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ABSTRACT

Nowadays, inspection and maintenance of industrial sites are often carried out

by specialised operators who need to enter narrow and potentially dangerous

environments. In this context, cable-driven hyper-redundant robots support the

operators to carry out inspection and maintenance tasks proving to be an effec-

tive solution in terms of safety. The cable transmission keeps the actuators safe

from the possible extreme environmental conditions of the inspection site, and

the kinematic redundancy allows the robot to move into narrow environments

avoiding obstacles. This dissertation aims to study cable-driven hyper-redundant

robots providing a unified modelling framework that accurately describes their

dynamics and could be employed to design control algorithms. The proposed

modelling technique defines a simulation environment by interconnecting all

the components of a mechatronic system. This approach allows speeding up the

preliminary analysis necessary to evaluate the effectiveness of different solutions

highlighting possible critical aspects. Furthermore, describing each subsystem

by different complexity models allows employing the optimal model for the vari-

ous scenarios the designer would analyse, such as secondary dynamics studies

or control algorithm design. The obtained model provides the framework to

design a control algorithm able to damp the residual vibration induced by cable

transmission. Since fast actuators need to be employed to increase the vibrations

damping, a novel design methodology to passively compensate for gravity forces

is presented to improve the actuators dynamic response. Finally, the proposed

modelling framework is applied to a novel cable-driven hyper-redundant robot

to prove the versatility of this method.
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CHAPTER 1

INTRODUCTION

The technological advancement achieved by the robotic industry over the past 50

years has determined that robots spread to a wide variety of applications. One of

the leading economic and social stimuli to develop new robotic systems concerns

safety. Examples that are there for all to see concern the monitoring of infras-

tructures for accidents prevention or the possibility of acting in emergencies,

such as first aid in places destroyed by natural disasters, without endangering

rescuers’ life. These are examples that stir up public opinion, however, there is a

category of workers who daily have to perform tasks in hazardous environments

that could seriously compromise their health.

One of the fields in which workers are subject to high risk is the inspection

and maintenance of industrial sites such as nuclear power plants, nuclear waste

sites, vessels, tanks and pipelines. Nowadays, most of these operations are carried

out by specialised operators who need to enter narrow and potentially danger-

ous environments, often placed in remote areas that are difficult to reach. As

infrastructures age, the risk of failure increases, especially for those facilities that

continue to operate beyond their expected life cycle. In this context, employing

robotic systems that support the operators in carrying out the inspection and

maintenance tasks can be an effective solution to minimise risks.
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1.1 MOTIVATION

Introducing inspection and maintenance robots into existing plants requires

developing highly customised solutions. These solutions can hardly be reused in

different scenarios. Consequently, development and production costs increase,

slowing down the spread of such devices. Some attempts to solve this prob-

lem have been carried out by European projects such as PETROBOT [1] and

ROBINS [2]. The first focused on developing inspection devices in the oil and

gas industry, the second in the naval field. According to stakeholders’ opinion,

SPARC defined that workers’ safety and reduction of plant downtime due to

inspection and maintenance operation are priority objectives [3] in industries.

In the last years, several devices were developed to accomplish inspection

and maintenance tasks in different fields. Crawlers and wheeled robots have

been used for the inspection of power generation plants [4]. Several companies

have produced drones that could be used to monitor the conditions of infras-

tructures and industrial plants [5]. Long-reach manipulators with the ability to

move in narrow spaces have been developed to inspects harsh and hazardous

environments [6].

This work focuses on studying a subset of long-reach manipulators called

cable-driven hyper-redundant robots. The cable actuation allows moving the ac-

tuators from joints to chassis reducing the overall weight of the moving structure

and increasing the payload capability of the robot. Furthermore, cable-driven

mechanisms keep the actuators safe from possible extreme environmental con-

ditions of the inspection site and the hyper-redundancy allows the robot to move

into constrained environments. However, cables introduce non-linear elastic

phenomena that can reduce the precision and accuracy of motion, stability of

the control system and damping of residual vibrations. In this context, defining

an accurate model becomes fundamental to simulate the system behaviour and

tune parameters of the control algorithm.

This dissertation aims at advancing the state of the art by proposing a uni-

fied modelling framework for cable-driven hyper-redundant manipulators. This

framework defines both complex models to accurately simulate the system be-
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haviour, intending to perform analyses for the system design, or simplified mod-

els suitable for the controller design.

1.2 ANSALDO ENERGIA’S CASE OF STUDY

Ansaldo Energia is one of the world’s leaders in the power generation indus-

try. Its core businesses consist of both manufacturing turbines and generators

and providing maintenance services to power plant owners. The company has

collaborated since 2018 with the Advanced Robotic Department of the Italian

Institute of Technology, intending to develop a robotic system to inspect the

combustion chambers of their gas turbines. Up to now, this type of inspection

has been performed by a specialised operator who needed to reach the power

plant, which may be settled everywhere in the world, wait for the temperature

inside the chamber to drop at 40°C, enter the chamber, and check if the tiles of

the cover were damaged. Considering that the thermal gradient decreases as the

temperature decreases, the operator may inspect the plant even one week after

the alarm warning. Furthermore, the system has often no problem.

The project’s mission is to develop a robotic system that can enter the com-

bustion chamber when the temperature is about 100°C, autonomously or teleop-

erated. In this way, it is possible to reduce the operator’s risks, the time required

to accomplish the inspection, and the plant downtime.

In this context, cable-driven hyper-redundant robots may be an effective

solution, even if they introduce some challenges to overcome. In the following

sections a preliminary prototype of a cable-driven hyper-redundant robot is

presented as a possible solution for the Ansaldo Energia case of study. A simpli-

fied scenario where a hypothetical trajectory to enter and explore a combustion

chamber moving through a manhole aperture is presented as an exemplary task

to highlights the effects of the cable transmission during the execution of the

operation.
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(a) CAD model. (b) Preliminary prototype.

Figure 1.1 Preliminary prototype of a cable-driven hyper-redundant robot developed for
the Ansaldo Energia project.

1.2.1 PLANAR ROBOT PRELIMINARY PROTOTYPE

The preliminary prototype of a cable-driven hyper-redundant robot, shown in

Fig. 1.1, is composed of six parallel revolute joints which allow moving the end-

effector in a specific Cartesian position on a plane. A dedicated device, such as

a 3-axis gimbal system, can be added to the end-effector to reach any attitude

in the Cartesian space. So, for the task of positioning the end-effector in a bi-

dimensional Cartesian space, this robot has four degrees of redundancy. Each

joint is driven by a pair of cables attached to a circular pulley fixed to a link with a

length of 500 mm. The cables are routed along the structure of the robot through

rollers that constrain them to pass along the neutral axis of each link. This routing

criterion allows generating a map between the actuator and joint velocity that is

constant and decoupled. So the corresponding Jacobian, Jl , is a diagonal and

constant matrix whose elements are equal to the radius of the driving pulleys.

Table 1.1 lists the DH parameters [7] describing the kinematics of the robot.

The description of all the components of this prototype are detailed in ap-

pendix A. This first design is a proof of concept for the capabilities of cable-driven

hyper-redundant robots to address inspection tasks, and it can be employed as

test-bench for the proposed control algorithm.
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Joint ai [mm] αi [rad] di [mm] θi [rad]

1 0 π/2 0 qr1

2 500 0 0 qr2

...
...

...
...

...

6 500 0 0 qr6

End-effector 500 0 0 0

Table 1.1 DH parameters for the planar robot preliminary prototype

1.2.2 EXEMPLARY TASK

Let consider the scenario depicted in Fig. 1.2. The task assigned to the robot

consists of performing a visual inspection of point F passing through the check-

points A, B , C , D, and E by avoiding colliding with the obstacles O1, O2, the

ground, and the ceiling. The trajectory of the robot, identified by the blue line, is

generated interpolating all the checkpoints through a third-order spline.

The inspection of such a constrained environment needs a change of paradigm

for the inverse kinematic problem. The obstacles and joints limit avoidance gain

priority on the end-effector trajectory tracking to prevent the robot damages

itself or the environment to inspect. In this context, a null-space approach to

inverse kinematic is proposed. It is based on the results presented in [8, 9], setting

as primary task joint limits satisfaction, as secondary task obstacles avoidance,

and as tertiary task following the desired trajectory. The general formulation for

a null-space inverse differential kinematic problem is written as

q̇ = J †
1 v1 +

(
I − J †

1 J1

)
J †

2 v2 +
(
I − J †

1 J1

)(
I − J †

2 J2

)
J †

3 v3, (1.1)

where q̇ is the joint velocity, vi are the desired velocity associated to each task

and Ji are the Jacobian mapping the joint velocity into the i th task velocity.
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Figure 1.2 Exemplary scenario for an inspection task.

The joints limit avoidance is performed defining J †
1 as a diagonal activation

matrix H such that

hi ,i =
1 if

∣∣qi
∣∣≥ qimax

0 otherwise,
(1.2)

and the element of v1 as

v1i =


q̇li if qi <−qimax

−q̇li else if qi > qimax

0 otherwise,

(1.3)

where qimax defines the maximum joint angle, and q̇li is the desired velocity which

allows the joints to move into their range of motion. The obstacle avoidance

task requires first to define the obstacle geometry and properties. Let assume

that each obstacle is modelled as a sphere with centre pc and radius ro . Two

types of obstacles are implemented in this application: attractive and repulsive.

Attractive obstacles allow the robot to move inside the sphere pulling it to the

centre if the distance between the robot and the surface of the sphere becomes
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(f) Check point F.

Figure 1.3 Effects of elasticity performing an inspection task. The piecewise black line
identifies the desired configuration of the robot. The piecewise red line identifies the
configuration of the physical robot affected by cable deformation.

too small. The opposite happens for repulsive obstacles. They allow the robot to

move outside the sphere pushing it away from the centre if the distance between

the robot and the surface of the sphere becomes critical. Introducing po as the

point of the robot at the minimum distance from the obstacle, and

no = po −pc∥∥po −pc
∥∥ , (1.4)

it is possible to define J2 as the projection of the Jacobian matrix associated to

po on no . The vector v2 is set as the desired Cartesian velocity which allows the

robot to move away from the obstacle. Finally, J3 and v3 represent the Jacobian

matrix and the desired velocity of the end-effector respectively.
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The inverse kinematic algorithm provides the trajectory each actuator has

to follow to reach all the check points avoiding the obstacles. Figure 1.3 shows

both the desired and the real trajectory followed by the robot. It is evident that

the flexibility introduced by cables degrades the ability of the robot to follow the

desired end-effector trajectory with the risk of damaging both the robot and the

environment to inspect.

1.3 OBJECTIVES

The main objective of this dissertation consists of providing a modelling frame-

work to describe cable-driven hyper-redundant robots. This framework, based

on the bond-graph theory, allows accurately simulating the behaviour of cable-

driven hyper-redundant robots. The bond-graph approach highlights the transfer

of power between components making evident the physical connection between

each subsystem composing a cable-driven hyper-redundant robot. This frame-

work allows defining several models of the same subsystem to achieve different

objectives. For example, simplified models could be favourable to design a con-

trol system for a cable-driven robot. However, such models could neglect some

secondary dynamics that the designer would observe in an accurate simulation.

The second objective consists of designing an appropriate controller to

achieve the desired requirements concerning trajectory tracking, stability margin,

and residual vibrations. The visco-elasto-plastic model of cables was exploited

to design a cascade control algorithm based on the H∞ theory. Such controller

ensured robust stability of the inner loop. The vibration introduced by the elas-

ticity of cable-driven transmissions needs fast actuators to be damped. This

requirement goes against the need for high torque to overcome the pull of gravity.

Consequently, a novel methodology for designing passive torque generators is

presented to improve the dynamic response of the actuators.

Finally, preliminary analysis about the model of a novel cable-driven hyper-

redundant robot is presented by including a novel model to describe the friction

of cables sliding into bushings.
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1.4 OUTLINES

This dissertation is structured in six chapters and three appendices. A brief

summary of the topics covered in each chapter is reported below:

Chapter 2 A unified modelling framework based on the bond-graph approach

is presented in this chapter to describe the dynamics of cable-driven hyper-

redundant robots. First, a literature review about modelling techniques is dis-

cussed. Then, the bond-graph theory is shortly introduced and applied to define

a unified modelling framework for cable-driven hyper-redundant robots.

Chapter 3 The problem of controlling cable-driven mechanism is discussed in

this chapter to obtain good performances in terms of stability margin, trajectory

tracking, and residual vibration damping. First, a literature review about the

principal control architectures employed for flexible joints robot is presented.

Consequently, a cascade control algorithm that considers the visco-elasto-plastic

model of synthetic fibre cables has been proposed as a possible solution. The

design of the inner force loop is based on the H∞ control theory to achieve

robustness to uncertainty and neglected dynamics. The outer loop consists of a

PD controller with gravity compensation and is employed to control the joints

motion. Its stability is analysed by exploiting the properties of port-Hamiltonian

systems.

Chapter 4 The problem of relieving the actuators from generating high torques

to overcome the pull of gravity acting on long-reach manipulators is discussed

in this chapter. In this scenario, the study of mechanisms reducing static forces

is crucial to increasing energy efficiency and the improving dynamic response

of the system. In particular, the vibrations introduced by the elasticity of cable-

driven transmissions need fast actuators to be damped. A novel methodology to

design passive torque generators is presented to reduce the static load on long-

reach manipulators and employing faster actuators able to deal with vibrations

of cable-driven mechanisms.
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Chapter 5 Preliminary analyses on a novel cable-driven hyper-redundant robot

are presented in this chapter to validate the versatility of the proposed unified

modelling framework. A novel model for the friction produced by cables sliding

into bushings is presented and validated.

Chapter 6 This chapter presents the outcome of this dissertation and reports

the possible future works.

Appendix A The description of the hardware employed in this work is detailed

in this appendix.

Appendix B The details about the control law design for both the inner and

outer loop are reported in this appendix.

Appendix C The software architecture employed to run the experiments and

acquire the data is described in this appendix.



CHAPTER 2

MODELLING FRAMEWORK

Modelling arises from the need to study, predict and control the evolution of

dynamic systems. The definition of simple but at the same time accurate models

is crucial to design and control mechatronic devices. It allows suitably sizing

each component of the system under development and, above all, analysing its

behaviour in different operating conditions. Mechatronic systems are usually

composed of elements belonging to different physical domains, such as the elec-

trical, mechanical and hydraulic domain. In this context, a unified modelling

framework plays a leading role in defining the dynamic equation of the entire

system. Furthermore, considering cable-driven hyper-redundant robots, simpli-

fied models can be obtained exploiting their modular structure. In particular, it

is possible to identify different modules that make up the system, model them

individually, and finally define their interaction. In this work, the three main

modules composing the system are: linear actuators, cables, and joints.

