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Introduction

An irreducible holomorphic symplectic (IHS) manifold is a compact, simply connected
complex manifold X whose space of holomorphic 2-forms has complex dimension one,
being generated by a symplectic (nowhere degenerate) form wx; IHS manifolds have
been introduced by Beauville [6] as one of the blocks appearing in the decomposition
theorem of Kéhler manifolds with trivial canonical bundle. The smallest THS manifolds
are K3 surfaces, whose rich geometry has been studied for more than a century. On the
second integral cohomology of K3 surfaces there is an interplay of two structures: the cup
product, which is bilinear and nondegenerate, gives a lattice structure H?(X,Z) ~ A, the
same for any K3 surface up to isometries; on the other hand, the Hodge decomposition on
H?(X,C) gives H?(X,Z) a pure weight 2 Hodge structure. The geometry of X is encoded
in the relation between these two structures: once we fix a marking o : H*(X,7Z) ~ A we
can parametrize K3 surfaces through the period map which, roughly speaking, maps each
X to the image of its symplectic form wx via the marking in the lattice A; the Torelli
theorem for K3 surfaces states that X and Y are isomorphic if and only if H?(X,Z) and
H?(Y,7) are Hodge isometric, i.e. they are isomorphic both as lattices and as Hodge
structures; moreover, it allows us to tell if an isometry of the lattice A comes from an
automorphism on X just by looking at its action on the Hodge structure.

All of this can be generalized to higher dimensions: if X is an THS manifold of dimension
2n > 2, the role of the cup product is taken by the Beauville-Bogomolov-Fujiki form,
which gives again to H?(X,Z) a lattice structure invariant by deformation [6], [25]; there
is a period map, and a Torelli theorem holds [93], [42], [47]. Moreover, in recent years it
has been found that these results can be generalized if we allow some mild singularities
[50] [4]; many definitions of singular analogues to THS manifolds have been proposed
[79], and the theory of symplectic varieties has become its own research subject.
Indeed, one particular issue with THS manifolds is that there are very few examples: in
every dimension, one has two deformation classes, K3/" and Km,,, already described in
the same paper by Beauville in which the concept of IHS manifold was introduced; other
than these, there are only two known examples, of dimension 6 and 10, discovered by
O’Grady [76], [75]. It is unknown if this list is complete, but no other smooth example has
been found yet, despite the numerous attempts: to extend the theory of IHS manifolds
to singular examples seems therefore a logical step forward.



One way to obtain new symplectic varieties is to take quotients by symplectic auto-
morphisms: an automorphism « of X is symplectic if a*wy = wx. On K3 surfaces,
symplectic automorphisms fix only points: therefore, if a finite group G acts symplect-
ically on X, the quotient X/G is a singular surface that always admits a K3 surface as
resolution of the singularities; the moduli spaces of K3 surfaces with a given symplectic
action of GG, and K3 surfaces which arise as a quotient by such action, are in bijection
[71]. If X is an THS manifold of higher dimension, the codimension of the fixed locus of
a symplectic action can vary, and the quotient X /G does not always admit a symplectic
resolution of the singularities: the terminalization Y - X /G produces, in general, a
symplectic variety [24].

Using quotients, one can also define symplectic automorphisms on some symplectic vari-
eties: indeed, if H C G is a normal subgroup, the terminalization of X/H admits a
symplectic action of G/H. However, this obviously requires G be non simple, and in the
literature we find the description of the induced action of G on the cohomology of an
IHS manifold only if G' has prime order (see for instance [32], [26] for K3 surfaces; [56],
[49], [43] for higher dimensions).

In this thesis, we study the first cases of non simple symplectic actions on IHS manifolds:
we describe the action of a group G of order 4, both Z/47Z and (Z/2Z)?, on K3@-type
manifolds. This action is always standard, i.e. it behaves in cohomology as the induced
action of G on S'?, the Hilbert scheme of two points on a K3 surface S that also admits
a symplectic action of G [39]. Therefore we begin by providing, in the first chapters,
a complete account of the symplectic action of G on a K3 surface S: in particular, we
give a lattice-theoretic characterization of the intermediate quotient surface Z, i.e. the
resolution of the singularities of S/i, with ¢ € G an element of order 2, and compare
its moduli space to that of S and the resolution of the singularities of S/G. In the
projective case, these moduli spaces are not irreducible: the many different irreducible
components of the moduli spaces of S and the resolution of the singularities of S/G are
still in bijection, but this does not extend to Z.

We then apply our knowledge of the action of G on K3 surfaces to K3[2-type manifolds.
If X is a K32-type manifold with a symplectic action of G the role of the intermediate
quotient surface is taken by the Nikulin orbifold Y, the symplectic variety that arises as
partial resolution of the quotient X /i, whose BBF-form was first described in [48]: we
establish the correspondence between the moduli spaces of X with a symplectic action of
G and Y in the projective case, and we describe the two induced involutions on Nikulin
orbifolds. Moreover, we give lattice theoretic conditions under which each of these
involutions persist under deformations Y of Y: unlike what happens with THS manifolds,
the co-invariant lattice {2 admits more than one primitive embedding in H? (17, Z) with
the same orthogonal complement, and the involution exists on Y only for a specific one
of them.

What has been described above is the core material of the thesis. Moreover, the reader
will find two chapters in which we explore the relation between manifolds with the
same transcendental sublattice T'(X) C H?(X,Z). The interest in this topic stems from



the fact that, by Lefschetz’s theorem, algebraic classes are identified with H!(X) N
H?(X,7): therefore, the Hodge structure on H?(X,Z) which, as we already alluded to,
is what encodes most of the geometric information, is always trivial on the algebraic
sublattice, but not on the transcendental T'(X) := (H"(X) N H*(X,Z))* .

In chapter four we study how to define an analogue to Shioda-Inose structures for sym-
plectic automorphisms of order 4: given any abelian surface A, if X is a K3 surface such
that 7'(X) and T'(A) are Hodge isometric then X has a symplectic involution ¢ such that
the resolution of the singularities of X /v is isomorphic to Kum(A) (and the converse
also holds) [63]. We prove that, if A has a symplectic automorphism of order 4, the same
condition on transcendental lattices is not enough to get a symplectic action of a group
of order 4 on a K3 surface X: finding that it is not possible to fully extend the classical
construction, we propose some partial generalizations. The last chapter presents a joint
work with Angel David Rios Ortiz, about IHS manifolds whose transcendental lattice is
Hodge isometric to that of a K3 or an abelian surface, and whether they are biration-
ally equivalent to moduli spaces over said surfaces or not. We find that this holds if X
is an IHS manifold of K3[-type or Km,-type, but not always if X is of OG6-type or
OG10-type: in these cases, we give some partial results using lattice theory.

X X X

Chapter 1 is devoted to preliminaries: we introduce irreducible holomorphic symplectic
manifolds and recall the results on lattice theory, moduli spaces and symplectic auto-
morphisms that are needed in the rest of the thesis.

In Chapters 2 and 3 we study the symplectic action of a group of order four G on
a K3 surface X, Z/4Z and (Z/27)? respectively, following the same steps employed for
symplectic actions of order 2 and 3 in [32], [26]. The main results of these two chapters
are the lattice-theoretic characterization of Z, the resolution of the singularities of the
intermediate quotient surface X /i, and the comparison between its moduli space and
those of X and Y, the minimal resolution of X /7. In particular, we know from [71] that
Z, admitting a symplectic involution and being itself the resolution of a quotient by a
symplectic involution, has to admit a primitive embedding in its Néron-Severi lattice of
both the lattices 757 and My o7 (the first characterizes K3 surfaces with a symplectic
involution, the second those that are the quotient of one); however, they cannot be in
direct sum in NS(Z) because of their rank: we find the lattices that characterize Z,
which are negative definite of rank 14 and 12, the same as the lattices that characterize
X with a symplectic action of Z/4Z and (Z/2Z)? respectively.

To describe the action of G on the second integral cohomology of a K3 surface, we use
a K3 surface X with high Picard rank and a Jacobian fibration 7 : X — P! such that
MW (m) ~ G: the resulting description on H?(X,Z) holds actually true for any K3
surface thanks to [7T1, Thm. 4.7]. We then study the maps induced in cohomology by
the rational quotient maps X --» Z, X --» Y, Z --» Y, and give our lattice-theoretic
characterization of Z.

The moduli space of projective K3 surfaces with a symplectic action of G splits in
irreducible components (here called projective families), and there is a bijection between



projective families of X and Y. However, this bijection does not extend to projective
families of Z, and we find different phenomena: either two families of X and Y collide
on the same family of Z, or (only if G is not cyclic) there can be up to three different
families of Z associated to the same family of X and Y.

The correspondence between projective families and the knowledge of the maps induced
by the rational quotients also allows us to find explicit examples of X and its quotients
in projective spaces of small dimension.

Chapter 4 represents the first detour from the main stream of the thesis.
Shioda-Inose structures relate Abelian and K3 surfaces admitting a symplectic involu-
tion: by [63, Thm. 6.3], for every abelian surface A, if X is a K3 surface such that there
is a Hodge isometry T'(A) ~ T(X), then X is a (rational) double cover of Kum(A). In
this chapter, we study the action of a symplectic automorphism of order 4 o on H?(A, 7Z)
and explore possible generalizations of Shioda-Inose structures.

We find however that if A has a symplectic automorphism of order four and T'(A4) ~
T(X), X does not in general admit a symplectic action of a group of order four G, such
that X/G is birational to Kumy4(A): we therefore propose two different generalizations
of Shioda-Inose structures. Strong structures are triples (X, A, 7), with A as above and
T a symplectic automorphism of order four on X that acts as a cycle on four copies of
the lattice Dy in N.S(X), such that the resolution of the singularities of X /72, X/7 are
Kum(A), Kumy(A) respectively: they are a true generalization of Shioda-Inose struc-
ture, because T'(A) ~ T'(X), but they do not exist for any A (it depends on the lattice
structure of T'(A)). Weak structures are triples (X, A,7), with 7 a symplectic auto-
morphism of order four on X that acts as a cycle on four copies of the lattice D4 in
NS(X), such that the resolution of the singularities of X/7 is Kumy(A): these exist
for any choice of A with a symplectic automorphism of order 4, but T(A) does not
uniquely determine 7'(X). However, we're still able to give a correspondence between
the transcendental lattices.

In Chapter 5 we move from K3 surfaces to K3[2-type manifolds. Thanks to the classi-
fication of finite symplectic actions of [39], we know that a symplectic action of a group
of order 4 G on a K3[Z-type manifold X is always standard, meaning that a pair (X, G)
can be deformed to a natural pair (S, @), where the action of G is induced from that
on S. This means not only that the action on H?(X,Z) depends only on G, but also
that the locus of points of X with non-trivial stabilizer is homeomorphic to that of the
natural pair.

We start with the classification of the projective families: thanks to the standardness of
the action, for every K3[2-type manifold X with a symplectic action of G there exists
a K3 surface S with the same action such that N.S(X) ~ NS(S); however, unlike what
happens for S, T'(X) is not (in general) uniquely determined by NS(X). For some of
the families we found we are also able to describe the general member (that the cor-
responds to a general point in the moduli space): either as Fano manifold over a cubic
fourfold, or as Hilbert scheme of two points of a quartic surface with a mixed (partially
non-symplectic) action of G, or as double cover of a cone over P? x P2,



We then turn our attention to Nikulin orbifolds and their deformation class: if X ad-
mits a symplectic action of G, and ¢ € G is an element of order 2, then the Nikulin
orbifold Y obtained as terminalization of X /i admits a symplectic involution induced
by the quotient G/i. The two groups of order four induce two very different involutions
on Y: indeed, we can see from the action on X that the one induced by Z/47 fixes
only points on Y, while the locus of the one induced by (Z/27Z)? has codimension 2.
We describe the action of these involutions on H?(Y,Z), using the quotient maps in-
troduced in the second and third chapters. We then prove that our involutions extend
to any Nikulin-type orbifold that satisfy a given lattice-theoretic condition: differently
than what happens on the known irreducible holomorphic symplectic manifolds, it is not
enough that a Nikulin-type orbifold Y be polarized with the correct anti-invariant lat-
tice €, for it to admit a standard involution ¢, but there is also a gluing datum between
invariant and co-invariant lattices that has to be respected, i.e. a condition on the em-
bedding Q, — H*(Y,Z).

We conclude with the lattice-theoretic classification of projective Nikulin orbifolds Y
that are terminalization of X/i, where X is a K3[2-type manifold with a symplectic
action of a group of order 4 GG, and i € G is an element of order 2, therefore completely
describing the correspondence between the moduli spaces of X and Y. After noticing
that standard involutions on Nikulin-type orbifolds commute with the non-standard in-
volution described in [52], we classify also projective Nikulin-type orbifolds that admit
a mixed action of (Z/27Z)%, where one of the generators is standard, and the other is
not.

Chapter 6 presents a joint work with Angel David Rios Ortiz: in Chapter 4 we discussed
K3 surfaces whose transcendental lattice is isometric to that of an abelian surface. In
this chapter, we discuss irreducible holomorphic symplectic manifolds that share the
transcendental lattice of an abelian or K3 surface: in particular, we’re interested to find
whether or not such a manifold X is birationally equivalent to a moduli space over the
corresponding surface.

We prove that if X is a manifold of Km,-type, T(X) ~ T(A) if and only if X is
birationaly equivalent to a moduli space on an abelian surface A, and an analogous result
holds with X is a K3[™-type manifold and S a K3 surface such that T'(X) ~ T(S). If
X is of OG6-type or OG10-type however, the condition on the transcendental lattices is
not enough, and lattice theory is needed. We give lattice-theoretic criteria and construct
many examples of Hodge structures of manifolds in O’Grady’s families which have the
same transcendental lattice of symplectic surfaces but do not arise as resolution of the
singularities of a moduli space. We highlight the very different behavior of those that
which are or aren’t moduli spaces, and we point out connections with the non-modular
construction of O’Grady’s 10 dimensional example due to Laza-Sacca-Voisin [44].
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Chapter 1

Preliminaries

1.1 An overview on IHS manifolds

Irreducible holomorphic symplectic (IHS) manifolds appear as building blocks of com-
pact complex Kahler manifolds with trivial canonical bundle, which by Yau’s solution
to Calabi conjecture are exactly those that admit a Kéhler metric with trivial Ricci
curvature: the scope of the interest in this class of manifolds therefore extends not only
to algebraic geometry, but also to differential geometry and theoretical physics.

Theorem 1.1.0.1 ([0, §5]). Let X be a compact Kihler manifold with vanishing first
Chern class: then there exists a finite étale covering of X isomorphic to the product
T x [[Vi x |1 X;, where T is a complex torus, V; are irreducible Calabi-Yau manifolds,
and X; are IHS manifolds.

Definition 1.1.0.2. A Calabi-Yau manifold is a smooth Kéhler manifold Y that is compact
and simply-connected and whose canonical bundle is trivial, such that h*°(Y) = 1 only
for i € {0,dimc(Y)}, and 0 otherwise.

Definition 1.1.0.3 ([34, Def. 21.1]). An IHS manifold is a Kéhler manifold X that is
compact and simply connected, such that H*?(X) is generated by a symplectic form,
i.e. a nowhere degenerate holomorphic 2-form wy.

Definition 1.1.0.4. A deformation of X is a smooth proper morphism X — B where X
is smooth and B is connected, and a distinguished point 0 € B such that A ~ X.

A deformation X — B of X is called universal if any other deformation X’ — B’ is
isomorphic to the pull-back under a uniquely determined morphism 3 : B’ — B with
B(0) = 0. The universal deformation family is unique up to isomorphisms, if it exists,
and it will be denoted by X — Def(X).

Theorem 1.1.0.5 ([34, Prop. 23.14]). Let X be an IHS manifold of dimension 2n.
There exists a quadratic form qx on H*(X,C) and a unique constant cx € Qsq such
that

10



1. for all @ € H*(X,C), it holds [y o®" = cxqx(a)";

2. the form qx is a primitive integral quadratic form on H?*(X,7Z).
Proposition 1.1.0.6 (|34, Lemma 22.9, Cor. 23.11]). Some properties of qx:

1. it is invariant under deformations;

2. it holds qx(wx) =0, gx(wx +wx) > 0;

3. it has signature (3,b2(X) — 3) on H?(X,R);

4. it is positive definite on Kdihler classes and on (H*°(X)® H*?(X)) ® R.

Few examples of IHS manifolds are known. There are two classes for each dimension
2n, n € N, already described by Beauville [6, §6-7]: K3["-type manifolds, deformation
equivalent to the Hilbert scheme of n points on a K3 surface, and Km,,-type manifolds,
deformations of the n-th generalized Kummer variety of an abelian surface. Every at-
tempt to find new examples of IHS manifolds has produced elements in these two classes,
with the exception of two examples, of dimension 6 and 10 respectively, constructed by
O’Grady as a symplectic resolution of some singular moduli spaces of semistable sheaves
on an abelian surface or on a projective K3 surface ([76], [75] respectively): their de-
formations are called OG6-type and OG10-type manifolds.

Ezample 1.1.0.7. Let S be a K3 surface. The Hilbert scheme of n points S is the
moduli space of subschemes of S of dimension 0 and length n. We can construct it as
resolution of the singularities of the symmetric product Sym”(S) via the Hilbert-Chow
morphism [22, Cor. 2.6]. Indeed the number of times a point p € S appears in a given
Z € S is determined by dimcQz,y, so we can define the cycle

n times

_SxSx-- xS
B Sym(n)

2] = dimcOgp-p € Sym™(S) :

peES

and the Hilbert-Chow morphism S — Sym™(S), Z + |Z|. If X is an THS manifolds,
and there exists a K3 surface S such that X is deformation equivalent to S, we call
X a K3[-type manifold.

Example 1.1.0.8. Let A be an abelian surface: if we compose the Hilbert-Chow morphism
with the sum operation s in A, we get the map

¢ AP Symntl(4) — A
Z — |Z| > D eadimcOzy

The fiber over 0 of the map ¢ defined above is the n-th generalized Kummer variety
Km,(A). If X is an IHS manifolds, and there exists an abelian surface A such that X
is deformation equivalent to Km,,(A), we call X a Km,-type manifold.

The manifold Km,(A) is birational to the quotient variety A™/Sym(n + 1): indeed,
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points (a1, ...,an+1) € s71(0) satisfy the relation apy1 = — > 1, a;, so s71(0) =~ A"
the action of Sym(n+1) is naturally induced by the one on A"*!. If n = 2, the quotient
A%/Sym(3) is singular along a surface A isomorphic to A, which contains 81 “more
singular” points, image in the quotient variety of the set Az = {(a,a) € Ax A |3a = 0};
the singularity of A2/Sym(3) are resolved by a P!-bundle over A \ A3, and over each
point of A3 a surface isomorphic to the cone in P* described by the equations {wows =
w, wows = wiws, wWiws = w3 }.

1.2 Lattice theory

In this section, we're going to recall some fundamental results on lattices and discrimi-
nant forms; most of them are due to Nikulin, and are exposed in [72] §1].

Definition 1.2.0.1. An even lattice is a free Z-module S of finite rank, equipped with a
nondegenerate quadratic form ¢ : S — 2Z. Working in characteristic different than two,
this is equivalent to an integral nondegenerate bilinear symmetric even form b : S x .S —
Z; we will refer to b as intersection form of S. The discriminant d(S) is defined as
|det(B)|, where B is any matrix that represents b.

An isomorphism between lattices (or isometry) is an isomorphism of Z-modules that
preserves the intersection form. Denote O(S) the group of isometries of S into itself.

Example 1.2.0.2. The lattice U is the unique even unimodular lattice of rank 2. The
ADEF lattices are the negative definite even lattices whose Gram matrix is the Cartan
matrix of the Dynkin ADFE diagrams: each vertex has self-intersection —2, and two
verteces have intersection 1 if they are adjacent, 0 otherwise.

A,: a1—as—...—ap D,: do—ds—...—d,
Qi
E,: e—es—es—e5—eg—...—ey,
6‘1

Ezample 1.2.0.3. The quadratic form ¢x in Theorem is known as the Beauwville-
Bogomolov-Fugiki form on X. The integrality of ¢x gives to H?(X,Z) a lattice structure
that depends only on the deformation type, and that has been determined in [6], [84],
[85]: the results are summarized in the following table.
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X | dim(X) | by(X) (H*(X,Z), qx)
K3 on 23 | Agam =UP @ EP? @ (—2(n - 1))
Km,, 2n 7 Akm, = U @ (-2(n + 1))
0G6 6 8 Aoge 1= UD3 @ (—2)®2
0G10 10 24 Aogio == U @ EP? @ Ay

Definition 1.2.0.4. Define in particular the K3 lattice Axz = U®? @ E§52. For any
K3 surface X, the second integral cohomology group H?(X,Z) equipped with the cup
product H2(X,Z) x H*(X,Z) — H*(X,Z) ~ 7Z is isometric to the K3 lattice.

Definition 1.2.0.5. Let X be an IHS manifold. Define the Néron-Severi lattice NS(X) =
HYYX)N H?(X,Z). Define the transcendental lattice T(X) its orthogonal complement
in H2(X, 7).

Remark 1.2.0.6. 1. The Néron-Severi lattice is the image of the first Chern class ¢y :
Pic(X) — H?(X,7Z): therefore it holds rk(NS(X)) = p the Picard rank of X.

2. Since HY(X) is orthogonal to H?%(X)® H%?(X) with respect to the cup product
of H?(X,C), T(X) is the smallest sublattice of H?(X,Z) containing wx.

Remark 1.2.0.7 (|71}, §3.2]). Let X be an IHS manifold, A ~ H?(X,Z). The following
cases are possible:

1. NS(X) is nondegenerate of signature (1,p — 1) and 7'(X) is nondegenerate of
signature (2,rk(A) —2 — p): in this case, X is projective.

2. NS(X) has a one-dimensional kernel K7, and NS(X)/K; is negative definite of
rank p — 1; then, also T'(X) has a one-dimensional kernel Ks, and T(X)/K> has
signature (2,rk(A) —3 — p).

3. NS(X) is nondegenerate and negative definite and 7°(X) is nondegenerate of si-
gnature (3,rk(A) —3 — p).

Definition 1.2.0.8. Let S be an even lattice: define the dual lattice S* ={xz€ SR Q |
Vs e S, bg(z,s) € Z } where by denotes the Q-linear extension of b.

Denote discriminant group of S Ag == S*/S, where S — S* via s + b(s,—): it is a
finite group of cardinality d(S). An invariant of the discriminant group is its length ¢,
that is defined as the minimum number of generators of Ag; we are going to write

A(S) = AMAg) = (n1,n2,...,1n)

if the first of the generators in a set that satisfies the minimum has order ni, the second
no and so on, with n; < ne <,..., < ny.
Define the discriminant (quadratic) form qs : As — Q/2Z, induced on Ag by the
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quadratic form ¢ of S. A subgroup H C Ag is said to be isotropic if it is annihilated by
the discriminant form ¢g.

Definition 1.2.0.9. Two torsion quadratic forms ¢,§ defined on a finite abelian group
G are isomorphic (or equivalent) if there is an automorphism 7 of G such that ¢(z) =
q(y(z)) for every x € G.

Proposition 1.2.0.10. Two torsion quadratic forms defined on a finite abelian group
G are isomorphic if and only if for every prime p they are p-equivalent, i.e. equivalent
when restricted to the mazimal p group A, contained in G.

The criteria for p-equivalence of torsion quadratic forms are given in [72), §1.7-9] and in
[54, §IV]. In particular, we refer the reader to Lemma 1.4, Cor. 2.5, Prop. 3.2 of the
latter. Moreover, one can compare two torsion quadratic form by their normal form
decomposition.

Proposition 1.2.0.11 ([54, Prop. IV.2.4, Prop. IV.4.8]). Ifp is odd, any nondegenerate
torsion quadratic form on a finite abelian p-group has a unique normal form decompo-
sition. On a finite abelian 2-group, every torsion quadratic form has a unique normal
form decomposition. Two torsion quadratic forms are equivalent if and only if they share
the same normal form.

Definition 1.2.0.12. The genus of a lattice S is the set of all lattices with the same
signature of S and discriminant form equivalent to ggs.

Remark 1.2.0.13. Lattices in the same genus may not be isomorphic: for instance, this
applies to the (negative definite) lattices N @ Eg and Ko (see Proposition 4.2.1.2]).

1.2.1 Overlattices and primitive embeddings

Definition 1.2.1.1. An embedding of (even) lattices (.5, q) < (M, q) is an injective homo-
morphism of Z-modules such that ¢(c(s)) = ¢q(s) for all s € S. In this case, we say that
M is an overlattice of S. An embedding is primitive if M/i(S) is free; an overlattice
is of index n if M/u(S) is a (abelian) group of order n, and it is a cyclic overlattice if
M/u(S) is cyclic. Given an embedding (.5, q) < (M, q), the primitive saturation of S is
the smallest overlattice of ¢(S) that is primitive in M.

Remark 1.2.1.2. Let M be an overlattice of index n of S. The discriminant of M is
related to that of S by
d(S)/d(M) = n?.

Theorem 1.2.1.3 ([72, Prop. 1.4.1.a)]). Let S be an even lattice, let M be an overlattice
of finite index of S, let Hyy = M/S. The correspondence M — Hy; determines a
bijection between overlattices of finite index of S and isotropic subgroups of Ag.

Definition 1.2.1.4. Two embeddings S < M, S < M’ are isomorphic if there is an
isometry between M and M’ that restricted to S is the identity.
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Two overlattices of finite index of S, Q and Q' are isomorphic if there is an isometry
a € O(S) that extends Q-linearly to an isometry between @ and Q.

Theorem 1.2.1.5 ([72, Prop. 1.6.1]). A primitive embedding of an even lattice S into
an even unimodular lattice L, in which the orthogonal complement of S is isomorphic
to K, is determined by an isomorphism « : Ag — A for which the discriminant forms
satisfy qx oy = —qs. Two such isomorphisms v and ~' determine isomorphic primitive
embeddings if and only if they are conjugate via an automorphism of K.

Corollary 1.2.1.6. Let L, S and K be as in Theorem|1.2.1.5. The isomorphism classes
of overlattices Q of S® K in L, such that Q/(S @ K) is cyclic, are in bijection with the
isometry classes for the action of O(S) induced on Ag (equivalently on Ak wvia 7).

Proof. Using the notation of the previous theorem, fix the isomorphism v : Ag ~ Af;
let s € Ag such that ¢g(s) = d € Q/2Z, let k = ~(s): then gx (k) = —d, and the cyclic
subgroup generated by s + k is isotropic in Ag @ Ak, so it determines an overlattice of
finite index @ of S @ K that is by construction a sublattice of L. Consider an isometry
a € O(S), denote @ the induced isometry on Ag, and call s = @(s): then gs(s') = d,
and B :=yoaoy ' € O(Ak), hence the subgroup generated by s’ + 3(k) determines
an overlattice of S @ K isomorphic to @) thanks to the previous theorem.

On the other hand, consider @ such that S® K — @ — L and Q/(S @ K) is cyclic:
then Q/(S @ K) is generated by an isotropic element in Agqx = Ag @ Ak, that is by
construction of the form s + k, with ¢g(s) = d = —qx (k). O

Remark 1.2.1.7. With S, K, L as above, consider a primitive sublattice H C K, with H =
(h), and suppose that h/n € K* for some integer n: then, L contains a cyclic overlattice
Q of S ® K, corresponding to the isotropic subgroup (y~'(h/n) + h/n) C Asak, as in
Corollary It contains also an overlattice R of S & H, R C @, generated over
Z by a Z-basis of S and the element (s + h)/n, where s/n is a representative in S*
of y~1(h/n) € Ag. Consider now an isometry ¢» € O(K), and let H = (H). Let
H = (h): then h/n = v (h)/n belongs to the same isometry class of h/n in Ag, and
(v~ (h/n)+h/n) is isotropic in Ag, so it defines an overlattice R of S@® H as above: the
relation between H and R consists in the fact that R is isomorphic to R as a sublattice
of L.

Theorem 1.2.1.8 ([72, Prop. 1.14.1]). For an even lattice S of signature (s4,s_) and
discriminant form qg, and an even unimodular indefinite lattice L of signature (14,1_),
all primitive embeddings of S into L are isomorphic if and only if the lattice T with
signature (I4 — s4,l_ — s_) and discriminant form qr = —qg is unique in its genus and
the homomorphism O(T) — O(qr) is surjective.

Remark 1.2.1.9. Using the notation of the theorem, if £(.S) > rk(L)—rk(S), no primitive
embedding of S in L exists: indeed, if it existed, then T would satisfy rk(T") < ¢(T),
which is impossible.
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We are going to give some conditions on the invariants of S, L and T under which it is
possible to apply Theorem [1.2.1.8

Theorem 1.2.1.10 ([72, Thm. 1.14.2]). Let T be an even, indefinite lattice; for any
prime number p, define £, the minimum number of generators of (AT)p. Suppose the
following conditions hold:

1. for all primes p # 2, rk(T) > £y + 2;

2. ifrk(T) = o, then (A1), has discriminant form isomorphic to one of the following,
for some torsion quadratic form q':

[1?2 1(/)2] D, or [1}2 1 ] od.

Then T is unique in its genus, and the map O(T) — O(qr) is surjective.

Proposition 1.2.1.11 ([54, Cor. VIIL.7.8]). Let T' be an indefinite lattice such that
rk(T) > 3. Write Ay = Z/d\Z®, ..., ®Z/d, 7 with d; > 1 and d; | d;+1. Suppose that
one of the following holds:

1. di =dy = 2;
2. d1:2,d2:4andd3 =8 4,‘
3. dy = dy = 4.

Then T is unique in its genus, and the map O(T) — O(qr) is surjective.

Theorem 1.2.1.12 ([63, Thm. 2.8], after [72, Thm. 1.14.4]). Let S be an even lattice
of signature (s4,s_) and discriminant form qs, and L an even unimodular lattice of
signature (l4,1-). Suppose that s; < Iy, s— < I_, U(S) < rk(L) — rk(S) —2. Then
there exists a unique primitive embedding of S into L.

Corollary 1.2.1.13 ([72, Rem. 1.14.5]). If Ag ~ (Z/27)3 © A’, the conditions of the
previous theorem are satisfied.

The following theorem describes primitive embeddings when the ambient lattice is not
unimodular.

Theorem 1.2.1.14 ([72, Prop. 1.15.1]). The primitive embeddings of a lattice S with
signature (sy,s—) and discriminant form qg into an even lattice M with signature
(m4,m_) and discriminant form qyr are determined by the sets (Hg, Hpar,7y, T, V1),
where:

1. Hg C Ag and Hyy C Apy are subgroups and v : qs|gg — qur|H,, s an isomorphism
of the subgroups, preserving the restrictions of the forms;

2. T, which will be the orthogonal complement to S in M, is an even lattice with
signature (m4 — s4,m—_ — s_) and discriminant form qr;
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3. yr ¢ qr — —0 is an isomorphism of discriminant forms, where 6 ~ ((qs ®
—qum)|pe)/T, T'= Hg & Hyy (notice that (qgs & —qur)|r = 0 by choice of ).

Two such sets, (Hs, Hyr,y, T,yr) and (Hg, Hy;, v, T',yr) determine isomorphic pri-
mitive embeddings if and only if Hg ~ Hg and there exist & € O(Ay) and ¢ : T — T’
isometries for which v' = £ o~ and € o yp = ~yp 0, where € is the isomorphism of
discriminant forms § and &' induced by id® &, and ¥ is the isomorphism of discriminant
forms qr and qp induced by .

1.3 Moduli spaces and Torelli theorems

As the lattice structure on the second cohomology group of an IHS manifold is invariant
under deformation, to distinguish between non-isomorphic manifolds of the same defor-
mation type we have to compare their Hodge structure: to parametrize IHS manifolds
deformation equivalent to X we use their period, which is ultimately determined by wx.
Indeed, recall from Remark that the Hodge structure on N.S(X) is trivial, while
that on T(X) is determined by wx, the generator of H>?(X).

Definition 1.3.0.1 (see [41, Def. 3.2.3], [I8, Def. 4.1]). A pure integral Hodge structure
V' is said to be of K3-type if V' has weight two and

dimg(V?%) =1 and VPl =0 for [p—gq|>2.

A Beauville-Bogomolov form on V is a non-degenerate quadratic form ¢ on V that
induces a morphism of integral Hodge structures ¢ : V ® V' — Z and is positive definite
on the real part of V20 @ V02,

A Hodge isometry is an isomorphism of Hodge structures of K3-type which is an isometry
with respect to their Beauville-Bogomolov forms.

Example 1.3.0.2. - If X is a IHS manifold, then H?(X,Z) endowed with its Beauville-
Bogomolov form is a Hodge structure of K3-type. The transcendental lattice T'(X)
with the restriction of the Beauville-Bogomolov form is also a Hodge structure of
K3-type.

- Let A be an abelian surface, then H?(A,Z) endowed with the cup product is a Hodge
structure of K3-type whose lattice structure is H%(A,Z) = U%3. The transcendental
lattice T(A) = NS(A)+ with the restriction of the cup product is also a Hodge struc-
ture of K3-type.

- Let Y C P° be a cubic fourfold, h € H?(Y,Z) the hyperplane class. Then H

prim(Y') Z) =
(h2)lH *(2) endowed with the cup product is a Hodge structure of K3-type: its lattice
structure is H;lrim(Y, Z) = U%? @ E$? © Ay. The transcendental lattice Hp.(Y,Z) :=
(H?2(Y) ﬂngim(Y, 7))+ with the restriction of the cup product is also a Hodge struc-

ture of K3-type.

Definition 1.3.0.3 ([34, Def. 25.4]). A marked THS manifold is a pair (X, ¢) where ¢ is
an isometry between H2(X,Z) and a given lattice A. Define M, the set {(X, )}/ ~ of
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marked THS manifolds, where (X, ¢) ~ (X', ¢') if and only if there exists an isomorphism
f:X — X' such that f*=p toy.

Remark 1.3.0.4. Given X — B a flat deformation of the marked IHS (X, ¢), there exists
a neighborhood of 0 and a family of markings &, : X; — A such that ¢ = &p. In
particular, this holds for the universal deformation X — Def(X) (see Definition|1.1.0.4).

Definition 1.3.0.5 ([34, Def. 25.3]). Let A be a given lattice of signature (3,rkA — 3).
Define the period domain

OQy={2ePA®C) | (z,x) =0, (x,T) > 0},

so it is an open subset of a smooth quadric hypersurface in P(A ® C). By Theorem
1.1.0.5, given X and IHS manifold and ¢ : H?(X,Z) — A a marking, we can define the
period map

P (X, 0) = o(H**(X)) = p(Cwx).

Theorem 1.3.0.6 ([0, Thm. 5]). Let (X,y) be a marked IHS manifold. The period
map P : Def(X) — Qn is a local isomorphism.

Remark 1.3.0.7. Notice that Q, has complex dimension rk(A) — 2 = hY1(X): by the
Theorem above, M has the same dimension.

Theorem is known as the local Torelli theorem for IHS manifolds. A global
Torelli theorem holds for K3 surfaces, and a weaker version also holds for IHS manifolds;
moreover, similar statements hold for complex tori of dimension 2 (abelian surfaces if
projective) and cubic hypersurfaces in P5. We collect here the Torelli theorems for
smooth manifolds we’re going to refer to in this work.

Theorem 1.3.0.8 (Torelli theorem for K3 surfaces, [41l, Thm. 5.3]). Two complex
K3 surfaces X and Y are isomorphic if and only if there exists a Hodge isometry f :
H?(X,7) — H?(Y,Z). Moreover, for any Hodge isometry f : H*(X,7) — H?(Y,7)
that maps some Kdhler class on X to a Kahler class on Y, there exists a (unique)
1somorphism f 1Y = X, such that f = f*

Lemma 1.3.0.9 ([74, Prop. 1.6.2]). If two IHS manifolds X andY are bimeromorphic,
then there exists a Hodge isometry H*(X,Z) “pag H*(Y,Z). In particular their tran-
scendental lattices are Hodge isometric.

Definition 1.3.0.10 ([47, Def. 1.1]). Let X and Y be IHS manifolds, which are defor-
mation equivalent. A lattice isometry f : H?(X,Z) — H?(Y,Z) is a parallel trans-
port operator if there exists a smooth and proper family 7 : X — B and a continu-
ous path 7 : [0,1] — B such that X ~ X ) and Y ~ X,y and f is induced by
parallel transport in the local system R?m,Z along . A parallel transport operator
f:H*(X,Z) — H*(X,Z) is called a monodromy operator of X.

Theorem 1.3.0.11 (Torelli theorem for IHS manifolds, [47, Thm. 1.3]). Let X and Y
be ITHS manifolds which are deformation equivalent.
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1. X andY are bimeromorphic if and only if there exists a parallel transport operator
f:H*(X,Z) — H%*(Y,Z), which is an isomorphism of integral Hodge structures.

2. Let f : H*(X,Z) — H?*(Y,Z) be a parallel transport operator, which is an iso-
morphism of integral Hodge structures. There exists an isomorphism f:Y — X,

such that f = f*, if and only if f maps some Kdhler class on X to a Kdhler class
onY.

Remark 1.3.0.12. Monodromy operators have been characterized for all known deforma-
tion types of IHS manifolds: see [47] for K3[-type and [59] for Km,-type manifolds,
[60] for OG6-type and [77] for OG10-type manifolds.

Remark 1.3.0.13. Consider the map ¢ : Aut(X) — O(H?*(X,Z)), f + f*. Thanks
o [38, Thm. 2.1], the kernel of this map is invariant by deformation, so the following
results extend to the respective deformation type.

- if X = Sl with S a K3 surface, then then ker(¢)) = idx [7, Prop. 10];

- if X = Kmy,(A), ker(v)) = Aln]x(—id), where A[n] ~ (Z/nZ)* is the group of n-torsion
points of A [14, Cor. 5];

- if X = Koy (A, H) (OG6-type), ker(v)) = (A[2], AV[2]) ~ (Z/27)8, the group generated
by two-torsion points in A x A [62, Thm. 5.2];

- if X = My, (S, H) (OG10-type), ker(1) = idx [62, Thm. 3.1).

