be probed deforming the action by the operator
O = (6G;j0°" +i6B;;e*?) 0, X' 05 X7 (3.1.168)

where we wrote X = X! +iX? and introduced coordinates ¢® on a flat worldsheet. In terms

of X and z = ¢! +i0?® we have
O = g0X0X + fOXOX + c.c. (3.1.169)
where we introduced the complex parameters
g = 0G11 — 0Gay — 210Gy, f=0G11 +6Gog + 200 Bq5 . (3.1.170)

To compare O with the exactly marginal deformations obtained from the N = (2,2) algebra
we write down the chiral rings using the sigma model fields. We haveﬂ
(chiral-chiral) = {1,%, A\, YA}

A (3.1.171)
(antichiral-chiral) = {1, ), A, YA}

"Note that because of the GSO projection the fields v, A and their conjugates cannot appear in the partition
function on their own, to survive the projection they need to be tensored with another fermionic state on the

other holomorphic half.
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Using the explicit realization of the N' = (2,2) algebra generators in terms of the sigma model
fields one can check that the two marginal operators 0X0X and 0X0X are descendants of the
bosonic BPS primaries ©)A and ¥\ respectively. In other words ¢ couples to the chiral-chiral
deformation while f to the antichiral-chiral one.

On M there are three Gepner points: (1)3, (2)? or (1)(4), each of which has total central
charge ¢ = 3. The last two cases however, as presented, do not fulfill the CY condition. In
particular, for both (2)% and (1)(4),

2
1 1
= —. 3.1.172
> s1m

We can solve this issue in both cases adding a minimal model with £ = 0. On its own this
is the trivial (spin) theory, with a single ground state in both the NS and R sectors with
vanishing charges and weights. However its presence is detected by the Zpy orbifold: without
it we would not project on NS sector states with integer U(1)g charges. The (1) model is the
least interesting as the Verlinde lines of the £ = 1 minimal model are all invertible. We shall
then mainly focus on the (2)?(0) case. In this simple case one can check by hand that there is

only one chiral-chiral marginal deformation corresponding to the state

(12,2))%%2 @ 10,0) @ (]2,2))®? ®]0,0) € H®? . (3.1.173)
Also there’s a unique antichiral-chiral marginal operator corresponding to
(J1,=1)®* ®(0,0) @ (|1,1))*? ® |0,0) € HE?) (3.1.174)

Now let’s look at what lines are preserved by these deformations.

e Aline Ly, 5,38, (anti)commutes with the chiral-chiral operator if

o (3r(ri41) ) o ((Bw(rat]
) sin (2l gy (Srlatl)
. 51+2s9 4 4
’1/71'74

sin (ﬂ(r?-l)) . (ﬂ(ri—i-l))
To eliminate the imaginary part we set 2s; + 2s5 = 0 mod 4, then

sin (3w(ri+1)> sin <37r(r42+1)>

. w(r1+1) . w(ro+1)
sin <1T) sin <2T)

e

= +1. (3.1.175)

= +1 (3.1.176)

which are solved by

(le T2)+ = (07 0)> (27 0)7 (O’ 2)? (17 1)7 (27 2);

(3.1.177)
(T17T2)— - (07 1)7 (17 0)7 (27 1)’ (17 2) :

Any solution in which r; or ry is 1 corresponds to a non-invertible line. It is easy to
see that the antichiral-antichiral state conjugate to (3.1.173)) is also invariant under those

lines.
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e For Ly, 5,18, to (anti-)commute with the antichiral-chiral operator we need instead

o 2 €in (M)
() T — 2 = 19 (3.1.178)

i=1 sin (W)
We can eliminate the imaginary part with s; + s; = 1 mod 4, then
2 gin <2w(ri-+1)>
— =12, (3.1.179)
Pl . (ﬂ(rijl))

which are solved by

(Th r2)+ - (07 0)7 (27 2>;
(ri,r2)- = (2,0),(0,2).

Thus only invertible lines commute with this deformation.

(3.1.180)

By construction the symmetries of the chiral-chiral deformation form a fusion subcategory
Sce of the full symmetry of the Gepner model. For instance, in Sge we have the line D =
L111,30,0, this fuses as

DxDl=1+m +m+m X (3.1.181)

ysey Yy

Yamagami category over a group Zg X Zs. The Gepner model (2)?(0) is known to sit at the
point in M corresponding to the square torus G;; = 6, B;; = 0. Sitting at this point
and deforming with a linear combination of the exactly marginal chiral-chiral and antichiral-
antichiral operators, which we denote ®¢¢ and @2(3 respectively, we preserve Sce. We first have
to address the relation between ®¢c and 0X0X. The latter is a superconformal descendant of
the fermion product ¥\, since the fermion action and the chiral rings are independent on the
point in the conformal manifold it is natural to identify ¢\ with the state . The relation
between ®ce and 0XO0X could still depend on the moduli through the supercharges. However
the Gepner point corresponds to the square torus with no B-field, then the supercurrents at
this point are simply those of the free field realization of the N' = (2, 2) superconformal algebra,

namely
1 1

G (2) = z¥0X G (2)= Ewﬁ)?

2 : (3.1.182)

From these expressions and using the free field OPEs one easily gets that the marginal descen-
dant of ¥\ is 0X0X, thus leading us to the conclusion that ®¢c = 9X0X. Then consider the
two real operators

O1=aq <<I>cc + <I>Ec> ; Oy = —igy (‘I)cc — <I>EC) (3.1.183)

where 2g1 = 0G11 — 0Gas and gs = 6G1o. The values of the metric components as a function of
g1 and g, are
G11 = 1+gl, GQQZ 1—91, Glgzgg. (31184)
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Figure 3.2: Setting go = 0, so that Re(r) = Re(p) = 0 we can consider —1 < ¢; < 1. The

1

submanifold on which Sge is preserved is given by the curve Im(p) = 5 (Im(T) + m) plotted

here.

For G; to be positive definite we have to restrict g; inside the disk g7 +¢5 < 1. As we change g;
and go we trace out a 2-dimensional submanifold of M on which the symmetry See is preserved.

A convenient presentation of M is obtained introducing two complex parameters [264]

1 T A
T = G_ <G12 + 2V detG) s P = Bl2 +1 deth (31185)
11

corresponding respectively to the complex structure and complexified area of the target torus.
Integer-valued change of coordinates on G, namely G — MTGM with M € SL(2,7), induce
PSL(2,7) transformations on 7 leaving p invariant. The PSL(2,7Z) acting on p is generated by
T-duality on both compact directions as well as shifts of the B-field by integers. T" duality on
only one direction exchanges p and 7, parity in both the worldsheet and the target torus induce
further Z, identifications. Then M is a product of two copies of the fundamental domain of

SL(2,7Z) in the upper-half plane with some extra discrete Z, identifications. In terms of g; and

1 . .
=T (92+z\/1—9%—95) , p=i\1-g—g5. (3.1.186)

or, using an S-transformation on both to have Im7, Imp > 1

1 i
1—91( 2TV b V-6 — g ( )

Now for g; inside the disk we span the whole 7 fundamental domain while moving along the

go we have

complex direction in the p plane from i to i0o.

K3 surface

The first interacting case we consider is a sigma model on a K3 surface with central charge

¢ = 6. The Gepner point can be realized as the product of four minimal models at level
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k = 2, conventionally denoted (2)%. We start looking in more detail to the BPS spectrum. The

chiral-chiral states in the untwisted sector are

4

4
& lai, ai) R lai, az) (3.1.188)
=1 =1

and 19 of those satisfy the charge requirement

a;
—=1. 3.1.189
>3 (3.1.189)

The values of a; for these BPS states are (non-trivial) permutations of the following
(a1, as, a3, as) = (2,2,0,0); (2,1,1,0); (1,1,1,1). (3.1.190)

For r = 4 we know that there is another chiral-chiral state with the appropriate U(1)g charges
in the twisted component HZ {14 this is given by

&
(11,1)% ® (|1, 1>) e HE1a)) (3.1.191)

In total we have 20 chiral-chiral states. Acting with charge conjugation on each of those states
we obtain the 20 antichiral-antichiral states corresponding to marginal deformations. Notice
that the state (3.1.191)) has the same weight and R-charges of the chiral-chiral state

(11,1)% @ (m>®4 e HO®) (3.1.192)

appearing in the untwisted sector. These two however are not indistinguishable as the quantum
numbers of the corresponding primaries under the dual symmetries are different.
The analysis of antichiral-chiral states corresponding to marginal deformations is essentially

the same. In the twisted Hilbert spaces H®?), we have antichiral-chiral states of the form
(la, —a)®" & (Ja,a))®" € H®*?) (3.1.193)

of those only the one with a = 1 has left and right R-charges equal to —1 and 1. The remaining
antichiral-chiral states sit in H3>{%+4} and are of the form

4
X lai, —ai) ® 2 — a;,2 — a;) € B4 (3.1.194)
=1

The charge constraint

aA
| 1.1
Z . (3.1.195)

selects 19 of them, with the values of a; again given by permutations of the 4-tuples in (3.1.190)).
We then have 20 chiral-chiral and 20 antichiral-chiral states (plus conjugates), which pair up
into BPS multiplets for the A" = 4 algebra, consistently with h'' = 20 for K3. Now let’s look

at the symmetries.

e For chiral-chiral states we look at each vector (3.1.190)) separately.
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— (a1, a2,as,a4) = (2,2,0,0). The invariance condition is
: DY\ 1
, sin 3m(r1+1) sin 3m(ro+1)
. 251+2s9 4 4
7/71'74

. w(ri+1) . m(ra+1)
sin <1T> sin <2T>

which is symmetric in r; and r,. Note that this condition only constraints the action

= +1. (3.1.196)

of the line on two minimal models, namely the parameters r3, s3, r4, S4, 7 are not fixed
by this condition. This already shows that the deformation preserves non-invertible

lines. To eliminate the imaginary part we set 2s; + 2s5 = 0 mod 4, then

sin <37r(7“i+1)> sin <3w(rj+1)>

. m(r1+1) . m(ra+1)
sm( Z )sm( 24 )

= +1 (3.1.197)

which are solved by

(Tla 7“2)-&- = (07 0)7 (07 2)7 (17 1)7 (27 2) (3.1.198)
(r1,72)— = (0,1),(1,2).

Here we reported only one element of the orbit of the swap symmetry r; <> r5 on the

solutions. Any solution in which r; or r3 is 1 corresponds to a non-invertible line.

— (ay,a9,as,a4) = (2,1,1,0). We impose

gy S () sin (P ) sin (20 )
i = 42 (3.1.199)
sin (w(rz—i-l)) sin (w(ri-l—l)) sin <7r(r1+1)>
hence for 2s; + s5 + s3 = 0 mod 4 we have

sin (3ﬂ(ri+1)> sin (271'(Tj+1)) sin (27r(r3+1)

4

) =£2 (3.1.200)
sin (@) sin (’r(’"iﬂ)) sin (W(riﬂ))

with solutions

(rly 7’2,7”3)+ = (07 07 0)7 <07 27 2)7 (17 07 2)7 (27 07 0)7 (27 27 2)

(3.1.201)
(7’1, TQ,Tg)_ = (O, 0, 2), (1, O, 0), (1, 2, 2), (2, 0, 2)

where we again reported only one representative for the swap symmetry of r, and
r3. Again we see that there are solutions in which at least one among 71,79 or 73
is 1, together with the freedom of choosing the parameter r4, we see that there are

preserved non-invertible TDLS along the deformations.

— (ay,a9,a3,a4) = (1,1,1,1). This is the last chiral-chiral state we have to consider.
Since it sits in a twisted component of the Hilbert space the invariance condition

now also involve the dual symmetries and becomes

i ( S1Es2ts3Feq | )
Cal.. 4)€ (=2 n) 1 W —+4. (3.1.202)



We can leave the dual symmetry labels A, 7 free and only require s + So + S35+ 54 =

0 mod 4. Then
4 sin (27r(ri+1)>
_ L =44 (3.1.203)

with solutions

(’rla 2,73, T4)+ = (07 Oa 07 O)a (07 Oa 27 2)a (27 27 2a 2)

(3.1.204)
(Tla o, T3, T4)— = (07 07 07 2)7 (07 27 27 2))

where we again reported only one representative for the orbit of the permutation

symmetry. This deformation is invariant only under invertible lines.

Let’s take stock. The majority of the chiral-chiral deformations preserve at least one

non-invertible line. It is interesting to notice also that we can deform the Gepner

model with multiple chiral-chiral operators and still preserve non-invertible lines. For

instance we can turn on simultaneously some of the deformations given by permutations

of (ay,aq,as,a4) = (2,2,0,0), still preserving some non-invertible lines.

For antichiral-chiral states we again consider the vectors (3.1.190|) separately, each giving
rise to a state of the form (|3.1.194)).

— (a1, a9,as,a4) = (2,2,0,0). The invariance condition is
= <37r(7“i+1)) . (3w(rj+1))
sin <7r(7’11+1)> sin (71'(7"1-‘,-1))
We can leave B free and set 2s; + 255 4+ 21 = 0 mod 4. The remaining equation is

sin <37r(1"i+1)) sin (37r(r42+1)>
— +1 (3.1.206)

sin (ﬂ(rz-&-l)) Sin <7r(7"1+1)>

Which is the same one we solved for the chiral-chiral deformation with (a1, as, as, as) =

. 231+252 3n
i —o—=+5"
CB,{L,..,4}€ ( 4 2

= +1. (3.1.205)

(2,2,0,0). Notice that the lines preserving this deformation are not the same ones
preserving the chiral-chiral one, but the two sets have a non-empty intersection. For
instance lines with n = 0,4 that preserve the chiral-chiral deformation will preserve

also this one.

(ay,a9,a3,a4) = (2,1,1,0). We impose

; 3ﬂ(r1+1)> : <2ﬂ(r2+1)> : <2w(T3+1)>
sy +sots s ( sin sin
%4.37’7) 4 4 1 4 (3'1.207)
sin <7r(7‘z+1)> sin (W(Ti—‘rl)) sin <77(r1+1)>

hence for 2s; + so + s3 + 2n = 0 mod 4 we have again an equation we solved in the

CB,{1,...,4}€M(

chiral-chiral case. Also here to lines with n = 0,4 will preserve both chiral-chiral

and antichiral-chiral deformations.
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— (ay,a9,as,a4) = (1,1,1,1). The invariance condition is now

. 2m(r;+1)
4 2oV
iTr(S1+S21—S3+S4 +77) S111 ( 4 )

i=1 sin (@)

We can leave the dual symmetry label 7 free and require s; + sg + s3 + s, = 0 mod 4.
Then

=44, (3.1.208)

4 sin (27r(ri+1)>
[[———— =+ (3.1.209)

which we have solved above.

We see that the structure of the lines preserved by these antichiral-chiral deformations

closely follows the one we found for chiral-chiral deformations.

Note that lines that preserve both the chiral-chiral and antichiral-chiral deformations given
by the same vector in (3.1.190]), will also preserve the exactly marginal N’ = 4 deformation we
obtain taking their sum. Using what we found above we can also enlarge the submanifold of
the moduli space that enjoys non-invertible symmetries. Consider both the chiral-chiral and
antichiral-chiral deformations given by (a1, as,as,as) = (2,2,0,0),(0,0,2,2). These preserve
the line with

=1, i=1,...,4

(3.1.210)
81283:1,82284:3
as well as n = 0,4. Therefore we have a 4-dimensional subspace of the moduli space with a

non-invertible symmetry. More precisely denoting D = £111,31,1,1,3:0,0 We have

4
DxD =T+ mi+ > 1 X0 D 1 X0 X +110 X 02 X5 X1 (3.1.211)
i=1 i<j i<j<k
where
M = £20,0,0,0,0,0,0:2,0 » M2 = L£0,0,2,0,0,0,0,0:2,0 (3.1.212)
N3 = 50,0,0,0,2,0,0,0@,0 ) Ny = 50,0,0,0,0,0,2,0;25,0

generate a Zj group. Including D we have a Z3 Tambara-Yamagami symmetry.

Quintic Threefold

For the Quintic threefold the Gepner point is (3)°, namely we take five minimal models with
k = 3. The central charge is ¢ = 9. Again we start with chiral-chiral primaries, the states of

the form . .
® |a;, a;) @ ® |a;, a;) (3.1.213)
i=1 i=1

for a; = 0,1,2,3 are 45 = 1024, of those the charge constraint

Z% =1 (3.1.214)

%
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selects 101. This matches h*! = 101 counting (2,1) forms on the quintic. These correspond
to complex structure deformations of the underlying Calabi-Yau. For each of those states the

vector (aq,ag, as, a4, as) is a permutation of one of the following five
(a1, as, a3, as, a5) = (3,2,0,0,0),(3,1,1,0,0),(2,2,1,0,0),(2,1,1,1,0),(1,1,1,1,1). (3.1.215)
The antichiral-chiral states are of the form
5

(Ja, —a))®" ® (W)® € H@?) (3.1.216)

but of those only the one with a = 1 has left R charge —1. Thus there is only one complex
Khaler modulus, which agrees with h"' = 1 for the quintic. Now we look at the symmetries.
e For chiral-chiral states it is enough to find the solution of the invariance constraint (which

is invariant under permutations) for each of the five vectors (3.1.215)). We have

— (a1, az,as,a4,a5) = (3,2,0,0,0). A line Ly, s,},5, leaving invariant the deformation

has to satisfy

. (4 n\ . 1
s sin (D) gy (3rlretl)
. s1+2s9 5 5
7171—75

sin (—”(”H)) sin (—”(”H))

1
— % (1 + x/5> (3.1.217)
5 5
with all labels other than 7, s; and 79, so free. By choosing 3s; + 259 = 0 mod 5 we

can look for solutions of

gin (47r(r§+1)> gin (37r(7'§+1)>

sin (71'(7"15-‘1-1)) S (ﬂ(r25+1)>

- :I:% (1 + \/5) . (3.1.218)

We find
r1,72)+ = (0,0);(0,3);(2,0); (2,3 351 4+ 289 = 0 mod 10
(riira)s = (0,00 (0,3) (2,00, (2.3) 351+ 252 1210,
(7"1,7“2)_ = (170)a (173>7 (3a0)7 (373) 331 + 282 = 5 mod 10

for the two signs. Therefore for each pair of (r1,79)+ we choose (s1, $2) accordingly
while all other labels are free. Here, as long as r; is either 1 or 2 the corresponding

TDL is non-invertible.
— (ay,as9,as,a4,a5) = (3,1,1,0,0). Invariance requires

4Tr(7‘1+1) 27r(r2+1) 27T(T‘3+1)

. sin( 5 )sin( 5 )sin( s > 1
S Bsrbsatss) - (3 + \/5) (3.1.220)
sin (—ﬂ(rl;rl)) sin <—W(r%+1)) sin <—W(T%+1)) 2
thus for 3s; + s + s3 = 0 mod 5 we need to solve

sin (47r(r§+1)> gin (27r(r§+1)> sin <2w(r§+1)> .
1 1 L=t (34 V5) (3.1.221)
sin (—W(T? )> sin (—”(m;r )> sin (—ﬂ(r?’; )> 2

Note that this is symmetric in 7 and r3, in the solutions below we write only one

solution per orbit of this swap symmetry. We find
(7'17 T2, T3)+ = (07 Oa 0)7 (07 37 3)? (17 07 3)) (27 Oa 0)7 (27 37 3)7 <3a 07 3)) (37 37 O)

(3.1.222)
(Tla T’Q,’T‘g)_ = (07 07 3)a (]-7 07 0)7 (L 37 3)) (27 07 3)7 (37 07 0)7 (37 3a 3) .
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— (a1, as,as,a4,as) = (2,2,1,0,0). Invariance requires

sin <37r(rg+1)) S <37r(r§+1)> sin (27r(7"§+1)>
—+(2+V5) (31.223)
sin (—”(”;1)) sin (—”(T?Ll)) sin <—7r(7’%+1))

thus for 2s; + 2s5 + s3 = 0 mod 5 we need to solve

gin <3n(r51+1)) gin (37r(r52+1)) gin (27r(r§+1)>
—+ (2 + \/S) . (3.1.224)
sin <7r(7"15+1)> sin <7r(7"25+1)> Sin <7r(r35+1))

Note that this is symmetric in r; and ry, in the solutions below we write only one

ei% (25142s2+s3)

solution per orbit of this swap symmetry. We find

(Th T2, T3)+ = (07 07 0)7 (07 37 0)7 (37 37 O)

(3.1.225)
(r1,72,73)_ = (0,0,3); (0,3,3); (3,3,3).

We see that a line preserving this deformation necessarily acts invertibly on it, al-

tough it may act non-invertibly on other operators of the theory.

— (ay,as9,as,a4,a5) = (2,1,1,1,0). Invariance requires

. (3 D\ . (2 D\ . (2 D\ . (2 1
sin (—W(gﬁ )> sin (—W(?Jr )> sin (—W(rgﬁ )> sin <—”(r§+ )>
iT (251 +s2+53+54)

sin (@) sin <@> sin (@) sin (@) (3.1.226)

_ % (7+3v5)

thus for 2s1 + so + s3 + s4 = 0 mod 5 we need to solve

gin (37r(r§+1)> sin (27r(7’§+1)> sin (27r(r53+1)) sin <2n(r54+1)> )
=+ (7 + 3\/5) :

sin (%) sin (@) <in (ﬂ(rs5+1)> sin (w(r?l)) 9
(3.1.227)

Note that this is symmetric in ry, r3 and r4, in the solutions below we write only

e

one solution per orbit of this permutation symmetry. We find

(rla 2,73, T4)+ = (Oa 07 07 0)7 (Oa 07 37 3)7 (37 Oa 07 0)) (37 37 37 O)

(3.1.228)
(rla 2,73, T4)_ = (Oa 07 07 3)7 (07 3a 37 3)7 (37 3a 07 O)a (37 3a 3a 3) .

Again a line preserving this deformation necessarily acts invertibly on it.

— (a1,as,as3,a4,as) = (1,1,1,1,1). Invariance requires

5 sin (2”(’"5“)) 1
¢t 5 (s1Fs2+s3+satss) H — = =+—-(11+ 5\/5) (3.1.229)
-1 sin <7r(7‘7;5+1)> 2

thus for s; + so + 83 + s4 + s5 = 0 mod 5 we need to solve

5 sin (271'(rg+1)> )
H— = +—(11+5V5) (3.1.230)
. : (W(T’H-l)) 2

i=1 SN — 5
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Note that this is symmetric in all r;, in the solutions below we write only one solution

per orbit of this permutation symmetry. We find
(7'17 2,73, Ty, 745)+ = (07 07 07 07 0)7 <07 07 07 37 3)7 (07 37 37 37 3)7

(3.1.231)
(T17 Tr2,73,T4, T5)— = (07 Oa 07 07 3)7 (Oa 07 37 37 3)7 <3a 37 37 37 3) .
We see that a line preserving this deformation is necessarily invertible.
e The symmetries preserved by the Khaler structure deformation obey
, 5_sin (—2”(”“)) sin (%)
¢ (2-2is) ° S| (3.1.232)

i—1 sin (—”(T?l)) sin (%’T)
which, after having picked 2 = ). s; mod 5, is the same equation as the last case among

the chiral-chiral deformations. Again only invertible symmetries preserve this operator.

Also in this example we can look for higher dimensional submanifolds preserving a non-invertible

symmetry. As a simple illustration consider the chiral-chiral deformations with
(a1, a9,as3,a4,as) = (3,2,0,0,0);(3,0,2,0,0);(3,0,0,2,0); (3,0,0,0,2) , (3.1.233)

from our analysis we see that each one of those commutes with the line W = Ly0 ® (1),

whose fusion rule is

WxW=1+W, (3.1.234)

Thus on this 4-dimensional submanifold we have at least a Fibonacci category symmetry. We

can also turn on the deformations
(a17 g2, a3, A4, a5) :(3a 17 17 07 0)7 (37 17 07 17 O)a (37 17 07 Oa 1)a
(3,0,1,1,0); (3,0,1,0,1); (3,0,0,1,1) ,

and W is still preserved, enlarging the Fibonacci-symmetric submanifold of the moduli space

(3.1.235)

to 10 dimensions. We can also consider the submanifolds obtained turning on the deformations
above with a; < a; for i = 2,3,4,5. On each of those 10-dimensional subspaces we have a

different Fibonacci category symmetry.

Selection Rules

The presence of these topological defects at the Gepner point and along certain submanifolds of
the moduli space imposes constraints on the dynamics of the theory. The presence of a fusion
category symmetry in a 2d QFT implies degeneracies between twisted and untwisted sectors,
as non-invertible lines transform local operators in twist defects. This is properly addressed
using the tube algebra built out of the fusion category, see e.g. [36,|81]. The elements of such

algebra correspond to the lasso actions [12]

L r

(3.1.236)
L ®
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In general one also needs to specify a junction vector in Hom(£ x £, £'), however in our case
all junction spaces are at most one-dimensional and we can omit this extra label. More general
lasso actions can be obtained acting on operators in twisted sectors. The total Hilbert space,
which includes the twisted Hilbert spaces for all the topological defect lines of the theory, splits
in representations of the Tube algebra. Therefore operators, both local and twisted, will also
be organized in such representations. Representations of the tube algebra are in canonical one-
to-one correspondence with anyons of the Drinfeld center of the fusion category, with the fusion
rules of the 3d TQFT anyons coinciding with tensor products of Tube algebra representations.
Moreover the representation in which a local operator of the CF'T transforms is determined by
the 3d bulk anyon ending on it (see Fig. The most immediate consequence of the symmetry
are selection rules. In case of a fusion category symmetry these state that a correlation function
can be non-zero only if the tensor product of the Tube algebra representations of all operators
contains the identity [36].

A subsets of interesting selection rules however can be accessed without employing the full
power of the Tube algebra. Two important observables on the conformal manifold of a CFT are
the two and three point functions of the exactly marginal deformations. The former gives the
Zamolodchikov metric of the conformal manifold, while the latter encode information about the
curvature [262]. We shall consider the CFT on a genus zero surface, this allows us to nucleate
a non-invertible line defect linking with all operators in the correlator at the price of dividing
by its quantum dimension. Let ®; and ®, be exactly marginal operators, and consider its their

two point function. Opening an £ loop and dividing by (£) the correlator is unchanged, namely

(3.1.237)

L L
1 %) c
L) L (3.1.238)
1 e
£> Z < ﬁﬁ"' d, ’ ‘CAE"CDQ >

where the sum over £’ runs over the lines appearing in the fusion channel £ x £. Recall that

this channel always contains the identity, so that

VY cf ) °
(L DL D) + Z Eﬁ/ Lp-y ) (3.1.239)

e = 2y

{

8The coefficient 7”<<££>/> ensures the proper normalization of the completeness relation, see e.g. [28]
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This is the general selection rule implied by the presence of a non-invertible line on two point
functions, we see that it relates correlators of local operators to those of the twisted sectors.
From this expression one can show that if, say, ®; is invariant under L, i.e. L ® = (L)Pq,
then all non-trivial lasso actions annihilate ®; [261]. The proof is simple enough, take ®5 = ®1,
then the first term on the right hand side of already saturates the left hand side. The
remaining terms then have to give zero, but since each can be interpreted as the norm squared
of a vector in a twisted Hilbert space (we are assuming a unitary theory), they each vanish

separately, implying that the image vector of ®; under the lasso L. is null. In other words

L i
— (L) = =0. (3.1.240)
L

Now take the selection rule (3.1.239)) with ®; and &, different and suppose ®; is invariant. By

the argument above all contributions from twisted sectors vanish and we have

1. 1.
(LD L By) = — (DL - D) (3.1.241)

=1 ©)

thus for the correlator to be non-zero also ®5 has to be invariant. This implies that, as we move
away from the Gepner point preserving some non-invertible line, the mixed components of the
Zamolodchikov metric involving the perturbation and any other marginal operator not invariant
under the preserved lines vanish. A similar selection rule can be derived for three-point function

on the sphere

1 A A o
(D,0,P3) = Vo (L DL DL - Ds)+
1 L c" (3.1.242)
e DoV e ).
L'#1 Eﬁ/ . @1 ,CE/ : CI)Q Eﬁl . q)g
L£'#£1

Now, if two out of three operators are invariant the correlator is non vanishing only if the also

the third operator commutes with the line L:

When the ®; are BPS operators this selection rule can be translated as a constraint on the
moduli dependence of the chiral ring coefficients. It implies that, as we move along submanifolds
of the moduli space, certain chiral ring coefficients are forced to vanish.

Constraints on Conformal Perturbation Theory

Besides selection rules in the deformed theory we can use the full symmetry at the Gepner

point to simplify the use of conformal perturbation theory to compute corrections to conformal
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weights and 3-point function coefficients. For concreteness let us focus on 2-point correlators,
but the method applies to higher point functions as well. Suppose we turn on the marginal
deformation O, in our case this will be expressed as O = GG® where ® is a BPS primary
and G, G are the appropriate supercharges. Two-point functions of the deformed theory can

be written
(®1Dy), = (B Pyt S 0O (3.1.244)
and the corrections to the weights of ®; and ®, form a power series in A

h(A) = KA, (3.1.245)

n=0

with the n-th term determined by the integrated correlation function
/ P, . dPwn(®1D0(w) . .. Ow,)) (3.1.246)

computed at the Gepner point. By using the selection rules implied by the Tube algebra we
can find patterns of zeros in the series of correction. Consider for example the case of the K3

sigma model and take the deformation to be the one deriving from the chiral-chiral state

(12,2)%* @ (]0,0)** @ (]2, 2))®? ® (]0,0))*2. (3.1.247)

To use the selection rules implied by the Tube algebra we have to compute the tensor products
of all the representations of the Tube algebra associated to the operator insertions. In the
following we will always indicate a representation I' of the Tube algebra by the corresponding

3d anyon, in particular we will write
I'= (4 i) (3.1.248)

where ji, fi are 2r-components vectors containing the Wilson lines labels

i=((ar,c1), .-, (ar,cr)); (ai, ci) € Q, (3.1.249)

Let’s start from discussing the representation of O. The primary ® is in a representation

Lo = (fio, i) fio = ((2,2),(2,2),(0,0), (0,0)) (3.1.250)

which corresponds to an invertible line in 3d. The supercharges of the diagonal superalgebra
instead are in a reducible representation of the Tube algebra. More precisely, for a general

Gepner model,
ro =@ (ﬁ 6) o=@ (6, 3) (3.1.251)

where

7 = ((0,0), ... (ki ki +2),...,(0,0)) . (3.1.252)

Now, in a correlator with n insertion of O we have to compute the n-th tensor powers of the

three representations ['g, ['¢ and I's. This is greatly simplified by the fact that the irreducible
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factors in I'¢ and 'z corresponds to lines that are not only invertible but also of order 2. We
find

n n — Y
F% = @ (k1k4) <Mk1 ~~~~~ k470> 5

ki+..+ks=n (31253)
Fiksots = ((200n], 41K, (2lks], 4ka)), (2[ks], 4lks]), (2[ka], 41K 0)
and similarly for I's. It is also easy to compute tensor powers of I'y, we have
g = () e = ((2[n),2n), (2[n), 2n), 0,0), (0,0)) (3.1.254)

notice that only n mod 4 matters as I'§* = 1. Then the representations entering in the corre-
lators are

n n n n n n . =
rg" =" oY o T = D (klka (151 me) (Fon. fion) (3.1.255)

ki ki

with
fion = ((2[ky + n], 4ka] + 20), (2[ks + ], 4ka] + 20), (2[ks], 4ks]), (2[ki], Aka)))  (3.1.256)

and similarly for fipon. To give a concrete example we consider the 12 lightest non-BPS primaries

corresponding to the states |¢;;), these are all of the form

|p12) = |1, 1) @ |1, —1) ® (]0,0)** ® |1,1) ® |1, —1) ® (|0, 0))®? (3.1.257)

with ¢ and j denoting the tensor factor with |1,1) and |1, —1) respectively. Note that gbj] = ¢ji.
These are all degenerate operators with A = h = 1/4 and vanishing R-charges. We are interested
in the two point functions ((bjjgblk) »- The associated tube algebra representations I'y,. are of
the form

112512 = (ﬁd’m’ ﬁd’m) ﬁ¢12 = ((17 1)7 (17 _1)7 (0’ O)’ (07 0)) ) (3'1'258)

and correspond to non-invertible lines. The tensor products fiy,, ® fig,, contain the identity if
and only if k£ = 4,] = j, thus the only non-zero correlators at the Gepner point are (¢;i¢;;).
Turning on A we can have mixing among the operators, which is constrained by the selection
rules. Since I'pn only contains invertible anyons we see that a necessary condition for the
identity to appear in fiy, ® fig,, @ flon is that fig, ® fig,, contains at least one invertible line.
This immediately shows that the only non-vanishing 2-point functions are those of the form

(Djitij)a OF (@ijdii)a. For those correlators the relevant representations are of the form

F12 ® F12 - ('E?i’ﬁgi) ’ ﬁ?i - ((07 2) D (27 2)7 (07 _2) ® (27 _2)7 (07 O)? (07 0))
F12 ® F21 = (/zdnz ® ﬁ¢217ﬁ¢12 ® /jtbzl) 3
ﬁ¢12 ® ﬁ¢21 = ((07 0) S (2’ O)’ (07 0) S (27 0), (07 0)7 (07 0)) .
(3.1.259)

This conclusion holds for any deformation such that jfip» contains only invertible lines, in our

specific example however we can do better. Indeed also all correlators of the form (¢;;¢;;)a
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vanish whenever ¢ or j is different than 1 or 2. This is because when tensoring, say ﬁ?li with
filor we get terms that in the third tensor factor have the pair (2[ks], 4[ks] + 2), which never
trivializes allowing the singlet representation. It follows that the correlators to consider are
(P12¢12)» and (@j;¢i;) », namely the only mixing allowed by the deformation is between ¢12 and
itself. We can also study the power series in A in more detail, starting from (¢12¢12)x. The
selection rule requires the product Ffi ® I'S" to contain the identity, this forces us to choose
ks, ks and k4, k4 even, then any representation appearing in the decomposition in the tensor

product is of the form ([L?Q ® fion, /32?2 ® flon) with

752 @ fion =((2[k + 1], 4] + 20+ 2) @ (ks +n + 1], 4[k] + 20+ 2),

(2[ky + 1), Alka] + 21 — 2) & (2[ky + 0+ 1], 4[ks] + 20 — 2), (0, 0), (0, 0)) .
(3.1.260)

Now we notice that when n = 0,2 mod 4 there is no value of k; or ks such that
Alk1] 4+ 2n +2 =4[k] £ 2 =0mod 8 (3.1.261)

and the singlet representation appears only when n = 1,3 mod 4. Therefore, the power series in
only contains the odd powers A*™*1. Another two-point function we can consider is (¢a;d12) .

In this case, for the n-th order correction we find

fig @ figt @ flon :<(2[k1 + nl, 4[k1] + 2n) @ (2[k1 + n + 1], 4[k1] + 2n),
(3.1.262)
(2[k1 4+ n], 4[k2] + 2n) @ (2[ke + n + 1], 4[k2] + 2n), (0,0), (0, o))

which shows that for n = 1,3 mod 4 the identity does not appear in the tensor product, and
the series is in even powers A\*™. These result are compatible with those of [256]. Similar
computations can be repeated for other operators, more complicated correlation functions or

more general Gepner models.

3.2 Toplogical operators, on average

Global symmetries constitute an indispensable tool for studying physical systems, especially
when the dynamics cannot be analyzed using exact techniques. The idea of symmetry is some-
times vaguely stated and often confused with slightly different concepts, such as selection rules.
While these two ideas are often connected, they are logically distinct. Topological operators
provide a clear definition of symmetry, which encodes all of the dynamical consequences. The
aim of the rest of this chapteris to extend the formalization of symmetries of [9] to QFTs where
the interactions are randomly distributed, for the case of O-form global symmetries. We believe
that a more systematic treatment of symmetries in QFTs of this kind can be useful, given the
notorious difficulties in treating such systems. There are two relevant possibilities considered

here.

1. The random couplings h(z) vary in space and are distributed according to a probability
functional P[h].
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2. The random couplings h are constant and drawn from a probability density P(h).

Scenario 1. is relevant for statistical mechanical systems with impurities or disorder (for a review
see [265]). There are two main variants of disorder QFT: quenched if the impurities are treated
as external random sources and annealed if the impurities are taken dynamical. Physically
the two situations depend on the time scale we are looking at. At extremely long time-scales,
where the entire system reaches equilibrium, we should take the impurities dynamical. Since
impurities have very long thermalizations time scales, quenching is useful for time-scales where
the system essentially thermalizes, with the impurities taken fixed. In the quenched case, the
properties of the QFT will of course depend on the impurities. If we assume that impurities
are random, possible observables are taken by averaging over the impurities with the chosen
distribution. In a lattice formulation an impurity is modelled by an interaction which is different
at any site, and its presence is unpredictable. In the continuum limit it is often the case that we
can describe such systems as the average over an ensemble of field theories where the coupling
constants are space dependent. Particularly interesting is the case of the Ising model perturbed
with a random magnetic field (dubbed as random field Ising model) [266] or with a random
interaction between nearby spins (dubbed as random bond Ising model) [267]. See e.g. [268-271]
for recent works on these models.

Scenario 2. is relevant for quantum gravity and has received significant attention lately.
The connection between averaging and euclidean gravity path integrals dates back to [272.[273]
in association to Euclidean wormholes. In the context of the AdS/CFT correspondence [274-
276|, the connection has been invoked in [277] as a possible way to interpret from a boundary
point of view the origin of interactions between disconnected components of a boundary theory
induced by bulk Euclidean wormholes (factorization puzzle). Further elaborations with concrete
examples appear in [278]. Ensemble averaging features also in the Sachdev-Ye-Kitaev (SYK)
model [279-281]. A concrete connection has recently been made in [282], where it has been
shown that the sum over geometries in Jackiw-Teitelboim gravity [283,284] with n disconnected
boundaries is dual to the ensemble average of an n-point correlation function in a matrix model.
Other notable examples of ensemble averaging after [282] include averages over free compact
bosons in 2d [285,286] (see also e.g. [287H291] for related studies and generalizations), averages
over OPE coefficients in effective 2d CFTs [292,293], averages over the gauge coupling in 4d
N = 4 super Yang-Mills theory [294].

In both scenarios 1. and 2. we focus on correlation functions of local operators with
quenched disorder averaging. These include averages of products of correlators, which are
effectively independent observables. In disconnected spaces, when A is constant, also averaged
single correlators can lead to averages of products of correlators, which is the mechanism leading
to the factorization puzzle in the context of AdS/CFT. In order to distinguish scenario 1. from
scenario 2. we dub the first as “quenched disorder” and the latter as “ensemble average”, but
it should be kept in mind that quenching is involved also in scenario 2.

We start from a pure theory, that is an ordinary QFT with no disorder, and deform it with
a certain local interaction. In the quenched disorder case the strength of this interaction varies
from point to point, while it is constant in ensemble average. In both cases the interaction can

break part of all of the global symmetries of the pure system, so that each specific realization
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generically has less symmetries and less predictive power than the pure theory. On the other
hand it has been noticed in several examples that symmetries of the pure systems can be
recovered after the average on the coupling is taken into account. These statements are mostly
based on the observation that the averaged system satisfies selection rules which are not enjoyed
by the generic specific realization. Intuitively speaking, even if the random coupling breaks the
symmetry, this re-emerges provided we average over all the ensemble in a sufficiently symmetric
way (in a sense to be clarified). For simplicity, in what follows we refer to such symmetries as
disordered symmetries and averaged symmetries respectively in the context of quenched disorder
and ensemble average. Note that this is distinct from the notion of emergent symmetries used
in pure QFTs when a symmetry is approximately conserved in the IR. In the disorder case the
symmetry is exact at all energy scales, but only on averageﬂ

We will review these kind of arguments from a spurionic point of view at the beginning of
section for quenched disorder, and in section for ensemble average, deriving under
which condition the selection rules of the pure theory are satisfied after the average.

This is still an imprecise information since, as we emphasized, having a global symmetry
is stronger than just observing the validity of some selection rule. This is crucial in order
to get stronger dynamical constraints implied by 't Hooft anomalies, and eventually gauging
the symmetry. Our goal is to clarify the sense in which these systems recover the symmetry,
aiming to construct the analog of topological operators for both quenched disorder and ensemble

average QFTs.

Sections |3.2.1} [3.2.2] and [3.2.3| focus on quenched disordered systems. We consider theories

defined in the continuum and admitting a description in terms of an action (Hamiltonian)
obtained from that of the pure theory Sy by adding a local operator Oy(z) with a space-time
dependent coupling h(z):

S[h] = So + /dda: h(z)O(z) . (3.2.1)

This is what we will call a specific realization. Correlation functions of local operators O; for

a given value of h(z) are computed by a path integral:

[ Due MO (x1) - Op(x)

(O1(z1) - Oplan)) = Dy . (3.2.2)

Given a probability functional Plh], a set of observables of the disordered system are the

averaged correlation functions

(O1(x1) - Onlan)) = /Dh P {Oy(a1) -+ Oular)), (3.2.3)
or more generally the averages of products of correlators
[[(09 )08 @) . (3.2.4)
j=1

The starting point for systematizing global symmetries of the disordered system which are not

enjoyed by the specific realizations is to derive Ward identities for the averaged correlators.

9We can also have emergent symmetries in both senses, namely emerging after average and in the IR. We
will discuss this case in section
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We do this in section [3.2.1] starting from the simplest case of continuous O-form invertible
symmetries. The Noether current J# associated to the symmetry of the pure theory is no longer
conserved in the specific realizations if Oy(z) is charged under the symmetry. However we find
that the shifted current in leads to standard Ward identities for averaged single
correlators and the less standard identities for averages of products of correlators.

In order to generalize our results to discrete symmetries, where a Noether current is un-
available, in section [3.2.1| we construct the symmetry operators, topological on average, which
implements the finite group action. This is not as easy as in pure theories because of the dis-
order. The topological operator 179 is a complicated power series of integrated currents which

however can be resummed to give the simple expression
Uy = Uy(Uy) ™", (3.2.5)

where U, is the topological operator of the pure theory. Its action on averages of simple
correlators is given in . In products of correlators the operator (79 is topological
on average only if inserted in all the correlators involved, as in (3.2.61]). This characterizes
intrinsically the disordered symmetries and implies somewhat exotic selection rules which are
weaker with respect to symmetries not broken by the random interactions.

The Ward identities satisfied by [79, when the latter is supported on a compact surface
(=1 are valid regardless of how the symmetry is realized on the vacuum. When the symmetry
operator is well defined also on infinite surfaces the disordered symmetry is not spontaneously
broken and implies selection rules. The same is not true for spontaneously broken symmetries,
we will briefly discuss this situation in the final section [3.2.6

Beyond selection rules, our analysis allows us to show that disordered symmetries (both
continuous and discrete) can be coupled to external backgrounds, can be gauged, and can have
't Hooft anomalies, precisely like ordinary symmetries. We also argue that a symmetry of a pure
system with a 't Hooft anomaly, when it reappears as disordered symmetry, enjoys the same
't Hooft anomaly thus implying the same constraints on the dynamics, and that a possible
higher-group structure of the underlying O-form symmetry with higher-form symmetries of
the pure theory is recovered after average due to the topological nature of the higher-group
structure. Symmetry Protected Topological (SPT) phases |189], protected by what we denoted
disordered symmetries, appeared already in condensed matter, see e.g. [295-302]. Our findings
can possibly provide a different theoretical QF T-based framework for such phases of matter.

In section the above results, derived directly from the disordered theory, are repro-
duced using the replica trick, the standard way to deal with theories of this kind. Disordered
symmetries manifest themselves as standard symmetries in the replica theory, thus offering a
conceptual different viewpoint on these kind of symmetries. Aside from providing a sanity check
of the results, the replica theory allows us to also study another scenario: disordered symme-

tries emerging at long distances, discussed in section [3.2.3] The effect of the disorder can now

lead to the more exotic selection rules (3.2.104)) and (3.2.105). The phenomenon manifests in

the replica theory as two irreducible representations of the replica symmetry transforming in
different representations of the emergent disordered symmetry. As an interesting application

of this result we consider the prime example of an emergent symmetry, conformal invariance,
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and we show that as a consequence of these exotic selection rules, a quenched disordered sys-
tem can flow in the IR to a fixed point described by a Logarithmic conformal field theory
(LogCFT) [303-307].

We analyze ensemble average in section [3.2.5] While the intuitive idea that the average
restores the symmetry is still true, and selection rules apply (section , the status of the
averaged symmetry is drastically different. A hint already comes from the replica trick: when
applied with constant couplings, the replica theory is non-local, and even if the symmetry is
manifest its Noether current is not a local operator. This is problematic for constructing a
topological operator. Indeed, independently of the replica trick, we imitate the analysis done
for disordered theories, and we get the exotic topological charge operator . This is not
really a co-dimension one operator, since it depends both on a closed surface £(¢~1) and on a
filling region D such that 9D = ¥4~V In particular the operator cannot be supported on
homologically non-trivial cycles. Crucially, the operator @ implies selection rules, because the
second term in , when inserted on average of correlation functions of local operators,
vanishes when integrated over the full space. If the space manifold is connected, there are
only two possible filling regions of a homologically trivial (@Y and @ is independent of the
choice. On the other hand on a disconnected space there are several choices of filling region
D@ and the charge operator does depend on these choices. Nevertheless, we do have selection
rules for averages of correlators, if one takes into account all the connected components of
space, and we can construct operators implementing the finite group action. In each
connected component the selection rules can be violated, allowing the charges to escape from
one component to the other. We have then the somewhat exotic situation of a 0-form symmetry
in the sense of selection rules on correlation functions of local operators, but without having
genuine topological operators (even after average). In contrast to ordinary symmetries and
disordered symmetries in the quenched disordered case above, averaged symmetries cannot be
coupled to background gauge fields in ordinary ways and hence cannot be gauged.

In section [3.2.5) we comment about the gravity interpretation of these results. Whenever
the average theory admits a gravitational bulk dual, the local charge violation in presence of
disconnected space has the natural interpretation in the bulk as charge violation induced by
Euclidean wormholes configurations, as pointed out in [308-310]. The difficulty (impossibility)
of gauging averaged boundary symmetries that we have found clarify why such symmetries
cannot be identified with bulk gauge symmetries.

We conclude in section [3.2.6f In appendix we work out some specific examples for
concreteness, and in appendix we explicitly construct the operator which implements the

action of the group for averaged symmetries.

3.2.1 Symmetries in quenched disorder

In this section we study global O-form symmetries in quenched disorder theories which arise
only after the average. We start in section by reviewing how Ward identities for ordinary
0-form symmetries are recasted in terms of topological operators in pure QFTs. We generalize

the analysis to theories with quenched disorder in section |3.2.1] and construct the topological
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operator implementing the symmetry group action in section [3.2.1. We then discuss 't Hooft
anomalies and gaugings for both continuous and discrete disordered symmetries in sections

B.2. 1 and B.2.1l

Pure theories and explicit symmetry breaking

Consider a standard d-dimensional Euclidean QFT described by the action Sy. If this theory
is invariant under some continuous symmetry group G, correlation functions of local operators

must satisfy the usual constraints imposed by the Ward-Takahashi identities:

k
{0, " (2)O1(x1) ... Opla)) = Y 6D (@ — 2)(Or(21) ... 6O (w1) ... Oklax)) . (3.2.6)
=1
Here J, () is the Noether current!”| and 60;(z;) is the transformation of the local operator O,
under the action of the Lie algebra of G. For instance if G = U(1) and O, has charge ¢, then
50, = iqO,. Integrating over the full space X @, the left hand side of vanishes if X (@
has no boundary and the symmetry is not spontaneously broken, and we get selection rules on
the correlators.

The modern approach [9] to interpret the same constraints consists in associating global
symmetries to co-dimension one topological operators UQ[E(d_l)], g € G, namely extended op-
erators supported on some (d — 1)-dimensional closed surface (=1 which are invariant under
continuous deformations of their support. In the case of continuous symmetries such topological
operators are simplyﬂ

U,[S@ D] = gio@="""1 (3.2.7)

where Q[X(V] = fz(d_l) J,n* is the Noether operator which measures the charge enclosed
within the region D@ delimited by XY with 0D@ = 21 We can then write integrated
Ward identities. For instance, if G = U(1) we have

<Q[2(d_1)](’)1(x1) . (’)k(xk)> = Y(E@DY(Oy (1) ... Oxlax)), (3.2.8)

with

S = Y g (3.2.9)

l:EZGD(d)
The integrated Ward identity can be iterated using the fact that J#(x) is uncharged with
respect to Q[X(@1 .resultmg in

This implies that the exponentiated operators (3.2.7)) satisfy

<Ug[2(d_1)](91(:171) . (’)k(xk)> = e XENO, (). Oklay)), g=€ . (3.2.11)

19For convenience we define the Noether current as §S =i [€(x)0".J,. Notice that this has an extra factor of
i with respect to the one obtained by Wick rotating the standard Minkowski current.

1Tn the following we suppress the group and algebra indices. In the element g € G is the exponential
of a valued in the dual of the Lie algebra of G.

12This is not true for non-abelian G. However with simple manipulations one can reach the same conclusion.

Here we focus on the abelian case just for notational simplicity.
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More generally the integrated Ward identities associated to a finite transformation g € G can

be written as

<Ug 24010, (21) . .. (’)k(xk)> _ <o’1(x1>Ug[2;,,1]02(x2) L (’)k(xk)> , (3.2.12)

where O (z1) = (R1(g) - O1)(x1) is the transformed operator according to its representation Ry
under G, £ is a surface linking with the point ; and ¥ is its deformation across the
point. The selection rules on correlation functions now follow from the fact that a topological

d—l”

operator Ug[Z( supported on a very big surface at infinity is trivial, but shrinking it to a

point, U, passes and transforms all the local operators. We then get

(O1(21) ... Onlz)) = Ri(g) ... Rulg) - (O1(z1) ... On(z,)) . (3.2.13)

which is the desired selection rule. A correlation function of local operators can be non-
vanishing only if the direct product of representations contains the singlet representation. While
Q[X"Y] and U, [¥(4~Y)] enforce equivalent constraints on the theory, the advantage of using the
exponentiated operator U,[X(@~Y] is that in we do not need to define the infinitesimal
transformation 0O so that the generalization to discrete symmetries is straightforward.

If we add a deformation of the pure theory which explicitly breaks G, the Ward identities
(3:2.6)) acquire a new term and, as expected, the operator Q[¥(4~Y] (or equivalently U,[¥(4~1)])
is no longer topological. For example, for G = U(1) and a deformation described by the action

(the term hOy(z) is always paired with its hermitian conjugate, which we leave implicit)
S =S+ h/ddx Oo(7), (3.2.14)

where Oy(z) is a local operator with charge go under U(1) and h is a coupling, we get
k
10, J"(2)O1(21) . .. Op(zy)) = Z 6D (z — 21)(O1(z1) ... 60 (1) . .. Op(y))
— (3.2.15)

Integrating over an open region D@ with boundary £(4~1 we have
<Q[E(d*1)]01...0k> = (X400 — hqo/ d'z (O1...0:0(2)).  (3.2.16)
D)

If the coupling h is irrelevant, at large distances and for sufficiently large surfaces L.(41)
the second term in the r.h.s. of is suppressed with respect to the first one, and the
operators Q (X)) become approximately topological In this case we say that the symmetry
G is emergent in the IR.

Quenched disorder and Ward identities

Theories with quenched disorder in the continuum limit can often be described starting from
a pure theory Sy and adding a perturbation like in (3.2.14) (see e.g. [311,312]), where h is

13For a related discussion on approximate symmetries in the language of topological operators see [93].
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taken to be space-dependent (again we always implicitly pair up h(x)Op(z) with its hermitian
conjugate):

S[h] = So + /ddx h(x)Oy(z) . (3.2.17)

The random coupling is sampled from a distribution P[h] and we should think of an ensemble
of systems, each member being described by the action (3.2.17)). Note that the considerations
above on the explicit breaking are valid, with minor modifications, for each member of the

ensemble.

A relevant example (which we will extensively consider in the sections [3.2.2] and [3.2.3) is

the case of white noise, where P[h] is Gaussian

Plh] x exp < - % /ddx hQ(x)> : (3.2.18)

parametrized by a coupling v which governs the width of the Gaussian distribution. Dimensional
analysis fixes the dimension of v to be

[v] = d—2A0,, (3.2.19)

where Ap, is the classical scaling dimension of the operator Op. The disorder is classically
irrelevant in the RG sense when P

Doy > 5 - (3.2.20)

The equation ([3.2.20)) is called Harris criterion [313]. If the disorder is classically relevant or
marginal, it has an important effect on the IR dynamics. For instance, other fixed points could
emerge, so called random fixed points, which can also have logarithmic behavior (see section
, or we could have no fixed points at all. When is satisfied, the IR behaviour of
the system is unaffected by the impurities.

Like in the pure theory case, if the coupling h(x) breaks a symmetry G and is irrelevant,
then the symmetry G will appear as an emergent symmetry in the IR theory. On the other
hand, in disordered theories symmetries might also appear on average, but exactly, namely at
all energy scales, independently on the scaling dimension of A(z). It is important to keep into
account this distinction in the considerations that will follow. The latter case is the one that
we will call disordered symmetries.

The observables we are interested in are averaged correlation functions of local operators
defined as (we adopt here the notation of [312])

fD,u G_S[h]ol(l’1> - Ok(xk)
IDM e—SIh] ’

(0121 Onlan)) = /Dh Plh (3.2.21)

where 1 is the path integral measure and P[h] is an arbitrary distribution, not necessarily of the
form (3.2.18]). Correlation functions can be obtained as usual by coupling each local operator
O; to an external source K; and by taking functional derivatives with respect to the K;’s of the

averaged generating functional Zp[K;| defined as

fD# e*S[hH*f KiOi
f’Du e—S[h]

ZpKi] = / Dh P[] 5

_ /Dh PN (3.2.22)
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We can also define the disordered free energy Wp|K;] as
Wl = /Dh Plh]log Z[K:, h] — /Dh PIRIW[K, h] = WK, ], (3.2.23)

that generates averages of connected correlation functions

_ FWh|K;]
0K (1) -+ 0Kk (k) | ,—g '

(O1(z1) .- Op(a)). (3.2.24)

We stress that, unlike standard QFTSs, in quenched disorder theories not all correlators can be

determined from the connected ones and in particular

(Oi(2))(O5(y)) # (Oi(x)) (O5(y)) - (3.2.25)

This is one of the crucial properties of disordered systems which will play an important role in

the following. This motivates to introduce a more general generating functional

N ()
ZIKD
ZWIE®D KN = /DhP[h] [] ﬁ (3.2.26)
Jj=1 ’

whose functional derivatives produce the average of products of correlators. The generalization

of ([3.2.25)) is
N
ZOED . KN # [] 2ol (3.2.27)
Jj=1

Now suppose that the pure theory Sy has some global 0-form invertible symmetry G. If the ran-
dom deformation is G—invariant every realization of the system enjoys the symmetry, therefore
G is a symmetry of the full disordered theory and it will show up in the averaged correlators.
Indeed from the Ward identities of the theory in presence of a random source h(z), by simply
taking the average we immediately get the expected identities. This applies also to higher-form
symmetries which cannot be broken by adding local operators to the action [9,[207].