The modular structure and the ability to manage multi-physic systems per-

fectly fit with the bond-graph approach. The graphical nature of bond-graphs

allows conceiving the essential properties of a system detecting all the critical

subsystems and relevant information such as constrained states and algebraic

loops. Thus, even before deriving the dynamic equations, the benefits and con-

sequences of potential approximations or simplification became evident to the

modeller. Furthermore, bond-graphs allow independently analysing the different



2.1 Literature Review 12

elements constituting a system, figuring out all the phenomena involved in each

subsystem. Then, connecting each subsystem through power bonds, a model

of the entire system can be derived. In this chapter, a literature review about

modelling techniques is first presented, then the bond-graph theory is briefly

introduced and applied to define a unified modelling framework for cable-driven

hyper-redundant robots.

2.1 LITERATURE REVIEW

In recent years hyper-redundant robots have been employed in several appli-

cations ranging from endoscopic surgery to maintenance and inspection of

industrial plants. The most applied classification splits hyper-redundant robots

up continuum and rigid-backbone. The peculiarity of continuum robots is the

deformable structure, which provides unprecedented freedom of motion and

compliance with external forces. These characteristics led to employ continu-

um robots in medical fields as endoscopes [10] or tools for minimally invasive

surgery [11]. Rigid-backbone robots, instead, are composed of rigid links that

allow designing long-reach manipulators. Moreover, the cable actuation provides

a high payload capacity making such robots ideal for maintenance and inspec-

tion in hazardous environments. The most significant examples of cable-driven

hyper-redundant robots for inspection are the OC robotics snake arm, employed

in nuclear sites [12] and aircraft wings [13], and the Super-Dragon developed to

inspect the Fukushima nuclear power plant [14]. Cable-driven hyper-redundant

robots are usually composed of an actuation box, cables and a mechanical struc-

ture. There is comprehensive literature about the dynamic modelling of each

subsystem.

The Lagrange formulation is the basis of the first work about manipulator

modelling [15, 16]. In [17], Hollerbach developed an efficient algorithm to derive

Lagrange equations of a serial manipulator. Orin et al. in [18] presented a

recursive Newton-Euler method to analyse the dynamics of spatial open-chain

mechanisms. Using [18] as a baseline, researchers developed new algorithms

trying to improve computational efficiency. The most relevant Newton-Euler
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algorithms are the Composite Rigid Body Algorithm [19] and the Articulated Body

Algorithm [20]. Featherstone et al. presented a comparison between recursive

Newton-Euler algorithms [21]. Silver, in [22], demonstrated the equivalence of

the Lagrange and Newton-Euler method.

The above works start from the assumption that manipulators are composed

only of rigid bodies. However, to increase power efficiency and obtain safe

human-machine interactions, real devices usually have compliant transmission

and light-weight structure, making this assumption valid exclusively for slow

motion and small interacting forces. Thus flexibility needs to be considered

in the robot model to avoid the degradation of performances. Two families of

flexible robots can be defined: robots with flexible links and robots with elastic

joints.

Flexible link manipulator dynamic is described through partial differential

equations. The state-space of a system described by partial differential equations

has an infinite number of state variables. Thus, to numerically represent its

behaviour, the dynamic model needs to be approximated as a system of ordinary

differential equations. The most common approximation techniques are the as-

sumed mode method and the finite element method. Book proposed a recursive

Lagrangian formulation describing the link flexibility in terms of a summation of

assumed mode [23]. De Luca et al. formulated a closed-form dynamic model of

planar multi-link light-weight robots based on assumed modes and Lagrangian

formulation [24]. A different approach, based on finite element analysis, was

investigated in [25, 26]. A Newton-Euler method to model flexible link robots is

shown in [27]. Bascetta et al. described an efficient recursive model for flexible

link robots based on a mixed Eulerian-Lagrangian formulation [28].

Elastic joint manipulators have flexibility concentrated in the joints of the

robot. One of the first studies which considered the joint elasticity in the dynamic

model was [29]. Spong proposed a Lagrangian formulation which, under the

assumption that the reduction ratio is high, allows simplifying the dynamic

model of elastic joint manipulators [30]. Buondonno et al. proposed an efficient

generalised Newton-Euler algorithm to compute the inverse dynamics of elastic

joint manipulators [31].
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In particular applications, both joint and link flexibility need to be considered

in the dynamic model. Vakil et al. presented a closed-form solution based on

assumed modes and Lagrange’s equation to formulate dynamic equations of a

planar robot with flexible links and flexible joints [32].

Cable-driven manipulators are a particular example of elastic joint robots.

One of the most attractive characteristics of cable-driven mechanisms consists

of moving actuators from joints to the chassis. This actuation strategy reduces

the weight of the structure, consequently increasing the payload capability of

the robot. Recently, to develop cable-driven mechanisms, researchers focus on

studying the behaviour of synthetic fibre cables. Horigome et al. investigated

the physical properties of synthetic fibres, such as Dyneema and Zylon PBO, to

compare their characteristics with stainless wires [33]. The weight of the robot

can be reduced by replacing stainless steel cables with synthetic fibre. Beside,

synthetic fibres have a higher tensile strength and can wrap around pulleys

with a smaller diameter than steel cables making the mechanical components

extremely compact. Horigome et al. investigated the performances of different

synthetic fibre in repetitive bending experiments [34]. Different models of cables

were presented over the years. Fichera et al. presented a framework to create a

general piece-wise elastic torque model for cable-driven robots identifying its

parameters through standard procedures [35]. Choi et al. presented an integrated

elasto-plastic model which describes the cables principal characteristics: creep,

hysteresis and recovery [36]. Takata et al. proved that synthetic fibre cables could

be modelled through Flory’s model and that such model could be brought back

to a conventional four-element model if a sufficient preload was applied [37].

The need for defining a unified modelling framework led to consider the

bond-graph approach as a solution. The early studies about the bond-graph

technique date back to 1959 [38, 39], showing the representation of power in-

teraction between single components. The theoretical basis, definitions, and

structures of this method are explained in [40–42].

The abstraction of the bond-graph approach from physical domains allows

employing this modelling technique on a large variety of applications, such as

biological systems [43, 44], economic and social dynamics [45, 46], the definition
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of fault indicators on electro-mechanical devices [47], robotics [48, 49], and

many others. Rosenberg in [50] developed a systematic procedure to derive

linear state equations from bond-graphs. This procedure was extended to non-

linear-systems by Martens in [51]. The causality assignment was investigated

in [52, 53]. Birkett et al. presented the mathematical foundation of bond-graphs

in [54–57], while Karnopp et al. provided a comprehensive review of the theory

and application of bond-graphs in [58].

Modelling multibody dynamics and mechanical systems with non-linear

geometry using bond-graph may introduce issue related to derivative causality.

These mechanisms can be interpreted as particular IC-fields representing the

subsystem as Lagrange’s or Hamilton’s equations [59]. This formulation hides

the structure of the multibody system and information about constraint forces.

To consider also these aspects, Karnopp proved that the bond-graph formula-

tion is equivalent to Lagrange’s equations of the first type introducing Lagrange

multiplier and approximating the constraint forces through elastic and damping

elements [60].

2.2 BOND-GRAPH THEORY

The bond-graph technique is a graphical approach mainly applied to model

multi-physics systems. The bond-graph theory defines energy and power as

fundamental dynamical variables and describes a physical system through the

transfer of power between components. Since power and energy are quantities

shared between all the physical domains, a unified representation based on

power and energy variables can be derived. In the generalised notation, power

variables are called effort, e (t ), and flow, f (t ), while energy variables are called

momentum, p (t ), and displacement, q (t ). The relation between power and

energy variables can be defined in differential form as

d p (t )

d t
= e (t ) =⇒ d p (t ) = e (t )d t , (2.1)

d q (t )

d t
= f (t ) =⇒ d q (t ) = f (t )d t , (2.2)
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or in integral form as

p (t ) =
∫ t

t0

e (τ) dτ+p0, (2.3)

q (t ) =
∫ t

t0

f (τ) dτ+q0. (2.4)

where p0 and q0 are respectively the value of the momentum and displacement

at t = t0. Tables 2.1 and 2.2 show correspondences between the generalised

notation and the physical variables in the main physical domains.

The connection between elements is always described by pairs of power

variables and must satisfy the energy conservation principle. The causality of

each power port, the place where elements or subsystems are interconnected,

defines which between effort and flow signals is the input and the output. The

causality of each port can be easily computed starting from simple rules [52, 53].

By exploiting the definition of power and energy variables, few basic elements are

necessary to describe most of the systems in a large variety of physical domains.

Domain Effort Flow

Mechanical
Force [N] Velocity [m/s]translation

Mechanical
Torque [N·m]

Angular
[rad/s]rotation velocity

Hydraulic Pressure [N/m2]
Volume

[m3/s]flow rate

Electrical Voltage [V] Current [A]

Table 2.1 Generalised power variables.
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Domain Momentum Displacement

Mechanical
Momentum [N·s] Position [m]translation

Mechanical Angular
[N·m·s]

Angular
[rad]rotation momentum position

Hydraulic
Pressure

[N·/m2] Volume [m3]momentum

Electrical
Flux

[V] Charge [A]linkage

Table 2.2 Generalised energy variables.

1-PORT

1-port elements are described by a single pair of power variables and, depending

on the relation between flow and effort, can be classified as elements that dissi-

pate power, store energy and supply power. According to this definition, a 1-port

element can also represent complex subsystems. Here an overview of the basic

1-port elements is presented.

The elements characterised by a static function between effort and flow are

called 1-port resistors or R-components. They usually dissipate power, so the

energy entering the 1-port resistor is never given back to the system. The linear

1-port resistor is characterised by the following constitutive law

e (t ) = R f (t ) (2.5)

where R represents the value of the 1-port resistor. This relation can be employed

to model classical elementary components such as electrical resistors and me-

chanical dampers. More complex components can be modelled using non-linear

1-port resistors. An example is static friction acting on a DC motor described by

the following constitutive relation

e (t ) =µs sgn
(

f (t )
)+µv f (t ) . (2.6)
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Energy-storing 1-port elements are classified on the variables involved in

the constitutive law. C-components or 1-port compliance, are characterised

by a static relation between effort and displacement. I-components or 1-port

inertia, are characterised by a static relation between flow and momentum. These

devices can store energy without loss. As for R-components, Energy-storing 1-

port elements can describe both linear and non-linear components. The linear

1-port compliance and inertia are characterised, respectively, by the following

constitutive laws

e (t ) = 1

C
q (t ) , (2.7)

f (t ) = 1

I
p (t ) , (2.8)

where C and I represent, respectively, the value of the 1-port compliance and iner-

tia. These relation can be employed to model classical elementary components.

For example, C-components can model electrical capacitors and mechanical

springs while I-components can describe electrical inductance and mass or iner-

tia in mechanical systems. The energy stored in both 1-port compliance and

inertia is defined as

E (t ) =
∫ t

t0

e (τ) f (τ) dτ+E0. (2.9)

Where E0 represents the energy stored at t = t0. Using (2.7) and (2.2) in (2.9), the

energy stored in the C-component can be written in function of the displacement

as

E
(
q
)= ∫ q

q0

e
(
q
)

d q +E0. (2.10)

Instead using (2.8) and (2.1) in (2.9), the energy stored in the I-component can

be written in function of the momentum as

E
(
p

)= ∫ p

p0

f
(
p

)
d p +E0. (2.11)

From (2.10) (2.11) the demonstration that 1-port compliance and inertia are

conservative systems is trivial. A graphical tool which help visualise the relation
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Figure 2.1 The three linear 1-port placed on the tetrahedron of states according to
relation defined by constitutive laws.

between energy and power variables is the tetrahedron of state depicted in

Fig. 2.1.

Power supplying 1-port elements are defined as effort source and flow source.

Effort sources impose an effort independently on the flow acting on the port.

Vice-versa flow sources impose a flow independently on the effort acting on the

port. Some examples of effort sources are voltage generator for electrical systems

and gravity force for mechanical systems. Typically these components provide

power to the systems.

2-PORTS

2-ports elements are described by two pairs of power variables and the power

flowing from one port to the other is conserved. This means that the following

relation must always be satisfied

e1 (t ) f1 (t ) = e2 (t ) f2 (t ) . (2.12)
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There are two basic components which satisfy (2.12). The first is called trans-

former and is described by the following constitutive law e1 (t ) = me2 (t )

f2 (t ) = m f1 (t ) ,
(2.13)

where m is the transformer modulus. Transformers are usually employed to

model electrical transformers or gearbox in mechanical systems. The second is

called gyrator and is described by the following constitutive law e1 (t ) = r f2 (t )

e2 (t ) = r f1 (t ) ,
(2.14)

where r is the gyrator modulus. Gyrators are usually employed to model electro-

mechanical transducer such as voice coil or accelorometers.

A generalisation of transformers and gyrators consists in considering m and r

not constant. The obtained components are called modulated transformers and

modulated gyrators. In modulated 2-ports the value of m and r usually depends

on energy variables.

3-PORTS

3-ports elements, also called junctions, are described by three pairs of power

variables. These components allow assembling the single elements into the entire

system model. Most of the connection can be defined through two different

junctions. The first is called common effort junction or 0-junction, and is defined

such that all the efforts on the three ports are the same and, as for transformers

and gyrators, the power is neither dissipated or stored. The constitutive law is

defined as follows: e1 (t ) = e2 (t ) = e3 (t )

f1 (t )+ f2 (t )+ f3 (t ) = 0
(2.15)

The second is called common flow junction or 1-junction, and is defined

such that all the flows on the three ports are the same and, as for transformers
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Figure 2.2 Symbols of the basic bond-graph elements with preferred causality.

and gyrators, the power is neither dissipated or stored. The constitutive law is

defined as follows:  f1 (t ) = f2 (t ) = f3 (t )

e1 (t )+e2 (t )+e3 (t ) = 0
(2.16)

Once the basic components have been defined, systems in a large variety of

domain can be represented. Figure 2.2 summarises the symbols corresponding

to the basic elements.

2.3 ACTUATOR MODEL

Rmi Lmi vai

�mi

vai

Ns

Ng
�fi

Fc1iFc2i

Vmi

imi

Jmi

cmi

Figure 2.3 Schematic of the i th linear actuator employed in this work.

In this work, several prototypes of linear actuators, developed according to the

project progress, were designed to produce the forces transmitted to the cables.

This section presents a general model to describe all the actuators variants by

updating the appropriate parameters.
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Figure 2.4 Bond graph describing the linear actuator model.

The i th actuation system, represented in Fig. 2.3, is composed of a geared DC

motor with winding resistance Rmi , winding inductance Lmi , torque constant

kmi , rotary damping cmi , load inertia Jmi , and a gear ratio Ng . The motor drives

a pair of screw nut mechanisms with screw ratio Ns at the same speed but in the

opposite direction. Vmi is the command voltage, imi the motor current, Fc1i and

Fc2i are the loads applied by the cable pair, and τ fi represents the friction torque.

The bond-graph describing this system is depicted in Fig. 2.4. A peculiarity

of this bond-graph concerns the modelling of friction. The element that most

characterises the different versions of the actuation systems is friction. Consid-

ering friction as a source of effort allows making the actuator model generic. It

appears as a load torque to model independently for each actuator version. Fur-

thermore, this representation allows excluding the effect of friction phenomena

which, being non-linear and discontinuous, often slow down the simulation.