Theorem 1.3.0.14 (Torelli theorem for abelian surfaces, [91, Thm. 1]). Let X,Y be
complex tori of dimension 2 such that there exists an isometry ¢ : H*(X,Z) — H*(Y,Z)
of determinant 1, such that wx o ¢ = cwx (i.e. @ preserves the periods) for some
constant c. Then ¢ is induced by an isomorphism f :Y — X. If det(¢) = —1 instead,
then f:Y — XV.

Theorem 1.3.0.15 (Torelli theorem for cubic fourfolds, [95]). Let X,Y C P° be smooth
cubic fourfolds such that there exists a Hodge isometry ¢ : H*(X,Z) — H*(Y,Z) pre-
serving h?, where h € H*(Y,Z) is the hyperplane class: then ¢ is induced by an iso-
morphism f:Y — X.

1.4 Symplectic automorphisms

Definition 1.4.0.1. An automorphism « of an IHS manifold X is symplectic if it preserves
its symplectic form, i.e. if a*wx = wy. Define Aut®(X) C Aut(X) the group of
symplectic automorphisms of X.

Consider G € O(H?*(X,Z)) be the group of isometries induced by a finite group G C
Aut*(X) via g = g*. Fix a marking ¢ : H?(X,Z) = A: then we can define the invariant
lattice A® C A and the co-invariant lattice Qg = (AG)LA. Notice that G does not, in

general, act uniquely in cohomology: to the same G may correspond more than one pair
(AGa QG)
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Proposition 1.4.0.2 (see [71, Thm. 3.1.b)]). A finite group G acts symplectically on
an IHS manifold X if and only if Qa C (NS(X)) or, equivalently, o(T(X)) C AC.

There are constraints on the invariant and co-invariant lattices for the symplectic action
of G' on THS manifolds: for K3[-type manifolds these are contained in [58]. All sym-
plectic actions on K3[-type manifolds have been subsequently classified in [39]. Sym-
plectic automorphisms of Km,,-type manifolds and their invariant and co-invariant lat-
tices are explored in [61]. On OG6-type and OG10-type manifolds all symplectic auto-
morphisms act trivially in cohomology [36], [33].

We can describe the moduli space of marked THS manifolds of a given deformation type
with a symplectic action of G via the notion of lattice polarized manifolds.

Definition 1.4.0.3 (J20}, §1]). Let M be an even lattice. An IHS manifold X is M-polarized
if there is a primitive embedding M — NS(X).

Remark 1.4.0.4. Let X be an IHS manifold and fix the marking A ~ (H?(X,Z), qx).
Let M be an even lattice: the moduli space of M-polarized IHS manifolds deformation
equivalent to X has dimension rk(A) — 2 — rk(M).

Remark 1.4.0.5. The moduli space of marked IHS manifolds of a given deformation type
admitting a symplectic action of a finite abelian group G and a polarization of degree
2d can split in irreducible components, that we’ll usually refer to as projective families
with a symplectic action of G. Each of them is determined by the Néron-Severi lattice of
its general member X, and the isomorphism class of the primitive embedding of N.S(X)
in A (see Theorem [1.2.1.14)). Since N.S(X) is an overlattice of finite index of Q¢ & (2d),
for each d one always finds a finite number of projective families.

1.4.1 On K3 surfaces

Let X be a K3 surface, and G C Aut®(X) a finite group. Since symplectic automorphisms
of K3 surfaces only fix a finite number of points [71], §5], the surface Y = X/G has only
ADF singularities, and its resolution Y is again a K3 surface.

The main result of Nikulin’s paper [71] is that there are 14 finite abelian groups which
can act symplectically on K3 surfaces, and the action of each one of these groups on Aks
is unique up to isometries [71, Thm. 4.7]. The lattices Q¢ are known for all groups G
acting symplectically on a K3 surface: see [63] and [32] for G = Z/2Z, [2§] for G = Z/pZ,
p=3,5,7, [30] for the remaining abelian cases.

The classification of finite group actions on K3 surfaces has been completed in works
of Mukai and Xiao [66], [98]. A list of all the invariant and co-invariant lattices for G
finite is provided in [37]: there are exactly five (non abelian) groups which can act in
two different ways, for all the other groups the uniqueness result still holds.

Nikulin also characterized K3 surfaces Y which are resolution of X /G, G ﬁ}lite abelian,
by the existence of a primitive embedding of another lattice Mg in NS(Y') [71]. The
first explicit description of the map that relates the lattices H2(X,Z) and H?(Y,Z) was
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given by Morrison [63] for a symplectic involution, and subsequent works by Garbagnati,
van Geemen and Sarti [32], [29] produced a complete description of the correspondence
between families of projective K3 surfaces that admit a symplectic involution, and those
that arise as resolution of the singularities of their quotient. Garbagnati and Prieto in
[26] obtained a similar result for symplectic automorphisms of order 3.

1.4.2 On K3["-type manifolds

Let S be a K3 surface with a symplectic action of a finite group G, let X = S the
Hilbert scheme of n points on S. The action of G lifts to X via the Hilbert-Chow
morphism, so we can give the following definition.

Definition 1.4.2.1. Let S be a K3 surface and X = S, let G act symplectically on X.
If this action is induced by an action of G on S we call it natural. A similar definition
applies when X = Km,,(A).

Definition 1.4.2.2 ([57, Def. 2.1]). Let X be a manifold and let G C Aut(X) a finite
group. A deformation of the pair (X, G) consists of the following data:

e A flat family X — B, B connected and X smooth, and a distinguished point 0 € B
such that Ay ~ X.

e A faithful action of the group G on X inducing fiberwise faithful actions, restricting
to the given action of G on Xj.

Definition 1.4.2.3. Let X be a K3[M-type (or Km,-type) manifold with a symplectic
action of a finite group G. We call (X, G) a standard pair when (X, G) can be deformed
to a pair (S, H) (or (Km,(A), H)) where H ~ G and the action of H is natural.

Remark 1.4.2.4. If (X,G) is a standard pair its fixed locus (and, more generally, the
locus of points with non-trivial stabilizer) will be diffeomorphic to that of the natural
action of H on S (or Km, (A)). Indeed for any symplectic action of a group G, the
fixed locus for any element of G is smooth and consists of points, abelian and K3 surfaces
[24] Prop. 2.6], but smooth deformations of a K3 (resp. abelian) surface are still K3
(resp. abelian) surfaces, and smooth deformations of points are points. The number of
points, K3 and abelian surfaces in the locus with non-trivial stabilizer under the action
of H, and their intersections, are therefore preserved under deformations.

When X is a manifold of K3[-type and G acts symplectically, sometimes (depending
on n) we can say whether the action of G is standard or not just by looking at the
cohomological action.

Definition 1.4.2.5 (57, Def. 2.4]). Let X be a manifold of K3™-type and let G C
Aut®(X). The group G is numerically standard if there exists a K3 surface S and some
H C Aut*(S) such that H ~ G such that the following conditions hold:

e the co-invariant lattices for the actions of G and H are isometric;
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e the invariant lattices for the two actions satisfy AIG(3[77.] ~ AL & (5), with 62 =
—2(n —1) and (6, H*(X,7Z)) = 2(n — 1)Z.

Remark 1.4.2.6. Notice that for any standard pair (X,G), G is numerically standard:
indeed, (X, @) can be deformed to a natural pair (S, H), and by construction the
natural action of H on S fixes the class & of the exceptional divisor of the Hilbert-
Chow morphism, and acts on (§)+ ~ H?(S,Z) as expected.

Theorem 1.4.2.7 ([57, Thm. 2.5]). Let X be a manifold of K3™-type and let n—1 be a
prime power. Let G C Aut’(X) be a finite group of numerically standard automorphisms.
Then (X, G) is a standard pair.

Remark 1.4.2.8. Symplectic automorphisms of K32 -type manifolds have been classified
in [39]. In chapter 5 of this thesis, we’re going to study symplectic actions of groups G
of order four: from the classification we know that in this case the action of G is always
numerically standard, and therefore standard.

1.5 Symplectic varieties and quotients of IHS manifolds

Unlike the case of K3 surfaces, if G acts symplectically on an IHS manifold X the quotient
X/G may not admit a symplectic resolution of the singularities. However, there is not
just one way to define singular varieties that generalize the concept of IHS manifolds
(see for instance Perego’s account [79]).

The first definition we are going to give applies to singular varieties which arise in a
broader context, and cannot always be obtained from quotients of IHS manifolds: the
theory of singularities and teminalizations is indeed used more in general for the purposes
of the minimal model program.

Definition 1.5.0.1 ([3, Def. 3.1]). A symplectic variety is a pair (X, o) consisting of a
normal variety X and a closed holomorphic symplectic form o € H*%(X,,) such that
there is a resolution of the singularities 7 : ¥ — X for which 7*c extends to a holo-
morphic form on Y. A primitive symplectic variety is a normal compact Kéhler variety
X such that H(X,0x) = 0 and H*°(X,.,) = Co, such that (X, o) is a symplectic
variety.

Remark 1.5.0.2. If X is an THS manifold and G is a finite group acting symplectically
on X, then the quotient X /G is a primitive symplectic variety.

Definition 1.5.0.3 ([68, Cor. 1]). Let X be a symplectic variety, ¥ := X\ X, its singular
locus. Then X has terminal singularities if and only if codim(X) > 4.

Definition 1.5.0.4. Let X be an IHS manifold, G a finite group acting symplectically
on X. Wecall ¢ : Y — X/G a terminalization if Y is a Q-factorial symplectic variety
with terminal singularities and ¢ is a crepant proper birational morphism. Recall that
Q-factorial means that for every Weil divisor D on Y there is an m € N such that mD
is Cartier, and crepant means that Ky = ¢*Kx.
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Theorem 1.5.0.5 ([3, Thm. 9.1]). Let Z be a primitive symplectic variety with second
Betti number at least 5. Then there exist a primitive symplectic variety Z' which is
inseparable from Z in (locally trivial) moduli and a terminalization Y — Z'.

We will now introduce another definition, more appropriate in the context of quotients
of IHS manifolds (see Section [1.5.1)).

Definition 1.5.0.6 ([49], after [24]). An orbifold is a compact analytic complex space with
at worst finite quotient singularities. A compact Kéahler orbifold is called symplectic if its
singularities are in codimension 4 and its smooth locus is endowed with an everywhere
non-degenerate holomorphic 2-form. In addition, a symplectic orbifold is said primitively
symplectic if the holomorphic 2-form is unique up to scaling, and #rreducible holomorphic
symplectic (IHSO) if moreover its smooth locus is simply connected.

Remark 1.5.0.7. Irreducible symplectic orbifolds appear as building blocks of compact
Kéhler orbifolds with trivial canonical class [I7] and a Torelli theorem holds for them
[50], [510.

To deal with O’Grady’s examples in Section we need yet another definition: indeed,
they are obtained as resolution of the singularities of some moduli spaces of sheaves on
an abelian or K3 surface (see Theorem [6.4.1.1)).

Definition 1.5.0.8 ([79, Def. 2.16]). A resolvable symplectic variety is a normal, compact
Kéhler space X whose smooth locus has a holomorphic symplectic form o, and which
has a symplectic resolution of the singularities 7 : X — X, where X is a IHS manifold.

Remark 1.5.0.9. The singularities of resolvable symplectic varieties are, by definition,
not terminal: terminalizations of resolvable symplectic varietes are smooth. If X is an
IHS manifold with a symplectic action of a group G, the quotient X/G is a resolvable
symplectic variety if and only if it admits a smooth terminalization: the known cases of
this particular phenomenon happening are collected in Example We remark that
new cases can only be obtained by considering non-natural actions, as natural actions
are classified in [10].

Lemma 1.5.0.10 ([4 Lemma 3.5]). Let 7 : X — X be a symplectic resolution of a
resolvable symplectic variety: then the pull-back map 7 : H*(X,7) — HQ(JNC,Z) is
injective. The restriction of the BBF form qs to *(H?(X,Z)) is non-degenerate, and it
induces an equality of the transcendental lattices (i.e. the exceptional classes introduced
with the resolution are algebraic).

A Torelli theorem also holds for resolvable symplectic varieties [4, Thm. 1.3].

1.5.1 Nikulin orbifolds and other quotients of IHS manifolds

If X is an THS manifold and G is a finite group acting symplectically on X, then the
terminalization Y of the quotient X /G is a primitively symplectic orbifold (see Definition
1.5.0.6). In [I0] a classification of orbifolds obtained this way is provided, under the
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assumption that (X, G) be a natural pair: for each Y the authors give the second Betti
number and the group 71 (Y;¢q4). Moreover, they prove the following result.

Proposition 1.5.1.1 ([10, Prop. 7.1]). Let X be an IHS manifold, let G be a finite
group acting symplectically on X, let Y — X/G be a terminalization of X/G. Then
1 (Yreq) = G/N, where N is the normal subgroup of G generated by elements with fized
locus of codimension 2.

Ezample 1.5.1.2. Nikulin orbifolds: Let X be a K3[-type manifold with a symplectic
involution ¢: the pair (X,¢) is always standard [56], so by Remark its fixed locus
is diffeomorphic to that of the natural involution, that is, a K3 surface ¥ and 28 isolated
points. Let 7 : X — X/i be the quotient map: X/¢ is singular in codimension 2. Blowing
up 7(X) we obtain an THSO Y with 28 isolated singularities, which in [16] is called a
Nikulin orbifold in analogy with Nikulin surfaces.

Nikulin-type orbifolds (which are IHSOs deformation equivalent to Nikulin orbifolds)
are one of the most studied examples of quotients of ITHS manifold: their second integral
cohomology group (i.e. that of their smooth locus) is endowed with a symplectic form,
which gives it a lattice structure [48]

H*(Y,Z) ~ Ay = Es ® U(2)™ @ (—2)%2.

Moreover, there are results about their Kéhler cone in [52], and projective families of
Nikulin orbifolds have been classified in [16].

Remark 1.5.1.3 ([48]). Let Y be a Nikulin orbifold: then its Néron-Severi lattice will
always contain the class of the divisor 3 obtained by blowing up 7(); it holds ¥.2 = —4,
so NS(Y) is polarized with the lattice (—4).

Moreover, suppose that Y is obtained from a natural pair (S, .): then, NS(S®) con-
tains half the class of the exceptional divisor (the blow-up of the diagonal of Sym?(S))
§ = A/2, that satisfies 62 = —2, (5H2(S[2}) = 27. Let now § = m.0: then 62 = —4,
and (0 +X)/2 € NS(Y) because Y admits a 2:1 cover branched over 6 U %, given by
(S xS)/(oo(Lxt)), where o switches the two copies of S. In this case, we see that the
orthogonal component (—2)%2 of H?(Y,Z) is generated by (6 + %) /2.

Since the second integral cohomology is invariant by deformation, and symplectic in-
volutions on K3[-type manifolds are standard, we conclude that even for a general
K3[-type manifold X admitting a symplectic involution, where the class y € Aysie of
square —2 such that pt ~ Ags does not have a geometric meaning, still (m,p & 3)/2 is
integral in H*(Y,Z).

Let X be an IHS manifold, G a finite group acting symplectically on X and Y be the
terminalization of X/G. Assume that Y has terminal singularities: we know the lattice
structure of H2(Y,Z) for a very short list of cases, all of them obtained terminalizing
quotients of IHS fourfolds.

Ezxample 1.5.1.4. 1. if X is a K3[P-type manifold and G = 7./27 then Y is a Nikulin
orbifold, and H?(Y,Z) ~ Es ® U(2)®3 @ (—2)%2;
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2. if X is a K3?-type manifold, G = Z/37 and (X, Q) is standard, then Y has 27
isolated singularities, and H?(Y,Z) ~ U(3) @ U? ® A% @ (—6) [49];

3. if X is a Kmg-type manifold and G = Z/2Z, then Y is an IHSO with 36 isolated

singularities and H%(Y,Z) ~ U(3)®> © [:Z :ﬂ [43];

4. if X is a K3@-type manifold and G = Z/117Z there are two different actions of
G on H?*(X,Z) that share the same co-invariant lattice (g, but with different
invariant lattices [55, §7.4.4]. The orbifolds Y; and Y3 have 5 isolated singularities,

2 -1 3 2 10
and H2(Y1,Z) ~ | =1 8 —1 | while H*(Y2,Z)~ |1 6 0] [49)].
3 -1 6 00 2

We can add to this list that of the known cases in which Y is smooth:

Ezample 1.5.1.5. 1. if X is a K3[Z-type manifold, G = Z/37Z and (X, G) is not stand-
ard, then Y is a Kmo-type manifold [67, Ex. 1.7.iv];

2. if X is a K3&-type manifold, G = (Z/27)* and (X, G) is standard, then Y is a
K3Z-type manifold [10, Prop. 8.1];

3. if X is a Kma-type manifold and G = (Z/37Z)? is such that each nontrivial element
fixes a surface [I0, Lemma 4.6], then Y is a K3[?-type manifold [I0, Rem. 9.2];

4. if X is a Kmg-type manifold, the action of G = (Z/2Z)® is such that each non
trivial element fixes a surface [10, Lemma 4.6], then Y is a K3[-type manifold [10,
Rem. 9.2].

In this thesis, we study the action of groups of order 4 on K3[-type manifolds: this
allows us to describe in Chapter 5 the two different involutions induced on Nikulin
orbifolds. Moreover, we can state the following results about their quotients.

Proposition 1.5.1.6. 1. Let G = Z/AZ act symplectically on a K32 -type manifold
X. The terminalization Yy of the quotient X /G is a primitively symplectic orbifold,
m1(Ya),ey = Z/2Z and H?(Yy,7) is an overlattice of finite index of the lattice
U(4) o U & (-2)% & (-4)%2.

2. Let G = (Z/27)? act symplectically on a K32 -type manifold X. The terminaliza-
tion Yoo of the quotient X/G is an IHSO, and H?*(Ya2,7) has rank 14.
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Chapter 2

Action of Z /47 on a K3 surface

2.1 Introduction

In this chapter we study K3 surfaces X with a symplectic automorphism of order four
7; most of the material here presented can be also found in [82].

The order of 7 being non-prime allows us to analyze a new type of surfaces: those that
are minimal resolution of an intermediate quotient, as is in our case the K3 surface Z,
the minimal resolution of X/72. The main results of this chapter are the lattice-theoretic
characterization of Z, and the comparison between its moduli space and those of X and
Y, the minimal resolution of X/7.

From Section we expect that Z, admitting a symplectic involution and being itself
the resolution of a quotient by a symplectic involution, be polarized with both lattices
Qo 1= Qz/97, and N := My 57. However, these lattices are not in direct sum in NS(Z):
the negative definite, rank 14 lattice T’y that characterizes Z is introduced in Defini-
tion [2.4.2.3] where the primitive embedding N — I'y is also described; the primitive
embedding Qs < I'y can be found in Remark

Theorem 2.1.0.1 (see Thm. [2.4.5.1). A K3 surface Z is the minimal resolution of
X/;Tz, for some K8 surface X with a symplectic automorphism of order 4 T, if and only
if Z is I'y-polarized.

Corollary 2.1.0.2. Let X be a general K3 surface with a symplectic automorphism of
order four 7, let Z and Y be respectively the minimal resolution of X/72 and X/7. The
moduli spaces ofX Z and Y are _all irreducible of dimension 6: more precisely, it holds
NS(X)=Q,NS(Z ) =Ty, NS(Y ) = My.

Theorem 2.1.0.3 (see Thm. m m Let X be a general projective K3 surface
with a symplectic automorphism of order four 7; let Z and Y be respectively the minimal

resolution of X/7? and X/7. Then, using the notation introduced for overlattices in
Remark we have the following correspondence between NS(X), NS(Z) and

NS(Y) depending on the value of d modulo 4. For d = 2 (mod 4) the two possible
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NS(X) are not isomorphic, and the same holds for NS(Y).

NS(X) NS(Z) NS(Y)
vd Q4 @ (2d) (T4 @ (4d)) | (M@ (8d))*
(1) /(1)

P (Q4 @ (2d)) (T4 & (4d))" (My @ (2d))
(4 @ (2d))'® (My & (2d))'®

d=43 | (ue(2d) | (Tas@d) | (Myo(2d))

ey | e D) 1o iy (My & (2d))

(Q4 ® (2d))* My & (d/2)

Notice that there is a 1:1 correspondence between families of projective surfaces X and
Y, as it happens for automorphisms of order 2 and 3; however, when d is even two
different families of X (or Y') can correspond to the same family of Z.

The correspondence above is given by the maps induced in cohomology by the quotient
maps from X to X/72, X/7: to define these maps one needs firstly to understand the
isometry 7* induced by 7 on H?(X,Z). By [71, Thm. 4.7] this depends neither on X,
nor on 7, but only on its order: therefore, we can use as a starting point a projective K3
surface on which 7* is easy to describe.

2.2 A symplectic automorphism 7 of order 4 on the surface X,

In this section, we introduce the surface X4 (see [94]), which has Picard rank 20, and
admits a Jacobian fibration that provides us with a presentation of 7* as permutation
action on a certain sublattice W C H?(X,Z) of finite index: this action can be then
extended uniquely to the whole lattice H?(X,Z).

2.2.1 Jacobian fibrations

Definition 2.2.1.1. Define Jacobian fibration a fibration p : X — P! whose generic fiber
is a genus 1 curve, and that admits a global section s : P! — X (it holds p o s = idx),
denoted zero section: the fiber over a generic point F = p~!(z) is an elliptic curve with
the zero for the group law defined as s(z).

The Mordell-Weil group MW (p) of a Jacobian fibration is the group generated by all
the sections, with the group law induced by that of the generic fiber.

Remark 2.2.1.2. The group MW (p) acts on X by translation on each fiber, therefore it
acts as the identity on the symplectic form wx.
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Given a Jacobian fibration, the Mordell-Weil group is linked to the Néron-Severi group
of the surface by the following isomorphism [89, Thm. 6.3]:

MW (p) ~ NS(X)/T(p) (2.2.1.1)

where the trivial lattice T (p) is the sublattice of N.S(X) generated by the generic fiber,
the image of the zero section s = s(P!) and the irreducible components of the reducible
fibers which do not intersect the curve s.

The Mordell-Weil group is endowed with the height pairing [89, §11.6 et seq.], a symmet-
ric Q-valued bilinear form induced by the projection of the intersection form of N.S(X)
onto NS(X)/T (p). In particular, for any t € MW (p) one gets h(t) = 2x(X) — 2ts — K,
where K depends on the intersection of ¢t whith the reducible fibers of p according to
[89, §11.8, Table 4], and ts is the usual intersection product of ¢ and s in NS(X). The
height of ¢ is 0 if and only if ¢ is a torsion section.

2.2.2 The surface X,

The surface X4 is the unique K3 surface with transcendental lattice T'(X4) = [(2) (2)}

it arises as resolution of the singularities of the quotient surface A/(c), where A is the
abelian surface E; x E;, F; is the elliptic curve of lattice (1,4), and o is the automorphism
of A defined by o(e1,e2) = (ie1, —iea); this surface is well known, see for instance [92],
[94].

A description of all the possible Jacobian fibrations on Xy is given by Nishiyama [73,
Table 1.2]: in particular there exists a fibration

7 X4 =P st. MW(rn) ~ Z/4AZ

which provides a symplectic automorphism 7 of order four on X4 by means of a section
t1 that generates MW (7). Moreover, by the curves of the trivial lattice form a
Q-basis for NS(Xy).

The reducible fibers of 7 are one of type I and one of type I1g [53, Table IV.3.1]. Call
By (respectively Cy) the component of I (resp. I16) intersected by s, and number the
other components so that By, intersects only By, yq), and B;_y),, and CJj),, intersects
only Cijt1),4 and Cj_1),, where [a];, is the class of a modulo n. Thus 7(7) is generated
by the class F' of the generic fiber of m, the curve s and the components B;,Cj, i =
1,2,3, j =1,...,15 of the reducible fibers: except for F, these curves are rational, so
they have self-intersection —2; F satisfies F? = 0. The curves By, Bo, B3 span the lattice
As [89, §6.5], and (4, ..., C15 span the lattice Ajs.

Using the height pairing we can determine the components B;, C; of the reducible fibers
that have non-trivial intersection with a non-zero section t € MW (x). It holds x(X4) = 2
because X, is a K3 surface, and since ¢ is a torsion section it holds ts = 0: therefore i, j
satisfy the equation

0=nh(t)=4— <1(44_ i) + ](1?6_ ‘7)> (height formula).
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We will choose the following notation for the elements of MW (7): the zero section s
intersects the components By and Cp; the section ¢; intersects the components By and
Cy; the section ty intersects the components By and Cy; the section t3 intersects the
components By and C12. Notice that each of ¢; and t3 generates MW (), whereas to
has order 2.

We can write t1,ta,t3 in function of the basis of the trivial lattice 7 (7) using the in-
formation about their intersections:

B1 —+ 232 -+ B3 301 + 602 + 9C3 + Zjlil jCIG—j

t1:2F—|-8 5 1
7 .
1 7(C5 4+ Cig—;) + 8C,
t2:2F+572j_1J( J - 16—5) 8
P By + 2By + Bs Z}il JC; +9C13 + 6C14 + 3C5
3 = S — — .
2 4

Since the discriminant group of N.S(X4) is (Z/2Z)? (it is indeed the orthogonal comple-
ment to T(Xy) in Aks), from (2.2.1.1)) and the equations above it can be readily seen
that NS(X,4) admits as a Z-basis B = {F, s, t1, B1, B2, B3,C1,...,C14}.

2.2.3 The action of 7* on the second cohomology of X,

The symplectic automorphism 7 induces an isometry 7% on NS(X4) such that

FISF st ity s ts s s
7(C)) = Cljyape T (Bi) = By,

where [a],, is the class of @ modulo n. Therefore, we can easily identify two copies of
Ay, (B1) and (Bs), exchanged by the action of 7%, and a set of four copies of Dy on
which 7* acts as a cycle of order 4: {(s,Ci5,Co,C1), (t1,C3,C4,Cs), (ta2,C7,Cs,Cy),
(ts, Ci1,C12,C13)}. All these lattices are pairwise orthogonal, and the orthogonal com-
plement in NS(X) of the direct sum D?4 @A?Q is generated over Q by the vectors

Ry =—8F — 45+ 8t1 +4C1 4+ 8C5 + 13C5 4+ 18Cy + 15C5 + 12Cs + 10C7 + 8Cs+
4+ 6Cy + 4C19 + 3C11 + 2C12 + C13 + 3B1 + 6By + 3B3,

Ry = —4F — 25 + 2t1 +2C1 +4Cy + 5C3 4+ 6Cy + 5C5 + 4C¢ + 4C7 + 4Cs+
+4Cq9 + 4C109 + 3C11 + 2C12 + Ci13 + By + 2Bs + Bs,

whose intersection form satisfies R? = 4, R2 = —4, RjRs = 0. It can be also verified
that 7% Ry = Ry, while 7" Ry = —R». Therefore, we have the following description:

Proposition 2.2.3.1. Consider the sublattice DY* ® AT? @ (4) @ (—4) of NS(X4) gen-
erated as above. The isometry T acts on this sublattice as the cyclic permutation of
order 4 on Dy ® Dy & Dy & Dy, as the cyclic permutation of order 2 on Ay & A1, as id
(the identity) on (4) and as —id on (—4).
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The lattice D* @ AY? @ (4) © (—4) has discriminant group
(Z.)27. x 7.)27)* x (Z)2Z)? x LJAZ x Z./AZ

so it has index 26 in NS(X,); the latter can be obtained by adding the following gene-
rators to the generators of DP* @ AT? @ (4) @ (—4):

R = (Ry + R2)/2;

a=Ri/44+ Ra/4— (s+C15)/2— (t1 +C5)/2=Co+ C1 + Ca + C3 + C4;

b:=Ri/4— Ra/4— (t1 +C3)/2 — (ta + C9)/2 = Cy + C5 + Cs + C7 + Cs;

c:=Ri/4+ Ra/4 — (t2+C7)/2 — (t3+ C13)/2 = Cs + Cy + Cip + C11 + Ch;
(2.2.3.1)

d=Ri/4—Ro/4— (t3+C11)/2 — (s +C1)/2 = C12 + C13 + C14 + C15 + Co;

e = R1/2— (03 +C5)/2 — (011 +C13)/2—Bl/2—33/2 =t1+t3+Cy+ Cio + Bo.

Now, H?(X4,Z) is an overlattice of index 2% of the lattice N.S(Xy) @ T(X,). Since
H?(X4,7) is unimodular, following Theorem [1.2.1.3| we have to find an isotropic sub-
group of Ang(x,)er(x,) isomorphic to (Z]27)2.

Denoting {wi,ws} the Z-basis of T'(Xy) for which the intersection matrix is [(2) g} , the
elements we have to add are:
f=(6+t1+C1+Cs+ By +w1)/2, (2.2.3.2)

g=(s+t1+C1+C3+ Bs+wa)/2.

2.3 The action of 7* and (72)* on the K3 lattice

Nikulin’s uniqueness result [71, Thm. 4.7] enables us to deduce the action of any sym-
plectic automorphism of order 4 (and of its square) on the second cohomology group of
any K3 surface X by looking at the surface X4 with the action of the automorphism 7
introduced in the previous section.

2.3.1 A convenient description of the K3 lattice

The isometry 7* induced on Aks by an automorphism 7 of order 4 acts on the sublattice
of finite index of Az W = D{* @ AP? @ (—4) @ (4) @ (2) @ (2) as the cycle (1,2,3,4)
on the four copies of Dy, as (1,2) on the two copies of Ay, as —id on (—4) and as id
on the remaining orthogonal components. The following diagram describes the situation:

—id

TN TN T > () 400
W:i= Dy ® Dy ® Dy ® Dy ® A1 © A1 @ (—=4) & |0 2 0 Qz’d
— — 00 2

(2.3.1.1)
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Denote ey,...,e4, f1,---5f4, 91,---,94, P1,...,hs the generators of the four copies of

Dy, such that ege; = ezeg =ezeqy =1, and 7™ :e; = fi—> g — h;— e fori=1,...,4;
a; and ag the generators of the two copies of Ay; o the generator of (—4), p the generator
of (4), wy and we the generators of [0 (2) . Then, Aks is obtained by adding to W the
elements (cf. (3.2.2.1) and (3.2.2.2))

p+0)/2;

pt+o)/d+ (e1+e2+ f1+ f1)/2;

p—0)/4+(fi+ fa+tg1+94)/2;

+0)/4+ (g1 + g2+ h1+ ha)/2;

p—0)/4+ (hi+ha+er+eq)/2; (2.3.1.2)
p+ fa+ fa+ ho+hy+ a1 +az)/2;
er+ fites+ fa+ar+wi)/2;

x =
a=(
B=(
v=(p
Jd=(
e=(
¢=(
n=(e1+ fi+test fotar+ws)/2;

the action of 7* and (72)* on these elements is deduced by the one on the sublattice W
described above by Q-linear extension: notice that 7* : o — 8+ v — J — «, and that
(12)* fixes ¢ and .

A note on the action of 7 and 72 on the K3 lattice

Any symplectic involution on a K3 surface acts on Ags exchanging two copies of Fg, as
was first observed by Morrison [63], proof of Thm. 5.7]; on the other hand, the lattice Eg
can be abstractly described as an overlattice of finite index of Dy @ Dy (Nishiyama, see
[73, Lemma 4.3] and the discussion in §5.4): given the Z-bases of the lattices involved

(with the elements numbered as in Example |1.2.0.2]) {d(li), . ,dff)} {e1,...,es}, we can
define

e =d,  ep=@dP —d? —dV — a2 —d) —dl),  es=d, ey =d,
es=dV,  eg=(dP —d? —dV —dVy2—d) —d),  er=dP,  eg=d.

Moreover, we could construct the lattice Axs as overlattice of W by gluing pairwise
the four copies of Dy as above, and then adding as generators also the elements (a; +
w1)/2, (a2 + w2)/2, (o + p)/4. However, doing so the action of 72* on W described in
does not extend to an action on the lattice Aks that exchanges the two copies
of Fg we built.

Proposition 2.3.1.1. The gluing of the four copies of Dy in W to two copies of Eg
does not extend the action of T* on W to an action on Az such that (72)* exchanges
the two copies of Eg.
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Proof. We follow Nishiyama’s construction above (using the same notation) to glue pair-

)

wise four copies of D4 to two copies of Eg: denote Dflk the k-th copy of Dy, and similarly

Eéj ). The isometry 7* acts on the four copies of Dy as the permutation (1,2,3,4) of
the apices, and its action on the elements can be written as dl(l) > dl(-2) — dl(g) > dl(-4)
without loss of generality. To have (7'2)* exchange the two copies of Eg we construct,
we have to glue either DS) to Df) and Df) to fol), or DS) to Df’) and Df) to Dé(f):
suppose the gluing be

p{" & DY ~ B,
D& DY EP.
Consider the element eél): if 7 were an isometry of Aks, then also T*egl) would belong
to Aks, and their intersection would be integer: however, we get
1 2 2 1 1 1 1
e = (@ —dy? —ai) - di)/2 - a4y — a5,
« (1 3 3 2 2 2 2
ey = (& - dy) - — ) /2 - g - d?;
therefore eél) . T*egl) = —1/2. The other choice of gluing gives a similar result. O
Remark 2.3.1.2. The isometry (7'2)* does indeed exchange two copies of Eg in Ags, it
being a symplectic involution: we can easily see this in NS(X4) (see Section [2.2.2), for
instance using the two copies of Eg (s, C14, C15, Co, C1, Ca, Cs3, Cy) and (ta, Cg, C7, Cs, Cy,
Cho, C11, C12). However, the elements a, b, ¢, d that actually glue the four copies of Dy in
NS(X4) all require a contribution of R; and Rs, which is lost in the abstract construc-
tion.

2.3.2 Invariant and co-invariant lattices for the action of 7 and 72
(7)

From now on, denote Ay the invariant lattice, and €24 the co-invariant lattice for the
action on Agks induced by the automorphism of order four 7. The lattice {24 is a negative
definite lattice of rank 14 and discriminant group (Z/4Z)* x (Z/27)? [T1] §10].

The following elements are invariant for the action of 7* on W (see (2.3.1.1))): for i =
1,....4, ki=e;+ fi+gi + hi; k5 = a1+ ao, Kg = p, k7 = w1, Kg = wa. These elements
span a sublattice of Ag of index 23: to obtain Ag, add the generators (ko +4)/2 (that
is, a+B+~v+ 06— K1 —Ke), (ks + k7 + Kg)/2 and (K1 + ka4 + ke + k7 + Kg)/2 (these are
easily verified to be, in fact, integral elements in Ags).
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Its orthogonal complement €y is an overlattice of index 2% of the lattice

Dy(2) Dy Dy 0
Dy Dy(2) Dy 0
A =
Dy Dy D4(2) 0
-4 0
_ 0 0 0 0 —4 |
spanned by the elements e; — f;, e, —g;, e, —h; fort=1,...,4, a1 — a9 and o: to obtain

Q4, we shall add to this lattice a — 8, a — v, a — d and one more class in %A integral
in Aks, that we can choose to be (ea — g2 + €4 — g4 + a1 —ag +0)/2.

The discriminant groups of Agg and €y satisfy A4, () ~ (Z)AZ)* x (Z.)27)* ~ Aq,.
K3

The co-invariant lattice for a symplectic involution Qs := Q7,7 is isometric to the lattice
FE5(2) (see [32] §1.3] and the proof of [63, Thm. 5.7]). Considering the involution 72,
is obviously contained in the co-invariant lattice for 7, {24: in the basis of )4 described
above, {29 is generated by the elements o —~, 6 —6, e1 — g1, es — g3, f1 — h1, fo —
ha, f3 —hs3, fi— hy.

Denote R the orthogonal complement to €25 in €4: then €4 is an overlattice of Qs & R
such that Q4/(Q2 @ R) = (Z/27Z)*.

2.4 Quotients

For each of the abelian groups G that act symplectically on a K3 surface X, Nikulin
provides in [71), §5-7] a description of the singular locus of the quotient surface X/G, and
of the exceptional lattice Mc¢: this is the minimal p/ri\/mitive sublattice of Ak3 containing
all the exceptional curves of the minimal resolution X/G of X/G. Denoting ¢ : X — X/G

the quotient map, H?> ()/(76, 7Z) is an overlattice of finite index of ¢, H?(X,Z)® Mg.

Remark 2.4.0.1. The lattices Qg and Mg are closely related via the quotient map:
this fact allowed Nikulin to compute the rank and the discriminant group of Qg starting
from the (simpler) exceptional lattice |71, Lemma 10.2]. When G is non-cyclic, Nikulin’s
results have been corrected by Garbagnati and Sarti in [30]; for a complete account of
the relation between Q¢ and Mg, see Whitcher’s paper [96].

Consider a K3 surface X that admits a symplectic automorphism 7 of order 4, and the
(singular) quotient surfaces Y = X/7, Z = X/72; resolve the singularities of Y and Z to
obtain the K3 surfaces Y, Z: then 7 induces an involution 7 on Z such that Z/7 ~ Y,
and this involution can be extended to Z, as we’re going to show in the following sections.
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Denote the maps between these surfaces as in the following diagram:

X X (2.4.0.1)
\ s
\ ﬂ-2/ g J,(D
\ oy s
ga| O\ Z——z
y 7 y J
\ P q2 b)
~ - B -
Y Y =7/ Z)7 Z/7

Remark 2.4.0.2. The surfaces Y and Z /7 are isomorphic, because they are birationally
equivalent K3 surfaces.

We can describe the maps

Tas : Az =~ HX(X,2) 2% @ H*(X,Z) — H*(Y,Z) ~ Ags

Tow : A3 ~ H(X,Z) 25 0. H*(X,Z) — H*(Z,Z) ~ Aks
by defining them on the sublattice W (see (2.3.1.1))) in the first place, and subsequently
on all of Aks by Q-linear extension to the elements presented in (2.3.1.2)).