If the random deformation breaks some or all of the symmetries of the pure theory, the
story is more interesting. In this case we want to understand if and under which conditions the
disordered theory still enjoys these symmetries. We start by considering an internal invertible
continuous O-form symmetry GG, but our conclusions apply also in more general setups. In order
to gain some intuition it is useful to use a spurionic argument. The path integral of the theory

coupled to a random source h(z) is

Zh] = /Du exp (—So - /h(x)Oo(x)) . (3.2.28)
Because of the explicit breaking the partition function obeys
Zh) = Z|Ry(g)-h], ge€G (3.2.29)

where Oy transforms in representation Ry of G, and Ry is its transpose. Turning on sources

K; for operators of the pure theory we see that the generating functional satisfies

Z[K;,h] = /Duexp <—SO — /h(q:)@g(x) + /Kl(x)Oz(:c))
= Z[R)(9) - Ki, Ry (g) - h].

(3.2.30)
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Thus the correlators before averaging are not G—invariant but

o 4]
% __ZIK, h — CR(g) - ———— 7K. RY(g) - h 231
This implies that
5Z[Ki,h]

Z[Ki, Ro(g)” - h]
0K, ... 0K,

= Ri(g /DhP

K;=0

We can now change variable in the h-path integral, Ro(¢g~*)" - h(z) — h(z). Crucially, if the

probability measure Dh Ph] is invariant, the averaged correlator obeys the G selection rules

(O1(21) ... On(an)) = Ra(g) - - Ru(g) - (O1(21) - .. Onlan)) , (3.2.33)

but only on average. For example, a space-dependent coupling breaks translations, but if P[h]
is translation-invariant (like e.g. in (3.2.18)), then momentum conservation is recovered on
average.

Although the above spurion analysis is enough to determine selection rules, it does not
provide the explicit form of the conserved currents and which Ward identities are satisfied (and
how). The existence of topological operators is not even guaranteed and the common lore
which identifies symmetries with topological defects needs a more detailed analysis in order
to be verified. Let us then derive the form of Ward identities for disordered symmetries. For
notational simplicity we focus on G = U(1), but the analysis can be extended to any Lie group.
Consider the generating functional Zp|[K;| defined in (3.2.22). The usual Ward identities are
derived by changing variables in the path integral at the numerator, transforming all the fields

with a space-time dependent U(1) element e*() so that
So = So+i / e(2)0, T (x) | (3.2.34)

J* being the Noether current. Here the symmetry is broken by h(x) in any specific realization,
nevertheless we can modify the standard procedure by changing variable also in the path integral
at the denominator. Since h(x) is space dependent, Poincaré invariance is explicitly broken in
each specific realization and generally (J#) # 0. This suggests that even if the symmetry is
recovered on average the current must be modified somehow. The above-mentioned change of

variable in both numerator an denominator, expanding at first order in e(x) leads to

Z[K;, h]
Z[0, h]

By taking functional derivatives with respect to the sources K; and then setting them to zero

we get

<8MJ“( )(91 1'1 >+qo<h 01 1'1 > Zqz d) l’ — T <01 ZL‘1 > s (3236)
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where we introduced the shifted operators
]“(x) = JH(x) — (J*(x)) (50(1’) = Og(x) — (Op(z)) . (3.2.37)

The vacuum expectation values should be thought of as certain (generally non-local) functionals
of h(x), whose presence is important in the average.

Since h(x) is integrated over all space-dependent configurations, the second term in (3.2.36)
vanishes identically provided that the probability measure satisfies certain invariance conditions.
Indeed we are allowed to perform the change of variable h(z) — e 0@ h(x) in the h path
integral of , and if the probability measure is invariant under this formal transformation

we obtain 21K
DhP[h) ( (RO, — —="=(hOy) ) = 0. 3.2.38
qO/ [ ](< 0>Ki Z[O, h] < 0>) ( )
Taking arbitrary functional derivatives with respect to the external sources and setting them

to zero we find

go(h(x)Oo(x)Os (1) ... ) =0, (3.2.39)

which implies the vanishing of the second term in the left hand side of ([3.2.36]). By changing
variables in the path integral, we also get the relation

<8“Ju(x) n qoh(:v)Oo(x)> —0, (3.2.40)

valid before averaging. We are now ready to discuss Ward identities. If go = 0, namely the U(1)

symmetry is unbroken in any realization of the ensemble, plugging (3.2.40) in (3.2.36|) leads to
the averaged version of the ordinary Ward identities . This is of course expected, given
that holds even before average in this case. More interestingly, for ¢y # 0, thanks to
(13.2.39) we find the disordered Ward identities

k

75<5’Hj“(a:)01(x1) s Oplay)) = Z iq;0 D (x — 2;)(O1(21) -+ Op(zy)) - (3.2.41)

=1

Several comments are in order.

e The relation we obtained has the same form of a standard Ward identity, but for a modified
current JH = J# — (J#). The modification is proportional to the identity operator in any
of the specific realization of the ensemble, and can be thought of as an h—dependent
counterterm which restores the conservation in the disordered theory. Note that the
Ward identities written as in (3.2.41]) apply for arbitrary correlation functions of local
operators which do not contain explicit powers of h(z).

e Before averaging the current J* (as well as its shifted version j“) is sensitive to the UV
renormalization of the theory, i.e. it acquires a non-vanishing anomalous dimension (in
contrast to ordinary conserved currents in pure theories). A proper definition of J* would
require a regularization of the theory and a choice of renormalization scheme. Luckily
enough, if we are only interested in averaged correlators, we do not need to worry about
these issues, since guarantees that Jh is effectively conserved inside averaged

correlators.
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e The Ward identities are valid independently of the behavior of the current at
infinity. When the integral of (9;“7 # over the full space diverges (this requires the space to
be non compact) the disordered symmetry is spontaneously broken. We do not discuss
spontaneous disordered symmetry breaking in detail in this paper. We briefly comment
on it in the conclusions. If the symmetry is not spontaneously broken the integral of
8Mj“ over the full space vanishes. Thus implies the selection rules we already
derived from the spurionic argument. However (3.2.41)) is a more refined constraint being
a local conservation equation: local currents can be used to discuss 't Hooft anomalies
and eventually gauging the symmetry, as we will see shortly. Moreover we will show in
the next subsection that, with some modification with respect to the usual story, the

conservation of J leads to topological operators as in the pure case.

e Since the random coupling h(z) is space dependent, in every member of the ensemble
translational symmetry is explicitly broken. The analysis above can be repeated for the
stress-energy tensor 7", showing that also traslational invariance is recovered in a theory

with quenched disorder, provided P[h] is translational invariant.

With simple modifications we have a similar identity for any Lie group G:

Z<8H(EL(ZE)01(ZL’1) te > = Z (5(d)(l‘ - JZZ)<01([E1) ce ’I“Z‘(Ta) : Oz(l’z) cet > . (3242)

Here T, is a Lie algebra generator and r; is the representation of the Lie algebra, induced by R;,
under which O; transforms. A more general situation could take place, in which the disorder
deformation does not break the full group, but leaves a subgroup H C G unbroken. In this
case any specific realization is H —symmetric, and thus the currents J¥, with T}, generator of
h = Lie(H), satisfy the standard Ward identity without the necessity of averaging. In particular
(0,J%) = 0, even if the expectation value of the current itself is not necessarily vanishing due
to the lack of Poincaré invariance. Even if G/H is generically not a group, the associated
currents, which are not conserved in any specific realization, after the appropriate shift by their
expectation values turn out to satisfy the Ward identity in the disordered theory, and
reconstruct the full group G.

Sometimes a O-form symmetry G can form an higher-group structure with higher-form
symmetries of the theory [177-179]. In this case G is not really a subgroup of the full symmetry
structure, since the product of several G—elements can also produce an element of the higher-
form symmetry. This kind of extension is classified by group-cohomology classes, the Postnikov
classes: for instance in a 2-group, mixing G with a 1-form symmetry I', the relevant datum
is a class 8 € H3(BG,T), with BG the classifying space of G. The important thing is that
this is a discrete datum and cannot change under continuous deformation. Suppose we add
a disorder breaking G, and this re-emerges as a disordered symmetry. A natural question is
whether the higher-group structure is also recovered. The answer is affirmative as a consequence
of the discrete nature of this structure. Indeed the probability distributions P[h] have some
tunable continuous parameters, like v in the Gaussian case , such that the pure theory

is recovered in some limit (v — 0 in the Gaussian case). The cohomology class characterising
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the higher-group is discrete and cannot change with this continuous parameter. Since all these
disordered theories are continuously connected to the pure one, the higher-group structure is
unchanged.

Up to this point disordered symmetries seem to behave like ordinary global symmetries in

pure theories. The difference arises by considering averages of products of correlators

() (,.(9) () (,.(9)
H<01 (7). oY (:ckj)> . (3.2.43)
j=1
Because of (3.2.27) these are independent correlators, and we do not expect them to sat-
isfy Ward identities immediately implied by (|3.2.41]), or to be constrained by the usual selec-

tion rules. Let us consider the more general generating functional Z,(:)N) [{Ki(j )}] introduced in

(13.2.26). With the same manipulations which led to (3.2.38]), we get

N ©) O]
qozl/DhP[h] (((h@@l{y) — %(h@@) 8! %) =0, (3.2.44)

while the individual terms of the sum are generically non-vanishing. This implies that the only
Ward identity we can prove from Z,(:)N) [{KZ-(j )}] are obtained by changing variable in all the path
integrals involved: if we try to change variables only in a subset of these path integrals, the
extra term arising would be not be of the form , but the sum would be over that subset

of indices. Repeating the steps above we obtain the Ward identities for averages of products of

correlators:
N N kj N
SN : . . . . . .
Z <8MJuO§J) . Oz(cjj)> (H <O§) . O}(ﬂ)>> — Z Z q§j>5(d’(w’ _ wg))H <O§) . Ox(gl)> _
j=1 1#j j=1i;=1 1=1
(3.2.45)
These Ward identities imply weaker selection rules. For instance, the correlator
(O1(21) -+ Ok, (@, ) Oy 1Ty 41) * +* Oy ey (T 112)) (3.2.46)

can be non zero when Zf;l g; # 0 and Zf;;kil q; # 0, provided that Zf:{’” q; = 0.

In a theory with quenched disorder ordinary and disordered symmetries can be present at
the same time, and we see that their different action shows up in looking at averages of products
of correlators.

See appendix for an explicit derivation of (3.2.41]) for a two-point (k = 2) function in
a simple solvable model.

Topological operators for disordered symmetries

We now address the question of whether there exist topological symmetry operators imple-
menting disordered symmetries, placing them in the general framework of [9]. This is im-
portant to e.g. generalize to discrete symmetries, coupling them to backgrounds and discuss

non-perturbative anomalies. For notational simplicity we again focus on the G = U(1) case,
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but all the considerations can be extended to any Lie group. We introduce the modified charge
operator

Q=)= [ T = Q) - () (3.2.47)

which satisfies the integrated Ward identity

<@[E(d—1)](’)1(:c1) . Ok(a:k)> = (2 DY O (1) - . Onlzr)) (3.2.48)

with x(2(@V) as in (3.2.9)), as well as the generalization to arbitrary products

N N
> (@Ee-nof...of) <H<O§”---0,i?>> = X[ --0) - (3.249)
j=1 I#] =1

The reason why the naive procedure of constructing the symmetry operator by exponenti-
ating Q[X(@ D] does not work can be already understood at the second order: Q2[2@~1] does
not measure the square of the total charge. Let ® be a generic product of local operatorsE
We have

(Q2®) = (QQ®) — (Q)(QP) = x(QP) — x(Q)(P) + (QQ)(®) = X*(®) + (QQ)(®) . (3.2.50)

In the second step we used both the Ward identity (3.2.48|) and (3.2.49) with N = 2. We
deduce that what measures the total charge square is not @2 but

Q2= Q* — (QQ) = Q* — 2(Q)Q + 2(Q)* — (Q?) . (3.2.51)

In order to construct the topological symmetry operator we need, for any n € N, an operator
@, such that

<@n01 - Op) = X"(O1--- Oy) (3.2.52)

and then define the symmetry operators as

r7 - )" ~ e
Up= ( n,> @Qn g=e". (3.2.53)
n=0

To prove that such operators exist, and show how to compute them, we start from (Q"®) (again
® denotes a generic product of local operators), and we rewrite one ) as @ + (@), so that we

can use a linear Ward identity for @, and we iterate until we eliminate all the @s:

Q@) = (QQ"1®) + (Q)(Q" D) = x(Q"1D) + (Q)(Q"'D)
XAQr20) + X {(Q)(Q 20) + (Q)(Q"~'D)

(3.2.54)

3
—

= X"(2)+ ) xMQ)(Q1e).

0

B
Il

1n order to avoid cluttering in the formulas, from now on we will adopt a lighter notation omitting often
the support of local operators or indices.
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The terms x*(Q)(Q™*~1®) can be managed as follows. We eliminate one x by using the linear

Ward identity for the averaged product of two correlators for @, which we then re-expand as

Q- (Q):
VIRNQT0) =X ((QQ) (@ +-19) + (Q)(QQ+-1a) )
=X (1@)Q ) - 2(Q(QF18) + (QNQ 9} ).

(3.2.55)

Then we eliminate an other x from each term, again using the linear Ward identity, in some
terms with the product of two correlators, in others with the product of three correlators. We
continue in this way until we eliminate all the ys, and remain with a sum of averages of products
of expectation values of (Q%) for various a, and (Q°®) for a certain b, generally different for

each term. This defines the operator (),,. For instance

Qs = Q° = 3(Q)Q* - 3(QM)Q +6(Q)*Q — (Q%) + 6(Q)(Q*) — 6(Q)*. (3.2.56)

While this seems very complicated, one can check until arbitrarily high order that the expansion

can be beautifully resummed as

(79 = i (m)n@n = emQ<emQ>_1 , (3.2.57)

n!

n=0

where @0 := 1. Note that this is the only result consistent with <[79> = 1, which must be true
by construction since (@n) = 0 as a direct consequence of the Ward identities (3.2.52)) satisfied
by én in absence of local operators.

The operator (79 in averaged correlators behaves as

(U,[S@1])0; - O)) = X0, 0Op) (3.2.58)

and is hence a topological symmetry operator, on average. 1t satisfes the group law

(U,U,®) = (U,,®) (3.2.59)

® being an arbitrary product of local operators. As a consequence, the naive expectation that
eQeifQ — ¢iat+hQ is wrong because of the disorder. Note that before averaging the operator
U is subject to renormalization and its proper definition requires a choice of renormalization
scheme. We do not need to keep track of these subtleties, however, because they are washed
away after the average is taken.

We now consider how fjg behaves inside averages of products of correlators , extend-
ing to finite symmetry actions. This is important because, as we mentioned, products
of correlators is what really characterizes disordered symmetries with respect to ordinary ones,
and we need the symmetry operator version of the criterion we discussed at the end of section
. In principle one could explicitly construct the correct combination of charges @n entering
the Ward identities using the results above. For example, in the average of products of two

correlators, at quadratic order in the charges we have

(Q2®1)(2) + (21)(Q2Ds) + 2(Q1 D1 )(Q1D2) = x*(@1)(Ds) (3.2.60)
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®, 5 being two distinct generic products of local operators. Similarly for multiple products.
We claim that the correct Ward identities consist in inserting U, in all the (un)factorized

correlators under average:

N

N
[T{Gem0P @) -0 w))) = eI (0P ) - 0 )) - (3261
j=1 Jj=1

This can be checked by expanding both members in powers of «, which gives a series of Ward

identities for the @n’s. For example, for two correlators (N = 2) we have

Zk: <I;) <@z¢1><@/k71@2> = XF(®1)(P) (3.2.62)

where x = x1 + X2 are the sum of charges of the local operators in the product ®; » which are

inside the support of the charge operators. Checking (|3.2.62) directly is cumbersome, but we

can proceed as follows. We rewrite the last term appearing in (3.2.54)) using (3.2.62)) (assuming
its validity) with ®; = @ and &y = Q”_k_léﬁ In this way we get

n—1

_o -5y (’;) (GO Q@ = QG - Y (” , 1) Q)i - (3:2.63)

k=0 1=0 1=0
This is a recursion formula which determines @n in terms of all the @m for m < n, and it
is equivalent to (3.2.62). It can be checked that computing the topological charges with this

formula gives the same result as computing them directly from the linear Ward identities,

proving in this way the validity of (3.2.61)) and (3.2.62)).
For averages of multiple correlators the group law (3.2.59) generalizes to

ﬂ <[79[7hq)j> = ﬂ <[7gh¢j> : (3.2.64)

J=1 Jj=1

We are finally able to characterize disordered symmetries in full generality. These are symme-
tries of theories with quenched disorder implemented by symmetry operators [79, g € G, which
become topological after quenched average. They satisfy the identity and the group
law ([3.2.59) as operator equations valid in any averaged correlator. Differently from ordinary
global symmetries, in averages of products of correlators like they are topological only
if inserted in each factor of the product, and satisfy the generalized group law (3.2.64]) inside
averaged correlators. Disordered symmetries are symmetries of the pure system broken by the
disorder but with a symmetric probability measure. It is then not surprising that [79 can be

written in terms of the corresponding topological operator U, of the pure system as
-1

0y[3970] = U, [24-D)(1, [z 1)) (3.2.65)

However the characterization above is intrinsic and does not require to know the pure system.
The resummation of the series ([3.2.53)) into the compact expression (|3.2.65)) allows us to imme-
diately generalize the analysis to more general groups G, including discrete ones where there is

no current or charge operator available.

5Note that ® can include integrated current operators Ju, hence powers of charges (), but not powers of @
The latter is still the integral of a local operator, but with an explicit dependence on h(z), in which case the

analysis does not apply.
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’t Hooft anomalies for continuous disordered symmetries

We examine in this and the next subsections some general properties of disordered symme-
tries. We will argue that the concept of 't Hooft anomalies, for both continuous and discrete
symmetries, extends to this context. In particular we show that disordered symmetries inherit
the anomaly of their pure counterpart. This is important because we can use anomalies to
constraint the IR dynamics of quenched disordered theories, whose flow is generally extremely
complicated. We start discussing 't Hooft anomalies for continuous disordered symmetries,
postponing to section the case of discrete symmetries.

A theory with a global symmetry can be coupled to a background gauge field A which
acts as an external source for the conserved current .J, and results in a partition function
Z[A]. At Hooft anomaly arises whenever Z[A] is not invariant under gauge transformations
of the background (see e.g. [314] for a modern review). Denoting by A* the gauge transformed

background, we have

Z[AA} = ' Ix@ O‘(A’A)Z[A] ; (3266)

where the phase in the exponent is the t’Hooft anomaly, a functional depending on A and
A, which cannot be cancelled by local counterterms. Coupling to backgrounds for disordered
symmetries is more subtle, because the symmetry is explicitly broken in any specific realization
of the ensemble. If the symmetry is restored on average, however, a coupling to an external
background becomes possible via the shifted current J defined in (3.2.37), namely we define

Z[A] = / Dh Plh] / Dype= 50~ M) Co@)] AuT (3.2.67)

A 't Hooft anomaly for a disordered symmetry G can be defined in close analogy with the

ordinary case (|3.2.66|):
Z[AN = e Jx@ QA Z1A] (3.2.68)

Anomalies (both continuous and discrete) are known to be invariant under RG flow thanks
to their topological nature (typically associated to a Chern-Simons level taking value in a
cohomology group, see e.g. [315,[316]). In particular, the value of the anomaly cannot depend
on possible continuous parameters entering in the disorder distribution P[h|, such as v in
the Gaussian example (3.2.18)). By adiabatically changing such parameters, we can make the
distribution arbitrarily peaked around h = 0, in which case we effectively recover the pure
theoryH We then expect that a 't Hooft anomaly associated to a disordered symmetry
G can only appear if the associated pure theory (before adding the disorder perturbation) had a
't Hooft anomaly for the same symmetry G. Moreover, the two anomalies must coincide. This
can be easily verified for all anomalies which, from a path integral point of view, can be seen to
derive from the non-invariance of the path integral measure [317]. Starting from the left hand
side of when A is infinitesimal, we perform a change of variable in the path integral in
Z|A*), which corresponds to an z-dependent transformation under G such that A* — A. As
in pure theories, the non-invariance of the measure leads to the anomaly term. The derivative

of the current coming from the action variation is cancelled by the explicit symmetry breaking

16For the gaussian case this is achieved by taking v — 0.
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term and we are left with the anomalous term only. Crucially, the latter does not depend on
the disorder h and hence we immediately get the infinitesimal version of the right hand side of
(13.2.68), where « is exactly the same as in the underlying pure theory. If the anomaly vanishes,
the disordered symmetry can be gauged by making the gauge field A, in dynamical.
We report in appendix an example of matching of 't Hooft anomalies between the
pure and the disorder theories using the replica trick, which will be introduced in section |3.2.2}

for the case of the U(1) chiral anomaly in four dimensions.

Discrete disordered symmetries: 't Hooft anomalies and gauging

The topological operators U,[%(4~Y)]

are crucial to handle discrete symmetries for which there
is no current. In pure theories the coupling to background gauge fields associated to a discrete
symmetry group G can be achieved by modifying the path integral with the topological sym-
metry operators |9]. There are several equivalent ways to introduce a background gauge field
for a discrete symmetry group G. One of these (see e.g. [178] for further details) consists in
taking an atlas {U;} of the d-dimensional space X (@ and assigning group-valued connections
A;; € G on U;NU, such that A;; = Aj_i1 and A;;AjrAr; = 1 on triple intersections U; N U; N U.
A codimension one symmetry operator Uy, [Ez(,dfl)] assigns Aj; = g, (or g, ! depending on its

)

orientation) if Eédil has a non trivial intersection number with the line dual to U; N U; and

A =1 otherwise.lﬂ The resulting sets of connections A;; defines a background gauge field for
G and can be represented by a cohomology class A € H'(X®,G). The operators Uy, [Z;,d_l)]

can intersect in three-valent junctions of codimension two provided that

9i9i9k =1, (3.2.69)

or also in higher multi-valued junctions. The configuration described above requires few choices,
and one must check independence on those. Since the operators are topological local changes in
their support are immaterial. We could also change the mesh locally near the junctions, which
corresponds to resolve a multi-valent junction in three-valent ones in different ways. This
corresponds to background gauge transformations and a non-invariance under them signals a
't Hooft anomaly for discrete symmetries. In d dimensions a 't Hooft anomaly is classified by
a class « € H*(BG,U(1))[F

Consider now a theory T with quenched disorder, obtained by deforming a pure theory Ty,
and denote by T}, the member of the ensemble with coupling h(x). Suppose T has a discrete

disordered symmetry G. As we have seen this is implemented by the operators
- -1
,[26D) = Ug[Z(d_l)]<Ug[E(d_l)]> . (3.2.70)

We introduce a fine-enough mesh of topological operators U i[EEdfl)] satisfying (on average) the
cocycle condition (3.2.69)) in the three-valent junctions. Since [791. [ngil)] is not topological in 77,

the junctions (as well as the operators U themselves) are not really well-defined because of UV

'"In the dual triangulation the charts U; are points, the intersections U; N U; are lines, and so on.
18Strictly speaking, this is the case for bosonic theories in d < 3 dimensions. More in general, anomalies are

classified by a cobordism group [318].
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divergences. However we can employ an arbitrary regularization scheme for these divergences,
without the need of specifying a renormalization scheme to try to define the junctions and
the operators U (recall the second comment after (3.2.41])). This is because we know that the
operators become topological after the average and hence such divergences are expected to be

washed away from the integration over h(x). We define
Zu [t 1) = [oueso-too T10, 0 = ([O,E4) G2

which, contrary to the pure case, does depend on the specific location of the planes Egd_l). At
this point there is no notion of background gauge fields. However, as a consequence of the

Ward identity discussed in section |3.2.1},
Zr[{9:}] = /DhP[h] Zr, [ {g9i} . h] (3.2.72)

is independent of the choice of location for 3; and hence the set of operators ﬁgi inserted in
(3.2.72)) corresponds to a well-defined discrete gauge field A € H'(X@ G). It is important
to emphasize here that the gauge field A arises only after the average over h(x) is performed.
Differently said, if a pure system has a symmetry G, perturbing it with quenched disorder and
coupling it to a background are non-commutative operations. In what follows we denote the
above partition function by Zr[A].

Local modifications of the three-valent junctions change the gauge field by an exact 1-
cocycle A — A* = A+ §)\. This can change the partition function Zy[A] by a phase, which
represents a class o € H™(BG,U(1)): this is the diagnostic for an 't Hooft anomaly for a
discrete disordered symmetry. Since the topological operator ﬁg[E(dH)] is different from the one
in the pure theory by the stacking of an h(x)—dependent functional, it is not a priori obvious
that the contact terms arising in the local moves are the same as those in the pure theory,
precisely as it occurred in the continuous case discussed in section [3.2.1] However, the fact that
anomalies are classified by classes in H¥*'(BG, U(1)), which are discrete, immediately proves
that they cannot depend on the strength of the disorder and must be equal to those of the
pure theory. As a result, a system with a disordered symmetry with a 't Hooft anomaly cannot
be trivially gapped. This is in agreement with previous works in condensed matter where —
mostly in the context of topological insulators [295-299,301] but not only (see e.g. [300]) —
SPT phases of matter where the symmetry is disordered were found. We see that in general
disordered symmetries can lead to protected non-trivial topological phases (see [302] for a recent
analysis)[7]

Now suppose that the 't Hooft anomaly vanishes. Then Zr[A] is well defined and is possible
to gauge the symmetry by summing over all consistent insertions of symmetry operators, or

equivalently over cohomology classes A € H'(X(@ G). We denote the resulting theory by T/G,

9Tn [302] it is considered a Lorentizan theory with a disorder coupling depending on space but not in time.
In this set-up it is found that purely disordered symmetries, i.e. in absence of pure symmetries, necessarily have

a trivial t” Hooft anomaly. This is not in contradiction with our findings, based on Euclidean theories.

109



whose partition function iﬂ

Zrjc= Y Zr[A]. (3.2.73)
AcHY(X(D),@)

At this point everything is essentially the same as in the pure case (see e.g. [9,[11]). The
operators of T" with a counterpart in T/G are the gauge-invariant ones, while we also add
the (d — 2) dimensional operators in the twisted sector of G. Indeed the topological operators
ﬁg[E(d_l)] become trivial in 7'/G, and their boundary operators turn into genuine operators (on
average). Finally, since A € H(X@, @) is dynamical, T/G has a dual symmetry generated by
the Wilson lines of the G gauge field. This is a (d — 2)-form symmetry whose charged objects
are the operators coming from the twisted sectors of G. For G abelian the symmetry is the

Pontryagin dual G, while it is a non-invertible symmetry in the non-abelian case [11].

3.2.2 Disordered symmetries and the replica trick

Disordered systems are often treated by means of the replica trick, which expresses the averaged
correlation functions as certain limits of correlation functions of a standard QFT, the replica
theory. In this section we interpret the disordered symmetries from the point of view of the
replica theory. In addition to provide a sanity check of the results found in section [3.2.1] the
method of replicas allows us to consider emergent symmetries in the disordered theory for
which the results in the previous section do not apply. We will discuss emergent symmetries in
section |3.2.3] For the rest of this section and the next section we assume a Gaussian probability
distribution like (and its generalization for complex h) with variance UH

The replica trick

To fix our notation we briefly review the replica trick. This is a useful tool that allows to
compute connected and full (i.e. both its connected and disconnected parts) correlators of the
disordered theory as limits of correlators of a pure theory. The starting point of the replica
trick is the identity

, oz
W =logZ = 7111&1) ( o ) : (3.2.74)

The idea is to replicate the pure system n times, indexing each copy with a label a

20, K] = / li[l Dyt exp (- Za:SO’“ _ Z / h(2)Opa(z) + Z / Ki(@oi,a(x)) ,

(3.2.75)

20In the pure case it is possible to modify this sum weighting the terms with phases. Consistency conditions
related with associativity constraint these phases to be of the form [y, A*v, where v € HY(BG,U(1)) is a
discrete torsion class and we think A as a homotopy class of maps XY — BG, so that A*v € HY(X® U(1)).
Since the same kind of constraints are valid also in the disordered theories, we expect the very same modification

of the gauging procedure to be possible also in this context.
21Normalization factors of P[h], which ensure that probabilities add to one, will not play a role in our

considerations and are then left implicit.
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with the same random field coupling h and external sources K; for all replicas. When Plh] is

Gaussian the average over h(x) can be performed explicitly and we get
W,|K;] == / Dh P[h)Z"[h, K] = / [[ Do e Srertia KiOue (3.2.76)
a=1

where

Srep = Z So.q — %Z / Az O o(1)Og () (3.2.77)
a a,b

is the replica action. We see how a coupling between the replica theories has been generated
after the average. Renormalization will possibly induce other couplings in the replica theory,
all compatible with the symmetries of the system. Among these, importantly the replica theory
enjoys an 5, replica symmetry that permutes the various copies of the pure theory. We now

assume that W,, can be analytically continued for arbitrary values of n including the origin in

the complex n—plane@ Using ([3.2.74]) we find
oW,
Wp = 1im< . ) (3.2.78)
where Wp is defined in (3.2.23)), and thus

(O1(21)Os(w2) ), = lim 0, << S Oral) 3 Ony(an) ... >> , (3.2.79)

where we used the fact that

lim W, [K;] = 1. (3.2.80)

Note that the in the left hand side of we have the connected part of the correlator
(indicated with the subscript ¢) which is computed in the replica theory by a suitable limit
of a full correlator. Moreover, we see from that a local operator O inside connected
correlators of the disordered theory is mapped in the replica theory to its S,,-singlet component
5, O..

The replica trick is also useful to compute general correlation functions in the disordered
theory. Denoting by

Salh] = Soa + / h(2)Oga(z), (3.2.81)

we have
e—S[h} 1 ml e k .Z'k
(O1(21) ... O(xp)) = /Dh Plh] J D OZ%h] ). Og(zy)

B JT1, Dt €= 25Oy | (3) ... Op ()
_ / Dh P[h] i ,

which is an identity for any positive integer n. Assuming again that it can be analytically

(3.2.82)

continued for n — 0 we get™|

(1) - Oxlwn)) = Iim(O1 (1) . O )" (3.2.83)

22This is a notoriously subtle limit. In particular we can have the phenomenon of spontaneous replica
symmetry breaking (see [319] and references therein). We assume in what follows that the replica symmetry is

not spontaneously broken.
Z3Note that we have actually taken the limit n — 0 in the denominator of (3.2.82) (Z"[h] — 1) before
integrating over h, while in the numerator it is kept after the integration over h.
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In general correlators, in contrast to connected correlators, local operators are mapped to a
specific copy (the same for all operators in the correlation function) in the replica theory. Equa-
tion (3.2.83)) can easily be generalized to averages of products of general correlation functions.

For example, omitting for simplicity the x-dependence of the local operators, we have

. m Duge™ ZSah]Hl Oz H 0,2
<HO ><HO(2)>:#£% Dh Plh T

k l
T (1) @)\"P
- ([T TTo) "™

(3.2.84)

and similarly for more than two products. The last observables which we need to evaluate
are averages of products of N connected correlators. Before averaging, these correlators are
obtained by taking functional derivatives of the product W[Ki(l)] - W[K™]. For each of them

)

we can use the replica trick to express this product as a unique path integral. We then have

ky

[(1loY) - (,}D,:%a—m)ﬂﬁlﬂ fj 0l w)" (3:2:85)

=1 7=1 =1 j5=1 (l)

where Siep, is the replica theory for n = Eiil n; replicas. Note that averages of products of gen-
eral or connected correlators in the disordered theory are always expressed in the replica theory
as suitable limits of a single general correlator. Since any correlator can be expanded in its
connected components, is actually sufficient to compute generic correlation functions
of the disordered theory. Any operator of the disordered theory gives rise to a multiplet trans-
forming in the n-dimensional (natural) representation of S,,. Averages of connected correlators
of operators of the disordered theory are given by the S,, singlet operators inside the natural
representation in the replica theory. More general correlation functions of the disoredered the-
ory are instead given by considering operators singlets under subgroups S,, C 5,, induced by

the natural representation in the replica theory.

Disordered symmetries from replica theory

Our first task is to understand how disordered symmetries manifest themselves in the replica

theory. For concreteness we consider again the case of a G = U(1) symmetry, the replica action

v —
Srep = Y Soa — 3 > / A%z Op.0(2)Ogp() . (3.2.86)
a a,b

The U(1)" symmetry of the replicated pure part is broken by the disorder coupling to its

reads

diagonal U(1) subgroup, which is then a symmetry of the replica theory. In particular there is

a conserved current

Th=>Y_Jt (3.2.87)

constructed as the .S, singlet out of the multiplet induced by the current J* of the disordered
theory.
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We can recover the Ward identities of the disordered symmetry from those produced by J7,
in the replica theory by using for averages of products of connected correlators. The
general key idea is to write a sum of averages of products of connected correlators with current
insertions that, once mapped to correlators of the replica theory, reconstruct the complete
diagonal current J5. Then we can use the Ward identity in the replica theory and finally we
rewrite the results back in terms of the disordered theory.

Determining the Ward identities for averages of single connected correlators is simple, be-
cause the diagonal current Jp appears directly in the replica theory and we can immediately

use the ordinary Ward identities there. We have
0,71 (2)01 (11)0 — 1im 8, ({ J& 0 0 rep
< 1($1) 2(!152) > —nliﬂo n<< D(ﬁ)z 1,a($1)2 2,b($2)-~-> >
_qué( (x — ;) hm@ Z(’)laxl ZObeg rep

=3 46D (@ — 2){01(21) Oa(za) ), (3.2.88)

which reproduces the connected version of (3.2.41)). Averages of products of connected corre-
lators are also easy to treat, because it is enough to consider a sum of correlators where the
current is inserted in each term to reconstruct Jp in the replica theory and then use the Ward

identities there. Skipping obvious steps, we get

> (@)oo, ( [T .. >> Z Z 5. quj)H Ve, (3.2.89)

l#j j=11i;=1

which is similar to , but expressed in terms of connected correlators and the unshifted
current.

Due to the different way the replica trick handles connected and general correlators, deter-
mining the Ward identities for the latter will produce the improved current j; We use (13.2.83))

to write

<8“JM01 s On> = }}E})@MJMOLI C Ok71>rep

= lim <8MJM710171 e Ok71>rep — lim
n—0

n~>0n—

Z " J0aOr1 ... Opp)™eP (3.2.90)
-+ 71}21(1)(8“{]%2(91’1 Ce Ok’1>rep .

In the last step, the last two terms add to zero due to the S, symmetry enjoyed by the replica
theory. In the limit n — 0 we have

rl}i%(@”J“’lOLl e Ok71>rep — 71113% " — Z 8 JH a(’)l 1- Ok71>rep

(3.2.91)
= m(9"J,,pOr1 ... O )
and
lir%(a“J“,g(’)Ll e Ok’1>rep = <8“J'u><01 cee Ok> . (3292)
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Therefore, by using the standard Ward identities of the replica theory, from (3.2.90) we get
(3.2.41]), as expected. The Ward identities (3.2.45|) for products of generic correlators can be

derived using a similar treatment:

N
S (9,0 0 (H(OY)'--O;?)_m 8JMH L Oy

=t ] i
N N N n
=1 (7) (3) \\re . Y e
7n1§<l)z<au‘]“d' H(Ol,j"'okj,j)> P —}Lli%n_N Z 8“JMH .. )> P
=1 J=1 a=N+1
N . .
o+ lim N (0" v JJOF) - O )7 (3.2.99)
j=1

N
=33 a8 H (O 0) + N T+ o).
j=11i;=1 i
The last term in the right-hand-side in the third row of precisely combines with the
left-hand-side to reproduce the shifted current ju and hence the Ward identities .

The above analysis shows that the replica counterpart of the disordered symmetry is an
ordinary symmetry generated by the diagonal current J7, and all the Ward identities of the
disordered theory reduce to Ward identities involving J% in the replica theory. The exotic
selection rules (see discussion around ) of the disordered symmetry are a consequence
of the non-trivial map between the observables of the replica theory and those in the theory

with quenched disorder.

3.2.3 Disordered emergent symmetries and LogCFTs

Our analysis of Ward identities in section |3.2.1] applies for disordered symmetries, namely
symmetries which are present in the underlying UV theory, are broken by the disorder, and
get restored after disorder average. On the other hand, as in pure theories, we can have
genuinely emergent symmetries in the IR, namely symmetries which are not present in the
UV theory even before adding the disorder coupling. If the symmetry emerges for each theory
in the ensemble, then we expect that it gives rise to approximate selection rules of the same
kind as in pure theories with emergent symmetries in the IR. However, we could also have
symmetries that emerge in the IR only after disorder average. By definition, this implies the
existence of additional selection rules which are valid on average in the IR of the theory. For
non-emergent, actual disordered symmetries such selection rules arise from a conserved current
which is a shifted version of the current operator J* of the UV theory Jh = Jr — (J"). For
emergent symmetries we cannot determine its explicit form, as the description in terms of the
UV action is useless, and the analysis in section does not hold. However, as we will see,
we can deduce which are the selection rules that the emergent disordered symmetry imposes
on averaged correlation functions using the replica theory.

From a symmetry point of view, the key qualitative feature of the replica theory (for any
finite n) is the presence of a S, global permutation symmetry not present in the original

theory with disorder. In the analysis in section the internal symmetry G generated
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by the current Jj, commutes with S,,, namely the infinitesimal transformations 00;, of the
fields do not mix different replicas. This is guaranteed by the fact that G in the replica
theory is the diagonal subgroup of the G™ global symmetry of the replica theories when v = 0.
On the other hand, in the case of an emergent symmetry this is not necessarily the case:
each irreducible representation of S, can sit in a different G-representation, or even more
generally, the local operators could sit in representations of the semi-direct product G x S,,.
We expect that emergent symmetries in the replica theory of this kind correspond to disordered
emergent symmetries in the theory with disorder. As we will see below, even in the deep IR
the resulting selection rules will be modified with respect to those coming from (|3.2.41]) and its
generalizations. As an application we will show how these modified Ward Identities allow for
logarithmic conformal field theories (LogCFTs) as IR fixed points of disordered systems.

3.2.4 Emergent disordered symmetries

Let us analyze in some detail the Ward Identities for emergent symmetries in the replica the-
ory. We study theories in which the total symmetry is a direct product G x S,,, since this
particular case already exhibits interesting features. For further simplification, we consider
G = U(1) and correlators where only the singlet and the standard representations of S,, are
involved. Generalizations to other representations of S,, or more general groups G should be
straightforward.

Consider the average of a single correlation function of k£ local operators in the disordered
theory. We consider both the general and the connected part of the correlator. Using
and (3.2.79), they are mapped in the replica to the n — 0 limit of respectively (Oy; ... Oy 1)™P
and 0,(> ;. Oray - -+ D g, Oka,)'P, omitting the space dependence of the operators in the corre-
lators for simplicity. The replica theory is an ordinary pure theory and the emergent symmetry
should manifest with the existence of a vector local operator J};, which becomes conserved in
the IR. The operator Jp, is necessarily a singlet of .S, since U(1) commutes with S, by defi-
nition. Note that we do not need to assume the knowledge of the full multiplet J¥ for which
Ji =" J¢ Indeed, while in the UV, for weak disorder, the existence of vector operators
in the natural representation of S, is guaranteed, we do not need to keep track of the IR fate
of the non-singlet components. Assuming that J}, is conserved in the IR also at finite n, the

following standard selection rules on k-point correlators apply:

k n k n
Z<Z 00 4, H Z Oi0,)" =0, (3.2.94)

jil (Z]'ZI ]75121 (lizl
k k
Z@Oﬂ H O;1)* P =0. (3.2.95)
Jj=1 Jj#i=1

The key point is now to look more closely to the variations 60;,,. Indeed, the natural repre-
sentation of 5, is reducible and the O;’s split in
i,a

n 1
Oz(S) = E Oz’,a ) O(F) = Oi,a - _O§S)a (3296)
n
a=1
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which transform in the singlet and in the standard, or fundamental, representation respec-
tively@ The U(1) symmetry acts as

00 = 45,08, 305, = qri0f, (3.2.97)

i,a

where the charges are generically different, ¢s; # ¢ri, and can possibly depend on n. The

variations entering the Ward identities of the replica theory are then

1 Ag; —
00i0 = 50 + ~50%) = 4,0;0 + =23 Osa, (3.2.98)
) n n —

where
Agi = gis — qir - (3.2.99)

Since in connected correlators we only have singlet components, plugging (3.2.98)) in (3.2.94))

gives simply

Z gs ) H Z Oy, ) = (3.2.100)

=1 a;=1

On the other hand, plugging (|3.2.98|) in (3.2.95)) equals

o_zqFJHo,lreuz 24570, T 0

b=1 j#i=1
k Ag: k Ag,
-3 (o + 22) [0+ X 2250, T 0
j=1 n i=1 b=2 jF#i=1
k k
:ZqFJ(H erep+ZAq] 7,2 H O rep
j=1 i=1 ];ﬁz 1
L
+ E Z Aq] << H O@])rep — <Oj,2 H Oi71>rep> . (32101)
J=1 J#i=1 jFi=1
The existence of the limit n — 0 requires that
Agj(n) = nK; + O(n?), as n— 0, (3.2.102)
where 5A
4
K;, = : 3.2.103
J an o ( )

We can use ((3.2.102)) to go back to the averaged correlators of the disordered theory and obtain

the desired selection rules

doalJod+> K <<H o) — (0 ]] Oi>> =0, (3.2.104)
j=1 i=1 j=1 i=1 jAi=1

k k
> g0 =0, (3.2.105)
j=1 =1

24More general representations arise for composite operators of the disordered theory which, once replicated,

correspond to multiplets of S,, transforming in a (reducible) tensor product of two or more natural representa-
tions.
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where
q] = QF,j’nZO = qs,j’nzo s j = 1, ey k . (32106)

A similar analysis can be repeated for averages of products of correlation functions of the kind
(13.2.43). We report here only the final result:

N  kmn N
>N [(q]m) + K ’”)) [Tro
=1

m=1 j=1
+ K (Z (e o) T (o) - Nof) ™) H<T“’>> =0 (32107)
a#£m l#m,a l#m
where we introduced the notations
ki k;
TO = 11@9 = | 11"[#4(950 , (3.2.108)
i= i=1,i#j

When K; = 0, the selection rules are the standard ones associated to a U(1) conserved
symmetry, while for K; # 0 we get additional terms which affect the disconnected component of
the correlator only, given that the connected part satisfies the ordinary selection rule (3.2.105)).
The fact that holds implies that in the disordered theory we have a notion of operators
O; carrying a definite U(1) charge ¢;, yet in disconnected correlators some effect is responsible
for the appearance of the extra terms proportional to K;. It would be interesting to understand

the origin of these extra factors directly from the disordered theory.

For k = 2, (3.2.104)) and (3.2.105|) simplify and can be rewritten as

(g1 + @2)(O01)c(O2)c + (K1 + K2)(0103). = 0
(1 + @2)(0102). =0

If Ky + K5 # 0, independently of the value of ¢; + g2, the connected part of the 2-point function

(3.2.109)

has to vanish and only a disconnected component is allowed. We are not aware of disordered
theories with K; # 0 for an internal global symmetry. On the other hand, we will show in
the next section that the exotic selection rules derived above, applied to the case of emergent
conformal symmetry, are at the origin of the possible appearance of logarithmic CFTs in the
IR of disordered theories.

LogCFTs

Infrared fixed points of theories with quenched disorder can be described by non-unitary
LogCFTs, first discussed in 2d [304,[305]. See e.g. [320] for a review of 2d LogCFTs or [306] for
an introduction to LogCFTs in d dimensions from an axiomatic point of view. It was recognized
in [305] that LogCFTs are intrinsically associated in having primary operators that are highest
weight of indecomposable but not irreducible representations of the conformal group. A deriva-
tion of how LogCFTs can arise as random fixed points was given in [307] and more recently
in [312] by means of (suitable generalizations of) Callan-Symanzik equations, in both cases us-
ing replica methods. We provide here an alternative derivation, working out the generalization
of when the emergent group is assumed to be the conformal one.
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In the IR fixed point of the replica theory we have a dilatation current J; which yields the
topological dilatation operator

d—1
D [£¢D)] :/Z(dl)Jc‘;nu. (3.2.110)

The conformal Ward identities applied to a primary operator O imply

D[SV O(z) = 6pO(x) + O(x)D [ V] | (3.2.111)

T nox

where
opO = (A+ :U“(?N) O(x), (3.2.112)

(D) U s a closed codimension 1 surface (not) encircling z. The dilatation operator

acts diagonally only on the irreducible representations ((3.2.96|):
IpO (x) = (Asi(n) +29,) O (x) , 5pOL) (x) = (Api(n) + 2#9,) OF)(x) . (3.2.113)
Thus on O, ,(x) we have

Acs — A
50O;a(x) = (Ap + 28,) Oa(z) + % > 0al2), (3.2.114)

a=1

where in general Ag;(n) # Ag;(n) for finite n. We plug the above transformations in (3.2.95))
with £ = 2 and equal operators. In this way we find the analogues of (3.2.109) for scaling

transformations:

(@0, + 28) (O(2))(0(0))c + 2K(O(x)O(0)). = 0,

) e (3.2.115)
(28, + 24) (O(2)0(0)). = 0,
where
A= AF’n:O = AS’nzo, K= &L(AS - AF)|n:O . (32116)
The general solution of ([3.2.115) reads
AT AT Cc1

<O(£)O(O)>C - |x]2A

(3.2.117)

ArA G cilog(plz|)
OO0 = s - “Ei.
where ¢ 5 are two integration constants with mass dimension —2A and g is an arbitrary mass
scale. Note that in a LogCFT, due to the peculiar way dilatations act on operators, the
presence of a mass scale is actually compatible with conformal symmetry (see e.g. [306] for a
more detailed explanation). We see that the log term arises when K # 0, which acts as a source
term in the second equation in .
Whenever the LogCFT has some internal global symmetry G which is not emergent in the
IR but is an exact symmetry present along the whole RG flow (i.e. present for each member of
the ensemble and not broken by the disorder), the derivation above shows that logarithms can
only appear in two-point functions of operators singlets under . Indeed, in the replica theory

the symmetry G gets replicated in n (unbroken) copies G,, while the conformal symmetry
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generally is not, being only emergent at the fixed point. A representation p of G acting on a
primary operator O is then replicated into n copies p,, each acting only on O,. Let g € G, by

simple manipulations we get
pa(9) - O = pa(g) - O0 — Oy + O

1
= (palg) = 1)- O3 +

(palg) + (n — 1)1) - O . (3-2.118)

Since (G, are internal symmetries, which necessarily commute with the dilatation operator D,

we have
0= [D, pu(9)] - OF = (Ap — Ag) (palg) — 1) - O (3.2.119)
Unless p is in the trivial representation, the only solution of is
Ags(n) = Ap(n), (3.2.120)

which implies that the factor K defined in (3.2.116|) vanishes, and thus logharithms cannot
appear in the two-point function of O at the IR fixed point.

3.2.5 Symmetries in ensemble average

We discuss in this section the case in which the random coupling is taken to be constant:
h(z) = h. (3.2.121)

Such set-up, which does not physically describe impurities as in quenched disorder, is partic-
ularly interesting in the light of the recent understanding of the role of average QFTs in the
AdS/CFT correspondence [282]. As in the case of quenched disorder, we are interested in the
situation where a symmetry is explicitly broken in any element of the ensemble and we want
to see when and under which conditions it can emerge after the average. To distinguish them
from the case of disordered systems, we will call these symmetries averaged symmetries. A
notable example of this kind is the O(N) symmetry in the SYK model [279-281] which rotates
the N Majorana fermions, broken by the random fermion coupling, and restored after average
(provided the average is taken with an O(N)-invariant distribution, as is often the case).

We will see that the simple replacement leads to crucial differences with respect
to the quenched disorder case. We discuss the importance of connectedness of the full space
in section |3.2.5] we derive the Ward identities and the topological operators emerging after
ensemble average in section [3.2.5 and finally in section [3.2.5 we comment on the implications
of our results in the context of the AdS/CFT correspondence where the ensemble average is

supposed to be the dual theory of a bulk theory of gravity in d 4+ 1 dimensions.

Selection rules in disconnected spaces

The presence of a constant random coupling h over the entire space X@ leads to a new effect,

not present in the quenched disorder, which is the lack of factorization of correlation functions
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in disconnected spaces. For definiteness, consider a theory deformed by a random coupling A in
a space X @ which is the union of two spaces X4 = X 1(d) U XQ(d), with Xl(d) N Xz(d) = (). At this
stage we are not specifying whether the coupling is a constant or not, we only assume that it
breaks a global 0-form symmetry G of the pure theory. For each element of the ensemble we
can define a generating functional introducing sources K; for the local operators ;. Since the
space manifold is disconnected, for each local operator O we effectively need two sources, K;
and Kj, defined in Xl(d) and XQ(d). For any h, constant or not, the total functional factorize

ZIXD K ) =z XD Ky, R Z[X\P Ky, b, (3.2.122)
and so will do arbitrary correlation functions of local operators ®:
(P)x = (P1)x, (P2)xs (3.2.123)

with obvious notation. When h is space dependent (quenched disorder), its support and its
probability measure splits into X; and X5. Hence quenched averaged correlators factorize in

the two distinct components{]

(P1)x, (P2)x, = (Pr) x, (P2)y, - (3.2.124)

Thanks to this factorization, the selection rules of the disordered theory are realized indepen-

dently on each connected component:

(i) x, = Ri (®i)y, i=1,2, (quenched disorder) , (3.2.125)

where R; are the direct products of the representations of the local operators in Xi(d), which
should each contain a singlet to get a non-vanishing correlator.

Crucially, in the ensemble average case (3.2.124]) cannot hold, because a constant h does
not split on the connected components and the average correlates the operators across X l(d) and

Xg(d). In particular, we now get the selection rules
(P1)x, (P2) x, = Ri - Ry (P1)x,(P2), (ensemble average) . (3.2.126)

In contrast to the quenched disorder case, averages of single correlators in the ensemble average
effectively turn into averages of products of correlators when the space is disconnected. The
constraint (3.2.126)) is weaker than , obtained in the quenched average theory. In
(3.2.126)) we need the singlet to appear only in the product R; - R, in separately
for R; and R,. For symmetries that emerge after ensemble average, which we dub average
symmetries, the charge is then not conserved on a single connected component of the manifold,
but can “escape” to the other connected components (see the end of appendix for an
explicit computation in a free scalar model). We will see how this relates to the violation
of global symmetries by Euclidean wormholes in section [3.2.5] The above analysis is trivally
generalized to a space with an arbitrary number of disconnected components and to arbitrary

products of correlation functions of local operators.

25This follows from the observation that any map whose domain is disconnected can be written uniquely as

a sum of maps each supported in a connected component.
26Tt should not be confused this factorization of correlators in disconnected space with the non-factorization

of products of averaged correlators due to quenched disorder considered in section and present in any space

X (@ connected or not.
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Ensemble average and Ward identities

The analysis presented in section [3.2.1] can be repeated in the case of constant h. For con-
creteness we consider again the case in which the pure theory has a U(1) global symmetry
under which Oy has charge ¢o. We have one complex parameter h and the average generating

functional is
f D/,Le_SO_(thO+CC)+f Kzoz

f DMG_SO_(thO+C'C')

(3.2.127)

71K = / dhdh P[]

We derive identities between correlators by changing variables inside the various integrals in
(13.2.127). By changing variable in the numerator with an infinitesimal space-dependent sym-

metry transformation of parameter €(z), we get
(0" (2)®) = > 6D (2 — 2:)q:(®) + qo(D(2)®) | (3.2.128)

where the sum runs over all the local operators defining ® and we have defined
D(z) := —hOy(z) + h Oy(z) . (3.2.129)

Note that (3.2.128)) holds before taking the average. Indeed, this is nothing else than the Ward
identities one obtains in a pure theory for an explicitly broken symmetry. We are now not
allowed to do a change of variable in the h integral to possibly prove the vanishing on average

of the last term in (3.2.128)). However, we can perform a global transformation h — e~ %0¢h,
with e constant, inside (3.2.127]). In this way, we get

(D(2)®) = /X D@) (). (3.2.130)

X (d)

where X@ is the full space manifold. Finally we can perform a space dependent U(1) trans-
formation only in the path integral in the denominator of (3.2.127)), getting

(0u*) = (D), (3.2.131)

valid before ensemble average. From now on we will assume that Oy is a scalar under spatial

rotationsm so that every element of the ensemble is so(d) invariant. We then have (J,) = 0
and thanks to (3.2.131)) the relation (3.2.130]) simplifies to

X(d)<D(:p)<1>> =0. (3.2.132)

See appendix for an explicit derivation of (3.2.132)) for a two-point function in a simple
solvable model. The combination 0*J, — gyD(z) satisfies the condition

/( )dd:v {(orJ,(z) — ¢oD(z)) @) =0, (3.2.133)

2"This assumption is not crucial. For non-scalar deformations, rotational invariance is broken before the
average and we need to keep track of all the vacuum expectation values induced by the random variable, as
done in the quenched disorder case. This can be repeated in the ensemble average case, but makes the analysis

more involved.
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which ensures that the Ward identities , when integrated over the full space and after
ensemble average, imply charge conservation. As expected from a spurionic argument, the
symmetry is restored after average@

Let us now see if we can define more general operators @[Z(d*”, D] topological after
ensemble average. The natural choice from (3.2.133]) is

QL D] = Q@] — g, /

D(d)

A’z D(z), QXY ::/ n,J*(x),  (3.2.134)
$(d—1)

where D@ is an arbitrary region such that 9D@ = X1 Note that this requires X(?~1
to be homologically trivial otherwise, by definition, the surface D@ does not exist. In the
terminology of [321], the operator is a non-genuine co-dimension one operator, since
it requires a topological surface attached to it@

We can discuss the dependence of @ in (3.2.134) on the choice of the filling region D@,
Given another such manifold D' we can glue it along X~ with the orientation reversal of
D@ to form a closed manifold Y@ = D'@ | D@ and @[Z(d”), D] is independent on D@
if and only if

Y(d)<D(x)<I>> =0. (3.2.135)

We see that is not satisfied unless the space-time X@ is connected, and we will
generically refer to @ as a non-genuine operator. On the other hand, if X(@ is connected any
homologically trivial co-dimension one submanifold £V of X divides X(@ — (=1 in two
disjoint connected components glued along (=1 hence necessarily Y@ = X and (3.2.135)
reduces to (3.2.132), showing the independence of Q[x=1, D@] on the filling region. Q is still
expressed with an integral over DY but the dependence of the non-genuine symmetry operator
on the filling region is only apparent, and for all practical purposes this can be regarded as
independent on the filling region. We refer to this situation as a quasi-genuine co-dimension
one operator.