Finally, following the bond-graph theory, the state-space representation of

the actuator dynamic is computed as

ṗaei =−Rmi

Lmi

paei −
kmi

Jmi

pami +Vmi

ṗami =
kmi

Lmi

paei −
cmi

Jmi

pami +τ fi +Nt∆Fci

vai =−Nt
pami

Jmi

,

(2.17)
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where paei and pami are the state variable representing the flux linkage and

the angular momentum of the motor respectively, vai is the output variable

representing the actuator linear velocity, ∆Fci = Fc1i −Fc2i is the difference of the

cable forces, and Nt = Ng Ns is the total reduction ratio.

2.4 SCREW NUT FRICTION MODEL
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(a) Geometric parameters of a screw nut mechanism
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(c) Forces acting on a screw nut mechanism

Figure 2.5 Screw-nut friction model.

Screw nut mechanisms allow transforming rotational to linear motion. Their

kinematics is relatively simple and allows reaching high reduction ratio Ns = 2πp,

where p is the screw pitch. The main drawback of these mechanisms is the low

efficiency which typically ranges from 20% to 80%. In this work, the selected

screw-nut mechanism is not back-drivable, which means that the transmission

efficiency is lower than 50%. Thus, dissipating more than 50% of the power due

to friction, an accurate model is necessary to compensate for this phenomenon.
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In a screw-nut mechanism with a rectangular thread, a mean diameter d and

a helix angle α, most of the friction loss is due to the sliding contact between the

screw and the nut [61]. If the thread is unrolled for a single turn, the screw can

be represented by the body S in Fig. 2.5b and 2.5c, while the nut is the body N .

According to this representation, the angular velocity of the screw is equal to a

linear velocity vx along the horizontal axis of the body S. This motion produces

the vertical displacement of the nut with a velocity vz along the vertical axis.

Let consider the case, represented in Fig. 2.5b, in which the cable applies a

load Fc in the opposite direction of the nut motion. The nut applies a force R,

computed as

R = Fc

cos
(
ϕ+α) , (2.18)

to the screw, where ϕ represents the friction angle determined from the friction

coefficient of the materials. Consequently, to produce the required motion, body

S needs to apply a horizontal force equal to

T = Fc tan
(
ϕ+α)

. (2.19)

As stated before, body S is the unrolling of the screw on a plane. Thus T represents

the tangential force acting on the thread of the screw. Consequently, the torque

to produce the required motion is computed as

τs = d

2
Fc tan

(
ϕ+α)

. (2.20)

Let now consider the case, represented in Fig. 2.5c, in which the cable applies

a load Fr in the same direction of the nut motion. Following the same procedure,

the torque necessary to produce the required motion is computed as

τs = d

2
Fc tan

(
ϕ−α)

. (2.21)

The linear actuator employed in this work is composed of two screw-nut

mechanisms constrained to move at the same speed, but in opposite direction.

So combining (2.20) and (2.21) and considering the total gear ratio, the friction
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model for the i th entire screw-nut mechanism is obtained as follows:

τ fi =


−Nt

d

2

(
Fc1i tan

(
ϕ+α)+Fc2i tan

(
ϕ−α))

ωmi > 0

0 ωmi = 0

Nt
d

2

(
Fc1i tan

(
ϕ−α)+Fc2i tan

(
ϕ+α))

ωmi < 0

(2.22)

2.5 CABLE MODEL

vai

Fci

vji

Fci

Figure 2.6 Schematic of the force and velocities acting on actuation cables.

In the system presented in this work, the motion transmission occurs through

synthetic fibre cables, whose schematic is represented in Fig. 2.6. These materials

present non-linear visco-elasto-plastic behaviour, so applying tension on the

cable, elastic and plastic strain occurs. The choice of employing Flory’s model,

shown in Fig. 2.7a, allows separating the linear visco-elastic phenomena from

the non-linear elasto-plastic phenomena.

The four elements model, represented in the left side of Fig. 2.7a, describes

linear visco-elastic materials through a combination of elasticity, modelled by

the spring K1, viscosity, described by a damper c2, and retarded elasticity, rep-

resented by the parallel of K3 and c3. The non-linear elasto-plastic behaviour is

modelled by the parallel of the spring Kp and the ratchet Rp , represented in the

right side of Fig. 2.7a. The ratchet element does not allow retrieving the plastic

strain, while the spring retains the value of maximum tension previously applied.

Thus, to further increase the plastic strain, it is necessary to apply a higher force

than the maximum tension previously reached. This behaviour implies that if

the maximum tension is applied on the cable, then the non-linear elasto-plastic

effects can be neglected and Flory’s model degenerates to the four elements

model. The above mentioned parameters are normalised with respect to the



2.5 Cable model 26

K1

�1

�3
c2

K3

c3

vai

Fci

vji

Fci�p

Kp

Rp

Visco-elastic

 model

Elasto-plastic

model

(a) Flory’s model

S f :
Vai
lci

0

1R: c3 C : 1
K3

S f :
V ji
lci

C : 1
K1

R: c2

(b) Bond-graph representation of
the four elements model.

Figure 2.7 Synthetic fibre cable dynamic model.

length of the cables. So if the velocity and forces acting on the cables are scaled by

the cables length it is possible to describe all the cables by the same parameters.

Fig. 2.7b illustrates the equivalent bond-graph representation of the four

elements model. As stated before, this bond-graph describes the behaviour

of synthetic fibres only under the assumption that the maximum force was

previously applied on the cable. Each actuator drives a pair of cables, thus the

resulting state-space description for the i th pair of cables is defined as

q̇c11i
=−K1

(
c2 + c3

c2c3

)
qc11i

+ K3

c3
qc21i

+ v ji − vai

lci

q̇c21i
= K1

c3
qc11i

− K3

c3
qc21i

q̇c12i
=−K1

(
c2 + c3

c2c3

)
qc12i

+ K3

c3
qc22i

− v ji − vai

lci

q̇c22i
= K1

c3
qc12i

− K3

c3
qc22i

∆Fci = K1

(
qc11i

−qc12i

)
,

(2.23)

where qc11i
, qc21i

, qc12i
, and qc22i

are the state variables representing the strain of

the cables, ∆Fci is the output variable representing the net force applied by the

cables, lci is the length of the cable, and v ji and vai are the linear velocity of the

joint and actuator, respectively.
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Let now define a new set of state variables as[
∆qc1i

∆qc2i

]
=

[
qc11 −qc12

qc21 −qc22

]
. (2.24)

Then, using (2.24), the dynamic equation describing the pair cables can be

written as 

∆q̇c1i =−K1

(
c2 + c3

c2c3

)
∆qc1i

+ K3

c3
∆qc2i +2

v ji − vai

lci

∆q̇c2i =
K1

c3
∆qc1i −

K3

c3
∆qc2i

∆Fci = K1∆qc1i ,

(2.25)

2.6 MULTIBODY MODEL

Multibody dynamics is a branch of mechanics which studies the motion of con-

nected bodies. The bond-graph representation of complex mechanical systems

is hard to manage due to algebraic loops and derivative causality.

A possible solution to model complex mechanical systems is to exploit the

parallel between the Lagrange formulation in Hamiltonian form and IC-fields.

The Lagrangian of a scleronomic mechanical system is defined as

L =T −U , (2.26)

where T and U represent the total kinetic co-energy and potential energy re-

spectively. The dynamic equations can be derived from the Lagrangian as

d

d t

∂L

∂q̇
− ∂L

∂q
= d

d t

∂T

∂q̇
− ∂T

∂q
+ ∂U

∂q
= ξ, (2.27)
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where q and q̇ represent the generalised coordinates and ξ are the generalised

forces. Defining

p = M
(
q

)
q̇ = ∂T

∂q̇
, (2.28)

g
(
q

)= ∂U

∂q
, (2.29)

where p represents the generalised momentum, M
(
q

)
is the inertia matrix, and

g
(
q

)
represents the torque generated by gravity, the dynamic equations (2.27)

can be written in Hamiltonian form as
q̇ = M−1 (

q
)

p

ṗ = ξ−g
(
q

)− ∂T

∂q
,

(2.30)

where ξ is the vector of generalised forces. Consider a skew-symmetric matrix

C
(
q , q̇

)
whose elements are defined as

ci j = 1

2

n∑
k=1

q̇k

(
∂mi k

∂q j
− ∂m j k

∂qi

)
, (2.31)

where n is the number of generalised coordinates q and mi j are the elements of

M
(
q

)
. Then the following equality holds:

C
(
q , q̇

)
q̇ = 1

2
Ṁ

(
q

)
q̇ + ∂T

∂q
(2.32)

Finally substituting (2.32) in (2.30) and exploiting the definition of generalised

momentum the dynamic equations describing a multi-body system can be writ-

ten in compact form as follows:
q̇ = M−1 (

q
)

p

ṗ =
(

1

2
Ṁ

(
q

)−C
(
q , p

))
M−1 (

q
)

p −g
(
q

)+ξ,
(2.33)
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Figure 2.8 IC-field representation of the Hamiltonian form describing mechanical sys-
tems.

This representation is a particular case of the equations describing IC-fields.

Thus complex mechanical systems can be represented by the bond-graph de-

picted in Fig. 2.8.

Let now consider a cable-driven hyper-redundant robot described by the

generalised coordinates qr and pr . The generalised forces are computed as

ξr = J T
l

(
qr

)
∆Fc , (2.34)

where Jl
(
qr

)
is the full rank Jacobian matrix which maps the linear velocities of

cables anchor points into angular joint velocities, and ∆Fc are the differences

between the cable forces acting on each joint. Furthermore substituting (2.34)

in (2.33) the state-space representation of the system can be derived as
q̇ r = M−1 (

qr
)

pr

ṗr =
(

1

2
Ṁ

(
qr

)−C
(
qr , pr

))
M−1 (

qr
)

pr −g
(
qr

)+ J T
l

(
q

)
∆Fc

v j = Jl
(
qr

)
M−1 (

qr
)

pr ,

(2.35)
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2.7 ROBOT MODEL

In previous sections all the subsystems which describe a cable-driven hyper-

redundant robot were analysed independently providing their equivalent bond-

graph representation and dynamic equations. Let now consider a robot with n j

joints. For each joint of the robot it is necessary to have a linear actuator and a

pair of cables. Considering the vectors p ae
, p am

, Vm , τ f , and ∆Fc defined as

p ae
=

[
pae1 , . . . , paei , . . . , paen j

]T

p am
=

[
pam1 , . . . , pami , . . . , pamn j

]T

Vm =
[

Vm1 , . . . ,Vmi , . . . ,Vmn j

]T

τ f =
[
τ f1 , . . . ,τ fi , . . . ,τ fn j

]T

∆Fc =
[
∆Fc1 , . . . ,∆Fci , . . . ,∆Fcn j

]T
,

(2.36)

a compact representation of actuators dynamic equations is obtained formula-

ting (2.17) in vector form as:
ṗ ae

=−L̂−1
m R̂m pae − Ĵ−1

m k̂m pam +Vm

ṗ am
= L̂−1

m k̂m pae − Ĵ−1
m ĉm pam +τ f +Nt∆Fc

va =−Nt Ĵ−1
m pam ,

(2.37)

where L̂m , R̂m , Ĵm , ĉm , and k̂m are diagonal matrices in which the elements on

the diagonal are Lmi , Rmi , Jmi , cmi , and kmi with i = 1, . . . ,n j . Similarly, defining

∆q c1
=

[
∆qc11 , . . . ,∆qc1i , . . . ,∆qc1n j

]T

∆q c2
=

[
∆qc21 , . . . ,∆qc2i , . . . ,∆qc2n j

]T
(2.38)
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Figure 2.9 Bond graph describing the interaction between each subsystem composing a
cable-driven hyper-redundant robot.

(2.25) can be formulated in vector form as

∆q̇ c1
=−K1

(
c2 + c3

c2c3

)
∆qc1 +

k3

c3
∆qc2 +2L̂−1

c

(
v j −va

)
∆q̇ c2

= K1

c3
∆qc1 −

k3

c3
∆qc2

∆Fc = K1∆qc1 ,

(2.39)

where L̂c is a diagonal matrix in which the elements on the diagonal are lci .

Connecting all the subsystem through power bond the model of the entire

system is obtained. Figure 2.9 shows the equivalent bond-graph representation,

from which it is possible to derive the dynamic equations of the entire system as

ṗ ae
=−L̂−1

m R̂m pae − Ĵ−1
m k̂m pam +Vm

ṗ am
= L̂−1

m k̂m pae − Ĵ−1
m ĉm pam +τ f +Nt K1∆qc1

∆q̇ c1
=−K1

(
c2 + c3

c2c3

)
∆qc1 +

k3

c3
∆qc2 +2L̂−1

c

(
Jl

(
qr

)
M−1 (

qr
)

pr −Nt Ĵ−1
m pam

)
∆q̇ c2

= K1

c3
∆qc1 −

k3

c3
∆qc2

q̇r = M−1 (
qr

)
pr

ṗr =
(

1

2
Ṁ

(
qr

)−C
(
qr , pr

))
M−1 (

qr
)

pr −g
(
qr

)+ J T
l

(
qr

)
K1∆q c1

.

(2.40)
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Equation (2.40) highlights that, starting from the dynamic equations of each

subsystem obtained through the bond-graph formalism, it is possible to build the

model of the entire system terms of Hamiltonian equations obtaining a unified

modelling framework for cable-driven hyper-redundant robots.



CHAPTER 3

CONTROL ALGORITHM

Cable-driven mechanisms are intrinsically compliant. As for flexible joints robots,

elasticity decreases performances concerning trajectory tracking, stability mar-

gin, and residual vibrations. Thus appropriate controller needs to be designed to

achieve the desired requirements. In this work, a cascade control architecture is

proposed. The inner loop is used to control the forces applied by cables. This

controller is designed considering the visco-elasto-plastic model of synthetic

fibre cables, presented in section 2.5, by exploiting the H∞ control theory to

achieve robust stability to parameters uncertainty and neglected dynamics. The

outer loop, employed to control the joints motion, consists of a PD controller with

gravity compensation. Its stability is analysed by exploiting the properties of port-

Hamiltonian systems. In this chapter, the workflow to derive the control law is

presented by showing the main results. All the details and parameters necessary

to compute the specific control law for each joint are listed in appendix B.

3.1 LITERATURE REVIEW

Controlling flexible joints motion is a crucial topic in robotic research and was

extensively treated in literature. Spong in [30] presented a global feedback lin-

earisation of flexible joints robots which stabilises the system through static state

feedback. The global feedback linearisation for flexible joints robots usually
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needs an accurate model description. Furthermore, up to the third derivative of

the joint position is necessary to perform full state feedback [62]. Tomei in [63]

proposed a simple PD controller for robots with elastic joints demonstrating its

robustness to uncertainty on the mass matrix parameters and friction model.