The description of . 3
72, HX(Z,7) — H*(Y,7)

will require some more effort: in fact, H 2(Z,7) is an overlattice of finite index of
G2 H? (X, Z) & My 57, while H*(Y,Z) is an overlattice of finite index of qu. H*(X,Z) &
Mz, 47, = (G2 © q2)« H?*(X, Z) & My,47; for now, notice that

24| My oy + Mzjoz, — Mz sz,
Toul g m2(x.2) : e H*(X,7) = quH*(X, 7). (2.4.0.2)

2.4.1 The image of H?(X,Z) via the maps 7y, and T,

Proposition 2.4.1.1. The maps oy, o, and T4 = T2, 0 Moy act in the following way
on W and its image in mo. H*(X,7Z):
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4 0 0
Dy & Dy ® Dy @& Dy & A &  Aire(-4Ha|0 2 0
€1...ey fi...fa g1---94 hi...hs a1 as o 0 0 2
P, W1, W2
T Tos T2 2% T2 lﬂ'%
8 0 0
Dy ® Dy ® A1(2) @& A(2(-8)®&|0 4 0
€1...64 fi--fa a1 ao o 0 0 4
pA7 Alaajz
7TA2* 7TA2* 7/{5* 71'/\2* J{TF/E*
16 0 O
Dy @ Aq(2) @ 0 80
€1...€64 a 0 0 8
Py W1, W2

Proof. The action of 7% on W is given in (2.3.1.1): we can use it to compute the inter-
section form of w4, W via the push-pull formula. Since 74 is a finite morphism of degree
4, we get

T4sl - TgulY) = — (MY T4 - TYT45Y)

4

where T4 = ZiZO(T’“)*(x). The intersection form of 79, W can be similarly deter-
mined. O

Corollary 2.4.1.2. The embedding qu. H*(X,Z) — H*(Y,Z) is unique up to isometries
of the latter, and the same holds for qu. H?*(X,7) — H*(Z,7).

Proof. Computing g4 H?(X,Z) and q2. H?(X, Z) by Q-linear extension of the maps in the
proposition above to the elements in , it can be seen that the lattice qu. H%(X, Z)
is even, indefinite, and it has rk = 8 and ¢ = 4, so it satisfies the conditions of Theorem
similarly, go. H?(X,7Z) is even, indefinite, it has rk = 14 and ¢ = 6, and the
same result can be applied. O

2.4.2 The resolution of Z = X /72, and the lattice Ty

For any symplectic involution ¢ on a K3 surface X, the quotient surface X /¢ has 8 isolated
singularities, that are ordinary double points [71], §5]: to resolve it, it is sufficient to blow
up these points once.

Definition 2.4.2.1 ([7T], Def. 6.2, case 1a]). Denote Nikulin lattice the lattice N := My 97

if {ni1,...,ng} is a Z-basis of A?S, then a set of generators over Z for N can be obtained
by adding to this list the element v = (ny + - - - + ng)/2.
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The second integral cohomology of the K3 surface Z, the minimal resolution of the
quotient Z = X /72, can be described as an overlattice of index 26 of 7o, H?(X,Z) ® N,
where Nz is a copy of the Nikulin lattice: this is done via an isomorphism of the
discriminant groups of 7o, H?(X,Z) and N, as described in Theorem The
generators that we need to add are the following:

=B+ fi+ fotao+0)/2+ (ny+ng)/2

29 =E/2+ (ng +ng)/2

23 = G2/2 + (n4 + ng)/2 (2.4.2.1)
zg = (€ + a2+ p)/2 + (n5 +ns)/2

25 =B+ fi+ fot p+X+0)/2+ (ng+ns)/2

=B+ fi+ foté+tas+p+C)/2+ (nr+ns)/2,

where 8 = 7.3 (= m240), and similarly the cap over the other elements of Aks denotes
their image via mo,. These generators were already known in the general case of a
symplectic involution [32, Lemma 1.10].

Remark 2.4.2.2. The lattice 3,824 is isomorphic to Dg(2) with the following generators:
di = —(a1—a2+06)/2, dy = (@1 —a2—6)/2, d3 =&, dy = e4— fa, d5 = é3— f3, ds =
er — 1.

Definition 2.4.2.3. Define Ty the lattice, of rank 14 and discriminant group (Z/27)°

(Z/47)?, obtained as an overlattice of m2.04 ® Nz by adding to the list of generators
the elements
n3 +ng +ns +ng +diy + ds ng+ng +di +dg+ dg

xr1 = B , T2 = B

(2.4.2.2)

The lattice I'y can be primitively embedded in H 2(Z,Z) with the lattice S = (&1 +f1, a+
B, é3+ f3, éa+ fo, p, (a1 + a2+ p)/2,(p+ &1 + @2)/2,ws) as orthogonal complement;
indeed, we can obtain H2(Z,Z) as overlattice of finite index of S @ I'y; by adding the
generators:

= (a+8)/2+ (a—-p)/2,

= (és+ f3)/2+ (és — f3)/2,

(62 + f2)/2+ (éa— f1)/2 + (n3 + na + 15 + 18) /2,
(

= (

a1+ dg + p) /A + (ng +ng +ng+ng) /2 + (61 — f1+ é4 — f4)/2, (2.4.2.3)
p+0n +@2)/A+ (na+n7)/2+ (&1 — fi+ea— f1)/2,

= w9/2 4+ (n2 + ng)/2,

(é1 +f1+62+f2+(a1+a2+p)/2+w2)/4+

+ (6 — B)/2+ (3ns + 20 + ng) /4 + (21 + 22) /2,

= p/4+ (2na + n3 + 3ng + ns + 2ng + 3ng) /4 + x1/2.

P
A1 =
P
Zy =
P
Z3
P
24
P
75 =
P
Z6 =
7 =
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Remark 2.4.2.4. The primitive embedding Iy — Aks is unique up to isometries of Aks,
because Theorem [1.2.1.8 holds: in fact the orthogonal complement S of I'y satisfies the
first condition of Proposition [1.2.1.11

2.43 The map 73, and the resolution of Y = X/7

The action of a symplectic automorphism of order 4 7 on a K3 surface X has always
exactly eight isolated points on X with non trivial stabilizer: four of them are fixed by
7, and four more exchanged by 7 (so they are fixed by 72) [71], §5, case 2|; therefore the
singular locus of the quotient X /7 consists of six isolated points, two of which are resolved
by blowing up once (thus introducing two rational curves in the quotient surface), and
each of the other four introducing three curves in Az configuration.

The exceptional lattice My = My 47 therefore satisfies My ® Q = (A?A‘ & A?Q) ® Q;
calling !, m? the generators of the two copies of Ay, and mf, m}, mj, the generators
of the i-th copy of A3 numbered as in Example then a set of Z-generators for
My consists of all these elements, and (see [71, §6, Def. 6.2, case 1b]) the class

E?Zl(mﬁ +2mi + 3m§) N mt + m?

2.4.3.1

,U:

We can now describe the second integral cohomology of the K3 surface Y, the minimal
resolution of the quotient Y = X/7: the discriminant group of each of the orthogonal
summands M, and 74, H?(X,Z) is isomorphic to (Z/4Z)? x (Z/27)?, and the elements
that define Aks as an overlattice of My @ 14, H?(X,7Z) are:

= (mi +2m3 + 3m3 + m} + 2m3 + 3m3) /4 +m*/2+ (61 + e + (+7)/2+ (@+X) /4
= (m3 + 2m3 + 3m3 + mi + 2mi + 3m3) /4 +m*/2 + (@+ C + 37)/4
(m
= (m!

1+mg+m Hhre4+ (@ +es+a+x+0)/2 (2.4.3.2)
m?)/2 +a/2,

where € = mywe; = 7T4*fi = MuxGi = Tashi, @ = myea1 = Tyeao, and similarly x =
7T4*(*).

The exceptional lattice My can be also computed from the image of Ny via 7, (see
Rmk. with the resolution of the singularities that arise from the quotient: in
fact, the involution 7 (that is induced on Z by the action of 7 on X ) acts by fixing two
points on each of the the four exceptional curves of Z corresponding to the four points of
X fixed by 7, and by exchanging pairwise the remaining four exceptional curves (these
correspond to the four points fixed only by 72). Therefore, the invariant lattice for the
action of 7* on Ny is the sublattice spanned by the four invariant curves, and the sum
of the pairs of exchanged curves.

Remark 2.4.3.1. In the lattice I'y (see Def. [2.4.2.3) the orthogonal complement of the
invariant lattice for the action of 7* is a copy of {2y: this is indicative of the fact that
the surface Z admits a symplectic involution, which is indeed 7. The curves of Ny
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were numbered such that the gluing between Nz and 2. H?(X,Z) be described by the
elements in (2.4.2.1): since the action of #* on . H*(X,Z) determines the action of 7*
on Nz via this gluing, we find accordingly that 7* fixes ny, no, ng, n7 and exchanges ns
with ng4, ng with nsg.

Proposition 2.4.3.2. It holds 73, (T'y) C My: more precisely, Ta, annihilates R, because

A

To, R = 2, M2y = m4:.Q4 = 0, and is defined on the Q-generators of Nz as follows:

e 1 1 1 = o~ 3 3 3
ny = T2,n1 = My + 2my +m3, N2 = Ta,N2 = mj + 2m5 + m3,
= =~ 2 2 2 - =~ 4 4 4
Mg ‘= T2,Neg = M7 + 2m5 +m3, Ny = TNy = my + 2my + ms,
— =~ o~ o~ 1 — .~ o~ o~ 2
N3 = M9, N3 = Mo,y = M, N5 = Mo, N5 = Mo, Ng = M~,

s0 that T3, AT® = A;(2)% @ AP2.

Proof. Let k =1,2,6,7, 7 =1,...,8. The surface Z/f: is singular in eight points, two
on each of the curves ga.ny; consider the blow-up 5 : Y — Z/7 of the singular points:

then, the curve m; := Ta,n; is the pullback of ¢a.n;. By push-pull we have ﬁi = —4,
ﬁ% =-2= ﬁ% Consider the following diagram:

ny n2 Nne My N3 Ng N5 Ng

\\l

!

o PHEH

Firstly, notice that either (m3,75) = (!, m?) or (f3,75) = (M2, m').
The eight exceptional curves {m¢, m}}1 | introduced with the blow-up 3, together with

the element . ) '
by — 2 iz (mi +m3)
2 )

span a new copy of the Nikulin lattice Ny C My; the class ny is by definition orthogonal
to the exceptional curves: thus we find that 7y = m! + 2m} + m} for some i. To
determine which copy of A3, A; in My each n; corresponds to, we still have to require
that the image of the elements z; defined in be integral in H? (17, Z); this forces
the definition of 73, as stated. O

Z|t

RE:

2

Corollary 2.4.3.3. The lattice My is an overlattice of index 2° of the lattice T2, Nz® Ny,
obtained by adding as generators the elements mi = (my —mi —m})/2, m3 = (Mg —m? —

m3)/2, m3 = (Mg —m3 —m3)/2, m3 = (My — m{ —m3)/2 and p (see ([£.1.2.1))).
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Proof. The element p defined in (4.1.2.1)) is

_ vy +my+m3+m3 4+ ms +mj+m3+mi+ms+m! +m?
= 5 ,

so it gives an overlattice (of index 2) of the overlattice (of index 2%) of T3,Nz ® Ny
generated by the mé, i=1,...,4. ]

Notice that we have the following equalities:

H*(Y,Q) = (n. H*(X,Z) ® My) ® Q = (n4. H*(X,Z) © 72, Nz ® Ny) @ Q =
= (Tau(ma H*(X,Z) ® Nz) ® Ny) @ Q = (m2, H*(Z,Z) ® Ny) @ Q.

Working on Z, we recover the first equality using the y;’s in , and the second
one as in Proposition the next one is trivial, and for the last one we use
the z;’s in . Thus, the lattice H2(Y,Z) can be also described directly as
an overlattice of finite index of 7o, H 2(Z ,Z) @& Ny, allowing for an easier computa-
tion of the map 75" in Section to do this, use for ﬂ*HQ(Z, Z) the Z-basis
{€1,@,€3,€4,a, X, ,T], T2sN6, T2xV, 2421, T2522, T2x25, T2+26 ), With the z;’s defined in
(2.4.2.1), and for Ny the Z-basis {vy,mi, m?, m3, m3, m3,m},mi}; then, the gluing
elements are

T+ X+ Touv +mi +mi +m} +m3)/2

@+ + w21 + Tau25 +m3 +m3) /2

X + C + 7+ T2.n6 + mi +m3)/2 (2.4.3.3)
€4+ T+ T+ To,21 + T2,26 +m3 +m3)/2

T+ T+ 7+ Moy 21 + Tawzs +mi +md +mi +m3)/2
TaxNe +m3 +m3)/2.

= (
= (@
= (x
(e
= (
(T2

@\ U‘\ ,J>\ QJ\ l\)\ ,_.\

2.4.4 The dual maps

We’re now going to define the dual maps

7 HY(Y,Z) - H*(X,Z)
™ HYY,Z) —» H*(Z,7)
w5 HY(Z,Z) — H*(X,7)

using the descriptions of H 2(}7,Z) as an overlattice respectively of my,Axs & My and
ToxAK3 @ Ny, and of H 2(2 ,Z) as an overlattice of ma,Ak3 @ Nz. These maps are used
in Section to find the dimension of the eigenspaces for the action induced by the
automorphism 7 on H°(X, L) for any possible choice of polarization L on X, and they
are given here explicitly for completeness of our exposition.
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Proposition 2.4.4.1. 1. The map ©; annihilates My, and acts on m4W C maAks

as
16 0 0] 4 00
m*: Dye A(2)e|0 8 0f ——— DY e AP e |0 2 0
0 0 8] 0 0 2
ey eir+fitg+h
€9 _ o ea+ fa+ g2+ ha
_-, a, , W1, W — , 201 + 2a2, 4p, 4w, dw
&5 P, W1, w2 es+ fa+ g3 + ha 1 2 4 1 2
24 es+ fa+ga+hy

Its action can be extended to Ty Aks adding these elements (and tlleir respective
images to the image lattice): & =p/4+e1 + (e2 +€4)/2, X =p/2, ( =e1+ (e2 +
€1+ a+wi)/2, T==e+ (62+e+a+w2)/2; to extend the action to H*(Y,Z),

add also yi,...,ys (see (2.4.3.2)).

2. The map 5 annihilates N, and acts on mo W C mo,Aks as

8 0 0 4 0 O
m*:  D? e A1(2)%%e(-8)e|0 4 0| —— DY e AP e (-4 e |0 2 0
0 0 4 00 2
é1,f1 er+g1, i+
éa, fo . O ea + g2, fo + ha
S, ap, a9, g, , W1, W — , 2a1,2a3, 20, 2p,2w, 2w
€3, f3 b pren e es+gs, f3 + h3 bt pr 2o, 202
és, f4 eq+ g4, f1+ hy

Its action can be extended to ma.Ak3 adding the following elements (and their
respective image to the image lattice): & = (p+6)/4+ (é1+ é2 + fi+ fa)/2, 5 =
(p=8)/4+ (@1 +ea+ i+ f2)/2, &= p/2+ fot fat (a1 +a2)/2, X = (p+6)/2, (=
(é1 +f1 +e4+f2+a1+w1)/2 N = (é1 +f1 +e4—|—f2+a2+w2)/2 to extend the
action to H*(Z,7), add also z1,. ..,z (see (2.4.2.]] (2421)).

3. Recall from Corollary that HQ(Y,~Z) is an overlattice of finite index of
7o H?(Z,7) ® Ny. The lattice Ny C H2(Y,7) is annihilated by 7>, and for the
generators of T3, H*(Z,7) the map 73" is defined as follows:

T =¢é;+ f; (fori=1,...,4, but & is not needed as generator),

T (= é; +f1 +(é2+f2+é4+f4+&1 + as + 201)/2,

T =614 fi+ (6o + fo+ éa+ fa+ a1 + g + 202)/2,

ma=a+f, ma=aita, mX=mP2=4

T2 Taune = 2ng, T3 Mo, = 2U,

T2 Tawzs = (G + B+ &+ fi+éa+ fo+ a1 + Go + 727 + 2o + 15 + ng) /2,
T3 Tauz2 = (P4 o+ fo+ Ea + fa+ a1+ aa + n3 + na +ns + ng) /2,

T Towzs = (a+ B+ é1+ fi+éa+ fot p+ 72T+ 2n6 + s + 18) /2 +
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Ta anzs = (G+B+e1+ fi+eés—+ fa+ p+7aC+ 2n7 + ns +ng) /2+
4 a1+ as + 62+ fo + p.

Notice that T3 T2,z = 2 + 72, and that to obtain the whole image of ma" the

images of the elements y, of (2.4.3.3)) are also to be considered.

Proof. We are going to prove only that the map 7} acts on m4, W as stated above; the
other cases are similar.

Since 7; and w4, are dual maps, mja = b if and only if (b-c¢)x = (a - mc)y for
every a € m4 W, ¢ € W: hence mja - ¢ = a - myc. Take ej = (e;,0,0,0) € D?4: then
WZEZ' c€j = € Myx€j = €; - €5, but it holds also ¢; - € =€+ 7T4*fj =€ - T4xG; = €; 7T4*hj;
therefore 7je; = e;+ fi+gi+h;. Takea; = (a1,0) € Aim: then mja-a1 = a-my.a1 = 2(G-q)
because w4, doubles the intersection form on A; @ Ai; moreover, T .01 = @ = T44a2,
therefore we get mja = 2a; + 2ap. Similarly, since 74, multiplies by 4 the intersection
form of the sublattice of W invariant for the action of 7, we can conclude that m}p =
4p1, 71'1@1 = 4wy, szg = 4wo. O

Corollary 2.4.4.2. The image of HQ(?, Z) via the map m; coincides with the invariant
lattice Ag:,z described in Section . In other words, it holds

T HA (Y, Z) = Q.
Stmilarly, we obtain:

~ 1
W;HQ(Z,Z) — Q2 H2(X,z) — Q;AK3’

~ 1 5
mHAY,2) = 0,70 = 0y,

Proof. 1t holds wje; = e; + fi+ gi + h; for i = 1,...,4, mja = 2(a1 + a2), m1p = 4p,
miw1 = 4wy, mjwe = 4ws; however, these elements generate only a sublattice of finite
index of m;H 2(Y,7Z): adding as generators the images via 75 of the elements @, %, (,7
and y1, ..., Y4, we obtain the whole invariant lattice for the action of 7 on Aks. O

2.45 Characterization of the surface Z: the non-projective case

Nikulin’s seminal work [71] provides a lattice theoretic characterization of K3 surfaces
X that admit a symplectic action of a cyclic group G = Z/nZ (for n = 2,...,8), and of
surfaces Y that are the resolution of the quotient X /G, by providing a relation between
the lattices Qg and Mg that have to be primitively embedded in their respective Néron-
Severi lattices; we want to show that similarly, in the case G = Z/4Z (generated by an
automorphism 7 of X)), the lattice I'y characterizes the surface Z that is the resolution
of Z = X/72. For simplicity, we are going to state our result for the most general K3
surface X: in this case, both NS(X) = Q4 and NS(Y) = M, have rank 14.
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Theorem 2.4.5.1. Let Z be a K3 surface such that rk(NS(Z)) = 14. There exists a
pair (X 7) where X is a K3 surface and T is a symplectic automorphism of order 4 such
that Z is birationally equivalent to the quotient X /72 if and only if NS(Z) = Ty (see

Def. E23).

Proof. The “only if” is true by construction (see Section [2.4.2). Conversely, suppose
NS(Z) =T4. The embedding Q5 C I'y described in Remark [2.4.3.1| defines a symplectic

involution 7 on Z, and the Néron-Severi lattice of the resolution Z /7 is naturally a copy
of My, as proved in Corollary [2.4.3.3} therefore, by the results of Nikulin the surface

Z /7 is the resolution of the quotient of a K3 surface X for a symplectic automorphism
7 of order 4, and it holds NS(X) = Q4. The action of 7 on 4 naturally defines a copy
of Q9 C Q4 by Q9 = (QZQ)J—%, as described in Sectio taking the quotient map
73 : X — X/72 and the resolution )?/\/72, it holds NS(X/72) ~ NS(Z). O

2.5 Projective families of K3 surfaces with a symplectic automorphism
of order 4 and their quotients

It was already known by Nikulin that the correspondence between surfaces X that
admit a symplectic action of an abelian group G, and surfaces Y that are the resolution
of X/G, is actually a moduli spaces correspondence [71, Prop. 2.9]; the same idea was
later generalized to the non-abelian case by Whitcher [96] §3].

We can therefore refine the characterization of X, Z and Y by their Néron-Severi to the
projective case. The approach we follow mimics the one used in [32],[29] for symplectic
involutions, and in [26] for symplectic automorphisms of order 3.

Proposition 2.5.0.1 (see [71, Prop. 2.9]; also [32] Prop. 2.2]). Projective K3 surfaces
X that admit a symplectic action of an abelian group G are polarized with a lattice of
rank 1+ rk(Qq) that contains primitively both the lattice Q¢ and a class L of square 2d;
projective K3 surfaces that are the resolution of X/G are polarized with a lattice of rank
1+ rk(Mg) that contains primitively both the lattice Mg and a class H of square 2e.
Moreover, from Th,eorem we deduce that in the projective case Z is polarized with
a lattice of rank 15 that contains primitively both the lattice Ty and a class K of square
2f.

Lemma 2.5.0.2. Let X be a general projective K3 surface admitting a symplectic action

of G, so NS(X) has signature (1,7k(Qg)). Then we may assume that L = QLNS Y s
ample.

Proof. We may assume that L is effective up to a sign change, because L? > 0. Then,
since there are no (—2)-classes in L+ = Qg [71, Thm. 4.3], any (—2)-curve has class of
the form nL +w with n € N and w € Qg: classes of this form have positive intersection
with L, so L is ample by the Nakai-Moishezon criterion. O
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Remark 2.5.0.3. Let S be either Qg or Mq: the only lattices that satisfy the proposition
above are S @ (2d) and its cyclic overlattices of finite index [30, Prop. 6.1]. Each
non-isomorphic primitive embedding of any of these lattices in Ags gives a different
irreducible component of a moduli space of projective K3 surfaces: either of surfaces X
that admit a symplectic action of G (if S = Q¢), or of surfaces Y that are the minimal
resolution of X/G (if S = Mg).

For G = Z/27Z,7/3Z it is already known that there exists a bijection between the
irreducible components of the moduli spaces of X and Y ([32], [26]). We are going to
show that this also holds for Z/4Z, but not when considering irreducible components of
the moduli spaces of X (or Y) and of intermediate quotient surfaces Z.

Remark 2.5.0.4. If G = Z/AZ, we have to study S = Q4, My, I'y (see Sections 2.3.2]
. The moduli spaces of projective K3 surfaces X that admit a symplectic
automorphism 7 of order 4, and projective K3 surfaces are the resolution of X/72 or
X /7 all have dimension 5.

Remark 2.5.0.5. Notation. Consider the lattice S @ (k), where S is a negative definite
even lattice and (k) is an even positive definite lattice with intersection matrix [k].
Denote (S @ (k))" and (S @ (k))* any cyclic overlattices of S @ (k) obtained by adding
to the list of generators a class of the form (s + k)/2, (s + k)/4 respectively, with s € S
and k the generator of (k). When two overlattices of index 2 of S & (k) as above are not
isomorphic as abstract lattices, they will be denoted as (S @ (k))'®), i =1,2.

2.5.1 Projective families of K3 surfaces with a symplectic automorphism 7
of order 4

We are going to find all the non isomorphic overlattices of finite index of Q4 @ (2d) as
follows.

In Proposition we look at the orbits for the induced action of O(€4) on Agq,,
and we fix a representative s € Ag, for each of them in Corollary using the
embedding of Q4 in Aks defined in Section In Theorems [2.5.1.4] and 2.5.1.5] we
find all the overlattices of Q4 @ (2d), and prove that each one admits a unique primitive
embedding in Ags. In Example we then give for each s defined in Corollary
a primitive classe L € AL, of square 2d, d € Zq such that L/m + s is an integral
class in Aks: the maximum m for which this happens is the index of the overlattice of
Q4 @ (2d) that we obtain choosing L as generator of (2d). According to Corollary
and Remark elements § in the same orbit of s for the action of O(S), and the
corresponding L, will give the same irreducible component of the moduli space.

Definition 2.5.1.1. Consider an even lattice S, its group of isometries O(S) and its
discriminant group Ag with discriminant form gg. We define two equivalence relations
on Ag:

e by order and square: two elements r, s € Ag are in relation (r ~g s) if they have the
same order and square, i.e. (r) = (s) = Z/kZ C Ag and qs(r) = qs(s) = g € Q/2Z;
we will denote the equivalence classes for this relation with the pair (k, g);
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e by (induced) isometry: two elements r, s € Ag are in relation (r ~g s) if there exists
an isometry @ € O(Ag) induced by an isometry ¢ € O(S) such that $(r) = s; we
will denote the equivalence classes for this relation with the triple (k, g,n), where
k, g are as above, and n is the cardinality of the class (in our case, this is sufficient
to uniquely identify each of them).

Proposition 2.5.1.2. The relation ~q, divides Aq, in 7 non-trivial equivalence classes
(plus the trivial one {0} ), whose cardinality is displayed below. Each of them corresponds
to an equivalence class for ~q,, except for (2,1) which is the union of two classes: (2,1,6)
e (2,1,10).

y I1 0 [1/2] 1 |3/2

2 15 |32 ] 16 | 0
240 | 240 | 240

Proof. The equivalence classes for ~q, can be computed from a basis of Ag, and its

discriminant form. The generators of O(£24) can be computed using the Integral Lattices

package in SAGE [87]: then, choosing for each of the classes (k, g) of ~q, a representative

element z;, 4y, their orbit for the induced action of O(£24) on Ag, is computed recursively
[40, Algorithm I.4]. O

Corollary 2.5.1.3. We give a representative element x4, for each non-trivial equi-
valence class (k,g,n) for the relation ~q,, in terms of the generators of Q4 introduced

in Section [2.3.2.

class (k,g,n) representative Ty g n)
(2,0,15) Sea—fo—gsha
(2,1/2,32) 261—fl—91+64—f4+a—v+02(ez—gz+e4—g4+a1—a2+a)/z
(2,1,6) g
(2,1,10) w
(4,0,240) 3(3es—f3—gs—hs)+2(2e1-f1—g1 +e44_f4+0‘_"/)+32—92+€4—94+a1—a2+a
(4,1/2,240) 2(61*91+62*i}2)+a17a2+a
(4,1,240) 3(351—fl—gl—hl+30<—5—47—5)+2(ez—gz+e4—g4+a)
(4,3/2,240) w

Theorem 2.5.1.4. Let X be a projective K3 surface that admits a symplectic automor-
phism of order 4, such that rk(NS(X)) = 15. Then, using the notation introduced in
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Remark NS(X) is one of the following lattices:
1. for every d € N, NS(X) = Qq @ (2d);

2. ford #41, NS(X) = (Qu®(2d))’; this is uniquely determined by d and the index of
the overlattice for d #4 2, while for d =4 2 there are two non isometric possibilities.

3. Ford=40, NS(X) = (@ (2d))*, uniquely determined by d and the indez of the
overlattice.

Proof. By Corollary [1.2.1.6| overlattices of index 2 of Q4 @ (2d) correspond to isotropic
elements in Ag, g 2qy of the form (L +wv)/2, where L generates (2d) and v € €y is chosen
up to the action of O(€24) on Agq,. Requiring

L+ov 2 4 v\ 2 . Q

( 5 ) —2+(2) =0 in Y
we see that for each value of d modulo 4, v/2 belongs to one of the classes of ~gq,
described in Proposition containing elements of order 2. Therefore, for d = 4h+1
no overlattice of index 2 of Q4 @ (2d) exists; for d = 4h or d = 4h + 3 there exists one
overlattice of index 2 of Q4 @ (2d); for d = 4h + 2 there are two equivalence classes for
~q,, and the corresponding overlattices of {04 @ (2d) are not in the same genus. This

can be proved using [72, Prop. 1.15.1]: the overlattices corresponding to (2,1, 10) and
(2,1,6) have discriminant group (Z/47)* x 7Z/2dZ and discriminant form respectively

0 1/4] /2 1/4] _ [d+1 0 1/4] [0 1/4] [d+1
1/4 0 1/4 1/2 2d |° |14 0 1/4 0 2d |
By a similar argument, overlattices of type (€4 @ (2d))* exist only for d = 0 (mod 4); to

each value of d modulo 16 corresponds one equivalence class of ~q, of those containing
elements of order 4. O

Theorem 2.5.1.5. Fach of the lattices presented in Theorem admits a unique
primitive embedding in Axs up to isometries of Axs.

Proof. Let NS(X) = Qu&(2d), let T(X) = NS(X) "4k it holds A(Ap(x)) = MAns(x)) =
(2,2,4,4,4,4,2d) ((2,2,2,4,4,4,4) for d = 1); if d is odd, then Z/2dZ = Z/2Z x Z/dZ,
so we have Ayg(y) = (Z/2Z)* x A" and NS(X) satisfies Corolla if d =2d,
then M(Ap(x)) = (2,2,4,4,4,4,4d’), so T(X) satisfies Proposition and therefore
NS(X) satisfies Theorem
Let NS(X) = (Qu®(2d))’, let T(X) = NS(X) ks ford =4 2,3 Ans(x) has length 5, so
there exists a unique primitive embedding of N.S(X) in Aks thanks to Theorem
for d = 4d’, T(X) satisfies Propositionlm for A\(Ap(xy) = (2,2,2,2,4,4,8d'); there-
fore N.S(X) satisfies Theorem [1.2.1.8
Let NS(X) = (4 @ (2d))*: then Ayg(x) has length 5, so it satisfies Theorem
O
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Ezample 2.5.1.6. We now use Remark [1.2.1.7] (and the notation of Section [3.3.1]) to
provide for each x4 ) in Corollary [2.5.1.3) primitive classes L € (2 H2(X2) quch that
L? = 2d and L/k + T(kgn) 1S an integral class in H?(X,7Z). By Theorems
and the general member of each irreducible compoment of the moduli space of
projective K3 surfaces with a symplectic automorphism of order four is obtained as one
of these examples.

1. For every d € N\ {0}, the class

Lo = Lo(d) = ai + ag + wy +ws +d<

2

—a; — a2 +w; — w2
2

generates the lattice (2d) such that Q4@ (2d) is primitively embedded in H?(X,Z).
2. Ford =4(h—1), h e N\ {0,1} the class
Lao(h) = 2Lo(h) + €3 + f3 + g3 + hs
generates the lattice (2d) such that (Q4®(2d))" is primitively embedded in H?(X, Z);
L20/2+ x(50,15) is in fact an integral class in H?(X,Z).
3. For d =4h + 2, h € N, the class

L8 (h) = 2Lo(h) + p

)

generates the lattice (2d) such that (Q4@(2d))" is primitively embedded in H?(X, Z);
ng/2 + (2,1,6) 1s in fact an integral class in H?(X,7).

4. For d = 4(h —1) 4+ 2, h € N\ {0}, the class

Lg%(h) =2Lo(h) +p+e3z+ fa+g3+hs

generates the lattice (2d) such that (Q4@(2d))’ is primitively embedded in H?(X, Z);
Lg%/Q + ®(2,1,10) is in fact an integral class in H?(X,7).
5. For d =4h + 3, h € N, the class

e1+fitg+thit+es+ fa+gs+hs+ar+a+3p

L273(h) = 2L0(h) + wo + 5

generates the lattice (2d) such that (Q4@(2d))" is primitively embedded in H?(X, Z);
L23/2 + ®(2,1/2,32) is in fact an integral class in H?(X,7Z).

6. For d =16(h — 1), h € N\ {0, 1}, the class
Lyo(h) = 4Lo(h)+e1+ fi+g1+hi1+3(e3+ f3+g3+h3)+est fatgathatar+az+p+2w;

generates the lattice (2d) such that (Q4@(2d))* is primitively embedded in H? (X, Z);
L40/4+ 24,0240 18 in fact an integral class in H?(X,7).
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7. For d = 16h 4+ 4, h € N, the class
Lya(h) =4Lo(h) 4+ a1 + a2 + p + 2w2
generates the lattice (2d) such that (Q4@(2d))* is primitively embedded in H?(X, Z);
Lya/4+ x(43/2,240) 15 in fact an integral class in H?(X,7).
8. For d =16(h —4) +8, h € N\ {0,1,2,3}, the class
3(e2 + fo+ g2+ ha) + T(ea + fa + g4 + ha)
2
generates the lattice (2d) such that (Q4@(2d))* is primitively embedded in H?(X, Z);
Lyg/4+ 24,1240 1s in fact an integral class in H?(X,7).
9. For d = 16h + 12, h € N, the class
Lyi2(h) =4Lo(h) +e1+ fi+g1+h1+2(ea+ fa+ ga+ ha+ p+ w1 + w2)

generates the lattice (2d) such that (Q4@(2d))* is primitively embedded in H?(X, Z);
Lyj2/4 4 (41 /2,240) 18 in fact an integral class in H?(X,7).

Lyg(h) =4Lo(h) 4+ p +

Projective families with the action of 72 compared to projective families with a general
symplectic involution

Let X be a general projective K3 surface which admits a symplectic automorphism of
order 4 7: then X, having Picard number 15, is a special member of one of the families
of projective K3 surfaces that admit a symplectic involution, whose general element has
Picard number 9. Indeed, each of the NS(X) presented in Theorem admits a
primitive embedding of Q9 @ (2d) or some overlattice of it: to compare the families,
we need to see how each of the ample classes L of Example glues to the lattice
0y C Q4 associated to the action of 72 on X (see Section .

Theorem 2.5.1.7 (see [32, Prop. 2.2]). Let X be a projective K3 surface with a sym-
plectic involution ¢, such that rk(NS(X)) =9. Then we have the following possible cases
for NS(X):

(a) for every d, NS(X) = Qo @ (2d);
(b) for d even, NS(X) = (Qa @ (2d))’.

Remark 2.5.1.8. The action of O(€2) on Aq, has two non-trivial orbits, that consist of
elements of order 2 and square respectively 0 or 1. Depending on the value of d (mod
4), the overlattice (Q2 @ (2d)) is obtained using one or the other (compare to the proof

of Theorem [2.5.1.4]).

To determine which of these families our Néron-Severi groups belong to, we fix the
embedding of (2o in 4 as in Section so that the symplectic involution we’re
considering is indeed 72; as class L of square 2d, we take again those defined in Example
We recall that, denoting R the orthogonal complement of Qs in 4, the latter
is an overlattice of index 2% of Qs @& R.
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Theorem 2.5.1.9. 1. For everyd € N, NS(X) = Q4 & (2d) corresponds to case (a)
of Thm|2.9.1.7

2. For d=42,3, NS(X) = (@ (2d))’ corresponds to case (a) of Thm[2.5.1.7
8. For d=40, NS(X) = (Q4® (2d))" corresponds to case (b) of Thm[2.5.1.7
4. Ford =40, NS(X) = (Q4 ® (2d))* corresponds to case (b) of Thm[2.5.1.7

The following table describes the situation: saying that L glues to Qg (and similarly for
R) we mean there exists an element in NS(X) of the form (L +v)/2,v € Qo.

NS(X) L glues to Qo | L glues to R | NS(X)/(Q2 ® R ® (2d))
vd Q4 © (2d) No No (Z.)27,)*
d=42,3| (2 & (2d)) No Yes (7Z./27.)°
(Qq & (2d)) Yes Yes (7Z./27.)°
d=40
(Q4 & (2d))* Yes Yes (Z)27)* x 7./AZ

Proof. The class Ly doesn’t glue to {4, so it cannot glue neither to 2 nor to R. Since
L%73 = 2d with d =, 3, this case corresponds necessarily to case (a) of Thm
Q2 ® R® (2d) has index 2° in NS(X), because there exists r € R such that (Ly3+71)/2 €
NSX):r=c+qg—fitea—fata—vy—(ea—ga+es—gs+ai —az+0)/2. There are

no elements in {29 that glue to Lélg or L%, so we are again in case (a): this means that

a symplectic involution that satisfies case (b) of Theorem with L? =g 4, cannot
be the square of a symplectic automorphism of order 4.

The gluings for the cases in which d = 4k are described as follows: (L2 +0)/2, (L2o+
r)/2 € NS(X) for © = e3 — g3+ fs — hg € Qa, 7 = e3 — f3 + g3 — hg € R; since
(041)/2 is one of the elements that glue s to R, the index of Q2 @ R® (2d) in NS(X)
is still 2% (Lo + 9)/2, (Lao +1)/2 € NS(X) for the same ¥ € Qq, 7 € R as Lay;
(Lys+0)/2, (Laa+7)/2€ NS(X)for o= fo—ho+ f1—hs € Qa7 =a1—az+0 € R;
(L478 +1~))/2, (L478 +7")/2 S NS(X) foro =a—-~v+pB—-0+e1—g1+ f1 — h1 € Qo,
=ea—fitg—lhi+a-B+v—-0€ R (Laiz2 +0)/2,(Lajg2 +7)/2 € NS(X) for
=e1—g1+ fi—h1 € Qo,r=e1— f1 + g1 — h1 € R. Thus, these cases correspond
to case (b) of Theorem NS(X) is obtained as overlattice of Q2 & R & (2d) by
gluing firstly Qo with R to get Q4, and then L4y with Q4 as in Example O

r
v

2.5.2 Projective families of K3 surfaces which arise as resolution of the singularities
of X/1

Projective K3 surfaces Y that are the resolution of X /7 have to primitively contain in
their Néron-Severi both the exceptional lattice My described in Section [71, §5-7],
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Lyars -
and a positive class H of square 2e that generates M, NSO, therefore, Y is polarized
with the lattice My @ (2e) or one of its cyclic overlattices.

Theorem 2.5.2.1. The relation ~pp, (see Def. |2.5.1.1) divides Ay, in 7 non-trivial
equivalence classes (plus the trivial one {0}):

Ilo0 |1/2] 1 |32
3

k
2 8 4 0
4 121 12 | 12 | 12

FEach of them corresponds to an equivalence class for =y, , except for (2,1) which is the
union of two classes: (2,1,1) and (2,1,3). We give a representative element x, 4.y for
each non-trivial equivalence class (k,g,n) in terms of the generators of My introduced

in Section [2].3

class (k,g,n) representative T g )
m2+2m2+3m2+m3+2m3+3m3
(2707 3) 1 2 32 1 2 3
mi4+mi+m?2
(2,1/2,8) -
~1 .2
(2,1,1) m T ;rm
2.1.3 m3?+2m3+3mZ+mi+2m3+3m+m! +m?
( D) ) 2
m24+2m2+3m2+m3+2m3+3m3 2
(4’0’12) 1 2 34 1 2 3_|_m7
34 9m313m3 44941 3m4s 4 4
(4’ 1/27 12) my+2ms+ m31rm1+ mo+3mg + mlJQrm3
24 9m213m2 44 9md g4 3 3 4 4, =1
(4’ 1’ 12) mi+2ms+ mgi-ml—i— my+3ma + m1+m3+rr;1+m3+m
21 9m21 3m2 44941 3m4s 3 3
(47 3/27 12) mi+2ms+ m31—m1+ mo+3mg + ml—;-m3

Theorem 2.5.2.2. Let Y be a projective K3 surface such that rk(NS(Y)) = 15 and
NS(Y) contains primitively My and (2¢), e € N\ {0}. Then, using the notation intro-
duced in Remark|2.5.0.5, NS(Y') is one of the following:

1. for every e, NS(Y) = My @ (2€);

2. fore#41, NS(Y) = (My®(2e)); this is uniquely determined by e and the index of
the overlattice for e #4 2, while for e =4 2 there are two non isometric possibilities.