If X has several connected components, Y@ can be a proper sub-region, since adding

or removing from it an entire connected component which does not intersect ¥(¢=1

(d-1)

preserves

the property that Y@ is the union of regions glued along ¥ . For instance if X has two

connected components Xl(d) and XQ(d), and suppose L@V is entirely contained in Xl(d), the
latter is divided by 21 into two regions D@ and D@, and choosing one or the other leads
to different operators @ [¥(4=D], since (3.2.132)) holds only in the entire space and not to each

connected component:

< D<d)D(x)q)> - <(/D,<d) +/X<d))27(ﬂf)‘1>> # </D/(d)7?(x)<1>>. (3.2.136)

In this case we cannot define a quasi-genuine co-dimension one topological operator and there-

fore, even if the total charge is conserved thanks to (3.2.133)), we cannot measure it locally in

a subregion of the entire (disconnected) space.

28In a pure theory the identities (3.2.128]) apply but D(zx) does not integrate to zero when inserted in arbitrary
correlators. As a consequence no selection rules are implied, as expected for an explicitly broken symmetry!
29The requirement is however of different nature. In [321] (and subsequent works) the surface is required to
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D'(d)

Figure 3.3: Selection rules ([3.2.138)) for correlators when X @ is connected. The integral over
the region D@ in the left panel equals the integral over the region D' in the right panel
thanks to (3.2.132). When D@ is shrunk to a point the region D' extends to the whole X (@,

In order to measure the charge of operators in the whole space, we can consider @ on a
codimension 1 closed surface £ D = ${" Y 2l with Egdil) C XZ-(d) (1 = 1,2), and two
regions Dz-(d) such that (9D§d) = Zz(-dfl). In each given connected component, the charge cannot
be conserved, as we have seen, but if we simultaneously consider the two regions, then the Ward

identities still apply. In the schematic notation of section [3.2.5] we have

(Q[, DI®) = (Q[S1, Di]®1)x, (Do), + (D1) x, (Q[Es, Da]s)
e — (3.2.137)
= (a(E0) +x2(22) ) (@)x, (B2, = (a(E1) + x2(E2)) @)

where x12(312) denotes the sum of the charges of the local operators ®; 5 which are inside
the surface Z(l‘f; Y. Since R depends now on D@ it is crucial to consider the complement
space in both connected spaces at the same time. The generalization to spaces X (9 with more
than two connected components is obvious.

We refer the reader to appendix for a proof of the existence of the operator (79 which
implements the action of the group rather than the action of the corresponding Lie algebra.
By definition, the operator ﬁg, given in , satisfies

~

(U,[26=1), D@D]O; ---0,) = eia><(2("l*”)<(f)1 - 0,). (3.2.138)

Since Ug 0, X (d)] =1, (3.2.138)) implies the selection rules we derived from the spurion argument
(see figure . The equivalent of (3.2.137)) for a finite group action precisely reproduces the
selection rule ([3.2.126). With X9~V as in figure 3.4, we have

(@) y = (T[S, DI®) . = (U,[S1, Di]®1) x, (T, [, Da]s) ., = 00 He2)(g) - (3.2.139)

(D) y = (Uy[S1, Di]®1)x, (Ds) , # €0 E (@) . (3.2.140)

have a well-defined gauge-invariant operator, here the surface is required to make the operator topological (on

average).
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Figure 3.4: Violation of the selection rules ([3.2.140) when X (9 is disconnected. The integral
over the region D(d) in X; () (left) is not equal to the integral over the region D, @ i X, (@) (rlght)
because of the presence of the component X . An equality sign would require to reverse the

region of integration also in X2( ) (right) from Dg ) to its complement.

We have then found an instance of a theory with a global zero-form symmetry in the sense of
giving rise to selection rules for correlation functions of local operators, but with no genuine
co-dimension one topological operator. Aside of being topological only on average, the operator
(79[2, D] is not genuine and it can be defined only on homologically trivial cycles.

The local charge violation ([3.2.140)) in a single connected component of space when X (%
is an union of several connected components indicate the presence of non-local interactions in
the theory. Their presence is manifest by using the replica trick. Consider a Gaussian random
distribution P[hh] oc exp(—hh/v) (e.g. as in the SYK model). Repeating the steps described
in section we find non-local interactions among replicas

Srep ZSOa—v/dd /dd ZOM )O0s(y) - (3.2.141)
a,b=1

The replica theory enjoys a diagonal U(1)p global symmetry, but the naive diagonal current
Jp = >, J¥ does not satisfy standard Ward identities. By performing an infinitesimal U(1)

transformation with a local parameter o(z) we get

0Srep = /dx a(z)0,Jp(x) — qOUZ/dx dy (a(y) — oz(x))@oya(x)(’)o,b(y) (3.2.142)

= /X(d) dz a(z )(6 Jp(x +quZ/(d) dy OOa (2)O0p(y) _OO,a($)@0,b(y)>).

Thus the Ward identities for the diagonal symmetry are modified by a non-local term and read

<(a Jh( +q0u2/

Y (00.4(2)O0p(y) — Op,a(y)Oop()) >¢>rep

(d)

re (3.2.143)
=200 —w)a(@)™
In the replica theory the operator
)+ WZ / " Y (00.4()O0(y) — O0.4(y)Oo,(2)) (3.2.144)
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Figure 3.5: Example of a wormhole bulk geometry contributing to the average correlator
(OO0Y(OTO1), with O a charged boundary operator.

satisfies the Ward identities and its integral over the full space evidently vanishes (inside ar-
bitrary correlators), implying the U(1)p selection rules. This is how the properties of the
averaged symmetry show up in the replica theory, where the non-local nature of the symmetry

is manifest for Gaussian distributions. The property (3.2.132)) of the operator D(z) defined
in (3.2.129) is mapped to the property of the extra term in (3.2.144) of integrating to zero
exactly as an operator equation. This is consistent with the dictionary between correlators of

the averaged theory and the replica one.

A gravity discussion

We have found that averaged global symmetries are intrinsically different from ordinary global
symmetries. They imply selection rules as dictated by the global symmetry but, in contrast to
ordinary global symmetries, they do not admit genuine co-dimension one operators, topological
after average. Even in a connected space such operators cannot be defined in homologically
non-trivial cycles. As a result, these symmetries cannot consistently be coupled to an external
background field, at least not in a natural waym Note that this is different from the concept
of 't Hooft anomalies. In the latter the obstruction is in making the gauge fields dynamical but
there is a well defined notion of coupling the theory to backgrounds gauge fields. The difficulty
of coupling the symmetry to an external background is clear in the replica theory from the
presence of the second term in ([3.2.144]), which is non-local and not manifestly the divergence
of a current.

The results have interesting consequences when applied to averaged theories which are
assumed to have an holographic dual bulk gravitational theory in asymptotically AdS space-
times.

In the ordinary AdS/CFT correspondence a given theory of gravity in asymptotically AdS
space-time is dual to a given CFT. Ordinary global symmetries of the CFT become gauge
symmetries in the bulk. This correspondence fits nicely with the widely accepted common
lore that in quantum gravity unbroken global symmetries cannot exist [322-325]. A natural
question then arises: when the dual theory is given by an ensemble average, what is the bulk

interpretation of the symmetries emerging after average? In [308] (see also [309}/310]) it has

30For discrete symmetries, for example, coupling to an external background field corresponds to insert a mesh

of symmetry defects on homologically non-trivial cycles of space.
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been conjectured that boundary emergent symmetries correspond in the bulk to global, and
not gauge, symmetries which are broken non-perturbatively by Euclidean wormhole configu-
rations, which allow the global symmetry charge to flow from one connected component to
another one, see figure From the boundary point of view, this charge violation induced by
bulk wormholes correspond to the lack of selection rules in the average theory that we have
discussed before, when the space is not connected, in agreement with the findings in [308-310].
Since averaged symmetries simply cannot be gauged, our results clarify why they cannot be
interpreted as gauge symmetries in the bulk, at least in the case where the average is of the
form E

Note that boundary emergent symmetries are compatible with recent works where, moti-
vated by the connection with the lore of spectrum completeness in gravitational theories [326],
“absence of global symmetries in gravitational theories” is replaced by “absence of topological

operators”, including those related to non-invertible symmetries [327}328].

3.2.6 Conclusions

We have studied disordered QFTs where an ordinary symmetry of a pure QFT is explicitly
broken by a random coupling, but the symmetry re-emerges after quenched average. We focused
our attention to understand if and under what conditions we can have operators, topological
on average, in analogy to ordinary QFTs [9]. We considered quenched disorder theories, where
the pure theory is deformed with a space dependent coupling, and ensemble average theories,
where the latter is kept constant.

In the quenched disordered case, we can write Ward identities for averages of products of
correlators and construct the symmetry operator implementing the finite group action, topo-
logical after average. Such disordered symmetries can be coupled to external background, can
be gauged, and can have 't Hooft anomalies (i.e. can exclude a trivially gapped phase at long
distances), precisely like ordinary symmetries. Using the replica trick, we also discussed gen-
uinely emergent symmetries in the IR after average, namely symmetries which are not present
in the UV theory even before adding the disorder coupling. We pointed out that whenever a
symmetry GG is emergent in the IR, exotic selection rules can explain the origin of LogCFTs.

In ensemble average theories the analogy to pure QFT's is more loose. We still have selection
rules for averages of correlators and we can construct operators implementing the finite group
action, but the charge operator is not purely codimension-1 and cannot be defined if £~ is
homologically non-trivial. When the space is disconnected, the selection rules apply only glob-
ally and in each connected component charge violation can occur. Such averaged symmetries
cannot be coupled to background gauge fields in ordinary ways. The difficulty (impossibility)
of gauging emergent boundary symmetries clarify why such symmetries cannot be identified
with bulk gauge symmetries when the average theory admits a gravitational bulk dual.

It would be interesting to analyze spontaneous breaking of disordered symmetries in more

detail. There are essentially two ways in which the disordered symmetry could spontaneously

31In particular, our results do not straightforwardly apply when the average is over OPE coefficients, as e.g.
discussed in [292}[293].
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break: i) the symmetry is spontaneously broken in the pure theory before adding the random
interaction, ii) the symmetry is unbroken in the pure theory and the random interaction induces
a spontaneous breaking of the disordered symmetry. Let us consider the case of continuous
symmetries. From the replica theory point of view, i) and ii) are distinguished by which
components of the replica currents J! are subject to spontaneous breaking, all components
in case i) and only the singlet ) J¥ in case ii). Assuming the existence of the analytic
continuation in n and of a smooth n — 0 limit, we expect for d > 2 gapless excitations
(Goldstone boosons) in the replica theory, giving rise to power-like correlators. From the
disordered theory point of view, in case i) there is a Goldstone mode in the pure theory which
acquires a mass in each specific realization of the ensemble, turning into a pseudo Goldstone
boson. In contrast, no Goldstone boson is present in the pure theory in the more exotic case ii).
In both cases it would be nice to identify which correlators (if any) exhibit power like-behavior
on average as a result of the spontaneous breaking of the disordered theory.

It would be also interesting to generalize our findings to quantum disorder, namely to
Lorentzian theories where the random coupling depends only on space. The natural extension of
our analysis beyond 0-form symmetries does not seem straightforward. Higher-form symmetries
can be broken only by non-local deformations, which should be also taken random. It is possibly
easier to consider a set-up in d = 2 where non-invertible symmetries can be obtained by 0-form
symmetries only, and see if and in what sense we can have a non-invertible symmetry re-
emerging after average.

An important remark about the ensemble average case is that, in comparing our findings
with the existing literature on the factorization problem in AdS/CFT, one should keep in mind
that we only considered averaging over couplings. There are other setups, like averaging over
OPE coefficients [292,1293] or over different modular invariants [34], where global symmetries
could behave differently from our findings. In particular [34] discusses the gauging of a 1-form
global symmetry in certain gravitational toy models, but this is not in contrast with our result
about the impossibility of gauging average O-form symmetries. It is a very interesting problem
for the future to discuss the status of global symmetries in these other contexts, possibly finding

a unified picture.
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Chapter 4

Some applications of the holographic

approach to symmetries

In this chapter we present two applications of the SymTFT. In the first half of the chapter we
study 't Hooft anomalies of duality defects, defined as obstructions to gauge the symmetries.
In the second half instead we employ the SymTFT as a bulk theory for a holographic duality,
arguing that the boundary theories are effective theories describing the spontaneous breaking

of a symmetry.

4.1 Anomalies of self-duality symmetries: fractionaliza-

tion and gauging

An important step towards the applications of generalized symmetries is the development of
a concrete characterization of 't Hooft anomalies and of their dynamical consequences for RG
flows. While for invertible (higher) symmetries a complete classification of 't Hooft anomalies
is given by the appropriate cobordism group [318,329-331], for non-invertible symmetries the
correct general framework remains unclear. A standard approach is to define anomalies as
obstructions to the gauging of a symmetry C. Gauging (or condensation) in higher fusion
categories is however a subtle procedure, as it requires the specification of a certain type of
consistent algebra objects A € C. While the mathematical theory governing such objects
has been developed for 1-categories [17,219] and recently for 2-categories [43], a complete
characterization of the required consistency conditions is to this day still missing. A more
modern perspective would be to characterize 't Hooft anomalies as obstructions to the existence
of a trivially-gapped C-symmetric phase. As pointed out in [95], for non-invertible symmetries
this latter definition of 't Hooft anomalies implies also that there is an obstruction to gauging,
while the converse is generically not true. This observation has been recently reformulated as
the existence of certain weakly (respectively, strongly) symmetric boundary conditions in [95].[]

We focus on self-duality symmetries, which appear when a d = 2n dimensional QFT 7T is

IThe two notions coincide for invertible symmetries and the obstruction to define them is equivalent to an

't Hooft anomaly [332[333]. In the non-invertible case the two notions bifurcate.
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mapped back to itself after gauging a discrete (n — 1)-form symmetry A [57,63,/65,/66]:
T/A =T, (4.1.1)

possibly with a choice of discrete torsion which we leave implicit. Above = means equivalence
up to a change of duality frame. The corresponding symmetry category C is best described as

a graded category, graded by the group G of self-dualities:

C= @Cg : Co = nVecy , Cy = {N,} . (4.1.2)

geG

Here nVec, is the category describing an anomaly-free (n — 1)-form symmetry A, and in the
last equality we meant that the connected componemﬂ mo(Cy) has a single simple object N,
for g # 0. The fusion rules of the N,’s respect the G-grading up to condensates Cj of the
symmetry A [13]. In particular

Ny x Ny=0Cy . (4.1.3)

We will consider the cases of G = Zy in d = 2 and G = Zy4, Z3 in d = 4. Our analysis
however can in principle be extended to more general CaseSE| Examples of theories with duality
symmetries are the Ising CFT and the ¢ = 1 boson in 2d [12,31], and N' = 4 SYM and pure
Maxwell theory (for specific values of the complexified gauge coupling) in 4d [57] [f

We will define an 't Hooft anomaly for a non-invertible duality defect as the obstruction
to constructing a condensable algebra A containing all the N’s. It is believed (although not
proven) that compatibility with a trivially-gapped phase is equivalent to the existence of such
an algebra which furthermore contains the full category C. In two dimensions for Tambara-
Yamagami (TY) categories [250], this viewpoint has been examined in [29] by exploiting the
concept of fiber functor. In this case, condensable algebras are of the form A =B @ n, N with
B C A a subgroup and n, an integer. The symmetry admits a trivially-gapped realization only
if B = A. If instead B C A, the symmetry only admits a duality-invariant TQFT. We will
regard A to be anomaly-free in both cases.

Our aim is to give a unified treatment of anomalies for duality symmetries which can
be generalized to higher dimensions. A fundamental tool to this purpose is the Symmetry
TFT Z(C) [118]F] Given a fusion (d — 1)-category C, Z(C) is a (d + 1)-dimensional TQFT
which encodes the full categorical data, and in particular the anomalies, of the symmetry C.

Topological manipulations (generalized gaugings) in the QFT are belived to be in one-to-one

2Given a (higher) category C, m(C) denotes the set of simple objects of C modded out by the equivalence re-
lation z ~ y if Hom(x, y) is nontrivial [334]. Physically, the modding procedure corresponds to the condensation

of symmetries localized on the defects.
3In d = 4, theories of class S [335] can have self-duality defects with non-Abelian G [81/67]. Moreover, it has

been recently pointed out that there exist duality defects in 6d SCFTs [336].
4See also [80] for an extension to theories with lower amounts of SUSY, and [45] for the mathematical

treatment of self-duality categories in 3d.
5See e.g. [7h[8,53,/83}/133,/195] and references therein for recent applications. Notice that in the mathematics

literature the notation Z(C) is used to denote the Drinfeld center [183] of a Fusion category C, while here it
denotes the Symmetry TFT for the symmetry C. While the two concepts are equivalent in 2d, one must be

careful when extending the correspondence to higher categories. See for example [334].
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correspondence with topological boundary conditions of Z(C). Hence an 't Hooft anomaly
corresponds to the absence of certain “magnetic” topological boundary conditions in Z(C)
which would trivialize A/ on the boundary. A similar perspective has been considered recently
in [99}195].

The Symmetry TFT for duality defects has been identified as a (2n + 1)-dimensional
Dijkgraaf-Witten (DW) theory, further gauged by a 0-form symmetry [7,[133]. In Section [4.1.]
we use this fact to lay out a general approach to identify obstructions to the existence of those

magnetic boundary conditions. The resulting obstruction theory consist of two conditions:

1. The first one is the existence of a G-invariant Lagrangian algebra Lp in the ungauged
DW theory. In the language of [133], the duality symmetry is “non-intrinsic”. Hence

intrinsically non-invertible symmetries are necessarily anomalous.

2. When that condition is satisfied, the second obstruction corresponds to the cancellation of
a pure 't Hooft anomaly for an invertible symmetry. Given a G-invariant Lagrangian alge-
bra £ p, the group G generally acts on it through a nontrivial automorphism. This action
is not unique and corresponds to a choice of equivariantization 1 of Lp [337]. We propose
and check in several examples that such a choice encodes symmetry fractionalization data
for the boundary symmetry, which can sometimes be used to cancel the cubic 't Hooft
anomaly (see [338] for other examples of this phenomenon). This allows to overcome the

difficulty of generalizing the equivariantization procedure to higher categories.

In Section we examine, in two dimensions, duality defects that are described by
Tambara-Yamagami categories TY(A),.. The full classification of their anomalies is known
in both the mathematical [251},[339,1340] and physical literature [29]. We show how our pre-
scription precisely reproduces the known results. We then generalize this strategy to analyze
the anomalies of non-invertible duality defects in 4d [57,63,66] in Section[4.1.3] Notice that even
though a complete definition of “gauging” for higher categories is still absent, the obstructions
are nevertheless accessible from the Symmetry TFT. These defects are present, for instance,
in N' =4 SYM and the analysis of their anomalies is a crucial first step in understanding the
dynamics of duality-preserving RG flows [74]. Gauging these symmetries in N' = 4 SYM also
leads to certain N' = 3 SCFTs [341]. Our findings shed light on their consistency. In Section
we consider the compactification of the 4d/5d setup on a torus, obtaining a 2d/3d system
with a Tambara-Yamagami symmetry associated with a finite group A=A x A, where A is
the 4d 1-form symmetry group. We show how in this case the 4d obstruction theory correctly
descends to the 2d one. We conclude in Section with several applications of our results and

further directions. Technical material and general proofs are gathered in various appendices.

Notation We use additive notation for the Abelian groups A, B, etc. We indicate the Pon-
tryagin dual to A as AY = Hom (A, U (1)) For simplicity, we indicate group-cohomology groups
as H?(A,U(1)) as opposed to the lengthier (though equivalent) notation H?(BA,U(1)) for the
cohomology groups of the classifying space BA of A. For group-cohomology classes, and more
generally for cochains, we use multiplicative notation with values in U(1), with the exception

of integrals, examples or where otherwise stated where we use additive notation with values in
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R/Z. In order to limit confusion, we sometimes use the notation 0 and 1 for the trivial element

and the generator of Z,,, respectively.

4.1.1 A proposal from the Symmetry TFT

A promising approach to analyze the structure and the anomalies of categorical symmetries is
the Symmetry TFT [117,118]. Given a symmetry category C in d dimensions, the associated
Symmetry TFT is a (d + 1)-dimensional TQFT Z(C) admitting a gapped boundary condition
L, which we call electric, that gives rise to the symmetry C on the boundary. Formally this
means that the category Modg, (Z (C)) of Le-modules, which describes topological operators
confined to the gapped boundary, coincides with C: Mod,, (Z(C)) = C . General gapped
boundary conditions are in one-to-one correspondence with Lagrangian algebra objects £ of
the bulk category (see e.g. [342]). This correspondence is realized by noticing that Z(C) is
trivialized (i.e., it becomes an invertible TQFT) after condensing £, and its unique state is
the gapped boundary condition. Besides, topological operators charged under £ are confined
to the boundary where they form the category Mod, (Z (C)) The correspondence allows us
to talk about maximal gaugings of the bulk theory and of gapped boundaries interchangeably,
and to use the same symbol £ for them.

This setup can be coupled to a dynamical theory 7 via a “sandwiching” procedure:

12

Z(C) C SPT (4.1.4)
Le-

where the (d+ 1)-dimensional manifold is a slab with two boundaries, one supporting a dynam-
ical theory (with free boundary conditions) and one on which we impose the gapped boundary
condition L¢. Different choices of £ give rise to symmetry categories belonging to the same
Morita equivalence class M(C) of the symmetry C. Physically, elements in the same class are
related by (generalized) discrete gauging operations. The reason why the Symmetry TFT is a
useful tool for detecting anomalies is that, at least in a large class of examples, the correspon-
dence between gapped boundary conditions and elements of the Morita equivalence class M (C)
is one—to—oneﬁ all the allowed topological manipulations can be realized by condensing the
appropriate Lagrangian algebra in the bulk. In QFT language we define an 't Hooft anomaly
as an obstruction to gauging the symmetry C. In the Symmetry TFT language this translates
to the lack of an associated boundary condition N¢, which would implement the topological
manipulation of “gauging C”. Notice that, in the absence of anomalies, one can expect multiple
boundary conditions N¢ as there might be different gaugings that involve C.

In this work we focus on self-duality defects [29,57,63/,65,66], for which Z(C) is known [7,133].
The Symmetry TEFT description of C is closely related to the one of nVec(A) (the category

6This is certainly true for maximally-degenerate categories, such as those considered in this work. Physically
this means that there is no charged object which is also topological. In these cases the Symmetry TFT is
constructed by a state-sum model and is a generalization of the Turaev-Viro theory [120] (see also [126}{128]/130]

for concrete generalizations in both condensed matter physics and in mathematics).
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describing an anomaly-free (n — 1)-form symmetry A). The Symmetry TFT for nVec(A) is a
generalized untwisted Dijkgraaf-Witten theory,

Z(nVec(A)) = DW(A) , (4.1.5)

and nVec(A) is associated to the canonical (or electric) Dirichlet boundary condition in DW(A).
Concretely, for d = 2n dimensional boundaries, DW(A) is a (d + 1)-dimensional pure n-form

gauge theory for A with action
S— 2m/ AUdB,  AcCMXp,A), BeC™(Xan,AY) . (4.1.6)
Xdt1

This theory has an n-form symmetry A x A" generated by the Wilson surface operators of
B and A, respectively. The canonical Dirichlet boundary condition simply sets to zero the
pull-back of A to the boundary. The duality symmetry G is a subgroup of the full 0-form
symmetry of the Dijkgraaf-Witten theoryﬂ and it acts by exchanging electric and magnetic

operators according to an isomorphism
oA — A, (4.1.7)

In this work we will focus on the cases that G is isomorphic to Zy for n = 1, and to either Z3
or Zy4 for n = 2, corresponding to duality or triality symmetries. Therefore in the following we
assume that G is Abelian (although a similar discussion could be made for non-Abelian G).
Generically G also acts on boundary conditions through its action on the associated Lagrangian
algebras £. Gauging the symmetry GG , possibly with discrete torsion e, gives the sought-after
Symmetry TFT Z(C):

DW(A) Z(C) (4.1.8)

In these diagrams dashed lines represent gaugings in the bulk. The upper arrow indicates
gauging with discrete torsion, while the lower one the “inverse” operation of gaugingﬁ the dual
symmetry Rep(G) (for G Abelian, Rep(G) = GY). We will argue that the choice of € acts as a
kind of pure G anomaly for the duality defects. From the bulk perspective, the duality defects
N, are related to the liberated twist defects 3, of the 0-form symmetry G in DW(A) [7,[133]
which are the objects carrying charge under the quantum symmetry Rep(G).

The gapped boundary conditions Lpw for DW(A) are classified by the maximal (La-
grangian) sublattices Lpw of mutually local charges. Condensing such objects leads in the

bulk to a trivial theory (i.e., an invertible TQFT, or SPT phase) whose unique state is the

"Depending on A, in general there are other O-form symmetries in the theory that map A x AY — A x AY
(e.g., charge conjugation that acts separately on A and AY). Any subgroup G of the full symmetry could be
considered. In this work, for simplicity, we focus on symmetries G that descend to “dualities” (and are thus
controlled by the map ) and are generically present for any A. However, the discussion that follows is

quite general.
8Precisely, the gauging of Rep(G) should be accompanied by stacking with the inverse SPT ¢!, that we

leave implicit.
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gapped boundary condition [222,|342]. From (4.1.8]), we can always induce a gapped boundary
condition £ for Z(C) from a gapped boundary Lpw of DW(A) by first condensing Rep(G) and
then Lpw:

DW(A) «—9__ z(c)
o L (4.1.9)
~ L’//

nVec

Here with nVec we denote the trivial (d + 1)-dimensional theory obtained after condensing
Lpw in DW(A). When Lpw is the canonical Dirichelet boundary condition for DW(A), this
two-step gauging defines a canonical Dirichlet boundary condition L for the Symmetry TEFT
Z(C). Since the liberated twist defects 3, in Z(C) are charged under the Rep(G) symmetry,
they are confined to the boundary L, which thus describes a system with a non-invertible
self-duality symmetry. This construction was implicitly used in [7].

Gauging the non-invertible symmetry N, on the boundary, on the contrary, must correspond
to a gapped boundary on which the twist defects X, are trivialized. Thus, in order to detect
the absence of a self-duality anomaly, we must construct a different set of boundary conditions
N for Z(C) whose symmetry Mody, (Z(C)) is trivially charged under Rep(G). We will refer
to these as Neumann boundary conditions, since the G gauge field remains dynamical on the
boundary.

The crucial insight comes from considering — when it exists — a G-invariant Lagrangian
algebra £Lp in DW(A). This ensures that gauging £ leads, in the bulk, to an SPT phase for G,
rather than to a completely trivial theory as in . The SPT phase is completely specified
by an element Y living in the appropriate cobordism groupﬂ It turns out that the datum Y
cannot be fixed by the choice of £ alone, but it requires a further piece of data, which we
dub 7, describing how the symmetry G acts on the algebra morphisms of £p. This is called an
equivariantization of Lp [183337]. We denote the equivariantized algebra by a pair (£p,7).
The SPT phase Y also contains a nonempty G-twisted sector with a unique simple object M,
for each g € G. In the 3d setting, these can be formally described as local modules twisted by
a G-action, see Appendix Since L£p is G-invariant, the operation of gauging G commutes
with the condensation of (Lp,7), and composing the two operations we end up with a bulk
Dijkgraaf-Witten theory for G with twist Ye:

(4.1.10)

We stress that while DW(A) is an n-form gauge theory, DW(G)¥* is always a standard (1-

form) gauge theory. Its magnetic operators are the former twist defects M,. In 3d their spin is

9For d = 2 this is just a bosonic SPT € H3(G,U(1)). For d = 4 instead we will work on spin manifolds and
the correct group to consider is either Tor(Q:""¢(pt)) or Tor (Q;pin(BG)) depending on whether (—1)F sits

inside the duality group or not, respectively. The same observations apply to the discrete torsion e.
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determined by the total twist YE.H

The theory DW(G)Y* always admits a canonical (electric) Dirichlet boundary condition,
corresponding to gauging Rep(G), that gives rise to an invertible symmetry G on the boundary
(such occurrences have been dubbed non-intrinsic in [133]). This also coincides with one of
the algebras £ we have previously introduced in , in the special case that Lpw = Lp is
G-invariant.

However, if Ye = 1, then also the magnetic defects M, are condensable. This allows us to

define another boundary condition, the Neumann boundary condition N¢ we were looking for:

DW(A) ¢------=------- Z(C) __
E(LDvﬁ) \\\
+ \
SPT(G)y ----%--- DW(G)¥*=1 N (4.1.11)
NDWi /l
nVec ¢

Thus, the existence of a duality-invariant Lagrangian algebra (£p,7) in DW(A) and the trivi-
ality of Ye are sufficient conditions for the self-duality symmetry C to be anomaly-free.

Let us argue that they are also necessaryﬂ Suppose that there exists an algebra N¢ of Z(C)
containing the liberated twist defects ¥, i.e., such that Hom(N¢, £,) # 0. It follows that Ne

has a natural grading in terms of the charge of its elements under Rep(G):

Ne = @geGNg . (4.1.12)

Algebra objects come equipped with a product (or morphism) Xy, (see Appendix , where it
is called m) mapping N Xy, N" — N9 and respecting the grading. The consistency conditions
for N¢ to be a (gaugeable) algebra object are also graded over G, and in particular imply that
N° must itself be an algebra, although not a maximal (i.e., Lagrangian) one. They also imply
that N970 are (local) modules over N, i.e., they survive the condensation of N°. Physically
this corresponds to the fact that one can gauge N¢ sequentially. One first condenses just N°.
This preserves the Rep(G) symmetry, since N has trivial grading, and besides the N9’s become
invertible G defects. Since the NY’s were part of the algebra N, the symmetry Rep(G) after
the first condensation must be anomaly free.

Assuming that N9 with g € G and Rep(G) are the only defects surviving the condensation
of NV it follows that the resulting theory is the Dijkgraaf-Witten theory for G with trivial
twist, DW(G). In other words, we can identify the vertical red arrow in on the right
with the condensation of N°, as in . The assumption can be rigorously proven in SdB
whilst we do not know how to do that in 5d, which is why our argument remains heuristic.

Now, further gauging the Rep(G) symmetry (and stacking with a discrete torsion e!) leads

0Tn the 5d case, instead, the twist determines a triple linking between magnetic defects [195)].
See [86] for another argument, in the case A = Z,,, in favour of the necessity of a duality-invariant algebra.
12The assumption and its consequence can be proven for 3d MTCs. The fact that N9 are invertible as

bimodules and the fact that N¢ is Lagrangian imply that dim(N?) = dim(N°) = |A|. After condensing N, the
resulting MTC has dimension D = |G|, which is saturated by the |G| invertible lines N9 times the |G| elements
of Rep(G). The fact that the N9’s is charged under Rep(G) gives the canonical braiding of the DW theory.
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us to an SPT phase Y = ¢! for G. Chasing the diagram below shows that we can define a
gauging of DW(A) by sequentially gauging G°-N°-Rep(G):

DW(A) ------ Y5 Z(C)
(. v (4.1.13)
SPT(G). 1 <29 pw(q)

Since it produces an invertible TQFT with an action of GG, the so-defined gauging must cor-
respond to (i.e., it must induce) a duality-invariant Lagrangian algebra (Lp,7) in DW(A).
Intuitively, one can think of N° as the image of £p under the gauging of G. We have thus
argued that there necessarily is a duality-invariant Lagrangian algebra in DW(A).

As we stressed, our reasoning is mathematically rigorous only in the case of 3d TFTs, where
the concepts above can be explicitly implemented. We however expect the same ideas to apply
also to higher categorical settings, once a complete definition of the higher Symmetry TFT is

given. We arrive at the following proposal for the (lack of) anomalies of duality defects:

First obstruction. There must exist, in DW(A), a G-invariant boundary condition (£p, 7).
This allows to make the symmetry G invertible. In the language of [133], the self-duality
symmetry is non-intrinsic. We further explain in Appendix that this condition is equivalent
to the existence of a duality-invariant TQFT [31}[78][7]

Second obstruction. The invertible self-duality symmetry is anomaly-free. This is equiva-
lent to the vanishing of the total Dijkgraaf-Witten twist, which depends on the equivarianti-
zation data 7. In practice, the invertible self-duality symmetry suffers from a mixed anomaly
with the symmetry S on the non-intrinsic boundary which can be computed explicitly. We
conjecture (and show in examples) that the equivariantization data encodes how the 0-form
symmetry fractionalizes with the (n — 1)-form symmetry S. Following [338|, this can be used
to shift the value of the anomaly ¢, i.e., to change the SPT phase Y in the bulk.

4.1.2 Anomalies of duality symmetries in 141 dimensions

This section is devoted to the discussion of anomalies in two-dimensional QFTs whose symme-
tries are described by Tambara-Yamagami (TY) categories [250]. We indicate such categories
as TY(A), . and we review their definition in Section . The results are already known
both in the physics and mathematics literature [29,[340] but here we present their derivation
from the point of view of the Symmetry TFT which can be generalized to higher dimensions.
Physically TY(A), . is the symmetry of a 2d theory which is self-dual under the gauging of
an Abelian symmetry A. Examples, especially in the realm of 2d CFTs, are ubiquitous, the

most famous one being the realization of Kramers-Wannier duality in the Ising CFT [12,22]

13A similar analysis connecting the two concepts when A is cyclic has recently appeared in [86]. Our results

coincide with theirs when they overlap.
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for A = Z,. Many other examples come from either considering free theorieﬁ as described for
instance in [31], or other minimal models which can flow to the Ising CFT, such as the ¢ = 7/10
tricritical Ising CFT.

As a concrete example of anomalous versus non-anomalous theories, the TY(Zs).,,; symme-
try of the Ising CFT is anomalous on non-spin manifoldsﬁ while the diagonal TY (Zy X Z2)1
symmetry of (Ising)? is anomaly-free. The question of which TY categories are anomalous is not
a purely academic one, as it can imply strong constraints on duality-preserving RG flows [12].
For instance, the aforementioned tricritical Ising model has an anomalous non-invertible sym-
metry as well as a duality-preserving relevant deformation. As a direct consequence of the
anomaly, the resulting RG flows cannot end in a trivially gapped theory. Depending on the
sign of the deformation, the theory either flows to the gapless Ising model or to a gapped theory
with three degenerate vacua.

Our Symmetry TFT analysis gives a simple characterization of the known obstruction theory
in two steps, as already pointed out in Section [4.1.1] The first obstruction is equivalent to the
absence of a duality-invariant Lagrangian algebra £p, which otherwise gives rise to a global
variant with invertible symmetry S x, Zs. The second obstruction is instead the standard
't Hooft anomaly for Z, subgroups of & x,Z, in that global variant. When there exists such an
anomaly-free Zy subgroup, it can be gauged. The combined sequential gauging of £Lp and of
Zs corresponds, in the original theory, to a gauging that involves the non-invertible symmetry
defect.

Algebras in TY categories and anomalies

We start by reviewing the basic properties of Tambara-Yamagami categories TY(A), . [250].
We assume that the reader has some familiarity with the theory of Fusion Categories, for which
excellent reviews are [11,{12,/17,28(183/209]. Given an Abelian group A, the Tambara-Yamagami

symmetry is a Zo-graded fusion category
C=C®dC, (4.1.14)

where Cy = Vec, (the category of A-graded vector spaces) describes an Abelian 0-form symme-
try A with trivial anomalym while C; has a single simple object . The fusion rules consistent

with the grading are uniquely fixed and read:
axb=(a+b), axN=Nxa=N, NxN:@aeAa. (4.1.15)

Here a,b € A are the simple objects in Cy, and + in the first equation is the binary group
operation in A. The category is uniquely determined by a triplet (A,~,€) where v : A X
A — U(1) is a non-degenerate symmetric bicharacter, whilst [¢] € H3(Z,, U(1)) = Z, is the

Frobenius-Schur indicator of the self-dual defect A/. This data enters in the associator, or

M Examples include the ¢ = 1 boson at squared radius R? = 2k, its Zo orbifold, or multiple bosons at special

points on the Narain moduli space.
150n spin manifolds it can be fermionized to the (—1)Z symmetry of the Majorana CFT.
16Such an anomaly would be represented by a trivial class [0] € H3 (A, U(l)).
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F-symbol, of the TY category:
Fa,N,b] _ [FN,a,N} — (a.b) [FNVMN} ¢ b)), (4.1.16

= R =) WA = e @)
where € = 41, while all other non-vanishing associators are equal to 1. The bicharacter v has a
nice physical interpretation (see, e.g., [29]). Since a theory T with TY symmetry is mapped to
itself under the gauging of A, symbolically 7 /A = T, we can consider constructing the defect
N as a topological domain wall between 7 and T /A:

T p/a (4.1.17)

N

On the two sides of the wall the O-form symmetries are A and AV, respectively. To identify
them we must specify a group isomorphism ¢ : A — A" such that the associated bicharacter

defined as
(a1, a2) = ¢(ar)aa € U(1) (4.1.18)

is symmetric["’| We can then consider lines @ € A and 8 € AV ending on the defect N/ from
the two sides. The endpoints of these objects are mutually nonlocal, and pick up a canonical
phase 3(a) as they pass through each other. Indeed, from the point of view of the left side, a is
a topological symmetry defect for the symmetry A and the endpoint of 3 is a charged operator
(while vice versa from the point of view of the right side). Using the isomorphism ¢ this is

converted into the symmetric bicharacter v:
o o) = Mab) o L o(b) (4.1.19)

We now review the classification of bosonic gaugeable symmetries A in TY(A)., ., which are
described by symmetric Frobenius algebras in C [17]. These are defined by an object A € C

together with a choice of three-valent junction m : A x A — A which is strictly associative:

A A
m m
m = m (4.1.20)
A A A A A A

This diagram encodes the cancellation of 't Hooft anomalies for the symmetry A. We give a brief
review of the relevant concepts in Appendix[B.1] The classification problem has been solved in
the mathematics literature in [340] and given a physical interpretation from the viewpoint of
TQFTs in [29].

"The requirement that v be symmetric is equivalent to the canonical pairing between AY and A being
invariant under ¢: a(a) = ¢(a) (¢*1(a)) where a and « are elements of A and AV, respectively. Physically this

translates into the fact that the electric and magnetic frames are equivalent due to self-duality.
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Such algebras for the TY category can be divided into two types depending on whether A
also contains the element N or not. If not, the gaugeable algebras correspond to gauging a
subgroup B of A with discrete torsion [v] € H*(B,U(1)). From the latter one constructs its
commutatol™]

v (b1, by)

X (b1, b2) = V(s by) (4.1.21)

This defines a map [v] — x, from H? (IB%, U (1)) to the group of alternating bicharacters which
turns out to be an isomorphism [251]. The Frobenius algebra corresponding to the pair (B, [])
1s:

_ - b+b /
A= Ap, = @bEB b, myty = v(b, V) . (4.1.22)
On the other hand, when including also N the most general algebra reads:ﬂ

A=A A =Ap, &, N, n, > 1. (4.1.23)

The choices of B, v and n, for which such an object can be consistently defined on orientable

2-manifolds are severely restricted by the following two obstructions [29,251,340].

First obstruction. We introduce the subgroup N(B) C AY of characters annihilating B:

N(B) = {ﬁ c A

Bb)=1,Vbe IB%} . (4.1.24)

This group is canonically isomorphic to (A/B)Y, while the quotient AY/N(B) is canonically
isomorphic to BY. We also define the radical Rad(v) C B of the class [v]:

Rad(v) = {b € B ‘ (b, ¥) =1, W € B} . (4.1.25)

The alternating bicharacter y, is non-degenerate on B/Rad(v).

For the first obstruction to vanish these subgroups must be related as
¢(Rad(v)) = N(B) . (4.1.26)
Besides, there must exist an involutive automorphism
o :B/Rad(v) — B/Rad(v) with o’ =1 (4.1.27)

such that the symmetric and alternating bicharacters, when restricted to B and then projected
to B/Rad(v), satisfy

v(o(a),b) = x.(a,b) for a,b € B/Rad(v) . (4.1.28)

8Notice that Y, is well defined (it is independent from the choice of representative v), alternating (meaning
that y,(a,a) = 1) and antisymmetric (meaning that y, (a,b) = x,(b,a)™!). One can prove that x, : B x B —
U(1) is bilinear (in the multiplicative sense), see for instance [343]. Then alternating implies antisymmetric,

while the opposite is false and in fact dropping the alternating property one can describe fermionic Lagrangian

algebras, see also after (4.1.58)).

9Notice that, if we restrict to spin manifolds, there are more candidate algebras because it is possible to gauge
discrete symmetries with a nontrivial Arf twist (i.e., a discrete torsion constructed out of the spin connection,

see e.g. |[116l[344]). This difference will become apparent in the Symmetry TFT.
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Note that the projections from B to B/Rad(r) are well defined. One can prove, using the equa-
tion above, that v(a, b) and v(o(b), o(a)), when projected to B/Rad(v), define equivalent coho-
mology classes in H*(B/Rad(v), U(1)) . Thus there exists a 1-cochain 7 € H*(B/ Rad(v), U(1))

such thatl
v(a,b)

I/(J(b),a(a))

From ({4.1.24)—(4.1.26)) it easily follows that

= dij(a,b) , ii(a) j(o(a)) =1. (4.1.30)

|Aln? = |B|?, (4.1.31)

Wher n2 = ‘IB% / Rad(u)‘. The positive integer n, appearing here turns out to be the same as
the one in (4.1.23)). Notice in particular that a necessary condition to satisfy the first obstruction
is that |A| is a perfect square. Since, as it follows from , the quantum dimension of N
is ]A]%, this reproduces the known fact that gauging is not possible in presence of non-integer
quantum dimensions [12].

The rough idea that leads to these formulas is the following. Decomposing the defining
equation of a Frobenius algebra into its graded components, one finds that A; must be an
invertible Ag-bimodule: A; x 4, A1 = 14,, where X 4, is the tensor product in the category
of Ag-bimodules [17,20/183]. Physically this means that we can gauge Ay, and then A; will
become an invertible Z, global symmetry of the gauged theory. Eqns. (4.1.26])—(4.1.28)) are
necessary in order to endow 4; with a bimodule structure, and in particular ensures
that the bimodule is invertible. This furthermore implies that dim(A;) = dim(A4y) which
reproduces in terms of the integer n, in (4.1.23).

A beautiful alternative perspective on this condition was given in [29]. Suppose we want to
construct a TQFT in which the duality symmetry generated by N is preserved. As the TQFT
must have symmetry A, it can be labelled by a doublet (B, v) where B denotes the preserved

(as opposed to spontaneously broken) subgroup while v is an SPT phase for B. The partition

20To prove it, one checks that the 2-cochains v(a,b) and v(o(b),o(a)) produce the same bicharacter y, in

(4.1.21]) and so, by isomorphism, must be different representatives of the same cohomology class.
It is always possible to choose 7 such that it satisfies both relations. Consider the case B = A and

define the two subgroups A” = {a € Ala = o(a)} as well as A, = {a + o(a)|a € A}, clearly A, C A C
A. One checks (see [251]) that v can be consistently reduced to a bicharacter 4 on the quotient A”/A,:
Y(a+b+0o(b),d +V + o)) = y(a,a’) for any a,a’ € A°. Let p~' be a quadratic refinement of 5 (see
Sec. . Now, take the first equation and restrict it to A”:

a,be A% di(a,b) = = xu(a,b) = y(a,b) = ¥(n(a),7(b)) = du(n(a), (b)) (4.1.29)
using ([4.1.28), and 7 is the projection A” =5 A% /A,. Tt follows that ﬁ’AU = ¢ 7" for some £ € H' (A7, U(1)) =
(A%). Since the map AV — (A%)V given by restriction is surjective, it is always possible to find another
solution 7/ = ¢ - 7j where ( € A is a character such that C|AU = ¢! and thus 77’|AU = 7w*p. This implies
77’|A =17'(a+o(a)) =1 for all @ € A. Using dij(a,o(a)) = 1 from the first equation in (4.1.30), the second

equation follows. The general case for B C A is a straightforward generalization.

ZGince y, is a non-degenerate alternating bicharacter on B/ Rad(v) with values in U(1), there exists an
isotropic subgroup G such that B/ Rad(v) = G x G¥ and in particular |B/Rad(v)| = |G|* = n? is a perfect

v

square, where n, = |G|. See, e.g., Lemma 5.2 in [345].
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function is
exp(2mi [B*v) if 7(B) =0,

0 otherwise .

Z[B] = (4.1.32)
Here B is a background field coupled to A, whilst 7 is the projection map of the short exact
sequence 1 - B = A = A/B — 1. The class B*v € H?*(X5,U(1)) (using now additive
notation) is integrated over the spacetime 2-manifold X, H Imposing that the duality symmetry
be unbroken means that

_ 1 : 1
N-Z[B] = oo > exp(Zm /X aU¢(B)> Zla) = Z[B], (4.1.33)

a€ H1(X,A)

where we used the symmetric bicharacter to identify AY with A. It can be checked that (4.1.33)
reproduces exactly the first obstruction condition. We report the detailed manipulation and

its extension to the four-dimensional case in Appendix [B.6|

Second obstruction. Having discussed the structure of A;, we can simply gauge A sequen-
tially by first gauging Ay and then A;. After the first step, Ay becomes the identity defect
while A; becomes an invertible Zy symmetry: Ai = 1. In order to be able to gauge the full
algebra, it must happen that A; has a trivial self-anomaly €. This comes in two parts: a
“bare” contribution from the original Frobenius-Schur indicator € of the duality defect, and a
further contribution Y coming from the bimodule morphism 4; x A; — 1. The latter turns
out to be given by the Arf invariant of 7 restricted to the elements of B/Rad(v) invariant under

the involution o:

beB/Rad(v)
ob)=b

Y = Sign< Z n(b) ) = Arf(7) . (4.1.34)

We stress that here we are using multiplicative notation for 77, so that Y is the sign of a
sum of phases (alternatively, in (4.1.113)) we indicate the correct normalization). The second

obstruction then vanishes if and only if
€tot — eY =1. (4135)

Later on, around eqn. (4.1.140), we will find an alternative formula for the spectrum of
values that Y can take as we explore the possible consistent choices of 7 — the so-called
fractionalization classes.

A note on quadratic refinements

At various points in this work we use the existence and properties of quadratic refinements.

23The class B*r can be thought of in two ways. Abstractly, B is a homotopy class of maps from X to the
classifying space BA, while v is a 2-form in H? (BA, U(l)), so that the pull back B*v is a 2-form on X5 that can
be integrated. More concretely, B € H*(X5,A) is a 1-cochain in simplicial cohomology that to each edge (ij)
of a triangulation of X» associates an element of A, while v : A x A — U(1) is an element of group cohomology
H?(A,U(1)), so that the 2-cochain (B*v);, = v(bi;,bji) € H?(X2,U(1)) associates to each face (ijk) a value
in U(1) and can be integrated.
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A function ¢ : A — U(1) (with A a finite Abelian group) is called a quadratic function if

q(a) = q(—a) and (using multiplicative notation)

q(a+0)
q(a) q(b)

is a symmetric bicharacter. One easily derives that ¢(0) = 1, ¢(ta) = q(a)”" for any ¢ € Z, and

((a,b) = (4.1.36)

C(a,a) = q(a)*. (4.1.37)

Any quadratic function ¢, by definition, comes equipped with an associated symmetric bichar-
acter ¢ as in (4.1.36)). However also the converse is true: any symmetric bicharacter ( arises
from a (not necessarily unique) quadratic function ¢, which is called a quadratic refinement of
(. The set of quadratic refinements forms a torsor over Hom(A, Z,), indeed one easily proves
that the ratio of two quadratic refinements is a Zs-valued character on A.@

A closely related statement is that any symmetric 2-cocycle v € Z2 (A, U (1)) is exact.
This follows from the isomorphism between altenating bicharacters y, and classes
lv] € H? (A, U (1)) In the special case that the symmetric 2-cocycle v(a, b) is bilinear, exactness

is equivalent to the existence of a quadratic refinement.

Symmetry TFT description

It is possible to reformulate the properties of Tambara-Yamagami categories TY(A), . in terms
of their 3d Symmetry TFT, i.e., using the language of modular tensor categories (MTCS).@ Let
us review this fact, that will be useful in order to discuss anomalies in the following sections.
In particular let us describe how the data (A, ~, €) appears from the bulk viewpoint.

One starts from a pure 3d gauge theory for A (i.e., a Dijkgraaf-Witten theory for A with no
torsion), which is the Symmetry TFT describing the invertible symmetry Vecy @ The spectrum
of lines of the A gauge theory is A x AY, the lines being labelled by pairs (a,«) € A x AV. All
the F-symbols are trivial while the braiding is canonically determined by the pairing between
A and AY:

B(al,m),(az,ag) = al(a2) 042(01) . (4.1.38)

It follows that the topological spins are
«9(,1,@) = a(a) . (4139)

Crucially, the theory enjoys electric-magnetic (EM) duality due to A and AY being isomorphic.

More precisely, the choice of an isomorphism ¢ naturally induces an automorphism of the

24The set of quadratic functions ¢ : A — U(1) is an extension of the group of symmetric bicharacters
¢: Ax A — U(1) by Hom(A,Zy). For each bicharacter, a quadratic function is easily constructed. For
A = Z,, the bicharacters are (,.(a,b) = exp(%;—"ab) with r € Z,,. Given one of them, a quadratic refinement is
gr(a) = exp (T a?)

and the quadratic functions for r and r + n produce the same bicharacter Z,. The case that A is a product of

. If n is odd then r € Z,, and the quadratic function is unique. If n is even then r € Zo,

cyclic factors is similar.
25@iven a fusion category C as the symmetry of some 2d theory, the corresponding 3d Symmetry TFT is given
via the Turaev-Viro construction [120] by the TQFT whose MTC is the Drinfeld center of C denoted Z(C).
26Mathematically this corresponds to the fact that the Drinfeld center of Vecy is A x AV.
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Drinfeld center
®: AxAY — A x AY

(a,0) = (¢7'(a),é(a)) .

However not all choices of isomorphism are consistent EM dualities since ® needs to preserve

(4.1.40)

the braiding. This condition is equivalent to the bicharacter v(a,b) = ¢(a) b associated with ¢
being symmetric. Note that ® squares to 1, so that the duality group is G = Z.

If the boundary theory is self-dual under gauging, we can construct the full Symmetry
TFT that includes the duality defect by gauging the duality symmetry G [133]. The gauging
operation comes with a choice of discrete torsion ¢ € H? (G, U (1)) & Zy which translates to
the Frobenius-Schur indicator of the duality defect A/ on the boundary. To summarize, the
data (A, ~,¢€) of the boundary Tambara-Yamagami category appears from the bulk viewpoint
as the choice of a duality symmetry G = Z, of the A Dijkgraaf-Witten theory and of a discrete
torsion for the gauging.

To properly discuss the gauged theory, we first describe the data of the 3d Dijkgraaf-Witten
theory enriched by the 0-form symmetry (a G-crossed category in the language of |28]). This
includes data describing the topological twist defects for the G = Z, symmetry. The full tensor
category is graded:

Z(Vecp )z, = Z(Vecy) ® Z(Vecy)o , (4.1.41)

where Z(Vecy)s describes the twisted sector for the Z, symmetry. The number of simple
components of Z(Vecy)s is the same as the number of ®-invariant anyons [28]. The latter are
all of the form (a,$(a)) with a € A. Thus there are |A| simple objects in Z(Veca)e which
we denote as 0,, a € A (not to be confused with the involution ¢). The fusion and braiding
data for the Zy extension has been computed in [339], although we use here a slightly different

notation similar to the one employed in [133]. We find

(a,a) x (b,8) = (a+b, a+ ), (a,a) X 0h = Oprato-1(a)
O X O = @ (a+b+e, ¢(—0)) . (4.1.42)
ceA

These fusion rules are derived by realizing the G symmetry defects as 2d condensates |13] of
the anti-diagonal lines (a,¢(—a)) (see e.g. [133] for the case A = Zn) Since the quantum

dimension of (a,«) is 1, we also have

dim(o,) = \/|A] . (4.1.43)

The non-vanishing R-matrices, in a gauge, are given by [339]:

(a1+az, ar1taz) Paj+agt+¢—(ay) __
R(a1,a1)7 (a2, 2) a2(a1) ’ R(a1,a1),0a2 o fa2(a1) ’
(4.1.44)
o 1
ajtag+o=l(ag) __ (az,a3) __ -1
Oay, (a2, a2) =1, Rgal’ Oag fal(_ag) ’

In the last entry, (a3, as) must be a fusion channel of o,, X 0,,. Besides, f, : A — U(1) is a

collection (for a € A) of functions given by f, = ¢(a)- fo, or more explicitly f,(b) = ~v(a,b) fo(b),

2"Indeed, the anti-diagonal lines are absorbed by the o3’s, and oy X o_p is a 1d condensate of anti-diagonal

lines.

143



Object Definition Dim | # of Objects Spin 6

Lia, ) n* x (a, (b(a)) 1 21A] v(a,a)

Xy | (a; 0) @ (b, 6(a)) | 2 | |A[(JA]-1)/2 7(a,b)

Sao | wxow VA 2A |1 \/W PIRACE
€

Table 4.1: Objects (lines) of the 3d Symmetry TFT Z(TY(A),.).

required to satisfy
fa(®) fa(V) = (b, V) falb+ V). (4.1.45)

Notice that the equations for different values of a are all equivalent. In these equations, distinct
choices for fj differ by an A-character and only reshuffle the f,’s, therefore the set of f,’s forms
a torsor over AY. However f; should be chosen such that fy(b) = fo(—b), in other words f is a
quadratic refinement of =1, which alwasys exists (see Section . Possible different choices
are related by Hom(A, Z,) and correspond to different gauge choices. The (gauge dependent)

spins of the twisted sector lines are [339]:

b - \/ F D (41,46

beA

where the choice of sign for the square root is gauge.