A different approach consists of considering flexible joints robots as port-

hamiltonian systems [64]. This representation highlights the passivity properties

of mechanical systems [65]. Passivity and other properties of port-Hamiltonian

systems can be employed to verify the stability of a closed-loop dynamic sys-

tem [66]. Albu-Schaffer et al. presented a unified passivity-based control frame-

work for the position, torque, and impedance control of flexible joints robots [67].

A possible solution to simplify the control algorithm design is to exploit the

stability properties of cascade controllers [68]. Tagliamonte et al. proposed a

cascade controller in which the parameters were tuned through the passivity

criterion [69]. A comparison between passivity-based and cascade controllers

for flexible joints robots is presented in [70].

Even if cable-driven mechanisms are a subset of flexible joints, they present

visco-elastic behaviour that is usually neglected in control design procedures. In

this work, a cascade controller is presented in which the inner force loop is de-

signed according to the H∞ control theory starting from the visco-elastic model

of synthetic fibre cables. The H∞ theory is extensively applied in linear control

problem because it allows robustly stabilising dynamic systems subject to model

uncertainties and disturbances. A state-space formulation of the H∞ control

problem is presented in [71]. McFarlen et al. presented a design procedure that

translates the loop shaping technique into a H∞ control problem to obtain at

the desired performances guaranteeing robust stability at all the frequencies [72].

A comprehensive review of this technique can be found in [73]. A non-linear

variant of this technique is presented by Schaft in [74]. Different examples of

H∞ controller that robustly stabilises elastic joint robots can be found in the

literature [75, 76]. The outer loop consists of a PD plus gravity compensation. Its

stability is analysed by exploiting the properties of port-Hamiltonian systems.
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3.2 CASCADE CONTROL ARCHITECTURE

RobotGpGaGcfGcpqrd �Fcd �Fc

qr

u va
q̇r

Figure 3.1 Cascade control architecture block diagram for a cable-driven hyper-
redundant robot.

The model described by (2.40) allows simulating the behaviour of the entire

system. Even if this model is accurate for simulation purposes, it reveals to be

practically useless to design control algorithms without introducing simplifica-

tion. Consider, for example, using global feedback linearisation [77] to control

the motion of the previously described robotic arm. The global feedback lin-

earisation consists of finding a suitable change of variables that transforms the

non-linear system into a linear one. This transformation is obtained by differ-

entiating the output to control until the input variable appears explicitly in the

dynamic equation. Considering the system described by (2.40), it is necessary to

derive the output variable five times to obtain an explicit dependency from the

input variable. Thus the obtained linearised system is a series of five integrators,

which can be stabilised through static full state feedback if the measure of up

to the fourth time derivative of the joint position is available. Furthermore, the

function which linearises the system contains up to the third derivative of the

inertia matrix. Usually, both these quantities have to be computed numerically.

This operation introduces noise and makes it hard to close the control loop in

real-time.

A cascade control architecture reveals to be an effective solution to deal with

this type of models. This approach allows splitting the control problem into

two more manageable sub-problems. First, the inner loop, designed through
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the H∞ control theory, stabilises the dynamics of the actuators to control the

forces applied by cables. Then, the outer loop, based on a PD controller with

gravity compensation, stabilises the robot dynamics to control the joints motion.

Figure 3.1 shows the block diagram representing the cascade control architecture

applied on a cable-driven robot.

3.2.1 INNER LOOP CONTROLLER DESIGN

MIXED-SENSITIVITY H∞ SYNTHESIS

The mixed-sensitivity approach consists of shaping sensitivity and comple-

mentary sensitivity functions of closed-loop systems to achieve target perfor-

mances and robustness. The idea is to translate time-domain requirements into

frequency-domain specifications by choosing suitable frequency-dependent

weighting functions such that

∥WS (s)Sn (s)∥∞ < 1

∥WT (s)Tn (s)∥∞ < 1,
(3.1)

where Sn (s) and Tn (s) are the sensitivity and complementary sensitivity func-

tions associated to the nominal plant respectively, and WS (s) and WT (s) are their

weighting functions.

This technique also allows for dealing with model uncertainties. Employing

approximated models is often preferable to simplify controller synthesis. Con-

sequently, to obtain robust control laws, the uncertainties associated with ne-

glected dynamics, uncertain parameters estimation, or neglected non-linearities

have to be considered. There are several methods to describe model uncertainty.

In this work, unstructured multiplicative uncertainty is considered, thus the

plant, Gp (s), is modelled as an element of a set of systems described as

Mm = {
Gp (s) : Gp (s) =Gpn (s) [1+Wu (s)∆ (s)] ,∥∆ (s)∥ ≤ 1

}
, (3.2)

where Wu (s) is the radius of uncertainty, and Gpn (s) is the nominal model. Wu (s)

describes at each frequency the uncertainty as a ball of radius |Wu (s)Ln (s)|,
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Figure 3.2 Nyquist plot for uncertain systems.

where Ln (s) is the nominal loop function. Thus the real model can assume any

possible value inside such ball affecting the stability margin of the system. A

graphical interpretation of this phenomenon is given by the Nyquist plot depicted

in Fig. 3.2 in which the effects of uncertainties on the phase margin are evident.

By definition, a feedback system is robustly stable if and only if it is internally

stable for each Gp belonging to the selected uncertain set. Using the Nyquist

stability criterion, it is possible to demonstrate that a system Gp ∈Mm is robustly

stable if

∥Wu (s)Tn (s)∥ < 1. (3.3)

The mixed sensitivity H∞ control allows finding the optimal controller,

which minimises the H∞ norm of performance and stability indicators. Let

consider the general formulation of the feedback control problem shown in

Fig. 3.3 in which P is the generalised plant, K is the controller, u are the control

variables, w are exogenous inputs, and v and z are the measured and exogenous

outputs respectively. The exogenous inputs and outputs are not necessarily

physical variables of the control system. They have to be chosen to include

the performance and stability requirements of the control problem considered.

Defining Tw z (s) as the closed-loop transfer matrix between w and z, the H∞
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Figure 3.3 General configuration of a feedback control system.

optimal controller is computed as

K∗ = arg min
K∈Ks

∥Tw z (s)∥∞ , (3.4)

where Ks is the class of all the controllers which provide internal stability of the

feedback system. This optimisation problem can be written in a linear matrix

inequalities form and solved using well known and robust convex optimisation

algorithm.

Let now consider the problem of designing a controller Gc which robustly sta-

bilises an uncertain system described by unstructured multiplicative uncertainty

while at the same time allows satisfying nominal performances minimising the

control effort. The exogenous outputs related to nominal performances and

robust stability can be derived from (3.1) and (3.3). To bound the control effort

an additional exogenous output which weights the control variable u is taken

into account. Figure 3.4 shows the generalised plant required for this problem,

where W1 =Ws , W2 =WsGc , and W3 = max(|WT | , |Wu |). Defined the generalised

plant and using (3.4) the solution for this specific control problem is given by

G∗
c = arg min

Gc∈Ks

∥∥∥∥∥∥∥∥


W1Sn

W2Gc Sn

W3Tn


∥∥∥∥∥∥∥∥
∞

. (3.5)
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Figure 3.4 Generalised plant to design a controller Gc which robustly stabilises an
uncertain system described by unstructured multiplicative uncertainty while at the
same time allows satisfying nominal performances minimising the control effort.

LINEAR ACTUATOR CONTROLLER DESIGN

In this section the procedure for defining the control law for the inner force loop

is presented considering just an actuator as an example. The procedure is the

same also for the others actuators and a complete derivation of the control law is

detailed in appendix B.

Let consider the feedback control system described by the block diagram

depicted in Fig. 3.5. It represents a dynamic system composed of a linear actuator,

described by the transfer function Ga , and a pair of cables, described by the

transfer function Gp . The actuator is connected to a motor driver which allows

controlling the actuator in torque mode.

The effects of coupling between cables and joints are modelled as distur-

bances. The joint velocity is modelled as a ramp disturbance, da , on the actuator,

while the effects of elasticity are modelled as a low frequency sinusoidal distur-

bance, dp , on the output signal.

The friction, modelled as a step signal d f , enters the control problem as

disturbance on the control variable. It is scaled by the coefficient K fdc /Kadc

where the numerator is the DC gain of the transfer function between friction

signal and actuator velocity while the denominator is the DC gain of the transfer

function between the torque command and the actuator velocity.

A high-frequency disturbance, ds , is introduced in the feedback path to

model the force sensor noise. The force sensors used to monitor the cable

tensions are custom made and their parameters are listed in appendix A.2. The



3.2 Cascade Control Architecture 40

GpGaGcf�Fcd
�Fcu va

da

df

Kfdc /Kadc

dp

+ -

+

+

+

+

+

+

ds

+

+

Figure 3.5 Inner force loop block diagram.

reference signal and disturbances assume the following form:

∆Fcd = r0tε (t ) ,

d f = d f0ε (t ) ,

da = da0 tε (t ) ,

dp = dp0 sin
(
ωp t

)
,

ds = ds0 sin(ωs t ) ,

(3.6)

where ε (t ) represents the step function. The other coefficients describing the

signals are listed in appendix B.

The first step to find the optimal controller using the mixed-sensitivity H∞
control theory consists of defining the uncertainty model and the nominal plant

of the system to control. The cables transfer function, derived directly from (2.25),

has the following structure:

Gp = Kpdc

1+ s
zp(

1+ s
pp1

)(
1+ s

pp2

) . (3.7)
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Figure 3.6 Bode diagram of the real, solid blue line, and approximated, dashed red line,
cable model.

As described in appendix B, pp1 ≈ 0, then the nominal plant is approximated as

Gpn = Kpn

1+ s
zp

s
(
1+ s

pp

) . (3.8)

Furthermore, since the model parameters K1, c2, K3, and c3 are estimated through

an identification procedure, it is necessary to describe the system as an uncertain

model set. The frequency domain comparison between the nominal and the real

plant is presented in Fig. 3.6.

Considering the actuator dynamics, and the PI controller implemented on

the motor driver, the transfer function between the torque command and the

velocity of the actuator has the following form:

Ga = Kadc

1+ s
za(

1+ s
pa1

)(
1+ s

pa2

)(
1+ s

pa3

) . (3.9)
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Figure 3.7 Bode diagram of the real, solid blue line, and approximated, dashed red line,
actuator model.

Neglecting the high-frequency dynamics, the nominal transfer function for the

actuator can be written as

Gan =
Kadc(

1+ s
pa

) . (3.10)

The frequency domain comparison between the nominal and the real actuator is

presented in Fig.3.7

The neglected dynamics, and the uncertainty of the parameters can be mod-

elled as unstructured multiplicative uncertainty. Defining the real and nominal

system as

P (s) =Gp (s)Ga (s) (3.11)

Pn (s) =Gpn (s)Gan (s) (3.12)

respectively, the radius of uncertainty can be computed exploiting the defini-

tion (3.2) as

Wu (s) = max
P (s)

∣∣∣∣P (s)−Pn (s)

Pn (s)

∣∣∣∣. (3.13)
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Figure 3.8 Bode diagram describing the model uncertainty and neglected dynamics. The
dashed blue line represents the uncertainty model, the solid red line the corresponding
weighting function.

Figure 3.8 shows the selected weighting function which gives an upper limit to

the model uncertainty.

The second step concerns the translation of time-domain requirements in

terms of the weighting functions W1, W2, and W3 in the frequency domain. The

steady-state desired error, e∆Fc , due to a polynomial reference input, and the

steady-state output, ∆Fcd p due to a low-frequency sinusoidal disturbance in the

direct path can be translated as requirements on the sensitivity function. The

steady-state response to high-frequency sinusoidal disturbance in the feedback

path, ∆Fcd s , becomes a requirement on the complementary sensitivity function.

The transient requirements define constraints on both sensitivity and comple-

mentary sensitivity functions. In particular, the overshoot, ŝ, defines the bound

of the resonance peak for both sensitivity and complementary sensitivity func-

tions, while the rise time, tr , and settling time, ts,α% , allow selecting the minimum

cutoff frequency. The maximum admissible value for the input signal affects the

weight W2. Disturbances d f and da can be compensated in feedforward, the first
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Requirement Maximum value Unit

e∆Fc 5 N

∆Fcd p 0.01 N

∆Fcd s 0.01 N

tr 0.5 s

ts,2% 1.5 s

ŝ 15 %

Table 3.1 Inner force loop requirements.

using the friction model described in 2.4, while the second measuring the joint

velocity. Table 3.1 lists the desired steady states and transient specifications.

The controller is computed as solution of (3.5) using the Robust Control Tool-

box of Matlab. Then several simulation are performed to verify if the closed loop

system satisfies the desired performances. Figure 3.9 shows the performances

obtained by the inner loop. Figure 3.9a shows the system transient response to

a step signal. The steady-state response to ∆Fcd is presented in Fig. 3.9b. The

disturbances rejection is highlighted in Figs. 3.9c, 3.9d, and 3.9e. The frequency

domain performance indicators are depicted in Fig. 3.9f. All the requirements

are satisfied by the proposed controller.

3.2.2 OUTER LOOP CONTROLLER

The performances provided by the inner controller allows considering the actuator-

cables system as a unitary static gain if the input signal has a bandwidth lower

than the cutoff frequency of the closed loop system. Under this assumption, it is

possible to study the stability of the outer position loop as for classical industrial

manipulators.
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Figure 3.9 Inner loop controller design results.
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According to the Hamiltonian mechanics [78], (2.35) can be written as

q̇r = ∂H
∂pr

(
qr , pr

)
ṗr =− ∂H

∂qr

(
qr , pr

)+ Jl
(
qr

)
u

y = J T
l

(
qr

) ∂H
∂pr

(
qr , pr

)
(3.14)

where H, called Hamiltonian, represents the total energy of the system, u = ∆Fc ,

and y = v j represent the input and output variables of the system respectively.

The Legendre transform relates the Hamiltonian to Lagrangian [78] as follows:

H= pr
T q̇r −L= T +U . (3.15)

Let now consider the well known PD plus gravity compensation controller

defined as

u = g
(
qr

)+KP
(
qd −qr

)−KD J T
l

(
qr

)
q̇r , (3.16)

where KP = K T
P ≻ 0 and KD = K T

D ≻ 0. This controller can be written as

u =β(
qr

)+v
(
qr , q̇r

)
, (3.17)

where β
(
qr

)= g
(
qr

)+KP
(
qd −qr

)
and v

(
qr , q̇r

)=−KD J T
l

(
qr

)
q̇r . The gravity

compensation and the proportional terms allow shaping the storage function as

Hd = 1

2
pr

T M−1 (
qr

)
pr + 1

2

(
qd −qr

)T Kp
(
qd −qr

)
(3.18)

to force an equilibrium point in the desired joint position,
(
qr , pr

)= (
qd ,0

)
. The

derivative term add some damping to ensure the convergence to the equilibrium
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point. Then the dynamic equations of the closed loop system become

q̇r = ∂Hd

∂pr

(
qr , pr

)
ṗr =−∂Hd

∂qr

(
qr , pr

)+ Jl
(
qr

)
v

(
pr

)
y = J T

l

(
qr

) ∂Hd

∂pr

(
qr , pr

)
(3.19)

It is possible to demonstrate the stability of the closed loop system considering

Hd as Lyapunov candidate function. Differentiating Hd with respect to time

yields

Ḣd
(
qr , pr

)= ∂THd

∂qr

(
qr , pr

)
q̇r + ∂THd

∂qr

(
qr , pr

)
ṗr

= (
Jl

(
qr

)
v

(
pr

)− ṗr
)T q̇r + q̇r

T ṗr

= v T (
pr

)
J T

l

(
qr

)
q̇r

=−q̇r
T Jl

(
qr

)
KD J T

l

(
qr

)
q̇r .