3. Fore=40, NS(Y) = (My® (2¢))*, uniquely determined by e and the index of the
overlattice.

Each of these lattices admits a unique primitive embedding in Axs.
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Proof. The overlattices of My @ (2e) are in bijection with the equivalence classes for
~ 7, Fix the primitive embedding My < Aks as in Section since the orthogonal
complement of My is the lattice w4 H?(X,Z), we can use as generators of the lattice
<2€> the primitive classes L in H?(Y,Z) obtained from w4, L (with L as in Example
as follows. Refer to Section - for the computation of 74, L, and see also the
correspondlng classes D1 in Section for the explicit gluing element (L +m)/k, m €
Angy, k=2, 4:

NS(Y) e L

4(h—1) 7T4*L40 h /4
M, @ <2€> 4h +1 7('4*L4,4 h /4
4(h—4) +2 | mLas(h)/4

4h+3 | muLao(h)/4

Ah—1) | maLao
(1)
4(h 1) +2 | mLE)(h)/2

Ah+3 | mLas(h)/2

(M @ (2€))* 4h maxLo(h)

Notice that for every choice of e —4 2 there are two non isomorphic realizations of
(M4 ® (2e))’, using alternatively . Ly 2( )/2, i = 1,2: indeed, for h odd both of them
glue to the class (2,1,1), while for A even they both glue to (2,1,3). The resulting
lattices belong to different genera.

Each of the possible lattices NS(Y) admits a unique primitive embedding in H2(X,Z),

because E(ANS(Y/)) <5, so Theorem [1.2.1.12| holds. O

Theorem 2.5.2.3. There is a 1-1 correspondence between families of K3 surfaces X
with NS(X) as in and families of K3 surfaces Y with NS(Y) as in Theorem
The przmztwe classes L € NS(Y) that generate the sublattices (nd) as stated
are mdzcated in curly brackets. For d =4 2 the lattices SV, 8@ ar not isometric.
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NS(X) NS(Y)

Vd Q& <2d> (M4 D <8d>)* {f = 7T4*L}

(Qu® (2d))'D | (My @ (2d))V  {L = ™%}

(@ (2d))@ | (Mya (2d))'® {L =L}

d=43| (uo@d)y | (Myo@d) {T="msk)

Qe (2d)) | (Myo(2d)) {L=7%L}
d=40

(4 @ (2d))* My&(d/2) {L=TmL}

Proof. The map 4, kills {24, so the possible Néron-Severi groups for the general smooth
quotient surface Yy =X /7 are determined by how the image of the ample class L glues
to the exceptional lattice My. For each of the L in Example we compute 7y, L
using the description of the image lattice my, H%(X,Z) given in Section we find the
unique integral and primitive L = m4.L/k, where k can be 1,2 or 4 depending on the

case, and we then compare 7’ to L2. ]

2.5.3 Projective families of K3 surfaces which arise as resolution of the singularities
of X/72

The process used in the previous section can be also applied to describe the K3 surfaces
Z that are resolution of X /72, and the relations between NS(X) and NS(Z); for the

general symplectic involution, this was already done by Garbagnati and Sarti:

Theorem 2.5.3.1 (see [29, Cor. 2.2]). Let X be an algebraic K3 surface with k(N S(X)) =
9 admitting a Nikulin involution v, and let Z be the resolution of the singularities of the
quotient X/v. Then:

(a) NS(X) = Q@ (2d) if and only if NS(Z) = (N & (4d))';
(b) NS(X) = (Q & (2d)) if and only if NS(Z) = N & (d).
When ¢ = 72, we have the following theorem.

Theorem 2.5.3.2. Let Z be a K3 surface such that rk(NS(Z)) = 15; suppose NS(Z)
admits a primitive embedding of T4 (see Def. , and contains a class of positive

1 > ~
square 2d that generates I, NS Then d = 2z, and NS(Z) is one of the following:

1. for every x, NS(Z) = (I'4y @ (4z)), uniquely determined by x and the index of the
overlattice.
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2. for x =4 2,3, NS(Z) = (I'y @ (4x))*, uniquely determined by = and the index of
the overlattice.

Moreover, there exists a unique primitive embedding of these lattices in HQ(Z,Z) up to
isometries of the latter.

Proof. The lattice I'4@(2d) cannot be the Néron-Severi of a K3 surface, since A\(Ar, ¢ (2qy) =

(2,2,2,2,2,2,4,4,2d)), so its length is 9 > 22 — rk(T's @ (2d)) (see Rem. [1.2.1.9).
Consider the table of non-trivial equivalence classes for ~r,:

y Il 0 [1/4]1/2|3/4| 1 |7/4|3/2]|9/4
2 127 0ol o] 0 [128] 0] O] O

4 0 | 256|112 | O

an element of the form (E + v)/2, with E? = 2d and v € T4, has integer, even self-
intersection only if d is even, and an element of the form (E + v)/4 only if d = 2z with
x =4 2,3. The non-trivial equivalence classes for ~r, are presented in the following table;
the corresponding overlattice of I'y@®(4z) can be realized having fixed the embedding I'y €

HQ(Z, Z) as in Def. [2.4.2.3] using as positive class L=mnyLforL € {Lo, LS%, L%, Ly 3},
and L = ma,L/2 for L € {Lo, Lo, Laa, Lag, L112}
class (k,g,n) representative (x4 n) glues to:
(2,0,1) (n3 + ng + ns +ng) /2 LGy /2 fori=1,2
(2,0,6) (ns +ne +ny + ng)/2 Lo(h)/2, h =5 0
(é3—f3)+n3+ny 7
(2,0,30) (G=B)+(é1—fr ))in3+N4+n5+ns 24,0/2
2 4,8/2
(2,0,90) (ég=fa)tnatng +natnstne+ng Loo(h)/2, h =21
(2,1,2) (ns 4 ng) /2 Los/2
(2,1,6) (ng 4 n3 + ny + ns + ne + ng) /2 Lo(h)/2, h =5 1
(2,1,30) (él_fl)+(é42_f4)+n3+n4 ?4’4
(é1— f1)/2 Laao
(2,1,90) (ég=fs)+nstngtnrtng Loo(h)/2, h =50
(4,1/4,256) (=) +(Ea—f)+or+oatng | Snsdng Los(h)/4, h =51
(4,1/2,24) Y Smadnainadng L{Y(n)/4, h =21
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(4,1/2,120) (ég=fy)+or+nanr 4 motSnatSngtns L) (h) /4, h =50
(4,5/4,256) | futztnetnatnrr@of bty | Snakns | Foo(h) /4, b =50
(4,3/2,40) (a—f)tan | Snatnadingtns L3 (h) /4, b= 1
(4,3/2,72) Tytngtng 4 na+Sngtdngtng LYY (h) /4, h =20

Now, the classes (2,0, 1) and (2, 1, 2) produce overlattices of I'y® (4x) that are not admis-
sible as Néron-Severi of a K3 surfaces, because they have £ = 9 (see Rem. [1.2.1.9). For
the remaining classes (k, g, n), those contained in the same equivalence class (k, g) for the
relation ~r, give rise to isomorphic lattices: indeed, having fixed z, it can be proved that
all the lattices of the form (I'y & (4x))’ are in the same genus, and the same holds for all
the lattices of the form (I'y @ (47))*; however, since AN(Ar,euz)y) = (2,2,2,2,4,4,41),
and MAr, o)) = (2,2,2,2,2,2,4z), actually (T'y @ (4x))" and (4 & (4x))* are unique
in their genus by Proposition [1.2.1.11} Furthermore, they admit a unique primitive em-
bedding in Aks, as we can apply Proposition [[.2.1.11] to the corresponding trascendental
lattices, both of signature (2,5) and length 7, T" = (T4 @ (4z)) )L, T* = (T4 @ (4z))*)*:
indeed /\(AT/) = )\(A(p4@<4x>)/), and )\(AT*) = )\(A(p4@<4z>)*). O

We are now ready to describe the correspondence between irreducible components of
the moduli space of X and of Z in the projective case. Moreover, similarly to Theorem
we check whether the positive class orthogonal to I'y in NS (Z ) glues to the
lattices Nz, embedded in I'y as described in Definition and Remark
respectively. This will be used in Corollary to find the irreducible component of
the moduli space of (respectively) projective K3 surfaces S with a symplectic involution ¢,
and projective K3 surfaces that are resolution of a quotient S/¢, that Z belongs to.

Theorem 2.5.3.3. Let 7 be a symplectic automorphism of order 4 on a projective K3
surface X such that rk(NS(X)) = 15, and consider Z that is the resolution of the sin-
gularities of the quotient X/72: the following table describes the correspondence between
NS(X) and NS(Z). The primitive classes L in NS(Z) that generate the sublattices
(nd) as stated are indicated in curly brackets.

NS(X) NS(Z) L glues to Ny | L glues to Qy
vd Q4 @ (2d) ((4d) ®Ty) {L = moL} Yes No
(Qu & (2d))'D .
d=42 ((4d) ®Ty)* {L=myL} Yes Yes
(2 @ (2d))®
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d=43| (& @d) | ((4d) ®Ty)* {L=m.L} Yes Yes

Q d)) No
d=40 (% & 2d) (d)yoTy) {L="%L} No

(Q @ (2d))* Yes

Proof. Recall from Theorem the possible Néron-Severi groups of X. We use the
map 7. (see Section to compute L for each of the L in Example and we
check their eventual gluing to N following Section [2.4.2)

Fix d = 4h 4+ 2 = 4(k — 1) 4+ 2, and consider the ample classes ng(h), Léy%(l{:) of X
that generate the two non isomorphic overlattices of index 2 of Q4 @ (2d): denote these
lattices NS(X)™® and NS(X)?). Now take Z the resolution of X/72: from the previous
theorem, we have NS(Z)®) = (Iy, L$)(h)) ~ NS(2)® = (T4, L) (k)). Therefore, for
d =4 2 there is a 2-1 correspondence between (Q @ <2d>)’—polarizéd families of X and
(T4 ® (4d))*-polarized families of Z. Similar considerations apply to d =4 0. O

Projective families of Z and Y compared to projective families of K3 surfaces with a sym-
plectic involution, or that are a quotient of one

From Theorem we can see whether L glues to Qp and N, or not: this determines
the general member of the projective family Z belongs to respectively as a surface S
admitting a symplectic involution ¢, and as resolution of a quotient S/¢, according to
Theorems However, if we remove the information about X and we only
consider NS (Z ) abstractly, we see that Z can belong to the intersection of two families
of S (or two families of quotients).

Corollary 2.5.3.4. Consider Z as a projective K3 surface with a symplectic involution:

1. if NS(Z) = (T4 & (4z))*, then Z belongs to the deformation family whose general
member has Néron-Severi (Q2 @ (2d))’;

2. if NS(Z) = (T4® (4z))’ then Z belongs to the intersection between the two families

of Theorem [2.5.1.7,

Consider Z as the resolution of a quotient of a K3 surface by a symplectic involution:

1. if NS(Z) = (T4 & (4z))*, then Z belongs to the deformation family whose general
member has Néron-Severi (N & (4d))’.

2. if NS(Z) = (T4®(4z)) then Z belongs to the intersection between the two quotient
families of Theorem [2.5.3.1]

Proof. If NS(Z) = (T4 @ (4x))*, from the previous theorem we see that Z belongs to
the intersection of the deformation families whose general members have Néron-Severi
(Q2 @ (2d)) and (N @ (4d))".
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If NS(Z) = (T4 ® (4z)), for the same 2 we can choose the embedding of I'y in N.S(Z)
that has orthogonal complement generated respectively by mo.Lg or {ma.L2o/2, that
don’t glue to g, or by one among {ma.La4;/2}i—0.4,8,12, that do. Similarly, considering
Z as a quotient surface we can choose the embedding of T'y in N.S(Z) that has ortho-
gonal complement generated respectively by mo.Lg, that glues to N, or by one among
{7T2*L270/2, 7T2*L47i/2}, 1= 0, 4, 8, 12, that don’t. O

The surface Y is also a special member of one of the projective families of K3 surfaces
that arise as resolution of the singularities of a quotient S/¢, and we have the following
result.

Corollary 2.5.3.5. Let Y be a general projective K3 surface polarized with My @ (2e)
or one of its overlattice, according to Theorem and define H = Mj-. Consider
the primitive embedding Ny C My described in the proof of Proposition|2.4.5.4, and the
double cover Z --»Y with ramification divisor vy. Then:

1. If H glues to Ny, then e =4 0 and NS(?) is an overlattice of index 2 or 4 of
My & (2e); moreover, NS(Z) = (I'y @ (e))’.

2. If H does not glue to Ny, then we distinguish two cases: either NS(Y) = My®(2e),
or, only if e =4 2,3, NS(Y) = (My @ (2¢))'; in the former case, NS(Z) = (I's ®
(4€))’; in the latter, NS(Z) = (T4 @ (4de))*.

2.6 Projective models

Given a nef and big divisor L on X, there is a natural map ¢ : X — P(H(X,L)*) ~
P", with n = L?/2+1. Any automorphism o of X that preserves L induces an action on
H°(X, L): in particular, if o is finite of order m, we can split H°(X, L) in eigenspaces
corresponding to the m-roots of unity.

Remark 2.6.0.1. Notice that the action of ¢ on H°(X, L) could have order km for some
integer k > 1: indeed, if

o™ (zgy .., xn) = E(xoy ..oy Tp)
for &, a root of unity, then on P(H°(X, L)*) it will hold ¢™ = id; but this is irrelevant
when we study the action of the cyclic group (o) on the projective surface X, as we can
just take the action of o* on H°(X, L) without loss of generality.

Thus, considering a symplectic automorphism 7 of order 4 on a K3 surface X, we
have

HO(XaL):Vl@w@vfl@vfi:WJr@W,

where V, are the eigenspaces relative to the action of 7*, and W, are relative to (72)*,
sothat Wy =Vi@V_j,and W_ =V, dV_,.
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2.6.1 Eigenspaces of 7* and classes in NS(Y)
The purpose of this section is to prove the following proposition:
Proposition 2.6.1.1 (see [32, Prop. 2.7] and [26, Thm. 5.6]). There exist divisors
Dy,...,Dy € NS(Y) such that

HO(X7 L) = WZHO(Y/a Dl) ©® WZHO(Ya DZ) @ WZHO(Y/u -D3) ©® WZHO(}N/7 D4)
and every WZHO(}},DZ-) corresponds to one of the eigenspaces for the action of TF on
HO(X,L).

We start by defining some divisors D1, ..., D4 associated to each L of Example [2.5.1.6
The proof of the proposition can be found below, and amounts to show that these divisors
are indeed the ones in the statement.

Consider the following elements in M, fori =1,...,4, j = 1,2 (see also Section[2.4.3):

i:3m§—|—2m§—|—mg ﬁi:m’i—{—ng—&—mg ’Yi:m’i—l—Qm’é—i—?)mg 5j:m7f‘
4 ’ 2 ’ 4 ’ 27
notice that (a?)? = (7%)? = =3/4, (8)? = —1, (67)> = —1/2 with respect to the

intersection form of M, extended Q-linearly to M.

— Consider Ly(d); depending on the value of d mod 4, we define Dy, ..., Dy as follows:

Lo(d) d=40 d=41
D, 7T4*L0/4—72—'y4—52 774*L0/4—'yz—oz3—51—52
Dy maxLo/4 — ol — a3 — 6t maxLo/4 — ol — B3 — ot
D5 7T4*L0/4—,61—a2—ﬁ3—a4—52 7T4*L0/4—ﬁ1—a2—73—64—(51—62
Dy TaLo/4 =4 = B2 =~ — gt = ¢! TaeLo/4 =~ — 52 —~*
Ly(d) d=42 d=43
Dy maxLo/4 — 4% — B3 — ot — 62 maxLo/4 — v — 43 — Bt — 61 — 42
Dy muxLlo/4 — ol — 43 — gt — 61 maxLo/4 — ol — 2
D3 muxLo/4 — BY — a? — 4* — §2 muxLo/4 — B — a? — o — 51 — 42
Dy maxLo/4 — vt — B? — a® — 61 masLo/4 — ' — B2 — B3 —at

— Consider Ly (h), whose square is 2d = 8(h — 1); depending on the value of h mod 2,
we define D1, ..., Dy as follows.
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Ly o(h) h=20 h=21
Dy TuLoo/4— 5% — B Tunloo/4— 5% — 3°
Do TaLog/4—at—y2—a3 - =01 —62 | mylog/d—at =72 —y3—at—§t -2
Dy Tuloo/4— B — 3° TuLoo/4— 1 — B
Dy TaLog/4—yt—a? =3 —at =61 62 | myloo/d—7t—a?—ad -t -6t 62

— Consider L(Q{%(h), j =1,2; recall that ng(h)2 =

8h+4, while Ly)(h)? = 8h —4: thus,

any value of d =4 2 can be realized both with h even and h odd, using one between

1 2
Lys. L,

5 alternatively, giving two non-isomorphic cases.

LY)(h) h=50 h=y1
Dy t L) /4 — B3 — - 51 — 82 L) /4 — ' — 52
Dy 7r4*Lg%/4—a1 —a? — 3 — At W4*Lg{%/4—a1 —a?—-ad—at
Dy T LG4 — B — B2 — 61 =8 | muL§)/a—p1 B2 —pt— 61 —?
Dy T LG4 — 4t =42 — o — o T LG4 — 4t =42 — 4 —

— Consider Lj 3(h), whose square is 2d = 2(4h + 3); depending on the value of h mod 2,

we define Dy, .

.., Dy as follows.

Los(h) h =50 h=51
D, TaLog/4 — Bt — 62 Taslo3/4 — 3% — &2
Do 714*L2,3/4—041 —a?—ad -t =6t 7r4*L273/4—a1—a2—73—044—51
Dy TasLoz/4 — B — % — 3% — TaxLo3/4 — B — % — g4 — 4
D, TaLog/d— 4t =42 =43 —at — §' | mgulog/d— At — 4% —ad — 4% =4t

— Consider Ly ; for j = 0,4,8,12; in this case m, L4 j/4 is primitive in NS(?), and we

can define Dy, ..

., Dy simultaneously for any j and any value of h, as follows:

Lyj(h)

any h

D, TasLaj/4
Do TaeLyj/4—al —a —ad—at =1 —§2
Ds TaxLaj/4 — Bt — 5% — g3 — p*
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Proof of Proposition[2.6.1.1, Consider L any of the ample divisors of X presented in
Example and the corresponding Dy, ..., Dy as in the tables above. Notice that
for every i the relation 73 (D;) = L is satisfied (since ;M = 0): therefore we always
have 7; HO(Y, D;) ¢ H°(X,L). Moreover, 7;H®(Y,D;) is all contained in one of the
eigenspaces V, (L) (the sections of D; are in fact well defined on the quotient surface Y)
and, for i # 7, WZHO(Y/, D;) and WZHO(Y, Dj) are in different eigenspaces, since D; and
Dj intersect differently the exceptional lattice for ¢ # j: this proves that H %(X,L) D
@?:1 WZHO(Yv DZ)

To show the other inclusion, it is enough to chech the dimensions, and we can actually
work with the Euler characteristics: h%(L) = x(L) because L is ample, and on the
other hand we get that h%(D;) > x(D;). Indeed, since D? > —2, either HO(Y, D;) or
HO(Y, Df) is trivial [41} §1.4], and the fact that D; intersects positively 7. L excludes
the former case; moreover, by Serre’s duality we get H2(f/, D;) ~ HO(Y/, Dr)=0.

So we only need to check that

X(L) = YD)

by Riemann-Roch, for any divisor C' on a K3 surface we have x(C) = C?/2 + 2, so in
particular for any L of square 2d, x(L) = d+ 2. The values for each x(D;) are displayed
in the following table, thus proving the statement.

Table 2.7: Euler characteristics

no.| L x(D1) x(D2) x(D3) x(Dy)
d=41 1 Ly (d+3)/4 (d+3)/4 (d—1)/4 (d+3)/4

2| Lo (d+2)/4 (d+2)/4 (d+2)/4 (d+2)/4
d=12 | 3 | L) (d+2)/4 (d+2)/4 (d+2)/4 (d+2)/4

4| LY | @464 (@d+2)/4 (d-2)/4 (d+2)/4
d=43 Lo (d+1)/4 (d+5)/4 (d+1)/4 (d+1)/4

6 | L23 (d+5)/4 (d+1)/4 (d+1)/4 (d+1)/4

7| Lo d/4+1 d/4+1 /4 d/4
d=40 | 8 | Ly d/4+1 d/4 d/4+1 d/4

9 | L d/4+2 d/4 d/4 d/4
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2.6.2 Eigenspaces of 72

The automorphism 72 is a symplectic involution on X: the following proposition de-

scribes the eigenspaces of a general symplectic involution.

Proposition 2.6.2.1 ([32, Prop. 2.7]). Let ¢ be a symplectic involution on a K3 surface
X such that rk(NS(X)) =9, let Z = )?/7 the resolution of the quotient surface, and
let m : X --» Z the induced rational map. Let L be an ample divisor on X, such that
L? = 2d, that generates QQLNS(X). Then HY(X,L) ~ m*H(Z, Ey) ® n*H°(Z, E3), with
FEq, Ey described as follows, for suitable numbering nq,...,ng of the exceptional curves

of Z:

1. if NS(X) = Qa2 & (L), and d =2 0, then E1 = m.L/2 — (n1 + n2 + ng + n4)/2,
By = m.L/2 — (n5 +ne +n7 +ng)/2;

2. if NS(X) = Qo @ (L), and d =2 1, then E1 = m.L/2 — (n1 + n2)/2, Ey =
T L/2 — (n3 + 14 +n5 +ne +n7 +ng)/2;

3. if NS(X) = (Qa @ (L)) (this case occurs only if d =2 0), then E1 = m,L/2,
By =mL/2 -5 ni/2.

If X admits an automorphism 7 of order 4 and Z is the minimal resolution of X /72,

1
Q4 NS(X)

taking L ample that generates we have the following relation between the ei-

genspaces of 7% and 72*:

4
HYX,L) =@ njH (Y, D;) = m3 H(Z, By) @ w3 H'(Z, E»);
i=1

the Nef divisors Fi,Ey € NS (Z ) that satisfy this equality for the examples of ample
classes introduced in Example [2.5.1.6] are defined in the following tables, with the ex-

ceptional curves numbered as in Sections

Lo(d) d=50 d=51
Eq moxLo/2 — (ns +1ne +n7 +ng)/2 | m2Lo/2—(no+nz3+ns+ns+ne+ng)/2
By moxLo/2 — (N1 + ng + ng + ng)/2 moxLo/2 — (n1 +n7)/2
Lao(h) any h LY)(h) any h, j=1,2
Eq mosL2,0/2 Eq Wz*Lg{%/Q — (ng 4+ nq4 +ns +ng)/2
Ey TouLo0/2 — Y5 ni/2 By | muL$)/2 — (n1 +no+ng +n7)/2
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Lo 3(h) any h Ly j(h) any h, j =0,4,8,12

E, ToxL23/2 — (n5 + ns) /2 £y TosLa /2
E, mox Lo 3/2—(n1+ng2+ng+ns+net+nyz)/2 E, Tl /2 — Z?:l ni/2

Proposition 2.6.2.2. It holds WSHO(NZ,El) = WIHO(Y, D)@ ﬂ'ZHO(Y/,Dg), while
7sHY(Z, Ey) = miHO(Y, Do) @ mi HO(Y, Dy).

Proof. Tt’s easy to see that the dimensions agree using Euler’s characteristic (compare
to the proof of Proposition . Moreover, notice that if £ intersects positively
ni € {n1,n2,m6,n7} (classes fixed by 7*), then @z, |(n;) is a curve C in ¢|E1‘(Z); consider
now the induced automorphism 7 on ¢, El‘(Z): it fixes two points pi,pe on C, each
belonging to one (or the other) of the eigenspaces for the action of 7* on H°(Z, Ey),
that are - .
HYZ F)) =m*HY(Z/#, F) @ 7 HY(Z )7, )

for some divisors F, Fy of Z /7. Therefore, Fy + F, intersects positively the two curves
C1,Ca, that resolve the singular points image of p,ps in Z /7 . If Ej intersects trivially n;,
then ¢ g, (n;) is a point p in o E1|Z , which is fixed by 7 and thus belongs to an eigenspace:
its image in Z /7 is resolved by a curve Cp, that is intersected positively by either F; or
F5, and so by their sum. A similar argument can be applied for n; € {ns, n4,ns,ng}: if
E intersects two curves exchanged by 7, then Fy 4+ F5 intersects with multeplicity 2 the
curve which is their image in the resolved quotient; if £ does not intersect them, then
neither Fy + F5 intersects their image.

Therefore, we’ve proved that how Fl(i) + Fz(i) intersects the exceptional lattice of the
resolution of Z/7 depends on how E; intersects that of Z.

Since the surfaces Z/7 and Y are isomorphic (see Rem. [3.4.0.1)), we have

H(X,L) = @ miH(Z/7, F{") & miHO(Z )7, By)
i=1,2

and a correspondence between each H°(Y, D;) and one of the H*(Z /7, F]EZ))
The fact that this correspondence is exactly as stated comes from a comparison between
how the E; and the D; intersect the exceptional lattices of Z and Y respectively. O

2.6.3 Examples with L2 =4

There are three families of K3 surfaces X polarized with an ample class L such that
L? = 4, corresponding to no. 2, no. 3, no. 4 of Table since it holds x(D;) =
hY(D;), as we proved in Proposition we can read from Table the dimension
of the eigenspaces of the action induced by 7. Moreover, by the correspondence between
projective families of X and its quotients, and in particular by the degree of Land L (the
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pseudo-ample classes on Z, Y respectively), we expect the dimension of the projective
space in which the quotients are naturally embedded.

We proceed by firstly defining for each L an automorphism 1) on P? with eigenspaces
of the correct dimension according to Table and then finding equations for the
K3 surfaces which are invariant for ¢. Recall from Remark [I.4.0.4] that the projective
dimension of each of the families of X is 5 = 20 — (rk(£24) + 1), so the equations for the
general member of the family depend on 5 parameters.

We check the simplecticity of i) a posteriori, as we find that the quotient surfaces are
birational to K3 surfaces.

Remark 2.6.3.1. A symplectic automorphism 7 of order four on a K3 surface X always
fixes four points and exchanges two pairs of points; however, an automorphism « of order
four with this property is not necessarily symplectic, as it can also hold a*wxy = —wx
[2, Prop. 2]. Therefore, unlike involutions, to determine if an automorphism of order 4
on a K3 surface is symplectic it is not enough to check its fixed locus.

The projective models of X and its quotients are summarized in the following table:

no. X X/r? X/T
2 quartic in P3 complete intersection of 3 quadrics in P° | (2,2) N (1,1) in P? x P2
3 double cover of a quadric | complete intersection of 3 quadrics in P® quartic in P3
4 quartic in P3 complete intersection of 3 quadrics in P? | double cover of a quadric

no. 2: The divisor Lg(2) has square 4, and in NS(X) = Q4 ® ZL there exists no class
E such that E? = 0 and ELy(2) = 2: therefore by [88, Thm. 5.2] ¢1,2) : X < P? is
an embedding of X in P? as a quartic surface. Consider the automorphism of P3:

¢2 : (.1‘0 N P T 12> T .%'3) — (xo A B O —i.%'g);
quartic surfaces of the form
Qo : x3wo + x3(ax? + Brd) + xo(ya + dxywows) + 23 (cxt + Ca3) + natas + Oxyxs =0

are invariant under the action of 5, and they depend on 5 projective parameters up to
projectivities of the form (zg : 1 : 9 : x3) — (20 : azy : brg : cx3), which commute with
9. Moreover, Q2 contains exactly 8 points fixed by 13, of wich 4 are fixed also by 1)9;
we have therefore

¢|L0(2)| X i> QQ C ]P)3.

To find models for the quotient surfaces, as in [32] §3.4] we consider the map given by
the degree 2 invariants under the action of 3

(3?02.%'11.1'22.%'3)!—)(.%(2)11'%2.%'%:JJ%::C().%Q11'1:6'3):(2’0121:Z222’3:Z4!Z5);
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then the surface Q2 maps to the complete intersection of quadrics in P°

2029 — 23 =0
R2 : Zg — R1k3 = 0
2024 + z0(@z1 + Bz3) + z4(vz2 + 025) + 22(e21 + C23) + 25(nz1 +023) =0
which is a projective model for Qo/43. Since Lo(2) = m2.Lo(2) has self-intersection 8,

it holds
Pin@) £ — B2 CP.

Now, the automorphism induced by 15 on P is
o :(20:21:20:23:24:25) > (20: —21:20: —23: —24:25) ¢

since the surface Ry has the same form as in [32], §3.6], then the quotient of Ry under
the action of 9 is described by a complete intersection in IP)%ZO:ZQ%) X P%Zl:zg:m) of two

polynomials of bidegree respectively (2,2), (1, 1), that is

g 20202123 — 2322 =0
2 -
2024 + 20(az1 + Bz3) + za(yz2 + d25) + z2(e21 + C23) + 25(nz1 + 023) = 0.

no. 3: The divisor Lg% (0) is ample but not very ample: indeed (see [88, Thm. 5.2]) we
have Ly)(0) = Hy + Hy with

Lo(O) +p+o
2

L0(0)+p—0'

0 2
, Hy = —————; (Hi,H3) = [

= 2 0

] ;. T7(Hyp) = Hs.

Hence -
. : 1 1
Qo) = Pt X = BEXE

is a double cover ramified along a curve C of bidegree (4,4) invariant for the automor-
phism of P! x P!

¥3 (o s 1) (yo s y1) = (yo < iyn) (wo = ix1);
which switches the two copies of P! (as prescribed by 7% H; = Hs). The curve C depends
on 5 projective parameters when taking into account the action of the group of pro-
jectivities of the form (zg: x1)(yo : y1) — (2o : ax1)(yo : ay1), which are the only ones
that commute with 13. We embed P! x P! in P? via the Segre map

(330 : $1)(y0 : yl) = (!EO?JO S ToY1 - T1Yo - iﬂlyl) = (Zo P21 %9 23) :

now X is a double cover of the quadric surface zgz3 = 2122 ramified along a curve of
degree 4 invariant for the automorphism 13 of P? induced by 15 via the Segre map,

g (20t 210 221 23) > (20 1 i29 1021 1 —23);
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notice that 13 has eigenspaces of the same dimension, accordingly to Table The
surface X is therefore described in P(2,1,1,1,1) by

0 2023 = 2122
3
w? = azf + B2323 + 24 + 2023(02F + e2120 + 623) + (2 + n2das + (25,

The fixed locus of ¥3 on P3is {(1:0:0:0),(0:0:0:1),(0:1:1:0)}: only the first
two of these points belong to the branch curve, so to have 4 points fixed by 3 on Qs3,
the action induced by 3 on P(2,1,1,1,1) has to be

(wyzo:21: 29 23) — (w; 20 2 G2 121 @ —23).

To find a projective model of the quotient surface Z, we consider the degree 2 invariants
for the action of ¢§, that form a projective space of dimension 6:

(w;z0:21: 29 23) k> (w: 28 28 125122 2023 2129) = (W:ag:ay :ag:az:aq: as);

the surface Q3 maps to

apas = a?l

2

a1as = a

Rs : >
a4 = as

w? = aad + Bapas + ya3 + dag(ay + az) + a3 + (a3 + najas + (a3,

the complete intersection of 3 quadrics in the hyperplane defined by a4 = a5 in PS.
Eliminate a5, and change coordinates to

bo =ap, bi=ay+az, by=a1—az, b3=az, by=ay;
then the automorphism induced by 3 on P? is
1[)32(w2b02b12b22[)32b4)’—>(’w2b0:—b12b22b32—b4).

In the new coordinates we can write R3 as follows: denote pi(w,bg,b2,b3) = bobs,
p2(w, by, b, b3) = b3 + 4bobs, and rewrite the last equation as b3 = p3(w,bg, ba, b3).
Then

b% = P1 (’U}, bo, bg, bg)

Rs : ¢ biby = pa(w, by, ba, b3)

b3 = p3(w, bo, bz, b3),
The expression of R3 is now similar to [32, §3.7], therefore the quotient surface S3 =
R3 /%3 is the quartic surface p1ps — p3 = 0 in P3.

no. 4: The eigenspaces associated to the action of 7 on H°(X, Lf%(l)) have dimensions
2,1,0,1, and there is no E € NS(X) such that E? = 0 and ELé%(l) =2, 50 L%(l) is
very ample. Consider the automorphism of P3:

B

Yy (T @y i xyxs) = (o 2y 2 iy 0 —ix3);
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quartic surfaces of the form
Qu ¢ fa(wo, x1) + waws fo(wo, 21) + oy + Basas + yas =0,

where f4, fo are respectively homogeneous quartic and quadric polynomials, are invariant
under the action of ¢4, and they form a family of projective dimension 5 when taking into
account the action of the group of projectivities of the form (zg : z1 : z2 : x3) —(azo +
bry : cxg + dxy : exs : x3), that commute with 4. Moreover, Q4 contains exactly 4
points fixed by 14, and 4 more fixed only by 3. Therefore

X S P3.
L) @i c
Proceeding as in no. 2, we consider the map given by the degree 2 invariants under the

action of ¥?

($013§‘12.1‘211‘3)'—)(3)%2.%%133%Z.Z‘%Zl‘ol‘l2$21‘3):(20221ZZQZZ3ZZ4ZZ5);

then the quotient @4/ wQIQ , is the complete intersection of quadrics in P°
. 2 _
p1:2021— 25 =0

Ry : p2:z§—2223=()
ps : fa(z0, 21, 24) + 25 f2(20, 21, 24) + @23 + P22 +v23 = 0,

where f4, fa are respectively homogeneous quadric and linear polynomials such that
fa(ad, 23, xox1) = fa(xo, 1) (similarly fo and fa). The automorphism induced by 14 on
P? is X

¢42(Zo:2112222’3:2’4225)'—)(20221:—222—23224:25).

The surface Ry is singular in 8 points, 4 obtained as R4 N {20 = 21 = z4 = 0}, which are
not fixed by w4, and 4 obtained as Ry N {z2 = 23 = z5 = 0}, which are fixed by w4
To find the quotient Ry/ty4|r,, we can consider the projection P5 — P3

mi(z0:21:20:23:24:25) > (20:21:24:25)

from the line £ = (0 : 0 : s : ¢ : 0 :0). Notice that m(p1) = p1, and that for every
(Zo:Z1:24:%5) € P3 we can compute its pre-image as

Zg = st
{JE4(Z07Z1724) + 25 f2(20,71,24) + as® + Bst + 7t = 0;

setting B = (72 + Z5 fa + fa, this gives

_ 32
s =7zt
2 —B+y/B2—dayz}

2y :
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There are generally 4 solutions, pairwise identified by the action of @@4: we can therefore
define a surface Sy that completes the diagram

Ry————p
\:m /

that is, the quotient Sy = Ry/ ¢4\ R, is a double cover of the quadric p; C P3 ramified
over the curve defined by B? — 4(1725 = 0, and thus is a K3 surface.

2.6.4 Other examples

Again, the following examples are numbered accordingly to the table presented in the

proof of Prop. [2.6.1.1

no. 1: the divisor Ly(1) has self-intersection 2: it holds

2:1
Fro) : X — P2,

ramified along a sextic curve C, invariant for the automorphism of P?
Y11 (ot xy o) = (20 @iy 1 —x2);

moreover, since 1 fixes three points, C has to contain exactly two of them, to have four
fixed points on the double cover; thus

C: axdag + Bryrt + yaded + dxdried + exorias + Croxh + nal + 02223 = 0.

The moduli space of C has projective dimension 5, as we have to take into account the
action of the projectivities of P2 that preserve the eigenspaces of ¥, that is, those of the
form (zg : z1 : x2) = (zo : axy : bxa).

Following [32, §3.2], to find a projective model of the quotient surface Z we consider the
embedding of P? into the projective space defined by the degree 2 monomials that are
invariant for ?

X:(acole:xg)H(xg:m%:x%:xoxg):(yozyl:ygzy3)€P3

as the quadric cone Q : yoy2 — y3 = 0. Then, recalling ﬁo(l) = mo.Lo(1), we have
that -
Aoy 12— @

is the double cover ramified along the union of the curve C = X(C) and the hyperplane
y1 = 0; the branch curve of this double cover is therefore

Cz : y1(aydys + Bygyr + vyoy2ys + 0yoyiy2 + eyiys + Cydys + nyi + Oy1y3) = 0.
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Now, the automorphism 1&1 induced by %1 on P?3 is

Y1 (Yo yr:y2:y3) = (Yo:—y1:y2: —y3);

again, to find the quotient surface we consider the immersion of P in the space defined
by the invariant monomials of degree 2

(Yo:y1:vy2:y3) > (W3 103t U3 13 yoy2 : Y1ys) = (Vo : V1 : V2 U3 vy : V)

as the complete intersection of quadrics

VoUy = Uz%
— 2.
V1V3 = Vs,

the quotient surface Y is the image of Z via this map, that is

Vol = ’Uz

2

V1V3 = U

Y . 2
V3 = V4

w? = awgus + Buguy + Yuavs + dv1vs + v1vs + Cvovs + nv% + Ovivs ¢

this is the intersection of three quadrics in the projective space cut by v = v, in P with
coordinates (w : vp : vy : V2 1 U3 Vgt U5), SO it is indeed a K3 surface.

no. 8: Consider the automorphism of P°
1/)8:(x(]:xl:$22$3:$4:$5)l—>($0:$1Zi$2:—x3:—$4:—7;$5),
and the invariant surface

x2xs = q1(zo, 1) + q2(73, 1)
Qs : < 23 = U1 (w0, z1)m1 (73, T4)

2% = by (o, 21)ma (w3, 74);

the fixed locus of 1g comprises 3 isolated points (that are not contained in Qg) and two
lines, (s:¢:0:0:0:0) and (0:0:0:w:wv:0), each intersecting Qs in two points; the
fixed locus of ¥3 comprises the line (0: 0: 2 :0:0: w), which doesn’t intersect Qs, and
the P? space 7 : x5 = x5 = 0, which intersected with Qg gives 8 points, of which the 4
already considered. Moreover, the family of projectivities that preserve the eigenspaces
of 1g has projective dimension 9, so that the quotient of the moduli space of Qg by its
action has dimension 5.