We can now discuss the gauging of the symmetry G = Z, with a twist e € H3 (G, U (1)) = Zo.
The gauged theory Z(Vecy)z,/Zs is isomorphic to Z(TY(A), ) and is graded by the quantum
Zy 1-form symmetry whose charged objects are the liberated twisted sectors o,. There are three
types of objects, whose properties are summarized in Table . In the first line, L, . arise
from the ®-invariant elements (a,$(a)) in the ungauged theory. The label 2 € {0,1} specifies
the dressing by the Zj line ) = Lo 1) generating the dual 1-form symmetry Rep(Z;). The lines
X(a,») With a # b arise from long orbits of generic invertible objects and absorb the Zj line 7.
Finally, ¥, ») are the liberated twisted sectors, which are the charged objects under the dual
Rep(Zs) symmetry and thus span the non-trivially graded component. The total dimension of
the category is

1/2
dim(Z(TY(A)%ED - ( Z dim(€)2> —2|A| . (4.1.47)

The topological manipulations of the theory with TY symmetry correspond to Lagrangian
algebras of this Symmetry TFT. By definition of Drinfeld center, there should exist a Lagrangian
algebra corresponding to the global variant with full TY symmetry. As an object, this is given
by

Loy =1@n0ED X . (4.1.48)
b#£0
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and indeed:

dim (Lpy) = 2]A| = dim(z (TY(A)%G)) . (4.1.49)
This is the algebra induced by the electric Lagrangian subgroup £. = @, ,v(0,a) in the
pure A gauge theory, following our discussion in Section While L, is clearly not duality
invariant, it can be uplifted to an algebra in Z(TY(A)%G) by adding to it its images under CI>
The resulting object is well defined in Z (TY(A)%G), it has vanishing spin (see Table and
has dimension 2 |A| so it is Lagrangian. This provides an explicit realization of the sequential
gauging procedure outlined in . The symmetry on the corresponding boundary can be
computed using the sequential gauging prescription. In the trivially-graded sector Cy the simple
objects are the elements of the quotient (A x AY)/AY ~ A. They generate the O-form symmetry
and we label them simply by a. On the other hand, in the Cg sector all of the twist defects fall
into a single orbit, without fixed points under fusion with £, as can be checked from .
Let us denote this object by /. The bulk fusion rules imply (4.1.15), giving back the TY(A),

symmetry.

First obstruction and Lagrangian algebras

Our first goal is to describe how the first obstruction appears from the Symmetry TEFT per-
spective. We have already mentioned in Section that the first obstruction precludes
the existence of a discrete gauging (B, r) which renders the duality symmetry A invertible.
Since, from the Symmetry TF'T perspective, discrete gauging operations correspond to differ-
ent choices of gapped boundary condition £, it is natural to rephrase the first obstruction in the
language of Lagrangian algebras of the DW theory. A similar logic has been followed recently
in [99], where the obstructions to gauge the entire symmetry category (i.e. the case B = A in
our notation) when |A| is odd have been found counting the number of bulk lines with trivial
spin. However such method is hard to generalize to higher dimensions (which is the main aim in
our work) since it relies on the notion of topological spin which has no known analog in higher
categories. In this and the next two sections, instead, we provide a complete bulk classification
of the obstruction theory for TY(A), . and besides we develop methods that allow us to extend
the results to higher-dimensional cases.

The crucial point which makes this problem accessible is that the Symmetry TFT for the
TY category is a G = Zy gauging of the Dijkgraaf-Witten theory DW(A) [133]. By gauging
G back and forth, we can rephrase the problem in terms of gauging Lagrangian algebras of a
bulk theory that only consists of invertible symmetries. As already argued in Section 4.1.1] a
sufficient condition for A to be anomalous is the absence of G-invariant Lagrangian algebras

in DW(A), namely, of Lagrangian algebras £ satisfying
O(Lp)=Lp . (4.1.50)

A duality-invariant Lagrangian algebra of DW(A) also gives rise to a duality-invariant bound-
ary condition, where the duality symmetry becomes invertible. Hence we realize that, in the

terminology of [133], intrinsic non-invertible symmetries are anomalous.

281f a line (a, gb(a)) (like the identity in this case) is duality invariant, we must add L(q,0) © L(a,1) to the
algebra.
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Notice that the obstruction we are discussing here is a priori distinct from the first obstruc-
tion we discussed in Section [£.1.2l However the main result of this section is to show that the
two obstructions are equivalent. In order to do so, we make the first obstruction more explicit
by classifying all Lagrangian algebras of DW(A) and providing explicit equivalent conditions
for their duality invariance in terms of the data (A, 7).

The 3d theory DW(A) can be thought of as the Symmetry TFT of any theory with a non-
anomalous 0-form symmetry A, and as such the correspondence between topological manipula-
tions and bulk Lagrangian algebras is particularly explicit, but yet non-trivial. The (bosonic)

topological manipulations of the boundary are determined by two pieces of data |116]:
e The choice of a subgroup B C A to be gauged.
e The choice of a class [v] € H?(B,U(1)) which plays the role of the discrete torsion.

The resulting symmetry after gauging is an extension of A /B by the quantum symmetry BY [346]
(see Appendix for details).

On the other hand, global variants of the boundary theory correspond to different interfaces
between DW(A) and the trivial 3d theory (i.e., to gapped boundaries), and thus are specified by
gauging a subgroup £ C A x AV, Lagrangian with respect to the braiding. Correspondingly, the
lines of £ can end on the boundary, and the topological lines of the boundary theory generating

the O-form symmetry are labelled by the quotient group
S=(AxAY)/L. (4.1.51)

Thus we expect a correspondence between pairs (IB%, [V]) and Lagrangian algebras £ such that
(4.1.51)) coincides with the symmetry after gauging B with discrete torsion [v]|. Notice that the

braiding induces a canonical isomorphism?|
LS (4.1.52)

The simplest case is when H? (A, U(l)) = 0 (e.g., if A = Z,) so that the topological
manipulations are simply labelled by the gauged subgroup B C Am Then we consider

Ly = Bx N(B) C AxAY (4.1.53)

which has cardinality |A| and is made of lines of vanishing spin (in particular it trivializes the
braiding, see (4.1.24))), hence it is Lagrangian. Moreover

Sp=(AxAY)/Ly = (A/B) x BY (4.1.54)

is precisely the symmetry after gauging B.

29This can be seen as follows. The braiding is a bilinear non-degenerate pairing on A x AV and thus induces
an isomorphism A x AV — (A x AY)V. Saying that £ is Lagrangian is equivalent to saying that its image under
this isomorphism is the subgroup of linear functions on A x AV which vanish over £. The latter is canonically
isomorphic to the Pontryagin dual of (A x AY)/L = S.

30Indeed if H*(A,U(1)) =0 then H?(B,U(1)) = 0 for every subgroup B of A.
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In the general case we define the linear map 1, : B — B associated to x,:

¥y (b1) by = X, (b1, ba) - (4.1.55)

Given the pair (B, [v]) we construct the subgroup Lpp,) C A x AV as follows. Since BY =
AY/N(B), any element of AY can be presented as a pair (5,7) € N(B) x BY (even though
the sum is different from the one in AY) and we denote this element simply as fn € AY. The
association is not canonical, however different choices agree on 1 (which is the projection from
AY to BY) while may differ on 8. We denote by ¢ € H?(B", N(B)) the cocycle which makes

AY an extension of BY by N(B). Then we construct

Lpp) = {(b, B, (b)) € A x A

beB, fc N(]B%)} . (4.1.56)

This contains N(B) as a subgroup (for b = 0), while its quotient by N(B) is isomorphic to B,

hence L[, is a group extension
I - NB) = Lgp) - B — 1 (4.1.57)

whose corresponding cocycle is ¥}(¢) € H?(B, N(B)) (see Appendix for details). Moreover

L) has cardinality |A|, and since x, is alternating the spin of the lines is trivial:
Ob.8) = Xu(bb) = 1. (4.1.58)

Here (b, ) is a shorthand for (b, ﬁ@/},,(b)), and S does not contribute because it belongs to
N(B). One could weaken the alternating condition and just ask x, to be antisymmetric. In
that case the spins would be £1 and one would allow for fermionic Lagrangian algebras, which
correspond to fermionizations of the boundary symmetry. We will not discuss such cases here,
but note that they are a natural candidate to explain why certain duality symmetries — such
as TY(Z),1 — can be gauged on spin manifolds.

We have thus shown that Lp,) is a Lagrangian algebra with respect to the braiding. In
Appendix we prove that any Lagrangian algebra of A x A arises in this way. This classifi-
cation of boundary conditions of the Dijkgraaf-Witten theory coincides with previously known
results from category theory [347]. The boundary condition corresponding to Lp [, is obtained
from the original one by gauging B with discrete torsion [v]. Indeed the symmetry on that
boundary is

S=(AxAY) /Loy = (Lay) (4.1.59)

which is the group extension dual to (4.1.57]), namely
1B -8 > A/B —> 1. (4.1.60)

The cocycle is ¥, o c € H*(A/B,BY), where ¢ € H*(A/B,B) determines A as an extension of
A/B by B. One can show that this is indeed the symmetry after gauging B with discrete torsion
[v] (see Appendix for the proof).

We should now determine whether DW(A) admits duality-invariant Lagrangian algebras

L ). In the simplest case that [v] = 0 and hence Ly =B x N(B), duality invariance is simply
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equivalent to ¢(B) = N(B). Since |N(B)| = |A|/|B| this requires |B|* = |A| and in particular
the cardinality of A must be a perfect square (n, = 1 in (4.1.23)) in this case). However this is
in general not sufficient: ¢(b) € AY must vanish on B, so that B must be a Lagrangian subgroup
of A with respect to the symmetric bicharacter v associated with ¢.

In the cases with discrete torsion, we observe that

(L) = { (7 (B 1)), 6(1)) € A x A

is equal to L if and only if for all b € B and 8 € N(B) there exist V' € B and ' € N(B)
such that

beB, Be N(]B%)} (4.1.61)

V=o' (BYu(b)), b=o¢ ' (Bv.(b)) . (4.1.62)

Before stating the general condition under which these equations can be solved, consider the
simpler case B = A for which N(B) = 0. Define the group homomorphism o = ¢~toyp, : A — A
in terms of which the two conditions become O’ = o(b), b = o(b'). They have a solution if and
only if 02 = 1. In particular both ¢ and 1, must be automorphisms.

When B C A is a proper subgroup, there are further conditions for duality invariance. The
proof is technical and we report it in Appendix [B.3.1} Let us remind that the radical of the
class [v] is

Rad(v) = Ker(¢,) C B. (4.1.63)

Besides, the projection of y, to B/ Rad(r) being non-degenerate gives an isomorphism
¢, : B/Rad(v) — (B/Rad(v))" . (4.1.64)
Then duality invariance of Lg [, is equivalent to the following conditions:

1. ¢(Rad(v)) = N(B). In particular N(B) C ¢(B), and |B| = n, |A|*/? > |A["/2. In other
words, B cannot be smaller than Lagrangian and |A| must be a perfect square, hence

reproducing the known obstruction induced by non-integer quantum dimensions [12].

2. Assuming condition 1., also ¢ projects to an isomorphism ¢ : B/ Rad(v) — (B/ Rad(v))".

Then we can define an automorphism
o= ¢ o, : B/Rad(v) — B/Rad(v) (4.1.65)
which, by construction, satisfies (o (a),b) = x,(a,b). The second condition is that

o?=1. (4.1.66)

Notice that the conditions we obtained for Lg ) to be duality invariant are equivalent to the
first obstruction we reviewed in Section We thus arrive to the punchline of this section:
the first obstruction is equivalent to the absence of duality-invariant Lagrangian algebras in
DW(A), or in other words, to the non-invertible duality symmetry being intrinsic.

A straightforward consequence of the conditions above concerns the action of the duality
symmetry G on the symmetry S = (A X AV) /L,y of the invariant boundary. To this purpose,

it is convenient to present S as a group extension (4.1.60) and further view BY as an extension
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of Rad(v)" by (B/ Rad(l/))v, hence presenting the elements of S as triplets (8,n,a) with g €
(B/Rad(u))v, n € Rad(v)" and @ € A/B. Using that S = Ly, we find that the duality
exchanges Rad(v)" with A/B, while it acts on (B/ Rad(u))v as the automorphism o":

@: (Bm,8) > (oV(8), 6(@), 67'(m) . (4.1.67)

When the data (B, [V]) defines a duality-invariant Lagrangian subgroup, using the definition
of o in (4.1.65]) and 0% = 1 we can relate the symmetric and the antisymmetric bicharacters as

Xy(b17b2) = ’)/(O'(b1>,b2) s ’y(bl,bg) == XV(O'(bl),bQ) . (4168)
This in turn implies a condition for the class [v]:
l/(bl, bg)

v(b1,bs) v(o(b1), o (bs)) = dC(by, bs) or equivalently (o (bn), o (b))

= dn(by, b) .

(4.1.69)
This is because the Lh.s. of both equations is a symmetric 2-cocycle (see Section or
footnote [20)). Those relations coincide with the known relation (4.1.30) (also appearing in the

equivariantization of the algebras in TY categories, see Section |4.1.2]).
We can neatly express the condition (4.1.69)) by noticing that the action p : G — Aut(A)
of any group G on a generic Abelian group A induces an action on H? (A, U (1)) given by

(pg&)(ar, az) = E(p, (ar), p, ' (az)) (4.1.70)
for each g € G and € € H? (A, U(l)). Then (4.1.69) can be expressed as
olvl=p =", (4.1.71)

where 1 is the generator of G = Z,. This reformulation will be convenient later on.

Examples

To make concrete the discussion above, we show a few examples. For convenience, here we use

additive notation for the phases by thinking of them as elements of R/Z instead of U(1).

1. The simplest example is A = Z,, for which there is no discrete torsion, and the subgroups
are in correspondence with the divisors of n. Let n = pg, and B = {qz | 2 =0,...,p—1} = Z,
so that N(B) ={py |y=0,...,¢ — 1} =Z,.

When we gauge B on the boundary, the global symmetry is the direct product of the dual
symmetry Z, and the quotient Z,. From the bulk perspective, the prescription is that this
boundary condition is obtained by allowing the lines of the form (gx,py) to terminate on
the boundary hence becoming transparent there. On the other hand, the 0-form symmetry is
generated by the remaining lines stacked at the boundary, which indeed form the group Z, X Z,.

For what concerns duality invariance, we need B = N(B) and hence p = ¢: this implies
that n = p? must be a perfect square. Any symmetric bicharacter takes the form ~(a,b) =
rab/n (mod 1) for some r € Z, (r must be coprime with n for the bicharacter to be non-

degenerate), and we notice indeed that Z, C Z,2 is Lagrangian in all cases:

Y(pz,py) =0. (4.1.72)
The integer coefficient introduced in (4.1.23)) here is n,, = |B|/|A[Y/2? = 1.

149



2. A less trivial example is A = Z,, X Z,, with n a prime number. There are n + 3 subgroups:
the trivial one, the n + 1 subgroups isomorphic to Z, generated by (1,0) and (s,1) with
s =0,...,n— 1, and the full A. Only the last one admits non-trivial discrete torsion [v]| €
H?(Zyp X Zy,,U(1)) = Z, which could be represented as

r r

V(($1,902)a (y173/2)) = EIEWQ or equivalently as V((l"l;@)a (91792)) = 0 T2 -
(4.1.73)
The corresponding alternating bicharacter is given by the matrix
170
Xy = — ( T) , with  reZ,. (4.1.74)
n\-r 0

In total there are 2n + 2 boundary theories. One can explicitly see that these are in one-to-one
correspondence with the Lagrangian algebras Lg ) in A X AY.

Let us show that the induced global symmetry at the boundary is the one obtained by
gauging B with discrete torsion v. The cases B = {0} or B & Z, are similar to the one

discussed above and the corresponding Lagrangian algebras are, respectively:

Ly o = {((070)§ (a17a2))
Lp o) = {((al,O)S (O;GQ))
Ly = {((Sal,al); (a2, —sas)) ‘ a, as € Zn} for B = Z,, generated by (s, 1) .

al,aQEZn} for B = {0},

ap,as € Zn} for B = Z,, generated by (1,0), (4.1.75)

When B = Z, x Z, the resulting boundary theory has symmetry BY = Z, x Z, even for
non-trivial discrete torsion. According to our prescription, and using that N(B) is trivial and
the map 1, has the same matrix form of x, defined in , the corresponding Lagrangian
subgroup of A x AV is

Ly = {((al, as); (—rag,ral))

a1, a € Zn} : (4.1.76)
and indeed (A x AY)/L = Z,, x Z,. To see the effect of the discrete torsion we use a Lagrangian
description of the DW theory:
2me
S==— [ (AUdB, + Ay UdBs) . (4.1.77)
n Jx,

The generic line with charges ((al, as); (b, bg)) is

271

exp { - /(a1A1 +asAs + b1 By + 5232)} - (4.1.78)
2l

Hence, as a boundary condition, £ in (4.1.76)) corresponds to A; +rBy = Ay — rB; = 0.
Changing variables according to A; — A; + rBy, Ay — As — rB; we obtain the same bulk

Lagrangian as in (4.1.77) but with an extra boundary term
9
Sy = —— | ByUB,, (4.1.79)
nJoxs

which is precisely the discrete torsion for the gauging on the boundary.

150



Let us discuss which of those algebras are duality invariant, and in particular which sym-
metric bicharacters admit duality-invariant algebras. There are two natural classes of non-

degenerate symmetric bicharacters, diagonal and off-diagonal:

1/t 0 170 ¢
75?7352 = — ( ' ) and ’yfo) =— < ) : (4.1.80)

n\0 t n\t 0

Here non-degeneracy requires tq, ta, t to be invertible elements of Zn.ﬁ Note that B = {0}
cannot lead to duality-invariant algebras because it is smaller than Lagrangian.

Consider the case of %(O) . First we look at Lagrangian algebras associated with subgroups

B = Z, which, according to our general analysis, need to be Lagrangian with respect to %(O)
because [v] = 0. The two subgroups B = ((1,0)), ((0,1)) are always Lagrangian, while
B = ((s,1)) is Lagrangian only if

2st =0 mod n (4.1.81)

which can never be satisfied if n is odd. Then we look at the cases with B = A. In order to

satisfy ¢(Rad(v)) = N(B) = {0} in (4.1.26) we need a discrete torsion (4.1.74) with r # 0.

From (4.1.65)) we find
t™ir 0
o= . 4.1.82
( 0 —t_lr) ( )
The duality-invariant condition o = 1 reads (t7'r)? = 1 mod n, which can always be satisfied
by the values r = +t.
Consider now the case of 7,5(222. The subgroups B = Z,, are Lagrangian with respect to %(522

only when B = <(s, 1)> with ¢; s2+t, = 0 mod n. For B = A, instead, we need a non-vanishing
discrete torsion (4.1.74)), and since

o= ( 0 _tﬁ) : (4.1.83)

tyr 0

the duality-invariance condition reads 2 = —t;t, mod n. This equation and the previous one
for s do not always have solutions. For instance, if t; = t; = 1, then r (or s) must be a square
root of —1 which exists for n = 2,5,13,... but not for n =3,7,11, ...

In summary, while TY(Z,, x Z,,),. with off-diagonal bicharacter v always trivializes the first
obstruction, when the bicharacter is diagonal the category is necessarily anomalous for certain
values of n for which the first obstruction forbids the gauging. We also notice that in all of
these examples, when there is a duality-invariant Lagrangian algebra associated with B = Z,

we have n, = 1, while for B = A we have n, = n.

3. We conclude with a more complicated example which is representative of the general case
B C A but [v] # 0, hence B is non-Lagrangian. Take A = Z, x Z, which, besides the subgroups

we already considered, also has the subgroup

B={(2,2y) |2 €%y, y € Lo} 2 7LyXZo (4.1.84)

31For n prime, they are just non-vanishing. However these two bicharacters will be used also for n non prime,

hence t1, to, t must be coprime with n.
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(as well as the similar one with the two factors swapped) hence realizing
N(B)={(0,29) | § € Zo} = Zy C A . (4.1.85)

The most general alternating bicharacter on B is

1/0

Xv = — ( a) with 2(a+b)=0 mod 4, (4.1.86)
4\b 0

hence a,b € Z, must be either both even or both odd. If a,b are both even then Rad(v) = B

and duality invariance cannot be satisfied. If a, b are odd, instead,
Rad(v) = {(22,0) | 2 € Zy} 2 Zy C Zy X Zs . (4.1.87)

The condition gb(Rad(u)) = N(B) cannot be satisfied with the diagonal bicharacter 'yt(fiz, while
with the off-diagonal one %(O) the condition is met (for both the invertible elements t = 1, 3).

The second condition for duality invariance involves

g (0
o=29 %—(O ta>. (4.1.88)

The condition 0% = 1 is equivalent to (tb)?> = (ta)? = 1 which is automatically satisfied. In this

case we get n, = 2.

Second obstruction and equivariantization

In the previous section we rephrased the first obstruction to the gauging of a 2d duality sym-
metry in terms of the existence of a duality-invariant Lagrangian algebra £p in the 3d TQFT
DW(A). Gauging £p leads to a bulk SPT phase Y € H*(G,U(1)) for the duality symmetry
G = Zs, which determines the DW twist of the corresponding G' gauge theory as explained in
(4.1.10)). The total twist €0y = €Y in turn determines whether a Neumann boundary condition
is allowed (and N is anomaly-free).

In order to understand the origin of ¥ we must describe in detail how to make the gauging
of Lp consistent with the presence of a 0-form symmetry. Naively this should amount to
the requirement that £p be G-invariant as an object: ®(Lp) = Lp as stressed in (4.1.50)).
This is however not sufficient, as the algebra L£p comes with a specific choice of morphism
m: Lp x Lp — Lp that is associative and commutative (see Appendix for the definitions)
and a set of projections m, € Hom(Lp,x). An equivariantization of Lp is the definition of a
consistent action of the O-form symmetry on the projections that leaves m invariant (for more
details we refer the reader to Appendix and [337] for a thorough treatment). To define this
structure the proper context is that of G-crossed MTCs [28]. In this framework a symmetry

defect U, acts on the junction spaces V7 , where z,y,z € A X AV label simple ob jectﬂ , by a

unitary automorphism [L{g]jc’ y Vi, > Vgg(gf))g(y) as
Uy (Ur,y) = [Uy]3,, - Uﬁ(zm(y) (4.1.89)

32Throughout this section we leave implicit that all simple objects are invertible and hence all junction spaces
are one-dimensional.
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where v is a chosen basis vector of V7 (see Figure|d.1)). The phases [U, ] , have to satisfy several
compatibility conditions with the data of the underlying category, in particular consistency with
the braiding requires

W)z, R, = RO U] (4.1.90)

9(z), 9(y)
Using the R-matrices (4.1.44) and the G = Z, action on elements of DW(A) one easily sees

that this equation admits a simple solution

z
Yy, r

a+b,a
U)o ) = (D). (4.1.91)

for g = 1 the generator of Zs.
Now let us come to the equivariantization. For the algebras discussed in Section [4.1.2] a

consistent?? choice of m is

mit = v/, b)  where = (b, B, (b)) € Lp . (4.1.92)
In the following we will use x, vy, z, . . . to denote elements of £p in order to lighten the notation.

Working in components we expand

m = @ m; ., and m; ., €V, (4.1.93)
z,y

where z = x +y. The defects U, act on the projectors 7, : Lp — x by an automorphism
Mg(x) : Ty — Ty(e) as follows (see Figure {4.1))

Ug(ﬂ—x) = ﬁg(l’) ' 71—g(x) (4194)

Using these transformations, m is invariant if ]

a(2) . . Tg(2)
9(x), 9(y) WY i (2) 7,(y)
The equivariantization datum 7 can be neatly interpreted in cohomology. First acting with
gauge transformations 7, — u(x) 7, on the vector spaces associated to 7, and 7y,) we can

identify

i plo(@)

Ng(x) ~ Ng(x 4.1.96
b(2) ~ o) S (4.1.96)
Second, consistency with the group composition law demands that

Mg () T (g(x)) = Tgn () - (4.1.97)

Interpreting 7, as a cochain in C*(£p, U(1)), so that 7 € C*(G, C*(£Lp,U(1))), we can rewrite
(4.1.97) and (4.1.96) in terms of a differential. Using now additive notation, for the sake of

clarity and for later convenience, they look, respectively, as

dyii =0, i~ iy (4.1.98)
¥ Commutativity of the algebra requires m? ., = mZ, ,RZ .., which, in our case, becomes m ., /mZ, ,

X (U, D).
34Here we use that all objects in the algebra £ p are invertible and appear with multiplicity one in the DW(A)

theory.
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Ug

§ 9(2)
Yg(@), 9(»)

9(2) ~ vZ 9(2) ~

Ug Uy
x
L~ Y
= ’[’] €T
.\(\ T g( ) Tg(x) \ T
7.(-./13

Figure 4.1: Graphical representation of the action of a symmetry defect U, on the junction

spaces V7, (above) and on the projectors m, (below).

for any p € C°(G, C*(Lp,U(1))) =2 C*(Lp,U(1)). Here d, is a twisted differential, while p is
the G-action on anyons. We obtain that 7 is naturally an object in twisted group cohomology
(see e.g. [178] and Appendix for a review):

i€ HY(G, CY(Lp, U(1))). (4.1.99)
Restricting the solution ((4.1.91))) to elements of £ we find

U)ot =, (b,8) = xu (0(b), (1)) (4.1.100)

x,z’

where in the second step we used the relations between the symmetric and antisymmetric

bicharacters (4.1.68)). Since migzizl&,) =v(o(V),o(b)) from (4.1.92), then ({£.1.95) becomes

v(b,b)
v(o(t),a(b))
which we recognize as the first equation in (4.1.30) with a caveat. The set of solutions for 7,,

with ¢ = 1, form a torsor over £}, while the solutions of (4.1.30) are related by elements of
(IB / Rad(l/))v, therefore, strictly speaking, the solutions sets of the two equations differ. How-

— dij, (4.1.101)

ever we will see below that the two sets of equations give rise to the same second obstructionﬁ
For later convenience we also notice that the set of solutions to (4.1.101)) for 5 forms a torsor

over

H)(G, LY,) =H\(G,S), (4.1.102)

whose elements we denote by 7. This will be useful for the upcoming reinterpretation of the
second obstruction in terms of symmetry fractionalization in Section [4.1.2, All in all we found

that an equivariantization of a duality-invariant Lagrangian algebra L is specified by the

35Physically the extra solutions correpond to symmetry fractionalization patterns between Zo and S for which

there is no mixed ’t Hooft anomaly.
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choice of an element 77 € H) (G, C*(Lp,U(1))) satisfying ([4.1.101), and that any two choices
differ by an element n of H}(G, £}).

Given an equivariantization 7 of £p, we ask what is the SPT phase Y € H*(G,U(1)) for
G that we obtain after gauging (Lp, 7). Indeed, the theory after gauging has a single genuine
line 1 (and thus is an invertible TQFT) but also a single non-genuine topological twist line M,
for each g € G. The spins 6y, of such objects are gauge dependent by a G-character [28]. In
the presence of a discrete torsion Y, the 0y;,’s do not form a G-character: their deviation from
being a character is physical and is induced by the SPT phase Y. In the present case that
G = ZQE Oy does not square to 1 but instead

O =/Y(L11), (4.1.103)

the sign of the square root being pure gauge. We can thus detect the Zy, SPT phase through
the gauge-invariant quantity 2, =Y. We now show how to reproduce . A key fact is
that, given a choice of equivariantization 7 for £p, there is a unique non-genuine twist line M
after gauging (Lp,n). It is then possible to show, using the defining equation for a
twisted local module M that

fa(0)~! =7j(b) for  beB/Rad(r) and o(b) =0, (4.1.104)

where f, is the function introduced in . The equation holds for all the values of a for
which Hom(o,, M) # O. We will use the notation M@ to account for the different choices
one has for the equivariantization 7: upon gauging, each choice leads to a theory with a unique
non-genuine operator, however different choices lead to different SPT phases Y and the label a
(whose possible values depend on £ in a complicated way) keeps track of the equivariantization
chosen.

Since 62, must be well defined, the spins squared of the components of M must coincide.
Since, as an object, M@ can be described as the orbit of the twist defect o, under fusion with

the lines of £ p, using the fusions in (4.1.42) we get:ﬁ

M@ — @ Catu where u=>b+ (;5_1(5@/)”([?)) for all (57 /B@Du(b)) €Llp.
h (4.1.105)

Consistency with the existence of a unique local module requires that 92 =62 s L€

(4.1.106)

eM(a) \/’K Zfa = \/W Zfa—i—u \/lK Zfa u, )_1 s

ceA ceA ceA

36Tn order not to clutter we will suppress the label g in what follows, as there is only one nontrivial G defect
anyway.

37To show that the result holds, consider and set g(z;) = z;. The matrix 7, can then be eliminated
on the two sides. Decomposing the module M, in its components and using the formulas for the R
matrix gives the desired result.

38Besides identifying twist defects related by fusion with the lines of £p, one also has to impose locality
conditions, that depend on 7 (see Appendix . Together these constraints single out a unique twist defect
for each choice of equivariantization.

155



from which we can extract some consequences. For our purposes it will be enough to consider
u=">0+ ¢ (¢, (b)) with b € B, we then impose

M(a) |B|Z M) — ’]B’\/WZfa b+¢ (1@,(())),0)71

beB beB

ceh (4.1.107)

= T 000 (67 ). 0™

ceA
Any b € B can be split as
b=1(¢""(B)) + s(x) (4.1.108)

with § € N(B) and = € B/Rad(v). Here ¢ is the inclusion of Rad(v) in B and s : B/Rad(v) — B
is a section. Using linearity of v and that v,(¢1(3)) = 0 we see that the only 3-dependent

factor in the summand is 3(c), so that the sum over § constraints ¢ € B. We then have

) |[Rad(v)| N—1 n-1 A
O = m % fa(0) " y(s(2),0") " v(o(s(x)),0') . (4.1.109)
z€B/Rad(v)

We now split also &’ as (4.1.108]) obtaining

2 [Rad(v)| —1/a\\—1 ny—1 "y —1 ny—1
0500 = ——= g (o (B (s s(x),s(x o(s(x)),s(x
M@ B] /—| N S Ja( (B)7 fa(s(2") " v(s(x), s(2)) " v(o(s(x)), s(z'))

z,x’ €B/Rad(v) ( )
4.1.110

where we noticed that f,(¢71(8) +b) = fo(¢671(B)) fa(b) for any 3 € N(B) and b € B. Because
of this f, restricted on Rad(v) is a character, hence the sum over 3’ yields 63 , = 0 unless
fa(p™1(B") = 1 for any ' € N(B), i.e. f, must restrict to the trivial character on Rad(v) to

avoid an inconsistent answer. Plugging this in we get

2 _—|Rad(u)|2 s(z)) P y(s(x) + o(s(x)), s(x) ™t
O = Bly/A] 5/@21\/:(15;) fa(s(2) 7" v(s(x) + o (s(x)), s(z')) (4.1.111)

z,2'€B/Rad(v)

notice that, due to the property of f, mentioned above, this expression is independent of the
sections chosen hence we shall drop them in the following. Using (4.1.68) we rewrite

y(o(x),2") = y(z,o(2')) (4.1.112)

so that summing over z constraints z’ to be fixed by o. All in all the spin of the twist defect is

[Rad(v)|
O = > fa( ) (4.1.113)
VIA| beB/Rad (v
o(b)=b

hence, due to (4.1.104)), confirming that
03, = Arf() =Y . (4.1.114)

Notice that this computation automatically provides with the proper normalization to ensure
that Arf(n) = £1.
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Example. Consider A = Z,, X Z,, with off-diagonal bicharacter %O). The invariant algebra is

Lp = {((al,aQ); (—ag,al)) | ai,as € Zn} ) (4.1.115)

Our choice for the functions f, in (4.1.45)) is

271
f(a17a2)(b1, bg) = exXp (—T ble) ’y(a, b) . (41116)
From this it is simple to show that
9 2me
0, =exp| ——aiaz | . (4.1.117)
n

A module M@ is given, as an object, by

Drcz b as for n odd,

M@ = (4.1.118)

Dicz, Tari2ba, for neven.

Imposing the spin 6’?,@ to be constant on the orbit M(® strongly constrains the possible local
module candidates. One finds that for n odd there is only one consistent choice of module
M, namely M@ while for n even there are four, corresponding to (ay,as) = (51, 552) and

s12 € {0,1}. Their spins squared are:

M (@)

‘ 1(0,0) ‘ M (L0 ‘ M (0,n/2) ‘ M (Ln/2)

(4.1.119)
N

It is possible to check that all four satisfy the locality condition (B.1.25]) for the four inequivalent
choices of 7, parametrized by H; (Zg, Ty X L) = Zo X Zy. We will see in the next section how

the same result can be obtained in terms of symmetry fractionalization.

Second obstruction and symmetry fractionalization

The discussion in the previous section gave us a description of the second obstruction from a
purely bulk perspective. It however requires precise knowledge of the full categorical data of the
3d MTC, hence it is hard to generalize it to higher-dimensional cases. Moreover it leaves one
conceptual problem to address: what is the physical interpretation of the different choices of
equivariantization from the point of view of the boundary? We make here a proposal that solves
both issues: different choices of equivariantization in the bulk lead to different ways to couple
the symmetry to backgrounds fields. This goes by the name of symmetry fractionalizationf”|
Even though we do not know how to turn on background fields for the non-invertible sym-
metry directly, we can use the vanishing of the first obstruction to reduce the problem to the
discussion of inequivalent couplings to standard Z, background fields on the invertible bound-

ary. There we also have the 0-form symmetry & = Z(A)/Lp, which crucially has a mixed

39This is a slight abuse of terminology since the term “symmetry fractionalization” is commonly used to indi-
cate the decoration of defect junctions by higher-codimension defects, while here we mix two 0-form symmetries.

Yet, we use the term in order to better uniformize the 2d discussion here with the 4d one.
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anomaly with G. It is known [338}|348| that in such cases the cubic G anomaly might not have
an intrinsic value: it can be changed by choosing different symmetry fractionalization classes.
Analyzing this phenomenon will lead to the required condition for the vanishing of the second
obstruction.

Let us start by determining the mixed anomaly between G and §. The duality action P,
which leaves £ p invariant, descends to an action on the quotient S = (A x AY)/Lp, which we
already described in detail in Section 4.1.2 For simplicity we consider here the case B = A, so
that S = AV. The general case is qualitatively analogous and we report it in Appendix [B.3.2]
We use the duality isomorphism ¢ to write the background for AV as ¢(B) with B € H' (X, A).
The partition function of the invertible boundary theory coupled to a background B can be

easily expressed in terms of the reference electric boundary:

Zin[$(B)] = ) exp {m /X b*v + 2mi /X quS(B)} Z.[b] . (4.1.120)

be HY(X,A)

Here b*v € H? (X, U(l)) is the pull-back of v € H? (A, U(l)), understood in additive notation
(see footnote [23]). The duality maps Z, to the partition function of the magnetic theory Z,,

which in turn can be expressed as a discrete gauging of the electric theory:
O Zb] = Zu[o()] = > exp [zm' / $(a) U b} Zla] . (4.1.121)
ac€ HY(X,A) X

The action of ® on the invertible boundary can be derived combining (4.1.120]) with (4.1.121)),

using that ® only acts on the partition functions Z, and it reads

D - Ziny [¢(B)] = exp {2%2’ /X B*V] Ziny [0(0B)] . (4.1.122)

The overall phase stems from a mixed 't Hooft anomaly between G and §. Crucially, from
(4.1.122)) we find that G = Z, acts non trivially on S through an automorphism p : G — Aut(S)
such that

p1(B) =08, (4.1.123)

so that the total symmetry of the invertible boundary is a semidirect product & x, G. Thanks

to
exp {27”'/ B*(yoa)} = exp [—2#2’/ B*l/:| , (4.1.124)
X X

which is the integrated additive version of , the aforementioned anomaly is consistent
with the Zs symmetry. Let us write the inflow action for the anomalous phase, introduc-
ing a background filed A € H'(X,Z,) for G. The general construction is detailed in Ap-
pendix The bottom line of that discussion is that such anomalies are classified by
o€ H)(Zy, H*(A,U(1))) in terms of which the 3d inflow action is

sﬁzzm/ W(A)UBUB. (4.1.125)
X3

In components this is defined as

(M(A) UBU B) = 1u(Aij) (pa,, Bk, payBu) - (4.1.126)

ijkl
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A gauge variation A — A + d\ produces a boundary term

SM—>SM+2m'/ W\ UBUB. (4.1.127)
0X3

The class i can be thought of as a function p : Zy — H? (A, U (1)) satisfying the twisted cocycle

condition (using addivite notation)

pg () + plg) = plg + 1), (4.1.128)

and subject to the the identification

1(g) = u(g) +pg&—¢ forany &€ H*(A,U(1)). (4.1.129)

Because of the relation (4.1.69)), which in additive notation reads o-v = —v, we can consistently
choose

1(0) =0, p(l) =v. (4.1.130)

Notice that this makes sense because ®? leaves Zi,, invariant. With this choice, taking a
background such that the pull-back of A to the boundary 0X3 is 0 and performing a gauge
transformation A — A + d\ with )\’ oxs = 1, one reproduces the anomalous phase .
This construction also provides a convenient way to determine whether the anomalous phase
(4.1.122)) corresponds to a true anomaly or can be cancelled by a local counterterm. Indeed the

latter situation occurs if and only if p is cohomologically trivial, namely
v=0c-&(—¢§ (4.1.131)

for some ¢ € H? (A, U (1)) In this case the anomalous phase is eliminated by modifying the
action coupled to B € H'(X5, A) by the addition of the local counterterm

Sy = 2mi / B¢ . (4.1.132)
X2

If there exists no ¢ satisfying (4.1.131]) then the anomalous phase cannot be cancelled and there
is an anomaly. To show the power of this method, let us discuss the example of A = 7Z,, x Z,

with diagonal symmetric bicharacter 7831) and

v((z1,22), (11,42)) = %xlyg with  7?=—1 mod n. (4.1.133)

Then o acts on A as o(z1,22) = (ras, —ra1), and since the most general £ € H?(A,U(1))

is represented as f((%,Iz)a (y1>y2)) = %Iﬂh or equivalently as 5((I1,$2)7 (1/1792)) = —%Izyl

then 5
(0 & =€) ((@1,22), (y1,40)) = —f ZT1Y2 - (4.1.134)

For n odd, we can always choose s = —27!r hence the anomalous phase can be cancelled by a
local counterterm and it is not an anomaly. On the other hand, for n even, r is necessarily odd
and thus no choice of s can cancel the anomalous phase: in this case this is a genuine anomaly.

As already argued, the question of what is the value of the pure G = Z, anomaly on the

invertible boundary is not well-posed until we specify how G couples to a background field
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A € H'(X,,G). In the boundary global variant where the full symmetry category is invertible,
the presence of another O-form symmetry S allows one to make discrete choices for that coupling
labelled by a class

neH)(G,S), (4.1.135)

which satisfies the twisted cocycle condition p,n(h) + n(g) = n(g + h) and is subject to the
identification 7(g) = n(g) +p, c—c for any ¢ € S, similarly to (4.1.128)—(4.1.129)). So 7 specifies

a (twisted) homomorphism from G to & which allows one to modify the minimal coupling

prescription for A, declaring that the latter effectively couples to the diagonal subgroup of G
and the image n(G) C §. The anomaly cannot be unambiguously determined until we specify
1 because different choices correspond to different Zs subgroups of the full 0-form symmetry
group and, due to the mixed anomaly , they can have different anomalies.

This phenomenon is sometimes called symmetry fractionalization, even though the term is
more often used for the mixing of a 0-form symmetry with higher-form symmetries [338,348]@
(which will be relevant for the 4d/5d case), but we will use the same terminology to emphasize
a unified description. The crucial point is that in general there is no canonical choice and
we can only talk about differences of anomalies induced by a certain class n. This is easy to
implement at the level of background fields. When A € H'(Xy, Z,) is activated, the symmetry
fractionalization class changes the background B € H'(X3,S) to

B'=B+ A'n=B+n(A). (4.1.136)

By plugging this expression into the mixed anomaly (4.1.125|) we change the pure Z, anomaly,
classified by H3 (ZQ, U(l)), by an extra piece

Spure = 27?2'/ p(A)Un(A)un(A) = 27m'/ A'y (4.1.137)
X3 XS

that can be written in terms of a class y € H? (Zg, U (1)) An explicit expression for y(g1, g2, g3)
can be derived by recasting u(A) Un(A) Un(A) as

(A UnA UN(A) = =p(=Ay) (n(A5), pam(Aw)) (1.1.138)

ijkl
This is useful because A appears with only three different pairs of indices, and we conclude
that

Y(91, 92, 93) = —M(—91)<77(92)’ szn(93)> . (4.1.139)

The possible non-triviality of this 3-cocycle is determined by its value at g1 = go = g3 = 1, and

we will denote simply by p and 7 their values at ¢ = 1. Since p = v and pn = —n we obtain
y =y L1)=v(nmn) . (4.1.140)
Going back to multiplicative notation, we obtain that
Y =v(n,n), (4.1.141)

we will see in examples that coincides with the SPT phase obtained by the equivariantization

procedure in Section [4.1.2]

40Gee, e.g., |28,(349(1352] and references therein for discussions of symmetry fractionalization in the condensed

matter literature.
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Examples
Let us apply the general discussion to the previously discussed examples.
1. The first example is A = Z,, where a duality-invariant lattice is present only for n = p.

The choice of discrete torsion v is trivial, so there is no way to shift the “bare” Frobenius-Schur

indicator € and the second obstruction vanishes if and only if € = 1.

2. Next we consider TY(Z,, x Z,). Choosing the diagonal bicharacter 7%2) in (4.1.80), the

duality-invariant boundaries are obtained by gauging the full A with discrete torsion v such

that (see (4.1.74))

1,70

X = — ( T) with 2 =-1 modn. (4.1.142)
n\—-r 0

Thus the action p : Zy — Aut(AY) is p1(a1, az) = (ras, —ra;). We look for all possible symmetry

fractionalization classes 7 € Hj(Zy, Zyn, X Zy), which are determined by n = n(1) = (21, 22)

constrained by xo = rxy. Taking into account the identification

(x1,r21) ~ (21,721) + (TrCy — 1, —TC1 — ¢2) (4.1.143)
and setting co = 0, ¢; = —1 we realize that x; ~ z; + 1 and hence all cocycles are exact:
H (Lo, Ly X L) =0 . (4.1.144)

Thus the phenomenon of symmetry fractionalization is absent in this case and there is only a
single equivariantization for £p. The second obstruction again vanishes if and only if € = 1.
Choosing instead the off-diagonal bicharacter 7{0) is more interesting. As already discussed,

the duality-invariant boundaries are associated with the alternating bicharacters

1 0
Yo = — ( r) with r>=1 modn. (4.1.145)
n\—-r 0

Then py(ay, az) = (—ray, raz) and the most general cocycle n € le (Zg, 7y X L) has n = (1, x2)
with
(r—=1)z; =0 modn, (r+1)xz2 =0 mod n , (4.1.146)

and is subject to the identifications z1 ~ xq — (r + 1)¢y, kg ~ x5 — (1 — 1)co. Without loss of
generality we can take r = 1, so that 2z, = 0 and x; ~ x; + 2. Hence for n odd there is no

symmetry fractionalization while for n even:
H (Lo, Ly X L) = Ly X Lo (n even) (4.1.147)
generated by 7, s, = (51, %552) with s10 € {0,1}. A representative for v is
211
v(a,b) = exp| — a1by (4.1.148)
n
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and therefore
Y =v(n,n) = exp(misis2) = Arf(7) . (4.1.149)

Thus the second obstruction vanishes if and only if
e=1 and s;50=0, or e=—1 and s1s9=1, (4.1.150)

in agreement with the discussion in [29] for the case A = Zs x Zy and with our computations
using the equivariantization of £p around (4.1.119).

4.1.3 Anomalies of duality symmetries in 341 dimensions

We now extend the classification of anomalies for non-invertible duality defects to the four-
dimensional case. As in 2d, we find that there are two obstructions to gauging a non-invertible
duality symmetry. The first obstruction again hinges upon the absence of a duality-invariant
bulk Lagrangian algebra £p. This maps to the fact that the 4d theory T coupled to the
Symmetry TFT must admit a duality-invariant global variant. The second obstruction is the

presence of a cubic anomaly:
€ror € UM (BG) (4.1.151)

which can be contaminated by a mixed anomaly involving the 0-form symmetry G and a 1-
form symmetry S through a symmetry fractionalization mechanism similar to the 2d case, now
encoded in a class n € H2(G, S).

Well-known examples of 4d theories with self-duality symmetries are the free Maxwell the-
ory, super-Yang-Mills theories with A/ = 4 supersymmetry and whose gauge algebra is invariant
under Langlands duality (i.e., ADEFG as well as By = Cy) [7,57,63,/66] and various theories
of class S [8,68]. Understanding the anomalies in these symmetries has immediate interest-
ing consequences. For example, it has been recently observed [80] that the AV = 1* massive
deformation of N' = 4 SYM preserves a self-duality symmetry. The well-known results about
vacuum degeneracy in A/ = 1* can then be reinterpreted as anomaly matching conditions. A
second natural application is to constrain which N = 3 theories can be described through a

discrete gauging of A/ = 4, which we comment upon in the conclusions.

Duality defects

Much of our analysis in Section [4.1.2can be generalized to self-duality defects in four-dimensional
theories that are self-dual under the gauging of a 1-form symmetry A, possibly with discrete
torsion [57,63,/66]. Again, the self-duality must be supplied with a choice of isomorphism
¢ : A — AY. While a complete description of the underlying fusion 3-category C is still out of
reach, some of the relevant data can be spelled out explicitly.@ As stated in the introduction,

this is a graded category with the grading being implemented by the duality group G, that for

4“1 The Symmetry TFT analysis offers a complementary viewpoint on the data constituting the duality category
on the boundary, which might be easier to handle. We explain how the data we describe here is matched between
bulk and boundary in Section m

162



O ~_ ¢(b)
/ — 4

Figure 4.2: Braiding of lines W1 and Wf(b) on the duality defect /. Unlinking the line

configuration gives rise to the symmetric bicharacter v(a, b).

now we take to be cyclic. The fusion rules take the form

ax N, =N, xa=N,, Ny(E) x Ny(B) = Y~ a=Cu(®), (4.1.152)

a e HQ(Z7 A)

where Ny are the duality interfaces, ¥ the 3-manifold where they live, a a 1-form symmetry
surface, and Cy(X) the condensate of A on ¥. The fusion of N, x N, is also known, and is
group-like at the level of connected components, i.e., forgetting the appearance of condensates
(see footnote . It was analyzed in [7,8]. Assuming that G is cyclic, let N be a generator of
it.

A first piece of categorical data can be obtained by noticing that the 1-form symmetry
surfaces can end topologically on A thus defining topological line operators W1 and WBR,
where L/R encode the side (Left or Right) on which the 1-form symmetry surfaces a, 8 end@
These line defects must compose according to the A group law, modulo undetectable decoupled
objects{]

WExW}F=wEk, (4.1.153)

and similarly for WﬁR. Following the same logic as in the Tambara-Yamagami case, we consider
the braiding between endlines of 1-form symmetry surfaces a and 5 = ¢(b) ending on the two
sides of the duality defect N. The endline of WﬁR is an 't Hooft line TﬁL from the point of
view of the left side, and hence it braids canonically with WZ. We conclude that the braiding
between W1 and Wﬁb) is given by a symmetric bicharacter ~:
Bwé,’wdi%(b) = ¢(b)a =~(a,b) , (4.1.154)
where the symmetry of v follows from the fact that we should get the same result if we worked
in the magnetic frame instead. The configuration is depicted in Figure [.2]

The lines W, and W3 form a 3d TQFT A, but such a description is clearly non-minimal:
lines of the form K, = Wlx W(f(_a) are decoupled from the bulk 1-form symmetry and constitute

an undetectable sector Ay. Quotienting this out gives the minimal description A,,;, of the

420ne could think of those as 2-morphisms WF : a x 1n — 1, and W[,L Iy X B8 — 1, where 1 is the

identity endomorphism of V.
43The importance of modding out such decoupled TQFTs has been recently emphasized in [54] in a related
context.
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category of lines living on the defect@ This produces, in general, a set of lines L, forming
a minimal TQFT A%? with 1-form symmetry A [353], where ¢ a quadratic refinement of the
symmetric bilinear form ~. This resonates with previous results obtained from the Symmetry
TFT perspective [7].

Finally, as in the 2d case, we can associate to N/ a pure G anomaly e. This is a higher
analogue of the Frobenius-Schur indicator. Indeed, € can be understood as a standard G
't Hooft anomaly on four-manifolds with trivial Hy(X,A). On these manifolds, {N,} behave
as a standard invertible symmetry according to the fusion rules . At the level of the
Symmetry TFT, the presence of a nontrivial € gives a DW twist for the theory Z(C). All in
all, we find that the known data defining a self-duality category in 4d, or at least a subset
of it, is given by a pure anomaly € for the self-duality group and a symmetric bicharacter

v:AXxA—=U(1).

In the ensuing analysis we will make two simplifying assumptions. First, we will consider
duality defects on spin manifolds, wy(7'X) = 0. The classification of discrete gauging operations
(global variants of a gauge theory) is different on non-spin manifolds, as the set of discrete theta
angles is larger [P Physically this amounts to the possibility of assigning a well-defined spin to
lines as this cannot be screened by heavy neutral fermions [354]. This restriction has physical
consequences on the obstruction theory outlined above: some duality defects can be anomaly
free on spin manifolds, but anomalous in the presence of a nontrivial wgm As a prototypical
example, consider the su(2) A/ = 4 SYM theory. This admits an S-invariant global variant
SO(3)- on spin manifolds. On non-spin (but orientable) manifolds this variant splits into
SO(3)> and SO(3)L, where b/f (bosonic/fermionic) refer to the spin of the generator of the
lattice of genuine lines. According to [354] (Appendix C) the two objects are interchanged by
S. Thus, although the duality symmetry in SU(2) N' =4 SYM might be non-anomalous on

spin manifolds, it is anomalous on generic orientable manifolds.@

Our second assumption is to consider duality defects for which G does not contain fermion
parity. This for example excludes the vanilla S-duality of the N' = 4 SYM theory, for which
S* = (=1)", but includes the situation where S is twisted by a discrete R-symmetry [80]. At
the practical level, this implies that the relevant cobordism classification for cubic G' anomalies
is given by QP™(BQG) as opposed to Q"¢ (pt). Both groups have been computed, e.g., in
[240,355].

44Formally one stacks A with the orientation reversal of Ay and gauges the diagonal symmetry A : Ay, =
(A x Agy)/A.

45 As an illuminating example, consider A = Z,, with n even. On generic manifolds, discrete torsion terms are
classified by H* (B2Zn, U(l)) = Zay, while on spin manifolds the order-two element of this group vanishes due
to the Wu formula BU B = B U (w; + w}) mod 2, where w;(TX) are the Stiefel-Whitney classes of X. This
discussion generalizes to arbitrary A in a straightforward manner.

46 0osely speaking, this is some kind of mixed anomaly with gravity, due to the dependence on wy(TX).

4TWe will briefly comment on the interpretation of this fact from the point of view of gapped phases in

Appendix
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Symmetry TFT and Lagrangian algebras

The Symmetry TFT for 4d duality defects can be described in close analogy with the 2d
case [7,|133]. We start from a 5d Dijkgraaf-Witten theory for a 1-form symmetry A with
trivial twist. This has topological surface operators labelled by pairs (a,«a) € A x AY with

antisymmetric canonical braiding
B(al,m),(az,az) = Oq(az) a2(a1)_1 e U(l). (4.1.155)

As in three dimensions, the 5d pure 2-form gauge theory for A enjoys electric-magnetic duality,
corresponding to a choice of isomorphism gzﬁ.@ There is an important difference, though, with

respect to the 3d case. The most general ansatz for a duality is

S: AxAY — A x AY

(a,0) = (To¢ Y (a), ¢(a)) (4.1.156)

for some automorphism I : A — A to be determined. Let v : A x A — U(1) be the bicharacter
associated with ¢, namely ~y(a,b) = ¢(a) b, then S preserves the braiding if and only if

Y(a, Io¢~ (a)) v(¢o7'(a), a) =1. (4.1.157)

This equation may have multiple solutions, depending on the Abelian group A, but here we
limit ourselves to EM dualities that can be defined universally. If I is the identity then ~
is an antisymmetric non-degenerate bicharacter, which however does not exist for all Abelian
groupﬂ and thus we will not study this case any further. On the other hand, if I is the
inversion

I(a) = —a (4.1.158)

then v must be a symmetric non-degenerate bicharacter, which always exists. We will thus
consider this case in the following[’’] With this choice of definition, S is an order-four automor-
phism:

S%(a,a) = (—a, —a) = S?=C, (4.1.159)

where we defined the charge-conjugation operator C' : A x AY — A x AY. The 5d DW(A)
theory enjoys a larger set of O-form symmetries, for any group A. Indeed we can define another
generator

T:(a, a) (a+¢ (), a), (4.1.160)

and in this way construct an order-three automorphism of A x AV:

CST : (a, a) = (¢~ ' (), —a — ¢(a)) such that (CST)* =1. (4.1.161)

48This isomorphism appears in the construction of the element S of EM duality in the bulk (which might not
be a symmetry element of the boundary theory), while the isomorphism we used in was associated
with the generator ' of G on the boundary. As we discuss below, the two isomorphisms are essentially the
same, possibly up to composition with charge conjugation.

49For instance A = Z,, with n # 2 does not admit any.

%00ther automorphisms I may exist and lead to EM dualities for certain Abelian groups A.
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The Symmetry TFT for the duality or triality defects is then defined by gauging the group G
generated by S or C'ST, respectively. This gauging admits a choice of discrete torsion, which
on spin manifolds is classified by

e € OP"(BG), (4.1.162)

and can be thought of as the higher analogue of the Frobenius-Schur indicator we introduced
before.

Notice that if we gauge the group G = Z, generated by S, the generator maps (b,0) 2
(0, d)(b)) and thus the isomorphism ¢ appearing in 1} is precisely the one extracted from
the boundary theory using (4.1.154). The same is true if we gauge G = Zg generated by ST
since (b, 0) &L (0,¢(b)). On the other hand, if we gauge G = Zs3 generated by C'ST, the
isomorphisms in and differ by C.

The same argument for the first obstruction corresponding to the absence of G-invariant
Lagrangian algebras in the DW(A) theory carries over to the 5d case. We are thus led to study
the properties of gapped boundaries of the pure 2-form gauge theory for A. These are labelled

by two discrete choices, as in 2d:
e a subgroup B C A to be gauged;
e aclass [v] € H*(B”B,U(1)) specifying the discrete torsion.

Recall that in 2d the discrete-torsion classes are classified by alternating bicharacters. The
analog here is the identification of H* (BzB, U (1)) with the dual of the universal quadratic
group I'(B) (see [178,356] for details):

H*(B°B,U(1)) = I'(B)" . (4.1.163)

This means that any discrete torsion class [v] is represented by a quadratic function ¢, : B —
U(1). The group I'(B) is equipped with a quadratic function Q : B — I'(B) and is such that
for any Abelian group V', any quadratic function ¢ : B — V factorizes as ¢ = ¢ o Q with
G : I'(B) — V a group homomorphism. Therefore, a quadratic function ¢, : B — U(1) is
represented by a group homomorphism ¢, : I'(B) — U(1). The topological term implementing

the discrete torsion is

Shorsion = /X4 By = /X4 G, (B(B)) - (4.1.164)

Here 3 € H* (B2]B3, F(IB%)) is the special element whose representative homomorphis is the
identity map, gp : ['(B) 9, I'(B), called the universal Pontryagin square class. Then one con-
structs its pull back B(B) = B*B € H* (X4, I‘(IB%)) which is called the Pontryagin square of B,
whilst ¢, € T'(B)" is the homomorphism associated with the quadratic function g,.