(3.20)

Recalling that KP ≻ 0, KD ≻ 0, and Jl
(
qr

)
is full rank, then Hd > 0 and Ḣd < 0

and the Lyapunov stability criterion is satisfied. All the parameters of the outer

loop controller are listed in appendix B.

3.3 RESULTS

The performances of the proposed cascade control algorithm were verified first

through a simulation and then experimentally on the last two links of the proto-

type presented in section 1.2 whose parameters are listed in appendix A. It was

possible to test the algorithm only on the last two joints of the robot due to the

number of available sensors.

The model of the two links cable-driven robot, described by (2.40), was im-

plemented in Simulink, including the friction model described by (2.22). The

entire controller derived in the previous sections is described by Fig. 3.10. Both

friction and disturbance induced by the joint velocity are compensated in feed-

forward. The reference signal qrd is defined by a trajectory from 0 to π/6 rad with
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Figure 3.10 Entire cascade controller for a two links cable-driven robot.

Acceleration Constant velocity
Unit

Simulation Experiment Simulation Experiment

eq5 2.7×10−3 4.9×10−3 1.5×10−3 1.4×10−3 [rad]

eq6 3.7×10−3 7.1×10−3 1.5×10−3 0.7×10−3 [rad]

e∆Fc5
6.7 18.3 0.8 6.8 [N]

e∆Fc6
10.6 27.9 0.5 10.0 [N]

Table 3.2 Maximum tracking error using the cascade controller in both acceleration and
constant velocity phase.

a trapezoidal velocity profile. The maximum profile velocity and acceleration

are 0.02 rad/s and 0.01 rad/s2. The maximum position, and force errors are

achieved during the acceleration phase for both the controlled joints. Table 3.2

lists the maximum value of the error for both the inner and outer loop during the

acceleration phase and the constant velocity phase. Figure 3.11 compares the

simulation and experimental results for the outer and inner loops.
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Figure 3.11 Inner loop controller design results for a two links cable-driven robot.



CHAPTER 4

GRAVITY COMPENSATION

Cable-driven hyper-redundant robots for inspection usually need to have a large

workspace. Even if cable-driven actuation allows moving the actuator from the

joints to the chassis, reducing the overall mass of the system, long structures

cause the need for more powerful actuators, or a high reduction ratio in order to

overcome the pull of gravity. In this scenario, the study of mechanisms reducing

static force is crucial to increasing energy efficiency, and improving dynamic

response. In particular, the vibration introduced by the elasticity of cable-driven

transmissions needs for fast actuators to be damped. This requirement is in con-

trast with the need of high reduction ratio. In this chapter a convex optimisation

method to design passive torque generators [79] is presented with the aim of

reducing the static torque due to gravity forces allowing to design faster actuators

able to deal with the vibration of the system.

4.1 LITERATURE REVIEW

Different types of weight compensation mechanisms are presented and cate-

gorised in [80]. The counterweight mechanism in [81] allows moving the centre

of mass of each link to the joint axis of rotation. This technique allows smooth

dynamic behaviours but has the drawback of increasing the total inertia and

volume of the system.
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Authors in [82] propose a magnetic balancing mechanism by exploiting the

fact that two nested Halbach cylinders produce a sinusoidal torque enabling the

compensation of that produced by a gravitational load over a complete rotation

of a revolute joint. Even if this solution is difficult to finely tune and obtaining

perfect compensation is not possible, it has the advantages of being extremely

compact with the cylinders mounted in axis with the joint as well as the possibility

to be modular; several modules can thus be combined in series to increasing

torques.

Spring mechanisms are widely studied because they add less inertia than

counterweight and are simpler to implement than the magnetic mechanism,

but, on the other side, it is more difficult to perfectly match the non-linear joint

torque induced by gravity and to obtain a smooth dynamic behaviour.

Torsional springs are rarely used compared to axial ones since it is more com-

plex to adapt and adjust their behaviour to achieve static balance [83]. Radaelli

et al. obtain good results for balancing an inverted pendulum with pre-stressed

torsion bars [84].

The use of axial springs is well-documented in [85]. There are different ways

to connect the spring to the system to compensate for the gravity torques. The

simplest one is to connect the springs directly to the manipulator links. However,

this technique leads to an exact compensation only if a zero-free length spring

is used, and even in this case, it is complex to fine-tune the mechanism [86].

Besides, there is also the risk that the protruded spring may interfere with other

parts of the robot. To improve the gravity compensation of the before-mentioned

mechanisms Arakelian et al. introduce auxiliary links to minimise the residual

unbalance [87]. Kim et al. in [88] design a device partially compensating the

torque produced by gravity force on a 6 degrees of freedom manipulator using

a linear spring. Axial springs are applied to compensate for the gravity torque

acting on robotic waists. Yun et al. design a 3 degrees of freedom mechanism

capable of compensating up to 23 kg load [89]. Reinecke et al. present a 2 degrees

of freedom device able to balance the weight of the upper body of a robot that

moves dynamically[90].
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More elaborated techniques involving cables, additional links, pulleys, and

cams solve the problems related to zero-free length spring and interference with

other parts of the mechanism. For example, a pulley and a cable can be arranged

to simulate a zero-free length spring by storing away the initial length of the

spring [91, 92]. Nguyen et al. in [93, 94] considerably reduce the peak torque

produced by gravity force acting on a planar articulated robotic arm and a parallel

delta robot employing gear-spring modules.

Pulleys and cams with non-circular shapes increase the number of design

parameters in the system, simplifying the optimisation of gravity compensation

mechanisms [95–97]. Fedorov et al. propose mechanisms based on a pair of dif-

ferential non-circular pulleys to generate non-monotonic torque profiles through

a geometrical method [98]. In [99], Kim et al. define an analytical solution to

find the shape of non-circular pulleys employed to generate an arbitrary torque

profile. One of the limits of this work is that the authors do not consider all the

constraints on the feasibility of the pulley. In particular, they do not count the

potential presence of non-regular points [100], where the rope cannot perfectly

wrap the pulley. Furthermore, during the design phase, evaluating constraints is

not possible, so it is necessary to iterate the design by tuning some parameters,

such as the spring stiffness, the spring initial length, or the insertion point, until

a feasible solution is obtained.

4.2 BASELINE: ANALYTIC SOLUTION FOR NON-CIRCULAR

PULLEYS DESIGN

Consider the mechanism represented in Fig. 4.1, where O is the origin of the

reference frame Ox y . The pulley, body B1, is fixed to the ground. On one side, the

linear extension spring is attached to the link, body B2, at insertion point R. On

the other side, it is fixed at the anchor point A through a cable that wraps around

the pulley. rm (θ) represents the moment arm that, multiplied by the spring force

at joint position θ, determines the torque applied to the joint. The spring force

line of action is tangent to the pulley and passes through the insertion point
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Figure 4.1 Schematic diagram of a passive torque generator composed of a spring and a
non-circular pulley.

R and the point Q. R is located at a distance L from the origin O. The point P

represents the tangent point between RQ and the pulley. The angle formed by

the intersection of the direction of the spring force and the line passing through

the point O and R is called φ.

Given the spring stiffness k, and its initial length, u0, the pulley profile is de-

termined in closed form, as shown in [99] under the assumptions that the spring

behaviour is linear, no pulley is present on the insertion point, and the cable is

rigid with negligible diameter. The derivation of such closed form solution is

summarised as follows:

rm (θ) = τd (θ)√
2k

∫ θ
θ0
τd (α)dα+k2u2

0

, (4.1)

φ= sin−1
(

rm (θ)

L

)
, (4.2)

S (θ) = tan
(
θ+φ)

, (4.3)

Y (θ) = L
[
sinθ−cosθ · tan

(
θ+φ)]

, (4.4)(
xp (θ) , yp (θ)

)= (
−Y ′ (θ)

S′ (θ)
,Y (θ)− Y ′ (θ)

S′ (θ)
S (θ)

)
, (4.5)

where xp and yp are x- and y-Cartesian coordinates of the pulley profile repre-

sented in the frame Ox y , respectively.
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However, it is worth noticing that the pulley shape obtained through this

method could be unrealistic. As discussed in previous works [99, 101], to get a

feasible pulley, it is necessary to avoid that the radius of the pulley contour goes

to infinite and the shape must be convex. This condition can be translated into a

constraint on the curvature of the profile as follows:

1+φ′ (θ) ̸= 0. (4.6)

Besides, the pulley profile cannot have non-regular points because, in these

points, the rope cannot wrap perfectly. This condition is satisfied if the zeros of

x ′
P (θ) are different from the zeros of y ′

P (θ).

4.3 PROPOSED METHOD BASED ON CONVEX OPTIMISATION

In this section, a convex optimisation problem to compute the moment arm

rm (θ) as its solution, guaranteeing the feasibility of the pulley shape, has been

formulated. This approach enables conditions on the pulley profile to be in-

cluded as constraints of the optimisation problem and promises a feasible shape

at the expense of introducing an error in the torque generation.

4.3.1 COST FUNCTION DEFINITION

The objective function of the optimisation problem is derived directly from (4.1).

The angle θ is discretised over the range of motion of the joint from the initial

angle θi to the final θ f , given by

θ ∈ IRn : θ =
[
θ0 θ1 . . . θn−1

]T
.
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Without loss of generality it is possible to parametrise the moment arm as a

polynomial of order m as follows:

r m =β0 1+β1θ+β2θ
2 + . . .+βmθ

m =
=

[
1 θ θ2 . . . θm

]
·β=

= H ·β.

(4.7)

Define the angle increment as dα= θ f −θi

n and the vector v as

v ∈ IRn : vi =
√√√√2k

i∑
α=0

τd (θα)dα+k2u2
0, ∀θα ∈ θ. (4.8)

Substituting v in (4.1) yields the moment arm equation rewritten as

diag(v ) · (H ·β)−τd = 0. (4.9)

By squaring the ℓ2-norm of (4.9), one can then obtain a convex objective function

which minimises the sum of the torque residuals squared as follows:

f0
(
β

)= ∥∥diag(v ) · (H ·β)−τd
∥∥2

2 . (4.10)

4.3.2 CONSTRAINTS DEFINITION

MOMENT ARM BOUNDS

The moment arm rm (θ) must be greater than 0 and smaller than the insertion

length L. Otherwise, the mobile link would hit the non-circular pulley and there

would be no space to insert the spring. These conditions can be written as

follows:

∥∥H ·β∥∥∞ < L, (4.11)∥∥H ·β∥∥∞ > 0. (4.12)
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CURVATURE CONSTRAINT

As discussed in Section 4.2, to avoid collision between the cable and other parts of

the non-circular pulley, the pulley shape needs to be convex. The straightforward

way to satisfy this condition is to introduce a constraint on the curvature of the

pulley, so that it does not change the sign.

Starting from (4.6) it is possible to write this constraint as

1+φ′ > 0 ∪ 1+φ′ < 0 ⇒

1+ r ′
m√

L2 − r 2
m

> 0 ∪ 1+ r ′
m√

L2 − r 2
m

< 0.
(4.13)

The disequalities (4.13) can be written as

r ′
m >−

√
L2 − r 2

m ∪ r ′
m <−

√
L2 − r 2

m ⇒
r 2

m < L2

r ′
m ≤ 0

r 2
m + r ′2

m < L2

∪
r 2

m < L2

r ′
m ≥ 0

∪


r 2

m < L2

r ′
m ≤ 0

r 2
m + r ′2

m > L2.

(4.14)

The set generated by (4.14) is not convex, as shown in Fig. 4.2a. Many different

convex subsets of (4.14) can be considered to obtain a convex formulation of

the curvature constraint. The main effect of reducing the feasible set is not to

reach the global optimum, but the optimal solution belonging to the convex

subset considered. A possible choice for the convex approximation of (4.14) is

represented by

r 2
m + r ′2

m < L2. (4.15)

As shown in Fig. 4.2b, the set described by (4.15) is convex and satisfies the

constraint on the curvature of the pulley profile. Furthermore, choosing (4.15)

as curvature constraint, the variation of the moment arm is bounded. This

additional condition makes rm smooth allowing to obtain a pulley on which the

rope can perfectly wrap.
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(b) Curvature constraint defined by the convex
approximation of (4.14) as (4.15).

Figure 4.2 Geometric representation of the curvature constraint. Dashed lines and White
regions represent the points excluded in the set.

As for rm , r ′
m can be written in terms of the discretised angle θ and the design

variables β

r ′
m =β1 1+2β2θ+3β3θ

2 + . . .+mβmθ
m−1 =

=
[

1 2θ 3θ2 . . . mθm−1
]
·β=

= Hd ·β.

(4.16)

Finally, by substituting (4.16) into (4.15), the curvature constraint can be written

as a set of quadratic constraints in β as follows:

βT ·
(
H T

i
Hi +H T

di
Hdi

)
·β< L2, i = 1. . .n, (4.17)

where Hi and Hdi are respectively the rows of H and Hd . This type of constraint

can be easily implemented using well-known convex optimisation algorithms.
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NON-REGULAR POINTS AVOIDANCE

Consider the parametric curve defined in (4.5)

γ (θ) =


xp (θ) =−Y ′ (θ)

S′ (θ)

yp (θ) = Y (θ)− Y ′ (θ)

S′ (θ)
S (θ) .

Non-regular points of γ (θ) are all the values of θ such that γ′ (θ) = 0 [100].

The derivative of γ (θ) can be written as

γ′ (θ) =
x ′

p (θ) =−h (θ)

y ′
p (θ) =−h (θ)S (θ) .

(4.18)

where

h (θ) = Y ′′S′−Y ′S′′

S′2 . (4.19)

From (4.3) and (4.4), one can compute Y and its derivatives as

Y = L [sin(θ)−cos(θ)S] , (4.20)

Y ′ = L
[
cos(θ)

(
1−S′)+ sin(θ)S

]
, (4.21)

Y ′′ = L
[
sin(θ)

(
2S′−1

)+cos(θ)
(
S −S′′)] . (4.22)

Substituting (4.20)-(4.22) into (4.19) gives h as a function of θ, S, S′ and S′′ only,

h = L
sin(θ)

[
2S′2 −S′−SS′′]+cos(θ)

[
SS′−S′′]

S′2 . (4.23)

The points in which γ′ (θ) = 0 are the zeros of the function h (θ). Since S′2 is

always different from zero, and imposing h (θ) = 0, the following equation is

obtained:

tan(θ) = SS′−S′′

2S′2 −S′−SS′′ . (4.24)
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Moreover considering that

S′ (θ) = (
1+S2)(1+φ′) , (4.25)

S′′ (θ) = (
1+S2)[2S

(
1+φ′)2 +φ′′

]
, (4.26)

equation (4.24) can be rewritten as

tan(θ) = φ′′+Sg
(
φ′)

−Sφ′′+ g
(
φ′) , (4.27)

where

g
(
φ′)= (

1+φ′)[2
(
1+φ′)−1

]
. (4.28)

By using (4.3) and (4.27), the following equation is obtained:

φ′′ =−g
(
φ′) tan

(
θ+φ)− tan(θ)

1+ tan(θ) tan
(
θ+φ) =

=−g
(
φ′) tan

(
φ

)
.