The automorphism 1/152; on Qg is the same as the one described in [32] §3.7], so the quotient
Rs = Qs/12|gs is the quartic surface

Rg : lilomims — (¢1 + ¢2)* = 0
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. . . 3
in the projective space P(xolewgzm).

The automorphism induced by g on this space is

~

1/18:(330:1’1:xg:a:4)l—>(xo:x1:—a:3:—a;4)

which is the same as [32, §3.4]: thus, to find the quotient surface Sy = Rs/1s|rs we
consider the space of invariants of degree 2 for g:

(1'011‘11$3Z$4)l—)(l‘%:l’%il‘g:l‘i!dfol‘l2$3$4):(201Z12221231242Z5);

write the equation that defines Rg in the new coordinates: the product ¢1¢s is a quadric in
x0, 1, and therefore it becomes a linear expression (2, 21, z4); similarly, m1mso becomes
m(ze, 23, 25), and ¢1 + g2 becomes A(zp, ..., z25), both m and X linear. Therefore, Sg is
described in P by the complete intersection of three quadrics:

¢m = L?
. _ 2
Sg : Z0R%1 = 24

2923 = zg.

no. 9: Consider the automorphism of P°
Yo :(xo:my iwo i wg g x5) > (Lo : @1 1 T X3 1 —xg 1 —iT5),
and the invariant surface

x3xs + q1(xo, x1,22) =0
Qo : § 1 + q2(zo, w1, 22) =0
x% + :c% + x4l(x0, 21, 22) = 0,

where q1, g2 are quadrics, and £ is linear. The fixed locus of 19 comprises three isolated
points that are not contained in Q)g, and the plane z3 = x4 = x5 = 0, which intersected
with Qg gives ¢1 N g2 = {4 points}; the fixed locus of ¥3 gives 4 more points on Q.
Moreover, considering the action of the projectivities that preserve the eigenspaces, that
have the form (zg : @1 : 29 : x3 : x4 : x5) — (axg + bry + cxo : drg + ex1 + fxo :
gro + hxi + kxo : mas : nxy : mas), we find that surfaces of this type form a moduli
space of projective dimension 5, as expected. We have

PlLaa(0)] X = Qo.

The divisor [:474(0) on Z can be written as I:4,4(0) = F) + E», with (using the notation

of Def. [2.4.2.3))

Lya(0) 461 — fi+éq4— fa+nz+ny Li4(0) (a1 —as +6)
E1: — X2 = + )
2 2 4
_ Lya(0) (41— a2 +6) o 2
Er=—5—~ 4 o (BuB) =1y -
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Thus ¢ 7, 4(0)|(Z) is a double cover of P! x P! (see [88, Thm. 5.2]). To find Ry =

Q9/¢3|Q9, we proceed as in no. 4: consider the projection
i (xo:@y i we i wy i wy i 5) > (Lo T T Ty)

from the line r = (0:0:0:s:0:t); then we have

Q9\9—/>p

and Ry can be described as a double cover of p : a;4 + g2(zo, x1,x2) = 0 ramified along
the quartic curve z2¢%(zq, 1, 72) — 4¢%(20, 71,72) = 0. To prove Ry is a K3 surface,
we show that the branch curve intersects in 4 points each of the rulings of p: choose
g2 = ToT1 — 73, in order to write the two lines through the point (0:1:0 : 0),

T4 +29=0 Tg— 29 =10

xo =0, zo = 0;
intersecting each of these lines with the branch curve, we obtain a polynomial of degree
4 in one variable. )
Now, since L4 4(0)? = 2, O[T, 4(0)(Y) is a double cover of P2, This is coherent with the

fact that, as the double cover P! x P! — P? is induced by an involution that exchanges
the two copies of P!, the automorphism induced by 19 on P3

1/}9:(330:x1::v2:x4)»—>(x0:$1:$2:—$4)

exchanges the two rulings of p, giving a double cover p — IP2; this can also be seen by
looking at the divisors on Z, as 7*(E;) = FEs.
The quotient Qg/vg is the double cover of IP’(

q30? + 4¢%qo: indeed, projecting from the space IP’(
cally 8 points on Qg, that satisfy

ramified along the sextic curve

2
(zo:z1:22

zxw)

) onto P ) we get generi-

T3:T4:T5

b — (27 + @) £ 03/ (507 + 4qiqa)
5 — )

X

we can distinguish them in two orbits of four points permuted cyclically by the action of
1g: the identification of the points in the same orbit gives the quotient surface Sy, that
completes the diagram.



Chapter 3

Action of (Z/27)? on a K3 surface

3.1 Introduction

In this chapter, proceeding similarly to the previous one, we study the symplectic action
of the group (Z/2Z)? = (1, ) on a K3 surface.

There are two main differences that set apart this action from that of Z/4Z: firstly,
the image of the maps mg 2., T3 5 induced in cohomology by the rational quotient map
mo9 @ X --» X/(Z/2Z)? is not primitive in Aks (see Remark and Corollary
. Moreover, if X is projective then the surfaces Z-, Zp, which are the resolution
of the singularities of the quotient surfaces X/7, X/¢ respectively, may not belong to
the same deformation families. Indeed, the involutions 7%, ¢* may act differently on the
polarization L of X, because they act differently on (some of) the orbits for the action
of O(€22) on the discriminant group of the co-invariant lattice {229. The involution

p* = 7% o ©* however acts similarly to 7%, and so the surface Zp = )?//,0 always belongs

to the same deformation family as Z,. We also remark that, in any case, the projective
family of the surface Y, the resolution of the singularities of the quotient X/(Z/27)?, is
completely determined by that of X.

The main results of this chapter are the following: the lattice-theoretic characterization
of the intermediate quotient surface Z,, that is the resolution of the singularities of the
surface X /i, where ¢ is any of the involutions in (Z/2Z)?; the comparison between its
moduli space and those of X,Y.

The negative definite, rank 12 lattice I'y o that characterizes the intermediate quotient
surface is introduced in Definition Similarly to the lattice I'y for the cyclic case,
also I'; o contains primitively a copy of the Nikulin lattice N and of the co-invariant
lattice for a symplectic involution €2o: the latter embedding is described in Remark
0.4.9.9)

Theorem 3.1.0.1 (see Thm. 3.4.7.1)). A K3 surface Z is the resolution of the singular-
ities of X /i, for some K3 surface X with a symplectic action of (Z/27)* and . € (Z/27)?
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an involution, if and only if Z is I's 2-polarized.

Theorem 3.1.0.2 (see Thm. [3.5.2.3} 3.5.3.3)). Let X be a general projective K3 surface
with a symplectic action of (Z/27)?, let Z and Y be the resolution of the singularities

of X/u and X/(Z/27)* respectively. The following table describes the correspondence
between the Néron-Severi lattices of X and its quotients. The lattices NS(X) are as
in Theorem 3.5.1.a, NS(Z) are as in Theorem and NS(Y) are as in Theorem
8.5.2.4 Be aware that the lattices (S @ (k))'D, i = 1,2 are not isometric.

NS(X) NS(Z) NS(Y)

d=21 Q22 ® (2d) (T2,2 @ (4d))’ (M2 @ (2d))’

) )

d=42 (T2 ® (4d))?)
(Q2,2 ® (2d))’ [0 @ (d) (Mz2 ® (2d))’
(I'22 ® (4d))*

d=50 | Q2 (2d))D ’ (Moo @ (2d))

(Q2,2 @ (2d))'? (Ma & (2d))'®
(222 ® (2d))* Mo @ (d/2)

3.2 A symplectic action of (Z/27)? on the surface X,

By Nikulin’s uniqueness result [71, Thm. 4.7] we can describe the action of (Z/27Z)? on
Axk3 using a projective model. Again, as we did for the symplectic action of the cyclic
group of order four, we choose an elliptic K3 surface X = P! such that M W(r) =
(7Z.)27)2.
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3.2.1 The surface X,

Let w = €'™/3, consider the elliptic curve E,, = C/(Z ® Zw) and define the K3 surface
X, = Kum(E,, x E,): its transcendental lattice is

T(X,) = B j] |

and its Néron-Severi has therefore 7k = 20 and d = 12.

A description of all the possible Jacobian fibrations on X, is provided by Nishiyama [73],
Table 1.3]: in particular there exists a fibration

m: X, =P st. MW(r)~Z/27 x 727

which provides a symplectic action of the group (Z/27Z)? on X,, by means of sections ¢,
that generate MW ().

The reducible fibers of 7 are one of type I, one of type Is and three of type I
that we’ll denote Ig, j = 1,2,3. Call Cy (respectively Dy, Eg)) the component of I§
(resp. Ig, I%) intersected by the curve s, and number the other components so that,
for every k € Z/6Z, D; intersects only D1y and D_yy; Co,C1 intersect only Co;
Cy, Cho intersect only Cg and, for i = 2,...,8, C; intersects both C(; ) and C(;_yy;
moreover, it holds EéE{ = 2, j = 1,2,3. Thus the trivial lattice 7 () is gener-
ated by the classes of the generic fiber F' of 7, of the curve s and of the components
Ci,Dy,E{ i =1...,10, k =1,...,5, j = 1,2,3 of the reducible fibers: these curves
are rational, so they have self-intersection —2, the only exception being the class of the
generic fiber F', which satisfies F2 = 0. The curves Dy, k = 1,...,5 generate the lattice
As, and C1,...,Cqo generate the lattice Dqg.

Using the height pairing formula [89, §11.8] we can determine the components of the re-
ducible fibers C;, Dy, E2, that have non-trivial intersection with the elements of M W ().
We will choose the following notation for the elements of MW (7): the zero section s
intersects the components Cy, Dy and Eé; the section t intersects the components C, D3
and E{; the section r intersects the components C1g, Dy and E{; the section ¢ =t +r
(where + is the sum in MW (7)) intersects the components Cy, D3 and Eg. We can write
t,r, q in function of the basis of the trivial lattice 7 (7) using the information about their
intersections:

] 3
t:2F+3—(ZCi+D2+D3+D4)—(CQ+C10+D1+D3+D5+ZE{)/2;

i=1 Jj=1
8 3 )

r=2F+s— () iC;+4Cy+5Cio+ > E{)/2;
i=1 Jj=1
8

q=2F +5— () _iC;+5Cy +4C19 + D1 + 2Dy + 3D3 + 2D4 + D5) /2.
=1

71



From and the equations above it can be readily seen that N.S(X,,) admits as a
Z-basis B = {F,s,t,r,Cy,...,C19,D1,...,Ds, B}, E?}: indeed the intersection form on
the sublattice L C NS(X) generated by B has discriminant —12, which is the opposite
to that of T'(X,), so L = NS(X).

3.2.2  The action of (7%, p*) on the second cohomology of X,

The symplectic involutions 7, p and ¢ = po 7 on X,, (corresponding respectively to the
translation by the sections t,r,q € MW (7)) induce isometries 7%, p* and ¢*: since they
are symplectic, they act as the identity on the transcendental lattice T'(X,,); on N.S(X,,)
we have

75 :Cy < C1, Cy <> Cro, Di)g > Dipgses Eg<—>E{, s t, rerg,

p* ZCZ‘<—>010_¢, Eé(—)E{, s&r, t4&q,

and 7* acts as the identity on F,Co,...,Cs, while p* on F, Dy,...,Ds. Therefore, we
can identify 8 orthogonal copies of Ay in NS(X,,) that are either fixed or exchanged in
pairs by 7*, p*, as follows:

T*=1id

(1

(s,Co) +=— (t,C4) (C5,Cy) (D1, Ds) <= (D4, D) .

(r, C10) +— (g, Cy) (C7, Cs)
J

T*=1id

The orthogonal complement in NS(X,,) of the direct sum AJ® is generated over Q by
the vectors

S1=C53+2C; +3C5 +2Cs + Cr,

8
So = 4F + 2t 4+ 2s — (Z 1C; +4Cqy + 4010),
=2
S3 = E{ — E?,
8
Si=—3(E +E}) —4(2r —2F —t —s+ Y (i— 1))+
=2

+ 2(—709 —9C10+ D1+ 2Dy +3D3 + 2Dy + 135)7
that are pairwise orthogonal, and whose self-intersection is as follows: S? = —6, S5 =

6, Sg = —4, 82 = —12. It can be also verified that both 7* and p* act as the identity
id on S1,S2 and as —id on S3, S4.
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The lattice AT® @ (—6) ® (6) @ (—4) ® (—12) has discriminant group
(Z./27)% x (ZJAZ)? x (Z./3Z)',

so it has index 223% in NS(X,,) (see Remark ; the latter can be obtained by
adding the following generators:

up = (51 + S2)/2,

uz = (53 + S4)/2,

us=(q—s+Cp—C3+Cy—Cs+C7—Co— D1+ Dy + Dy — D5)/3,
ug=(r—t+C1 —C3+Cy = Cs+Cr —Cro+ D1 — Dy — Dy + D5) /3, (3.2.2.1)
us = (51 —Cs+Cy + Cs — C7)/3,
ug = (uzg —q—r —C3+ Cy + Co + C10)/3,
ur = (u1 +ug +r—Cs+Cy— Ciog— D1+ Do+ Dy — D5 + S3)/3.

Remark 3.2.2.1. Notice that the lattice U(3) = (u1, S2—u1) is an overlattice of index 2 of
(—6) @ (6) on which 7, p* act as the identity; similarly the lattice A2(2) = (uga, S5 —u2)
is an overlattice of index 2 of (—4) @ (—12) on which 7%, p* act as —id.

Now, H?(X,,,Z) is an overlattice of index 12 of the lattice N.S(X,,)®T(X,,) (see Remark
1.2.1.2). Denoting {w1,ws} the Z-basis of T'(X,,) for which the intersection matrix is

[;l i] , the discriminant form of Ang(x,)e7(x,), in the basis given by

ni=(r+Cio+C3+Cy+ Dy + Dy+ Dy+ Ds + ur + ug + u2)/2,
Ny = (T+ 010 + 03 + 04 =+ uy —|—U1)/2 + (D1 — Dy + Dy — D5)/6, (3222)
t1 = wa/2,
t2:w1/6—WQ/3,
is
1 1/2 0 0
1/2 —1/3 0 0
0 0 1 1/2
0 0 1/2 1/3

Therefore, in order to generate H?(X,,,Z) as an overlattice of NS(X,,)®T(X,), following
[72, Prop. 1.4.1.a] we can add to a Z-basis of the latter the isotropic elements nj+t1, na+
to.

3.3 The action of (Z/27)? on the K3 lattice

3.3.1 A convenient description of the K3 lattice

We can now describe abstractly the isometries 7%, p*, ©* induced on Agks by the sym-
plectic involutions 7, p, ¢ in (Z/27)% C Aut(X). We fix a marking Axs ~ H?(X,Z) as
follows.
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Proposition 3.3.1.1. The isometries 7, p* and ©* act on the sublattice of finite index

of Axks W = A;‘BS ® As(2) B [0 6] &) [4 2} as follows:

6 0 2 4
* T* T*=id T T =cid
AQ@A2@AQ@AQ@AQ@AQ@AZ@A2@A2(2)@U(3)@|:2 4]
P p P p*=id p*=—id Ve .
T*=p*=id

The isometry ¢* = (p o 7)* exchanges pairwise the eight copies of As, and acts as the

identity on Ay(2) @ U(3) @ B i] .

Remark 3.3.1.2. Notice that 7* and p* act in similar ways on W up to reordering the
Ao components, while the action of ¢* is different. The consequences become apparent
only when dealing with projective surfaces: indeed, there are some projective models
X C P" such that the resolution of the singularities of X/7, X/¢ belong to different
deformation families (see Corollary : this is due to the different action of 7%, ¢*
on the polarization of X; on the other hand, the the resolution of the singularities of
X/7, X/p always belong to the same deformation family.

Therefore, from now on we will use 7 and ¢ as generators of (Z/27)?.

For i = 1,2, denote a;, b;, ¢;, d;, e;, fi, gi, h; the generators of the eight copies of As,
such that

T*Iai<—>bi, Ci<—>di, gi<—>hi;

prra; o di, biora, e fii g hy
denote w, z the generators of As(2) (on which 7% acts as —id and ¢* as id), =,y the

4 2
generators of U(3), and v1,ve the generators of [2 4} Then the lattice Aks is iso-

morphic to the overlattice H?(X,Z) of W obtained by adding the following generators
(cf. (3.2.2.1),(3.2.2.2)):

a=(—a1+ax+d —dy—er+ex+ fi— fo—g1+g2+h1—h2)/3,
B=(-bi+brtci—co—er+ex+ fi—fot+gi—g2—h1+h2)/3,
y=(r—-y—ete— fi+f2)/3,

d=(x—c14+coa—di+de—e1+e2)/3, (3.3.1.1)
e=(x—z+w+c—ca—er+ex—g1+ g2+ hi —ha)/3,
(=@+z+a+eot+e+e+g+g+h+hs+e)/24+v2/2,
n=(x+ci+ct+e+e+e)/24+ (g1 —g2+h1—h2)/6+v1/6 —v2/3;

The action of 7* and ¢* on these elements is deduced by the one on the sublattice W
described above by Q-linear extension:
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3.3.2 Invariant and co-invariant lattices

The group (Z/27)? acts symplectically in a unique way on the second integral cohomo-
logy lattice of a K3 surface [71, Thm. 4.7]: the invariant and co-invariant lattices for this
action can be found in [30, Prop. 4.3]. Here we want to provide an explicit embedding
of them in H?(X,Z) with the description of it given in Section

The invariant lattice Agé@ is an overlattice of the lattice I = Ay(4) ® A2(2)*2 @ U(3) @

4 2]
2 4| <
obtained by adding as generators the elements

a1 +bi+ci1+di, az+ba+cotda, e+ fi, ea+f2, g1 +h1, ga+ho, x, y, v1, v2)

11 = (v1 +v2 + g1+ h1 — g2 — ha)/3,
p=(a1+bi+c1+d —(a2+ba+ca+dz)+er+ fr —ex — fo+1)/3,

3 =7

the co-invariant lattice {3 o is an overlattice of the lattice

Ag(2)®3 0 0
A= 0 A3(2) Az
0 As As(2)

spanned over Z by {z, w, fi —e1, fo —e2, h1 — g1, ha — g2, by — a1, a1 —c1, ¢ —
dy, ag —be, co — ag, da — ca} obtained by adding as generators the elements

wi= (a1 —by—c1+d—ay+by+coa—do+2z—w)/3,
wy=(—a1+di+azg—ds—e1+ f1+e2— fa— g1+ hi1+ g2 — h2)/3,
w?,:(al-l-bl—Cl—d1—ag—bg—i-CQ—i-dg—61+f1+€2—f2)/3.

The discriminant group of Qs o is (Z/27)% x (Z/4Z)*. We can describe Ak3 as overlattice
of Ag{f) ® Q22 by adding the elements

(va +w)/2,
(vi+ea+ fo+ f1 —er +wi +ws3)/2,
(t2+w3+yteat fot+ fi—er+ws)/2,
(e1+ fi+fi—e1)/2,
(
=(
(

g2 +ha+h1 — g1+ b1 +c1 — 2a1 + ba + c2 — 2a2 + w2 + w3)/2,
u+vi+g2+he+w+hi—g1)/2

r7 =(ag + ba + co + d2) /4 + 3(ba + co + da — 3az) /4,

rg =(tg +3t3+y —3a1 + b1 + ¢1 +di — ag — by + 3ca + 3d2) /4+
+(e2+ fo+ f1—e1)/2 —ag + ws;
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the elements ¢;, w;, 7 (fori =1,2,3, k =1,...,8) are all integral in the lattice H?(X,7Z)
described in Section [3.3.11

Remark 3.3.2.1. The lattice (23 5 contains three different copies of the lattice 2y ~ Eg(2),
co-invarant for 7, ¢ and p.

3.4 Quotients

The symplectic action of (Z/2Z)? = {1,7,¢,p} on a K3 surface X gives 24 isolated
points with nontrivial stabilizer. Call Fiz, = {t1,...,ts}, Fiz, = {q1,...,qs}, Fir, =
{r1,...,rg}: then 7 and ¢ act on Fiz, as the same permutation (r1,72)(r3,74)(rs,76)
(r7,78); T and p act on Fizy, as (q1,¢2)(q3,94)(¢5,96)(q7,q8), p and ¢ act on Fiz, as
(t1,t2)(ts, ta)(ts, te) (t7, ts).

Consider the (singular) quotient surfaces Y = X/(Z/2Z)%, Z, = X/1, Z, = X/ ¢, Z, =
X/ p; resolve the singularities to obtain the K3 surfaces }7, ZT, ng Zp: then ¢ induces
an involution ¢ on Z, such that Z;/¢ ~ Y, and this involution can be extended to
Z, (similarly for the other quotients). Denote the maps between these surfaces as in
the following diagram (and similarly exchanging 7 and ¢, or considering other pairs
including one of them and p):

X X (3.4.0.1)
\ s
\ ﬂ-T/ - qr
\ v
\ ~ K
wa| 2 Z,—— 7,
\ T g _ _
\ s dy Q<p
X ¥
Y Y—2Z: /¢ /@ Z:[¢

Remark 3.4.0.1. The surfaces Y and Z, /@ are isomorphic, because they are birationally
equivalent K3 surfaces.

In the following sections, we are going to describe the maps

Tre : Mg ~ HA(X,7) &% ¢ H(X,Z) — H*(Z,,7) ~ Axs

T, : Aks ~ HX(Zy, Z) 2% 705 H*(Z:,7) — H*(Y,Z) ~ Aks

T : Az ~ H2(X, Z) 25 g HA(X,Z) — H*(Z,, Z) ~ Axs

Trw: Az =~ H*(Z,,2) ™= 77, H*(Z5, Z) — H*(Y,Z) ~ Ak3
(

q2,2x

Toox : Az =~ H*(X,Z) == qoo. H*(X,Z) — H*(Y,Z) ~ Axs;

3.4.1 The map 7, and the surface ZT

Proposition 3.4.1.1. The map . acts in the following way on the sublattice W of
H?*(X,7):
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4 2
Az & A o A o A o A @ A @ A O AZ@AZ(Q)@U(s)ea[ }
2 4
ar,az by, b2 1,2 dy,ds €1,€e2 fi, f 91,92 hi, ho z,y 1

Z,w

Aoy @ Aoy ) A3(2) © Az(2) b Ay @ 0 @© U®) @ {i ;ﬂ
ay, Gz é1,62 1,62 Ji, fo 91,92 z,9 b1,
Proof. The action of 7% on W is described in Proposition [3.3.1.1f we can use it to
compute the intersection form of 7,.W via the push-pull formula. Since 7, is a finite

morphism of degree 2, for any x1,x2 € W we get
_ 1 * *
s X1 Trsl2 = i(wfm*m T T X2)

where ¥ .21 = x1 +7*x1. Therefore, if 7% exchanges two copies of Ay, (A2 @ Ag) =
Ag; if 7F acts as the identity on a lattice L, then m, L = L(2); if 7% acts as —id on a
lattice L, then 7 .L = 0. O

Corollary 3.4.1.2. The embedding nr H2(X,Z) — H%(Z.,Z) is unique up to isomet-
ries of the latter; its orthogonal complement is the Nikulin lattice N .

Proof. The lattice 7, H?(X,Z) can be obtained by Q-linear extension of 7., applied to
the elements (3.3.1.1). The lattice -, H?(X,Z) is an even lattice of signature (3,11)
and ¢ = 6, so it satisfies the conditions of Theorem [1.2.1.10}. Since Z, is obtained as
blow up of X/7 in its eight singular points, the exceptional lattice is the Nikulin lattice
N. O

Remark 3.4.1.3. Calling nq, ..., ng the (—2)-curves that generate N over Q, the elements
that glue together N and m,,H?(X,7Z) to Ak3 can be then chosen to be:

»
w
I
D>
V)
_|_
>
[l
+
S
J
_|_
S
ot
+
S
N
+
S
<
~
\V)
|
[\
S
®

Remark 3.4.1.4. The lattice 7,82 2 is isomorphic to D4 (2) with the following generators:
di=(E2—fo+fi—é1+é—a1—C+a2)/3—fr+é1, da=(é2—fot+ fi—é1+¢ —
a1 — G2+ a2)/3, d3=a1 — €1, dg = &1 — a1 + G2 — Go.
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Definition 3.4.1.5. We define the lattice I'y 2 as the lattice of rank 12 obtained as over-
lattice of m-,{22 @ N by adding as generators the elements

r1 =(dy — da +n2 +ng + ns + ng)/2;
T9 :(dl —da +n3 +n7+na +n5)/2'

The lattice I'g 9 is primitively embedded in H 2(Z,,7); an integral basis of its orthogonal
complement is given by

sy =ay + ¢1,

sh =ag + 2(éa — 55 + 56 + 52) + 4(54 — 83) + C + n5 — 07,

s =2(é1 + é) — fi — a2 — 3¢,

s =y — 84 + é3 + 4(f1 4 s1 — s6) + 2(s4 — 55 — 59 + 53) — € + 3(ng — n5),
sh =& — a2 — f1 — C,

/A N I . I I x VN -
S =Qz +¢C2, Sy=01, Sg=02, S9g=7, Sip=1—C.

3.42 The map 7, and the surface ZO

The action of ¢* on the sublattice W of H?(X,Z) is different that that of 7*, so the
quotient map 7. will be different as well: in particular, ¢* does not preserve any of the
orthogonal copies of Ao C W. The analogue to Proposition [3.4.1.1]is as follows, and the
proof is similar.

Proposition 3.4.2.1. The map 7w, acts in the following way on the sublattice W of
H?(X,7):

4 2
Ay ® Ay @ A @ A e A @ A @ A ® Ay ®A2(2)®U(3)@[Q 4}

ai, az dy, ds b1, by c1,C2 €1, €2 f1, f2 91,92 ha, b zZ,w z,y

U1, V2

\SOONSTNSNST T T

A Ay ® 6 AW o U®G) @ {8 4}

[ =5 [ LD Jan R 4 8
ay, az by, by €1,€2 g1, G2 Z,w z,y A

Remark 3.4.2.2. The elements that glue together N and 7, H?(X,Z) to form Aks can
be then chosen as:

ti=(b1+e+g+g—E+7+G+70)/2+ (no+nz+ns+ns)/2;

to = (a1 + a2 +06+2—8)/2+ (n2 + n3 +na + ng) /2;

ts = (3 +9)/2+ (ng +na+ns +n7)/2;

ta= (G +ag +6+E+7)/2+ (na+ns +n7 +ng) /2

ts = (b1 + e+ g1+ G2+ +C)/2+ (n2 + na + ns + ng) /2;

te = (a1 + Gg + 0 + €)/2 + (n3 + ng + n7 + ng) /2.
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Remark~3.4.2.3. The latticeNmP*Qg,g is isomorphic to~D4(2) with the follqwing generators:
dy = (2bg — 242 + Z — W+ b1 — a1)/3, dy =W+ (2b2 — 282 + Z — W + by —a1)/3, dy =
as — bg, dﬁl =a; — by.

Definition 3.4.2.4. Define the lattice I as the overlattice of N @ Tex$l22 obtained by
adding to the set of generators the elements

vy = (dy —d} +ng+n3+ng+ng)/2, b= (dy+d)+ns+mng+n7+ns)/2;
Proposition 3.4.2.5. The lattices I's o and T are isomorphic.

Proof. The lattices 774222 and 7,422 are both isomorphic to D4(2). Moreover, the
gluings that realizes I'o 2 as an overlattice of m;.{222 @ N, and I as an overlattice of
Texfd22 @ N, are isomorphic: indeed, one can easily check that the orbits for the action
of O(D4(2)) on Ap,(9), and of O(N) on Ay, are determined by the order and square of
their elements. ]

3.4.3 The surface Y as quotient of Z;

We conclude with the description of the K3 surface Y, which is the minimal resolution
of the quotient X/(Z/2Z)?. We can obtain Y as quotient of either Z,, Z,, by the residual
symplectic involution ¢, 7 respectively.

The residual involution ¢ fixes eight isolated points, and it acts on the curves repres-
ented by the classes nq,...,ng of the second integral cohomology of Z, (which are the
exceptional curves introduced by the resolution Z, — Z;) by exchanging them pairwise
(7 acts similarly on Z,,).

Proposition 3.4.3.1. Consider the sublattice m W ® A?S of finite index of H*(Z,,Z):
the map T, acts in the following way on it:

8 4 , ,
Ay & A @ A2 o A2 e A o U6 e [ } @ AP 9 AP o AP g  AP?
a1, a2 ¢1, ¢ é1,62 f1, f2 91,92 2,9 ni,ng ng, N ng,ny n4,M6

SN T D T T

® A(2) @ U(12) @ [ } e A4 o A o A o A
ai, az €1,€2 91,92 T,y . 1 T2 n3 Ty

The lattice @*HZ(ZT, Z) can be obtained by Q-linear extension to the elements &, %, €, f, n
which are the image via T« of the elements in (3.3.1.1)), and v, s1,. .., s¢ defined in Re-

mark . The symbol * denotes the image of x in @*HZ(ZT,Z).

Proof. The only difficult thing is to determine which are the pairs of classes exchanged
by @*]A?s, and WAT*]A?& To do this, we need to ensure that the the intersection form of

the images of s1,...,s6 via 7, (respectively, of 51,..., 3¢ via 77,), computed with the
push-pull formula, is that of an integral even lattice: the only valid choice is the one in
the statement. O
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Remark 3.4.3.2. The element 5/2 is integral in 7, H?(Z,,Z): in fact, it holds
T, (51 + 83+ s4) =7/24 (a1 — a2 + &1 + 2e2 — €+ 2np + 1y + 273 — 571).

A similar result holds for 77, H Q(ZW,Z). A more geometric explanation is given in
Remark using the surface X, and its quotients.

Remark 3.4.3.3. The co-invariant lattice for ¢* (which is a copy of {23 = Eg(2), since ¢ is
a symplectic involution on Z), is entirely contained in I'y 9: indeed, it is the orthogonal

complement in F272 of <n1 +ng, ne +ns, n3 + ny, ng + ng, €1 + f1, 2+ fo, a1+ ¢1, ao —i—ég).

The resolution of the singularities Y — Z, /¢ introduces in cohomology another copy of
the lattice N: calling my, ... msg the (—2)-classes that generate N over Q, we can choose
as elements that glue 7, H*(Z,,Z) & N to H*(Y,Z) the following:

= (@2 + e + 7, +7)/2+ (m2 + m3 +ms + ms)/2,
= (91 + 7+ ¢)/2+ (ma +m3 + my +mg)/2,
=(a1+a2+9;,+51+&+33+34+78)/2+ (mg+ my +ms+m7)/2, (3.4.3.1)
= (az + €1+ ()/2+ (ma + ms +mz +mg)/2,
= (Gy + @ + 51 + C + 53 + 54 +78) /2 + (ma + ma + ms +mg) /2,

k:ﬁ— (@1 +e +2+)/2+ (m3 + mg +my +mg)/2.

3.4.4 The exceptional lattice M35 and the map 72 2.

The lattice My 2, as described in [Tl §6, case 2al, is an overlattice of AEBlZ (v1,...,v12)
obtained by adding as generator the elements (v; + - -+ + vg)/2 and (115 +...v12)/2. We
want to find an explicit embedding of My in H? (Y Z): actually, we can obtain it as
overlattice of N @7, I'o0 = N & (1,2, i3, M), as follows.

Proposition 3.4.4.1. The lattice M is generated over Q by the elements ny, ..., Mg,

mi,...,mg. 1o get a set of Z-generators, add the elements
mi+ -+ mg ni+---+ng+mp+mo+mz+mg
=" H2= .
2 2
Proof. A Q-basis of M is obviously {71,...,74,m1,...,mg}, as these are the classes

that come from resolution of the singularities in our construction. Notice moreover that
it holds p; € N, while g is the one of the only two linear combinations of the form
(1 + - - - +71a +my + mj + my, +my)/2 which are integral in H2%(Y,Z), the other being
of course (M1 + - - - + g + m3 + my + ms + mg) /2. O

Remark 3.4.4.2. Consider the map (ma2), defined as the composition T, o 7 then
(m2,2)«H?(X,Z) is a sublattice of index 2 of 7, H?(Z,,Z). Indeed, it does not contain
the element 7/2 (see Remark [3.4.3.2)).
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3.45 The surface Y as quotient of Zp

Proposition 3.4.5.1. Consider the sublattice Ww*WEBA?S of finite index of HQ(Z@, Z):
the map 7, acts in the following way on it:

8 4

Ay & A & A e A e A2 & UG 4 [4 8] @ AP o AP o APP o AP

ai, az bi, by €1, €2 g1, 32 W, Z 2,9 ni,ns N2, M4 ng, ng N6, N7

N2 R A A S A

16 8
A2) @ A2 @ 0 @ U®12) @ [8 16} e A @ 4 o 4, o A4
ai,as €1,€2 91,92 T, _ ny Ny n3 ng

The lattice ﬁ*HQ(ZSO, Z) can be obtained by Q-linear extension applied to the elements
&, %, €, C, 1 which are the image via myy of the elements (3.3.1.1), and v,t1, ..., ts defined
in Remark|3.4.2.2. We denote % = Tpuk; if x = mu® for @ € H*(X,Z), then & = .

The resolution of the singularities Y — Zp /7 introduces in cohomology another copy of
the lattice N: calling my, .. .mg the (—2)-classes :chat generate N over Q, we can choose
as elements that glue 7;,H*(Z,,Z) & N to H*(Y,Z) the following:

= (g +a) —t4 —&—(— My —1t3)/2+ (ms5 +m3 + ma +ms)/2;

= (@2 — t4 — ¢ — M1 — £3)/2 + (4 + m3 + ma + ms) /2;
h3—(92+€2+61+a2—t4—z—ﬁ1—53)/2+(m7+m5+m4+m3)/2;
ha = (Gy + €2 + a2 — g — ( — 7ty — 13)/2 + (m7 + ms + my +mg) /2;
hs = (g, +e2+a1 —€+az)/2+ (me+ ms +mg +ma)/2;

(91

he = +92+61)/2+(m7+m6+m3—|—m8)/2

Proposition 3.4.5.2. The lattice M3 o is generated over Q by the elements iy, N2, N3, Nig

mi,...,ms. To get a set of Z-generators, add the elements
my+ -+ mg , N1+ N+ N3+ e +m3 4+ my +ms +mg
M= K= B) .

Remark 3.4.5.3. We won’t give the explicit change of basis of Hz(ff,Z) between Y
obtained as quotient of ZT or Zso- Notice however that the lattice Ms 2 is preserved:
indeed, it is generated over Q by the exceptional curves introduced in the resolution of
X/(7/27)?, which do not depend on the intermediate quotient.

3.4.6 Quotients of the surface X,

In this section, we give a geometric description of how the element described in Remark
3.4.3.2 appears: to this end, we will consider the action of (Z/2Z)? on the elliptic K3
surface X, described in Section looking in particular at the reducible fiber I§.
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We are going to rewrite the curves Cy, ..., Cig in terms of the basis of NS(X,,) described
in Section starting from its sublattice

Ag% @ U(3) = <87 Cﬁvta Clv Ty 0107q7 097 037 047 C?a Cﬁyula Sy — U1>

(which in Section correspond, in the same order, to (a1, ag, b1, ba, c1,co,d1,da, €1, €2,
f1, f2,x,y)) we recover the missing curves of the fiber I§ as

C5:(2ul—SQ—03—204—206—07)/3:’)/—62—f2,
Cg = (82 —uy —r —q— Cg — 207 — 2Cy — 2C10)/3,
02:Cg—(200+203+C4—06—207—209—|—201—2010—q—|—t—|—5—7“)/3.

Co Cl C9 CIO

C 2 C 3 C 4 C5 CG C? C8

The action of 7 exchanges Cy with Cp, Cg with Cig; on each of the remaining curves 7
fixes two points (as it’s a symplectic involution acting on a rational curve), giving the
eight singular points of the quotient surface Z, := X, /7. Since C; = 7,,C = dn(C),
where d is the degree of 7|¢, it holds éf =-2= C’g, C’ZQ =—4fori=2,...8, éiéi_}rl =2

fori=1,...8.

The resolution introduces eight rational curves, giving a fiber of type I}, on Z,,. Num-
bering the exceptional curves nq,...,ng as in Section [3.4.1.1} the fiber of type I} is
spanned as follows:

Cy1 ny n3 Cy

Ko ng Ks ns Ky ng K5 ns Kg ny K ne Kg

with the curves K; defined as:

Ko = (Co—ng—n7)/2; Ks=(Cs—ng—ns)/2;
Ky = (Cy—ng—ng)/2; Ks=(Cs5—ng—ns)/2;

~ ~

K62(06—’I’L1—TL5)/2; K7:(C’7—n1—n6)/2; Kg:(08—n3—n6)/2.

The action of the involution ¢ on Z,, is described in Section the curves of the
fiber I, are identified symmetrically with respect to K5, on which ¢ fixes two points
(that become two of the eight isolated singularities of the quotient surface Y,, = Z,,/®).
Again, by definition of the map 7, calling C; = @é’, (i=1,...,10), K; = T K;
(j =2,...,8) and my = 7Ty (K = 1,...,8) all the curves C1,Cy, K, ny, have self-

. . . . -2
intersection —2, with the exception of K5 = —4.
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I\ S,

Remark 3.4.6.1. Since My = Torng = Tpens, and C5 = 7§ — 262, it holds
F5 = (65 — Qﬁg)/2 :7/2 — €2 — N2.
Therefore, since €2, 72 are integral elements, also 7/2 is integral.