As already explained in Section [4.1.2] each quadratic function ¢, has an associated sym-
metric bicharacter x, : B x B — U(1). Crucially, if X, is a four-dimensional spin manifold,
then two discrete torsions v, v/ leading to two quadratic functions g,, ¢, which are different

quadratic refinements of the same bicharacter, lead to the same topological term [353][354]:

SIndeed (4.1.163) generalizes to H* (Bglﬁ%, (C) = Hom(I‘(IB%), C) for any Abelian group C.
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[x. B*v = [ B*1/. Thus, by working on spin manifolds, we can safely label topological ma-
4 4
nipulations of the boundary theory in terms of a choice of subgroup B C A and of a symmetric
bicharacter y,. Then most of the results will be closely analogous to the 2d/3d case, just
replacing antisymmetric with symmetric bicharacters.

As explained, on spin manifolds we can label the Lagrangian algebras Lg ) in terms of the

data (B, x,). The corresponding gapped boundary has a 1-form symmetry
S=(AxAY)/Ly . (4.1.165)

One can easily adapt the 3d discussion in order to explicitly write the form of the general
Lagrangian algebra. The symmetric bicharacter x, : B x B — U(1) induces a group homomor-
phism 1, : B — B as in the 3d case. Given a pair (B, x,) we construct the Lagrangian algebra
L]&[V] C A xAY as

Lo = {(b, B, (b)) € A x A

This has cardinality |A| and is Lagrangian since B, g,),(b2,8) = Xo(b2,01) xu(b1,b2)"1 = 1,
where (b, 3) is a shorthand for (b, 81, (b)) and we used the symmetry of y,. As in the 3d case
(see Appendix [B.2)) one can show that all Lagrangian algebras of the 5d DW(A) theory are of

this form.

beB, /3eN(B)}. (4.1.166)

First obstruction

After fixing a choice of electric-magnetic duality, we ask what are the conditions for a duality-
invariant Lagrangian algebra Lp = ®(Lp) to exist. We will study two cases: ® = S (duality)
and ® = C'ST (triality). Other cyclic 0-form symmetry groups, when they exist, can be treated
similarly. As we previously showed, all Lagrangian algebras are of the form . To verify
whether a lattice is ®-invariant, as in 3d, we impose that the pairing between £ and ®(L) be
trivial. The analysis is analogous to the 3d case. For both choices of ®, we find the necessary

condition

¢(Rad(v)) = N(B) , (4.1.167)

where Rad(v) is the kernel of 1,. As in the 3d case, this implies that |B|*> = k|A| for some
positive integer k = ‘]B% / Rad(y)} € N, and again B cannot be smaller than Lagrangian. Notice
however that since x, is now symmetric rather than antisymmetric, we cannot conclude that
|A| (and in particular k) is a perfect square. Indeed we will see explicit counterexamples, hence
showing that in higher categories the obstruction from non-integer quantum dimensions of |12]
does not hold.

The remaining conditions depend on ® and are listed below.

Duality. The automorphism o = ¢4, of B/Rad(v) must satisfy
ol =-1. (4.1.168)

In particular ¢ allows us to relate the two symmetric bicharacters as
v(o(a), b) = x.(a,b) . (4.1.169)
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From the two equations above it follows that ¢ is an order-two automorphism of the group of

symmetric bilinear forms on B/Rad(v):
xv(o(a),o(b)) xv(a,b) =1. (4.1.170)

Triality. The automorphism 7 = ¢~ ', must satisfy
1+7+72=0. (4.1.171)

It is simple to show that the above implies that 7 is an order-three operation: 7% = 1. Also in
this case, the restriction to B/Rad(v) of

7(7(a), b) = xu(a,b) (4.1.172)

holds. Using the two above equations it follows that 7 is an order-three automorphism of the

group of symmetric bilinear forms on B/Rad(v):
Yo (72(a), 72(0)) X0 (7(a), 7(b)) xu(a,b) = 1. (4.1.173)

Examples

1. Let us study the case of A = 7Z, with the standard symmetric bicharacter v(ay,as) =

exp(% alag). Consider a factorization n = pg and a subgroup

B={bq|b=0,....p-1} 217, (4.1.174)

so that N(B) = Z,. Since duality invariance requires B to contain ¢~'(N(B)) as a subgroup,
g must divide p and we set p = fq. A choice of 9, is associated with another symmetric

bicharacter y, defined on B:

)
o (b1, 02) :exp( 7;”” blbg) : (4.1.175)

where r € {0,...,p — 1}. Notice that Rad(r) & Zge(rp) hence imposing ¢(Rad(v)) = N(B)
forces ged(r, p) = ¢, namely r = sq with ged(s, ¢) = 1. Furthermore, since the restriction of
to B is v(gb1, gbs) = exp (2 biby), over B/Rad(v) = Z,/Z, = Z¢ we have

o(b) = ¢ ", (b) =sb mod £ . (4.1.176)
Thus we find that:

1. On spin manifolds, there is a duality-invariant £p for A = 7Z,, if and only if there exists
an ¢ such that n = ¢¢?> and —1 is a quadratic residue mod ¢, i.e., there exists also an s
such that

s?=—1 mod /. (4.1.177)

This equation has solutions for ¢ = 1,2,5,10,13,17, 25, 26, . ..
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2. On spin manifolds, there is a triality-invariant £p for A = Z,, if and only if there exist
¢, s such that n = ¢¢* and
s?+s5+1=0 mod/. (4.1.178)

This equation has solutions for ¢ =1,3,7,13,19,21,31,37, ...

These results coincide with the recent classification 78] of 4d topological Z,, gauge theories that
are duality or triality invariant on spin manifoldsﬂ As in the 3d case, we provide a precise

connection between the two approaches in Appendix [B.6]

2. Another interesting case to consider is A = Zsy X Zs which is the 1-form symmetry group
of a Spin(4k) gauge theory. On Zs X Zs there are four symmetric non-degenerate quadratic

forms:

1/1 0 1/0 1 1/1 1 1/0 1
) _ 1 © _1 r 1 -1 (41179
K 2(0 1>’ i 2(1 o)’ i 2(1 o)’ 7 2(1 1) ( )

In this case —1 acts as the identity on A and duality is an involution. Thus given any choice
of v, the first obstruction is cancelled by choosing B = A, ¢ = 1 and x, = 7. The case of
triality is slightly more involved. Let us consider B = A. It is simple to show that the only two

Zy % Zs isomorphisms 7 satisfying 72+ 7+ 1 =0 are 7& = (1 §) and ({1), which are inverses

to each other. If v = 7(P) we can solve the triality obstruction by taking y, = v* and 7 = 7+,
similarly if ¥ = v* we can take y, = 7”) and 7 = 7F. On the other hand, if v = 4(©) then
’y(Ti(a), b) is not symmetric and the obstruction is present for B = A. Let us then consider
7 =7 and B = Z,. Since N(B) is also Z,, we must have that B = ¢(N(B)). It is simple to
verify that taking B to be the diagonal Z, this is indeed satisfied. We conclude that the first
obstruction for A = Zs X Z, vanishes for both duality and triality.

This example, combined with the previous one, allows us to discuss the first obstruction for

N =4 Spin(2m) SYM (and its global variants). Recall that the 1-form symmetry group is

7 itm=2k+1,
AP (4.1.180)
ZQ X ZQ if m=2%k.

We thus find that the first obstruction vanishes in all cases.

Second obstruction and symmetry fractionalization

While in absence of duality- (or triality-) invariant Lagrangian algebras the non-invertible
self-duality symmetry is anomalous, when such an invariant algebra does exist the anomalies
are determined by those on the invariant boundary, where the symmetry is invertible. The

philosophy is the same as in the 2d/3d case: due to a mixed anomaly between the 1-form

52Let us also notice a few facts. In the case of duality invariance, the possible values of ¢ are those that can
be written as ¢ = 2% 4 y2 for coprime x,y. The condition can never be satisfied by ¢ multiple of 4; indeed, if £
is even then s must be odd, but then s2 = 1 mod 4. In the case of triality invariance, the possible values of ¢
are those that can be written as £ = z2 + zy + y? for coprime z,y. The condition can never be satisfied by ¢

multiple of 9.
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symmetry § = A x AY/Lp and the invertible duality symmetry G we can shift the value of
the pure G anomaly by changing the symmetry fractionalization class n € Hg(G , S). We now
determine the mixed anomaly in the simpler case B = A, the generalization to proper subgroups

being straightforward but technically tedious.

Duality. In the case of ® = S and so G = Z, the invariant partition function is given by{”|
Zine[6(B)] = > exp(?m' / b v + 2mi / ¢(B) Ub) AR (4.1.181)
be H2(X,A) X4 X4

where Z, is the partition function corresponding to the reference electric boundary condition,

while v is defined through a bicharacter y, such that

v(o(a), b) = x.(a,b) and o =-1. (4.1.182)

The action of S-duality on Z,, is easily determined using the action of S-duality on the electric
theory:

S-Z[Bl= Y exp (2m~ $(B) U a) Z.[a] . (4.1.183)

a€ H2(X,A) X4

We find

S Zinw [(b(B)] = G, exp (27rz'/ B*I/) Zinv [(b(aB)} , (4.1.184)

Xa

where G, = Zbem(X B) exp(?mj fX b*l/). Here, assuming that X, is spin, we used the simplify-

exp(Qm‘ /X4 B*(l/oa)> = exp<—27ri /X4 B*u) : (4.1.185)

Assuming that X, is simply connected (and thus H?(X},Z) has no torsion classes) and spin,

ing relation

one can show that the Gauss sum G, is equal to 1 [7§]. In a similar way we can verify that
S? Zi |0(B)] = Ziny[-0(B)] = C - Ziny[¢(B)] . (4.1.186)

Eqn. (4.1.184)) implies that the Z, symmetry generated by S acts on the 1-form symmetry of the
theory through o, i.e., the symmetry is a split 2-group with nontrivial action p : G — Aut(A)
[178,1356,/357] given by pi(a) = o a. Furthermore, the overall phase exp(27i [, B*v) should be

thought of as encoding a mixed anomaly
IS H; <Z4, H*(B?A, U(l))) where p(l) =v (4.1.187)

and 1 is the generator of G = Z4, much as in the 2d case.

Triality. For ® = CST and so G = Z3 we have the same expression (4.1.181f) for Z,, [gb(B)],
but with the class v now satisfying (4.1.173)) in terms of a 7 such that 72 +7+1 = 0. T-duality

acts on the electric boundary as

T-ZE[B]EeXp(—Qm' /X B*V)ZE[B]. (4.1.188)

53For simplicity we omit the normalization factors due to gauging.
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Then

(CST) - Z.|B] :exp(27ri /X 4 B*»y) > exp<2m’ . ¢(B)Ua> Z.Ja] (4.1.189)

a€ H2(X,A)

with B*y any class stemming from a quadratic refinement of v, i.e. the Pontryagin square
induced by 7, and we find

(CST) - Ziny [¢(B)] = G4 exp (27ri / B*V) Ziny [0(7B)] (4.1.190)

X4
Here we used that, on spin manifolds, exp [27?2' [ B* (1/ +voT+4vo 7'2)] = 1. It also holds that
(CST)? + Ziny [¢(B)] = Zinv [¢(B)] . (4.1.191)

As before, the result is interpreted by saying that the split 2-group is twisted by the Zs symmetry

and the overall phase comes from a mixed anomaly
e H (Zg, HY(B2A, U(l))> where ul) =v. (4.1.192)

We thus conclude that, similarly to the 3d case, the 5d mixed anomaly is determined by a
class
e H (G, HY(B2A, U(1))) ~ (G, T(A)") (4.1.193)

namely a function from G to the group of quadratic functions over A satisfying
pg 1(h) + p(g) = p(g + h) (4.1.194)

and subject to the the identification
p(g) = p(g) +pg&—¢ forany &€ HY(B®A,U(1)) . (4.1.195)

The full detailed derivation of the anomaly inflow is given in Appendix and we find
S, = 2m’/ (A USS,(B) . (4.1.196)
X5

To reproduce the anomalous phase arising in the boundary theory we have to compare this
phase with the boundary term arising in S, from A + d\ when we set the pull-back of A to
the boundary to zero, as well as the boundary value of A equal to the element of the group G
for which we compute the variation. This determines all the values of u(g) for g € G. We can
check that the consistency of these values is satisfied. In the case of duality G = Z4,
since v satisfies v(o(a), o (b)) = —v(a,b), we deduce that

p(l) = p@3) =v, p(0) = p(2) =0. (4.1.197)

It is obvious that (4.1.194]) is satisfied.

For triality G = Z3 the crucial relation is
v(a,b) + v(r(a),7(b)) + v(r*(a),7*(b)) = 0. (4.1.198)
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By looking at the anomalous phases that we got this implies that

ﬂ(Q) =0, M(l)(CL? b) = V(T(a)a T(b)) ) M(Z)(av b) = ’y(T(CL), T(b>) + 7(a7 b) :
(4.1.199)
Among the consistency relations , the only non-trivial (and independent) ones to check
are: Tu(1)+p(1) = u(2), 7(2) +p(l) = 0 and 72u(2) + u(2) = (1), which are indeed satisfied
thanks to .

Given such a mixed anomaly, we are now able to discuss the pure G anomaly. The philosophy
is the same as in the 2d/3d case: combining the choice of symmetry fractionalization with the
mixed anomaly we can induce an extra contribution to the pure anomaly for the invertible
duality symmetry. The details are however slightly different.

In 4d symmetry fractionalization is classified by n € Hg(G,A), which, as opposed to the
2d case where it corresponds to the choice of a G subgroup of the full symmetry, here it
corresponds to the choice of a 1-form symmetry defect n(g, h) € A inserted along the junction
of the intersection of g, h and gh defects. This amounts to redefine the coupling of the 0-form

symmetry to a background, prescribing that B is shifted to
B'=B+A'ne HX(X,A) . (4.1.200)

By plugging this expression into the mixed anomaly (4.1.196]) we shift the pure G anomaly by

an extra piece

Spure = 27rz'/ p(A)UPB,(A™n) = 27?2'/ A*y (4.1.201)
X5 X5

that can be written in terms of a class y € H® (G, U(l)). In order to work out an explicit
expression for this class we rely on a working assumption. We note that the Pontryagin square
operation, when the homology group Hy(X5,7Z) is torsion-free, can be written as a cup producﬁ
[356]:

B,(A™n) = A'nuU A™n . (4.1.202)

On the other hand the pure G anomaly is non-trivial when the homology group H;(X3,7Z)
contains torsion [240]. Therefore, in order to do the computation, we pick a bulk spin manifold
X? with torsion 1-cycles but with torsion-free 2-cycles so as to write (4.1.201)) as

Spure = 27ri/ p(A)UA'n U A™n . (4.1.203)
X

*
5

Then it is easy to conclude that

Y(91: 92, 93, 94, 95) = (—1(—g1) . 1(92, 93) Pgs-t95 194, g5)) - (4.1.204)

where the product in the second entry should be interpreted as in footnote [54 When the
second entry is the image of a quadratic function v : A — I'(A) the above expression can

54 The expression should be interpreted as follows. One writes A = @,Z,,, and lift A*n to ®,Z, which
is always possible for finite Abelian groups. In @;Z we can take the product among the various components
of the lift, then is obtained restricting the result to T' (©:Zy,) = @, T (Zn,) ® @;; Zn, @ Ln,. If X5
has torsion 1-cycles the Pontryagin square is not a cup product and in order to write it in components we need
Steenrod’s cup products (see e.g. [178]).
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be rewritten in a simpler form using the universal property defining I'(A) (see the discussion
around (4.1.163))). In particular if we can find a representative for n that is invariant under the

p action, setting g, = g4 and g3 = g5, we have

9(91792,93,92,93) = (—p(—g1) . 192, 93) n(g2, 93)) = —p(—91)(n(g2, 93)) - (4.1.205)

Examples

We now discuss how this general story applies to examples where A = 7Z,, and G is either Z4
or Zs, namely duality and triality respectively. This has some consequence for the anomaly
structure of N'=4 SYM theories with gauge group SU(n) at 7 = 1, e respectively.

Several technical details on the computations of the twisted cohomology groups are based
on the following known result (see e.g. [187]). If G = Zj, denoting f = p; € Aut(A) (note that
f¥ =1), then

Ker(1 — f) o
(14 f+ f2+ ...+ fF1) if n s even
HGH = (4.1.206)
2 k—1
R i:({j'f-).. ) if n is odd

The symmetry fractionalization classes are classified by H?(G, A), and we notice that in both

the duality and triality examples we have

I+ f+ 4. . +f1=0 (4.1.207)
by virtue of the relations 02 = —1, 72 + 7 + 7 = 1. Hence for us
HY(G,A) =Ker(1 — f) = {a € A | pi(a) = a} = Fix,, (A) . (4.1.208)

This also gives a hint for the form of the explicit representatives of the non-trivial twisted

cocycles as
n.(L,1) =2, z¢€Fix, (A) (4.1.209)

Duality. For the case of duality G = Z, we have
pi(a) =ta, t*=—1mod(n) . (4.1.210)

Using (4.1.208)) we get

Zo if n is even
H*(Z4,7.,) = 4.1.211
(2 Tn) { 0 if n is odd ( )
and in the even case the cocycles can be represented

nLD) =n(33) =nL3 =Bl =55, s=01 (4.1.212)
with all the other values vanishing. By setting n = 2m, the pure anomaly is determined by the

value of the 5-cocycle Y € H?(Z4,U(1)) in g; = ... = g5 = 1 and we get
Y = q,(ns(1, 1)) = ™% (4.1.213)

173



We conclude that for n odd the pure duality anomaly on the invertible boundary is the bare
one, given by ¢ € H5(Z4,U(1)) = Z,, while for n even the cancellation depends on the possible
values of Y. Recall that the first obstruction never vanishes when m is even. Therefore the
possible values of Y are

",

Y =exp ( 5 (2k + 1)) forn=22k+1). (4.1.214)

In the A = 4 theory with gauge group SU(n) at 7 = i the non-invertible duality symmetry
is anomalous whenever it is intrinsically non-invertible, on spin manifolds we have given the
relevant condition for A = Z, around equation (4.1.177). If the defect is non-intrinsically
non-invertible the anomaly automatically vanishes provided we combine the duality with an
appropriate R-symmetry rotation in order to have a Z, operation (see e.g. [341],358]). Indeed
following [359] and using that Q" (BZ,) = Z, one gets [S0)

€=060(n—1)—24(n* —1) mod(4) =0, (4.1.215)

therefore one should choose the trivial fractionalization class to cancel the second obstruction.
One could also consider other definitions of S-duality which do not involve the R-symmetry,
in such cases the relevant bordism group QP28 (pt) = Zszo ® Zy is larger and our techniques
would need to be refined in order to appropriately account for the cubic anomaly.

A similar conclusion applies to Maxwell theory, for which S* = 1 and the anomaly 56 mod(4) =

0 also identically vanishes.

Triality. In the triality case G = Zs,
pila)=ta, t*+t+1=0 (4.1.216)

for which we get
Zs3 if n =0 mod(3)

H*(Zs3,7.,) = 4.1.217
p (Zs, Z.) { 0 otherwise ( )
and the (non)trivial cocycles are

nLD)=n22=nLD=n2l) =75, =012 (4.1.218)

with all the other values vanishing. Setting n = 3m, the class Y € H®(Z3, U(1)) = Zs is
determined byl

exp (2m§) if m =2k

4k + 2
exp(27ri ;—) itm=2k+1

(4.1.219)

®>One can easily check that, when n = 3m is also even, so m = 0 mod (2), the choice of quadratic refinement

for g, is immaterial.
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Again we can apply these results to the case of triality symmetry appearing in N’ =4 SYM at
T = €%7/3. The triality defect is non-intrinsic when there exist ¢ € Z,, such that 1 + ¢ + t? =
0 mod(n). When this is the case we can ask about the second obstruction. To apply our
methods we are not forced to combine the naive C'ST operation with an R-symmetry rotation
to eliminate fermion parity, since (C'ST)? = 1. Then, by the same token as the duality case
and knowning that QF"™(BZs) = Zg, we have

¢ =60(n — 1) mod(9) = —3(n — 1) mod(9) . (4.1.220)

Notice that Y is valued in the Zs subgroup of the Zg anomaly group, then to compare Y to
the € above we need to multiply by 3. When n = 1 mod(3) then ¢ = 0 and there is no choice
of fractionalization, therefore the second obstruction vanishes. For n = 2 mod(3) we find e = 6
and the triality defect is always anomalous. Finally when n = 0 mod 3 we have ¢ = 3 and
a simple computation shows that the second obstruction can be cancelled only when n = 3m
with m = 1 mod (3).

In Maxwell theory instead the anomaly is 56 mod(9) = 2 and cannot be cancelled by any
choice of symmetry fractionalization. We conclude that the triality symmetry in Maxwell theory

is always anomalous due to the second obstruction.

4.1.4 A check from dimensional reduction

As a check of our results, we show that the obstruction theory of Section is consistent
with the one for Tambara-Yamagami categories upon dimensional reduction on an orientable
2-manifold WW. We treat explicitly the case that W is a torus T2, but the generalization to any
Riemann surface X, is straightforward. Physically this should be expected, indeed the simplest
example of a 4d theory enjoying self-duality is Maxwell theory, which upon compactification
on T2 reduces to the theory of two compact bosons.@ In this example the complexified gauge
coupling 7 is mapped to the position of the 2d CFT on the Narain moduli space. Such a theory
is well known to enjoy Tambara-Yamagami-type symmetries if the point on the conformal
manifold is chosen appropriately [31].

Compactifying the 5d Dijkgraaf-Witten theory for A on the torus is a simple exercise. The
resulting 3d TQFT has a 1-form symmetry A x AV where

A=AxA, (4.1.221)

together with a 0-form and a 2-form symmetry, both being A x AY, which we neglect in the
following discussion. Given a choice ¢ for the isomorphism that enters into the 5d duality

symmetry, the defect ® also implements a Z, symmetry in 3d:

®(a1, ag; ar, ag) = (—¢7 (@), ¢~ (ar); —d(as), d(a1)) , (4.1.222)

56Plus a decoupled 2d Maxwell sector that we ignore. Such a sector has a 1-form and a (—1)-form symmetry
(associated to a 27 shift of the theta angle), associated to the O-form and 2-form symmetries of the Symmetry
TFT.
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where (a1,a9) € A and (a1, 9) € AY. To get a Zo symmetry we compose this transformation
with the internal S-duality of the torus, which also squares to charge conjugation and sends

(a1, ag; a1, ag) — (a2, —aq; ag, —aq). The resulting Z, symmetry, which we dub ® acts as:

D(ay, az; g, az) = (¢~ (), ¢~ (); Plar), P(as)), (4.1.223)

or, using the A
d:AxAY — A xAY
(@a)  — (¢7'(a) é(a)
with ¢ : A x A = AY x AY given by ¢(a1, as) = (¢(a1), ¢(asz)).

(4.1.224)

First and second obstruction upon dimensional reduction

We now discuss how the first obstruction in 5d is mapped to the first obstruction in 3d language
after compactification. Clearly not all Lagrangian algebras £ in the 3d description can descend
from a 5d description, so we must first characterize them. Recall that, in 5d, algebras where
described by a choice of subgroup B of A together with a discrete torsion [v] € H* (BQIB%, U(l)).
Upon reduction on 7% this should map to a specific class 7] € H? (B]E, U(l)), where B = Bx B.
Expanding the 5d background B = B0, + Byf, with 6; a basis of H'(T?,Z) (we neglect the

O-form and 2-form symmetries), we find:
/ B*l/ == B1 U,, BQ — BQ UV Bl s (41225)
T2

where U, is the cup product induced by the symmetric bilinear form y,. The bicharacter

corresponding to v is then, in matrix and additive notation,

Xo = ( ! X”) : (4.1.226)

—Xv 0

A 3d Lagrangian algebra £ induced from 5d then is of the form

£={(b fuud)) ) beB, FeN®B)}, (4.1.227)

where 5 : B — BY is the homomorphism associated with the antisymmetric bicharacter
(4.1.226). Since Rad(?) = Rad(v) x Rad(r) the 5d condition ¢(N(B)) = Rad(v) implies

#(N(B)) = Rad(7) in 3d. On the other hand, the map 6 = ¢~'4); is given by:

5= (_00 g) , (4.1.228)

which is an involution 62 = 1. We have thus shown that solutions to the first obstruction in 5d
always descend to solutions to the first obstruction in 3d.

Let us now discuss the second obstruction. We notice that the 5d discrete torsion €, when
reduced on T2, trivializes. This is because the torus (as well as any Riemann surface) does

not have torsion 1-cycles. Thus it is not possible to detect the 5d second obstruction in 3d

176



after compactification on a Riemann surface. Indeed, from the point of view of symmetry

fractionalization, we have G = Z,, and for any Abelian group A we get
1
H,(Zyn, A) = Ker(1 + f)/Im(1 — f), (4.1.229)

with f = p;. Applying this to the case A = @/N(ﬁ) and f = & it is simple to prove that the
twisted cohomology group is trivial for any choice of Bf7| Thus there are no fractionalization

classes and therefore the second obstruction always trivializes.

4.1.5 Conclusions and applications

Let us conclude by mentioning some immediate applications of our results, as well as some

interesting open problems.

4d N = 3 theories. It has been appreciated in the past that a class of 4d N/ = 3 theories
may be obtained from a discrete gauging of the N/ = 4 duality symmetry for special values of
7 [341,1358]. More precisely, given a Zj subgroup of SL(2, Z) and a fixed coupling 74, where
k = 2,3,4,6,@ we can combine this transformation with a 7Z; R-symmetry rotation in the
Cartan of SU(4) so that the combined action preserves N' = 3 supersymmetry. As the gauge
coupling 7 = 73, must be fixed to its self-dual value, these theories have no exactly marginal
deformation and are inherently strongly coupled. The case of k = 2 is special, as the symmetry
is charge conjugation, hence it preserves the full N' = 4 supersymmetry, and is invertible. We
will thus concentrate on the cases k = 4 (corresponding to the S transformation) and k£ = 3
(corresponding to the C'ST transformation) and gauge group SU(n). As the duality symmetry
is non-invertible, it must be gauged together with (a subgroup of) the Z, 1-form symmetry
and our results imply that this is only consistent if the first obstruction vanishes. Thus there
is a severe constraint on the possible N = 3 theories which can be obtained in this way. For
example our results show that there is no such theory for n = 3 and £k = 4. We must also
check the vanshing of the second obstruction. The joint duality/R-symmetry anomaly is given
by [80]:

mod 4, ifk=4

60(n — 1) —24(n* — 1) :
mod 9, ifk=3

(4.1.230)
For the duality case the cubic anomaly is identically trivial, thus the vanishing of the first
obstruction is a sufficient condition for the gauging to be consistent. For triality instead it is
given by 6 mod 9 when n = 3m + 2 and is zero otherwise. It has been checked in [80] that
this anomaly identically trivializes when the first obstruction vanishes. Therefore also in the
triality case the gauging is consistent if the first obstruction vanishes. This also implies that,

when n = 3m, we must choose the trivial fractionalization class n € Hﬁ(Zy,, Lm)-

57Using that 02 = —1 we find that Ker(1+ &) is spanned by elements (by, by) € B/N(B) such that by = o (by).
An element of Im(1 — &) instead is of the form (by,bs) = (z — o(y), o(x) + y). A simple manipulation shows
that this is equivalent to by = o(by).

%8To be precise, since the duality group is Mp(2, Z) the discrete groups are actually Zs, Zy, Zsg, Z12 as charge

F

conjugation squares to fermion number C? = (—)¥. The combined duality - R symmetry transformation

however lies is Z;, with k as in the main text.
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In some special cases the S-fold construction of [360] gives rise to discrete gaugings of
N =4 SYM [361]. These are engineered by 2 D3-branes probing a k = 3, 4, 6 S-fold and
lead to a discrete gauging of SU(3), SO(5) and Gy N' = 4 SYM respectively. Our analysis can
be applied to the first two cases which, following the discussed examples, indeed are free of
anomalies for triality and duality respectively. It would certainly be interesting to understand
whether our methods can give some insight also on N’ = 3 theories which cannot be obtained
by a discrete gauging procedure from N = 4 and, in particular, if they enlarge the list of

generalized symmetries of S-folds described recently in [362,363].

A mixed anomaly. We have mentioned in Section that the space of duality-invariant
Lagrangian algebras is larger on spin manifolds. Similarly one can argue, for example following
[78], that the first obstruction in the 4d case has less solutions if the spacetime X is not
spin. This should be rephrased as the presence of a mixed 't Hooft anomaly between the non-
invertible symmetry A and gravity, sourced by a nontrivial second Stiefel-Whitney class wo(X).
A well known example is the symmetry TY(Z2)1, of the Ising CFT. As a bosonic symmetry
this is anomalous as the first obstruction cannot be cancelled. However, if we consider it on
spin manifolds X only, the obstruction is absent since the bulk algebra £p = {(0,0), (1,1)}
is manifestly duality invariant. Such an algebra can only be condensed on spin manifolds as
011) = —1. On the field theory side it is well known [12,31}364] that fermionizing the Ising
CFT into a Majorana fermion the duality symmetry A becomes the invertible (—1)ft which
is anomaly free. A similar example in 4d, as already stated before, if the N' =4 SU(2) SYM
theory, whose duality symmetry is anomaly-free on spin manifolds (after combining it with an
R-symmetry rotation) it is anomalous by the first obstruction when X is non-spin. It would

be nice to make this idea more precise.

Duality-invariant RG flows. In both 2d and 4d, duality-symmetric theories allow for a
plethora of interesting RG flows which preserve the non-invertible symmetry. In the former case
they have been studied in [31], while in the latter an initial study has appeared recently [80].
As in the 2d case, the anomalies for the duality symmetry can lead to strong constraints on
the possible low energy phases. A simple example is the N' = 1* [365-369] deformation of
N =4 SYM at 7 = ¢, which, in the presence of the first obstruction, necessarily leads in the
IR either to spontaneous symmetry breaking of the non-invertible symmetry, or to a self-dual
Coulomb phase [80]. A related problem deserving further study in the light of our results is
the deformation of the SU(2), SU(3), SU(4) N' = 4 theory by the Konishi operator. This
must lead in the IR either to an N/ = 0 CFT or to chiral symmetry breaking in order to
match the cubic SU(4) anomaly. Consistency of these scenarios with the intricate pattern of
non-invertible symmetries and their anomalies might allow to put stringent constraints on the

possible IR phases. This problem is currently under investigation.

Intrinsic versus anomalous. In our work we have seen that, in the context of duality
symmetries, the concept of “instrinsic” [133] implies that the duality symmetry is anomalous.

Such concept is not unique to duality symmetries, and can be rephrased as the statement that
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the symmetry category C is not Morita equivalent to any category of the form nVecs for some
(higher) group G. It would be interesting to understand how far the relationship between 't

Hooft anomalies and intrinsic defects extends.

Duality-invariant boundary conditions. It is known [332,333] that the presence of an 't
Hooft anomaly for a symmetry C forbids the existence of a C-invariant boundary condition "]
Our results can in principle be used to constrain the existence of duality-invariant conformal
boundary conditions, building on the results of [370372]@ for N =4 SYM and free Maxwell

theory, respectively.

4.2 Holographic duals of symmetry broken phases

A profound insight by E. Witten is that Topological Quantum Field Theories (TQFTSs), due to
their general covariance, can be seen as theories of quantum gravity [373]. Unlike in more con-
ventional examples, general covariance is not achieved by integrating over metrics but rather
by not introducing them at all. Consequently, these theories lack any semiclassical descrip-
tion involving weakly interacting gravitons. In traditional gravitational theories, one selects a
background metric and expands around it, thereby breaking general covariance spontaneously.
Therefore, TQFTs can be viewed as theories of quantum gravity with unbroken general covari-
ance — where gravitons are, in a certain sense, confined.

This old story requires some important refinements. A full quantum-gravity theory should
not depend on the background topology. TQFTs, on the other hand, are sensitive to space-
time topology through their global symmetries, broadly defined in terms of their topological
operators [9], which are expected to form some higher category [6},10-14,57,65,88,/118]. One
way to achieve such an independence is to sum over all topologies, which can be done in low
dimensions [285]286,,374-376]. Alternatively, one can use TQFTs that do not even depend on
topology [34], hence that are free of global symmetries and then trivial (or invertible) [330,377].
These can be obtained by gauging a maximal non-anomalous set of topological defects, called
a Lagrangian algebra, in a nontrivial TQFT. Not all TQFTs have Lagrangian algebras (the
typical example is 3d Chern—Simons theory), but those that have them admit topological (or
gapped) boundary conditions. In fact, given a Lagrangian algebra L, one can construct such
a boundary condition as an interface between the TQFT and the gauged TQFT [26]220-222].
Equivalently, the boundary condition is defined by allowing the defects inside £ to end on the
boundary.

TQFTs with topological boundary conditions have recently gained attention for their role
as Symmetry Topological Field Theories (SymTFTs) in the context of generalized symmetries
(see [104-107] for reviews). SymTFTs are (d 4 1)-dimensional TQFTs Z(C) associated with

% Strictly speaking the argument of [333] only applies to 2d. However, given a representation of the higher
dimensional 't Hooft anomalies in terms of defect configurations, it should be possible to extend it to general
symmetry categories.

60See also [84] for more details on the action of the non-invertible duality symmetry on boundary conditions

in Maxwell theory.
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symmetry structures C in d dimensions, capturing all properties of the symmetries regardless
of the specific QFT, realizing them [9,116-118]. The TQFT Z(C) is placed on a slab with
two boundaries. The left one supports the physical QFT, of interest, coupled with the bulk.
The right one is the topological boundary condition that one is free to choose, determined
by a Lagrangian algebra L. Defects inside £ become trivial on the topological boundary,
while all other ones (modulo those inside £) give rise to topological operators of the symmetry
C, after the slab is squeezed. The endpoints of defects inside £ inherit a braiding with the
generators of C from the bulk braiding, hence they become the charges of the symmetry [5253].
SymTFT has been shown to be a very powerful tool for studying global symmetries, also of non-
invertible type [7,8,67,69,133] and their anomalies |2(98,99./195,196], as well as to characterize
phases [109-112,|197,|19§].

Although originally restricted to finite symmetries, the framework has been recently ex-
tended to continuous symmetries [206,210, 211].@ The prize to pay is to introduce a new type
of TQFTs with gauge fields valued in both U(1) and R, and to have a continuous and/or
non-compact spectrum of operators, thus going beyond the standard TQFTs well studied by
mathematicians (we provide a more precise mathematical definition in Appendix . This
idea has been shown to be applicable to all possible non-finite and continuous symmetries, with
or without anomalies, possibly with higher-group structures, and even including non-invertible
and non-Abelian symmetries. By now the picture is that to any possible symmetry structure
C in d dimensions one can canonically associate a (d 4 1)-dimensional TQFT Z(C).

Our aim here is to give a different interpretation to these TQFTs Z(C), not as SymTFTs
but as theories of gravity. More precisely, we want to establish holographic dualities in which

the bulk theory is a SymTFT. The main proposal of this paper is the following:

e Thought of as a theory of gravity, the SymTFT Z(C) for a symmetry C is the holographic
dual to the universal effective field theory (EFT) that describes the spontaneous breaking
of C.

It is a general principle of quantum field theory that any theory with a certain continuous global
symmetry that is spontaneously broken, in the far infrared (IR) flows to the same universal
theory of Goldstone bosons [378,379]. This is roughly speaking always a sigma model, although
the target space can be infinite dimensional (e.g., it is the classifying space BPG in the case of
higher-form Symmetries)@ As for the SymTFT, this EFT is also canonically determined by
the symmetry C without any further information. For this reason, it is natural to expect that,
even though they appear to be completely different objects — a (d + 1)-dimensional TQFT
and a d-dimensional EFT — the two can be somehow related as they both have the same input
datum. We will prove by means of many examples that this correspondence is holography.

A crucial part of the story is the proper choice of boundary conditions. These will be non-
topological and of the Dirichlet type for some combination of the bulk fields. Since bulk fields

are gauge fields A, these boundary conditions break some gauge invariance, making it a global

61See [212] for a different proposal involving non-topological theories.
621t is not clear to us how to make this precise for non-invertible symmetries, for instance for the Q/Z chiral

symmetry discovered in [61},64].
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symmetry of the boundary theory. This agrees with the general principle in holography that
boundary global symmetries correspond to bulk gauge fields. The non-triviality of the system
really comes from the boundary conditions that, being non-topological, generate dynamics
on the boundary. The boundary theory can be thought of as a theory of edge modes. Our
setup has several similarities with, and may be understood as a generalization of, the Chern—
Simons/WZW correspondence [124,|125] and its reinterpretation as a full-flagged holographic
duality by means of bulk anyon condensation [34].

We find that for the simple Abelian TQFTs introduced in [206,[210] as the SymTFTs for
U(1), the dual boundary theory is a free theory of S* Goldstone bosons, or generalized Maxwell
fields when the symmetry is of higher form. More precisely, these boundary theories have
topological sectors (e.g., winding for a compact scalar, or magnetic fluxes for a photon), and
the nontrivial TQFT without gauging the Lagrangian algebra is only dual to a fixed topological
sector. The latter is not a physical theory and is the non-chiral analog of the conformal
blocks in the CS/WZW correspondence. The physical theory is obtained by summing over
various topological sectors, and we will show that this sum is reproduced by the gauging of the
Lagrangian algebra. These Abelian TQFTs have various interesting modifications describing
chiral anomalies, higher groups, and non-invertible Q/Z symmetries [206]. We include all of
them in our analysis, showing that their holographic duals are the theories describing the
spontaneous breaking of the corresponding symmetries. In particular the SymTFEFT for the
non-invertible chiral symmetry is the gravity dual to axion-Maxwell theory.

For non-Abelian continuous symmetries GG, the SymTFT was also conjectured in [206,[210]
and further analyzed in [211]. In the simplest case, it is a TQFT introduced many years ago
by Horowitz [380] and is written in terms of a G connection and a Lie-algebra-valued higher-
form field in the adjoint of G. When employing this theory in our story, it proves to be the
dual to a non-linear sigma model with target space G at the boundary. For d = 4 this in the
pion Lagrangian describing the low-energy dynamics of massless QCD in the chiral symmetry
breaking phase. We also show that including a term that describes an 't Hooft anomaly we
obtain a WZW term in the sigma model [381].

A particularly interesting example is that of a non-Abelian 2-group in 4d, mixing a non-
Abelian continuous symmetry G and a U(1) 1-form symmetry [179]. The Goldstone theory
for this symmetry structure was not determined before, and we use our holographic conjecture
to derive it. It consists of a non-linear sigma model and a photon, coupled through a parity-
violating interaction whose leading term is proportional to k fu.€"*? A, 0,m, 0,m, 057, Where
7, are the pions, f,. are the structure constants of GG, while k € Z is a quantized coefficient
that governs the 2-group structure. This term encodes the coupling of the photon to the
current for a topological O-form symmetry of the sigma model. This result has a concrete
application to the low-energy dynamics of 4d U(N) QCD. For low enough number of flavors,
the chiral symmetry is spontaneously broken and quarks form pion bound states as in SU (V)
QCD. However, here the theory also contains an Abelian gauge field A for the baryon number
symmetry with quarks charged under it, hence in the IR this photon cannot be decoupled.
The photon-pion term encodes the coupling of A to the baryon number current in the IR. We

argue that the theory has a spontaneously-broken 2-group symmetry, implying that the leading
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photon-pion interaction coincides with the one we determined from our conjecture.

Since our work utilizes TQFTs with an infinite number of (simple) topological operators, as
an aside in Appendix we explore some of their properties and show (in a simple example)
that while their path integrals on closed Euclidean manifolds are divergent, the path integrals
on open manifolds can be made finite.

The rest of the section is organized as follows. In Section [4.2.1| we explain the general setup
and clarify some issues about holography with TQFTs in the bulk. In the rest of the sections
we present several interesting examples. Section 4.2.2] concerns the vanilla example of Abelian
symmetries without additional structures. In Section we include chiral anomalies and
higher group structures, showing that the Goldstone theory is the same as in the vanilla case
but it couples differently to background fields, a fact that is interpreted in terms of symmetry
fractionalization. The non-invertible example is discussed in Section after we warm up
with a similar but simpler example in 3d that produces Maxwell-Chern—Simons theory. The
non-Abelian cases (including higher groups) are finally studied in Section .

4.2.1 Topological field theories as holographic duals

The bulk theories we use in this paper are TQFTSs of the type introduced in [206,[210,211] to
describe SymTFTs for continuous symmetries. In the simplest cases, they have a Lagrangian
formulation ad®] _
i
T o

S bap1 AdAyi (4.2.1)

Xat1

where A1 is a U(1) (p+1)-form gauge field, while b, is an R (d — p — 1)-form gauge field.
In the whole paper, we adopt this convention in which uppercase letters indicate U(1) gauge
fields, while lowercase letters indicate R gauge fields. Understood as a SymTF'T, this describes
a p-form U(1) symmetry in d dimensions. The topological operators of the theory are [206]:

Vilpar) = € om0 Uy ) = PP ez, peR/Z2U().
(4.2.2)
The partition function of on a generic closed manifold diverges, but infinities are avoided
on certain classes of manifolds with boundaries (see Appendix. These are the relevant ones
for both the SymTFT and the holographic setup considered in this paper. Moreover, normalized

correlators are always finite, and capture the braiding of topological defects:

(Va(ps1) Us(y_p1)) = €xD [2m’ n 3 Link (y,11, %/1—;;—1)} , (4.2.3)

In the following we will consider several modifications of the vanilla case that take
into account anomalies, higher groups, non-invertible symmetries, as well as extensions to non-
Abelian groups. However let us focus here on this simplest case as an illustration of the basic
ideas and setup.

In SymTFT, is placed on a slab with two boundaries, one of which is topological and

determines the symmetry after the slab is squeezed. This topological boundary is characterized

63We only consider Euclidean manifolds and normalize our actions so that the weight in the path integral is

673.
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SymTFT Holography
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Figure 4.3: Left: the SymTFT setup. The TQFT is placed on a slab, whose right boundary
is topological and determined by a Lagrangian algebra £. Right: the holographic setup con-
sidered here. There is only one boundary with non-topological boundary conditions, while the
Lagrangian algebra L is gauged to make the bulk invertible.

by a maximal set of mutually transparent objects, which we generically refer to as a Lagrangian
algebra £. In this example a natural Lagrangian algebra consists of all V,,(7,4+1), while the
Us(Ya—p—1) become the generators of the U(1) p-form symmetry of the boundary theory.

In this paper, instead, we consider a different setting in which is placed on a manifold
Xgy1 with a unique connected boundary My = 0X4,1, which we endow with a Riemannian

structure. On M, we fix non-topological boundary conditions
Ap+1 + 1C * bd—p—l = Ap-i-l . (424)

Here * is the Hodge star operator of the boundary, A, is a fixed (p+1)-form on the boundary,
and C'is a generically dimensionful constant with mass dimension [C] = 2p+2— d@ Moreover,
the Lagrangian algebra £ that was used to define the topological boundary in the SymTFT
setup must now be gauged in the bulk X4, and the final bulk theory Z(C)/L is an invertible
TQFT. See Fig. for a comparison of the two setups.

In this second setup we want to establish a precise holographic duality with a certain local
QFT, living on the boundary, which we need to determine. More precisely, the equality we
need to show is the standard one [274-276]:

Zrqrr,,, 0], = Al = Zopr,[Ma, Al (4.2.5)

Here TQFT 444 is the result of gauging £ in Z(C), ¢ denotes generically some bulk fields (for
instance ¢ = A,i1 + 1C % bg_,—1 in the example (4.2.1))), while A is introduced as a bound-
ary value from the bulk viewpoint and plays the role of a background field for the boundary
QFT. Although SymTFT superficially resembles holography, the two are fundamentally differ-
ent. SymTFT only captures symmetries and disregards dynamics, allowing any QFT with the

64The introduction of such a scale is necessary since the components of 4,1 have dimension p+1 while those
of bg—p—1 have dimension d — p — 1. In this way the forms A, and bs_,—1 are dimensionless, the action in
(4.2.1)) is dimensionless, but xbq—,—1 has dimension d — 2p — 2.
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specified symmetry. In contrast, in holography the dual QFTy is uniquely determined by the
bulk theory and its boundary conditions, encoding both symmetries and dynamics as in (4.2.5)).

We will determine the dual QFT, explicitly in the many examples considered below, provid-
ing strong evidence for the conjecture that the dual theory to Z(C)/L is always the symmetry-
breaking EFT for C. Some of these checks are quite subtle and highly nontrivial. For instance,
the Goldstone theory for a U(1) symmetry with a cubic 't Hooft anomaly in 4d is still a com-
pact boson with no additional terms as in the non-anomalous C&SGE but the background field
for the symmetry is coupled non-minimally to the theory. We discuss this in Section m (in
particular is the additional coupling) to which we refer for more details. The SymTFT
for a 4d anomalous U(1) is [206]

i

S:—/ bg/\dA1+
27 Jx,

24 5 / Ay NdA NdA; . (4.2.6)
Forgetting about the boundary value A; appearing in the boundary condition , the
additional cubic term does not affect the dual boundary QFT4. However we will show in
Section that keeping track of A; we reproduce exactly the non-minimal coupling expected
for an anomalous U(1).

Before moving to the various examples, let us clarify a conceptual point. The assertion
that certain dynamical QFTs have a TQFT as holographic dual might be perplexing at first.
The origin of the confusion is that, even though TQFTs are good theories of gravity, the non-
appearance of a metric tensor g, is puzzling for holography: the metric should be dual to the
stress-energy tensor 7, of the boundary QFT. While this observation is in general correct, in
a few special cases it might have a loophole: the stress tensor might not be an independent
operator. For instance, this is the case in the CS/WZW correspondence [124]/125]. In 2d WZW
models the stress tensor of the CFT, using the Sugawara construction, is made out of the
currents which are dual to the gauge fields of the 3d Chern—Simons bulk theory. Something
very similar happens in our examples. Indeed, the EFTs for symmetry breaking are very special
QFTs in which everything, including the stress-energy tensor, is determined by the currents
and their correlation functions. This is at the core of the universality of those EFTs. For
instance, in the theory of a U(1) Goldstone boson with action

R2

S=— dd A xdd , (4.2.7)
47 M

the U(1) current is J, = %GM(I) and the stress tensor is a composite operator of J,,:

R? 1 9 T 9
T, = e 0,90, — 3 O (0P) = 5WJ Judy | - (4.2.8)
Through the boundary conditions, the bulk SymTF'T provides background fields for the global
symmetries of the boundary theory, which are sources for the boundary currents. Hence the
TQFT can compute correlation functions of the currents, and by universality correlation func-

tions of all operators, including those of the stress tensor, even without an explicit source g, .

65This is different from the non-Abelian case, in which an anomaly implies a WZW term in the sigma model.
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This is a general statement: in the EFTs for spontaneous breaking the currents completely
determine all operators and the holographic duals do not need a graviton field.

It is expected, however, that embedding our models into RG flows and taking into account
non-universal features would require to reintroduce dynamical gravity into the game. Indeed, a
related observation is that the boundary theories we obtain are either free or non-renormalizable.
The reason why a TQFT, which is expected to be UV complete and finite, can be dual to a non-
renormalizable theory is the choice of non-topological boundary conditions, which introduce an
energy scale in the theory. This scale sets a limit below which both the bulk and boundary
theories are well defined. Above this threshold, the boundary theory requires the inclusion of
more and more operators to tame UV divergencies. This issue has to carry over to the bulk
TQFT as well — albeit in a way unclear to us — making the TQFT description incomplete. The
expectation is that, to make sense of the bulk theory above the scale of the boundary condition,
one has to allow for dynamical gravity in the bulk in a way that is similar to the embedding
of an EFT for spontaneous breaking into a UV complete theory. It would be interesting to

understand this point better.

4.2.2 U(1l) Goldstone bosons

The simplest cases to test our conjecture are those of U(1) symmetries of generic degree. We
warm up with the textbook example of a spontaneously broken U(1) 0-form symmetry in generic
dimension and then move on to the case of higher-form symmetries, whose Goldstone bosons
are (free) U(1) higher-form gauge fields [9].

0-form symmetries

Consider the following TQFT in d 4+ 1 dimensions:
i
o

S ba_1 A dA, (4.2.9)

Xai1
where A; is a U(1) gauge field while by_; is an R (d — 1)-form gauge field. We endow the

boundary My = 0X441 with a Riemmanian metric and impose the boundary condition

?
*Al = _ﬁ bd,1 —+ *Al . (4210)

Here R is a parameter of mass dimension (d — 2)/2, while A4, is a fixed background 1-form on
My,. Notice that only in d = 2 this boundary condition is conformally invariant. In order to

get a consistent variational principle with this boundary condition we must add a boundary
term Sy to (4.2.9). Indeed, the variation of the action produces a boundary piece

B deq ? 1
38y, = (07 g [ b st = /Md bt Axdbay,  (4211)

which requires a boundary term

1

So = 4T R?

/ bd—l AN *bd—l . (4212)
My
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Since the boundary condition breaks gauge invariance on the boundary, we have to
be careful in specifying the group of transformations we quotient by in the bulk: we choose
to allow only gauge transformations that are trivial on the boundary. This implies that the
bulk gauge symmetries become global on the boundary. For any global symmetry we should
be able to turn on a background. In our setup this operation has a very natural realization:
instead of freezing gauge transformations on the boundary, we allow them but transform the
boundary data so as to render the boundary condition invariant. For instance, we can make
gauge invariant under gauge transformations of A; by demanding that A; — A; 4+ d\g

is accompanied by a transformation of the fixed background Aj;:
A= A+ d). (4.2.13)

With this choice, A; is interpreted as a background gauge field for the global U(1) symmetry
on the boundary. Notice that with our choice of boundary term the whole system is gauge
invariant.

We can also restore the gauge transformations by_1 +— by_1 + dvy_o by transforming

Ay A — (—1)‘1# e dvg_s, (4.2.14)

which however are not proper background gauge transformations. A clearer and equivalent
possibility is to parametrize the boundary condition as
i

*Al = R?

(ba—1 — Ba—1) , (4.2.15)

where By_; is another fixed background on the boundary that transforms as By 1 — Bg_1 +
dvg_s. It can be understood as a background field for the global (d — 2)-form symmetry on
the boundary. Yet another possibility is to restore both gauge transformations, for instance
through the parametrization

i

*(Al_‘Al):_RQ

(ba—1 — Ba-1) . (4.2.16)

We can use it to discover information about the boundary theory. Indeed, with the choice of
boundary term in (4.2.12)), the system is not gauge invariant, rather under a gauge transfor-
mation we find

' 1
5(S+Sy) = (_1)d—1i dvg_o NA; — —/ (2dvg_o Ax By_1+dvg_s Axdvg_s) . (4.2.17)
27T My 47TR2 My

The second piece can be cancelled by modifying the boundary term with the addition of

1
47 R?

/ By_1N*xBg_1, (4.2.18)
My

that can be understood as a local counterterm. However the first piece in (4.2.17]) cannot be
removed while preserving background gauge invariance for the U(1) O-form symmetry. This is
a sign that the two symmetries have a mixed 't Hooft anomaly. Indeed, as we are going to

see, the theory we are describing is the holographic dual to a d-dimensional compact boson. In
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what follows we will turn on only the background for the U(1) 0-form symmetry, i.e., we will
use the boundary condition (4.2.10)).

In order to rewrite the path integral of this TQFT as that of the compact boson we proceed
in analogy with [125]382,[383] (see also [384]). We assume that X4, contains an S factor
parametrized by t ~ t + 3, interpreted as Euclidean time, hence X .1 = Xy x S* and 0Xy4, =
Mg = My_; x S*. For simplicity, we also choose the metric of 9X,,; to be diagonal in My_;
and S! so that

xdt = (—1)" Vol , € QY Myy) (4.2.19)

with Volay, , the volume form of M,;_;. We decompose the bulk fields as
Ay = Al dt + A, bay = bly_y Adt + by, (4.2.20)

where forms with a tilde live on the spatial manifold X,;. The time components Af and b} ,

appear linearly and can be treated as Lagrange multipliers. Integrating them out enforces
dA; =0, dbg1=0. (4.2.21)

We now make a choice for X, and take it to be a d-dimensional ball so that My, = 541 x S!.
Then are solved by introducing a compact scalar ®y and a (d — 2)-form R gauge field
Wq_o as

Ay = dd,, byt = dwg_o . (4.2.22)

Rewriting both the bulk action and the boundary term using ®, and wy_o, the system reduces
to the boundary action
1

s [(_ndczwd_g A (9B — AL)dt +

2T I ia , (4.2.23)
_ % <R2 (JCIDO — .Zl) N % (CZCI)() — ,Zl) + % de_g A *de_g)} )
This action is not covariant, and time derivatives appear linearly. For d = 2, the action
contains two scalars and is a manifestly self-dual formulation of the compact boson known in
the condensed matter literature as the Luttinger liquid Lagrangian (see, e.g., [385] for a recent
discussion). It has the advantage of making both U(1) symmetries explicit, at the expense of
hiding Lorentz invariance. The action is a d-dimensional generalization of it and it
makes both the 0-form and the (d — 2)-form U(1) symmetries manifest.

Path integrals with an action linear in time derivatives are interpreted as phase-space path
integrals. One can typically obtain a configuration-space path integral by integrating out the
momenta that appear quadratically. Indeed, here dwy_s is the conjugate momentum to @, and
we can recast the theory in a Lorentz-invariant form by integrating out wy . An important
observation is that the action has zero modes that need to be eliminated. One way to see this
is via the equations of motion for wy_s. These are
i

d (8,29 — Ab)dt + (—1)d§ *dwg_s| =0 (4.2.24)
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with solution
dwg_o = iR? (0,®9 — Ab) * dt —iR* x dv . (4.2.25)

Notice that, since (atq)o —.Af)) *dt is a (d—1)-form supported only on space, we have dxdryy = 0.
The scalar vy is integrated over but its path integral is naively divergent because vy has vanishing

action, i.e., it is a zero-mode. Therefore in order to get a consistent theory we have to gauge
fix vo = 0. Plugging dwy_» in (4.2.23) we get the final action

RZ

S =—
47 My

(d®y — A1) Ax (AP — Ay) , (4.2.26)

corresponding to a d-dimensional compact boson with radius R. Had we integrated out ®,
from ([4.2.23)), we would have found the dual formulation in terms of the (d —2)-form wy_s. The
background field A; corresponds to the U(1) shift symmetry of the boson and the anomalous
shift we discussed above corresponds to the mixed 't Hooft anomaly with the winding symmetry.