(4.29)

Finally computing the derivatives of φ and substituting (4.2) and (4.28) into

(4.29) gives

r ′′
m + rm

1+3
r ′

m√
L2 − r 2

m

+3
r ′2

m

L2 − r 2
m

= 0. (4.30)

Considering that

1+3
r ′

m√
L2 − r 2

m

+3
r ′2

m

L2 − r 2
m

≥ 1

4
, (4.31)

it is possible to write the following inequality:

r ′′
m + rm

1+ 3r ′
m√

L2 − r 2
m

+ 3r ′2
m

L2 − r 2
m

≥ r ′′
m + 1

4
rm . (4.32)
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Equation (4.32) demonstrates that

r ′′
m + 1

4
rm > 0 ⇒ h (θ) ̸= 0. (4.33)

Note that r ′′
m and rm can be written in terms of the discretised angle θ and the

design variables β as

r ′′
m = 2β2 1+6β3θ+ . . .+m (m −1)βmθ

m−2 =
=

[
2 · 1 6θ . . . m (m −1)θm−2

]
·β=

= Hdd ·β.

(4.34)

Accordingly, to avoid non-regular points in the pulley shape, it is enough to add

the following linear constraints:∥∥∥∥(
Hdd + 1

4
H

)
·β

∥∥∥∥∞ > 0. (4.35)

4.3.3 OPTIMISATION PROBLEM

With considering the cost function (4.10) and constraints (4.11), (4.12), (4.17)

and (4.35), the problem of designing a non-circular pulley for torque generation

can be solved as the convex optimisation problem described by

min
β

∥∥diag(v ) · (H ·β)−τd
∥∥2

2

s.t.
∥∥H ·β∥∥∞ > 0∥∥H ·β∥∥∞ < L∥∥∥∥(

Hdd + 1

4
H

)
·β

∥∥∥∥∞ > 0

βT ·
(
H T

i
Hi +H T

di
Hdi

)
·β< L2 i = 1. . . N .

(4.36)

In this optimisation problem, the cost function is quadratic and the constraints

are linear or quadratic inequalities. This family of convex problems can be solved

as a semidefinite program using robust and efficient algorithms.
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4.4 DESIGN EXAMPLES

In this section, the comparison between the analytical and the proposed convex

optimisation solution is presented through two examples. The first describes the

design of non-circular pulleys for compensating the gravity force acting on an in-

verted pendulum. The second presents the design of non-circular pulleys able to

produce a generic torque profile. This example highlights the benefit introduced

by the convex optimisation approach. The design algorithm is implemented in

Matlab, and the optimisation problem is solved using the CVX toolbox [102, 103].

4.4.1 GRAVITY COMPENSATION OF THE INVERTED PENDULUM

In this example, the inverted pendulum presented in Fig. 4.3 is taken into account.

The desired torque for compensating the gravity force acting on this mechanism

is represented in Fig. 4.5a and is defined as follows:

τd (θ) = τmax cos(θ), (4.37)

where τmax = Fg OG .

As described in [99], to generate a bidirectional torque, two antagonistic

pulleys are necessary. The desired torque has to be divided into two different

sub-profiles to compensate for the gravity force acting on the pendulum in the

x

y

G

Fg

O

θ

Figure 4.3 Schematic of the force acting on an inverted pendulum.
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range of motion
[
θi ,θ f

]
. The symmetry of τd and the choice of the splitting

torque coefficient λ= 0.5 entail that the profile of the two antagonistic pulleys is

symmetric, as explained in [99]. Table 4.1 lists the parameters selected to define

the torque sub-profiles.

Figure 4.4 presents both profiles obtained by the analytical and convex op-

timisation solution. The algorithm provides only the profile points generated

by the angles belonging to the desired range of motion. Accordingly, the two

boundary points have to be connected by any smooth curve to produce the entire

profile. The light blue shape in Fig. 4.4 shows a possible complete pulley profile

for the convex optimisation solution.

The design result highlights that the proposed algorithm generates a pulley

profile able to approximate the desired torque with a maximum error of 2.2 Nm

while the analytical solution has a maximum error of 0.9 Nm better approximat-

ing the desired torque. Figure 4.5b shows the torque error produced by both the

solutions.

Symbol Value Unit Description

M 15 Kg Pendulum mass

l 1 m Pendulum length

τmax 147.1 Nm Maximum desired torque

do f f 79.6 Nm Torque offset

λ 0.5 - Splitting torque coefficient

k 30 ·103 N/m Spring stiffness

u0 0.015 m Spring initial elongation

L 0.25 m Spring insertion point

θi π/6 rad Initial angle

θ f 5/6π rad Final angle

m 5 - Cost function polynomial order

dα 8.378 ·10−3 rad Motion range discretisation

Table 4.1 Inverted pendulum example parameters.
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Figure 4.4 Pulley shape for the inverted pendulum. The solid red line represents the
shape obtained with the analytical solution. The solid blue line represents the convex
optimisation solution. The complete pulley shape is represented by the dashed blue for
the convex optimisation solution. The jellow circle represents the joint shaft
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(a) Comparison of the desired torque with the
torque produced by the analytical solution and
the proposed convex optimisation solution.
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(b) Torque error produced by the analytical
(red) and the convex optimisation (blue) solu-
tion for the inverted pendulum.

Figure 4.5 Design results for the inverted pendulum example.

To better evaluate the results, the error has been put in perspective with

the desired torque. The percentage error is computed as the relative percent
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difference as follows:

e% =
(
2
τd −τ

|τd |+ |τ|
)
×100. (4.38)

This formulation allows to bound the value of the percentage error in the range

[−200,200] even if the desired torque is equal to zero. Table 4.2 compares the

absolute and percentage error, respectively eabs and e%, for both the analytical

and the proposed convex optimisation method in different joint configurations.

When θ = π/2, the desired torque is zero, so the percentage error reaches the

maximum value. Nevertheless, the residual torque is about 0.6 Nm.

The stiffness and the initial length of the spring have to be set before running

the optimisation algorithm. These parameters can be employed to define the

size of pulleys or, when the analytical solution is unfeasible, to find a realistic

shape. Knowing the maximum desired torque, τmax , the size of the pulley is

strictly related to the spring constant and initial length. Let assume to wrap the

cable on a circular pulley. Under this assumption the maximum elongation of

the spring is

umax = (
θ f −θi

)
r +u0, (4.39)

Angle [rad]
Analytical solution Convex solution

eabs [Nm] e% eabs [Nm] e%

π/6 0.9 0.7 −1.6 −1.2

π/4 0.1 0.1 0.2 0.2

π/3 0.2 1.1 0.9 1.0

5π/12 0.4 2.0 1.0 2.6

π/2 0.6 (200.0)∗ 0.6 (200.0)∗

7π/12 0.8 1.2 0.2 0.5

2π/3 0.9 0.7 0.1 0.2

3π/4 0.8 −0.2 0.7 0.7

5π/6 0.3 −1.2 2.2 1.8

* Bounded to the maximum value since the desired torque is zero.

Table 4.2 Torque error for the inverted pendulum example.
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Figure 4.6 Comparison between the obtained pulley with a desired radius of 90 mm and
of 45 mm.

where r is the pulley radius and u0 the initial elongation. Thus the maximum

torque acting on the pulley is computed as

τmax = kumax r = kr
[(
θ f −θi

)
r +u0

]
. (4.40)

Given the desired radius and a preliminary initial elongation, the order of magni-

tude of the spring constant is estimated from (4.40) as follows:

k = τmax(
θ f −θi

)
r 2 +u0r

. (4.41)

As for any commercial components, the stiffness of springs can take a finite

number of values. Thus, the initial elongation of the spring is computed as

u0 = τmax

kr
− (
θ f −θi

)
r, (4.42)

to obtain the desired radius using the stiffness of the selected commercial spring.

To verify this relation let assume that a radius of about 45mm and a preliminary
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Symbol Value Unit Description

a 147.1 Nm Torque parameter

c 84.4 Nm Torque parameter

do f f 86.4 Nm Torque offset

λ 0.5 - Splitting torque coefficient

k 30 ·103 N/m Spring stiffness

u0 0.015 m Spring initial elongation

L 0.25 m Spring insertion point

θi π/6 rad Initial angle

θ f 5/6π rad Final angle

m 5 - Cost function polynomial order

dα 8.378 ·10−3 rad Motion range discretisation

Table 4.3 Generic torque example parameters.

initial elongation of 0.015mm are required. Then from (4.41) it is possible to

estimate the spring stiffness as k ≈ 30 ·103N/m. Let now assume that a radius

of about 90mm and a preliminary initial elongation of 0.015mm are required.

Then from (4.41) it is possible to estimate the spring stiffness as k ≈ 8 ·103N/m.

Figure 4.6 shows the two pulley profile obtained with the different spring elastic

constant and the circles of the desired radius.

4.4.2 GENERIC TORQUE PROFILE CREATION

To verify that the proposed convex optimisation method always finds a feasible

solution, in this example, the generic torque, represented in Fig. 4.8a and defined

as

τd (θ) = a (cos(θ)− sin(θ))+ c, (4.43)

is considered.
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Figure 4.7 Pulley shape to produce the generic torque (4.43). The solid red line represents
the shape obtained with the analytical solution. The solid blue line represents the convex
optimisation solution. The complete pulley shape is represented by the dashed blue line
for the convex optimisation solution. The jellow circle represents the joint shaft

Since τd is not symmetric, both the analytical and convex optimisation meth-

ods generate two antagonistic pulleys with different profiles. Table 4.3 lists the

selected parameters to designing the pulleys.

In this torque profile, the analytical solution produces an unfeasible shape

for both the antagonistic pulleys. The first pulley does not satisfy the curvature

constraints, whereas the second contains a non-regular point. Since the two

pulleys have unfeasible shapes, the length of the cables wrapping on the pulleys

is not defined, making it impossible to compute the torque produced by the

analytical solution

The convex optimisation approach, instead, can satisfy all the constraints

producing feasible shapes. Figure 4.7 shows one of the two pulley profile obtained

by both the convex optimisation and the analytical solution where the presence

of a non-regular point is evident.
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(a) Profile of the desired torque (4.43) and the
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(b) Torque error produced by the convex opti-
misation solution for the desired torque (4.43).

Figure 4.8 Design results for the generic torque example.

Angle [rad]
Convex solution

eabs [Nm] e%

π/6 4.5 3.3

π/4 6.4 7.9

π/3 5.7 20.4

5π/12 4.1 19.5

π/2 2.8 4.4

7π/12 2.1 2.2

2π/3 1.7 1.4

3π/4 0.4 0.3

5π/6 −4.5 −3.9

Table 4.4 Torque error for the generic torque example.

The two antagonist pulleys, generated by the convex optimisation solution,

can approximate the desired torque with a maximum error of 6.4 Nm, as shown

in Fig. 4.8b. Percentage errors are given in Table 4.4.

The curvature constraint for both analytical and convex optimisation solution

is shown in Fig. 4.9a, where it is possible to notice that the analytical solution
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Figure 4.9 Graphical representation of constraint satisfaction.

has a zero in θ = 0.54 rad, violating the constraint. In Fig. 4.9b, the non-regular

point constraint is represented for both the analytical and convex optimisation

solution. In the analytical solution appears a non-regular point in θ = 0.91 rad.



CHAPTER 5

SPATIAL ROBOT PRELIMINARY STUDIES

The modelling framework, developed in chapter 2, can be applied to any cable-

driven hyper-redundant robot. In this chapter preliminary analysis on mod-

elling a fully actuated cable-driven hyper-redundant robot able to move in three-

dimensional space is presented. A description of the joint kinematics and dy-

namics is presented, then a novel friction model for cable sliding into bushing is

proposed. A preliminary prototype composed of a single joint, whose parameters

are listed in appendix A.5, has been developed to validate the proposed friction

model.

5.1 SPATIAL ROBOT MODEL

A first concept of a spatial cable-driven hyper-redundant robot has been de-

signed. The robot, shown in Fig. 5.1, is composed of five joints whose kinematics

allows the two driving cables not to lose tension during the motion. This property

comes out from the constraint that forces the shortening and the lengthening

of the two driving cables to be the same. A dedicated device, such as a 3-axis

gimbal system, can be also added to the end-effector to reach any attitude in the

Cartesian space. So, for the task of positioning the end-effector in the Cartesian

space, this robot has two degrees of redundancy. The cables are routed along

the structure of the robot through bushings. The cables pass straight inside
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Figure 5.1 CAD model of the novel three-dimensional motion cable-driven hyper-
redundant robot.

the joints, but they change direction passing inside the link from one joint to

the other. Furthermore, the twin cables pass always in diametrically opposite

locations inside the joint. Table 5.1 lists the DH parameters [7] describing the

kinematics of the robot.

Joint ai [mm] αi [rad] di [mm] θi [rad]

1 0 π/2 0 qr1

1c 150 0 0 qr1

2 350 −π/2 0 qr2

2c 150 0 0 qr2

3 350 π/2 0 qr3

3c 150 0 0 qr3

4 350 −π/2 0 qr4

4c 150 0 0 qr4

5 350 π/2 0 qr5

5c 150 0 0 qr5

Table 5.1 DH parameters of the robot.
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5.1.1 ACTUATOR MODEL

In the actuator employed to perform the preliminary experiments on the gear

joint, the linear motion necessary to move the cables is obtained through ball-

screws coupled with a brushless DC electric motor through an harmonic gear.

The parameters describing the actuator are listed in appendix A.5. In this mecha-

nism the friction phenomena are mainly related to harmonic drives. The four

dominant aspects of harmonic gears are: non-linear viscous friction, nonlinear

stiffness, hysteresis, and kinematic error [104]. Since load applied on the actuator

by a single joint is low, and the cable actuation has a much lower stiffness than

the harmonic gear, the dominant behaviour of the transmission is the non-linear

viscous friction that can be modelled as

τ fi =αi arctan
(
βiωmi

)
. (5.1)

where αi and βi are the model parameters and ωmi is the i th motor velocity.

5.1.2 JOINT MODEL

The cable-driven joint proposed for the design of the three-dimensional motion

hyper-redundant robot consists of two rigid links and two parallel revolute joints

whose rotation angles are constrained to be same through a gear system. Fig-

ure 5.2 shows the mechanism schematic, where O1 and O2 represent the first

and second rotation axes respectively, and Pcm1
and Pcm2

are the centre of mass

of the first and second links, respectively, while Pee is the end effector position.