To conclude, we compute the resolution: we have to introduce two new rational curves,
giving a fiber of type Ii on the K3 surface Y,: numbering the exceptional curves
mi,...,mg as in Section the Ii-type fiber is spanned as follows, with K5 =
(K5 —m1 —mg)/2:

C1 ms m1 meg

3.4.7 A lattice-theoretic characterization of the intermediate quotient surface

Similarly to theorem for the action of Z/4Z, we give a lattice-theoretic character-
ization of K3 surfaces which admit a symplectic involution, and are themselves resolution
of the singularities of a quotient of a K3 surface by a symplectic involution which is one
of the generators of Aut(X) = (Z/27Z)?, acting symplectically.

Theorem 3.4.7.1. Let Z be a K3 surface such that rk(NS(Z)) = 12. There exists a K3
surface X with a symplectic action of (Z/27.)? such that Z is birationally equivalent to
the quotient X /i, where v is one of the generators of (Z./22)% if and only if NS(Z) = Ta.
(see Def. [3.4.1.5).

Proof. The “only if” is true by construction (see Sections [3.4.1] [3.4.2). Conversely,
suppose NS(Z) = I'99: the embedding Q2 C I'z 2 described in Remark |3.4.3.3| defines a
symplectic involution j on Z, and the Néron-Severi lattice of the resolution Y of Y = Z /p
is a copy of My 2, as proved in Proposition therefore, by Nikulin’s results in [71]
the surface Y is the resolution of the quotient of a K3 surface X by the symplectic action
of (Z/2Z)?, and it holds NS(X) = Q29. The action of (Z/2Z)? on Q2 defines three
copies of {25 C €1 9, as described in Section choose one of them, and define ¢ as the
involution for which it is the co-invariant lattice (this is always possible by the Torelli

theorem). Taking the quotient map 7, : X — X/¢ and the resolution X/¢, it then holds
NS(X/1) ~ NS(Z). O

3.4.8 The dual maps

We’re now going to define the dual maps

rt: H*(Z.,7) — H*(X,Z)
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mh H*(Zy,Z) — H*(X,Z)

5ot HA(Y,Z) — H*(X,Z)

using the descriptions of HQ(ZT,Z),HQ(ZP,Z),HQ(Y/,Z) provided in Sections [3.4.1
respectively. The proof of the following proposition is similar to that of
Proposition [2.4.4.1

Proposition 3.4.8.1. 1. The map ©* : H*(Z;,Z) — H?*(X,Z) annihilates N, and
acts on W C mrlAks as follows

v s meeewaf ] —— s aeve e[}

ay, ag P ai + by, as + b2 91 %
61,62 o2 :f,y 01, U9 | c1 + dl,CQ + do 2fl72f2 22,2y 2v1,2v9
J1, g2 g1+ i, ga+hy TTT2

Its action can be extended to mr.Aks adding the following elements (and their
respective image to the image laAttz'ce)A: & = A(_&l 4+ hg+ 6 — 6y —é1 +é9+ fl -
fg)/3, y = (:i'—;l)—él—i-éAz—fl—i-fg)/?), 6 = (@—2@14—2@2—@14—@2)/3, g =
(T+é1—ca—é1+6)/3, (=(@+e+éatér+é+8)/2+0/2+G1+ G2, 1=
(T+é1+é+é1+é2+8)/24 (1 — Go — 02)/3+ 01/6;

to extend the action to H*(Z;,Z), add also sy, ..., ss (see Remark .
2. The map 77, : H?*(Z,,7) — H*(X,Z) annihilates N, and acts on w1 W C Tpuhxs

as follows
* @4 8 4 @6 @2 4 2
Tt Ay e Ax(4) eU(6) e 18 — A" e Ay e U@B) e 9 4
(}1’@2 a1 +dy,as + do
bi,bp . o o b1 +c1,b2 + c2
L zZ,w T, v1, 2z,2w 2z,2y 2v1,2v
€1, 69 g e1+ fi,e2 + fo Yy s
g1, 92 g1+ h1,92+ he

Its action can be extended to myAks adding the following elements (and their re-
spective image to the image lattice): 7 = (T — § — 2€1 + 2é2) /3, 6= (T — él + Zéz —
a1 +as—€1+62)/3, €= (f—g—l-’lf)—l:bl jbg—él—l-ég)/?), C=@+Z24+b1+b2+
€1+62+E)/2402/24+q1+ G2, 1= (T+b1+ba+éE1+6E2+4E) /24 (g1 —G2—D2)/3+71/6;

to extend the action to HZ(ZwZ), add also ty,...,ts (see Remark .

3. The map W;’2H2<Y/,Z) — H?(X,Z) annihilates Mag, and acts on wa2.W C
.2+ A3 as follows
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16 8

* . P2
2,2 A2 @A2(2) @U(12)@|:8 16

| —— e wwe]t]
a1 +b1+c1+di
a2 + by + co + da
2e1 +2f1,2e2 +2f5
2g1 + 2h1,2g2 + 2ho

_ €1, €2 _ _
ai,az  _— _ 'Y V1, V2
91,92

i3l

dx, 4y 4vy,4vg )

Its action can be extended to mo«Aks adding the following elements (and their
respective image to the image lattice): 7 = (T —y — 2e; + 2€92)/3, € = (T +
G~ - +e)/3 (= @T+a+a+e +e++E)/2+G +T 7=
(x+a+ax+e€ +e +8)/2+ (g, — gy — U2)/3 +11/6;

to extend the action to H2(Y,Z), add also 5/2 and ki, ... k¢ (see (3.4.3.1)).

Corollary 3.4.8.2. The image of the map 75, : H%(Y,Z) — H%*(X,Z) is not primitive
in H*(X,7Z): indeed, it is a sublattice of index 23 of the invariant lattice for the action
of (Z/27)? on X.

Proof. One finds the elements 73 5(k4 + k¢)/2, 73 5 (@1 + & +17)/2, 73 577/4 are integral in

H?(X,Z). However, they do not belong to 77572H2(Y, Z): indeed, a Z-basis of the latter
is given by the image via 73 5 of {@1,%/2,8,7, k1, ..., ke} O

3.5 Projective families of K3 surfaces with a symplectic action
of (Z/27)? and their quotients

Projective families of K3 surfaces with a symplectic action of a finite group G are classi-
fied by the Néron-Severi lattice of their general member, which is always some overlattice
of finite index of Qg @ (2d) (see Remark [1.4.0.5). The notation for the overlattices is
explained in Remark

As is the case with the action of Z/47, the family of X uniquely determines the family
of Y, the resolution of X/(Z/27)?. However, unlike the cyclic case, when G = (Z/27)?,
knowing the family which X belongs to is not always enough to determine the family
the intermediate quotient surface Z belongs to: indeed, two different phenomena can
happen. When d is even, the two generators 7, of (Z/27)? may act differently on the
polarization L of X (the third involution p = ¢ o 7 always acts as 7 acts): if so, the two
quotient surfaces Z;, Zp belong to different projective families. Moreover, when d =4 2
the projective family polarized with the lattice (2,2 @ (2d))" admits two distinct actions
of (Z/2Z)?, corresponding to two different primitive embeddings of {2 2: for one of them,
the involutions 7*, p* act differently on the ample class L = QZLQ, for the other they act

similarly. Therefore, if X belongs to this family, there are three different families Z can
belong to.

We proceed similarly to Section 2.5} we are going to skip repeating the explanation of
the methods, and the proofs which are readily adapted from those presented there.
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3.5.1 Projective families of K3 surfaces with a symplectic action of (Z/27)?
Proposition 3.5.1.1. The relation ~q,, (see Def. |2.5.1.1) divides Agq,, in 4 non-
trivial equivalence classes (plus the trivial one {0}):

910 [1/2] 1 |3/2
2 111 0 | 144 | O
4 0 [ 384 | 0 | 384

k

The equivalence classes for ~q,, are given in the table below: for each one we give a
representative element Ty, 4 ) in terms of the generators of Q9.

class (k, g,n) | representative x(; g )
—e1+hi—
(27 07 108) w
(2,0,3) buter+di—bay
+fi—e1+h1—
(2,1,108) w
2,1,36 w/2
(
(4,1/2,384) bita+di—3a,
(4,3/2,384) | ‘lrtertdser 4w

Theorem 3.5.1.2. Let X be a projective K3 surface that admits a symplectic action of
(Z)27)?, such that rk(NS(X)) = 13. Then, NS(X) is one of the following lattices:

1. for everyd € N, NS(X) = Qa2 & (2d);

2. for any d =4 0 there are two possible overlattices of index 2 of Q2 2®(2d), NS(X) =
(D22 ® (2d))'®, i = 1,2: these are not isometric lattices;

3. ford =42, NS(X) = (22 ® (2d))': this lattice is uniquely determined by d and
the index, but it admits two non isomorphic embeddings t1,t2 : Q22 — NS(X),
i.e. no isometry ¢ € O(Qa2) exists such that 11 = g 0 Y,

4. For d =16 4 or d =156 —4, NS(X) = (Q22 & (2d))* overlattice of index 4 of
Qo0 @ (2d), uniquely determined by d and the index of the overlattice.

Example 3.5.1.3. We are going to exhibit a primitive embedding in Aks of each of the
lattices presented in 3.5.1.2|, having fixed the primitive embedding of Qs in H%(X,Z)

described in Section [3.3.2 by providing examples of primitive classes L € such
that L2 = 2d (we may assume that L is ample by Lemma. We use the notation of
Section and we construct the overlattices using the elements z(y 4 ,,) in Proposition
We remark that using (21 108y and (5,1 36) We obtain isomorphic lattices.
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. For every d € N\ {0}, the class
Lo=Lo(d) =(z+2y—e1— fi+ea+ f2)/3+dy
generates the lattice (2d) such that Qg 2@ (2d) is primitively embedded in H?(X, Z).

. For d = 4h, h € N\ {0} the class

LYY (h) = 2Lo(h) + e1 + fi + g1 + I

generates the lattice (2d) such that (g9 @ (2d))'™) is primitively embedded in
H?(X,7); L%())/Z + T(2,0,108) Is in fact integral in H?(X,Z).
. Ford=4(h—1), h € N\ {0, 1} the class

Lg?g(h) = 2L0(h) +a1+by+c+di

generates the lattice (2d) such that (29 @ (2d))'® is primitively embedded in
H?(X,Z); L;?())/Q + (2,0,3) is in fact integral in H?(X,7Z).

. For d =4h + 2, h € N, the class
L) (h) = 2Lo(h) +va + fi + e1 + b1+ 1

generates the lattice (2d) such that (Qq92 @ (2d))’ is primitively embedded in
H*(X,Z); Ly)/2 + (2.1 108) is in fact integral in H(X, Z).
. For d=4h + 2, h € N, the class

LY (h) = 2Lo(h) + 2

generates the lattice (2d) such that (Q29 @ (2d))’ is primitively embedded in
H?*(X,7); Lg?%/2 + Z(2,1,36) 18 in fact integral in H?*(X,Z).

. For d = 16h — 4, h € N, the class
Ly _4(h)=4Lo(h) + a1+ b1 +c1 +dy

generates the lattice (2d) such that (Qg2 @ (2d))* is primitively embedded in
H?(X,Z); Ly, —4/4+ (4,1 2,384) is in fact integral in H?(X,Z).

. For d =16h 4+ 4, h € N, the class
L474(h) =4Lo(h) + 2vy + ag + by + c2 + da

generates the lattice (2d) such that (Qg2 @ (2d))* is primitively embedded in
H?*(X,Z); Lya/4+ T(4,3/2,384) 18 in fact integral in H?*(X,7Z).
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3.5.2 Projective families of K3 surfaces that arise as resolution of the singularities of
X/(Z)27)?

Projective surfaces Y that are the resolution of X/(Z/2Z)? have to primitively contain
in their Néron-Severi both the exceptional lattice My o described in Section and a

1 5 ~
positive class L of square 2e that generates MZ’;{ SO therefore, Y is polarized with the

lattice M2 @ (2e) or one of its cyclic overlattices.

Theorem 3.5.2.1. The relation ~yp, , (see Def. |2.5.1.1) divides Ang, , in 4 non-trivial

equivalence classes (plus the trivial one {0}):
kgo 12| 1 |3/2
2 [55] 64 | 72| 64

We give a representative element (y, 4 n) for each non-trivial equivalence class (k,g,n)

for =, , in terms of the generators of Ma o introduced in Proposition|3.4.4. 1|

class (k,g,n) representative (4 )
(2,0,54) (1 +7q +my +mz) /2
(2,0,1) (m3 + mg + ms + me) /2
(2,1/2,64) (M1 +ma + mg) /2

(2,1,54) (71 + 7y +m1 +mg +ms +mz)/2

(2,1,18) (ms 4+ me)/2

(2,3/2,64) (1 +m1 +ms+mg+ms)/2

Theorem 3.5.2.2. Let Y be a projective K3 surface such that rk(Né’(?)) = 13 and
NS(Y) contains primitively Mao and (2e), e € N\ {0}. Then, NS(Y) is one of the
following:

1. for every e, NS(Y) = Mao @ (2¢);

2. for every e, NS(Y) is an overlattice of index 2 of Mao @ (2¢). If e =4 0 there are
two non isomorphic possibilities for NS(Y): (Mo & (2e))D), i =1,2; if e =4 2
NS(Y) = (Mas @ (2¢))" is unique, but there are two non isomorphic embeddings
of Mas in NS(}}). If e is odd, this overlattice uniquely determined by e and the
index.

Each of these lattices admits a unique primitive embedding in Aks.

Proof. The overlattices of Mo @ (2e) are in bijection with the equivalence classes for

88



RM,,- Fix the primitive embedding M>» — Aks as in Proposition [3.4.4.]] m the ortho-
gonal complement of My is the overlattice of index 2 of the lattice (mo2).H?(X,Z)
obtained by the addition of 7/2 as generator.

Lnses _
We can use as generators of the lattice (2e) = MZQN ™) the primitive classes L in
H?(Y,7Z) obtained from ()L (with L as in Example [3.5.1.3) as follows:

1. NS(Y) = My @ (2e) is realized as follows:

e ife=50by L= (m2)L (h)/4,h=e+1;

(
L] if€:41byf (7‘(2’2) L44( )/4,h=(€—1)/4;
e ife=43by L= (m22)cLs_sa(h)/4,h=(ec+1)/4;
2. NS(Y) = (Mag @ (2¢)) is realized as follows:

o ife =51, L= (map)«Loe)/2;if e =4 1 the element L/24 x5 3/ 64) is integral
in H2(Y,Z), if e =4 3 the element L/2 + T(2,1/2,64) 18

eife=42 L= (Wg,g)*LglfQ)(h)/Q; if k = a L glues to an element of the class
(2,1,54), that is 2 (2 1 54 if b is even, (W1 +74+m1+m3+me+mz)/2 otherwise;
if k = b, L glues to an element of the class (2,1,18), that is T(2,1,18) if h is
even, (m4+ms;)/2 otherwise; the lattices obtained for k = a, b are isomorphic,
but the isomorphism does not restrict to an isometry of Ma o;

e if e =g 4, either L = (ma2).L 15 ( )/2, h = e/4, and L glues to (1 + g +
mi + ms + ma + ms + mg + m7)/2 which belongs to the class (2,0,54); o
L = (m2.2)« LéQO( h)/2, h =e/4+1,and L/2 + = (2,0,1) is integral; the lattices
obtained are not isomorphic.

e if e =g 0, either L = (7r272)*L§())(h)/2, h=e/4, and L/2+ (5 54) is integral;
or L = (my)«Lo(d), d = e/4, and L/2+ x(5 1 is integral; again, the lattices
obtained are not isomorphic.

Since all the equivalence classes for the relation ~js, , have been used, we’ve exhausted

all the possibile overlattices of My 2@ (2¢). Each non-isomorphic NS(Y') admits a unique
primitive embedding in Aks, by Proposition ]

Corollary 3.5.2.3. In the following table we give the correspondence between families
of K3 surfaces X with a symplectic action of (Z)27)%, and Y which is the minimal
resolution of the quotient X /(Z/27)%, with the notation of Remark. The primitive
classes L € NS(Y) that generate the sublattices (nd) as stated are indicated in curly
brackets.
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NS(X) NS(Y)
d=21 Qa0 @ (2d) (Mo & (2d)) {L = m29.Lo/2}
e, 2 Qo0 & (2d) (Mao & (84)) {L = m9.Lo}

Q22 ® (2d))’ (Mao @ (2d)) {f = WQ’QZLS’CQ) Jk=a, b}
Qo2 @ (2d) (Mao @ (8d)) {L =m92.Lo}
0 r e ) | (M (20 (L = ™l

Qo2 ® 2d))'? | Mao @ (d/2) {L= ”Q’Q*f%}

Qo2 @ (2d) (Mao & (8d)) {L = m90:Lo}
i Qa2 ® (2d))’™ (Map @ (2d))'@) {f — ”272*2L§3}
(2 ® QA)Y® | (Mpp o 2a)y®) (T = 2208y

Q20 @ (2d))* My @ (d/2)  {L = T22elaca meanlaay

3.5.3 Projective families of K3 surfaces that are intermediate quotient for the sym-
plectic action of (Z/27)?

Projective surfaces Z that are the resolution of X/(1), where ¢ is one of the generators of
(Z/27)* have to primitively contain in their Néron-Severi both the lattice 'y o described

J_ ~
in Definition(3.4.1.5, and a positive class L of square 2z that generates I’zgs(z): therefore,

Z is polarized with the lattice I'y 2 & (2z) or one of its cyclic overlattices.

Remark 3.5.3.1. Since the orthogonal complement of I's > in H?(Z,7) is the image of
H?(X,7) via the map 7, where ¢ is either 7, p or ¢, one expects that any overlattice S
of T'y 2 @ (2z) be realized with Fég = 7L, L chosen among those in Example
divided by an appropriate integer if not already primitive. This is, however, not entirely
true: indeed, for L € {Lg()), Lgb%} the classes m,,L and 7, L realize different overlattices
S'; therefore, to get the full picture both involutions 7, ¢ must be considered simultan-
eously (while p gives the same results as 7).

There is an alternative path we could have taken: find classes LS&,L%
the same orbit as ng, Lg?% respectively for the action induced by O(£222) on the discri-

minant group, but on which 7* acts as ¢* acts on Lg()), ng respectively. For instance,

in the same orbit for the action induced by O(£222) on the discriminant group we find
the elements w/2, which is killed by 7., but not by 7., and (e; — f1)/2, which is killed

which glue to
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by Ty, but not by m ..

Theorem 3.5.3.2. Let Z be a K3 surface such that rk(NS(Z)) = 13; suppose NS(Z)
admits a primitive embedding of both I's 2 and a class of positive square 2x that generates

1 5 -
F2712VS(Z). Then NS(Z) is one of the following:
1. for any x, T'ao & (2x);

2. for any x =4 0 there are two non-isomorphic overlattices of index 2: (g 2®(2x))' @,
1=1,2;

3. forx =42, (To2®(22)), uniquely determined by x and the index of the overlattice;
4. forxz =g 4, (I'y2®(2x))*, uniquely determined by = and the index of the overlattice.

Proof. Consider the table of non-trivial equivalence classes for ~r, ,:

k901/213/2
2 (23] 0 |40 0
4 | 0o/| 96 |09

An element of the form (E + «)/2, with E? = 2z and a € Ty, has integer, even self-
intersection only if = is even, and an element of the form (E + «)/4 only if x =g 4.
The equivalence classes for ~r, , are presented in the following table:

class (k,g,n) | repr. z( gn) € nH?(X,Z) | repr. Y(k,gm) € T HA(X, Z)
1—¢ +n3+nat
(2,0,3) hoé natnginidng
+ns+ngt +ngtns+
(2,0,8) natnstnotng natnatngtng
fL—é14natne+ér—a b1 —d1 +ne+
(2,0,12) f=étnatnetoi—f bi—@14ngtnr
(2,1,4) hi—éitnatne ngtng
b b 2
o -
(2,1,12) azh L
(2,1,24) n3+”6+"5'2""8+61_&1 51—51+n3—gn4+n5+n7
) )
3(f1—¢ 3n4+3 4
(4,1/2,96) (f14 é) 4 "6;"8 W +4
fL—é +natns+ +3n3+n4+3 ) +ns5+ne
(4,3/2,96) f14€1 +n3 n42n5 ne n2 n34n4 n8+ 1 :

The corresponding overlattice of I'p o & (2

x) can be realized having fixed either the

embedding Ty € H?(Z,,Z) as in Definition [3.4.1.5, or T' € H?(Z,,Z) as in Proposition

3.4.2.5 (recall that I'y o ~ I', and it admits a unique primitive embedding in Aksz). We
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write 7, L where both 7 L, 7L give the same projective family: this can be checked
by direct computation of the discriminant group.

1. The lattice I'p o @ (2x) is realized as follows:

it ¢ = 2h + 1, Tgy = w7 LY (h) /2;

if x = 2h, Fé_ﬁ = 7T¢*L§())(h)/2;

2. The overlattices of index 2 of Iy 9 @ (2x) are realized as follows:

3. The

if v = 4h+2, I‘Q{Q can be 7,4 Lo(2h+1), 7rL*L523(2h+2)/2 and, depending on the
parity of h, one between 7, L4 _4(h/2 + 1/2’)/27 Tl a(h/2)/2, (respectively
for h odd or even). The three overlattices thus realized are isometric, but the
isometry does not restrict to I's o: indeed, the selected positive classes glue to
elements belonging respectively to the orbits (2,1,4),(2,1,24), (2,1,12).

if 2 = 8h + 4, T3, can be m,Lo(4h + 2), m, LE)(4h + 3)/2 or m. LE)(R)/2;
the first two choices give isometric overlattices (the isometry does not re-
strict to I'y 9, since they glue to elements belonging respectively to the orbit
(2,0,8),(2,0,12)), the last gives a different one (it glues to an element in
(2,0,3)).

if x = 8h, F2l72 can be 7, Lo(4h), wL*Lg?())Mh +1)/20r WT*L%(h); the first two
choices give isometric overlattices (the isometry does not restrict to I'y 2, since
they glue to elements belonging respectively to the orbit (2,0,8),(2,0,12)),
the last gives a different one (it glues to an element in (2,0, 3)).

overlattice of index 4 of 'y & (2z) for x = 8h + 4 is realized by FQ{Q =

LYy (h): it glues to an element in (4,3/2,96) if h is even, in (4,1/2,96) if / is

odd.

d

Corollary 3.5.3.3. We give the correspondence between families of projective K3 sur-
faces X with a symplectic action of (Z/27.)* and Z, the resolution of the singularities
of the quotient X /i, with v one of the generators of (Z/27)%, by describing the relation
between the Néron-Severi lattices of their general member. When choosing different in-
volutions gives different results, they are denoted T, p accordingly to the previous sections.
The notation is explained in Remark [2.5.0.5
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NS(X) NS(Z)
d=91 Q2,2 D <2d> (F272 D <4d>)/ {ﬂ'L*Lo}
Q2,2 D <2d> (F2,2 S <4d>)/(l) {ﬂ-L*LO}
d=42 (Top @ (4))®@  {m.L{Y}
Q2@ (2d)) | Tao @ (d) {mreL$}/2}
(T2 @ (4d))* {%*Lg,g}
Qo0 @ (2d) (T2 @ (4d))’™ {m.Lo}
Ty & (d) T L 2
d=50 | (2 (2d))V o 27(01) }
(a0 @ (4d))'? {mreL
(Q22® 24))@ | (T22 @ (d))’ (maL$)/2)
QZ,Q @ <2d> (F2,2 @ <4d>)/(1) {ﬂ'L*LO}
Too @ (d T LY /2
(Q22 @ (2d))'™) 22® {d) {me 2(04 J
d =g 4 (Tgz @ (4d))'® {mr LS
777777777 @l i@ |
Qa2 & ROy, gy {mebaol?)
(9272 D <2d>)* {m*1224,74’ 7m§4,4}
3.6 Projective models

Given a nef and big divisor L on X, there is a natural map ¢ : X — P(HY(X,L)*) ~
P", with n = L?/2+1. Any automorphism o of X that preserves L induces an action on
P(HY(X,L)*): in particular, if ¢ is finite of order m, we can split H°(X, L) in eigenspaces
corresponding to the m-roots of unity.

Remark 3.6.0.1. As we already discussed in Remark [2.6.0.1} the action of o on H°(X, L)

could have order km for some integer k > 1, being such that

for & a root of unity. Consider however the action of (Z/2Z)% = (r,¢) on X: even if we
tacitly take 7% and ¢" on H°(X, L) instead of 7 and ¢ (as we did in Remark [2.6.0.1)),
we don’t have any control on the order of their composition p — we only know that it

m

o™ (xo,. ..
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divides kh. Therefore, if the group acting on H°(X, L) is bigger than (Z/27Z)%, we can
assume it is dihedral.

3.6.1 Eigenspaces of 7, ¢

Let X be a K3 surface with a symplectic action of (Z/2Z)?, let L be the ample class that

i
92’12\15()(). We consider the action of the symplectic involutions 7, ¢ € (Z/27)?

generates
(recall that the third involution p = @ o7 acts on L as T acts): if Z,, Z,, are the minimal

resolution of X /7, X/¢ respectively, we have

the nef divisors Eq, Ey € NS(ZT), P, Fy € NS(ZW) that satisfy these equalities for the
choices of ample classes introduced in Example [3.5.1.3]are defined in the following tables
with the exceptional curves numbered as in Sections

Lo(d) d=20 d=21

E, TreLlo/2 — (n3 4+ ns + ne + ng) /2 TrsLlo/2 — (n1 4+ ng) /2

B, TreLo/2 — (n1 +n2+ng+n7)/2 TreLo/2— (no+ng+ng+ns+ne+nz)/2

g TosLo/2 — (N1 4+ n2 + ng + ng) /2 TpxLo/2 — (neg + n7)/2

5 TosLo/2 — (N3 +n4 +n5 +n7)/2 | TeeLo/2—(n1+n2+n3+ns+ns+ng)/2
Lg()](h) any h Lg()](h) any h

Ey TFT*LS())/2 — (n1+n4+ne+ng)/2 E;y WT*L%/Q

B e L0 /2 — (n2 + 3 + ns +n7) /2 B TreLsn/2 = 38 ni/2

P T2 p o 2

P T L80/2 = 35 a2 By | mel/2— Y0 mi/2
Lga%(h) any h Ly 14(h) any h

B L35 /2 — (n1 + nyg + ng + ng) /2 o el a)2

B L35 /2 — (2 + ng +ns +n7) /2 B» TreLasa)/2 =30 ni/2

P WT*L%/Q — (n1 + ns +ne + ny)/2 Py TpsLig, £4/2

Fy WT*L%/Q — (n2 +n3 +n4 +ng)/2 Fy TosLaa/2 = Y51 1i/2
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ng;(h) any h
Ey WT*L%/ 2
By WT*L%/Q — i 1i/2

Fy W@*Lg/? — (n1 +ns +ne +n7)/2

Fy mp*ngﬂ—(n2+n3+n4+ng)/2

3.6.2 Eigenspaces and classes in N.S(Y')

To determine the eigenspaces of the full action of (Z/ 27.)?, we will have to consider the
residual involutions ¢, 7 on Z;, Z, respectively, and how they act on the divisors £;, I}

defined in Section In particular, recall from Propositions|3.4.3.1}, [3.4.5.1| the action

of the residual involutions on the Nikulin lattice:

% :(7117 ns)(nz, n5)(n3, n?)(m, n6)

7 =(n1,ns5)(n2,ng)(ng, ng)(ng, n7).

Theorem 3.6.2.1 (see [32, Prop. 2.7] and [26, Thm. 5.6]). Let X be a K3 surface that
admits a symplectic action of (Z/27)%, and let L be an ample divisor on X invariant
for this action. We distinguish two cases:

1. Let L? = 2d =4 0, NS(X) = Q9 2o®ZL: then the action of (Z/27)* on P(H°(X, L)*)
is induced by an action of Dy, the dihedral group of order 8, on H°(X, L) as follows.
Consider the presentation

Dy=(a,b|a®>=b*>=1,(ab)? =1)
then Dy acts as (Z/27)% on PH1, as

a (ot Xguoqn  Tapoqn it Tav2) = (To e i Tgjaqn P —Tgjaqe ot —Tdt2)

(ot 1 @gpaq FTagoga i Tag2) = (Tajag i Tdr2 1T Tgpaq)-

2. For any other deformation family, there exist divisors D1,...,D4 € NS(Y/) such
that

HO(X’ L) = W;Q‘HO(??Dl) ® W;,Q‘HO(Y/7 D2) @ W;,ZHO(Yv D3) @ W;,ZHO(ya D4)

and every W§72H0()7, D;) corresponds to one of the subspaces which are the inter-
section of eigenspaces for the action of the two generators of (Z./27)? on H°(X, L):

H(X, )=V, oV oV, oV _.
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Proof. For each projective family, consider for the associated ample class L the divisors
E1, E5 defined in section “ the residual involution ¢ on Z, fixes Ej, By in all cases,
except for Lo(d) and d even, when they are exchanged. The same holds for the action
of 7 on ZQD and the divisors Fi, Fb.
If the divisors are fixed by the residual involution, we can split H°(X, L) in four subspaces
Vi (L), Vi (L), V- 1(L),V_ _(L), each spanned by 73 2H (Y, D;) for some nef divisors
of the quotient surface: the proof follows the same argument of the cyclic case (see
Proposition , using the divisors D; defined below.

— Consider Ly(d), d odd; depending on the value of d mod 4, we define Dy,..., Dy as
follows:
Ly(d) d=41 d=43
D w22« Lo my+mi+matmatms 72,2+ Lo m1+mi+me
1 1 2 1 2
D m2,2+Lo _ mi+motmet+mr+ms m2,2+ L0  m1+maotmat+matms+mrt+ms
2 1 2 4 2
D 72,2+ L0 mp+M34ma+mo+ma+matms+mr+ms 72,2+ L0 To+M3+mat+mot+me+mrtms
2 1 2
D m2,2+L0  ma+mz+nat+mi+me 72,2+ L0 Mo4Nz+Ratmi+mst+matms
4 1 2 1 2

— Consider L( )(h), whose square is 2d = 8h; depending on the value of h mod 2, we
define Dy, ...

, Dy as follows.

(1) _
LZ,O(h) h=20
D 7r2’2*L§()) ni4+nat+mi+my
1 0 - 2
D 224050 W 4Astmatmstmatms+metms
2 1 2
D 722y iy tmatmytms
3 o - 2
D 7r212”‘[’2,0 _ n2+nzt+mit+mat+mgatms+met+mz
4 4 2
(1)
LQ’O(h) h=91
(1)
D m2.2+¢L50 W 4Astmi+mst+matms+metmy
1 4 2
D 7r2’2*L<2%()) n1+n4+mo+msg
2 " - 2
D m22+Lo0  mydmztmotmstmatmstmetms
3 1 2
oot
D 2,2+52,0 _ natnz+mit+mr
4 2

— Consider L( )(h), whose square is 2d = 8(h—1); depending on the value of h mod 2, we
define D1, ...
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(2)
L270(h) h =20 h=21
2 2
7T272*L2,(% m3+ma+ms+me WZ,Q*LE,S
D, — L .
(2) (2)
72,2+ L3 ¢ mi+ma+mz+m 72,2+ L3 g
Dy _ my 22 7 8 20—y
m,2:LEY T AT st mi m2,2: LE)
Ds - 2 T — M2
(2) _ (2)
m2,2+L5 9 n1+no+n3+ng 72,2159
Dy - 2 T — M1 — [2
— Consider Lg Q)(h), k = a,b, whose square is 8h + 4; depending on the value of h mod

2, we define D1, ..

., Dy as follows:

(a)
LY () h=50 h=y1
T L(‘l) . T L(C") _
D, 2,2+%2.2 _ nitngtmitmatms+me 2,2+%2.2 _ ni+ngt+mit+matmet+me
2 2
T L(a) — = T L(a) = =
D 22+b22  mi4natmao+ms+me+ms 22+b22  mi4natmao+mat+ms+ms
2 1 2 1 2
T L< = = T L<a) ==
Ds 2,2xH22  modnz+maotmatmstms 2,2xH22  modnz+mao+maz+metms
4 2 2
L(a) _ _ L(a) _ _
D T2,2+222  Ta+mz+mi+ma+metmy T2,2+022 _ Tmo+nz+mitmatms+my
4 1 2 1 2
(b)
L) () h =50 h=51
(b) b)
D 7l'272*[’2,2 __ m3+mg 71'2’2*[/&72 _ mg4+ms
1 2 2
72,24 L) 0
Dy 2,2x522  my+mot+matms+mr+ms 2,2x522  my+mot+mgt+me+mr+ms
2 2
D W2,2*L§2 > ; mjtmitmat+ma+me+mr+ms W2,2*L§2 > mjtmitmat+mat+ms+mr+ms
3 1 2 1 2
D 72,24 1Y) 2 mjtmatms 72,24 LY) 22 mjtmatms
4 1 2 1 2

— Consider Lg_4(h) and Ly 4(h), whose square is 32h — 8,32h + 8 respectively; since

72,2+ L4,+4/4 is primitive in NS(Y'), we define Dy, ..

11, o are defined in Proposition [3.4.4.1)):

., Dy as follows (the elements

Ly +a(h) any h
D, 7r2,2*4Li4,4
Dy 71'2,2*‘{@[4,4 —
D 7T2,2*fj:4,4 — s
Dy S e
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Table 3.4: Euler characteristics

no.| L x(D1) X(D2) x(Ds) X(Dy)
d=41 | 1 | Lo (d+3)/4 (d+3)/4 (d—1)/4 (d+3)/4
d=43 | 2 | Lo (d+5)/4 (d+1)/4 (d+1)/4 (d+1)/4
g2 |3 L) | (d+2)/4 (d+2)/4 (d+2)/4 (d+2)/4
4 | L) | (@+6)/4 (d+2)/4 (d—2)/4 (d+2)/4
i_go |5 LYy d/4+1 d/4 d/A+1 d/4
6 | LY d/4+2 d/4 d/4 /4
7| LY d/4 d/4+1 d/4 d/a+1
d=s4 | g | L$) d/4+1 d/4+1 d/d—1 d/a+1
9 | Luiga | dja+2 d/4 d/4 d/4

Consider now the projective family with ample class L = Ly(d), d even: then we cannot
split HY(X, L) in four subspaces, but rather we find

HYX,L)=V,aV_

where V., V_ are the eigenspaces for one of the generators of (Z/2Z)? (say 7), and the
other generator (say ¢) acts exchanging the two.

By Remark on H°(X, L) we have an action as follows: choose a basis {xq, . .., Z412}
of H°(X, L) such that

7 :(zo, ... y Xd/2+15 Ldj2+425 - - - s Tav2) — &k(@o, - - 5 Ld/241 —Ld/242) —Td+2)

with &, some root of unity, so that 72 is the multiplication by f,%; then it holds

(i) =Emfi(Tajo42s - -+ Taya) for every i =0,...d/2 + 1,
o(x5) =Em fi(T0,s - - s Tajo41) for every j=d/2+2,...d+2,

with &, another root of unity and f; linear such that ¢? is the multiplication by &2;
composing them, we get

o(7(w7)) =Ek€m fi(Taj242, - - s Tay2) for every i =0,...,d/2+1
QD(T(‘I.J)) - gkgmf](an s 7xd/2+1) for every j = d/2 + 27 s 7d + 27

while
T(p(7:)) = = &b fi(Tajatas - - - Tay2) for every i = 0,...,d/2+ 1
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T(p(;)) =Ek&m fi (w0, - -, 2g/241) for every j =d/2+2,...,d+2,

so it holds 7¢ = —p7. Therefore (1) is the multiplication by —£2¢2,. Substituting
7 =7k and ¢ = o™, we still get (7¢)? = —id, so 7@ has order 4 and 7, span the
dihedral group D4 (as anticipated in Remark ; by projectivizing, the action of
Dy loses faithfulness, and we see on P(HY(X,L)*) an action of (Z/27Z)? via the maps
described in the statement. O

Proposition 3.6.2.2. In case 2 of Theorem [3.6.2.1] it holds
T H(Zr, Er) =m3, HO (Y, D1) @ w3, HO(Y , Dy),
mrH(Z;, By) =m5, HO(Y , D3) ® w5 o H(Y, Dy).

Proof. See the proof of Proposition [2.6.2.2 O
Remark 3.6.2.3. To define Dy, ..., Dy we chose to use the description of Y as resolution

of the quotient Z, /. The same results can be obtained using Zp /7 instead.

3.6.3 Projective models with L? = 4

There are three families of K3 surfaces X polarized with an ample class L such that
L? = 4: for one of them L = Ly(2), so the action of (Z/27Z)? is as described in case
1 of Theorem the other two correspond to no. 3, no. 4 of Table and
we can read from there the dimension of the eigenspaces for the action of (Z/27)2.
Moreover, by the correspondence between projective families of X and its quotients, and
in particular by the degree of L, (the pseudo-ample class on the intermediate quotient
surface Z,, ¢ € {7,¢}) and of L on Y, we expect the dimension of the projective space
in which the quotients are naturally embedded.

We proceed by firstly defining an action of (Z/2Z)? = (r,¢) on the correct projective
space (P? for L = L0(2),Lgf2)(0), Pl x PLif L = Léb%(O)) with eigenspaces of the
expected dimension, and finding a family of K3 surfaces which are invariant for it.
Recall from Remark that each of the projective families of X has dimension
7 =20 — (rk(Q22) + 1). To check the simplecticity of the action of (Z/2Z)?, it is suffi-
cient to check that each of the two generators is a symplectic involution, i.e. that each
fixes 8 points on X.

Let L = Lo(2): consider the action of (Z/27Z)? on P? given by

(Z(]:ZlIZQ123)';(—250:—21:22123)
r£>(22223:z0:21)

then ¢ exchanges the eigenspaces of 7, which is the action described in Section for
Lo(2). Quartic surfaces invariant for this action are of the form

Q3 : q(20,21) + q(22, 23) + Q2225 + Broz12023 + V2325 + 8(28 2023 + 202125 )+
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+ 5(2(2)2’32, + z%z%) + C(zoz1z§ + 2%2223) =0;

they depend on 11 parameters, but taking into account projectivities of the form (zp :
21t 291 23) — (azo+bz1 : czo+dzy : aza+bz3 @ czo+ dzg) which commute with the given
action of (Z/2Z)? we find a moduli space of dimension 7. This is therefore a complete
family of K3 surfaces with a symplectic action of (Z/2Z)2. The quotient surfaces Z,, Z,,
admit projective models as complete intersection of 3 quadrics in P%, as in [32, §3.4].
Since L” = 16, we expect Y C P, so it doesn’t admit a natural model as complete
intersection of hypersurfaces.