Omne might be puzzled by the fact that we have one bulk gauge symmetry U(1), but we
still obtain two global symmetries on the boundary, which might seem to clash with the usual
holographic expectations. However, for the compact boson this is not really a contradiction:
all correlation functions of one current can be obtained from those of the other. Indeed, the
backgrounds of the two symmetries are obtained one from the other using the x operator
(modulo counterterms, which correspond to contact terms in correlators); thus, functional
derivatives of the partition function with respect to a single background already contain the
information of all correlators of both currents (see |386] for a related discussion).

Before going on, let us mention an alternative, quicker way to arrive at the final result
that does not pass through the Luttinger-liquid-like formulation . It requires X411 to
be a ball, and hence M, = S¢. After determining the boundary conditions and the
boundary term , we just integrate the entire by_; out, imposing dA; = 0. Since the bulk
is now topologically trivial, this is solved by A; = d®(. Using the boundary condition to express
the boundary term in terms of Ay, and plugging back A; = d®y, we immediately get

(£.2.26)).

Higher-form symmetries

The higher-form case is very similar and we only flash the 1-form symmetry example, just to
highlight one small subtlety. The TQFT we start with has action

o
o7

S fao AdGo, (4.2.27)

Xat1
with f; o and G5 being an R and U(1) gauge field, respectively. On X4,1 with boundary My,
that we endow with a Riemannian metric (if d = 4 a conformal structure is enough) we set the

boundary condition
-2
wGy = (—1)™  fi oy + %Gy, (4.2.28)
T

where [e?] = 4 — d. We must also add a boundary term

2
€
Sa = -7 fd72 N *fd72 . (4229)

2
471' OX 41
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When solving the constraints imposed by the integral over time components as
]'::1_2 == de_g s ég = CZAl s (4230)

we introduce (time-dependent) forms wy_3 and A; only on the spatial manifold Xy, namely

without time components. The boundary action one obtains is

l

S = {(—1)ddwd_3 A (8:A1 + GY) Adt +
2 M
¢ o (4.2.31)
vfe” ~ ~ ™~ ~ ~ ~
— 5 (? dwd_g VAN *dwd_g + 6_2 (dAl — gg) N\ * (dA1 — gz)):| .
This is a higher-form generalization of (4.2.23]) and integrating out w,;_3 we obtain
1
S = —/ (dAy — By) Ax (dAy — By), (4.2.32)
4@2 My

where By = —G! /\dt+§2 is a 2-form background field. This is a Maxwell action in d dimensions

coupled to a background field B, for its electric 1-form symmetry.

The subtlety we want to point out is that A; does not have the time component, hence
this is a gauge-fixed Maxwell actionﬁ There is a gauge choice that arises naturally in this
reduction procedure, that is, the temporal gauge. The same story goes through for any higher-
form gauge field: the boundary action is always a generalized Maxwell theory in the temporal
gauge (see [384] for a discussion on this point). It is important to keep this small subtlety in
mind when looking at more complicated TQFTs that produce further interactions involving
the photon. For instance, in Section [4.2.4] we will obtain Chern—Simons terms on the boundary,

and we will have to keep in mind that they always arise in the temporal gauge.

Lagrangian algebras and topological sectors

There is one very important caveat in the discussion of the previous two sections. Let us focus
on the 0-form symmetry case for definiteness. We have shown that with the boundary condition
we chose, the path integral of the TQFT can be rewritten as a path integral with the action
of a compact boson . However, the domain is not the one of the physical theory. The
reason is that when we solve (4.2.21)) introducing &, and wy_» as in , these fields cannot
wind around the time circle S*. Hence what we established in Section is that the TQFT
partition function is equal to the zero-winding sector of a compact bosonm

However, it turns out that we can produce the path integral in any fixed winding sector,
simply by inserting a Wilson line ¢ /s141 along the time circle in the bulk. The line pierces the
spatial manifold X, at a point P, creating a nontrivial (d—1)-cycle £4_1 C X, and introducing

a monodromy for by_; around it:

/ by1 = 2mn. (4.2.33)
DN

66This subtlety does not arise in the quicker procedure described at the end of the last section.
67For d = 2 the boundary spatial manifold is S, and since ®q is compact the path integral includes a sum

over all windings around that spatial circle, but not around the time circle.
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To get the TQFT partition function with this insertion, consider a generator 77;—;1 of H (X, \

P;7Z), namely fEd_l N4—1 = 27. The second equation in (4.2.21)) is now solved by
’gd—l =NnMNg—1+ dN(,dd_Q . (4.2.34)

With the same steps as before we obtain a path integral on boundary fields ® and wy o, again
over configurations of ®; with zero winding around the time circle, but with a modified action
with respect to (4.2.23)):

?

S, = %/ [(—1)6’ dwg_o A (0D — Ab)dt +
Mgy
P 1 )
— 5 R (d(I)o — Al) N\ * (dCI)O — .Al) + ﬁ dwd_g VAN *dwd_g + (4235)
. 2
amn ~ n ~ ~
—(-1) o » AL a1 A dt + Py /Md Na—1 N\ *Ng—1 -

Here 7y_1 is the pull-back of ;1 on My. It is a top form on 0X; = My_1 and one can
make a choice for the representative ny_; in (4.2.34) such that n;_, = 27’7\/01 My, With v =
1) Md,l\/Ol M,_, the volume of the boundary spatial slice. In particular *7,_1 = 27” dt. Plugging
this back into (4.2.35]) we obtain

2
L - where 0= (1) [ Aldt. (4.2.36)
UR S1

Here Sy is the action (4.2.23) written in terms of the periodic scalar in the Luttinger liquid
form, which could be rewritten in the Lorentz covariant form (4.2.26]) that makes manifest its

nature as a boson of radius R. Notice that 6§ ~ 6 + 27 has the interpretation of a chemical

potential for the U(1) 0-form symmetry. The partition function with the line inserted is then

. ul
Zp = Zpext €XP <zn9 W n2> (4.2.37)

where Zpe 1s the perturbative contribution due to a periodic boson.

We want to show our claim that, after we condense a Lagrangian algebra in the bulk, the
partition function includes the sum over all topological sectors of the compact scalar, hence
reproducing the physical partition function. The simplest Lagrangian algebra contains all the
lines W, = /41 and no surfaces V,, = ¢/ ta-1. Due to our choice of geometry, gauging this
algebra is the same as summing over all lines inserted along the time circle, hence summing over
all n in . The bulk interpretation of this sum is that we are computing the partition
function of the SPT phase obtained by gauging the algebra, which we are taking as our theory

of gravity. Hence using Poisson’s summation formula we ﬁnd@

2
Zgravity = Z Zn = Zpert Z exp |:_ WQ}BR <U) + %)2] . (4238)

neL WEZ

The right hand side is precisely the partition function of a compact boson of radius R (with
chemical potential 6).

58Here we are neglecting an extra factor \/3/vR2, since normalizations of the path integrals do not play a
role in this paper. A similar factor is neglected in ((4.2.39]).
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More generally, the bulk TQFT has other Lagrangian algebras consisting of the lines Wy,
and the surfaces V,, , for an integer number k£ € Z. Condensing one of them produces a
different SPT phase in the bulk, hence a different theory of gravity. In the SymTFT story
this corresponds to gauging the Zj; subgroups of the U(1) symmetry at the boundary [206].
Because of the chosen geometry, there are no (d — 1)-cycles in the bulk and hence condensing

this algebra simply means summing over all Wilson lines of charge multiple of k. The result is

Lty = O Zom = Zpert%exp {—% (%)2@ + gﬂ (4.2.39)

mez
and the right-hand side can be interpreted as the partition function of a compact boson of
radius R = R/k. This is an orbifold of the previous boundary theory, which could be thought
of as a different global form of the same theory.

We want to comment on a slightly different way to obtain a holographic dual to compact
bosons, which also fits our proposal. We could have started with the TQFT of two R gauge
fields described by the action .

i
T o

S bd,1 A da1 . (4240)

Xd+1
In this TQFT the charges of the Wilson lines W, = e®/® are not quantized, and since there
is no sum over ﬂuxes there is no identification among the charges of Vg = ¢'Plba-1  The
spectrum of bulk operators is then larger, labelled by R x R, and the corresponding braiding
is the phase >3, Lagrangian algebras are classified by the choice of a real number Q € R,
and are given by [34]

Lo ={Won,Vg-1m | n,m e Z}. (4.2.41)

It was shown in [206] that this TQFT is the SymTFT for two U(1) symmetries, namely a
O-form and a (d — 2)-form, with a mixed anomaly. While this is a different symmetry structure
from just a single U(1), the second higher-form symmetry arises universally in the IR whenever
the O-form symmetry is spontaneously broken. Hence the two symmetry structures share the
same EFT that describes the broken phase and, according to our proposal, they should both
be the holographic dual to a compact boson. Indeed there is no much difference between the
two theories: the non-topological boundary conditions can be chosen to be the same, and the
computations of Section [4.2.2| give the same result.

The considerations explained in this section can be repeated for any higher-form symme-
try. However, in order to detect the various global structures of a boundary p-form Maxwell
theory, one needs to properly choose the geometry. Indeed the fluxes are supported on (p+ 1)-
dimensional cycles, and thus a natural choice is to take X441 = By, x T° P+l with By—p a ball.
One of the S' factors of the torus plays the role of a time circle, and X4 = By, x T?. The
bulk TQFT has action .

i
T o

where by_,_1 is an R gauge field whilst A, is a U(1) gauge field. One can obtain an SPT phase

ba—p1 A dAy (4.2.42)

Xat1

by gauging the Lagrangian algebra given by W, = e™/4r+1 and this is realized by inserting

69An R gauge field admits a gauge in which the connection is globally defined, therefore the field strength is

an exact form and its integrals on compact submanifolds vanish.
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these defects along the TP*! factor in the bulk. This sum indeed reproduces the sum over
fluxes of the p-form Maxwell theory on the boundary. The choice of other Lagrangian algebras
modifies the value of the electric charge and corresponds to discrete gaugings of the 1-form

symmetry.

4.2.3 Abelian anomalies and higher groups

We can enrich the analysis of U(1) symmetries by including anomalies (Sections 4.2.3[and |4.2.3))
or a 2-group structure (Section |4.2.3). We show here that, when doing it, the dual boundary

theory gets coupled to background fields in a non-minimal way. In Sections [4.2.3| and |4.2.3| we

provide a field-theoretic interpretation of our results in terms of symmetry fractionalization.

Chiral anomaly in 2d

The SymTFT for an anomalous U(1) symmetry in 2d has action [206]:

T X3 7 X3

The additional bulk Chern—Simons term significantly affects the consistent boundary condi-
tions. To establish a proper variational principle with a non-topological boundary condition, it

is essential to include the boundary term

1 k k
So = eys /8X3 (bl + 5 Al) N x (bl + 5 Al) (4.2.44)

together with the following Dirichlet boundary conditionﬂ

i k
*0A = ——=d0|lb1+=-A1|. 4.2.45
1 i ( 1+ 5 1) ( )
In order to properly turn on a background for the boundary U(1) symmetry we have to render
the boundary condition invariant under gauge transformations of A;. This is most naturally

done by introducing a 1-form A; as

(A — Ay) = —# (b1 + g (A, — Al)) . (4.2.46)
This boundary condition is invariant under 0.4; = 0A; = d\g, allowing us to interpret A; as
a background field for the U(1) symmetry on the boundary. Notice that our choice does not
modify and is thus just a particularly convenient parametrization.

Before deriving the dual boundary theory, we can already establish that it has an 't Hooft
anomaly. Indeed, under a gauge transformation dA4; = §A; = d)\g the total action S + Sy
transforms as

2

1k
Mo Ma

"00ne can check, by writing all possible boundary terms and imposing consistency of the variational principle,

that these boundary data are the only possible choice.
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where My = 0X3. The second term can be cancelled by adding the following counterterm to

the boundary action:

/{32
ot = Ay Ax Ay 4.2.48
= 16n k2 » 1 1 ( )
However the remaining total gauge variation
vk
0(S+ Sy + Ser.) = —— do A A4 (4.2.49)
4 Mo

cannot be cancelled by any local boundary counterterm: it is precisely the anomalous variation
corresponding to a perturbative U(1) anomaly.

To derive the boundary theory we follow the steps outlined in Section [£.2.2, The constraints
imposed by the path integral over time components again allow us to write A, = d®, and
51 = dwy. The boundary action expressed in terms of these variables, after introducing F =
A — % * A; for convenience, reads:

i

s {(on +5d®, ) (9120 — Fb) Adt+ (4.2.50)

~ o,
_ %(R2<J®o _f1> /\*(J(I)O —fi) + %(Czwo-i- gcﬁbo) AN (Czwo"i‘ gdq)o))] + Set -

This is the same action as in (4.2.23]) for d = 2 but with wy — wy + §<I>0. Integrating wy out
we find
R? ik
v M2 47T M2
This action describes a compact boson of radius R, but with an unusual coupling to a back-
ground for the momentum symmetry. Such a coupling reproduces the anomalous shift (4.2.49)

that is indeed cancelled by the inflow action
1k
Sinflow = ——/ Al AdA; . (4.2.52)
AT Jaq

Notice that the extra coupling ®,d.A; in has a form similar to the coupling with
the winding symmetry. In a sense, we are prescribing that a background .A4; for the momentum
symmetry also activates a background B; = k.A; for the winding symmetry. In other words,
A; is not coupled with the momentum symmetry but rather with a diagonal combination of
momentum and Winding.ﬂ Since the two symmetries have a mixed anomaly, this diagonal U (1)

inherits a pure anomaly.

Chiral anomaly in 4d

The treatment of anomalies in higher dimensions presents a further conceptual difference. As
a representative case, we consider d = 4 and the TQFT with action
ik

2472

27 Jx,

™

/ Ay NdAL NdA; . (4.2.53)
X5

"IMore precisely, it is the diagonal combination between momentum and a Zj extension of the winding

symmetry.
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To get a good variational principle we need to impose

k:
and add a boundary term
Sp = — ! / b+£A NdAL ) A% b+£A N dA (4.2.55)
T TR Jo \ P o T T S -

These choices however do not allow us to turn on a background by simply changing the
parametrization of the boundary condition, as we did in 2d. Indeed, if we try to restore
the gauge transformations of A;, the boundary condition shifts by terms that depend on the
field A; itself and cannot be cancelled by adding counterterms in the background only. Turning
on a background in d > 2 requires us to change the boundary data in a nontrivial way. In
Appendix [B.7 we explain an iterative procedure that, starting from the data above, produces a
consistent variational principle together with a gauge-invariant boundary condition. The result
for d =4 is
k k

* (A — Ay) = —é <63 + a(A1 Ai) AdA; + F(Al Ay A dAl) (4.2.56)

with boundary term

1
4 R?

k k ’
Sy = — / <b3+_(AI—AI)AdA1+—A1AdA1> + AINATNdA; . (4.2.57)
0Xs o 127

247T2 90X

When setting A; = 0 we recover the previous boundary data, but in general there are new
terms that mix background and dynamical fields. As in 2d, one can show that the system has
an anomaly performing a gauge transformation 64; = d.A; = d\y: up to a counterterm the
gauge variation is

1k
2472

The procedure to determine the dual boundary theory is completely analogous to the exam-

5(S+ 59+ Ser.) = / Ao d Ay N dA; . (4.2.58)
0Xs

ples we have already presented. Integrating the time components out we introduce ;[1 = d®,
and by = dw,. To simplify our expressions, we denote F; = A; — o R2 * (A3 AdA;y). Then the

boundary action, in its non-covariant presentation, is

S = % /M4 [(dwg + 5= d(I)o A d.A1> (0:®0 — Fg)dt — %(Rz <CZ‘I)0 - ﬁl) N * <Jq)0 - -7::1) +

+ 25 (dw2 + 5 ddy A dA1> A * (dwz + 15 dPo A dA1)>] + S (4.2.59)

where My = 0Xj5. As before we can integrate out wy and the final action reads

R? 1k
S = E M4(dq)0 —./4.1) /\*(dCI)O —Al) + Y

/ By dAy A dA; . (4.2.60)
My

This represents a compact scalar with a non-standard coupling to a background associated with
the shift symmetry, akin to the situation in 2d. The additional interaction accounts for the
anomalous variation described by . Nevertheless, unlike in the 2d scenario, we cannot
view this altered interaction as a combination of the shift and winding symmetries since the

two have different degree.
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Anomaly matching in the broken phase

Let us provide a purely field-theoretic interpretation of the result in the previous section. For
any Lie-group symmetry G, the Goldstone theory describing the symmetry breaking phase is a
non-linear sigma model with target space GG. In even spacetime dimensions d, the symmetry G
can suffer from perturbative anomalies and the question is how these are matched in the sigma
model.

For non-Abelian G it is well known that the anomaly is reproduced by a WZW term
[381]. This is an additional interaction with important dynamical consequences. Perturbative
anomalies are classified by H¥"?(BG; Z), which determines a (d+1)-dimensional Chern—Simons
action that cancels the anomaly by inflow. On the other hand, WZW terms in d dimensions

are classified by H4"1(G;Z). Anomaly matching is mathematically represented by a map
7 H"(BG;Z) — H"™(G; Z) (4.2.61)

called transgression [387]. For d = 2 this map also underlines the map of levels in the CS/WZW
correspondence [188]. For the simple Lie group G = SU(n), the transgression map 7 is injective
[188], meaning that any perturbative anomaly is matched by a WZW term.m However this is
not the general case, and if 7 has a nontrivial kernel, the corresponding anomalies require some
new ingredient to be matched in the sigma model.

Here we focus on the extreme case G = U(1) for which H4*! (U(l);Z) = 0, namely there
is no WZW term at all, and any anomaly must be matched in a different way. From our
holographic analysis we know the answer to this question: the dynamics of the sigma model is
unchanged with respect to the non-anomalous case, but the symmetry is coupled non-minimally
to the background A; through the extra topological term

vk
(2m)/2 (4 4+ 1)!

/ g (dA) . (4.2.62)
My

This term reproduces the anomaly, but at this level it seems a bit ad hoc. We want to clarify
why it arises from a UV viewpoint and how we understand it in the IR. This is important
to understand why there is a difference in how anomaly matching works in the Abelian and
non-Abelian cases.

We can show in a simple model that when the background field is turned on in the UV, the
additional coupling is generated along the RG flow by integrating out massive fields.
Consider a 4d theory with a massless Dirac fermion ¢ and a complex scalar ¢, coupled via a
Yukawa interaction:

LD o (4.2.63)

The theory has an axial symmetry U(1) 4 under which both Weyl components of ¢ have charge
1, while ¢ has charge —2. U(1)4 has a cubic anomaly with & = 2. Choosing a potential V' (¢)
that induces condensation of ¢, the axial symmetry gets spontaneously broken to Zy = (—1)F.
By decomposing ¢ = pe'® into its radial and angular parts, the VEV (p) = v gives mass to

both p and ¢. The angular part © remains massless and is the only degree of freedom at low

"2The transgression map is expected to be injective for all simple Lie groups.
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energy: it is the Goldstone boson. The faithful symmetry in the IR is U(1) = U(1)4/Zs that
shifts ©. In order to reproduce the anomaly, the coupling to a background A must include the

term ]
i

2472

Indeed this term arises when integrating out the fermion. To see this notice that, for fixed

O (dA)*. (4.2.64)

¢ and A, if ¢ is real and positive then the fermion path integral can be regularized in a way
such that the measure is positive [388-390]. Clearly this is not true on a generic configuration,
but we can make it true by performing an axial rotation of parameter e, with o = —%@. A
textbook computation [317,[391] shows that the path integral measure of the fermion changes
by a phase

D[] = D] exp(zil;_ : / o (dA)?). (4.2.65)

Setting o = —%@ this precisely reproduces the coupling . Now the Yukawa coupling be-
comes p 1), that for fixed p is essentially a positive mass term for the fermion, hence integrating
out the fermion becomes a safe operation that does not introduce extra phases.

Returning to the general case, we want to interpret the extra coupling as specifying
a (higher) symmetry fractionalization class for the U(1) symmetry. This reinterpretation will be
crucial to understand the analogous story for higher groups in the following sections. A 0-form
symmetry G can fractionalize in the presence of a discrete 1-form symmetry I'. This means that
when two topological defects g, h € G fuse to produce gh € GG, their codimension-two junction
gets covered by a topological defect w(g,h) € T" of the 1-form symmetry [178}338,348], where
w € H*(BG;T). Equivalently, a background A; for G turns on a background By = Aj w for the
1-form symmetry. In this formula, we think of A; as a map My — BG and of B, as an element
of H*(My,T) so that we can use A; to pull back w. With this interpretation it becomes clear
that, if G and I' have a mixed anomaly, a non-trivial fractionalization class modifies the pure
anomaly for GG, possibly making it nontrivial even when it vanished originally [338,,348]. This
has a natural generalization to the case that I' is a discrete p-form symmetry: when p + 1
topological defects ¢1, ..., gp+1 € G fuse in generic position, they create a codimension-(p + 1)
junction that can be dressed by a defect w(gi, ..., gp+1) of the p-form symmetry I', where w is
a class in HP™!'(BG;T). Equivalently, a background .4; turns on a background B, = Ajw
for T

The compact boson theory that describes the breaking of a U(1) 0-form symmetry also
possesses a U(1) (d — 2)-form winding symmetry, and the two have a mixed anomaly. For
this reason, a pure anomaly for the O-form symmetry can be induced by fractionalizing it with
the (d — 2)-form symmetry. One minor modification with respect to what we described above
is necessary because the p-form symmetry (here p = d — 2) is continuous. Its most natural
description is not in terms of a background potential B,.;, which is not a cohomology class
in general, but in terms of its field strength 5= dB,y1 € HP"?(My;Z). As a consequence the
fractionalization class, instead of being an element of HP™(BU(1);U(1)), is more naturally
an element of HP™2(BU(1);Z) = Z. This is the datum that determines a (p + 1)-dimensional
Chern—Simons level, or equivalently the corresponding Chern class in (p+2) dimensions. Hence,

in analogy with the discrete case, we prescribe that a background A; for the O-form symmetry
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activates a background By_; for the (d — 2)-form symmetry whose field strength is

1 k
—dBy1 =
or T (2m)d2 (44 1))

/2

(dAy) (4.2.66)
Recalling that the (d — 2)-form symmetry is coupled to its background field through the action
term # 1) m, Po dB,;_1, this reproduces the coupling (4.2.62)) in agreement with our holographic

result.

Abelian 2-groups

We consider a 2-group symmetry in four dimensions formed by a U(1) O-form symmetry and a
U(1) 1-form symmetry. This can be obtained by starting from a theory with two U(1) 0-form
symmetries with a cubic mixed anomaly and gauging the U(1) that appears linearly in the
anomaly polynomial [179,346]. The 1-form symmetry participating in the 2-group structure
is the magnetic symmetry of the photon. The SymTFT for such a 2-group symmetry has
action [206]:

1

k
S (b3 N dA; + hy N dCy + o ho N Ay A dAl) . (4.2.67)

=5 N
Here A; and C5 are U(1) gauge fields, while b3 and hy are R gauge fields. The topological
operators that implement the symmetry are the Wilson surfaces of b3 and hs. On the other
hand, the endpoints of ¢'/41 are local operators charged under the 0-form symmetry, and the
endlines of ¢//¢2 are ’t Hooft lines charged under the magnetic 1-form symmetry. The gauge

transformations are:@
k k
5A1 = d/\() s 5h2 = dgl y (5b3 = d’72—2— dgl/\Al s 502 = d771+2— d)\o/\Al . (4268)
s ™

We place this TQFT on a manifold with boundary, X5 = B, x S for simplicity, and we
interpret it as a theory of gravity, holographically dual to some 4d quantum field theory on
the boundary. The last term in (4.2.67)) contains a derivative, therefore it affects the boundary
contribution to the variational principle, similarly to the case of chiral anomalies. To fix the
boundary terms Sy and the boundary conditions on the fields, we use the same logic as in that

case. We find the boundary conditions

i k ie? k
* (A1 - A1) = 2 {53 + o ha A (A1 - ./41)} , xhy = — (Cg —Cy — %.,41 A Al) (4.2.69)
and a corresponding boundary term
' 2
_ ok _“ _k _k
Sa o T 6X5h2 A <CZ 2w Al A A1> A2 /(9)(5(02 o ./41 A Al) N * <CQ o Al A\ A1>
1 k k
- /Ms [bg + o ha A (A — Al)] A % [bg + 5 oA (A — Al)l . (4.2.70)

"3There is some freedom in the choice of transformations that leave (4.2.67) invariant. In particular, the
transformation d A; = d)\g could be accompanied by an action on both b3 and Cs as dbg = —e%d)\o A ho and
0Cy = (1 — e)%d)\o A A; for any choice of €. Here we chose € = 0 which matches the transformations in the

boundary theory.
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Here Ay, Cy are fixed gauge fields on the boundary that transform as a proper 2-group back-

ground:
k
0A; = d)g, 0Cy = dny + % Ao N Ay . (4.2.71)

. e . . . 2
This makes the boundary conditions gauge invariant, provided we add a counterterm ;— /. 9Xs CaoN
* CQ .

With the usual procedure, we obtain that the dual boundary theory has action:

R? 1
S=— (d(I)O—Al)/\*(dCDQ—Al)‘i‘—Q/ dCLl /\*dal
47 AX5 de 0X5
Z, " (4.2.72)
+ — CQ/\d(Z1+—2 QDOdal/\d.Al.
27T 9Xs 47T 8Xs

Naively one may think that a; is an R gauge field, because it comes from the trivialization
of he. However, we have to take into account the condensation of the appropriate Lagrangian
algebra in the bulk, necessary to trivialize the TQFT and making it independent of the topology.

Specifically, here the relevant Lagrangian algebra is

r— {eian17 e

n,m € Z} . (4.2.73)

Following the same logic as in Section [£.2.2] this introduces a sum over the fluxes of da; that
effectively makes a; into a U(1) gauge field.

Turning off the background 4; we obtain a free compact scalar and a free photon (coupled
to a background field Cy for its magnetic symmetry), enjoying a U(1) 0-form symmetry with
conserved current J; = % d®y, and a U(1) 1-form symmetry with conserved current J, =
%*dal, respectively. However, as soon as we turn on a background A; for the O-form symmetry,
the 2-group structure manifests itself through the nonstandard coupling between the photon
and the scalar, which modifies the currents and the background gauge transformations [179).
This is very similar to what happened in the case of the chiral anomaly, and we will provide a
similar interpretation in terms of symmetry fractionalization in the next section.

Let us show that the theory in (4.2.72)) reproduces the 2-group symmetry [179]. First, notice

that the gauge transformation
k
6(1)0 = )\0 , (SAl = d)\() s 562 = dT]l + % d)\(] A ./4.1 (4274)

leaves the action invariant. This is indeed the background gauge transformation for a 2-group.

Second, in the presence of a background the currents get modified to:@

iR? k 1
Jp = — (dPg — A1) + — + (dPy A day) , Jo = — xday, 4.2.75
1= o ( 0 1) = ( 0 1) 2= 5 1 ( )
and these satisfy modified conservation equations
k
d*Jl—i-Q—dAl/\*JQ:O, dxJy =0, (4.2.76)
7
that are the correct conservation equations for a 2-group symmetry.
"For a U(1) p-form symmetry we use the convention that the current J,.; is defined by * Jp41 = —i W‘Eil

where A4, is the background field.
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Abelian 2-groups in the broken phase

The unusual coupling to the background A; in (4.2.72)), responsible for the 2-group structure
of the symmetry, is quite similar to the coupling responsible for a chiral anomaly,
that we interpreted in terms of symmetry fractionalization. Indeed we can give a similar
interpretation here too. While it is intuitively clear why symmetry fractionalization can induce
a pure anomaly, and this fact has been studied extensively [338|[348], the necessity of symmetry
fractionalization to match higher-group structures has not been much appreciated. There is
indeed one important difference, namely the nature of the symmetry used to fractionalize the
U(1) 0-form symmetry in question: it is a composite symmetry [392].

In general, if we have two U(1) symmetries of degrees p and ¢ with currents J,1 and J,44

respectively, if p+¢ > d—1 we can construct a third U(1) symmetry simply because the current

Tprg-dra = * ((x pr1) A (5 Jgi1)) (4.2.77)

is automatically conserved. This symmetry is of degree p + g — d + 1. In general, it is not
a particularly interesting symmetry because its consequences are already implied by the con-
stituent symmetries. However, it plays a role in our discussion. The IR theory of a 4d compact
boson has an emergent 2-form symmetry: the winding symmetry of the scalar with current
Jy = —% * dPy. This is the symmetry we used to fractionalize the O-form symmetry in the
case of the chiral anomaly. In this case, since we also have the magnetic 1-form symmetry of

the photon with current J, = % * day, we can construct

Ty =% ((xJs) A (o)) = ﬁ * (d®o A day) (4.2.78)

that generates a 0-form symmetry. Using this symmetry to fractionalize the shift symmetry of

the compact boson, as described in Section [4.2.3] we obtain precisely the non-canonical coupling

in (£.2.72).

4.2.4 Boundary Chern—Simons-like terms

In this section we study bulk models obtained by adding terms without derivatives. These
do not affect the boundary terms in the variational principle and hence do not modify the
boundary conditions. Thus the dual theory couples minimally to the background fields, but it
contains extra interactions, typically Chern—Simons-like terms. Our main motivation here is to
verify our conjecture in a case with a non-invertible symmetry, the Q/Z chiral symmetry in four
dimensions [61] 64”7_5] and to provide a framework to study aspects of its spontaneous breaking.
We also consider in Section a bulk 4d TQFT introduced in [206], which was argued to be
related to 3d gauge theories with Chern—Simons interactions. We use our formalism to establish

a precise holographic duality confirming the expectation of [206].

"5See [213] for a recent proposal to recover the full U(1) chiral symmetry.
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Holographic dual to Maxwell-Chern—Simons theory
We consider the 4d TQFT with action

I (A1 A dby + 43 by A 62) , (4.2.79)
T

— % X4
where by is an R 2-from gauge field, A; is a standard U(1) gauge field, and ¢ is a parameter.

On closed manifolds the theory is invariant under the following gauge transformations:
(5141 = dpo — 22 )\1 y (5[)2 - d)\l . (4280)
T

The gauge-invariant operators include surfaces U,(7) = b2 and the generically non-
. ing

genuine lines W, (v, Dy) = ™ Fy 41452 Ipy 22 that need an attached two-disk D, bounded by

~1. The label o ~ a + 1 is circle valued, while n € Z. The coupling ¢ is 27 periodic. We will

be mostly interested in the case

_27r

°=%

with k€ Z. (4.2.81)

In this case the lines W,,;, become genuine, and an interesting Lagrangian algebra is obtained
by taking all the genuine lines together with the surfaces Uy, with [ € Zy.
We place the theory on a manifold with boundary, where we impose the boundary condition
s
k22

* (A —Ay) = by . (4.2.82)

In order to have a good variational principle we must add the boundary term

kQ 2 1 'kQ 2 ~k,2 2
S(') = ——e Al N *Al = ?/ (b2 + e *./41) N * <b2 + we *Al) . (4283)
8X4 4k (& 8X4 m

472 T

The gauge transformation dA; = dpg is restored by d.A; = dpy that makes (4.2.82) invariant.

The full system is gauge invariant, provided that we also add a counterterm S.; = k2¢? f 9. AN

an?
*Aj.
We take the bulk to be the product of a three-dimensional ball Bs and the time circle S!, so
that 90X, = M3 = 5% x S'. Integrating out the time components Al b} we get delta functions
imposing

dby, =0, dA, + 10y, =0, (4.2.84)

that are solved introducing ®, and a; through
by =day, Ay =do,—La. (4.2.85)

With this, the bulk path integral reduces to a boundary path integral with action

k2e? T
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Attempting to integrate out a; to derive a covariant action for the scalar field, as we did in
Section 4.2.2] results in a non-local actionm However, there is no problem in integrating out
®( from (4.2.86) and we obtain a local and covariant boundary theory with action

1 1 1
=— da; N\ *day + — ay N\ day + — da; N Ay . 4.2.87
1202 /Md ay N\ *xday + Ak e ay a; + o e ay 1 ( )
This might seem like a U(1) gauge theory with an improperly quantized Chern—Simons
level. However we must be careful in identifying the correct U(1) gauge field, by considering
the condensation of the Lagrangian algebra that trivializes the bulk. This includes all genuine

lines as well as k surfaces:

L= {ka = el gy = ek It

mez, le Zk} . (4.2.88)

On the geometry that we are considering, condensing £ amounts to inserting the lines Wy,

along the time circle and summing over m, while the surfaces have no effect. The insertion

of Wy, modifies the path integral so as to impose that f g2 b2 = 2mkm for any two-sphere in
B3 that surrounds the Wilson line. This in particular includes the boundary spatial manifold.

From the boundary theory viewpoint, this is a topological sector of the path integral with flux
da

— —km. (4.2.89)

S2 2

Hence the canonically normalized U (1) gauge field is a; = a;/k, in terms of which the boundary

theory has action

1 % &
S day A day + i— ar A day + ;— da; A A, . (4.2.90)

- 462 Ms ™ Ms s Ms

This is Maxwell-Chern—Simons theory at level k, coupled to a background field for the topo-
logical U(1) symmetry acting on monopoles. Precisely, the background field for this symmetry
is A} = kA;, while A, is the background for a larger non-faithful U(1) symmetry obtained by
extending the topological symmetry with a trivially-acting Zkﬂ

Spontaneously broken non-invertible chiral symmetry

In 4d theories of massless Dirac fermions coupled with dynamical U(1) gauge fields (QED-like
theories) the classically conserved axial symmetry U(1)4 suffers from an ABJ anomaly that
spoils the conservation of the current: dx JI = =5 F» A Fy [393,1394]. Traditionally, this
was interpreted as the absence of U(1),4 in the quantum theory. Recently [61],64] showed that

axial transformations labelled by rational numbers survive at the quantum level, but they obey

"6 A similar (even though less transparent) problem would have raised if we tried to obtain the boundary
theory using the second method described at the end of Section[4.2.2] i.e., by integrating out directly the whole

bo: it does not appear linearly in the bulk action.
"TThe reason why we got this coupling is that the TQFT we started with describes this larger symmetry,

implemented by the operators eiof b2 but the subgroup Z; has been condensed in the bulk, and acts trivially
in the boundary theory.
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non-invertible fusion rules. The SymTFT for this non-invertible chiral symmetry was derived
in [206]:
k
27 Jx, AT
Here A;, Gy are U(1) gauge fields, while b3, f, are R gauge fields. The gauge transformations

are

k k
0A; =dpy, dbg =déo — — M ANdA — — M A [,

42 2m By (4.2.92)
dfs = dA, 5G2:d771—2—P0(f2+d)\1)——)\1/\/11-

T 2m
As shown in [206], the gauge-invariant genuine topological defects are:
Waln) =™ U () = b At (35 ) 1293)
Val(ye) = ¢’ Ton(2) = €2 O L (21 A, f2)

Here n,m € Z and a € R/Z, while p/q € Q with ged(p,q) = 1 and p ~ p + kq so that the
label p/kq € Q/Z. Then Zym(vq; A1, f2) denotes a pure 2d Zy,, gauge theory on 7y,, whose
O-form and 1-form symmetries are coupled, respectively, to A; and fy. Similarly, AP (v3; f2)
is the minimal Abelian TQFT with Z, 1-form symmetry and anomaly labeled by p introduced
in [353], whose 1-form symmetry is coupled to f. Stacking these TQFTSs is necessary in order
to make the operators gauge invariant and topological. The theories A%P are nontrivial for
any q # 1, so that only a Z; subgroup of the operators U 2 (those with ¢ = 1) are invertible,
while the other ones obey non-invertible fusion rules. Similarly, 7, are non-invertible. In the
SymTFT approach it is natural to choose topological boundary conditions associated with the
Lagrangian algebra

L= {Wn, T ‘ n,m e Z} . (4.2.94)

The remaining operators Ur (73) and V,(72) implement the non-invertible symmetry and the
magnetic 1-form symmetry, respectively.

Continuing with the approach we have followed so far, we want to consider a theory of
gravity based on (4.2.91]) with the condensation of £ in the bulk. We place this theory on a
manifold X5 with a boundary and impose the non-topological boundary conditions

i

*Al = _ﬁ

by + Ay | *GQ:—Z—Zfﬁ*gQ. (4.2.95)

We need to add a boundary term:

1 1
Sop = ———= by A *xb3 — — A . 4.2.96
? 47 R? /3X5 3AE% T e 0Xs fonxt ( )

As before we would like to assign gauge transformation rules to the boundary fields A, G,
in order to restore some of the gauge transformations on the boundary, corresponding to the
symmetries that become global there. However, while we can restore 0G5 = dn; by transforming
0Gs = dn, the gauge transformation 6 A; = dpy cannot be restored. Indeed, while the first eqn.
in (4.2.95)) could be made gauge invariant by prescribing that §.4; = dpy, the second one would

not be invariant because G5 transforms as 0G5y = —% pof2. This term cannot be reabsorbed by
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modifying the gauge transformations of Gs, since f is a dynamical field. Thus the only way to
make the boundary conditions gauge invariant is to freeze the boundary value of py, as those
of A1 and &.

To get the boundary theory, as before, we integrate out the time components imposing
o - —~ E o~  ~ e E o~ ~
dAIIO, deZO, db3+—f2/\f2:0, dG2+—A1/\f2:O, (4297)
47 2
that are solved by
JUR - - k . ~ . Lk .
Al = dq)o, fg = dCLl s b3 = dCUQ — 4— ay VAN da1 s GQ = dCl - 2— CI)O da1 . (4298)
s s

The total action reduces to a boundary theory with action:

S = i » {(a?wg — ﬁ a; N Jal) A (8@0 — Ag)dt — (JCl — % D, Ja1> A Oy A dt
— %(R2 (cifbo — le) A * (d@o — ./Z1> + %(J&Jg — ﬁal A cial) A * (cng — ﬁal A Ja1>)
- %(61 day A wday + (0, — & @ day — Go) 1w (4C; — - 0y dy - 52))
+day AGEAdE+ % Do day A dal] (4.2.99)

where My = 0X5. We can then integrate out both ws and C5 obtaining

R’ 1 1k i
S = //\44 |:— (dq)O_Al) /\‘k(dq)[)—Al) —|—@da1 /\*dal—i—@@odal/\dal—i—%dal/\%}

T

(4.2.100)
As in the cases of the Abelian 2-group and of Maxwell-Chern—Simons theory, gauging the
Lagrangian algebra introduces fluxes for a; turning it into a standard U(1) gauge field. The
theory in (4.2.100) describes a compact boson ®4 and a photon a; interacting via an axion
coupling. This is called axion-Maxwell theory, and the full structure of its symmetries (including
some emergent ones) has been studied in great detail in [60]. From the discovery of the non-
invertible chiral symmetry it was suspected that this theory universally describes its symmetry
breaking. Our result confirms that. Notably, this is the first interacting boundary theory among
the examples considered so far.

Some comments on the coupling to the background fields are in order. As we already
noticed after , there is no sensible gauge transformation rules that we could assign to
A; and Gy to make the boundary condition invariant under dA; = dpy, hence we needed to
freeze it. In the action , A; should not be thought of as the background field for the
0-form non-invertible symmetry, but rather just as an external source that couples with the
operator Jl(A). This is enough for holography, but it might seem a bit unsatisfactory from a
symmetry viewpoint. However, this is really the hallmark of the non-invertible nature of the
symmetry: ordinary background gauge fields seem not to exist, and they are effectively replaced
by boundary values of dynamical fields in one dimension higher [7]. The underlying reason
is that non-invertible symmetries map untwisted sectors to twisted sectors, hence the gauge

transformations of a background gauge field necessarily involve an interplay among backgrounds
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that do not exist simultaneously in the theory, but only in the SymTFT (or in holography)
where all global variants are on the same footing. This is the reason why SymTFT is the main

tool for discussing anomalies [2}98,99,/195].

4.2.5 Non-Abelian Goldstone bosons

A very interesting class of examples are those of spontaneously broken non-Abelian symme-
tries. In these cases the boundary EFTs that we derive are interacting and generically non-
renormalizable. In the 2d/3d case we will be able to recover and somewhat generalize the
CS/WZW correspondence outside of the conformal point, while in higher dimensions we will
obtain the pion Lagrangian on the boundary. We start with the non-Abelian generalization of
the theories considered in Section and then add an anomaly term, which corresponds to
WZW terms in various dimensions. Finally we show how our setup is able to produce an EFT

for spontaneously broken non-Abelian 2-group symmetries.

Holographic dual to the pion Lagrangian

Let G be a connected and compact Lie group (with Lie algebra g). The SymTFT for a non-
Abelian 0-form symmetry G in d dimensions is the TQFT with action [206}210), 211]:|7_g]

o
o7

S Tr(ba—1 A F2), (4.2.101)

Xat1

where Fy = dA; + 1A, N\ A is the field strength of a G connection A; while by_1 is a g-valued

(d — 1)-form. The gauge transformations are
Ay = AA AT FidAATY bg1 + Abg i A7 (4.2.102)

as well as
bd,1 — bd,1 -+ DA)\d,Q . (42103)

Here Dy = d + i[Ay, - ]+ is the covariant derivative that acts on p-forms valued in the Lie
algebra as
Danp = dip + (AL Amp — (=1)P g, A Ay) . (4.2.104)

The topological defects of this TQFT include the Wilson lines

W (71) = Tre Pexp (1/ Al) (4.2.105)
7

labelled by the irreducible representations R of G, as well as (d — 1)-dimensional Gukov-Witten
operators Upg (va—1) labelled by conjugacy classes [g] of G and defined by prescribing that the
holonomy of Ay around Uy, be in [g] [395]. The two classes of operators have a canonical linking
given by the character xm([g]). A natural Lagrangian algebra that we will condense consists of
the Wilson lines in all representations of G.

"For d = 3 this theory was first considered by Horowitz [380]. Curiously, the motivation was to view it as

an exactly solvable theory of gravity.
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We use the following non-topological boundary condition and boundary term on M, =
0Xga:

1
IrYE

* <A1 - Al) = —# bd,1 y Sa == / Tr(bd,1 A *bdfl) . (42106)
T Mgy

We can recover the gauge transformations on the boundary by assigning the transformation rule
Ay = AAAT +idAA! so that A, is interpreted as a background field for a global symmetry
G.m We can proceed with the usual steps to derive the dual boundary theory. Taking the

spacetime to be Xy = By x S*, the path integral over time components imposes
=0, Dz byt =0. (4.2.107)
The first equation can be solved in terms of a G-valued scalar field U as
A =idUU". (4.2.108)

To solve the second one, since the covariant derivative with respect to a flat connection squares

to zero (i.e., it becomes a differential), we set
by_1 = Dwg_s (4.2.109)

where w5 is a g-valued (d — 2)-form, and D denotes the covariant derivative with respect to

idU UL By plugging these back, the theory reduces to a boundary action:
27 My

1 1 ~ ~ ~ ~ ~ ~

+ [ Tr| o Dug g AxDug o+ £2(1dUU = &) Ak (1dU U - A )|
47 My fﬂ.

One important difference with respect to the Abelian case is that U and wy_» do not appear

symmetrically. While U appears in a complicated way, the action is still quadratic in wy_o that

can thus be integrated out using its equation of motion

~ —1)-1 o o
D(@tUU_l —|—i.A6> A dt + %D*Dwd_g =0. (4.2.111)
Eliminating a zero-mode as in the Abelian case, we can use this equation to determine de_g,

and we find the manifestly covariant form of the boundary theory:

S = ﬁ/ Tr[<idUU‘1—A1) A*(idUU—l—Alﬂ. (4.2.112)

AT S,
This describes a sigma model with target GG, coupled to a background field A; for the symmetry
G that acts as U — gU with g € G. The sigma model is a non-renormalizable theory that
provides the leading universal term in an expansion in number of derivatives (in 4d this is chiral
perturbation theory), describing the EFT of any theory with spontaneously broken symmetry

G [378,379)].

"Differently from the Abelian case, here we cannot turn on another background to rescue the other gauge
symmetry as well. The reason is that the gauge transformation (4.2.103)) of b;_1 cannot be reabsorbed in the
boundary condition by replacing bg_; with by_1 — B4y_1 and assigning a transformation rule to By_1. Indeed,

this transformation would necessarily involve the dynamical field A1, instead of the background Aj.
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Non-Abelian chiral anomaly

For any even d we can add a Chern-Simons term to the bulk theory (4.2.101)) :@

k
Scs = —— Tr(CSas1(A1)), Kq =

: keZ, (4.2.113)
P (2m)z 1 (4 +1)!

that describes the presence of a perturbative anomaly for GG. In this case, differently from the
Abelian one, anomaly matching requires a WZW term in the spontaneously broken phase [381].
We want to show that this fact is implied by our conjecture. We also consider the case of d = 2
where, strictly speaking, our conjecture does not apply because there is no spontaneous breaking

of a continuous symmetry in two dimensions.

Two dimensions

In the case of d = 2, we use the boundary condition

‘ k
* (A1 — Al) = —% (b1 + 5(141 — ./41)) (42114)
that is gauge invariant under A; — AA A" +idA AL, A — AA A +idA A~Y, and add the

boundary term
1

S /Mg Tr{<b1+gA1> /\*<b1+§A1>] (4.2.115)

to make the variational principle well defined.

As a preliminary consistency check, we compute the gauge variation. The total gauge-

transformed action differs by

ik k
A(S+ Sy + Ser.) = Z—/ Tr(A; AIATHA) + —/ Tr((iA~'dA)?) (4.2.116)
T 9X5 47T X;
from the original one.ﬁ Upon expanding A = 1 4+ A\ and retaining only the linear order in \g,
this reduces to the usual form of the consistent anomaly:
1k .
5(S+ 59+ Ser.) = — / Tr(A; Aid)) - (4.2.117)
47T 9X3
One can proceed in determining the dual boundary theory similarly to the non-anomalous
case. Since the boundary condition is essentially the same (simply written in a different
parametrization), the only difference is the bulk Chern—Simons term which gives rise to a
WZW term in the boundary theory:

12 ) B . _ k N
S:E[\AQTr[(ldUU L A) Ax(idUU 1—,41)} +E/><3Tr[(1u 1dU)ﬂ
ik o
- = MQTr[.Al/ndUU } (4.2.118)

80Here we assume G to be simple and simply connected.

2
81Here S,y = / Tr (.A1 A *Al) is a counterterm we add to simplify the final result.
09X

8mfz
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We notice that there is also a non-standard coupling to the background field, that in our
approach arises because of the boundary conditions, similarly to the Abelian case. Differently
from that case, however, in a purely field theoretic analysis this is not interpreted as a coupling
to a diagonal symmetry (since a winding symmetry is absent here), but rather it arises from the
standard trial-and-error procedure to couple the G symmetry to a background in the presence
of the WZW term, similarly to the 4d analysis in |381].

For generic values of f2 the theory is not conformally invariant at the quantum level. How-
ever choosing f2 = g the theory has a conserved holomorphic current which generates a Kac—
Moody symmetry algebra, and it displays conformal invariance [396]. In this case we recover
a form of the CS/WZW correspondence, which is more general on one side, being valid even
outside of the conformal point, but less general on the other side, since in the conformal case
it automatically produces the full physical WZW model instead of its chiral halves.

Four dimensions
In the case of d = 4, the 5d Chern—Simons term is
3i 3

As one might suspect already from the Abelian case, in order to obtain a gauge-invariant

boundary condition with a consistent variational principle we need to introduce extra terms in

the boundary condition that mix background and dynamical fields. We use the same iterative

procedure discussed in Appendix for the Abelian anomaly, even though the computations
are clearly more tedious here. We find the following solution. The boundary condition is

* (A= A) 5

JE

where F3 is the field strength of A; while

?

1
(57 mA) -5

Ai’) = _f% Qs (4.2.120)

| -
O = byt (F2 (Al—Al)Jr(Al—Al)Fz—%((Al—A1)3+,41> +§(A1]-“2+]-“2A1)> (4.2.121)

and the boundary term is

1
_477-.]('7% /(;Xs TI'(Qg A *Qg) + Stop + Sc.t, ,

Sy =
(4.2.122)

1K 1 1 1 1
Stop = T;/SXSTr{éFQ.AlA1+§A1F2A1—ZA1A1A1A1+§A?A1}'

The counterterm S, is used to simplify the final expression, and it is convenient to choose it

as

5., = / Tr[(p(A)A*qs(A )} ¢(A)—1(A AdA +d A AA +iA3> (4.2.123)
c.t.—47rf7% X 1 1 ) 1—2 1 1 1 1 1) - oL

The boundary condition is gauge invariant under the transformation A; — AA; A" 4
idA A7, Ay — AAATY +idA A~ and one can compute the total gauge variation

A(S + Sp) = —% | I [(m-ldA) A G(A) + i(A1 AIATIA)® - %(iA‘ldA)S A Al}
1Ky A —11A\5
300 ), Tr|(iA~aA)"| (4.2.124)
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Expanding U = 1 + Ay to linear order, we recover the usual form of the consistent anomaly in
four dimensions:
ik

5(S +50) = ~ 15

/ Tefidd A (Av A dAs +ddy A Ay +i47) ] (4.2.125)
0X5

We can then proceed, as before, with the reduction of the action on the boundary. We find

_f,?/ S i ik/ o lae8
s=gf ™ (iU U =) A (10U U = A ) | = 5o [ | (u7av)
ik : -1 3
+ 487T2 //\44 Tr [ldU U VAN <A1 VAN ]:2 + .FQ VAN Al - ./41)} (4.2.126)
k 1
+ / Tr[-idUU A4 AdUU A4 — ([dUUY)? A A
4872 Jaq, 12

Turning off the background gauge field A; we recognize a non-linear sigma model with target
space GG with a properly normalized WZW term, that describes the dynamics of Goldstone
bosons. The coupling to the background A; is completely fixed by the requirement of a gauge-
invariant boundary condition, and correctly captures the anomaly of the non-linearly realized

G symmetry.

Non-Abelian 2-group symmetries

In 4d one can have 2-group symmetries whose O-form part is a non-Abelian group G, while the
1-form part is U(1). These symmetry structures arise, e.g., if one starts from a theory with a
O-form symmetry group U(1) x G with an 't Hooft anomaly that is linear in U(1) and quadratic
in G:

ik

Sinﬂow = @

/ dVi A Tr <A1 AdA; + A Ai’) , (4.2.127)
X5 3

and then gauges the U(1) symmetry [179]. The 1-form symmetry involved in the 2-group is the
magnetic symmetry of the gauged U(1). The SymTFT for this non-Abelian 2-group symmetry
can be derived using the dynamical gauging procedure described in [206]. Indeed one starts
from the SymTFT for the U(1) x G 0-form symmetry:

Kk 3]
s’ {gg AdVi+ Tr(by AFy) + —dVi AT (A1 AdA, + éA?)} (4.2.128)
7i

2 X5

where g3 and Vj are an R and a U(1) gauge field, respectively, b3 is g-valued and A; is a
G connection (F, is its field strength). Then one applies the map introduced in [206] that
implements the dynamical gauging of U (1) on the boundary from the viewpoint of the SymTFT.
The net effect is the replacement dV; — ho, g3 — dCs, thus the resulting SymTFT has action

i

k 2i
S |:h2 N ng + Tl"(bg N Fg) + 4— hg A Tr (Al VAN dA1 + glA?>:| . (42129)
™

2 X5
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The gauge transformations aref”]

h2 — hg + dgl R A1 — AAlAil + idA Ail R

k k; o & (4.2.131)
bgf—>b3——§1/\FQ, CQP—>02+d771——TI(A1/\1A dA)-f——Tl"Qg,

AT AT 6

where (2, is a locally defined real 2-form with the property that Tr((iA~*dA)?) = dTr(,.
Again, we can use an iterative procedure to determine a set of gauge-invariant boundary
conditions together with a boundary term that provide a good variation principle. The bound-
ary conditions are
1

*(Al_Al) - R2

k ie? k
bg + (Al - Al) s *hg = 02 — C2 - ETI(AI VAN A1> (42132)

4mr T
while the boundary term is

Sa = ! h2 A (CQ — ﬁTI‘(Al A A1)>

27 Joxs A7
2

e k k
_ H /6X5 (CQ — ETI(AI N Al)) N\ * (CQ — ETI(AI N Al)) (4_2_133)

e (o) o )

The boundary condition becomes gauge invariant by assigning the following transformations to
the backgrounds A; and Cs:

ik ik
A= AN AT G Gy — T (A AATA) T (4:2.184)

These reproduce the background gauge transformation of [179] for a non-Abelian 2-group sym-
metry upon expanding U = 1 4 Ay at first order:
. ik
§A; =iDg o, 6Cy = dmy — 4—Tr(.A1 Adg) . (4.2.135)
T
It is also easy to see that the whole bulk-boundary system is gauge invariant under transfor-
mations of A; and C5 provided we add a counterterm S.; = % f OXs Co N xCs.

We can apply our usual machinery to get the dual boundary theory. We obtain a G-valued
scalar field U from A, and a Maxwell field a; from hsy, with the following boundary action:

_ fz . -1 . —1 1
5= M4Tr <1dUU —A1>/\*<1dUU —A1> + 55 M4da1/\*da1

k rr—1 3
+ 51 /M4 ar ATr|(iU~'aU)’| (4.2.136)

+ 2 day AT [Al A iU—ldU} + 2 Conday.
T My 277' My

82Recall that the variation of the three-dimensional Chern—Simons term is:

Tr(CS3(A1)) — Tr(CSs(A1)) +dTr(As AiA"dA) — %Tr((iAfldA)S) : (4.2.130)
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Definition z; aTr [(iUfldU) 3] Tr [(iUfldU) 5]
Py Ti = —T; -1 -1 -1
Ch a, — —ay 1 —1 1
Cy U~ UT 1 -1 1
(1) || U U 1 ~1 ~1

Table 4.2: The four Z, symmetries, and the corresponding phases acquired by the coordinates,
the photon-pion coupling term, and the standard WZW term, respectively. Notice that while
Tr[(iU7'dU)?] is invariant under U + U7, the term Tr[(iU~'dU)?] changes sign.

In the first line we recognize a non-linear sigma model with target space G and a Maxwell
theory. The last line describes the coupling to the background field C; for the magnetic U(1)
1-form symmetry, as well as a nonstandard coupling to the background A; for the symmetry G,
similar to the one arising in the Abelian case in Section [£.2.3] The most interesting new thing
here is the term in the second line that describes a coupling between the photon and the pions.
This is a linear coupling of the photon to the current of a topological symmetry that exists
in any sigma model with target G. According to our conjecture, this model is the universal
EFT that describes the IR of any theory with a spontaneously broken non-Abelian 2-group
symmetry. To the best of our knowledge, this universal EFT was not derived elsewhere.