Pcm1
, Pcm2

and Pee are described as follows:

Pcm1
=

[
d11 cos

(
qr

)
d11 sin

(
qr

)] , (5.2)

Pcm2
=

[
l1 cos

(
qr

)+d21 cos
(
2qr

)
l1 sin

(
qr

)+d21 sin
(
2qr

) ]
, (5.3)

Pee =
[

l1 cos
(
qr

)+ l2 cos
(
2qr

)
l1 sin

(
qr

)+ l2 sin
(
2qr

) ]
, (5.4)
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Figure 5.2 Schematic of the cable driven joint proposed for the design of the three-
dimensional motion hyper-redundant robot.

where qr denotes the angular position of the joint, d11 and d12 represent the

distance between the centre of mass of the first link and O1 and O2, respectively,

d21 and d22 represent the distance between the centre of mass of the second link

and O2 and Pee , respectively, and l1 = d11 +d12 and l2 = d21 +d22 represent the

length of the first and second links.

The bond-graph representing this mechanical system, depicted in Fig. 5.3,

can be easily obtained through (5.2), (5.2), and (5.4). The state equation of the

system is given by

ṗr =
[−4m2l1d21 sin

(
qr

)]
p2

r + J 2
1 r cos

(
qr

)
∆Fci + J 2

1τg

J1
[

J1 +4J2 +m1d 2
11 +m2

(
l 2

1 +4l1d21 cos
(
qr

)+4d 2
21

)] , (5.5)

where pr denotes the state variable representing the angular momentum of the

joint, m1, J1, and m2, J2 are respectively the mass and inertia of the first and

second links, r is the distance of the cable anchor point from the centre of the

flange, ∆Fci is the difference between the forces applied by the two cables, and
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Figure 5.3 Bond graph model of the joint proposed for the design of the three-
dimensional motion robot.

τg is the torque due to gravity which is described as

τg = d11 cos
(
qr

)
Fg1 +

(
l1 cos

(
qr

)+2d21 cos
(
2qr

))
Fg2 , (5.6)

where Fg1 and Fg2 are the gravity forces acting on the first and second links

respectively.

5.1.3 MULTIBODY MODEL

As described in section 2.6 the dynamic equation of the multibody system is

computed exploiting the Hamiltonian mechanics and is described by 2.35. Dif-



5.1 Spatial Robot Model 75

Figure 5.4 Schematic of the distribution of the routing bushings on the joint.

ferently from the prototype presented in chapter 1, in this device the cables need

for being routed along the structure producing a coupling between the joint

variables. This coupling is reflected in the Jacobian matrix, Jl
(
qr

)
. The map

between the joints configuration, qr , and the i th linear position of cables anchor

points, Li , is computed as

Li =
i∑

j=1
r j i sin(qr j ), (5.7)

where r j i represents the distance between the i th cable and the line k j which lies

on the input flange of the j th joint. Figure 5.4 shows the schematic of the cable

routing in the j t h joint. The derivative respect to time of (5.7) leads to define the

Jacobian matrix as

Jl
(
qr

)=


r11 cos
(
qr1

)
0 . . . 0

r12 cos
(
qr1

)
r22 cos

(
qr2

) . . .
...

...
...

. . . 0

r1n cos
(
qr1

)
r2n cos

(
qr2

)
. . . rnn cos

(
qrn

)

 (5.8)

highlighting the coupling between the linear motion of the i th anchor point and

the motion of the joint variables. Since the range of motion of the joint is defined

as qr ∈ [−π/3,π/3] by geometry, Jl
(
qr

)
is always full rank .
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5.1.4 SLIDING CABLE FRICTION MODEL

Fci

Fai

Rni

qriFci

�-qri
2

Figure 5.5 Schematic of the forces acting on the i th sliding cable.

Friction is one of classic, yet challenging problems in practical system modelling.

Several friction models have been defined in literature: static friction model

consists in a combination of Coulomb, viscous, stiction and Stribeck terms,

and an accurate description of friction is given by dynamic models such as

Dahl or LuGree friction model [105]. For cable-driven mechanisms, friction

forces produced by pulleys can be modelled as a function of the cable tension,

velocity, wrap angle and number of pulleys [106]. An attempt to define a general

formulation for multi-node sliding cable is presented in [107]. To describe the

friction force produced by sliding rope into bushing a modified version of the

Dahl’s model has been proposed [108]. However, aforementioned models are

not able to correctly describe the friction forces generated by cables sliding into

bushings or are too complex to be easily implemented in a real time controller.

In this section the mathematical friction model of cables sliding into a bush-

ing is presented [109]. The aim is to define a simple model that can be easily

employed as feedforward term in a control scheme to improve the trajectory

tracking performances of cable-driven mechanisms.

Under the assumption that the relative velocity between cables and bushings

is low it is possible to neglect viscous friction phenomena and consider only

stiction. Then the static friction acting on the i th cable is computed as

Fai =µi
∣∣Fni

∣∣ , (5.9)
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where µi represents the static friction coefficient and Fni is the force normal to

the contact point. Fig. 5.5 shows a schematic of the forces acting on the cable in

a given joint configuration qri . From the equilibrium equation it is possible to

find the reaction force Rni given by the bushing as follows:

Rni =
[

Fci

(
1−cos

(
qri

))
−Fci sin

(
qri

) ]
, (5.10)

where Fci is the norm of the force applied to the cable. Considering that Fni lies

on the bisector of the angle between the entrance and exit direction of the cable

the module of Fni can be computed as the projection of Rni on such bisector

∣∣Fni

∣∣= 2Fci

∣∣∣sin
( qri

2

)∣∣∣ . (5.11)

By substituting (5.11) into (5.9), the static friction force can be determined as

Fa = 2µFci

∣∣∣sin
( qri

2

)∣∣∣ . (5.12)

Equation (5.12) shows that static friction in cable-driven mechanism is not con-

stant with respect to joint configuration. To deal with possible asymmetries in

the mechanism due to manufacturing imperfection and uncertainties on param-

eters, such as friction coefficient between cables and bushings, a generalised

model for the stiction of a cable driven mechanism can be described by the

following equation:

Fai =



a1i +b11i Fci sin
( qri − c1i

2

)
vsi > 0, qi ≥ c1i

a1i +b12i Fci sin
( qri − c1i

2

)
vsi > 0, qi < c1i

0 vsi = 0

a2i +b21i Fci sin
( qri − c2i

2

)
vsi < 0, qi ≥ c2i

a2i +b22i Fci sin
( qri − c2i

2

)
vsi < 0, qi < c2i ,

(5.13)
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where vsi is the relative velocity between the i th cable and the bushing, aki is a

static force related to the inversion of motion, bk ji is the double of the friction

coefficient between the cable and the bushing and cki takes into account the

manufacturing error.

5.2 PARAMETER IDENTIFICATION

The hardware setup used to identify the model parameters consists of a gear joint

driven by a linear actuator able to move two twin cables in opposite directions

and a pulley mechanism that aligns the cables with the joint geometry. Two force

sensors are used to measure the forces applied to the joint. All the parameters of

the testbench are reported in appendix A.2

5.2.1 HARMONIC GEAR FRICTION PARAMETERS IDENTIFICATION

To identify the α and β parameters of (5.1), the actuator has been driven in

velocity mode with no load attached. In this configuration an array of velocity

set points has been sent to the motor. For each velocity set point the mean value

of the torque and its standard deviation have been computed. Such values have

been used to identify the friction model parameters using the non-linear least

square algorithm provided by the curve fitting toolbox of Matlab. Figure 5.6

shows the fit result and the uncertainty associated to each point. The identified
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Figure 5.6 Actuator friction parameter identification.
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coefficients and their 95% confidence level bounds are listed in table 5.2.

Coefficient Value Uncertainty Unit

α 77.7 ±1.9 mNm

β 20×10−3 ±4×10−3 s/rad

Table 5.2 Harmonic gear friction parameters.

5.2.2 SLIDING CABLE FRICTION PARAMETERS IDENTIFICATION

The coefficients of the sliding cable friction model are estimated measuring

the cables forces in the whole range of motion of the joint. The trajectory im-

plemented to estimate the sliding cable friction is made by three set-points to

explore the whole range of motion of the joint under investigation. Every move-

ment is implemented with a trapezoidal velocity profile. During the motion the

cable tension force, the angular position of the joint, and the linear velocity of

the actuator are recorded. The acquired data are lowpass filtered with a cut-off

frequency of 1Hz in order to reduce high frequency noise. Then the mean value

of the force measured is subtracted to remove the bias induced by the preload of

the cable. Finally the non linear fit algorithm has been implemented to find the

friction coefficients for both the cables. Fig. 5.7 shows fit results while the iden-

tified parameters and their 95% confidence level bounds are listed in Table 5.3.

To validate the sliding cable friction model the entire systems has been simu-

lated in Simulink. Figures 5.8a and 5.8b show the forces measured during the

experiment on the first and the second cable respectively and the correspond-

ing forces obtained by the simulation. The joint velocity has been computed

by numerically differentiating the joint angular position. Figs. 5.8c and 5.8d

depict the joint angular velocity and position measured during the experiment

and simulation. During the test, the measured velocity plot shows a sinusoidal

disturbance, which is caused by the harmonic gear torque ripple not considered

in the modeling. As shown by plots Figs. 5.8a and 5.8b , the forces measured on



5.2 Parameter Identification 80

Friction Negative Velocity Exp Data Rope 1

Exp Data Rope 2
Model Rope 2

Model Rope 1

qr [rad]

0 0.1 0.2 0.3-0.1-0.2-0.3

F
a
 [

N
]

0

50

100

-50

-100

Exp Data Rope 1

Exp Data Rope 2
Model Rope 2

Model Rope 1

Friction Positive Velocity
F
a
 [

N
]

0

50

100

-50

-100

qr [rad]

0 0.1 0.2 0.3-0.1-0.2-0.3

Figure 5.7 Cable friction identification.

Coefficient
Cable 1 Cable 2

Unit
Value Uncertainty Value Uncertainty

a1 60.60 ±5×10−2 −15.11 ±6×10−2 N

a2 4.35 ±5×10−2 43.24 ±1×10−1 N

b11 −0.7088 ±1×10−3 −1.411 ±2×10−3 -

b12 1.283 ±5×10−3 0.966 ±3×10−3 -

b21 −1.5211 ±2×10−3 −1.066 ±3×10−3 -

b22 0.9346 ±2×10−3 −0.104 ±3×10−3 -

c1 −0.1524 ±3×10−4 −0.0289 ±3×10−4 rad

c2 −0.04185 ±2×10−4 −0.0254 ±7×10−4 rad

Table 5.3 Sliding cable friction parameters.

both the cables are accurately described by the forces computed by the proposed

friction model. Furthermore the experimental data lie under the uncertainty

bounds obtained from the identification procedure. Figs. 5.8a and 5.8b present a



5.2 Parameter Identification 81

t [s]

F
1
 [

N
]

500

450

400

350

300

250

200
0 50 100 150 200 250

Exp 1
Exp 2
Exp 3

Model

shift

(a) F1

Exp 1
Exp 2
Exp 3

Model

t [s]

F
2
 [

N
]

500

450

400

350

300

250

200
0 50 100 150 200 250

(b) F2

Exp 1
Exp 2
Exp 3

Model

t [s]

0 50 100 150 200 250

shift

0.02

0.01

0

-0.01

-0.02

-0.03

q�

r 
[r

ad
/s

]

(c) q̇r

q
r 

[r
ad

]
Exp 1
Exp 2
Exp 3

Model

t [s]

0 50 100 150 200 250

0.2

0.1

0

-0.1

-0.2

-0.3

0.3

0.4

-0.4

(d) qr

Figure 5.8 Sliding cable friction comparison between simulation and experimental data.

temporal shift Tshi f t in force discontinuities. This phenomenon arises because,

even if the joint velocity is almost zero, in the simulation appears a change of

direction of the motion not present in the real joints. This small difference cause

an ill-timed jump in the forces observed. This timing issue is not a problem in

implementing this friction model as a feedforward term in a control scheme

since the velocity reference is a priori known and does not suffer from such error.



CHAPTER 6

CONCLUSION AND FUTURE WORKS

6.1 CONCLUSION

In this work, the bond-graph formalism has been exploited to derive a unified

modelling framework for cable-driven hyper-redundant robots. First, each sub-

system composing a cable-driven hyper-redundant robot has been analysed.

Therefore its dynamic equations derived. Then all the subsystems have been

connected to obtain the model of the entire system in Hamiltonian form.

The obtained model has been employed to formulate a cascade control al-

gorithm composed of two loops. The inner force loop is designed according to

the H∞ control theory. This theory allows finding the optimal controller able to

robustly stabilise a system subject to uncertainties satisfying at the same time the

requirements about nominal performances. First, the uncertainty model related

to synthetic fibre cables has been derived. This model also included the ne-

glected dynamics of the actuators. Then, time-domain requirements have been

translated into weighting functions to shape the sensitivity and complementary

sensitivity function. The simulation results show that the proposed controller

can robustly stabilise the inner loop providing the desired time-domain require-

ments. The outer loop consists of a PD plus gravity compensation controller.

Its stability has been demonstrated using the Lyapunov stability criterion. The
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obtained cascade controller was verified on a two links cable-driven robot by

comparing the experimental data with the simulation results.

Damping residual vibrations induced by cables need for fast actuators. Thus,

a novel methodology to design passive torque generators based on non-circular

pulleys and axial springs has been proposed. Relieving the actuators from gener-

ating static torques due to gravity allows improving the dynamic response of the

system. The design of the pulley profile has been framed as a convex optimisation

problem. This approach allows considering all the geometric constraints from

the beginning. The proposed method always produces feasible pulley shapes

even if a small error is introduced in the approximation of the desired torque.

Finally, the proposed modelling framework has been applied to a novel fully

actuated cable-driven hyper-redundant robot to check its versatility. In particular,

a novel friction model for cables sliding into bushing has been proposed and

verified experimentally.

The unified modelling framework proposed in this dissertation proves to be

an effective tool for designing novel robotic devices. It allows building both a

simulation environment and a design framework systematically interconnecting

simple or complex models of all the subsystems composing the different devices.

In a context where it is necessary to develop highly customised solutions, this

modelling approach allows speeding up the preliminary analysis on the pro-

posed devices to evaluate the effectiveness of different solutions highlighting

possible critical aspects. Furthermore, describing each subsystem by different

complexity models allows employing the optimal model for the various scenarios

the designer would analyse. Simplified models are preferred to design control

algorithms, while complex models are favoured to obtain accurate simulations

to observe secondary dynamics.