The following two models are numbered according to Table
no. 3: Consider the action of (Z/2Z)? on P? given by
(o : a1 : T2 x3) = (—x0 : —21 : 9 : X3)

RN (—x0: @1 —x2: 3)

then the eigenspaces are all of the same dimension. The family of quartic surfaces

3
Q4 : Z aix? + Z szx?xg + xpx1T273,
i=0 i,j=0...3

7>
whose general member is smooth, is invariant for the action above, and it depends on 7
projective parameters up to the action of projectivities that commute with 7, ¢.

Since the action of 7, ¢ is the same up to a change of coordinates, the quotient surfaces
Zr, Z, will be described by similar equations. As in [32, §3.4], we consider the map given
by the degree 2 invariants under the action of 7

(a:ozzzl:xg:xg)H(x%:x%:x%:x%:azoxl:ajgxg):(zo:zl222:2'3:24:25);

then the surface Q4 maps to the complete intersection of quadrics in P°

22 = 20%1
2
Ry:{ 7% =212
o 3 2
2425 = — D50 Qi% — 2.ij=0..3 bij%i%j

7>
which is a projective model for Z,. Now, the automorphism p on P® is
p:(z0:21:20:23:24:25) > (20:21:22:23: —24:—25):

the surface Ry has the same form as in [32], §3.7], so its quotient under the action of p,
which is a projective model for Y, is the quartic surface in P3 = (2g : 21 : 22 : 23)

3
Sy : 20212923 + (Z aiziz + Z bijzizj)2 =0.

i=0 i,j=0...3
§>i
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no. 4: we have Lg’g(O) = H; + Hy with

_L0(0)+U2+w _L0(0)+v2—w' . 0 2
Hl_f, HQ_ 2 9 <H1aH2>_ 2 0 9
and
T(Hy) = Hy, ¢"(Hy)=Hy, ¢*(H2)= Ho.
Hence

2:1
qblLé’?%(O)\ = Oy 1 X —> P x P!

is a double cover ramified along a curve B of bidegree (4,4) invariant for the action of
(Z/27)* on P! x P! given by

(zo = 21)(yo : y1) = (yo : y1)(@o = 21)

S (w0 —21) (Yo : —y1);

curves of this type depend on 7 projective parameters when taking into account the
action of the group of projectivities of the form (xo : x1)(yo : y1) — (20 : az1)(yo : ay1),
which are the only ones that commute with the action above. We take the quotient
of X by the action of 7 as described in [32, §3.5]: the surface Z. is a double cover of
P2 = (2oyo : Toy1 + 1Yo : T1y1) = (wp : wy : wy) ramified along a sextic curve C, the
union of the image B, of B, which is a quartic curve, and the conic curve invariant for
the action of ¢ induced on P2,

cﬁ:(wozwlzwg)»—>(w0:—w1:w2).

To find a projective model of Y, we map Z, to the space of invariants of degree two of
o, P? = (w% cw? s w3 s wowg) = (20 1 21 ¢ 22 : z3): then Y is a double cover of the
surface 2022 = 23 ramified along C (the image of the sextic curve C) which is a cubic

curve.

Now, let’s go back and describe Z,: the action of ¢ on P! x P! fixes 4 points, which
do not belong to the branch curve: therefore, if we write X : t> = b, where b is the
polynomial of bidegree (4,4) such that B : b = 0, to have 8 fixed points on X we find
that ¢ acts as the identity on t.
Proceeding as in case no. 3 of Section we embed P! x P! in P3 via the Segre
map

(o : 21)(yo : y1) = (oYo : Toy1 : T1Yo : T1y1) = (20 : 21 : 22 ¢ 23) :

now X is a double cover of the quadric surface zgz3 = 2129 ramified along the image of
B.
We consider the induced action of ¢ on the weighted projective space P(2,1,1,1,1),

w:(tizorz1:22:23) = (L2000 —21 0 —22 1 23);
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the space of invariants of degree 2 for ¢ is PO = (£ : 22 : 27 : 23 1 23 : 2023 : 2120) =

(t:ap:ai:as:as:as: as), and the quotient surface Z, is described by the complete
intersection

a4 = as

apaz = a3

ailag = a%

t?=b
where b is now a quadric: this is therefore a projective model of Z, as the complete
intersection of 3 quadrics in P°, as we expected since (W@*ng% (0))? =8.

The action of 7 on P° changes sign to ¢ and exchanges a; with ao, fixing the other
coordinates. Let

Psz(t:cozcl202:03:04):(t:a0:a1+a2:al—a2:a3:a4):

similarly to the surface Sy of case no. 4 of Section [2.6.3] to compute the quotient surface
we use the projection from the line £ = (A:0:0: p:0:0) on the invariant space for
the action of 7:

TP 5P = (co:cr:cs:cy)

Then, Z, covers 4:1 the surface cg = c3cyq, and 7 exchanges pairwise the points on each
regular fiber: therefore we get again a model of Y as double cover of a quadric surface
in P3, as expected.
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Chapter 4

Generalizing Shioda-Inose structures to the
order 4

Introduction

Given any abelian surface A, if X is a K3 surface such that there exists a Hodge isometry
T(A) ~ T(X), then X admits a symplectic involution ¢ such that X/. is birational to
the Kummer surface Kum(A) [63, Thm. 6.3]: the triple (A, X,¢) is called a Shioda-
Inose structure. In [27] it is proved that if A admits a symplectic automorphism o4 of
order 3 (which is not a condition satisfied by the general abelian surface), and X is a
K3 surface such that there exists a Hodge isometry T'(A) ~ T(X), then X admits a
symplectic automorphism ox of order 3 such that X/ox is birational to the generalized
Kummer surface Kumg(A), the resolution of the singularities of A/o4. The quadruple
(A,o4,X,0x) is called a generalized Shioda-Inose structure.

Some abelian surfaces A admit a symplectic automorphism « of order 4: however, in this
chapter we prove that, if a K3 surface X satisfies the condition T'(X) ~ T'(A), it is not
even guaranteed that X admit an action of a group of order 4 at all. Unlike the order 3
case, it is therefore impossible to give a full generalization of Shioda-Inose structures to
the order 4, so we propose two different partial generalizations.

Definition 1 (see Def. . Let X be a projective K3 surface. We say that X admits
a strong order 4 Shioda-Inose structure if there is a symplectic automorphism 7 of order
4 on X and a pair (4, ) as above such that the resolution of the singularities of X /72
and X /7 are isomorphic to Kum(A) and Kumy(A) respectively.

The quadruple (4, a, X, 7) is a strong structure if and only if (A, X,72) is a classical
Shioda-Inose structure, so it holds T'(X) ~ T(A); however, strong structures do not
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exist for any pair (A, ), but only if

4k 1 1
T(A) ~ 120
10 2

To give a structure that exists for any pair (A, «), we turn to Morrison-Nikulin in-
volutions: these are special symplectic involutions on a K3 surface X, that exchange
two algebraic copies of the lattice Fg. For a projective K3 surface, the existence of a
Morrison-Nikulin involution and of a Shioda-Inose structure are equivalent properties

(see Theorem [4.2.1.4]).

Definition 2 (see Def. 4.2.5.4). Let X be a projective K3 surface. We say that X admits
a weak order 4 Shioda-Inose structure if there is a symplectic automorphism 7 of order
4 on X such that 7 cyclically permutes four orthogonal algebraic copies of Dj.

If a K3 surface X has a symplectic automorphism 7 that satisfies this definition, then
there exists a pair (A, «) such that the resolution of the singularities of X /7 is isomorphic
to Kumy(A) (see Theorem [4.2.4.12)); conversely, given any pair (4, a) we can find a K3
surface X with a symplectic automorphism 7 as above, such that X/7 is birational to

Kumy(A) (see Theorem (4.2.4.14]).

If the quadruple (A, a, X, 7) is a weak structure which is not strong, then T'(A) 2 T(X);
even worse, T'(A) does not always uniquely determine T'(X). We remark that this is
a crucial flaw of this construction: indeed, by Theorems [1.3.0.14] [1.3.0.8] in classical
Shioda-Inose structures to each abelian surface A corresponds a unique K3 surface X,
and to each X with a Morrison-Nikulin involution at most two abelian surfaces (A and
AY) (see Remark . Without a Hodge isometry of the transcendental lattices, we
can only give a correspondence between families of A and X that form a weak order 4
Shioda-Inose structures.

Theorem 1 (see Cor. 4.2.4.16)). In the following table we compare the transcendental
lattices of A, Kumy(A) and X, where the quadruple (A, «a, X, T) is a weak order 4 Shioda-
Inose structure.

T(A) T(Kumq(A)) T(X)
(1% @ (-2d)
vd (2)%2 @ (—2d) (2)®2 @ (—8d) —2(d—1) 2 2
2 40
2 0 4
[4—2h 3 3]
B 2 1 8 4
d=4h+1 <2>@[1 —zh] <2>@[4 _Sh] _ g g 2_
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k-2 1 1] . 4
_ D2 _
d=8k+6 1 20 (4>@[4 _8(%“)] (2)82 & (—2d)
1 0 2
1 a2
4k 11 L <4>@[4k+2 4k2}
d=8k+2 1 20 <4>ea[4 _16k] or
10 2 4k 11
1 20
1 0 2

4.1 The Kummer surfaces Kum(A), Kumy(A)

Let A be an abelian surface, with local coordinates (z1,22). Assume A admits the
automorphism « defined by

alz1,22) = (22, —21) :
this is a symplectic automorphism of order 4, because a*(dz; A dz2) = dz; A dzy. The

wedge product
A:H?*(A,Z) x HY(A,Z) - HY(A,Z) ~ Z

gives H%(A,Z) a lattice structure (H%(A,Z), A) = U®3. Computing the action of a* on
H?(A,7), we see that it acts on two of the copies of U exchanging the generators of each
copy, and as the identity on the remaining one.

Remark 4.1.0.1. The co-invariant lattice of the action of a* is spanned by the classes
dzo N dzZo — dzy AN dz1,dz1 N dZo 4+ dzo A dZq: it is therefore the lattice 2 := (—2>@2. A
complex 2-torus T" admits « as an automorphism if and only if € is primitively embedded
in NS(T).

We want to describe explicitly the maps induced in cohomology by the rational (dashed)
arrows in the following diagram:

A (4.1.0.1)
v ~
Kum(A) —— A/a?

-
T _ - R
~
P

Kumy(A) —5 Kum(A)/& —— A/«

where & is the involution induced on the Kummer surface Kum(A) by o on A.
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4.1.1 The surface Kum(A)

The construction of the Kummer surface Kum(A) is classical: take an abelian surface
A, and the involution defined by t(a) = —a for every a € A; . fixes exactly 16 points
on A, and acts trivially on the second integral cohomology lattice H?(A,Z) ~ U®3: the
minimal resolution of the quotient A/¢ is the K3 surface Kum(A), which is characterized
by the existence of a primitive embedding of the Kummer lattice Ko in its Néron-Severi
lattice [70} §.3, Thm. 3]. We recall here the construction, assuming A = E x E with E
an elliptic curve, a((e, f)) = (f, —e) symplectic of order 4, ¢ = a?: by deformation, this
gives us the description of the map

T : H*(A,Z) — H*(Kum(A),Z)

for any abelian surface A with a symplectic automorphism of order 4.

The involution e — —e on an elliptic curve F fixes exactly 4 points, that can be identified
with a copy of (Z/2Z)% = {(0,0), (1,0), (0,1), (1,1)} under the group law of E: thus,
the fixed locus of a? on A = E x F is isomorphic to (Z/27Z)*, and the quotient surface
A/a? has 16 A; singularities.

Definition 4.1.1.1 ([70, §3, Def. 1], see also [31, Rem. 2.3]). Call kypeq the class of
the rational curve that resolves the point (a,b,c,d) € (Z/2Z)* in the Kummer surface.
The lattice K5 is the overlattice of (kapeq | (a,b,c,d) € (Z/2Z)*) obtained adding as
generators the classes

wop = Z Kabea /2,

(ab,c,d)e(Z,/2L)4
w1 = (koooo + kooo1 + Koo1o + Koo11 + ko100 + Koto1 + Koiio + Ko111)/2,
wa = (koooo + kooo1 + Koo1o + Koo11 + k1000 + k1001 + K1o10 + K1011)/2,
wsz = (koooo + kooo1 + ko100 + Koto1 + k1000 + k1001 + k1100 + K1101)/2,
wy = (koooo + koo1o + ko100 + ko110 + k1000 + k1010 + k1100 + K1110)/2.

Since o acts trivially on H?(A,Z), we can apply the push-pull formula to conclude that
mnUoUaU)=U2)oU(2) ®U(2).

Theorem 4.1.1.2 ([3I, Rem. 2.8]). Call {v1,...,v6} the generators of U(2)®3 such
that vopy1Vok10 = 2, k = 0,1,2 and the other intersections are trivial: then the lattice
H?(Kum(A),Z) is the overlattice of Ko ® U(2) obtained by adding as generators the
classes

v1 + koooo + Kooot + Kooto + koot1
v2 + koooo + ko100 + k1000 + k1100
v3 + koooo + Kooto + ko100 + ko110

B = ( /2,
B2 = (

B3 = (

B4 = (va + koooo + kooo1 + k1000 + F1o01
Bs = (

Bs = (

/2,
/2,
/2,
/2,
/2.

v5 + koooo + Kooo1 + Kotoo + ko101
ve + koooo + Kooto + k1000 + k1010

N ~— ~— — — —
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4.1.2 The involution & and the surface Kumy(A)

Among the 16 points fixed by o2, «a fixes the four points {(a,b,a,b) | a,b € Z/27Z},
and exchanges the remaining ones as (a,b,c,d) — (¢,d,a,b): therefore, there are 10
singular points on the quotient surface A/«, of which 4 of type As, and 6 of type A; [9,
Prop. 2.1]. The K3 surface Kum4(A), that arises as minimal resolution of the quotient
A/a, is characterized by the existence of a primitive embedding of the lattice K, in its
Néron-Severi lattice.

Definition 4.1.2.1 ([9, §4, cas 4.2]). The lattice Ky is the overlattice of AF* @ AP =

(my1, My, my3 |y =1,...,4) ®(m; | j = 1,...,6) obtained by adding as generator

the class

Z'Y 3my 1+ 2my 2 + My 3 n Zj m;
4 2

It is the smallest primitive sublattice of Ax3 which contains the exceptional curves of

[ = (4.1.2.1)

We want to describe the surface Kumy4(A) as minimal resolution of Kum(A)/&, where
& is the symplectic involution induced by the automorphism « of A.
Define the sublattice of H?(Kum(A),Z)

W = (kapea | (a,b,¢,d) € (Z)22)*) @ (v; | j=1,...,6),
isomorphic to (—2)®16 @ U(2)®3.
Proposition 4.1.2.2. 1. The isometry &* induced by & acts on W as the permuta-
tion
(ko010 k1000) (ko001 ko100) (koo11, k1100) (Ko110, k1001) (k10115 K1110) (K011, K1101)
(v1,v2)(v3,v4),
and as the identity on the remainig generators of W ;
2. Consider the map 7. : H?>(Kum(A)) — H?*(Kumgy(A)): then 7. (W) = (—4)®*
®(—2)%0 @ ()2 p U(4).
3. Denoting * = T, a Z-basis for fr*(f{Q(Kum(A),Z)) is
{0000, kooo1, koo10, koo11, Koto1, ko110, k1010, Wo, W1, W2, B1, B3, Bs, B6 } -

Proof. The action of &* on W is deduced by the action of a* on H?(A,Z), and by that
of & on the singular points of A/a?; we extend &* to H?(Kum(A),Z) by Q-linearity
using the elements w;, i = 0,...,4 (see Def. and 3;, j =1,...,6 (see Thm.
4.1.1.2)). Then, applying the push-pull formula to the generators of W, we get 7, (W),
and by Q-linear extension we get the whole 7, (H?(Kum(A),Z)). O

As any symplectic involution on a K3 surface, & fixes 8 points on Kum(A) [71, §5]: to

resolve the singularities of Kum(A)/&, we have to introduce 8 rational curves, whose
classes in cohomology generate a copy of the Nikulin lattice (see Definition|2.4.2.1)).
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Remark 4.1.2.3. The lattice 7.(H?(Kum(A),Z)) has the same discriminant group of
N, that is, (Z/2Z)% with the same discriminant form of U(2)®3. Thus, applying [72,
Prop. 1.6.1] we find that #.(H?(Kum(A),Z)) @ N is a sublattice of finite index of
H?(Kumy(A),Z). In particular, we can choose as gluing classes the following:

v = (koooo + koror + 1o + B + n2 + ns + ns + ns) /2;
2 = (koooo + kotor + n2 + n3 + ng + ng)/2;
3 = (koooo + o + Bs -+ ng + na + ns +n7)/2;
Y4 = (];:()00() +wo +ng +n5 + n7 + ng)/Q;
vs = (k1010 + Bs + n2 + 14 + 15 + ng) /2;
v6 = (k1010 + Wo + n3 + ne + n7 + ng) /2.

We now want to describe the lattice K4 (see Def. |4.1.2.1) as embedded by our con-
struction in H?(Kumy(A),Z): since Ky is the exceptional lattice for the quotient A/,
it is generated by the Nikulin lattice N, and the image via 7, of the Kummer lattice
K.

Proposition 4.1.2.4. The sublattice A?A‘@Ai% of K4 is spanned by the following classes
of T4 Ko ® N:

mi1 = na; mia2 = (koo — n2 — ng)/2; my3 = ng;

mg1 =ni; mz2 = (kioro —n1 —nr)/

( 2;

ma1 = nz; mas = (koro1 — N3 — na)/2; Moz = n;
( 2; m3 3 = nr;
( 2;

ma1 = ns; Ma = (k1111 — ns — ne)/2; ma3 = ne;
m1 = kooto = k1000; ™2 = koo11 = Kk1100; ™3 = ko100 = Kooo1;
m4 = ko110 = k1001; ms = ko111 = k11015 me = k1110 = Kio11-

To get the whole K4, add to the generators the classes:

- 27=1,4 3,1+ 2My 2 + My 3 n 27=2,3 My, 1+ 21y 2 + 31y 3 n Zj mj

r= 4 4 2
U — mi1+mg +myg+ms+m31+m3z3+mg1+ma3

— > :
¢ = mo +m3 +mg+meg+ mo1+ma3+myg1+mys3

= 5 .

Proof. Consider the diagram . The automorphism & acts on the exceptional
curves of Kum(A) fixing two points on each of the 4 curves whose class is kgpqp, and
exchanging the other curves in pairs: therefore the surface Kum(A)/& is singular in
eight points. Blowing up the two singular points on the image of each curve kgpap
we get an Ajs lattice, and the eight exceptional curves introduced with the blow-up 3
span the Nikulin lattice N = (m¢, m})1 ;. Denote Eapea the pullback B*pikapeq: then
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by push-pull we have l%gbcd = l%gdab = —2 for every (¢,d) # (a,b), while l%gbab = —4;
moreover, the class l%abab is by definition orthogonal to the exceptional curves, therefore
I%abab = Mn,1 + 2m, 2 + my 3 for some 7. To determine which copy of A3, Ay in K4 each
l%abab, l;:abcd, n; corresponds to, we still have to require that the image of the elements ~;
defined in Remark be integral in H?(Kum4(A),Z); this forces the definition of

K, as stated. O

Remark 4.1.2.5. The orthogonal complement to Ky is the lattice (2)®2 @ U(4), spanned
by the classes 07 = T,v1 = T4vg, U3 = TLU3 = T4y, Us,Vg. This corrects a mistake in
[61, Ex. 4.3].

4.2 Generalizing Shioda-Inose structures

421 Results on Shioda-Inose structures

Definition 4.2.1.1 ([63, Def. 6.1]). A K3 surface X admits a Shioda-Inose structure if
there is a symplectic involution ¢ on X with rational quotient map 7w : X --+ Y such
that Y is a Kummer surface, and 7, induces a Hodge isometry T'(X)(2) ~ T(Y).

Recall that a K3 surface Y is the minimal resolution of X/¢ if and only if there exists
a primitive embedding of the Nikulin lattice N < NS(Y) [71], §5] (see also Definition
. If we want Y to be a Kummer surface, then we're asking that both N and Ks
be primitively embedded (obviously non orthogonally because of their rank) in NS(Y).
The following proposition suggests how to do it:

Proposition 4.2.1.2 ([63, Thm. 5.7]). The lattice Eg & N has the same discriminant
form as U(2)®3: indeed, it belongs to the same genus as the lattice Ko.

The lattices Fs & N and K> are negative definite: they are in the same genus, but not
isomorphic, as it can be proved by counting the number of elements of square —2.
Suppose however that we have a projective surface Y lattice-polarized with Eg @ N (so
that NS(Y) has signature (1,16)). Then, Theorem guarantees the existence of
a primitive embedding of K5 in NS(Y), so that Y is a Kummer surface.

Theorem 4.2.1.3 ([63, Thm. 5.7]). Let X be a K3 surface such that Eg* — NS(X):
then there is a symplectic involution v on X such that, if m : X --+ Y is the rational
quotient map,

1. there is a primitive embedding Es ® N — NS(Y),
2. 7, induces a Hodge isometry T(X)(2) ~T(Y).

A sympletic involution ¢ that exchanges two copies of Fg orthogonally embedded in
NS(X) is called a Morrison-Nikulin involution on X. As it turns out, for X projective
admitting a Morrison-Nikulin involution is equivalent to admitting a Shioda-Inose struc-
ture.
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Theorem 4.2.1.4 ([63, Thm. 6.3]). Let X be a projective K3 surface. Then the fol-
lowing are equivalent:

1. X admits a Shioda-Inose structure.

2. There ezists an abelian surface A and a Hodge isometry T(X) ~ T(A).
3. There is a primitive embedding T(X) « U3,

4. There is a primitive embedding E§92 — NS(X).

The following theorems gives the relation between N.S(X) and NS(Y'), with the notation

of Remark [2.5.0.5} the lattice (N @ (4d))" appears also Theorem [2.5.3.1

Theorem 4.2.1.5 ([3I, Thm. 2.18]). Let X be a projective K3 surface admitting a
Morrison-Nikulin involution v: then p(X) > 17 and NS(X) ~ R® E§92, where R is an
even lattice with signature (1, p(X) — 17).

Let Y be the resolution of the singularities of X/v: then NS(Y) is an overlattice of index
27k(R) of R(2) ® N @ Es. In particular, if p(X) = 17 then NS(X) ~ (2d) @ E$?, the
surface Y is the Kummer surface of a (1,d)-polarized abelian surface, and NS(Y) =~
(N @ (4d))" & Fg.

Theorem 4.2.1.6 ([29, Thm. 2.7]). Let Kum(A) be a Kummer surface with Picard
number 17, let H be the generator of K- C NS(Kum(A)), H?> = 4d > 0. Then
NS(Kum(A)) = (K2 @ (4d))’, uniquely determined. More precisely, if viq € Ko is such
that (v4qg + H)/2 is integral in NS(Kum(A)), one can assume that:

o if H? =3 0, then vsq = koooo + k1000 + ko100 + k11005
o if H? =g 4, then vy = kooo1 + koo1o + koo11 + k1000 + ko100 + K1100-

From a lattice-theoretic perspective, the lattices (Ko @ (4d))" and (N @ (4d)) & Es
are abstractly isomorphic (one can apply for instance [54, Cor. VIII.4.2]). In the case
d = 1, Naruki [69] provides an explicit description of this isomorphism, with the property
that the (—2)-curves that generate the Kummer lattice and the lattice Eg @ N are all
effective.

In the classical case, the condition T'(X) ~ T'(A) is equivalent to the existence on X of
a symplectic involution ¢ (a Morrison-Nikulin involution) such that X/¢ is birational to
Kum(A). This cannot be generalized to the order 4: indeed, in Section we prove
that if A admits a symplectic automorphism of order 4, the condition T'(X) ~ T'(A)
does not even guarantee that X admit a symplectic action of a group of order 4, be it
Z/AZ or (Z/2Z)?. However, in Section we find a generalization of Morrison-Nikulin
involutions: if a projective K3 surface X has a symplectic automorphism of order 4 7 that
cyclically permutes four copies of Dy contained in N.S(X), then there exists an abelian
surface A with a symplectic automorphism of order 4 such that X /7 is birational to
Kumy(A) (and the converse is also true).
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4.2.2 Families of abelian surfaces A with an automorphism of order 4, and of K3
surfaces Kumy(A)

Complex 2-tori T with a symplectic automorphism of order 4 are characterized by the
fact that N.S(T) contains primitively the lattice  := (—2)®2. The moduli space of
abelian surfaces (i.e.projective tori) with an automorphism of order 4 splits in irredu-
cible components, each corresponding to a deformation family. The Néron-Severi lattice
of general member A of each deformation family is a cyclic overlattice of finite index
(possibly 1) of Q@ (2d) (where Q is generated by the ample class H of A) that can be
primitively embedded in U®3.

Remark 4.2.2.1. There exists a unique primitive embedding of © in U®3 = (uy,. .., ug):
up to isometries of the latter, Q = (u; — ug,us — uq) (see also Section [4.1)). From now
on, call wy = uy — ug,ws = u3z — ug, and by = ug + ug, by = uz + ug € Q+.

Theorem 4.2.2.2. Let A be an abelian surface with a symplectic automorphism of order
4, and let H with H? = 2d the generator of QNS4 Then NS(A) is one of the following:

1. For every d, NS(A) = Q& (2d).
2. Ford=41o0rd=42, NS(A) = (Q®(2d))" (see Remark for the notation),

uniquely determined.

Proof. Cyclic overlattices of 2 @ (2d) correspond to isotropic elements of the form (H +
w)/2 € Aqgaqy, With w € Ag; non-isomorphic overlattices are in bijection with the
equivalence classes of the action of O(£2) induced on the discriminant group Agq, by

Theorem|1.2.1.3] The action of O(f2) splits Ag in 3 classes: {0}, {w1/2,w2/2} and {(w1+
w2)/2}. Each of the corresponding overlattices admits a unique primitive embedding in

H?(A,Z) by Theorem |1.2.1.5 O

Ezample 4.2.2.3. We give examples of H € Q1v®3 that realize each possible NS(A), and
the corresponding transcendental T'(A):

1. For every d, Hy(d) = us+dug generates the lattice (2d) such that NS(A) = Q& (2d)
is primitively embedded in U®3;

T3 {d) = (2)° & (—2d).

2. For d = 4h+1, Hi(h) = 2Hy(h) + by generates the lattice (2d) such that NS(A) =
(2@ (2d))’ is primitively embedded in U®3 (the element (H;(h)+w1)/2 is integral);

=@l |

3. For d = 4h + 2, Ha(h) = 2Hy(h) + by + ba generates the lattice (2d) such that
NS(A) = (Q® (2d))’ is primitively embedded in U®3 (the element (Hs(h) + wy +
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w9)/2 is integral);

—2h 1 1
T5%(h} = 120
1 0 2

Example 4.2.2.4. The abelian surface A = F x E, with E elliptic curve, belongs to the
second class of examples. Indeed, we can take as Z-basis of NS(E x E) {e1,e2,6}, the
classes of the curves By = {(21,0) | z1 € E}, Ey = {(0,22) | 22 € E},A ={(2,2) | z €
E}. Each of these curves is isomorphic to an elliptic curve, and intersects the other two
in one point: therefore, as a lattice we have

011
NS(A):<€1,€2,(5>: 1 0 1 5
110

which can be embedded in U®3 with orthogonal complement isomorphic to T{**{0}.

The surface Y = Kumy(A) is a projective K3 surface such that there exists a primitive
embedding K4 — NS(Y'). Therefore, if Y is general NS(Y) = K4 & (2d) or some cyclic
overlattice of the latter.

Theorem 4.2.2.5. We classify the overlattices of K4 @ (2d) that are admissible as
Néron-Severi of a K3 surface, up to isomorphism:

1. for every h, (K4 ® (8h))*, uniquely determined;

2. for every d =4 1,2, (K4 ® (2d))’, uniquely determined.
Proof. The induced action of O(Ky) splits Ak, into 9 orbits: in the following table,
the cardinality of each orbit (except {0}) is displayed, denoting k the order, and g the

square of the elements cointained. Notice that there are two different orbits containing
elements with (k,g) = (2,1).

. Ilo0 | 12] 1 |32
2 [ 3] 0 |3+1] 8
4 (1212 | 12 | 12

The lattice K4 (2d) is not admissible as Néron-Severi lattice of a K3 surface: indeed, it
has rank 19 and length 5, so the corresponding transcendental lattice would have rank
3 and length 5, which is impossible.

Let L be the generator of K j, L? = 2d. Let v/4 be a representative of one of the classes
(4,g). Then it holds

(L—|—v>2_ 2d + v? d

1 T A

112



which is an even integer only if d = 4h: more precisely, if ¢ = 0,1/2,1,3/2 then h =4
0,3,2,1 respectively. Each of the lattices (K4 @ (8h))* thus realized admits a unique
primitive embedding in Aks by Theorem [1.2.1.5

Now let w/2 be a representative of one of the classes (2, ¢g): Then it holds

2

=5+

L+w\® 2d+w® d
4 2

since the orbit (2,1/2) is empty, d #4 3. If d = 4h, the overlattice (K4 @ (8h))" thus
generated is not admissible as Néron-Severi lattice of a K3 surface: indeed, it has again
rank 19 and length 5. For d =4 1,2 the overlattices (K4@® (2d))" are uniquely determined,
and each of them admits a unique primitive embedding in Ags.

The overlattices of index 2 are uniquely determined because the two orbits of elements
of order 2 and square 1 glue to elements of different square in Kj- = U(4) @ (2)92 =
(u1,u2,a1,az). Indeed the discriminant form of Ag, is

32 0 0 0
I T I,
q= 0 0 0 1/4 — 1,42,4L3,44),

0 0 1/4 0

and the two orbits are generated by the elements v1 = x1+x92 and vo = x1+xo+2(x3+14)
respectively: v; glues to elements of the form 2F +a; +ag +u; (any F in Kj), while vy
glues to 2F + a1 + as 4+ u1 + ue; elements of the first form have square 16h + 4, elements
of the second form have square 16h + 12. O

The following theorem generalizes Theorem to abelian surfaces A with a sym-
plectic automorphism of order 4, and surfaces Kumy4(A). For the notation, see Remark
2.0.0.9)

Theorem 4.2.2.6. If NS(A) = Q@ (2d), then NS(Kumy(A)) = (K4 ® (8d))*.
If NS(A) = (2@ (2d))’, then NS(Kumy4(A)) = (K4 ® (2d))’.

Proof. Take the image of H; in Example via the composite map (7 o 7),: if
necessary, divide it to get a primitive class H 7, which by construction belongs to R = K I
in H?(Kumy(A),Z). Then, find the maximum integer k such that H;/k belongs to
Apg; since H?(Kumy(A),Z) is unimodular, if & > 1 then K, @ ﬁj is not primitive in
H?(Kumy(A),Z), but an overlattice of index k of it is: indeed, there exists an element
0; € K, such that (H; + 6;)/k is integral in H?*(Kumg4(A),Z) (see Remark .

More precisely, the class Hy(d) glues to one of the orbits (4, g) depending on the value
of d modulo 4; H;(h) glues to an element in the orbit (k,g) = (2,3/2); Ha(h) glues to
an element in one of the two orbits with (k, g) = (2,1) depending on the parity of h. [J

4.2.3 K3 surfaces with transcendental lattice 7'(A)

This section provides a negative answer to the following question:
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Question 1. Given a general abelian surface A with a symplectic automorphism « of
order 4, consider a K3 surface X 4 such that T(X ) ~ T(A): does X s admit a symplectic
action of a group of order 47

Remark 4.2.3.1. In [27] it is proved that the answer is affirmative if, instead of symplectic
automorphisms of order 4, we consider those of order 3; it is also proved that it’s negative
for symplectic automorphisms of order 6. Moreover, for the order 3 the automorphism
v on X is such that X/ is birational to Kums(A): therefore, Shioda-Inose structures
can be fully generalized to symplectic automorphisms of order 3.

We can rephrase this question as a lattice-theoretic problem: indeed, X4 admits a sym-
plectic action of G' € {Z/4Z,(Z/27)?} if and only if there exists a primitive embedding
of the lattice T'(X 4), that is isomorphic to one of the lattices TZ-Ab of Example in
the invariant lattice for the action of G on Axks.

Proposition 4.2.3.2. Let A be a general abelian surface with a symplectic automor-
phism of order 4, let (H) = Q~sw H? = 2d: then a K3 surface XA such that
T(X4) ~ T(A) has a symplectic automorphism 1 of order 4 if and only if d is even.
More precisely, referring to Example[].2.2.3 for the notation, the valid cases are:

1. T(X4) = T{{d}, for any d > 0 even;
2. T(Xa) = TS*{h}, for d = 4h +2, h > 0.

Proof. The invariant lattice for the action of Z/47 on Ags is

I =Ua (-2)22 @ U4)®? = (u1,uz) ® (a,b) & (v1,v2) & (wy, ws)

riant lattice as described in Section [2.3.2)). Consider (2)¥2, that is a primitive sublattice
of TA? for all the examples: since (—2)®?@U (4)%? does not represent 2, the only primitive
embedding of (2)®2 in I up to isometries is (u1 +ug, ug — U —a—b+wy +ws) = (t1,ts),
its orthogonal complement being Dy(2) @ U(4) = (we —a — b,b — a,a — uy + ug, wy —
a —b) ® (vi,v9). Call (dy,...,ds) = Dy(2) (numbered as in Example [1.2.0.2): then,
since Dy(2) @ U(4) does not represent —2, T¢'*{d} can be the transcendental of a K3
with a symplectic automorphism of order 4 only for d even. To do so, choose as the
class of square —2d that generates (<2>@2)J‘T(A> as v1 —nvg if d = 4n, as di + v1 — nvy if
d=4n+ 2.

The lattice T{*{h} cannot be realized: indeed, I, is obtained as overlattice of (2)®2 @
D4(2) ® U(4) by adding as generator the class

(see [37, Table 10.3], and Proposition [5.1.1.1| for the isometry between I and the inva-

o t1+te+dy+d2+dy
= 5 ,

which has intersection 1 with both ¢; and t5. The lattice T5'*{h} can be the transcend-
ental of a K3 with a symplectic automorphism of order 4 for any h: the class that has
square —2h and intersection 1 with both ¢; and ts is as in the following table:
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h =4n a+ds + vy —nvy
h=4n+1 o+ vy — nug

h=4n+2 | a+ds+ d3+ vi — nvy

h=4n+3 | a+dy + 2d3 + v1 — nvy

O]

Proposition 4.2.3.3. Let A be a general abelian surface with a symplectic automor-
phism of order 4, let (H) = Q~sw H? = 2d: then a K3 surface X4 such that
T(Xa) ~ T(A) has a symplectic action of (Z/27)* if and only if d is even. More
precisely, referring to Example [[.2.2.3 for the notation, the valid cases are:

1. T(X4) = T{{d}, for any d > 0;
2. T(X ) = T5{h}, for d =4h +2, h > 0 even.

Proof. The invariant lattice for the action of (Z/2Z)? on Ak is
Ly =U®U(2)% @ Dy(2) = (u1,uz) @ (v1,v2) ® (w1, wa) ® (dy,. .., dy)

(see [37, Table 10.3], and Proposition [5.1.2.1] for the isometry between I35 and the
3.3.2)

invariant lattice as described in Section . Up to isometries, (2)9? admits a unique
primitive embedding in I 2: choosing as its generators (u + ug,v1 + vo — uy + ug), its
orthogonal complement in I 5 is

-2 2

v@eniae| T

} = (w1, w2) ®(d1,...,ds) © (ur — uz — v1,v1 — v2),
and I 7 is obtained as overlattice by adding as generator the class 8 = ((u1 +u2) + (v1 +
vy —uy +u2) + (v1 — v2))/2 = ug + vy, that has intersection 1 with both generators of
(2)°2.

Therefore, we can primitively embed T64b{d} in Iz 9 for any d, choosing as generator of
<2>@2J' the class wy — kws for d = 2k, uy — us — v1 +wy — kws for d = 2k + 1; similarly,
we can primitively embed T5'*{h} for h even (that is, for d = 4h + 2 =g 2) by choosing
as the class with square —2h us +v; +wy — kwo; again, the other possible transcendental
lattices are not admissible. ]

4.2.4 Families of covering K3 surfaces

Since given an abelian surface A with a symplectic automorphism of order 4, the con-
dition T'(X) ~ T'(A) does not imply the existence of a symplectic action of a group G
of order 4 on the K3 surface X, in this section we try a different approach. An equival-
ent condition for the existence of a classical Shioda-Inose structure is the existence of
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a Morrison-Nikulin involution ¢ on the K3 surface (see Theorem : in this case,
the resolution of the singularities Z of the quotient X /i is such that NS(Z) contains
primitively the lattice Eg @ N, which is in the same genus of the Kummer lattice K»
(see Theorem and Proposition , so Z is a Kummer surface.

The generalization of Morrison-Nikulin involutions we propose is that of a symplectic
automorphism 7 of order 4 that permutes cyclically four algebraic copies of the lattice
Dy: indeed, in this case the surface Y that is the minimal resolution of ¥ = X /T is such
that NS(Y) contains primitively the lattice A (see Definition , which is in the
same genus of K4 and admits a primitive embedding of Mj.

Recall from Section that a K3 surface Y is the minimal resolution of ¥ = X/,
with X a K3 surface and 7 symplectic automorphism of order 4, if and only if there is
a primitive embedding of M4 in NS(Y'). Refer to section for the notations.

Definition 4.2.4.1. Consider the lattice Dy = (€1, €2,€3,€4) (the intersection form is
described in Example(1.2.0.2); define the lattice A as the overlattice of M4&® D4 obtained
by adding to the set of generators the class

Cmitmi+mi+mi+mt+mite+e
— 5 :

]

(4.2.4.1)

Remark 4.2.4.2. The lattice A has the same signature and discriminant form of the
lattice K4: it is not isomorphic to it, as it can be seen by comparing the number of
classes of square —2 in each lattice.