Some comments on the extra Wess-Zumino-like coupling are in order. First, in any RG
flow that breaks the 2-group spontaneously, this coupling must be generated as a consequence
of the 2-group matching. In a sense, it is similar to the presence of the WZW term in the
EFT of a spontaneously broken anomalous non-Abelian symmetry. Quite like that term, it
breaks a symmetry of the EFT that would be there if £ = 0. Indeed, for £ = 0 the theory
is separately invariant under four Z, symmetries: parity Fy: x; — —x; for ¢ = 1,2, 3; photon
charge conjugation C' : a; — —aq; non-Abelian charge conjugatio Cy: U — UT; pion number
mod-2 (—1)V=: U +— U~!. All these four symmetries are violated by the photon-pion coupling,
but the product of any two of them is preserved. Therefore the discrete symmetry for k # 0 is
(Z3)? generated by

P =Py (-1)", C=CCy, C=0C (1), (4.2.137)

The photon-pion coupling allows, for instance, a process involving three pions and one photon,
which would have been forbidden otherwise. We summarize the various symmetry actions and
charges in Table [4.2]

Second, the 2-group symmetry we started with could suffer from a perturbative cubic chiral

anomaly for G' as well. This would be described by the addition of a 5d Chern—Simons term

83The reason for this name will be clear in the upcoming discussion of U(N) QCD.
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(4.2.119) to the bulk action in (4.2.129), and would result in an extra WZW term Swzw =

—ﬁfXSTr [(iU7'dU)?] in the 4d boundary action (4.2.136) . This term would further break
the discrete symmetry of the EFT to (Z,)? generated by P and C, as it is clear from Table .

An application: U(N) QCD. Let us present a concrete application of the effective action
. Consider a 4d gauge theory with U(N) gauge group and N flavors of massless Dirac
fermions, so that there is a chiral symmetry SU(Ny), x SU(N¢)g. It can be obtained by gauging
the baryon number symmetry U(1)g in ordinary SU(N) QCD, hence it contains an Abelian
gauge field A, on top of the non-Abelian gauge fields. Being weakly coupled at low energy, A,
is not expected to drastically modify the strong coupling dynamics of the non-Abelian sector.

Hence for Ny small enough, the quark bilinear takes VEV and spontaneously breaks the chiral
Symmetry:ﬁ

SU(Ny)r x SU(Ng)r — SU(Ny)y (4.2.138)

producing at low energy massless pions that interact as a non-linear sigma model with target
space SU(Ny). The pions are neutral under the non-Abelian gauge symmetry SU(N), whose
gluons are confined. However the Abelian gauge field A, remains even in the deep IR and there
is no reason why it should be decoupled from the non-linear sigma model. Indeed, while the
pion fields themselves are neutral under U(1), being bound states of quarks it is a priori unclear

whether there is a low-energy remnant of the quark-photon interaction.

We can answer this question using our result, and showing that the photon is not decoupled.
Indeed there is a U(1) magnetic 1-form symmetry from the Abelian gauge field (that is its
Goldstone boson), which forms a non-trivial 2-group with SU(Ny);, (and also with SU(Ny)g,
but we can just focus on one of the two). To see this, we notice that there is a triangle anomaly

U(1)-SU(N;)? whose anomaly polynomial is

N
PU(I)—SU(Nf)% - = 5 dA A TI"(JT" A ./T") 5 (42139)

72

where F = dG +iG A G is the field strength of the background field G for SU(Ny)r. The
coefficient N' comes because all left-moving fermions have charge 1 under U(1) and are in the
fundamental representation of the non-Abelian gauge symmetry SU(N). By comparison with
(4.2.127)) we read off that the U(1) 1-form symmetry and SU(Ny), form a 2-group with £ = N.
Because of chiral symmetry breaking and spontaneous breaking of the 1-form symmetry, the

2-groups is fully broken and, from our result above, the low-energy EFT describing pions and
photon is (4.2.136]), plus the standard WZW term (also with coefficient N) for the pions due

84We did not work out the detailed form of the coupling to the background fields.
85Notice that the usual argument [397] based on 't Hooft anomaly matching in SU(N) QCD is also valid here,

hence we do not really need to make the assumption that the photon does not affect chiral symmetry breaking.
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to the cubic SU(Ny)L anomaly:ﬁ

2 1
— Jn ; -1 : -1 L
SIR—47T/M4T1"[(1dUU ) Ax (idUU )]+462 /AA4dAA*dA

N crr—1 3 . iN cr7—1 5
Tre /M4AATr[(1U dV)’| - 515 /X 5 Te| (iU1dv)’|

Thus, while the pions themselves are uncharged under the U(1) gauge group, the photon A is

(4.2.140)

_|_

coupled with an effective current

Jp =

- *Tr[(iU*ldU)z*’]. (4.2.141)

This current is conserved, and in the absence of the pion-photon interaction it generate a global
U(1) symmetry of the sigma model: the topological symmetry due to the non-trivial homotopy
group s (S U(N f)) = Z. The integral of x .Jg gives indeed the winding number:

w(Ms) = —24;2 /m Tr[(iU’ldU)?’} €Z. (4.2.142)
In the U(N) theory, configurations with nontrivial winding have a U(1) gauge charge. These
configurations are Skyrmions: solitonic objects which, in the SU(N) theory, are identified with
the baryons [381},[399]. This is confirmed by our finding: the U(N) theory is obtained from
ordinary SU(N) QCD by gauging the baryon number symmetry, hence the baryons are no
longer gauge invariant, but rather are coupled with A.

We can make this more precise as follows. In the absence of the photon-pion coupling, the
operators charged under the topological U(1) symmetry are local operators B,(x) defined as

disorder operators which impose that
w(S?)=q€eZ (4.2.143)

on a 3-sphere S? that links with z. Similarly to the monopole operator in Chern—Simons theory,
B,(x) gets a gauge charge Ng due to the coupling with the photon.

Also, in the absence of the 2-group structure, the low-energy effective theory would have
an emergent electric U(1) 1-form symmetry shifting A — A + A (with the periods of A in the
interval [0,27]) and acting on the Wilson lines W, (y) = ™54, Because of the photon-pion
coupling, however, only a Zy C U(1) subgroup of this 1-form symmetry emerges. Indeed using
the quantization , shifting A — A+ X leaves the exponentiated action invariant only if
the periods of A are multiples of ZW’T An equivalent way to see this is that the Wilson line W,,_y
can terminate on the Baryon operator B;(z). Notice that the microscopic theory does not have
this Zy 1-form symmetry, because the quarks have unit charge under the gauged U(1)g. The
emergence of Zy has a clear interpretation: the quarks are confined and the only dynamical

particles charged under U(1)p at low energy are baryons, with charges multiple of N.

862_group structures in sigma models arising in the IR of QCD-like theories have been recently considered also

in [398]. The IR there, however, is purely scalar, and the 2-group is not fully spontaneously broken (the 1-form
symmetry is preserved). The interaction responsible for the 2-group is not a photon-pion coupling, but rather
a coupling between pions parametrizing two different target spaces. Indeed the UV model studied in [398] can
be obtained from U(N) QCD by adding scalars charged under U(1) g that Higgs the Abelian gauge field.
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As a final comment, notice that among the three Z, symmetries P, C, C defined in (4.2.137)
that are preserved by the photon-pion coupling, only P and C' are preserved also by the standard
WZW term, while C is explicitly broken (see Table . This has to do with the fact that in
U(N) QCD, Cy: U + UT is the low-energy remnant of the non-Abelian charge conjugation
that, in the UV, also acts on the SU(N) gauge bosons, confined in the IR. In the U(N) theory
this charge conjugation is not independent from the Abelian charge conjugation C; acting on
the photon, since the fermions are in the fundamental representation of both. Hence, only the
product C' = C1C5 is a symmetry of the theory.
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Appendix A

Appendices for Chapter 3

A.1 Superconformal Symmetry

In this Appendix we collect several facts on the A/ = 2 superconformal algebra and summarize
our conventions. The N' = 2 multiplet containing the stress energy tensor T(z) also includes
two fermionic supercurrents Tz (z) as well as a U(1)g current J(z). The non zero OPEs are

(equality below is up to regular terms)

Ti(2)Ty(0) = 2—; + ;TB(O) + éaTB(O)
To(2)TE(0) = 55 TE(0) + ZOTE(0)
Ti(2)J(0) = = J(0) + 20.7(0)
T 2 2 | (A-1.1)
JE)TE0) = +-TE0)
J(2)J(0) = 3%

Besides the regular Tz OPE these tell us that 7% are (Virasoro) primary fields with weight 3/2
and U(1)g charge +1. As usual the conserved R-current J(z) is a primary of weight 1. On the
cylinder we can decompose these fields in Fourier modes, then mapping back to the punctured

plane we have

Ly Jn + Gy
Tp(z) = ZW? J(z) = sl Tp(z) = Z a2 (A.1.2)

nez nez reZ+tv
where v depends on the spin structure chosen: v = 0 corresponds to antiperiodic boundary
conditions for the fermions (Ramond sector) while v = 1/2 gives periodic fermions (NS sector).

The algebra of modes is

[Lm’ Gvﬂ = <% - 7"> Gi‘i”r ) (L, L] = (m — 1) Ly + %(mg — M)0min0
. . . . C .
[Lma]n] = —NJ)m+n []ma]n] = §m5m+n,0 ) []mv G;t] = :l:Grin-i-r ) (A13)
_ ) c 1
{G} G} =2L s+ (1 — 8)jrgs + 3 (rQ _ Z) Orts0-
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A convenient choice for the Cartan subalgebra is the pair Lg, jo so that states in representation

spaces are labelled by both their conformal weight h and the U(1)g charge ¢

Lolh,q) = hlh,q)  jolh,q) = qlh,q) . (A.1.4)

Irreducible representations of this algebra are lowest weight representations (LWR) built on

top of a superconformal primary state |h, ¢) such that
Lolh,q) = jnlh,q) = GE|lhg) =0 Vn,r>0. (A.1.5)

A unitary representation is one in which we have an hermitian conjugation operation with
respect to which (L)' = L_,,, (G})T = GZ, and (j,,)" = j_,. Unitarity puts strong constraints
on the spectrum of allowed weights and U(1)g charges for a given central charge. A simple

unitarity bound in the NS sector is obtained imposing

0 < (hal {GL, 0, Gy o } 100} = (ol (220 F jo) B @) = 20 F g (A.16)

that is states in a unitary representation in the NS sector obey h > |¢|/2. For more details see
e.g. [255,/400,401]. Since the superconformal algebra includes Virasoro as a subaglebra we can
split its representations in Virasoro irreps. This basically amounts to find states annihilated
only by the positive Virasoro modes. Let’s consider a superconformal primary |h,¢) and its

fermionic descendants G=,|h, ¢) with 7 > 0. We have
LG, h,q) = (L, GZ |, ) + GE Ly | h, q) = (% + 7") G=_|h,q) (A.17)

which vanishes only for m > r. Therefore these states are not Virasoro primaries. We can

obtain further Virasoro primaries considering states obtained acting on |h, ¢) with products of
+

b

with different values of r. For instance in the NS sector one easily

+
—3/2

Virasoro primary are instead Gfl /QGfg /2|h, q), indeed

fermionic generators GG

sees that Gj_[1 /2|h, q) are Virasoro primaries while G=, ,|h, ¢) are not. The next lowest weight

LmG:i:l/QGig/QVLa Q> = [Lmv G:E]_/Q]G:Eg/2|h” Q> + G:i:l/g [Lma G:i:g/g]'ha Q>

! m+ 1 m+ 3 (A.1.8)
= TG+ GJ_F3/2|h7 q> + G+ G;_3/2‘h, Q>

m—1/2 2 -1/2

which vanishes for all m > 1 due to |k, ¢) being a primary while for m = 1 because the state
G*, /2G+1 solh q) is actually null (as one would expect). Thus in general a superconformal family

includes an infinite number of conformal ones, with all possible values of the U(1)g charge.

A.1.1 Chiral Ring and Spectral Flow

There are two useful features of the N' = 2 superconformal symmetry, the first is the existence
of shortened representations whose lowest weight state is called chiral primary, the second is
the presence of an external automorphism of the algebra, the spectral flow. Chiral primaries

and their ring are associated to the NS sector, here one defines chiral states as those such that
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In a N = (2,2) SCFT we have left and right chirals. If |h,¢) is also a superconformal primary
(A.1.6)) shows that chiral primaries saturate the unitarity bound and have h = ¢/2. Interstingly
one can also show the converse, thus for a state |h,q) being a chiral primary is equivalent to
having h = ¢/2. Now consider the OPE of two chiral primaries ¢, and ¢, this has the general

0" ¢
Z Z (z — hfkhb ho—n (A.1.10)

c neNg

form

Since the R charge has to be conserved any operator appearing in the OPE must have q. = ¢, +q

and thus the unitarity bound implies

Qa+Qb

—he=2_p <o (A.1.11)

ha + hy — he = 5

hence the OPE of two chiral primaries is free of singular terms. We can then define a product

as the limit of coincident points of the OPE

(¢a - ) (2) = lim ¢, (2 ji: Cpbe(2) - (A.1.12)

The rhs of the product cannot contain terms with derivatives, indeed it can only involve oper-
ators with ¢./2 = h,, i.e. other chiral primaries. This product the closes on chiral primaries
and endows them with a ring structure. In an N' = (2,2) theory we have four of these rings
depending on wheter we take a chiral or antichiral state on the left or on the right.

The other interesting feature of the N' = 2 algebra is the spectral flow. This is the following

one parameter deformation of the generators

2

L =L,+nj,+ %cén,o

o=t S (A113)
Gf_@ﬁ

one easily checks that the primed generators satisfy the same algebra of the unprimed ones.
Notice also that the flow changes the moding of the fermionic generators, so, for n € Z/2 it
interpolates between NS and R sectors. Since this is an automorphism of the algebra it maps
representations one into the other. Introducing a unitary operator U, that implements the flow

as
L, = U, LU}
g = UninU}f (A.1.14)
Gt =U,GHU],

we can spectrally flow a representation acting with U, on the various states. In particular a

state |h, ¢) is mapped to U,|h, ¢), combining the relations above it is easy to show that

2
LJ%W&>=(h nq+%;>Uﬂh®
(A.1.15)
. nc
J&%mﬂ>=<m—§)Uﬂh®
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thus states in the spectrally flowed representations are still eigenstates of Ly and jy. Given a

superconformal primary |h,q) we see that
L, Uplh,q) = jmUylh,q) =0  ¥Ym >0 (A.1.16)

while

which vanishes only for 7 > 0. Thus a LWR representation will be mapped to another LWR
as long as we allows various moding of the fermionic generators. As an example let’s consider
the spectral flow with n = 1/2 of a chiral primary representation. The chiral primary |q/2, q)
flows to a state with weight ¢/24 and charge ¢ — ¢/6 annihilated by all positive modes of Ts
and J as well as the G with r € N, i.e. a superconformal primary in the Ramond sector.
As we choose different chiral primaries to flow we obtain degenerate states that differ for their

R-charge. It is also easy to show that these are ground states in the R sector, we compute
0 < |GEIh o) + IG5 b, @) = (h,a{GT, GaYh ) =2 (= 57) @) (A118)

so unitarity implies h > ¢/24 and the ground states above saturate the bound. We can also
define a spectral flow operator looking at the image under U, of the NS vacuum |0, 0), this then
has weight n?c/6 and charge —nc/3.

A.2  Verlinde Formulas, and Modularity for Supercon-

formal Primaries

In this Appendix we write down the modular transformations of the characters of the full
superconformal representations and derive Verlinde like formulas for their fusion. From the
modular S-matrix of the half-character is easy to derive the modular transformations of the

full characters

- ch{yY Z SNSNS chiyy) - chy) Z SRNS o m,
) (A.2.1)
S - chy,, Z SNSR el S chl,m Z SRR, o o’
where
2 m(l+1)({1"+1) o’
GNSNS & __ =
it = o S k+2
SRNS v = 2 J2r 5 Sin (W - +k1+ 2 ) T
(A.2.2)
SN‘SR _ 2 sin 7T l —|— 1 . m(m +1)
tmilim” = e 4 9 k + 2
AR 21 m(l+ 1)+ 1) SCERNCIES)
SRR/ ;) = 1 .
Im;l'm k+281n( k'—|—2 )
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which correctly mimic the action of SL(2,7Z) on spin structures. One can verify that those S
matrices are unitary and furnish a representation of SL(2,7Z), i.e. S* = 1. In verifying this last
property one should be careful in taking into account the action on spin structures. In particular
it makes no sense to square SRNS o SﬁSR rather the charge conjugation matrices in the R and
NS sectors are, respectively, OF = SRNSGNSR 4nq ONS = SNSRSRNS while ONS = GNSNS GNSNS
and CF = SRRGRR  Neither of these matrices is the identity, but they all square to it, thus at
least one representations in each sector is not self-conjugate.

1111

Knowing the fusion coefficients N2, of the half-families we can extract the fusion coeffi-

cients for the full superconformal families as simply

Noz'y Na'y ,+Nk oz'y+k+2 (A23)

acac CLC(IC acac

where now (a, ¢), (d, ), (o,y) € P/ label a superconformal primary rather than an half-family.
We now want to separate out the NS and R sectors explicitly and write down Verlinde formulas

in the various sectors. We first notice that

o Sac;dea’C’;de; id a+tcta’+c'+a
Nac’;ya’c’ = Z S, - f(l + (_1) Fetaedt +7) (A24)
(d.f)eP) 00;df
and g g g
a ac;df Pa’c’;df P oy, a+tcta’+c'+a
Ny o Y eSS (et L1 (A25)
(d.f)eP, 00sdf

so the fusion coefficients are non-zero only when a+c+ad'+¢ +a+~ = 0 mod 2. Now switching

to the (I, m, \) parametrization we find

N S i Tt I\ O
1 ! ! 2N+ ImX;rsz Rl m!/ N sz P 1m/ N spsg -
N = (1 (D 2 (14 (=1)*)
ImXA;l'm/ N -
(r,8)€Py;2=0,—1/2 000;rsx

— (1 + (_1)2()\4_)\1_1_)\//)) Z Slm)\ 'r’sOSl/ N 'r’sOS“ MM 150 '
SOOO;T‘SO

(T75)€Pk

(A.2.6)

Notice that the modular matrix SFR can never appear in these expressions. Recalling that

A=01is NS and A = —1/2 is R we see that there are four fusion channels

NS x NS = NS R xR =NS

A2.7
RxNS=R NS xR =R, ( )
for each of those we have a Verlinde formula
e NS x NS =NS )
) SNSNS SNSNS (SNSNS *
AU m! NSNS Im;rs Ml'm/;rs m'’;rs
Nlm U'm Z S(I)\(I)SNS (A28)
(r,s)EP; s
e RxNS=R
SZRNS NSNS ( GRNS >*
SUm! | RNS m;rs™~l'm/;rs ""m!"rs
Nlm;l/m’ - Z SNSNS (A29)

(r,s)EP; 00;rs
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e NSxR=R
GNSNS GRNS <SR1§§' >*

Im;rs MU'm/’;rs ""m!"rs
A m! NSR ’ ’ )
Nlm U'm Z SNSNS (A210)
(r,s)EP, 00;7rs
¢ R xR =NS
RNS RNS NSNS *
]’\\[l”m”, RR Slm;rss 'm/;rs (S 'm’ 7”5) A211
Im;l’m/ - § : SNSNS ' ( e )
(r,5)EP;, 00;rs

from the explicit formulas of the S-matrices we see that SENS = ¢/mria SNSNS then

Im;rs Ilm,rs
AFm!” NSNS A30"m”, RNS __ ;3l"m/', NSR
Im;l’m/ - Nlm;l’m’ - Nlm;l/m’ . (A212)
U m! RR A m NSNS

The positive integers N can also be related to IV, albeit in a less trivial way. In
examples we have Checked that there exist a permutation of the labels of primaries o : P, — Py
such that

'm”, RR__ xyo(I”m'"), NSNS
Nlm 'm / - Na’(lm);g(l/m/) . (A-2.13)
These integers have the interpretation of fusion coefficients for superconformal primaries. There

are however other integers we can construct out of the S matrices by considering

M, =N — NE-arths2 (A.2.14)

acac acac (ICG,C

those are manifestly integers although not necessarily positive. However they obey Verlinde-like

formulas:

e NS x NS = NS
§,NSR.g NSR (5’1@? )

1"m/ NSNS m;rs™~l'm/’;rs ""m!"rs
=Y = (A.2.15)
(r,s)ePy SOO TS
e RxNS=R i}
Sl SNSR (S )
l/l " RNS m;rs m/ srs 'm!’ srs
My, > o (A.2.16)
(r,s)ePy 00;7s
e NSxR=R .
SNSR GRR (S )
/\l// //7 NSR m;rs 'm/ srs 'm!’ srs
Myt =Y — (A.2.17)
(r,s)ePy SOO irs
e R xR =NS .
SRR GRR (SN,S%,_ )
/\l// //’ RR myrs m/ rs mirs
My = — (A.2.18)
(r,s)EP SOO rs
Again, noticing that Slm L =T SNSR one checks that
TFm! NSNS 77m/, RNS _ 7l"m", NSR
it = My = Mlm?;,m, : (A.2.19)

Ml”m NSNS

. . . . . A" m!”
Also in this case there exist a permutation relating /, lm”; Imel'm
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A.3 Supersymmetric Boundaries in Minimal Models and
Folding Trick

In this Appendix we derive the supersymmetric Verlinde lines of a single minimal model using
the folding trick |191]. The first step is to determine the supersymmetric boundary condition,
see [214218] for more details on boundary conditions in CFT. Supersymmetric boundaries in
N =1 minimal models have been worked out in [402]. The N = 2 superconformal algebra has
an outer automorphism called mirror map
Qo 37 (A.3.1)
G — GF

thus there are two types of boundary states, the untwisted ones, or B-type

(Lo — L_y)|Bi)) B = (jn + j—n)|Bi))s =0

_ _ (A.3.2)
(G} +nGL1B)) s = (G, +inGZ,)|B;)s =0
and the twisted ones, or A-type
Ln_l_/fn Bz = ‘n_ifn Bz =0
( . _)\ Na=(jn—1J ')‘_>>A (A.33)
(G} + G |Bi))a = (G; +inGL)|Bi))a=0.
In the S-dual channel the boundary conditions are
A-type: J(z) = —J(z G*(2) =nGT(z
e J(@)=-J(E) GHe) =G s
B-type: J(z) =+J(2) G*(2) = nG*(2)

Here 7 can be any phase in general, choosing n = £1 one can see that both types of boundary
conditions preserve an N/ = 1 subalgebra. As usual these boundary conditions preserve only
one copy of the N/ = 2 algebra. For the B-type boundary conditions the preserved copy is the
diagonal of the holomorphic and antiholomorphic algebras. The parameter n labels a continuous
family of boundary conditions, let’s be more precise about it. Consider an N' = 2 SCFT on

the upper half-plane and impose the boundary conditions
G*(2) = G*(z z=2z>0
(=) ,( ) (A.3.5)
G*(2) = nG*(2) z2=2<0.

As in the doubling trick we can construct an holomorphic field on the whole complex plane by

£y G*(2) Im(z) >0
&= G*(2) Im(z) <0 (A3.8)

which is not single valued in the complex plane as it obeys
B (e¥2) = nBE(2). (A.3.7)

This can be interpreted as the insertion at the origin of a twist defect for the U(1)z symmetry,

which comes with an attached topological defect line L, implementing n € U(1). Since having
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different boundary conditions on the positive and negative real axes is interpreted as the inser-
tion of a boundary changing operator at the origin, we see that, for the boundary conditions
above, the boundary changing operator corresponds to a twist defect for the U(1)z symmetry.
With more general boundary conditions

G*(2) = n/G*(2) z2=z>0 A38

G(z)tf =nG*(z) 2=2<0. (A.38)
the extended field obeys

B (e¥mz) = %@5(2). (A.3.9)

Thus the boundary changing operator is a twist defect attached to the line L, . Since the
boundary conditions preserve the U(1) g symmetry, there exist well defined topological junctions
between the U(1)g lines and the boundary. Therefore we can have, in the upper-half plane,
TDLs homotopic to semi-circles stretching across the positive and negative real axes (eventually
with trivalent junctions involving the boundary changing operator twist line). On the strip this
configuration corresponds to a network of U(1)g lines, with a U(1)g line connecting the two
boundaries and one running along the non-compact direction.

By the equations above we see that the boundary parameter n determines the mode expan-
sion of the extended fermionic fields. Since those modes are used to construct the Hilbert space
of the theory we see that having different values of n on the positive and negative axis leads
to twisted interval Hilbert spaces. In particular when n = —1 the associated topological defect
line implements (—1)%, which is a Z, subgroup of U(1)x, and hence the theory with boundary
conditions n = 1 and ' = —1 has a Ramond sector Hilbert space on the interval. The line L.
stretching between the two boundaries instead acts on this Hilbert space.

The general case in the upper-half plane is to consider two boundary conditions B, and
By, related by the twist defect of L, ,, as well as another TDL L, stretching between the
boundaries. We map this configuration on the strip and compactify the extended direction,
resulting in a finite cylinder. If we interpretet the compact direction as time (open sector) we
have a trace over the Hilbert space with boundary conditions B,, and B,,, i.e. a twisted Hilbert
space, with an insertion of L.. In the S-dual channel (closed sector), with a periodic space
direction, L, acts on the boundary states while L, twists the Hilbert space, meaning that
the boundary states will have components not in the vanilla circle Hilbert space H but in the

twisted one H™ . In formulas
(BG4~ % Ly | BSY = Troggy ) Log™ 751 . (A.3.10)

Therefore choosing boundary conditions with 1 # n inevitably lead to a closed sector overlap
involving a L, insertion, or, equivalently, to an open sector tracing over a twisted Hilbert
space. Similarly enriching the trace in the open sector with a fugacity for U(1)z can only cor-
respond to an overlap of boundary states with components in a twisted Hilbert space. Another
important fact is that boundary conditions preserving the superconformal algebra are invariant
under U(1)g, i.c. Ly|BS) = |B{), therefore we can forget about the insertion of L,y in the

closed sector and simply write

<B7(77) WLO_i |B,(77)> = Trgea quLO_Q% (A.3.11)
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Now recall that (—1) is actually a subgroup of U(1)g, so that the associated twist defect is
the boundary changing operator between the boundary conditions with n and ' = —n. For

simplicity let’s stick to i, 7',y = %1, then invariance under the S transformation requires

BEP |05 | BEY) = Trggs g5
BV (g5 |BEY) = Trgs.s) (—1)"g"0 2
(NS)‘aLO*i ’B(NS)> _ TI'H(NS,:\:)C]LOii

B! |qL°_ﬂ|B )Y = Trgm (1) gho 5

(A.3.12)

which generalise Cardy’s equations in an N/ = 2 supersymmetric setting. To solve this condi-
tions we need to introduce Ishibashi states. We can construct a unique Ishibashi state |Bf)i)>>
solving a given boundary constraint with n = +1 for any irrep HZ(-X). The components of the
states are elements of ]I-]IEX) ®Hi)é)+). Here we are using a single label i to denote representations
of the susy algebra and w is the action of the automorphism defining the boundary conditions
on the representations of the chiral algebra. Thus w = 1 for the B-type and w = C' for A-
type. As usual we use Ishibashi states to construct physical boundary states that solve Cardy’s

condition. We set

BSYY = Y BB (A.3.13)

ZEI(X>

where X =NS, R and IS(]X) labels the representations in the X sector that can be used to
construct the Ishibashi states, namely it contains only those ¢ for which H; ® H,,;+) appears in

the circle Hilbert space. The overlaps of Ishibashi states are

(B |gho~ 5 BY)) = 6,;¢h ™ (@)

O . (A.3.14)
(B2 17" |B)Y)) = 6ijch

as one can check from their explicit definition. The interval Hilbert spaces with supersymmetric

boundary conditions labeled by a, b are representations of the superconformal algebra, thus

_c ; NS
Tl“Hgs,ﬂqLO 2 = Z an;iCth '(q)

i€ I(NS)
Lo—=< j R)
Tryea g™ = = E mfzb;:l:Chz( (q)
icI(R)
L - NS (A.3.15)
O_* -
TrH((IIZS,i) ( 24 — E nab iCh )
i€I(NS)
Z ; (R)
TrH(R,:I:)( LO 24 — mab iCh ) .
b
’ iel®)
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Imposing ({A.3.12)) on the physical boundary states (A.3.13) we then obtain

, (NS) i, (NS) NSNS j
Z B By s Sij = Map+

il
i, (R) pi, (R) gRNS __ ~j
E By i Bb,ﬂ: Sij = o+
._(R)
i€l
59 09 g5 _ (A.3.16)
’l, ]
E B S _mab;:l:
ic IézNS)
E Ba,i S mab;i‘
ierJY

We now want to find solutions to these constraints for some special modular invariant, in
particular one that guarantees that we have as many Ishibashi states as there are primaries in
the theory, so that the sums over ¢ in the above equations run over all primaries. Notice also
that the numbers ﬁib, ﬁlib are not multiplicities of some primary representation and therefore
are not restricted to be positive, this allows us to use the Verlinde formulas for the M coefficients
derived in Appendix . Using the propertiesﬂ

SNSNS (SNSNS ) *

Im;rs rtst;lm

NSR NSR
S (Slm;r+ st >

Ilm;rs

RNS _ ( oRNS
Slm;rs - (Slm;r+s+>

St lm) (A.3.17)

*
NSR,
Sr+ st; lm)

H
/N 7 N

we can write down the solutions

GNSNS GRNS
‘Blm7 (NS) alag,lm Blm (NS) alag,lm
airaz,+ aiaz,—
SNSNS SNSNS
00;lm 00;lm (A 3 ]_8)
NSR e
Blm, (R) Salag;lm Blm, (R) Salag,lm
airaz,+ TSR aijaz,— TR .
SOO;lm SOO;lm
The corresponding multiplicities are
yrTst, NSNS rrtsT, RR
T8 _ T s, rSs
Narazibibei+ = “Narag;bibs Mataz;biba;— Na1a2,b1b2
gt gt
~rg o rtst, NSNS ~rs _ g » RR
na1a2§b1b2§+ - Ma1a2;b1b2 n111112§b1b2§— - Ma1a2;b1b2 (A 3 19)
rs _ ayrtst, NSR rs _ ayrtst, RNS o
M ag:bibo+ — aiaz;bibo M agbrby;— = aiaz;bibz
gt gt
~rs - rTsT, NSR ~rs . rTsT, RNS
ma1(12§b1b2§+ - Ma1a2;blb2; mala%blb%* - Ma1a2;b1b2;

There is also another family of solutions that we can obtain reversing the signs of the R sector
coefficients, since those affect only n/,, m?, it is still a consistent family of solutions both within
itself and with the family of solutions described above. All in all we found the physical boundary

IThese derive from SNSRSRNS GNSNS gNSNS — NSNS 41, (S’ﬁéR)T = SRﬁé.
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states

GNSNS SNSR

araz;lm NS aiaz;lm R
Buvans) = » | —FZ|BL)) + f R B))
tmer. \ \/Sooim \/ Sttiim A
’ .3.20
SRI(IVS‘I (NS) Sﬁﬁ A (R) ( )
Bayans) = | —===(B,, ) + f—2== B, )

Ilm,— —
NSNS ’ NSR
(I,m)ePy, SOO;lm \/ S()();lm

with f = £1. Thus for pair (a1, az) € P, we can construct four boundary states, this means that
we have two for each superconformal primary. For the untwisted B-type boundary conditions
these solutions exist upon choosing the charge conjugation invariant partition function, while
for the A-type boundary conditions, since the mirror map maps a representation in its charge

conjugate, we need to pick the diagonal modular invariant.

A.3.1 Minimal Model Boundary States, Another Perspective

Perhaps a simpler way to study superconformal boundary states directly in the minimal model
case is to employ the separation in half-families that proved useful for modular invariance.
These half-families are labelled by (a,c) € Q) and can be thought of as representations of the
bosonic subalgebra. This subalgebra is really a subalgebra of the universal enveloping algebra
and is obtained keeping all generators with even fermion number. This also includes products
of an even number of fermion generators. In this set-up the study of conformal boundaries goes
as in the bosonic case. To each of the subrepresentations H,. we associate an Ishibashi state

|B(a,¢))) with components in Hy, ¢y @ Hiy(a+ o+y) such that

<<B(a',0')’qLO_i‘B(a,C)» = 5a,a’5c,c’Xac(q> . (A321)

Then we expand the annulus partition function as

Zog(@) = D 15Xac(q) (A.3.22)
(a’c)er
while the boundary states as
‘BOA> - Z BZC|B(a,c)>> . (A323)
(a,0)€Q}?

The Cardy condition now simply reads

I~

25 = Y BYBSuac (A.3.24)

(a,c)eQ

S

and, if QY = Qy, is solved by the Cardy states

Scncm;ac
|Baas) = Y Bac)) (A.3.25)

(a,0)EQs vV SOO;ac

with multiplicities
nge = N« o (A.3.26)

araz;8182 araz;B1P2
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We can check that those boundary states are the same ones we found in the previous subsection,
just written in another basis. First notice that, consistently, there is a boundary state for each
half-family, since there are two of these for each superconformal primary the total number of
boundary states agrees with what we found above. To match with the previous notation we
have to divide @y in P/ and the set of images under P, > (a,c) — (k — a,c+ k + 2), we then

define two families of boundary states

‘Xa1a2> = Z Bgfag (‘Bac» + (_1)a+c|Bk—a,c+k+2>>)

(a,c)EP,é

‘Ya1a2> = Z (_1>a+cBg§a2 (lBac>> + (_1)a1+a2|8k7a,c+k+2>>)

(a,c)eP]

(A.3.27)

where now (o, as) € PJ. Passing to the (I,m, \) labeling it is now straightforward to verify
that

‘le0> = ’Blm;l,+> ‘le71/2> = ‘Blm;1,7>

(A.3.28)
|Y2m0> - |Blm;—1,+> |Y2m—l/2> - |Blm;—1,—> .

A.3.2 Folding Trick and Topological Lines

From a conformal boundary condition we can construct a topological defect line via the folding
trick. A TDL is a topological interface between the CFT and itself, the topologicity condition
being encoded in the vanishing commutator with both the holomorphic and anti-holomorphic

energy momentum tensors

[T(z),L] = [T(2),L] =0 (A.3.29)

the operator L is supported on a closed curve and depends only on its homotopy class (which
accounts also for other operator insertions). Locally a topological defect can always be in-
terpreted as a topological interface separating two copies of the same CFT. Of course among
the possible interfaces there’s also the trivial one, for which the theories on the two sides are
completely decoupled. The folding trick consists in folding the theory along the interface de-
termined by the TDL, so that the defect is mapped to a boundary condition for the doubled
theory CFT x CFT. The bar in CFT represents the fact that folding acts by parity on the
CFT and exchanges the holomorphic and anti-holomorphic sectors. Among the boundaries of
the doubled CF'T there are also those that are a direct product of a boundary for CF'T and one
for CFT, these do not glue the stress energy tensor of CFT with that of CFT and hence, upon
unfolding, the theories on the two sides of the interface are decoupled. Therefore non-trivial
topological defect lines correspond to boundary conditions for the doubled theory that mix the
two stress energy tensors, these are called permutation boundaries. In a generic CF'T classifying
TDL’s is then as hard as classifying boundary conditions, the problem becomes tractable only
in RCFTs requiring the boundary conditions to preserve the full chiral algebra. In this part of
the appendix we shall consider a generic bosonic RCF'T, and only later specify to the bosonic

subalgebra of the AV = 2 superconformal symmetry.
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TDLs from Untwisted Boundary Conditions

The TDLs we study will commute not only with Virasoro but also with all the other generators
of the chiral algebra W*

—i

(Wi(z),L] =[W'(2),L] =0. (A.3.30)

In the doubled theory these commutation relations become equations defining the permutation

boundary states, indeed
(W;;l - (—1)hiWi_2n) 1B) = (W;;? - (—1)hiWi_1n) IB) =0 (A.3.31)

where 1,2 refer to the two copies of the CFT and the overline for the anti-holomorphic sector.

For instance the modes of the two stress energy tensors satisfy

(L -72) 1B) = (L2 -TL,) 1B) =0 (A.3.32)
or, in the open channel,
(2) T?(2)=T (2) at z=2%. (A.3.33)

For concreteness we work on the upper half plane, then unfolding the theory we identify T and
T' with the holomorphic and anti-holomorphic tensors in the upper half plane while 72 and
T with the anti-holomorphic and holomorphic components of the energy momentum tensor on
the lower half plane. In formulas

_ (A.3.34)
T?(z)=T(z) T
then the gluing conditions ensure that both T'(z) and T(2) are continuous across the defect.

Now, suppose we have chosen a certain modular invariant Hilbert space for the CFT

H = P M;;H; @ H, (A.3.35)

.3

in the doubled theory the total Hilbert space is then

(tet) — @ Mz’ij,le‘ ® ﬁj QH ® Ek . (A.3.36)

,5,k,l

Again we use Ishibashi states |B;;)) to express physical boundary states, these are now labelled
by pairs of representations of the Chiral algebra A and have components in H; @ H,+ ®H; ®Ej+.
Notice that the equations defining permutation boundary states require the representation
content of the states to be equal for CFT; and CFT,. We can see this from the fact that a

generic physical boundary state

|Bag) =D Bis|Bi)) (A.3.37)
ij
can satisfy both (A.3.31]) only if
BYy=6"Bl,. (A.3.38)
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That is permutation boundary states are expanded only using the (available) diagonal Ishibashi

states

|Ba) = Z B |Bii)) - (A.3.39)

The overlap in the doubled theory is not difficult to compute. On the cylinder we have, for any

boundary state satisfying (|A.3.31])
2r (71,72, 71,72 ¢ ar 7o c T ¢
(Ble™ F R RTE) gy — (e ¥ (o) By = (BlghohighE(B)  (A3.40)

where we noticed that the central charge doubles in the folded theory and we used the boundary

conditions. Then
((Biilg" =71 g 21| By;)) = 6ijxi(@)xi+ () - (A.3.41)

In the open channel, since the boundary conditions preserve the A x A symmetry, we expand

the partition function as

7 ¢ =Lo—<X i _
Try,,q° ¢ " 2 = ndoxi@x;(a). (A.3.42)
.3
Then Cardy’s condition reads
Z B&B%S”S]k = nfjﬁ . (A343)

Since the sum over ¢ runs over the available diagonal Ishibashi states it is difficult to provide a

general solution. However when all Ishibashi states can be used we can set

S,
B'L

= A3.44
= (A344)

using that the ratios S,;/Sp; furnish a 1-dimensional representation of the fusion algebra
togheter with the Verlinde formula it is not difficult to show that the resulting multiplici-
ties in the open channel are integers. Another way of getting to this formula directly in the
unfolded theory with a charge conjugation invariant Hllbert space is to notice that, since L
commutes with all generators of A it must be proportional to the identity in every subspace

H; ® H;+ of the Hilbert space [191]. Therefore it can be written as a sum of projectors
Lo =Y BL> |i,m;i*,n) @ (i, m;i* nl (A.3.45)

where the sums over m and n run over descendants. Requiring that the Hilbert space twisted by
L has a consistent Hilbert space interpretation one again gets (|A.3.44)). Clearly the coefficients
B! tell us how the TDL acts on local operators. We also see that the number of independent

TDLs matches that of physical permutation boundaries in the doubled theory.

Untwisted case: minimal models
This analysis carries over directly to the minimal model case with charge conjugation in-
variant partition function using the half-family basis. With this choice of partition function we

have a physical B-type boundary state for each half-family. In the doubled theory we have a
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permutation Ishibashi state for each half-family from which we construct a TDL for each half

family. On the circle Hilbert space of the unfolded theory this acts as the sum of projectors

[11(12 - Z al e Z‘ a C + +) l’l) ® <<a7 C)am) (CL+7C+);1’1|

S,
(a,0)€Q 00;ac m,n

o Sal,ag;ac P
- ac +

(a,0)€Qk Soozac

(A.3.46)

The primary states (of the bosonic subalgebra) appearing in the torus partition function can
be labelled by a single half-family |(a,c)) ® |(a™, ¢T)) = |®4e) on which the TDLs act as

Sa az;ac
Laya5|Pac) = === Puc) - (A.3.47)

00;ac

We can work out the action on the full superconformal families simply changing basis. We have

La1a2 _ Z Sal,cm;ac (Pac_'_ (_1)a1+a2Pk,a;c+k+2) (A348)

00;ac
(a,c)EP]

notice that the sum P+ (—1)"%" P, _,... 12 projects on the full superconformal family labelled
by (a,c) € Py if [a; + as] = 0, while if [a; + as] = 1 it still projects on the same superconformal
family but with a minus sign for the states with odd fermion number. Reintroducing the

(I,m, \) parametrization we find the four types of TDLs

SRS, sy . oS )
Limi+p = Z GNSNS P+ f GNSNS Bin

U.m')EP, 00;I'm/ 00;i'm
(e - (A.3.49)
S}:?%%NZS’ ! 5(NS) SII;{an’ " 5(R)
le%‘dc = Z RNS le + fW‘le
U',m)EPy SOO Um/ SOO Um/!

where f = %1 and Plsf) and }le(;f) project on the (I, m) superconformal family in the X sector

without or with signs for the odd fermion number states.

TDLs from Twisted Boundary Conditions

In general we have also twisted boundary conditions for the CFT which also induce permutation

boundary states for the doubled theory
(ng —(—1)h (Wifn)) 1B) = (W;ﬁ —(—1)hQ (_“ )) 1B) =0. (A.3.50)

These corresponding TDLs in the unfolded theory commute with the generators of the chiral

algebra only up to the automorphism 2
LoW(z) = Q(W(2))La (A.3.51)

and similarly for the anti-holomorphic side. The Ishibashi states |B;;)q now have components in

H; @ Hy,(i+) @ H; @ Hyy(j+), and again only the diagonal ones with ¢« = j contribute to permutation
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boundaries. The analysis of the physical boundary states parallels that of the untwisted case

as long as we use the twisted Ishibashi states and the solution

1 Sz'a
B! = A.3.52
= (A352)
is available as long as we are allowed to use all Ishibashi states, that is M;; = d;,+). The

expression for the TDL as an operator on the Hilbert space of the unfolded theory is now

Z o D limiw(i), ) @ (i, miw(i®) n) (A.3.53)

m,n

Twisted case: minimal models We now pick a diagonal modular invariant partition func-
tion so that we have a physical A-type boundary state for each half-family, the corresponding

topological lines are

La1a2 = Z a17a27ac Z | a c ) n) ® <(a’ C)’ m; (a’ C)? n|

OD ;ac

(e e (A.3.54)
Z al,ag,ac
S ac
(a,0)€Qy 00;

In terms of the superconformal families we find again the expressions (A.3.49)) where all pro-
jectors are now diagonal rather than charge conjugation invariant.

A.4 Toy model examples

In this appendix we test some formulas of the main text in simple solvable examples. We
first discuss linear random couplings in free scalar theories and establish the validity of the
generalized Ward identity for 2-point functions both for the case of h(z) (quenched
disorder) and constant h (ensemble average). Subsequently we test the 't Hooft anomaly

matching condition discussed in section by working out a specific example.

A.4.1 Free scalar theories

We consider the toy example of a complex free scalar perturbed by a linear random coupling.
The action is

S— / a'x (1062 + m?lof? + hox) + h(x) ) (A1)

The coupling to h explicitly breaks the U(1) symmetry rotating ¢. Here h can have or not a

space dependence. In both cases we can write
21K K ) = esp ( / ded’y(h + K(2))Cle —y)(h+ K@) (A42)

where G(x —y) is the massive scalar propagator in flat space and K, K are the external sources
for ¢ and ¢, respectively. We consider a Gaussian distribution with variance v and zero mean
in order to simplify the expressions. In what follows we shall be sloppy with normalizations

and overall constants which do not affect the main points we want to show.

230



Quenched disorder

It is convenient to introduce a compact notation

(hG), = /ddw hw)G(w — ), (Gh), = /ddw Gy — w)h(w),

(A.4.3)
Gy =Gz —y), (GG)yy = /ddw G(r —w)G(w —vy),
so that, from (A.4.2]), we get the one-point function
07 -
— 7-1 _
(o)) =27 51 1P (Gh)s - (A.4.4)

Since translation invariance is broken, this is not a constant. Similarly, for two point functions,

B@0() = 27 s | = (GG, o
(B(@)o(w)) = W =G+ (MGG,

To take the average we simply Wick contract h and h with

h(z)h(y) = v8D(z —y). (A.4.6)

Then

(p(2)) = (d(x)¢(y)) =0, (A.4.7)

consistently with the U(1) symmetry being recovered on average. The non vanishing two-point

function is
(0(2)p(y)) = Gay + V(GG)ay . (A.4.8)

The explicitly broken Ward identities for a U(1) transformation read

2)) = 6D (a = 2){(y)o(2))

(O (@)0()3()) =09z = ) (D)2 * )
= h(z)(¢(2)d(y)o(2)) + h(x){d(2)d(y)o(2)) .
The last two correlators equal
(0(2)0(y)d(2)) = Guz(Gh)y + Gyz(Gh)o + (hG):(Gh)y (Gh)o, (A.4.10)
(@(2)0(y)d(2)) = Guy(hG): + Gy (hG) + (hG)-(Gh)y (hG). h
so that
h(@)(6(2)9(y)$(2))) = VGayGaz + 06y G(0) +1*(GG)yG(0) + v*(GG)sGay (A411)
h(2){(p(2)d(y)B(2))) = VG 1y G + vG,.G(0) + v (GQR),.G(0) + v*(GG) 1y G -
The average of reads then
@I @)0W)H(E) = 6w = 1) (G)9() — 89 @ — )(GW)F(=)) i)

- UQ((GG)MGM - (GG)xme) .
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It is straightforward to check (A.4.12)) by using the explicit form of J, = ¢9,¢ — ¢9,¢ and
performing the Wick contractions. We can now explicitly check the disordered Ward identity
(3-2.41). Using the equations of motion we have 9,J" = (h(z)d(z) — h(z)d(z)), so that

(0" J,(x)) = /ddz (h(2)h(z) — h(z)h(2)) Gy . (A.4.13)
Equivalently we can directly compute
(Ju(z)) = / d*wd®zh(2)h(w) (0 G 1. Grw — G220 G (A.4.14)

and take a derivative. As expected from the recovery of translation invariance after the average

we find (0*J,) = 0. However, due to the presence of h, inserting (0".J,) under the average

modifies the correlators, in particular

(OnJu(2))(6(y)o(2)) = /ddem(h(w)f_l(ff) — h(z)h(w)) (8(y)o(2))
= —v? ((GG)IzGﬂcy - (GG)wme) .

(A.4.15)

This precisely corresponds to the last term in the right hand side of (A.4.12)). Therefore, using
the improved current jﬂ = J, — (J,), the Ward identity (A.4.12)) becomes

(0, T(@)8(1)9(2)) = 8 (x — y)(B(y)(2)) — 6@ (& = 2)(d(y)d(2)) . (A.4.16)

in agreement with (3.2.41)) with £ = 2 operators. From here one can reproduce the expo-
nentiation procedure and determine the presence of a topological operator in the disordered

theory.

Ensemble Average

When h is a constant every member of the ensemble is translation invariant. Indeed the one

point function of the scalar field is now a constant:

(6le)) = [y Gy = (A417)

Note that the mass acts as a IR regulator. The two point functions are

(Gla)o(0)) =1 [ dsthn GuuGiyn = . s
A.4.18

_ B2

(F(a)o) = G+ I [ Ft0 GGy = Gy 1o

In agreement with the U(1) average symmetry, the only non-vanishing average two point func-
tion 1is

(@(2)d(y)) = Guy + % . (A.4.19)

The explicitly broken Ward identities are

(0u 1" (2)p(y)9(2)) =8 (@ — y)(d(y)9(2)) — 8V (x — 2)(d(y)o(2))
— h{@(@)p(y)p(2)) + h(d(x)p(y)(2)) -
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The operator
O J(x) + hé(z) — ho(z) (A.4.21)

generates the Ward identities, and we can now explicitly check that it integrates to zero on the
whole space. The left hand side of (A.4.20)) vanishes when integrating x over the whole space.
For the last two terms in the right hand side we get

(OO = 1 (G +-Gye) + 1
) _ h s (A.4.22)
(qb(x)gzﬁ(y)qﬁ(z)) = ﬁ (G:vy + Gyz) + W )
so that
h(6(@)o()6(2)) = h{@)e1)6(=)) = — (Gos = Gay) - (A.4.23)

Then, by translation invariance, we have

- # / A"z (Gyy — Gay) =0, (A4.24)
where the support of the integral needs to be the entire space. In this simple example we have
chosen a scalar deformation so that Poincaré invariance remains always unbroken, no tensor
operator can get a vev, and all complications arising from non-vanishing vevs disappear. For
example, specifying to the case of constant h immediately gives (9,J") = 0.

We can also compute (¢(z1)¢(x2)) when X is a disconnected space. For example, if X (9 =

Xl(d) L XQ(d), x1 € Xl(d) an xy € Xz(d), (A.4.2) reads
Z[KLQ, KLQ, h] = exXp ( Z / (d>ddxiddyi(f_1 + KZ(‘T%))G<I1 — /yz)(h + Kz(yz))> R (A425)
i=1,27X;
and we get

2z
5K1 ($1)6K2(£L'2)

|

(p(x1)p(x2))x = Z7° = (p(x1))x, (¢(22)) x, = el (A.4.26)

K=0

namely only the disconnected part of the correlator contributes. Averaging on h we have

v

(D(21)d(12)) = (P(21)) x, (P(22)) 5, =

ma -

(A.4.27)

We explicitly see that in both X; and X, the U(1) symmetry is explicitly broken and conserved
only globally over the entire space X.

A.4.2 ’t Hooft anomalies from replicas

We check the matching of t’Hooft anomalies between the pure and disordered theory in the
simple example of the U(1) chiral anomaly in 4d. As well-known, a free massless Weyl fermion

¥ in 4d suffers from a cubic 't Hooft anomaly, which in momentum space reads

K .
P(Tu(P1) o (P2) Tp(P3)) = i 7o €vpas P vy, (A.4.28)
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where k£ = 1. We deform the theory with a space dependent complex mass term m(z), which
explicitly breaks the U(1) symmetry down to fermion parity. However, if we sample m(x) from
a Gaussian distribution proportional to m(z)m(z), then the disordered theory recovers the

U(1) symmetry via the conserved current ju Since (.J,,) = 0 before averaging, we have

(Ju(p1)Jo(p2)To(p3)) = (Ju(p1)Jo(P2) Tp(03))e = (Ju(p1)Ju(D2)Jp(3))e - (A.4.29)

The last three-point function is most easily evaluated using the replica trick. The replicated

theory has n Weyl fermions with a quartic deformation (spinor indices omitted)

Srep = Z Soa 07 Y Vatlallyy (A.4.30)
a=1 a,b
which is invariant under the diagonal U(1)p symmetry, with conserved current
Th=>_Jr. (A.4.31)
According to (3.2.79)), we have
oo 75s0)e = 1y = (00 o (02) T (s (A432)

The U(1)p in the replica theory also suffers from a a cubic 't Hooft anomaly

ik §
PE (T (P1) Dy (P2) D, (3))rep = W‘fwaﬁpng , (A.4.33)

where k = n, since all n fermions rotate (with the same charge) under U(1)p. We then get

=== 9 [ in . i .
P {Tu(p1) o (p2) Jp(ps)) = limy =~ (ﬁ@paﬁpﬂ?g) = 53 Cvrosl3Ps (A.4.34)

which shows that the anomaly of the pure theory persists after the quenched average and also

affects the disordered symmetry, in agreement with the results in the main text.

A.5 Symmetry operators for averaged symmetries

In this appendix we prove the existence, and explicitly construct, an operator (79 which im-
plements the action of the group rather than the action of the corresponding Lie algebra for
average symmetries. To this purpose we need to find an infinite set of operators @n which have
the same properties of @ defined in and which satisfy the identities

(@01 O) = X"(B4 V)0, ---0)),  VneN, (A5.1)

where we recall that x(X(@Y) denotes the sum of the charges of the local operators which
are inside the surface £~V Note that applies before ensemble averaging. We define
@0 =1 and @1 = @ We find @n[E(d_l), D] for n > 1 iteratively. Suppose that there exists
an operator @n,l such that

(Qna®) = x" (2@ D) (@) (A.5.2)
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for any product of local operators ®. We then compute

~

(Gor01®) = X (QD) + g0 (x + )™ (I / On()®) — g0 (x — o)™ T /D Oo(2)®)

D(d) (d)

—emea s (M e (o[ oen o [ o).

Pt (@ (d)

3

(A.5.3)

Next we introduce operators I'; defined in such a way that
C [ o) =3[ o). (A5.4)
D@ D(d)

Their existence follows from the (by now assumed) existence of the operators C/Q\n In fact, it is

easy to see that the I';’s satisfy the relation

. L/
o= (1)ar.. (A55)
s=0

valid when inserted in (vacuum to vacuum) correlators of the form ([, Oo(x)®). Now consider
the vectors Q = (@0,@\1, e ,@N) and T' = (I, 'y, -+ ,T'y), with 'y = 1. These are related
as Q =A-T where A=1+1T and T is a strictly lower triangular matrix with non-vanishing

entries

I
T = ( )qé‘s. (A5.6)

We can invert (A.5.5)) as

L=y AlQ.. (A.5.7)

where we used that

AT =14 (-1 (A5.8)

is again a lower triangular matrix. An analogous analysis can be carried out for the operators
T'; defined by

Tk » Oo(2)®) = (R » O(2)d) (A.5.9)

235



by simply replacing o with —qo, and we define A as Q = A -T. We rewrite (A.5.3) as
<@n71@1q)> = <@\nq)>

+ qO:Z:_: (n ; 1) g " ((Fkh Op(2)®) — (=1)" ' MTwh ﬁo(l’)@))

D(d) D(d)

(Qos (h /D Ola) =T /D (d)o—o(x)> o)t

(T sk /D Oo(x)®) — (T 1 /D Ou(2)D)

= <@\n(1)> +qo

@ () (A.5.10)
- @)+ | @ (1| 041~ [ Ouw)) @)
D@ D(d)
n—1 R L -
+Q Qk (<Ani1,kh Oo(2)®) — (A, 1 4h 00(@@)]
=0 D(d) D)
N n—2 N L
= (Qu®) + a0 ) Q| (A1 0 [ Og(2)®) — (A7 h (90(96)@] :
=0 D(d) D)
where we used that A;i = X;z = 1. We then find the recursion relation
N R N n—2 N » 4 L
Qn=0naQ1— 0 Qn(A 1 h | Oolw) =4, b | Oo), (A5.11)
=0 D(d) D@
which proves the existence of @n for every values of n € N.
As an example consider N = 3. We have
1 0 0 0 1 0 0 0
1 — 1
A=|® L e o 0o (A.5.12)
% 20 1 0 % —2¢0 1 0
% 3% 3¢ 1 —¢ 3¢ —3q 1
and
@2:@%+qg(h/ Oo(iﬂ)—l-ﬁ/ 6())7
D) D)
(A.5.13)

Qs = Q20Q, — % D(z) — 2¢2Q, (h/ O +E/ 60) .
D(d) D(d) D(d)

We now crucially verify that the charges @n vanish when D@ = X(@ qfter ensemble average

in arbitrary local correlators. For this purpose we derive a further constraint on correlators

involving arbitrary functions of h and h. Consider

f Due—so—(hfoo+c.c.)+f K;0;
[ Dpe—50—(h ] Ootee) ’

/ dhdh P[hh]f(h, h) (A.5.14)

where f is an arbitrary smooth function of h and h. We shift h — h + eh, where §h = —igqh.
Using that 0hQy = —hdOqy and expanding to linear order in € we getE|

igof (h, h){ o D(x)Oy---0,) = =5f(h,h)(O;---O,), (A.5.15)

2An extra term coming from the denominator of (A.5.14]) vanishes because of (3.2.131].
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where

§f(h,h) = OfSh + 0fSh. (A.5.16)
Thanks to (A.5.15) we can now show that

(On0, X@W]B) =0, 1n>0. (A.5.17)

Let us explicitly work out the n = 2,3 cases. For n = 2 it is enough to use (A.5.15) with f = h
and f = h to get the identity

<( /X (d)D(:p)>2<I>) +((h /X Oufa) +1 /X 00)8) = 0. (A5.18)

We can plug this relation into @2 in (A.5.13) to immediately get (A.5.17)) for n = 2. Forn =3
we use ((A.5.15) with the functions h2,52 and hh. In this way we get the relations

<< /X (d)D(x))gcm - 2<< /X (@D(m)) <h /X Oy T /X (d)@)@ 0. (A5.10)

which, pluggged in @3 in (A.5.13) allows us to get (A.5.17)) for n = 3. We can then construct

the non-genuine symmetry operator

o0

0,[2@D, D] Z Qn[S@ 1, D], g=e", (A.5.20)

n!
n=0

which, similarly to Q\[Z(dfl), D] becomes quasi-genuine when D@ = X (@),
We have then shown the existence, and explicitly constructed, the operator 179 which im-

plements the selection rules imposed by the emergent symmetries.
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Appendix B

Appendices for Chapter 4

B.1 Gauging in fusion categories

In this appendix we briefly review well known material about gauging in fusion categories and
modular tensor categories (possibly extended by a O-form symmetry). A complete review of

the underlying formalism can be found for instance in [17] and |28], respectively.