6.2 FUTURE WORKS

Building on the achievements reached through this dissertation, different paths

open up to advance the modelling and control of cable-driven hyper-redundant

robots described in this work. Further analyses on synthetic fibre cables could be
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performed to improve the model proposed in section 2.5 by including hysteresis

phenomena not considered in this work. The control algorithm described in

chapter 3 could be modified for implementing it on the entire robot proposed in

section 1.2. Different control algorithms could be investigated with the aim to

remove the force sensors in the control loop. The gravity compensation mech-

anism presented in chapter 4 could be integrated on the robots described in

section 1.2 and 5.1 to partially relieve actuators from overcoming the pull of

gravity and increase their dynamic response. The design of an active pulley able

to modify its shape in real-time could be investigated to improve the gravity

compensation acting on articulated mechanisms in which the torque depends

on all the joint angles. A prototype of the novel cable-driven hyper-redundant

robot described in 5.1 could be built to test the control algorithm discussed in

chapter 3 including the friction model of sliding cables as feedforward term.

The proposed unified modelling framework is widely applicable. Conse-

quently, it could be employed to describe a large variety of mechatronic systems.

The multi-physics nature of the proposed approach allows defining accurate

models for both actuators and sensors systems. This aspect could be explored in

industrial applications, such as pick and place, to consider in the system mod-

elling the dynamics of hydraulic or pneumatic grippers to obtain a more realistic

simulation of the plant. Furthermore, it is possible to include interaction models

as additional subsystems to simulate or design collaborative robots that have to

interact safely with workers or unstructured environments.
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APPENDIX A

HARDWARE DESCRIPTION

A.1 CABLES

The cables selected for this application are made of a synthetic fibre called Zylon

PBO whose mechanical properties are listed in table A.1. This fibre has the

highest tensile strength and smallest elongation among synthetic fibres.

Value Unit Description

d 3 mm Diameter

m 6.5 g/m Mass per unit lenght

E 270 GPa Young modulus

Rm 5.8 GPa Tensile strength

Table A.1 Zylon PBO cable mechanical properties.

The parameters of the four element model described in section 2.5 were

estimated experimentally. Two samples have been tested with a length of (127±1)

cm and (165±1) cm respectively. For each sample three experiments have been

carried out. The identification procedure is composed of two steps. First the

sample was loaded with a constant low velocity to estimate the stiffness K1

through a linear regression. Then, to estimate the remaining parameters the
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sample was loaded up to a maximum force of about 950 N to perform a non

linear exponential fit on the free response of the system. Table A.2 lists the value

of the identified parameters and the associated uncertainty.

Value Uncertainty e%

K1 2.933×105 N 1.73×104 N 5.9

c2 5.78×109 Ns 1.33×109 Ns 23.0

K3 7.67×106 N 1.74×106 N 22.7

c3 9.08×107 Ns 2.23×107 Ns 24.6

Table A.2 Zylon PBO cables four element models parameters.

A.2 FORCE SENSORS

The force applied by cables is measured using custom made force sensors which

can be mounted directly on the cables. Their parameters are listed in table A.3

Parameter
Joint 5 Joint 6

Unit
Top Bottom Top Bottom

Gain 787 764 363 393 N/V

Offset -307 -152 -573 -580 N

Maximum force 2500 2500 1250 1250 N

Table A.3 Force sensors parameters

A.3 ABSOLUTE ENCODERS

The joint angular position is measured through the magnetic absolute encoders

AkSim2 provided by Renishaw. This sensor have a resolution of 18 bits which

corresponds to an angle of 2.4×10−5 rad.
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A.4 PLANAR CABLE-DRIVEN HYPER-REDUNDANT ROBOT

Figure A.1 Planar cable-driven hyper-redundant robot employed in the Ansaldo Energia
project.

The cable-driven hyper-redundant robot designed for the Ansaldo Energia

project is shown in Fig. A.1. The actuation box contains 6 linear actuators. Each

actuator consists of a two poles SVTN B 01-3571 brushed DC motor and a three

stages planetary gearbox, SVTG B 36, provided by Servotecnica. Each motor is

controlled by an EPOS4 50/8 motor drivers provided by Maxon. They can be

employed to control both brushless and brushed DC motors in torque, velocity

and position mode. The linear motion is obtained through a screw-nut mecha-

nism. Each module consists of a link, with length l , rigidly connected to a circular

pulley of radius r . The mass, inertia about the z axis, and the location of the

x-coordinate of the centre of mass of each module are defined as m, Jz , and

CoMx respectively. On one side the cables are fixed to the linear actuators, on

the other side on circular pulleys to transmit the motion to the corresponding

module. The cables have a length lc and are preloaded with a force Tp . The main

parameters of the robotic systems here presented are listed in table A.4.
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Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6 Unit

Geared motor

Rm 4.198 2.434 2.397 2.325 2.546 2.497 Ω

Lm 1.139 0.691 0.682 0.694 0.690 0.679 mH

km 55.989 58.048 56.323 56.341 58.773 56.697 mNm/A

Jm 72.85 72.85 72.85 72.85 72.85 72.85 gcm2

cm 5.6280 5.8349 5.6615 5.6633 5.9078 5.6991 µNms/rad

ωn 6118 6118 6118 6118 6118 6118 rpm

in 4.16 4.16 4.16 4.16 4.16 4.16 A

Jg 12 12 12 12 12 12 gcm2

Ng 212.34 212.34 212.34 212.34 212.34 212.34 -

Motor driver

Kp 9.030 5.219 5.139 4.969 5.477 5.370 V/A

Ki 30.945 17.147 16.849 15.578 18.789 18.365 V/(mAs)

Vmax 48 48 48 48 48 48 V

imax 8.32 8.32 8.32 8.32 8.32 8.32 A

Screw-nut mechanism

d 15 15 15 15 15 15 mm

φ 0.471 0.471 0.471 0.471 0.471 0.471 rad

α 0.064 0.064 0.064 0.064 0.064 0.064 rad

p 3 3 3 3 3 3 mm/rev

Module

m 2.16 2.16 1.55 1.55 1.3 1.3 kg

Jz 0.067 0.067 0.043 0.043 0.030 0.030 kg m2

CoMx 197 197 170 170 136 136 mm

l 500 500 500 500 500 500 mm

r 55 55 55 55 55 55 mm

lc 1 1.5 2 2.5 2.9 3.4 m

Tp 990 825 610 400 210 150 N

Table A.4 Planar cable-driven hyper-redundant robot parameters.
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A.5 GEAR JOINT EXPERIMENTAL SETUP

Figure A.2 Hardware setup for the experiments with the prototype of the cable-driven
joint and its actuation system.

The prototype used to identify the friction parameters described in chapter 5,

shown in Fig. A.2, consists of a gear joint driven by a linear actuator able to move

two twin cables in opposite directions and a pulley mechanism that aligns the

cables with the joint geometry. Two force sensors are used to measure the force

applied to the joints. The cables are fixed by splicing around the anchor points

in pulling rods and flanges. The actuation system is composed of a Maxon ECi52

brushless motor coupled to an harmonic gear. The geared motor, controlled

by an EPOS4 50/8 motor driver, transfers the motion to the first ball-screw,

which moves a helical gear mounted on it. The two gears with ratio 1:1 allow

the two ball-nuts to move with the same speed but in opposite direction. A

preliminary prototype of a gear joint, described in section 5.1.2, was 3D printed

in polycarbonate. The main parameters of the setup for testing the gear joint

prototype are listed in table A.5
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Coefficient Value Unit Description

Geared motor

Rm 0.444 Ω Motor resistance

Lm 0.471 mH Motor inductance

km 102.4 mNm/A Motor torque constant

Jm 349.88 gcm2 Total inertia

cm 10.319 mNm/s Motor viscous friction

ωn 3610 rpm Motor nominal velocity

in 5.44 A Motor nominal current

Ng 1 : 80 - Gear reduction ratio

Ns 5 mm Screw pitch

Motor driver

Kp 2.134 V/A Proportional gain

Ki 9.493 V/(mAs) Integral gain

Vmax 48 V Maximum voltage

imax 10.88 A Maximum current

Gear joint

m1 0.217 kg 1st link mass

J1 0.0007 kgm2 1st link inertia

m2 0.806 kg 2nd link mass

J2 0.00016 kgm2 2nd link inertia

d11 47 mm O1P cm1

d12 103 mm O2P cm1

d21 12 mm O2P cm2

d22 338 mm Pee P cm1

r 65 mm Anchor point distance

Table A.5 Gear joint setup parameters.



APPENDIX B

CONTROLLER DESIGN PARAMETERS

The experiments discussed in 3.3 were performed on a two links cable-driven

robot. In this appendix, the derivation of both the inner and outer loop controller

parameters are detailed.

B.1 INNER FORCE LOOP

As described in section 3.2.1 the first step to derive the control law consists of

defining the nominal plant and the uncertainty model of the system. Using the

parameters listed in appendix A.4 it is possible to derive the actuators and cables

transfer functions which take on the following structure:

Gp = Kpdc

1+ s
zp(

1+ s
pp1

)(
1+ s

pp2

) , (B.1)

Ga = Kadc

1+ s
za(

1+ s
pa1

)(
1+ s

pa2

)(
1+ s

pa3

) . (B.2)

Table B.1a lists the coefficients of the transfer functions for both the joints con-

sidered.
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Since
1+ s

p
≈ s

p
if p << 0,

1+ s

p
≈ 1 if p >>ωn ,

(B.3)

the nominal transfer functions are obtained neglecting the high frequency poles

and zeros, and approximating low frequency poles as integrators obtaining trans-

fer functions with the following structure

Gpn = Kpn

1+ s
zp

s
(
1+ s

pp

) ,

Gan = Kadc

1(
1+ s

pa

) .

(B.4)

Their parameters for both the joints are listed in table B.1b. Let now consider

Joint 5 Joint 6

Gp

Kpdc 3.96×109 3.38×109

zp 8.44×10−2 8.44×10−2

pp1 4.89×10−5 4.89×10−5

pp2 8.76×10−2 8.76×10−2

Ga

Kadc 9.31×10−5 9.31×10−5

za 3.43×103 3.42×103

pa1 6.82×10−1 6.58×10−1

pa2 3.37×103 3.35×103

pa2 8.26×103 8.23×103

(a) Real plant parameters.

Joint 5 Joint 6

Gpn

Kpn 1.71×105 1.65×105

zp 8.44×10−2 8.44×10−2

pp 8.76×10−2 8.76×10−2

Gan

Kan 9.31×10−5 9.31×10−5

pa1 6.82×10−1 6.58×10−1

(b) Nominal plant parameters.

Table B.1 Plant transfer function parameters.

the uncertainty bounds given by the identification of the cables parameters. As

stated in section 3.2.1 it possible to compute the weighting functions related to
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Figure B.1 Uncertainty model for joint 5 and 6.

the model uncertainty using (3.13) and their values are

Wu5 =
(
s +6.36×10−4

)(
s +7.2×102

)(
s +5.6×10−5

)(
s +7.2×103

) , (B.5)

Wu6 =
(
s +6.36×10−4

)(
s +7.2×102

)(
s +5.6×10−5

)(
s +7.2×103

) . (B.6)

Figure B.1 shows the uncertainty model for both the joints considered.

The second step in defining the control low consists of translating the time

domain requirements into weighting function in frequency domain. The a priori

information about the input and disturbance signals described in (3.6) are listed

in table B.2. Since the time domain requirements are the same for both the joints

considered, also the weighting functions W1 and W2 are the same and their value

is

W1 = 0.69
s2 +4.99s +12.47

(s +0.14)
(
s +2.5×10−5

) , (B.7)

W3 = 1000
s2 +83.34s +3473

s2 +2802s +3.92×106 . (B.8)
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Value Unit

r0 300 N/s

d f0 1×10−2 -

da0 2×10−3 rad/s

dp0 1 N

ωp 0.25 rad

ds0 1 N

ωs 628 rad

Table B.2 Input signals and disturbances a priori information.

Instead W2 is computed considering the actuator dynamics. Thus,different

weighting functions, one for each joint, are obtained:

W25 = 0.67
s +0.682

s +682
, (B.9)

W26 = 0.67
s +0.658

s +658
. (B.10)

The solution of the optimisation problem given by the Robust Control Tool-

box of Matlab, after a appropriate simplification of the high-frequencies poles,

returns the following controllers

Gc5 = 880.85
(s +1.6)(s +0.682)

(s +0.144)
(
s2 +52.55s +1376

) , (B.11)

Gc6 = 873.24
(s +1.61)(s +0.658)

(s +0.144)
(
s2 +48.73s +1180

) . (B.12)

Finally Fig. B.2 shows the performances index in frequency domain obtained with

the controllers Gc5 and Gc6 . The step and steady state response requirements are

compared with the results obtained with the proposed controllers. Their value

are listed in table B.3.
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Figure B.2 Performances in frequency domain.

Required Joint 5 Joint 6 Unit

e∆Fc 5 3.7 3.7 N

∆Fcd p 10×10−3 5.93×10−3 5.95×10−3 N

∆Fcd s 10×10−3 4.49×10−5 3.75×10−5 N

tr 0.5 0.129 0.134 s

ts,2% 1.5 1.440 1.461 s

ŝ 15 13.0 13.7 %

Table B.3 Inner force loop steady state and step response.

B.2 OUTER POSITION LOOP

As demonstrated in section 3.2.2 to guarantee the stability of the outer loop KP

and KD have to be symmetric and positive definite. In the experiments described

in section 3.3 their value is selected as

KP =
[

225 0

0 225

]
, KD =

[
21.21 0

0 21.21

]
. (B.13)



APPENDIX C

SOFTWARE ARCHITECURE

The software architecture developed for this application is based on National

Instrument CompactRIO system which consists of a processor running a Linux

real-time operating system and a chassis that contains a user-programmable

FPGA. On the FPGA the low level control logic and communication protocol

are implemented, using external modules, to read sensors data and send the

actuators command. FPGAs allow managing hard real-time tasks thanks to

their ability to solve most operations in a single clock cycle. Furthermore, this

technology allows hardware reconfiguration that, in the development phase, pro-

vides the necessary flexibility to perform changes in the hardware architecture,

such as adding sensors measurement or implementing different communication

protocols.

The magnetic absolute encoders described in appendix A.3 transmit data

through BiSS-C, a serial point to point communication protocol. Since the

point to point communication requires a cable for each node in the network,

the encoder’s data are acquired by a Texas Instrument Tiva C microcontroller

with a sample rate of 16667 Hz to avoid to wire up a cable for each encoder

along the whole robot structure. The acquired data are filtered and processed

to numerically estimate the joint velocity. The microcontrollers are connected

in daisy chain and transmit the joint position and velocity to the FPGA of the

CompctRIO through a CAN Bus.
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A second and independent CAN Bus is implemented to establish the com-

munication with the motor drivers. In this case the standard CANopen protocol

is employed to read the motor states and send the commands.

The force sensors described in appendix A.2 return analog signals which are

read by the FPGA with a sample rate of 5000 Hz

The proposed control algorithm runs on the real-time processor at a fre-

quency of 200 Hz. The real-time target manages the communication with both

the FPGA and the host PC where a graphical user interface is implemented to

drive the robot and log the data. Figure C.1 shows a schematic of the software

architecture employed in this work.

Figure C.1 Software architecture schematic.
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