Gauging and algebras. Gauging a generalized symmetry in two dimensions corresponds to

the definition of a special symmetric Frobenius algebra A C C. This is described by a triplet:
A= (A m,n), m € Hom(A x A, A) , n € Hom(1, A) , (B.1.1)

where A = @, Zi(A) z; is an object in C, and we define Z;(A) = dim(Hom(A, z;)). We use
x; to denote the simple objects in C. The maps 7; are projectors m; : A — x; onto the simple
components of A and can be used to recast the commuting diagrams below as tensor-valued
expressions. The algebra morphism m trivializes the associator: mo (m xidy) = mo (id4 x m).
Furthermore m on = id4. We will henceforth suppress n for simplicity. The algebra also has a

dual structure
(A, 1), A € Hom(A, A x A) , n € Hom(A, 1) (B.1.2)

satisfying moA = oA = id4. Furthermore A and m satisfy the so-called Frobenius condition,
namely that the following diagram commutes, ensuring that crossing moves from any direction

can be performed safely:

Axid g

Ax A
lidAxA\ A

A lidAXm
><'d\
mxidg C Ax A

s Ax Ax A
(B.1.3)

Ax Ax A

In three dimensions an algebra must satisfy an additional condition which ensures that it is

compatible with the braided structure:

Ax A —25 Ax A

m|m (B.1.4)
\ y
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Such an algebra is called commutative. The gauging of a symmetry A is implemented by
inserting a network of A defects with morphisms m and A at three-valent junctions, along a
graph that is dual to a triangulation of the spacetime manifold.

To understand the symmetry of the theory after gauging we must introduce the concept
of modules. First, let us introduce the category of (left) .A-modules Mod 4. Its elements are
doublets (M, ry) with M an object an r, € Hom(A x M, M) a morphism allowing the algebra

object to end on M. The morphism r; must satisfy a natural compatibility condition:

AxAx M 5 Ax M
lm lTL (B.1.5)
Ax M —2—— M
This equation allows us to interpret r; as a sort of representation of the algebra A on M.
Physically the category Mod 4 describes an A-invariant boundary condition. In two dimensions
the category describing the symmetry after gauging A is the bimodule category Bimod 44 of
A-bimodules. A bimodule (B, ry,rg) is both a left and a right module for A, such that the left
and right actions commute:
AxBx A -5 Bx A
| | (B.1.6)
AxB —* B
In three dimensions, instead, the category describing the symmetry after gauging A is that of
local modules Modf‘C of the commutative algebra A. These are modules which are compatible
with braiding with A. In particular, given a left-module morphism r;, we define the right
morphism rg as
rrR=rLob (B.1.7)

with the consistency condition:

Ax M 222 Ax M
M

This implements the intuition that the objects remaining after gauging A must braid trivially
with A. It is known that the dimension of the category of local modules is
_ dim(C)

: loc
dlIIl(MOdA ) = Jim(A)

dim(A) = Y Zi(A) dim(a;) . (B.1.9)
xz; simple
Since the dimension of a fusion category must be > 1, there is a notion of maximality in gauging

commutative algebras, which implies that
dim(A) < dim(C) . (B.1.10)

When the inequality is saturated the algebra A is called Lagrangian and is denoted by the
letter C.

There exist standard techniques to construct the category of modules, which employ the
fact that the formal tensor product Ind 4(x;) = A x x; gives a (reducible) left A-module. Such
modules are called “induced” and the construction of Mod4 boils down to the decomposition

of induced modules. The interested reader can consult [17,[20] for a review of these techniques.
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Theories with a 0-form symmetry. Let us also recall some facts about 3d theories enriched
with a O-form symmetry G. These are the so-called G-crossed extensions and we refer to [2§]

for a complete review. A G-crossed extension is described by a graded tensor category

c=@pec, (B.1.11)

gea
with C, the g-twisted sector of the O-form symmetry. This can be thought of as a 2-category
Y)C with a single connected component, {WO(EC )‘ = 1, in which the twist defects provide a basis
for the homomorphisms o, € Hom(U,, 1). We use x; to denote simple objects in the untwisted
sector, 0,4; to denote simple twist defects, and X, to denote generic twist defects. The fusion

product on twist defects is graded:
Cg x Cp C Cgh . (B.l.l?)

The 0-form symmetry naturally acts on the defects in C via an automorphism U of the fusion
algebra: we write Uy[X}] = g(X)gng-1 € Cyng-1. In the following we will restrict to Abelian
0-form symmetries G. The symmetry then acts on the junction spaces V((gg?)’]zzb 7 by (unitary)

isomorphisms

. 1/ (9192:F) (9192,9(k))
Us : Vigrintozi) ~ Vione@) (e290)) (B.1.13)

while the G' composition law is encoded in a morphism
Aei(g.h) + g(h(z;)) — gh(z;) . (B.1.14)

The category comes with graded associator a and braiding isomorphism b : X, X Y, — ¢g(Y)), X
X, satisfying G-crossed versions of the pentagon and hexagon equations. The number of simple
objects o4, in the g-twisted sector is equal to the number of g-invariant local lines z; € Cy, such
that g(x;) = x;. This follows from modularity of the Hilbert space on T? with G backgrounds.

The dimension of each graded category C, is the same, thus:

dim(C,) = dim(Cy) , dim(C) = |G| dim(Cy) - (B.1.15)

Gauging and equivariantization. There are two natural operations that can be introduced
in this setting. The first one is gauging the O-form symmetry G (or a subgroup thereof). This

leads to a larger modular tensor category C/G which has dimension:
dim(C/G) = |G| dim(C) . (B.1.16)

The category C/G has an anomaly-free 1-form symmetry Rep(G) = GV that assigns charges
€ G to the liberated g-twisted sectors. The category after gauging is thus still graded by this

charge:
C/G:@geapg. (B.1.17)

The way in which simple objects of C/G are constructed is familiar from the theory of orbifolds.

A simple object 0,; before gauging is equivariantized into an orbit ¥, ; after gauging:

= @ hlog), (B.1.18)

h e G/Stab(og,;)
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AN R N
A M X M Z;

g

Figure B.1: Action of G on A, both abstractly (left) and in components (right).

where Stab(X) = {g € G : g(X) = X} is the stabilizer group of X. The object X,; can
furthermore be dressed by symmetry lines carrying a representation 7 of Stab(c,;). We thus
get the lines 37 ;, whose number is |Stab(ag’i)‘.

The second operation is gauging an algebra A C Cy. Let H C G be the stabilizer of A,
namely H = {g € G : g(A) = A}. We say that A preserves a subgroup H of the 0-form
symmetry. In order to fully specify an H-invariant algebra, we must also associate a consistent
H-action to the data (m, n). This constitutes an equivariantization of A and it is generally not
unique nor it is guaranteed to exist. The required conditions are simple to summarize. First,

we require the stabilizer H to leave the algebra morphism fixed:

9(2) _ z z ﬁg(Z)
mg(x),g(y) - mr,y [ug]z,y m for all g c H. (B]_]_g)

In order to write this equation in components, one needs to define the projectors 7, : A — x

and the maps 7),(z) that represent the action of H on the projectors:
Ty — Ng(5) Tg(zy) - (B.1.20)
Furthermore, the maps 7,(z) must compose nicely under the H action:
(i) M (9(2)) = flgn(s) Aa, (9, 1) (B.1.21)

where the morphisms A,(g, h) are the ones we defined in (B.1.14)).

A solution to the equations (B.1.19)—(B.1.21) is not guaranteed to exist, and its existence

is tied to the splitting of a certain short exact sequence [337]. Even if a solution exists, it must

be modded out by the appropriate gauge transformations. Suppose that Hom(.A, x;) is at most
one-dimensional, then 7, is a 1-cochain and we can redefine

i ()

7T$i — M(mz) ﬂ-xi ) 779(751) - 779(3%) ,LL(.CUz) .

Once this is settled, gauging A preserves the subgroup H of the O-form symmetry. The resulting

category is: C/A = @),y Cn/ A, and each entry has dimension dim(C;,/A) = dim(Cy)/ dim(.A).

Lastly, let us describe the objects of the twisted category C/.A. Since A has trivial grading,

(B.1.22)

it is possible to define twisted module categories Mod? in terms of doublets (M, ;) where
M, € C; and rp, is a left map r; : A x M, — M,. The interesting part of the construction
involves making these modules local. In particular, the braiding map b : M, x A — A x M,

induces a nontrivial action of g on the module morphism 7, that in components maps
ro(xi) = (i) ro(g(@:)) (B.1.23)
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as in the pictures of Figure The local bimodule condition is encoded in the following

commutative diagram:

Ax My —2— M, x A —— g(A) x M,

'L lg(rL) (B124)
M,
or, in components,
rr(x:) = 0g(i) Ry n, * By, - 70 (9(2)) - (B.1.25)

Thus the specification of 77 influences the structure of the H-twisted sectors after gauging A.

B.2 Lagrangian algebras for DW theories

In this appendix we prove that any Lagrangian algebra of DW(A) is of the form

me:{@¢m4wwbeﬁ,ﬁeAm@} (B.2.1)

for some subgroup B C A and a class [v] € H*(B,U(1)), and that the associated boundary
condition corresponds to a theory obtained from the electric boundary by gauging B with
discrete torsion [v].

We denote by 74 : A x AY — A and myv : A x AY — AV the projections on the two factors.
Let £ C A x AY be Lagrangian. We define a subgroup of A

B=my(L) CA. (B.2.2)

Notice that (B, 0) is not necessarily a subgroup of £. On the other hand, any element of the
form (0, ) with 8 € N(B) has trivial braiding with any element of £, and since £ is maximal,
it follows that (0, N(B)) is a subgroup of £ and thus N(B) C 74v(£). Using the short exact
sequence

1—NB) — A — B —1 (B.2.3)

we realize any element of AY and in particular of m4v (L), as a pair fw with 5 € N(B) and
w € BY. All elements of £ are then of the form (b, fw) with b € B, f € N(B) and w € BY, but
since |£| = |A| = [B||N(B)| there must exist a homomorphism t : B — B" such that

w=p(b) . (B.2.4)

The fact that £ is Lagrangian and so all its elements have vanishing spin implies a constraint
on 9. Defining a bicharacter x : B x B — U(1) as x(b1, b2) = 1(b1) b2, and then imposing that
(b, Bw(b)) has trivial spin, we obtain

1 = e(b,ﬂw(b)) = X(b, b) . (B25)

Thus ¥ is alternating and it defines a class [v] € H?(B,U(1)), hence £ = L ).
Now we aim to prove that the boundary defined by Lg ), where the symmetry is

S=(AxAY)/Lyp = Lg,[y] , (B.2.6)

243



is obtained from the electric boundary by gauging B with discrete torsion [v]. First we notice
that L) is an extension of B by N(B) determined as follows. Let ¢ € H*(BY, N(B)) be the
class associated with the short exact sequence . This class is determined by Pontryagin
duality from 1 — B — A — A/B — 1, which is associated with a class ¢ € H*(A/B,B)[l| The
class ¢ enters in the composition rule of elements of A when they are represented as pairs (1,
peN(B),neBY:

By + Bane = (51 + B2 — (i, 772)) (m +n2) . (B.2.8)
The inverse is —fn = (=8 + &(n, —n))(—n). The elements of Lp [, can be realized as pairs of
be B and f € N(B) with [b, 8] = (b, 6@/@(())), and their composition law is

v, 1)+ b2, B2] = [y b, B+ By — e (br), v (b2) | (B.2.9)

We conclude that Lp [, is an extension
1 —NB) — Lgp —B—1 (B.2.10)
determined by the class ¢} (¢) € H*(B, N(B)). Taking the Pontryagin dual of we get
1 —B S-S A/B—1, (B.2.11)

whose associated class is ¢ = 1, o c € H*(A/B,BY).
To show that this is the correct symmetry structure of the boundary theory obtained by

gauging B with discrete torsion [v], we consider its partition function coupled to a background
B =u(B)) +s(By) € H'(X,,8), (B.2.12)

where s : A/B — S is a section of 7 and Bj, By are gauge fields valued in BY and A/B,
respectively. Closure dB = 0 implies that dBs = 0, whilst the differential of B; is equal to the
pull-back through By of the extension class ¢ € H*(A/B,BY), namely (dBi);jx = ¢ (Baij, Baji) =
(B3 ¢)ijk. On the other hand, the dynamical gauge field B’ valued in B must satisfy dB’ = Bj ¢

in the presence of a background By, and the partition function is thus

Zep)= >, exp {/ (B’*l/ + B U B’)} Zo[B', B,] . (B.2.13)
X2

B’ s.t. dB’=Bjc

The exponent is not gauge invariant under B’ — B’ + dp unless B satisfies

Y (dB') —dB,y = 0. (B.2.14)

LGiven an Abelian extension 1 — A 5 B 5 C — 1 with section s : C — B, the class [e] € H?(C,A) has
representative i(€(cy, c2)) = s(c1 + c2) — s(c1) — s(c2) which is symmetric. For each v € A, ave : C x C — U(1)
is a symmetric 2-cocycle and is thus exact (see Sec.[4.1.2)), therefore there exists 8 : C x AY — U(1) such that

(in additive notation):
ae(cr, ca) = Ber + e, ) — Bler, ) — Blea, ) YV oc1,c0€C, acA. (B.2.7)

Construct Q(c,aq,as) = B(c, a1 + as) — B(c,a1) — B(c,az) € U(1). One checks that this is linear in the first
entry in C, and thus it defines a map € : AY x AV — CV. This is the class of the Abelian extension 1 — C¥ —
BY — AY — 1, that reproduces the sum in (B.2.8) if we use the pairing (v, a)(a,c) = y(c) + a(a) + B(c, @).
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This determines the modified cocycle condition for B; as
dB, = B3(¢, 0¢), (B.2.15)

hence proving that S is the correct symmetry after gauging B with discrete torsion [v].

B.3 General duality-invariant Lagrangian algebras

In this appendix we report technical details regarding Lagrangian algebras Lp |, for general
B. In particular, we give the conditions for their duality invariance and compute the mixed
't Hooft anomaly with the invertible duality symmetry in those cases, extending the discussion
for B = A given in the main text. For concreteness we look at the 2d/3d case, but the 4d/5d

one is analogous.

B.3.1 Proof of duality invariance

In Section after (4.1.64) we claimed that a Lagrangian algebra Lg[, as in (4.1.56) is
duality invariant, namely the isomorphism ¢ in (4.1.40) acts as @(LB,M) = L), if and only
if

1. ¢(Rad(v)) = N(B);
2. the isomorphism o = ¢! 0 1), acting on B/ Rad(v) satisfies 0® = 1.

Let us prove the claim. To prove it, we first notice that since Lg [, and CID(LBM) are both
Lagrangian, they are equal if and only if all their lines are mutually transparent. In other

words, if and only if

o(t)b - Bl (B (V)] - u(®)[o7 (BY (V)] =1 (B.3.1)

for all b, € B and 3,5’ € N(B).

First we prove that the two conditions above are necessary. Recall that Rad(v) = Ker(¢,),
and notice that ¢(b) Y’ = ¢(V') b while ¢, (b) ¥/ = [, (V) b}_l. Specializing (B.3.1)) to f =1 (in
multiplicative notation) and b € ker(t,) we get ¢(b) € N(B) and thus ¢(Ker(¢,)) C N(B).
Specializing tof=1and / =1 we get

1= 4,0)(67'(8)) = [ (67'(8)) 8] " (8.3.2)

thus ¢~ (N (B)) C Ker(¢,). We conclude that ¢(Ker(¢,)) = N(B) which is condition 1. Spe-
cializing to = =1wegety(t/,b) = x,, (¢ ot (V),b) for all b, ¥’ € B. Assuming con-
dition 1., both sides project consistently to B/ Rad(v), and thus ¢(b') = ¢, (o(V')) € B/ Rad(v)
for all ¥’ € B/ Rad(v). We conclude that o = 1, which is condition 2.

Conversely, we prove that the two conditions are also sufficient. From condition 1. it
follows that ¢~'(8') € Ker(¢),) C B, therefore 8(¢7'(8)) = ¥ (¢71(8)) = 1. Similarly
B¢ o, (V) =1. Eqn. then reduces to

gb(b,) b - l/Ju(b) (d)_l © 1/)u(b,)) =1, (BSS)
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that can be rewritten as v(b',b) = x, (o(V),b) = v(o?(t/),b) using the definition of ¢. Both
sides project consistently to B/ Rad(v), and the equation is satisfied using condition 2. This
completes the proof.

It will be useful to discuss a few consequence of the theorem. Each of the commuting
diagrams below expresses the fact that ¢ is a group isomorphism between the respective Abelian

groups.

e Since ¢(Rad(v)) = N(B), then the short exact sequence 1 — Rad(v) — A — A/Rad(v) —
1 is the image under ¢! of 1 —+ N(B) — AY — BY — 1. In other words there is a com-

mutative diagram:

St 1 —— N(B) > AY > BY > 1
1 T T (B.3.4)
Sy 1 —— Rad(v) > A > A/Rad(v) —— 1

e Taking the Pontryagin dual of the diagram (B.3.4)) and using the symmetry of ¢, namely

that ¢V = ¢, we obtain an other commutative diagram:

Sy =5 : 1 > > A > A/B !

]B [4
lo 1o 19 (B.3.5)
Sy =55 1 — N(Rad(v)) > AY » Rad(v)” —— 1

e It is simple to prove that there is a canonical isomorphism N (Rad(v)) /N(B) = (B/Rad(v))".
Then using that ¢(B) = N(Rad(v)) and ¢(Rad(v)) = N(B), we find a commutative di-

agram:
Sy : 1 —— Rad(v) > B > B/Rad(v) —— 1
1o 1o 1 (B.3.6)
Se : 1 —— N(B) —— N(Rad(v)) — (B/Rad(v))" —— 1

as well as its Pontryagin dual:

Sy =8 : 1 — (B/Rad(v))¥ > BY > Rad(v)Y — 1
T T¢ ) (B.3.7)
Sg =S¢ - 1 —— B/Rad(v) —— A/Rad(v) —— A/B —— 1

B.3.2 Mixed anomaly in the general case

The discussion in this appendix is technical and it involves some notation. We will use several

short exact sequences which we denote uniformly as
S 1— B, A, ™ A,/B, —1, (B.3.8)

where t,,,, T, Sm denote respectively the inclusion, the projection, and a section of 7,,. Each
sequence S, induces an extension class ¢,, € H Q(Am /B, B,,). The sequences that will be used

are the Sp, ..., Sg introduced in Appendix [B.3.1] above.

246



Moreover, we will systematically decompose gauge fields valued in A,, in terms of gauge

fields values in the subgroup and the quotient according to
A = L (b)) + Sm (b)) (B.3.9)
As discussed after , closure da,, = 0 of the gauge field implies that
dv, =0, dby, = b (cm) - (B.3.10)

All fields have a subscript labelling the corresponding short exact sequence, and both the field
valued in the subgroup B,, and in the quotient are denoted by the same letter, but the one
in the quotient is always primed. An important remark is in order. The relations
mean that in the presence of a non-trivial extension, the background b,, for the subgroup is the
sum of an ordinary cohomology class and a particular co-chain solving the constraint ,
which depends on the background for the quotient. Hence all path integrals are intended to be
done in order: one first integrates the cohomology part of the background b,, for the subgroup,
and then the background ¥/, for the quotient.

Let £p be a duality-invariant algebra associated with (B, [v]). We want to compute the
mixed anomaly between & = Z(A)/Lp and the duality G = Z, on the invertible boundary.
This is obtained from the electric boundary by gauging B with discrete torsion [v]. A gauge
field A € H'(X,A) can be decomposed according to the sequence S; in as

After gauging B with torsion, the dual symmetry S is an extension of A/B by BY with extension

class ¢ =1, 0c € H*(A/B,B") (see Appendix [B.2)), and a background field for S is described
by a pair B, b} valued in BY and A/B, respectively, with dB = b*(¢). The partition function
on the invertible boundary is

Zin[B, V)] Zexp [m/( *(v) +Bubg>} ALRAR (B.3.12)

By acting with the duality on the electric boundary we get the magnetic one, corresponding to
the gauging of A with trivial torsion:

AN A exp {27” / é(a L3 (by) + s3(b, ))} Zold] . (B.3.13)

aeHl(X A)

We decompose the A-valued field a according to the sequence S3: a = t3(a3) + s3(aj). Because
of the commutative diagram (B.3.5)), ¢(a) € H'(X,AY) has a decomposition using Sy:

o(a) = wy(zg) + s4(x)y)  with 24 = ¢(a3), ) = ¢(ay) . (B.3.14)

Furthermore, it is useful to decompose bs using Ss: b3 = t5(ys) + S5(y5). Hence, using that v

vanishes on Rad(v), we have

- Ziny| B, by = Z exp [QM' (yg*u + BU <L5(y5) + 85(yg)> +

Y5, Yh, T4, Y
+ ¢(a) U (L3L5(y5) + 1385(y5) + s;:,(bé)))} Zolas,az) . (B.3.15)
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We can perform the sum over ys and %, in this order. Since ys; appears linearly, the sum

over it gives a delta function imposing

7 (B +m (gb(a))) =0 & B+ m(¢(a)) € L7((IB%/ Rad(l/))v) : (B.3.16)

We notice that m;m = 74, and since ¢(a) = t4(x4) + s4(z}), it follows that (B.3.16]) can be
rewritten as m7(B) + x), = 0. This delta function will be resolved by the sum over x, which
however must be performed only after the sum over z4. We can then integrate out y;. Since it

appears quadratically, the sum over it can be performed by solving its equation of motion

vr(u () + B+ m(¢(a)) =0 (B.3.17)

This equation makes sense in virtue of (B.3.16)). This equation can be inverted in virtue of
(B.3.16)) and using that v, : B/Rad(v) — (B/Rad(u))v is invertible. Plugging the result back

we get

D - Ziny[B, by] = Z exp [27”'/(¢(a) U s3(bs) — <¢;1(B + 7 gzs(a)))*yﬂ §(m7 B+ ) Zo[a].

/

as,ay
(B.3.18)
We decompose B using S; as
B= L7(B7) + S7(B/7) y (B319)
and the duality maps
O(Br, B}, ) = (¥ (Bx), 6(4y), 0 (BL)) . (B.3.20)

The sum over a4 resolves the delta function, while the one over as reconstructs Zi,, up to a

multiplicative factor which gives the anomaly:

P - Ziny|Br, By, by] = exp {—/((b_l(avBﬁ)*y} Zinw [0V (Br), o(by), ¢~ 1(B5)] - (B.3.21)

B.4 Twisted cohomology and anomalies

Here we provide details on the topological actions that we use in 3d and 5d to cancel the
mixed anomaly between the self-duality symmetry and the O-form (in 2d) or the 1-form (in
4d) symmetry, when we go to the invariant boundary. In the 2d case this is an anomaly for
a semi-direct product, while in 4d it is an anomaly for a split 2-group. In both cases we do
not discuss the full anomaly, but only the piece linear in the gauge field A € HY(X, G) for the
self-duality symmetry.

B.4.1 Anomaly for a semi-direct product in 2d

We consider a semi-direct product A x, G (A and G being both Abelian) with homomorphism
p: G — Aut(A). This is associated with a short exact sequence

l1—A-"S5Ax,G5G—1 (B.4.1)

248



which splits, namely it admits a section s : G — A %, G which is a group homomorphism. Any

element can be written uniquely as ¢(a) s(g), a € A, g € G, with product rule

v(ar) s(g1) - (az) s(g2) = t(ar + pg, (a2)) s(g1 + g2) - (B.4.2)

In particular
s(9) (@) s(g™) = (py(a)) - (BA.3)

Semi-direct products are generically non-Abelian, and accordingly we only consider standard

1-form gauge fields. These are classes A € H'(X, A x, G), namely
(dA)iji = A Ayl Ay = 1, Aij ~ AT AGA; (B.4.4)
where the order of multiplication matters. Since A;; € A x, G, we can write
A = u(Bi;) s(4;5) (B.4.5)

where B € C'(X,A) and A € C'(X,G). Using the commutation relation (B.4.3), the cocycle

condition (dA);jx = 1 is equivalent to
The identification A;; ~ A; ' A;;A;, upon decomposing A; = ¢(6;) s();), becomes

ij ?
Hence A defines a class in the cohomology group H!(X,G), while B a class in the twisted
cohomology group H ;(X ,A) — also called cohomology with local coefficients.

We are interested in the anomaly for A x, G whose 3d inflow action is quadratic in B and
“linear” in A. The word linear is in quotes since B is a twisted class, and thus A will appear
not only linearly, but also in the twisting. This anomaly is identified by a characteristic class
of A %, G bundles, which lives in H} (G, H*(A,U(1))) [177]. Such a class can be thought of
as a function p on G with values in the group of alternating bicharacters over A, satisfying (in

additive notation):
pg 1(h) + p(g) = plg +h) . (B.4.8)

The G-action on bicharacters is given in (4.1.70). Besides, the function p is subject to the

identification

p() ~ p(-)+poé—¢ for any & € H*(A,U(1)) . (B.4.9)

Notice that 1(0) = 0, so that u(—g) = —p, " u(g).
Given A € H'(X,G), we construct pu(A) € C'(X, H*(A,U(1))) (both notations p(A) and
A* could be used). This is a cochain p(A4;;) : A x A — U(1) satisfying the twisted cocycle

condition:

(doyi(A)) sy, = pagi(Aji) — (Au) + p(Ay) =0 (B.4.10)
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Moreover, under a gauge transformation A — A + dJ\, it changes by
pAi) = (A + A = Ni) = oy Ay +A5) + p(=X)
= o (P 1)+ 1(Ay) = ) ) = o3 (1(A) + (dyay 1))+ (Bu11)

hence pu(A) € H) (X, H*(A,U(1))).
Given B € H}(X,A), we can form the cup product u(A) U BU B € H*(X,U(1)) as:

(MA)UBUB),,, = nAy) (PAiijlm pAikBkz) : (B.4.12)

see App. A of [178]. Under a gauge variation A — A +d\, B — p(\)"!B as in (B.4.7)) we find:
(M<A> UBUB )ijkl — p)_\zl (M(A’L]) + (dp(A) :U’()‘>)Z]) (p);lpAiijk ) p;ilpAikBkl)

= (WA UBUB),, + (doa (V) (pAiijk , pAikBkl> . (B.4.13)

This means that we get a linear variation

5<M(A) UBU B> = (dyayp(N) UBUB = d(u()\) UBU B) . (B.4.14)
We write the inflow action as
S, = 2mi /X u(A)UBUB. (B.4.15)
3
When X3 is closed this is gauge invariant, however if 0.X3 = X5 we get a boundary term:
S, — S, + 27Tz'/X u(A)UBUB. (B.4.16)
>

B.4.2 Anomaly for a split 2-group in 4d

In 4d we have an analog story, where A is now a 1-form symmetry. The full symmetry structure
is a split 2-group, which is a higher categorical version of a semi-direct product. The definitions
can be found in [357] and a more physical discussion is in [178}356]. Here we simply use two
facts which from our viewpoint can be motivated as being the straightforward generalization
of the discussion on semi-direct products.

First, a background field for a split 2-group is made of an ordinary cohomology class A €
H'(X,G) and a twisted cohomology class B € H?(X,A). The latter means that

(dp(A)B)ijkl = pay;Bijx — Biri + Biji — Biji, = 0, (B.4.17)
and there is an identification (or gauge transformation)
Biji. ~ '0;1-1 (Bijk + pAijejk — O, + ez'j) ) Aij ~ Ajj + X =\, (B.4.18)

which are the obvious generalizations of (B.4.7)).
Second, the piece of the anomaly for a split 2-group which is “linear” in A and quadratic

in B is labelled by a characteristic class of 2-group gauge bundles:

e m (G, H*(BA, U(1))) . (B.4.19)
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One can show [356] that H*(B%A,U(1)) is isomorphic to I'(A)Y, the Pontryagin dual of the
universal quadratic group of A, which can be identified with the group of quadratic functions
q:A —U(1) (see |178,356] for precise definitions and details, as well as the discussion around
(4.1.164)). The G-action on them is naturally given by

(pg9)(a) = q(py*a) - (B.4.20)

The construction of the 5d anomaly inflow is very similar to the semi-direct product
case, thus we skip many details. Given A € H'(X,G), we construct u(A) which satisfies
(B.4.10) and (B.4.11)), thus defining a class in H)(X,I'(A)"). Recall that H*(B*A,T'(A)) =
Hom(I'(A),T'(A)) has a distinguished element B (the identity map) called the universal Pon-

tryagin class, such that
Be HXX,A) ~  P,(B)=B"Pe H)(XT(A)). (B.4.21)

The action of G on T'(A) is induced by the one on I'(A)Y in such a way to make the natural
pairing (, ) : T'(A) x I'(A)Y — U(1) invariant. Under A — A + d\ the latter transforms as

mP(B)io ,,,,, i 7 p;i) mp<B)ig ..... iq - (B422)
Using the pairing between I'(A) and I'(A)" we construct p(A) UB,(B) € H?(X,U(1)) as:
(A UB(B), = (1A g Fo(Blis,ic) (B.4.23)
Under A — A+ d\ we have
pA) U, (B) — p(A) UP,(B) +d(n(\) UF,(B)) . (B.4.24)
We conclude that the 5d inflow action is
S, = 2mi / (A U,(B) , (B.4.25)
X5
and its gauge variation on a manifold X5 with boundary X, = 0X5 is
S, = S, + 2m'/ pu(A) UB,(B) . (B.4.26)
Xy

B.5 Equivariantization for 2-algebras

In this appendix we briefly review how the symmetry fractionalization datum 7 appears in
the equivariantization of symmetric 2-algebras [43]/44]. We refer to those works for a complete
introduction to the formalism, and here we limit ourselves to highlighting the main steps for
our purposes. We assume that all objects are invertible for simplicity. We stress that a full
definition of the equivariantization procedure is still an open problem.

In five dimensions, 2-categories are sylleptic [403], meaning that there exists a 2-morphism

o such that the braiding 1-morphism b : X x Y — Y x X satisfies the following commuting

diagram:
XxY i y X xY
>~ e 7 (B.5.1)
Y x X
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Physically o(X,Y') encodes the braiding data between 2d surfaces: Byy = o(X,Y)/o(Y, X). A
symmetric 2-algebra Al describes the gauging of a 2-categorical symmetry in five dimensions,
and it is described byf]

e An object A= Z,x € C. We assume that Z, € {0,1}.

x simple

e A l-morphism m: A x A — A.

e Two 2-isomorphisms u, 8 which uplift the associativity and commutativity relations for

m to:
Ax Ax A —"4 o Ax A Ax A
idxml / lm / ﬂ(ﬁx (B52)
Ax A .4 Ax A v A

Besides, p and § are subject to various higher algebraic identities that we do not report. Now,

suppose that a 0-form symmetry G acts on the algebra A, more specifically:

e To an object x € A we associate a 1-isomorphism (an invertible line) py(x) : @ — g(x)

localized on the surface U,.

e To the algebra morphism m we associate a 2-morphism p,(z,y) : pg(x) X @4(y) —
@q(z x y), and similarly for the 2-morphism /.

e To an algebra 2-isomorphism we associate an identity for the equivariantization data.

All this data must be compatible with the natural multiplicative structure for G defects. In
particular, we can consider the action of ghk ~ (gh)k ~ g(hk) € G on the algebra A. Each
three-valent junction g X h — gh defines a 2-isomorphism 7y ,(z) : ¢4(x) X @4 (9(x)) = @gn(z).
Clearly n is best though of as a 2-cochain 7(g, h) with values in the Pontryagin dual of A.
Consistency of n with the associativity of the G-defects implies (we draw below an horizontal

section of the configuration):

pgn(h, k) n(g, hk) = n(g, h) n(gh, k) where  pgn(h, k)[z] = nnr(g(2)) (B.5.3)

(B.5.4)

This means that n € H 3(G , AY). This datum matches the one in the symmetry fractionalization
that we described in Section [£.1.2] for the 2d case.

2We omit the unit morphism and its higher morphisms, since they will not play a role in our presentation.
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B.6 First obstruction and invariant TQFT's

In this last appendix we review the relationship between the first obstruction and the existence
of duality-invariant TQFTs with symmetry A. This was explained in [29] for the case of the
Tambara- Yamagami category TY(A), . and in |78] for 4d theories with Z,, 1-form symmetry.

Self-dual TQFTs in 2d. A two-dimensional TQFT with symmetry A can be characterized
by its unbroken subgroup B (in the sense of spontaneous symmetry breaking) and an SPT
phase for B described by v € H? (BB, U(l)). The partition function is as in (4.1.32)):

exp(2mi [B*v) if 7(B) =0,

Z|B] = (B.6.1)

0 otherwise ,

where 7 is the projection in the short exact sequence 1 — B LAL A/B — 1. The duality
action on the TQFT is defined as

1 .
N -Z[B] = m Z exp (2m/XaU,y B) Za] . (B.6.2)

a€ H(X,A)

Let us assume that v satisfies (4.1.26)—(4.1.28). We evaluate the above equation on the torus

T2, however this can equivalently be done on any Riemann surface by choosing a decomposition
of H1(X,) in A- and B-cycles. We find:

N - Z[By, By = > xular, az) y(ar, Ba) y(as, By) ", (B.6.3)

ai,a2 €B

1
A
where we used that Z[a] = 0 if w(a) # 0 to restrict the sum. We first perform the sum over the
subgroup Rad(v) of B. This is zero unless:

Be ¢t (NRad(v))), (B.6.4)

this group coincides with B (and thus would give to correct delta function) if and only if
¢(Rad(v)) = N(B)F|] Thus (£.1.26) ensures that preserved subgroup is the same after the
action of A/. Finally we perform the sum over (say) a; restricted to B/Rad(r) which fixes

ay = 0B, thus:
N - Z[By, Bo] = v(0Bs, By) " §(w(B1)) 6(m(Bs)) = Z[B1, By , (B.6.5)
where (4.1.27) and (4.1.28) ensure that the SPT phase for B remains the same.

Self-dual TQFTs in 4d. A similar reasoning is valid in 4d. Without assuming whether the
four manifold X is spin we can defined a 4d A TQFT by specifying the preserved subgroup
B and an B SPT:

v e H*(B*B, U(1)), (B.6.6)

30ne uses the fact that, for any subgroup B, ¢ N (¢~ N(B)) = B.
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and define

exp (2mi [ B*v) , ifw(B)=0

Z|B] = (B.6.7)

0, otherwise .

We then haved

N - Z|B] = \/H: > exp (27Ti/XaU7 B) exp (QWi/qy(a)) : (B.6.8)

a€ H(X,A)

First we perform the sum over Rad(v). Since the bicharacter vanishes identically when evalu-
ated on such elements it can be argued that its refinement ¢ also does, independently on the

choice of characteristic element. The sum then becomes linear and sets the result to zero unless
B € ¢ 'N(Rad(v)) = B. (B.6.9)

The sum over the quotient B/Rad(v) is quadratic and we solve it by shifting a — a + o(B),

which decouples the two fields owning to

xv(o(a), b) = ~v(a, b)~*. (B.6.10)
We are left with:

N-Z[B] = G, exp (2mi [ B*[2v+voo]), ifn(B)=0,

0, otherwise

G, = x IlB%/Rad(y)) a > exp (zm' / a*]/) :

€ H?(X,B/Rad(v))

(B.6.11)

If X is spin the quadratic refinement does not depend on the choice of characteristic element

and we can lift identities for y, to identities for ¢. Since
xv(ca, ob) = x,(a,b)7", (B.6.12)

on spin manifolds v oo = —v as classes. Furthermore, it is possible [7§] to prove that the Gauss
sum G, is unity. We find that the TQFT Z[B] is duality-invariant on spin manifolds. On the

other hand, on non-spin manifolds, we need to impose the stronger condition:

¢, (0B) = q,(B)"", B € B/Rad(v) (B.6.13)
on the quadratic refinement of x,. A similar story applies to triality defects with minimal
modifications.
B.7 Anomalous boundary conditions

In this appendix we present an iterative procedure to consistently turn on a background for

boundary theories with a U(1) anomalous symmetry in generic even dimension. For the sake of

4This normalization makes sense on manifolds without torsion 2-cycles, on which we can trade it for the

common one [57] by an Euler number counterterm.
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concreteness we present this procedure in the simplest case of a U(1) symmetry with anomaly,
but the same idea can be used for higher groups and in the non-Abelian cases discussed in the
main text. In general, the method presented here is necessary to determine consistent boundary
conditions whenever the simple BF theory is modified by some non-Gaussian term containing
derivatives.

Consider the TQFT with action

7 d k
[ (b_/\dA Y kg Ay A (dA ) g = . (BT
oy, L At A () SNCEEETCEE TR
and k£ € Z. In the presence of a boundary, the variation of the action produces a term
7 d d_q
—— ba—1+ = kg A1 A (dA1>2 0A; . (B72)
2T X 41 2
This can be cancelled by imposing the boundary condition
1 d d_q
* A = _ﬁ bg—1 + 5 kg A1 N (dA1)2 + % A (B73)
Ts
and adding the boundary term
so___1 / b +C—l/1A/\(dA)%*1 Ax (b —i—C—l/-iA/\(dA)%’l (B.7.4)
P ITR? Jon, d-1 1 5 Ka s 1 d-1 1 5 Ka s 1 . e

However, there is no gauge transformation of A; that makes the boundary condition gauge
invariant. The only way to have a gauge-invariant boundary condition is to add terms that mix

A; with the dynamical fields. The simplest such modification is to replace Ty in (B.7.3|) with

) d 4
o ="To— 5 fid A A (dAl)g L (B.7.5)

Consequently we must modify the boundary term into

),
- T N*T. B.7.6
47TR2 OXain 0 0 ( )

However, since the boundary condition now imposes 7] = iR*xJA;, we get an extra unwanted

term in the variational principle:

; d
' S kg Ay A (dADETIASA, (B.7.7)

2T 0X g1 2

This can be cancelled by adding a topological term proportional to A; A A; A (dAl)%_l to the

boundary term. Indeed

/ 5<A1A1 (dAl)g‘1> :/ (gAl (dA)S 164, — (2= 1) dA; A, (dAl)%‘QcSAl).
8Xd+1 8deJrl
(B.7.8)
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However, this also produces an extra term that must be cancelled. This is easily achieved by
modifying both the boundary condition and the boundary term by the addition of this extra
term to 7. This produces

Too=To + ka (2 — 1) dA; Ay (dA,)? 72, (B.7.9)
At the same time we modify the boundary term that, including the new topological term,
becomes
1 d
S5 :——/ A —/ Ay A Ay A (dAy)2 Y B.7.10
9 IR Jox, ., Ti AxTy + 27 Joxs, Kd A1 1 A (dAy) ( )

These new boundary condition and boundary term give a consistent variational principle. How-
ever, the boundary condition is again non gauge invariant because of the last term we added
to 71, and we have to repeat the procedure above.

At each step, the non-gauge-invariant piece in the boundary condition becomes of one lower
degree in A; (and one higher in A;). Hence, the procedure stops when we reach a term linear
in A;: we can make the boundary condition gauge invariant by adding a term purely in Aj,
which does not modify the variational principle. The procedure stops after (d/2 — 1) steps,
yielding the boundary condition

* (A1 — Al) == R2 (Qd 1 — K4 Al (./41)g > (B.7.11)
where
d_2
Qy_y = by 1+mdz r) (dA)" (A — Ay) (dAD? 7 + kg (dA)Z 4y (B.7.12)
r=0

The corresponding boundary term is

——2
Zlid

1
Sp=— / Qaot AxQuoy + 3 Z / (A Ay (dA)ET . (B.7.13)
0Xa41 r=0 v 90Xd1

4 R?

As a sanity check, we can verify that the boundary theory is anomalous under U(1) gauge

transformations. Under dA4; = 0.4; = d)\g the topological terms on the boundary produce

.52
= / (d)\o (dA) AL (dADS™1 4+ Ay (dAD" dho (dAlys—r—l)
0Xay1
— iﬂ S r+1 d_po1 _ r 4y (B.7.14)
= m_d 41 . d
27 0X g1 ()\0 (dAl) (dAl) Ao (dAl) ) .
Then, using the boundary condition,
d 2 d d
059 = ;ﬂ dXo (dA;)27H (A — Ay) — 2:;%2/ dXo (dA)2 ™ Ax ((dA)2 1 AL) (B.7.15)
0Xat1 X a1

2 .
— [ g (dA)E T A (X (dA1)31)+@/ (Ao (dAL) 271 (dAY) — Ao (dA)?) .
4R 0X g1 2m 0.

Xd+1
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The bulk contributes with a term

sg i dXo Ay (dA;)E™" (B.7.16)

27T OX 441

which, together with the last term in (B.7.14]), combines to a total derivative (on the boundary)
and can be neglected. We remain with

; 2
_ _thd 41 . Kq d_q d_q
0o = —50 [ Do (dA)IT A =0 [ g /8 o (A (@A) E) A x (A (@A) )] |
(B.7.17)
We can isolate the anomalous variation adding a final counterterm
2
_ ka d_q d_q

Set. = 1R /6Xd+1 <-’41 (dA,)? ) N\ * <A1 (dA;)z ) . (B.7.18)

B.8 Non-compact TQFTs

In this appendix we provide a mathematical definition and details on the TQFTs with infinitely
many operators introduced in [206],210] and used as holographic duals. The main issue is
defining the theory with cutting and gluing while avoiding infinities from inserting a complete
basis of states. We argue that this is possible if all manifolds have at least one non-empty
boundary component. On the other hand, the partition functions on closed manifolds will be

generically infinite.

Review of standard TQFTs. Recall that standard TQFTs in d dimensions are defined
by a symmetric monoidal functor Z: BordgO — Vece from the category of oriented bordisms
to the category of complex vector spaces [203] (see e.g. [204] for a detailed review). A vector
space Hyx, , = Z(X4_1) is assigned to any closed codimension-one manifold and a linear map
Z(Ya): Hx, , — Hx | to any bordism Yy: Xgq — X}, namely an oriented manifold with
boundary 0Y; = X4 I_Iyzl_l (here bar means orientation reversal) with in and out components
given by X, 1 and X/, respectively.ﬂ Functoriality implies that the vector space for a disjoint
union is the tensor product, and gluing Y; with Y along a common boundary corresponds to
composing linear maps.

In practice, it is convenient to work with an explicit basis. Hence, to concretely construct
a TQFT we need the following ingredients:

e Vector spaces Hy, , with a basis |a). We also denote by |a) a basis of Hx, .

e For any d-dimensional manifold Y; with incoming and outgoing connected boundary com-
ponents, respectively, X(ii—l,im 1 =1,2,... and chl'—l,ou‘m J =1,2,... we assign a tensor
Z(Ya){a;},1v,3- This specifies the linear map @), Hin; — ®j Hout,j

Z(Yy) <|a1> ® |ag) ® - - ) - ; Z(Ya) o} (65} (|bl> ® |bo) ® - - ) . (B.8.1)

5 . . . . . N ~
°The same manifold, with the same orientation, can be viewed as a bordism X, ; — Xg4—1.
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Notice that the vector spaces Hx, , are not endowed with a scalar product as an extra datum:
this simply arises from the composition of bordisms. To see this notice that, for any X, 1,
we can construct the cylinder X, 1 x [0,1] that can be viewed both as the straight cylinder,
namely a bordism Xy ; — X4_1, or as the horseshoe, namely a bordism Xy 1 ® X4 1 — @.ﬁ
In the first case the functor Z associates the identity map Idy,  :Hx, , = Hx, ,, while in
the second case it gives a bilinear pairing n(Xy4_1): Hx, , ® Hx .. — C. In components these
read:

.= [ N(Xa-1)ap =

One can show that 7(X4-1) is a non-degenerate pairing that defines an isomorphism Hy = H}/(d_l.
This allows us to identify the basis |a) of Hx,  with the dual basis (a| of Hx, & defined by
(a|b) = 644

D) = g (al - (B.8.2)

With these pieces of data, it is clear how to glue various bordisms along common boundaries
to generate others. The common boundaries must have opposite orientations. When one
boundary is incoming and the other one is outgoing, the gluing is just the composition. On
the other hand, if both are incoming (or both outgoing), we use 7(X;4_1),5 More concretely,
let Yy be a (possibly disconnected) bordism | |; X, ;, — |, XJ_ If Xg 15 = X1 om WE

can generate }N/d by gluing the two, and the associated tensor is

l,out"

Z(Yd){m,...},{bg,...} - Zal Z(Yd){al,az,~~-},{a1,bg,.-.} : (B.8.3)

If instead X; ;;, = 73_1@ the tensor associated with the manifold obtained by gluing along

these boundary components is

Z(Yd){ag,...},{bl} - Zal’c& Z(Yd>{a17a27a37"'}’{b17“'} n(Xéflvin)al,ag : (B84)

Clearly, these pieces of data cannot be arbitrary: if the same manifold Y; can be constructed
in different ways by gluing smaller pieces, the results must coincide. Once these consistency
conditions are satisfied, we can compute the tensor associated with any manifold starting from
those associated with the more elementary pieces. By performing enough gluings to get a closed
manifold, the result is a number: the partition function. For instance, gluing the outgoing and
the incoming boundary of a cylinder X ; x [0,1] we get X4 1 x S', hence

Z(Xg1 x SY) = Z ba0 = dim(Hx, ,) - (B.8.5)

6The vector space associated with the empty (d — 1)-dimensional manifold is Hy = C.
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The non-compact case. Already the fact (B.8.5) suggests that in the non-compact case
closed bordisms should not be included in the definition. We want to argue that, avoiding

closed manifolds, there are classes of manifolds in which we can give a precise definition of the

U(1)/R BF-like theories
7
S=— bg_p_1 NdA,. B.8.6
o M, d—p—1 /2 ( )
As an illustration, we consider the case of d = 2 with p = 1. Hence by = ¢ is a non-compact
scalar, and A is a U(1) gauge field. The Hilbert space Hg: can be constructed by canonical

quantization. We set My = S! x R, with R parametrized by ¢, and split A = A+ Al dt. Then
[ — (Ag dé A dt + DA N dt). (B.8.7)
27 S1xR

We choose the temporal gauge A} = 0, and we need to impose the Gauss law cZ<b = 0, namely

¢ = ¢(t) is independent of the spatial coordinate. Introducing

o= [ A a0 =500, B55)

we see that ¢(t) ~ ¢(t) + 27 is a periodic variable, and the action becomes

S = —i/p@tth. (B.8.9)
R

This is a free infinitely-massive particle on a circle of radius 27. The quantization is straight-

forward. We have the commutation relations
[d,ﬁ] =4 = eiaﬁ . eimj — eian eimj . eiaﬁ. (BSlO)

Here n € Z because of the periodicity of ¢, while a is a generic real number. However the
operator e?™” commutes with the whole operator algebra, hence it is a number that we can set

to 1. Therefore the operators acting on the Hilbert space are

—~

O, = e’ with € [0,27), W, =¢e™ with necZ, (B.8.11)
with algebra

O0a 05 =0 modzn)s  WaWm=Woim,  O.W,=e"W,0,. (B.8.12)

Starting from a simultaneous eigenstate of the /Wn’s such that

W, |0) = ™ |6) | (B.8.13)
using the algebra we find
O, 10) =10 — o). (B.8.14)

Hence we get a basis labelled by a compact continuous variable § € U(1). We can also use a

non-compact but countable basis, starting with an eigenstate of @a:
O k) = € |k) . (B.8.15)
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It must be k£ € Z to respect the periodicity o ~ o + 2m. Then using the algebra we infer
W, k) = |k +n). (B.8.16)

The relation between the two basis is
k) = L /%de e 16) 16) = L > e k). (B.8.17)
V21 Jo ’ \ 2T ez

Since the Hilbert space is infinite dimensional, the partition function on 7% is infinite. Let
us show that, on the other hand, we can consistently define a functor on the category of open
oriented bordisms. In 2d the huge computational simplifications are that the only Hilbert space
is Hg1, and that every 2d manifold has a pair of pants decomposition. Eventually, one also
needs to fill holes by attaching a disk. Hence, on top of the horseshoe 74, the only other data
one needs to assign are the disk and the pair of pants:

c

The numbers h, define a distinguished state |[HH) = ) _h,|a), called the Hartle-Hawking
state. These two data must satisfy the obvious condition that if we fill one of the two incoming

holes of the pair of pants with the Hartle-Hawking state we get the cylinder:

Zb 1Sy My = Oac - (B.8.18)

The only other consistency condition is the independence from the chosen pair of pants decom-
position, that reduces to the Froboenius condition [205]:

Do Haphia =D Hockha: (B.8.19)

Let us use the continuous basis |#). The cylinder (identity) becomes a delta function §(6; —

05). Moreover, we define
he = 6(6), Noy.0, = 0(01 + 02) 1y g, = 0(01 + 03 — 03) . (B.8.20)

Also, all sums are replaced by integrals on [0,27) in this basis. The condition (B.8.18)) is
obviously satisfied, while the Froboenius condition (B.8.19) reads

27 2T
/ 40 (0, + 0y — 0)5(0 + 05 — 0,) = / 40 (01 + 0 — 02)3(6s + 05 —0)  (B.8.21)
0 0

which is satisfied since both sides are equal to 6(6; + 65 + 03 — 6,). The choice of these
data is motivated by the fact that the continuous basis |#) is related, by the state/operator

correspondence, with the local operators O, (z) = ¢'z=?®) and the pair of pants must reproduce
their OPE O, O = O,43. Then the Hartle-Hawking state is fixed by (B.8.18)).
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With these pieces of data, we can compute the value of the functor for arbitrary bordisms
with a non-empty boundary. The simplest nontrivial such manifold is the torus with a puncture.
This can be obtained from the pair of pants by gluing one of the two incoming boundaries with
the outgoing one. Denoting by 6 the label of the puncture, namely the non-glued circle, the
result id’]

Z(EZi N\ Py) = /Ozwde’ 5(0) = 2w 5(9). (B.8.22)

This is a projector on the Hartle-Hawking state. Another simple example is the torus with two
punctures that can be obtained from the previous result by gluing the remaining boundary to

the outgoing boundary of another pair of pants. Hence, the result is

27
z2(Si (P B} = /0 40 5(0, + 0 — 0) 206(00) = 27 6(0, + ) - (B.8.23)

We can now put these two examples together, gluing the boundary of a torus with one puncture
to one of the two boundaries of the torus with two punctures, resulting in a genus-two surface

with a puncture:
21
Z(Sy\ Pp) = / do' 2m5(0 + 0') 276(0') = (2m)2 6(0) . (B.8.24)
0

Proceeding in this way it is not hard to prove the general result. The value of the functor an a
genus ¢ surface with n incoming boundaries labelled by 64, ..., 68, and m outgoing boundaries

labelled by 67, ...,0! is given by
Z(z;g APy, ... ,Pgn,Pgi,...,P%}) = @) 50+ .. 40, -0, —...—0,). (B8.25)

The important observation is that the partition function on compact Riemann surfaces is
infinite. Indeed, a compact Riemann surface of genus g is obtained by closing the hole of a
one-punctured Riemann surface ¥, \ Py by means of gluing the Hartle-Hawking state. The

result is clearly infinite:
2m
Z(%,) = / df (2m)?6(0)6(0) = (2m)? 6(0) . (B.8.26)
0

We conclude that the TQFT is well defined on the category of open oriented bordisms.
Let us remark that, given the Hilbert space we constructed, there is another set of data that

can be formulated, which is essentially the same as the one we discussed but in the discrete
basis |k):

h;c = 5k,0 ) 7721,1@2 = 51917—192 ) (ﬂ/)Z?,kQ = 5/€1+/€2,/€3 : (B827)

With these data one gets infinite answers even on open manifolds, as soon as they have a
non-trivial topology. It must be noticed that, indeed, these are not merely the data (B.8.20))

written in a different basis: translating (B.8.20|) in the discrete basis using (B.8.17]) we get

hk = — Nky ko = 5k1,k2 s M’Zib =V 21 6k1,k2 5k1,k3 . (B828)

"We denote a genus g Riemann surface as g
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We conclude that (B.8.20) and (B.8.27)) really define two different TQFT's.

How did we choose one instead of the other? As we already pointed out, in 2d TQFT
the choice is really dictated by the fact that the pair of pants is related with the OPE of
local operators. The data (B.8.27) would then be relevant for the TQFT with Lagrangian
formulation »

s =2 | ®day, (B.8.29)

27
where ® ~ ® + 27 is a compact scalar, while a; an R gauge field. Canonical quantization
produces the same Hilbert space as the theory with non-compact scalar and U(1) gauge field;

n®(@) are labeled by an integer, and hence are related

however, here the local operators O, (z) = e
with the discrete basis by the state/operator correspondence. For this reason, in contrast to
the previous case, the quantization of this theory produces the data (B.8.27)) in which the pair

of pants gives the Abelian fusion algebra in the discrete basis.
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