Remark 4.2.4.3. One could consider the lattice M 2 in place of My, and study primitive
embeddings of Myo in K4, to explore the possibility that Kuma(A) be covered by a
K3 surface admitting a symplectic action of (Z/2Z)?. We remark that the lattice A
characterizes K3 surfaces covered by a K3 surface X with a symplectic automorphism 7
whose action can be seen on algebraic classes (see Theorem for a more precise
statement); however, a similar approach applied to a K3 surface X with a symplectic
action of (Z/27)? does not give a lattice that can play the role of A.

Proposition 4.2.4.4. The lattice H*(Kumy(A),Z) is an overlattice of A® (—4) @ (4) ®
(8)92: calling @ the generator of (—4), X the generator of (4) and @y, the generators
of (8)%2 the classes we have to add to the set of generators are:

S mi4+mi4+mi+mi+mi+mi+e +m1—fn2+éz—é4+3y+a
B 2 4 ’
B 5+m%+m§+m§+mi’%—m%—m‘f—kmg—ﬁ11+ﬁ12+€2+é4+3(6—¢)
- 2 4 '

T3

Ty
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Proof. By direct computation it can be proved that the lattice generated as above is
unimodular of signature (3,19). Compare also to Section [2.4.3] (the notation is the
same). O

Remark 4.2.4.5. This choice of generators of H?(Kumy(A),Z) gives a primitive embed-
ding of the lattice A in it.

Theorem 4.2.4.6. We find the following isomorphisms of the lattices introduced in
Theorem [£.2.2.5

1. The lattice (K4 @ (8d))*, where Ki- = ZHy(d), is isomorphic to (A ® (8d))*, where
At is generated by either Fy(d) = a+¢—d(@+¢—wy), or Go(d) = a+x—d(a+g).
The isomorphism between the two overlattices associated to Fy(d) and Go(d) does
not preserve A.

2. Let d = 4h + 1. The lattice (K4 ® (2d))’, where Kj- = Z.H,(h), is isomorphic to
(A @ (2d))', where A~ is generated by Fy(h) =a+X +v¢ — h(a + ¢).

3. Let d = 4h + 2. The lattice (K4 ® (2d))’, where Kj- = ZHy(h), is isomorphic to
(A @ (2d)), where AL is generated by either Fy(h) =a+X+ ¢ —h(@+ ¢ —w1) or
Gao(h) =X+ h(@+X). If h is even, the isomorphism between the two overlattices
associated to Fa(h) and Ga(h) does not preserve A (but it does for h odd).

Proof. The induced action of O(A) splits Aa into 15 orbits: in the following table, the
cardinality of each orbit (except {0}) is displayed, denoting k the order, and g the square
of the elements cointained.

Il 0 | 1/2 1 3/2
2 |2+41] 0 |2+1+1]| 8
4 | 8+4 | 8+4| 8+4 | 8+4

k

This gives us more non-isomorphic overlattices of A @ (2e) than there are for K4 & (2e),
but the classes containing elements of the same order and square, when glued to the
appropriate positive class, give rise to lattices in the same genus (this can be checked
directly); by Proposition we can conclude that they are actually isomorphic as
lattices. O

Remark 4.2.4.7. The isomorphisms between overlattices of A& (2e) obtained by different
isometry classes of Ax do not preserve A (see Cor. [1.2.1.7)). This will give more than
one deformation families of K3 surfaces covering the same generalized Kummer (see

Theorem (4.2.4.14] and Corollary {4.2.4.16)).

We are now going to pull back the Néron-Severi lattices we found for Y =K umy(A) in
Theorem [4.2.4.6| through the map 74 : X --» Y induced by a symplectic automorphism
of order 4 on a K3 surface X. Recall that Y is polarized with A & (2d) or one of its
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overlattices (Theorem [4.2.4.6]), that A itself is an overlattice of Dy @& My (Definition

4.2.4.1), and that m; Dy = quf4 (see Proposition [2.4.4.1]).

This process will allow us to find the Néron-Severi lattice of the K3 surfaces X with a
symplectic automorphism 7 of order 4 that complete the following diagram

X (4.2.4.2)

_
LY
_
I'g

Kumy(A) —— X/1

and such that 7 permutes cyclically four algebraic copies of Djy.

Recall from [71, Thm. 4.15] that a K3 surface X admits a symplectic automorphism of
order 4 if and only if there exists a primitive embedding in N.S(X) of the co-invariant
lattice €24 (see Section [2.3.2). The following proposition is a re-statement of Proposition

2.4.4.1} recall from Definition [4.2.4.1| and Proposition [4.2.4.4] that H?(Kumg4(A),7Z) is

an overlattice of My @ Dy @ (—4) & (4) & (8)F2.
Proposition 4.2.4.8. The map 7 annihilates My, and acts on Dy@®{—4)®{4)B(8)%2 as

4.0 0 400
m*: Dye (—4) |0 8 0 —— DY e AP o [0 2 0
00 8 00 2

€1 e1+fit+tg1+h
€9 _ _ es+ fo+ go+ ho
a w1, W — 2a 2a2, 2p,4w, 4w
637 ) X 1 2 63+f3+g3+h37 1+ 2 P 1 2
ey ea+ fa+ga+ ha
where e1,...,eq4, f1,...yf4, g1,---,94, h1,...,hqa are the generators of the four copies

of Dy, a1 and ag are the generators of the two copies of Ay, p is the generator of (4),
w1 and wy are the generators of (2)®2.

The map m} can be extended to H?(Kumy(A),Z) adding the elements defined in
and Proposition (and their respective images to the image lattice).

The lattice wj H*(Kumy(A),Z) is primitively embedded in H*(X,Z) with the lattice Q4
as orthogonal complement.

Definition 4.2.4.9. Consider the lattice D?4®(—4>®2 spanned by the elements e;, f;, g, h;
fori=1,...,4, a1 —as and o. Define the lattice II as its overlattice obtained by adding
to this set of generators the following:

=(oc+e1—gi+ex— fo+ fa1—g4)/2,

=(e1—gi+fi—hi+e—g2+ fa—ha)/2,
=(0c+fi—hi+ex—ha+ f1—eq)/2

Ga=(ea—go+es—ga+a—ax+0)/2.
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Then II is a negative definite lattice of rank 18 with the same discriminant form as
<_4>@2_
The orthogonal complement of 1T in H?(X,Z) is

witwr+ar+ay wi —w2—ap —az
2 ’ 2

I+ =U @ (4)% = ) @ (p, 2wz + a1 + as).

Remark 4.2.4.10. The lattice II is the primitive saturation (see Definition [1.2.1.1) of
A Qy in HX(X,Z).

Theorem 4.2.4.11. Let X be a K3 surface. Then X admits a symplectic automorphism
T of order 4 such that T* permutes cyclically four copies of Dy in NS(X) if and only if
there exists a primitive embedding II — NS(X).

Proof. Suppose that 7* permutes cyclically four copies of Dy in NS(X), with generators
€1,.--,¢4, fi,---5f4, 91,---,94, h1,...,hs. Then the co-invariant lattice €2, associated
to its action contains the elements e; — f;, e; —g;, e; —h; for i = 1,...,4; these elements
generate a lattice of rank 12, while €24 has rank 14. Moreover, we also have to preserve the
embedding Qs < Q4 of the co-invariant lattice for the action of 72: since by hypothesis
the classes e; — g;, fi — h; are co-invariant classes for the action of 72, we deduce that
2y = Eg(2) is an overlattice of finite index of (e; — gi, fi — hi)i=1,..4 = D4(2)®2. There
is only one way to construct this overlattice: using the same notation as in Section [2.3.2]
we have to add the classes a — v, 8 — ¢, and therefore these classes belong to 04 too; in
the definition of II, these are (2, (1 + (3. We still have to add two generators to get a
lattice of rank 14, that should be invariant for 72, but not for 7: by uniqueness of the
action of Z/47 on Aks, we can refer to Section and conclude that they are two
orthogonal classes of square —4; in the notation of that section, these are o and a; — ao,
and they glue to some of the other generators; in the definition of II, the same gluing is
given by (1, (4.

Therefore, II is by construction the smallest primitive sublattice of H?(X,Z) containing
Q4 and Dim such that the four copies of Dy are cyclically permuted by the action of 7
on Q4. O

The following theorem is a generalization of Theorem [4.2.1.3

Theorem 4.2.4.12. Let X be a K3 surface such that Dim is primitively embedded in
NS(X), and suppose there ezists a symplectic automorphism T of order 4 on X such
that T acts on the four copies of Dy as the permutation (1,2,3,4); let my : X --» Y be
the rational quotient map, then:

1. there is a primitive embedding A — NS(}}), where A is the minimal primitive
overlattice of My @ Dy in Aks;

2. if X is projective, then there exists an abelian surface A such that Y = Kumy(A).
Remark 4.2.4.13. Notice that, unlike the original theorem, we have to suppose that
T exists, because the condition Die4 C NS(X) is not enough by Theorem {4.2.4.11
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Moreover, T'(Y') is not a multiple of T'(X): the relation between them will be furtherly
explored in Corollary

Theorem 4.2.4.14. Let A be a general abelian surface with a symplectic automorphism
of order 4, let X be a K3 surface with a symplectic automorphism T of order j that
cyclically permutes four copies of Dy in NS(X). Then Kumy(A) is a minimal resolution
of X/7, and T(X) is as follows (see Remark[2.5.0.5 for the notation):

1. if NS(Kumy(A)) = (K4®(8d))*, then NS(X) = lI&(2d), and T(X) is isomorphic
to
Top{d} = (9% & (-2d)

or NS(X) = (Il ® (84))', and T(X) is isomorphic to

—2(d—1) 2 2
Tod{d}y = 2 4 0
2 0 4

2. ifd=4h+1 and NS(Kumy(A)) = (K4 & (2d))’, then NS(X) = (Il & (84d))*, and
T(X) is isomorphic to
4

—2h
T3 {hy=1| 3
3

3
4
0

- O W

3. if d=4h+2 and NS(Kum4(A)) = (K4 ® (2d))’, then
e ifh=21, NS(X) = II®(2d)), and T(X) is isomorphic to
Ty;%{h} = (2)** @ (~2d);

e if h =20, then either NS(X) = (II ® (2d))’, and T(X) is isomorphic to

4 2h + 2

or NS(X) = (T & (2d))*, and T(X) is isomorphic to

—2h 1 1
Tye{ht=11 20
1 0 2

Proof. We compute 7; F;, m;G; for each of the classes F;, G; of Theorem if they
are not primitive, we divide them accordingly to get primitive classes F;, G;. The lattice
NS(X) is the primitive saturation in Ags of II ® ZF;, or 1 ® ZG; respectively.

The action of O(II) induced on Ay gives six orbits: {0},(2,0),(2,1),(4,3/4),(4,3/2),
(4,7/4), where the orbit denoted (k,g) contains all the elements of A of order k and
square g.

More precisely, we find:
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1. Fo(d) = WZFo(d)/Zl = (wl +wo + a1 + a2)/2 + d(wl — w9y —ajl — ag)/Q, Fg(d)2 = 2d,
NS(X) =11 (2d);
Go(d) = FZGo(d)/Q =a1+as+p— d(W1 + w2 + a1 + CLQ), G()(d)2 = &8d, NS(X) is
an overlattice of index 2 of II & (8d), associated to the class (2,0) of Ap.

2. Fl(h) = WZFl(h) = 3((11 + as —i—p) + 2w — Qh(wl +w2 +aq +a2), Fl(h)Q = 32h +38,
NS(X) is an overlattice of index 4 of IT @ (8d), associated to the class (4,3/2) of
Ar.

3. Fy(h) = n5Fy(h)/2 = 2Fy(h) 4 p, Fo(h)? = 2d, NS(X) is an overlattice of index 2
of IT & (2d), associated to the class (2,1) of A.
Go(h) = 7iGa(h)/2 = p+ h(a1 + az + p): if h =5 0 NS(X) is an overlattice of
index 4 of IT @ (2d), associated to the class (4,3/4) of Ap; if h =21 NS(X) is an
overlattice of index 2 of II & (2d): in this case, there is a II-preserving isometry
between this lattice, and the one defined by Fs.

O]

Remark 4.2.4.15. There is one orbit for the action of O(II) on Ar we did not use, namely
(4,7/4). Consider the positive class Gi3 = 4Fy+p: it holds G3 = 32k-+4, and the primitive
saturation of the lattice IT @ ZG3(k), which is the overlattice associated to the orbit
(4,7/4), is isomorphic to that of II ® Z.Gs (4k); the isometry doesn’t preserve II, but still
these lattices, being isometric, give the same projective family of K3 surfaces polarized
with the lattice II. Now, having two different embeddings of a co-invariant lattice for
some symplectic action in the same N.S(X) usually gives two different projective families
of the quotient surfaces. However, in this case it holds G3 = m3Gs/2, with G =
2Fy(k) +X, G2 = 32k + 4 and there is a (A-preserving) isometry between the primitive
saturation of A @ ZG3(k) and that of A @ ZGy(4k): therefore, also the Kummer surfaces
belong to the same projective family.

Corollary 4.2.4.16. We give a table comparing the transcendental lattices of A, X and
Kumgy(A). We remark that requesting that II be primitively embedded into NS(X) is
not enough to give a bijection between deformation families of abelian and K3 surface
which cover the same generalized Kummer surface.

T(A) T(Kumy(A)) T(X)
(4% & (—2d)
vd (2)%2 & (—2d) (2)%2 @ (—8d) —2(d—-1) 2 2
2 4 0
2 0 4
[4—2h 3 3]
B 2 1 8 4
d=4h+1 <2>@{1 Qh] <2>@[4 Sh] _ g g 2_
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k-2 1 1] ) )
_ D2 _
d=8k+6 1 20 (4>@[4 _8(%“)] (2)82 & (—2d)
1 0 2
1 a2
4k 11 L <4>@[4k+2 4k2}
d=28k+2 1 20 <4>€B[4 —161{:] or
10 2 4k 11
1 20
1 0 2

4.2.5 What is a generalized Shioda-Inose structure?

As it can be seen from the table above, it is indeed possible to find generalized Shioda-
Inose structures in a strict sense, as in the following definition, but only for certain
projective families.

Definition 4.2.5.1. A K3 surface X admits a strong order 4 Shioda-Inose structure if
there is a quadruple (A, a, X, 7) such that:

1. 7 is a symplectic automorphism of order 4 on X;

2. A is an abelian surface with a symplectic automorphism of order 4 « such that the
resolution of the singularities Y of X /7 is isomorphic to the surface Kum4(A);

3. the triple (A, X,72) is a classical Shioda-Inose structure, that is, T(X) ~ T(A)
and the resolution of the singularities of X /72 is isomorphic to Kum(A).

X A
RN <y
Ve
S e
NN P
\ N K /
N Kum(A) 7
/7 H( : , Ja
[
N
pVNARYA
Kum4(A)

Remark 4.2.5.2. For classical Shioda-Inose structures, given any abelian surface A, the
existence of a Hodge isometry T'(X) ~ T'(A) allows to single out exactly one K3 surface X
that completes the structure: indeed, the image of the period of A through the isometry
gives a period of a (projective) K3 surface, that by Theorem corresponds to
exactly one K3 surface. On the other hand, given (X,¢) such that X/¢ is birational to
a Kummer surface, one usually finds two abelian surfaces that complete the structure,
one being the dual of the other (see Theorem .

~
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Remark 4.2.5.3. If the surface X admits a strong structure, then there exists a Hodge
isometry T'(X) ~ T(A). However, with this definition it is not possible to generalize
Morrison’s theorem [4.2.1.4] Indeed, from Corollary [4.2.4.16] we derive the following facts:

1. if A, X are such that T(A) ~ T{{8k + 6} and T(X) ~ TX3{2k + 1}, then
T(A) ~T(X), so they form a Shioda-Inose structure and they admit a symplectic
automorphism of order 4, but they do not form a strong order 4 Shioda-Inose
structure: indeed the quotient X/7 is birational to a generalized Kummer surface
Kumy(B), with T(B) ~ T*{2k + 1}, and not to Kumy4(A). We get a diagram
like this instead:

X A
I > P
‘ \\ /T2 // |
\ N e \
| \\,L z/ |
/7 Kum(A) \
| - ~ |
\ -7 RN \
| // \\ |
Kum4(B) Kum4(A)

2. an abelian surface A can belong to a strong order 4 Shioda-Inose structure only if
T(A) ~ T {2k}, because then we can take T(X) =~ TQI%{QIC} ~T(A);

3. the existence of a primitive embedding II — N.S(X) is not sufficient to conclude
that X admits a strong order 4 Shioda-Inose structure: indeed we have a strong
order 4 Shioda-Inose structure only if T'(X) =~ Tg%{2k}, while the embedding
exists for any of the transcendental lattices in Theorem

We can therefore propose another definition:

Definition 4.2.5.4. A K3 surface X admits a weak order 4 Shioda-Inose structure if there
exists a symplectic automorphism 7 on X of order 4 permuting cyclically four copies of
Dy in NS(X).

With this definition, we can better generalize Morrison’s theorem:

Theorem 4.2.5.5. Let X be a projective K3 surface. Then the following are equivalent:
1. X admits a weak order 4 Shioda-Inose structure;
2. there is a primitive embedding I1 — NS(X);

3. There exists an abelian surface A with a symplectic automorphism of order 4 such
that Kumy(A) is isomorphic to the resolution of the singularities of X/T, and the
projective families of A and X correspond accordingly to Corollary[{.2.4.16]
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Proof. The equivalence between 1) and 2) is proven in Theorem 4.2.4.11} Moreover, 2) is
equivalent to 3) because if T'(X) is one of those in Corollary |4.2.4.16], the correspondent
NS(X) is one of those in Theorem [4.2.4.14} so it’s a cyclic overlattice of II @ (2d). O

Remark 4.2.5.6. If X admits a strong order 4 Shioda-Inose structure (A, a, X, 7), then
the same quadruple forms also weak structure.

The absence of a Hodge isometry between T(A) and T'(X) in weak structures allows
only, given X, to identify only the projective family to which A belongs; conversely,
given A, we have also the problem that depending on T'(A) there can be up to two
different families of K3 surfaces X that form a weak structure with A.

Therefore, we conclude that it is not possible to give a full generalization of Shioda-Inose
structures to the order 4: one has to give up either the generality of the existence, or the
(almost) uniqueness of the abelian and K3 surface that interact with each other.

4.2.6 Examples

We’re going to provide two examples of K3 surfaces admitting an order 4 Shioda-Inose
structures, both of them admitting a Jacobian fibration (see Section for the related
theory).

The first one is the surface X4 of Section that admits a strong order 4 Shioda-
Inose structure. We already know from Section that the symplectic automorphism
7 induced by the generator of MW () exchanges four copies of D4 in NS(X4), and in
Remark also the two copies of Fg exchanged by 72 are provided. We can prove
that Z4, the resolution of the singularities of Xy /72, is a Kummer surface. By Theorem
we only need to check that 7o, T (Xy) ~ T(X4)(2): since T(Xy) = (w1,wa), we
can see this holds by Proposition

An example of weak order 4 Shioda-Inose structure can be found in Shimada’s catalogue
([90], see also the tables in the preprint version). Consider p : X — P! (no. 2711) the
Jacobian fibration whose trivial lattice is T (p) = U @ 2Ds @ A7, and MW (p) ~ Z/4AZ:
since NS(X) is a cyclic overlattice of T (p) of index 4, the discriminant group of the
Néron-Severi of X is Ayg(x) = Z/8Z: the transcendental lattice of X is T1*{0} of
Theorem A.2.4.74]

The Kodaira type of X is 217 + Is + 2I;. Call {C}, k =0,...,5} the irreducible com-
ponents of the two copies of I] (a = 1,2), such that C§, Cy intersect only C§, Cf, C§
intersect only C¥', and C§ intersects C§'; call {B;, i =0, ..., 7} the irreducible compon-
ents of I such that, for every i € Z/8Z, B; intersects only B ).

The trivial section s intersects C’é, C’g, By, and the torsion sections of p intersect B;, C’}, C’%
only if ¢, j, k satisfy the height formula

1 jk=1
3/4 j,k=4,5;

we choose as generator ¢ of MW (p) the section that intersects B2,051,052. Then the
action of the symplectic automorphism 7 (induced by t¢) on the singular fibers is as

0=4—i(8—1i)/8—0; — 0, with 5j,5k={
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follows:
Co s O v Of I O v CF fora=1,2,  7(By,) = Biyals.

Call v = 7*t,v = 7*u: the four orthogonal copies of Dy on which 7* acts as a cycle
of order 4 are {s,C},C3, By}, {t,C:, C2 B}, {u,C},C%, By}, {v,C},C%, Bs}. Taking
the quotient X /7, we get an I fiber in place of the Ig; the action on the two I; fibers of
X fixes the nodal points, which become As singularities in the quotient X /7; in place of
the I7 fibers we get a configuration of curves as follows (68 is the image of C§' via the
quotient map, similarly 63), where the black point is an Aj singularity, the white one
an Aj:

a

Co

(&3

C

Resolving the singularities, we get another elliptic K3 surface ¢ : Y — P! (no. 2717 in
Shimada’s catalogue): its Kodaira type is 217 +214+ I2, which alongside the information
that MW (q) ~ Z/AZ gives Angy) = Z/27Z x (Z/4Z)?, which is the one expected by the
correspondence of Corollary The surface Y is a Kummer-4 surface Kumq(A),
with T(A) ~ (2) & U.

Remark 4.2.6.1. We can also find two orthogonal copies of Eg in NS(X): (B1, Bs, Bg, Br,
By, s,CL,CY) and (C3,u,C?,C3,C3,C2,t,C3). Call ¢ the involution that exchanges
them: then, ¢ is not 72, and the resolution of the singularities of X /¢ is a Kummer
surface Kum(B) for an abelian surface B such that T'(B) ~ T'(X).
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Chapter 5

Action of a group of order 4 on a K32
type manifold and involutions on
Nikulin-type orbifolds

In this chapter, we apply our knowledge of symplectic actions of groups of order 4 G on
K3 surfaces to study the symplectic action of G on a K3[Z-type manifold X. Indeed, it
is proven in [39] that this action is always standard, meaning that a pair (X, G) can be
always deformed to a natural pair (S 2], G). We classify the irreducible components of
the moduli space of projective K3[2}—type manifolds with a symplectic action of G (see
Theorems [5.1.1.2) and [5.1.2.2)). For some of them, we find the general member: either
as Fano manifold over a cubic fourfold, or as Hilbert scheme of two points of a quartic
surface with a mixed (partially non-symplectic) action of G, or as double cover of a cone
over P? x P2,

We then turn our attention to Nikulin orbifolds and their deformation class (see Example
1.5.1.2)): if X admits a symplectic action of G, and i € G is an element of order 2,
then the Nikulin orbifold Y obtained as terminalization of X/i admits a symplectic
involution induced by the quotient G/i. The two groups of order four induce two very
different involutions on Y: indeed, we can see from the action on X that the one induced
by Z/AZ fixes only points on Y, while the locus of the one induced by (Z/2Z)? has
codimension 2. We describe the action of these involutions on H?(Y,Z), using the same
quotient maps we introduced for K3 surfaces in Chapters 2 and 3. We then prove that
these induced involutions extend to any deformations of Y that satisfy a given lattice-
theoretic condition: thus, we can define standard symplectic involutions on Nikulin-type
orbifolds.

Theorem 2 (Thm. [5.4.2.10)). Let Y be a Nikulin-type orbifold such that NS(Y') contains
primitively either Dy(2) or Dg(2), and T(Y') satisfies similar lattice theoretic condistions
(see Lemma . Then'Y admits a standard symplectic involution t.
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We remark that, differently than what happens on the known IHS manifolds, it is not
enough that a Nikulin-type orbifold Y be polarized with the correct anti-invariant lattice
for it to admit a standard involution: there is also a gluing datum between invariant and
co-invariant lattices, i.e. a specific embedding of the co-invariant lattice in H?(Y,Z),
that has to be respected. The correct gluing is described in Lemma [5.4.2.8

We conclude with the lattice-theoretic classification of projective Nikulin orbifolds that
are terminalization of X /i, where X is a K3[2]—type manifold with a symplectic action of
a group of order 4 GG, and 7 € G is an element of order 2. After noticing that standard in-
volutions on Nikulin-type orbifolds commute with the non-standard involution described
in [52], we classify also projective Nikulin-type orbifolds that admit a mixed action of
(Z/27)*, where one of the generators is standard, and the other is not.

5.1 Projective families of K32

of a group of order 4

-type manifolds with a symplectic action

If X is a K3P-type manifold, then H*(X,Z) ~ Ayye = E$? & U3 @ (—2). The
symplectic action of a group of order 4 G on a K3[2-type manifold X is always standard
[39], so in particular the co-invariant lattice Q¢ will be the same as the one for the action
of G on a K3 surface S: hence, if X is projective, it will be polarized with the lattice
Q¢ @ (2d) or one of its overlattices [16, Prop. 2.1]: indeed, an ample class on X has
necessarily positive self-intersection, and §2g is negative definite. These lattices have
been already classified as Néron-Severi group of general projective K3 surfaces S with a
symplectic action of G in Theorems so if X is also general there exists
an S such that NS(X) ~ NS(S); however, since A,z is not unimodular, unlike what
happens for K3 surfaces NS(X) does not necessarily determine 7'(X), because there can
be more than one primitive embedding NS(X) < Aygp. Each pair (NS(X),T(X))
gives a different projective family (see Remark .

Remark 5.1.0.1. Consider the isometry
AK3[2] ~ Ak3s ® <—2> :

For either group of order 4 G, {2 admits a unique primitive embedding in Ay 4. Indeed,
we have to apply Theorem [1.2.1.14} the discriminant group of Q¢ does not contain any

element of order 2 and square 3/2 (see Propositions|2.5.1.2} 3.5.1.1)), so the only primitive
embedding we get is the one such that QF = AY; ® (—2).

As a consequence, we have that each projective family of X is determined by the em-
bedding in Ayq of the class of positive square that generates QgNS(X).

We're going to distinguish between families polarized with a class L = (Lg,0) € Axs ®
(—2), i.e. those families such that NS(X) ~ NS(S), T(X) ~ T(S) & (—2) for some
general projective K3 surface S admitting a symplectic action of G, and families po-
larized with a class M = (Lg,n) with n > 0, for which if NS(X) ~ NS(S), then
T(X)2T(S) @ (-2).
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5.1.1 Families of projective K32-type manifolds with a symplectic action of Z /47
Let G = Z/4Z = (7). Since the action of G on a K3[-type manifold X is standard, it
holds
Afge = Ak @ (=2).
For convenience, we give a new description of the lattice Af,, introduced in Section

2.3.2 as direct sum of elementary lattices.

Proposition 5.1.1.1. The lattice A} as described in Section[2.3.9 is isometric to the
lattice

U @ (-2)%2 ¢ U4)®?

51,52 w1, W2 w3z, ..., Ws
via

s1 = (a1 + az + wi +w2)/2;

sg = (—a1 —ag + w1 —w2)/2;

w=wrt+er+fitg+hi+es+ fa+gs+has+ar+a2+p)/2;

wy = wy+e3+ fs+gs+hs+es+ f1+gs+ hat
+(e1+fitg+hitea+ fot+ga+het+ar+ax+p)/2;

w3y =p+(ea+ fo+go+ha+es+ fo+ga+ha)/2;

wy=p—(e2+ fo+g2+h2)/2+4 (ea+ fa+ ga+ ha)/2;

ws = 2wy +e1+ fi+g1+h +e3+ fs+g3+hs+ar+axt
+(e2+ fao+go+ho+es+ fa+ ga+ ha)/2;

we = 2wz + €4+ fa+ ga+hy + a1 +az +p.

Theorem 5.1.1.2. The deformation families of projective K32 -type manifolds X with
a symplectic automorphism T of order 4 are determined by the pairs (NS(X),T(X))
appearing in the following table, where the class L indicated is the generator of (2d) =

Qi_NS(X) . the classes Lo, L; ; are defined in Example while the M; and M; are
defined in the proof below.

NS(X) T(X) L L?
U4)%2 @ (=2)%3 @ (2d) Lo(d) 2d
d=,1 Q4 @ (2d) U4)** @ K, Mi(m) 2(4m — 3)
U(4) ® D M (m) 2(4m + 1)
% & (2d) U4)%? @ (-2)%% @ (2d) Lo(d) 2d
d=42 ' U & (-2) @ Hn | Ma(m) 2(4m — 2)
Qi ay® | ;;; o 727 7}; e | dam+2) |
(Qu @ (2d))'® W82 & Hm LE)(m) 2(4m — 2)




d=43 0 & 2d) U4 o (-2 G Ms(m) 2(4m —1)
o) | VWP e (2% aCn | Luam) | am+3)
Q4 & (2d) U4)®? @ (—2)®% @ (2d) Lo(d) 2d
[ N N R ol sm_1y
d=10 | (e Yy U4) & (=2)"" & Fn La,o(m) 2(4(m — 1))
UaU®M4)® (—2)°2@® By | Ma(m) 2(4(m — 1))

m (mod 4) | 0 1 2 3
; 12 0 1 8
h (m—4)/4 (m+3)/4 (m-—2)/4 (m+13)/4

—2m 1 1 0
—om 1 1
o[ am 1] S 1 -2 0 0
1 -2 Lo s 1 0 -2 2
0 0 2 -4
—2m 1 1 1 2 2
1 =2 0 00 0
Do L0 =2 00 0| . _[-8m 4] . _ _2(7”_1;32
m= 1 0 0 -2 0 0 " 4 -2 m= 5 4o
2 0 0 00 4
2 0 0 0 40

Proof. We use Nikulin’s theorem to determine all primitive embeddings of each
of the Néron-Severi lattices described for K3 surfaces in Theorem 2.5.1.4lin the ambient
lattice Aggr2), whose discriminant group is Z/27 with discriminant form ¢ = [3/2]. By
Remark we can start by fixing the embedding induced by Q4 < Aks. Now, for
each Néron-Severi lattice we have the primitive embedding induced by Aks < A3 &
(=2), = — (z,0) (see Example [2.5.1.6); then, applying Theorem we find as
necessary condition to have alternative embeddings of the same Néron-Severi lattice
that its discriminant form contain an element of order 2 and square 3/2: if there is more
than one such subgroup, we can then check if they give rise to different embeddings. If
this is the case, according to Theorem [I.2.1.14] we find a different orthogonal complement
T(X) (in our case, each T'(X) is unique in its genus).

The embeddings we find through this process are unique up to isometries of Ayqp2, SO we
can choose for each one a representative: we give a class M of square 2d in A;Q[Q] =QF

1
as generator of Q; V™ such that T(X) has the correct discriminant form.
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The lattice €24 @ (2d) has discriminant form

®2
wnsen =)y ] @ [/21% 012

let v be the generator of the subgroup [1/2d], a1, as those of [1/2]%2) 21, x5 those of one
0 1/4
of the [1 /40
order 2 and square 1/2, so o + a2 + dy has order 2 and square 3/2; for d =4 2, d7 has
order 2 and square 1, so v + dy has order 2 and square 3/2; for d =4 0, dvy has order
2 and square 0, so we have no alternative embeddings. These alternative embeddings
of Q4 @ (2d) are realized by the following classes of square 2d in AIT(3[2] = ALs ® Zp,

u? = —2 (see Proposition [5.1.1.1| for the notation):
o for d =4m — 3, Mi(m) = 2(s1 + ms2) + we — wy + 4,

] blocks. For d =4 3, dv has order 2 and square 3/2; for d =4 1, dv has

o for d =4m — 2, My(m) = 2(s1 + msa) + w1 + p;
o for d =4m — 1, M3(m) = 2(s1 + msz2) + p.
For d =4 1, the class

Ml(m) = 2(s1 + msa) + w3 +wy +wy —wy + p

provides a third different primitive embedding of €4 @ (2d) in the ambient lattice: the
associated subgroup of gq,q2q) 1s generated by ai + ag +dy + 1 + z2. For d =4 0
the lattice (4 @ (2d))" admits another primitive embedding, realized by the following
classes:

o for d =4(m — 1), My(m) = ws + mwy + 24.

These are the only cases in which there exist alternative embeddings, as the discriminant
group of the other Néron-Severi lattices does not contain any element of order 2 and
square 3/2. O

Remark 5.1.1.3. Notice that there are pairs of projective families with general member
X1, X2 such that NS(X;) ~ NS(X2) but T'(X;) # T(X2), and others such that the
converse holds.

5.1.2 Families of projective K32-type manifolds with a symplectic action of (Z/27)?

Let G = (Z/2Z)? = (1,¢). As above, since the action of G' on a K3[Z-type manifold X
is standard, it holds
Ag‘g[?l = AES D <_2>7

and we can give a description of AI%,) as direct sum of elementary lattices.
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2
Proposition 5.1.2.1. The lattice A%}/%) as described in S’ection 1s 1sometric to

the lattice

U & U(2)EB2

81,82

via

@ Dy(2)

Ulyewn,Ud mi, ...

s1=(z+2y—e— fi+ex+ f2)/3;

y MMy

=Y
up = (v1 +v2 + g1+ h1— g2 — ha)/3;
uz = (v1 +v2 + g1 + h1 + 292 + 2h2)/3;
uz = (—v1 + 2v2 + 2g1 + 2h1 + g2 + h2)/3;
ug = (—2v1 +v2 — 291 — 2h1 — g2 — h2)/3;
m1 = (a1 +b1 +c1+di — (a2 +ba + ca + d2) + 2e1 + 2f1 + €2 + f2 — 2y)/3;
mg = (a1 + b1 +c1 +di +2(ag + ba + ca + d2) + 2e1 +2f1 +e2 + fo —2y)/3;
mg = —e1 — f1—ex— fa

my = eg + fo + 2y.

Theorem 5.1.2.2. The deformation families of projective K32 -type manifolds X with
a symplectic action of (Z/27)? are determined by the pairs (NS(X), T(X)) appearing

in the following table, where the class L indicated is the generator of (2d) = Q9

Lnsx)y,

the classes Ly, Lg;-) are defined in Fxample|3.5.1.5, while the M; are defined in the proof
below.
NS(X) T(X) L L?
—2d) @ (—2) ® U(2)®? @ Da(2 Lo(d 2d
gt Oz & (2d) (—2d) @ (=2) @ U(2)*™" ® Da(2) o(d)
U(2)%2 @ By, Mi(m) | 2(4m — 3)
—2d) @ (—2) @ U(2)®? @ Da(2 Lo(d 2d
deis Oz & (2d) (=2d) & (-2) @ U(2)"" & Da(2) o(d)
U(2)%* @ Ds(2) ® G Ms(m) | 2(4m —1)
Qa0 @ (2d) (—2d) © (-2) U (2)*?* @ D4(2) | Lo(d) 2d
d=42
U (@ o )y (~2) @ Da(2) ® Py L&D () | 2(4n+2)
Q2.2 @ (2d) (—2d) @ (—2) @ U(2)®? @ D4(2) Lo(d) 2d
e (Q2,2 @ (2d))' ™ (—2)®U @ Rn L) (h) 2(4h)
=8V [ __ __ _____|_-_-______________-d____-_41______1
—2) @ U(2)%? L&) (n 2(4h — 4
(Qar ® (24 (=2)oU(2)*" ®Qn 2,0(h) ( )
UaUQ2)®Cn Mg (m) 2(8m — 8)
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Qo0 @ (2d) (=2d) © (=2) U (2)®?* ® D4(2) | Lo(d) 2d
e (Qa2,2 @ (2d))'@) (-2)®U & Ry L3)(h) 2(4h)
=8
Qa5 ® (2d))'? (—2) B U2)®* & Qs LYY (h) | 2(4h —4)
(Q22 @ (2d))* (-2) T Lasa(h) | 2(16h + 4)
G 1 1 -2 1 —4m 2 -2 2 0 0
m 0 O 0 O 2 -2 0 0 0 O
o e I cm=| T30
29 0 Da4(2) 0 0 D4(2)
1 0 0 0
—2h 1 1 1 0 —2h\2000 _—2h\1000
1 2 (—a) ) 1
— - 52
. U(2)%2 =10 Da(2) ho T =veTe 0 Da(2)
0 0 0
r —8h —2 0 0 0 0 0 —8h+1) 2 0 0 0 0 0
—2 0 2 0 0 0 0 2 0 2 0 0 0 0
0 2 -4 =2 0 0 0 0 2 4 2 0 0 0
™™ =Uo 0 0 -2 -4 -4 2 0| R,= 002 -4 2 0 0
0 0 0 —4 -8 4 0 0 0 O 2 —4 4 0
0 0 0 2 4 4 2 0O 0 O 0 4 -8 4
0 0 0 0 0 2 —4 0 0 O 0 0 4 -8

Proof. The proof is analogous to that of Theorem We now use the Néron-Severi
lattices described for K3 surfaces S in Theorem again, by Remark 2P
admits a unique primitive embedding in Ay 42 up to isometries, so we start by fixing
the embedding induced by €22 2 < Aks. For each NS(X) ~ NS(S) we have at least the
embedding such that T'(X) ~ T(S)® (—2) (see Example[3.5.1.3). The additional choices
are as follows: for d odd, the lattice 222 @ (2d) admits another primitive embedding,
realized by the following classes of square 2d in A%m = AI% @ Zp, p? = —2 (see

Proposition for the notation):
o for d =4m — 3, Mi(m) = 2(s1 + msz2) + ms + u;
o for d =4m — 1, M3s(m) = 2(s1 + msz) + p.

For d =g 0 the lattice (Qg2,2 @ (2d))'® admits another primitive embedding, realized by
o Mg(m) = 2(p + us + muyg) + mg — my.

These are the only cases in which there exist alternative embeddings, for the discriminant
group of the other Néron-Severi lattices does not contain any element of order 2 and
square 3/2. O
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5.2 Fixed loci

Given a pair (X,G) with X a K3[2-type manifold and G group of order four acting
symplectically, by Remark [[.4.2.4] we know that the locus of points of X with nontrivial
stabilizer is topologically the same of that of the natural pair (S 2], Q).

Proposition 5.2.0.1. Let G = Z/AZ act symplectically on a K32 type manifold X, let
T be a generator of G. Then T fizes 16 points, of which exactly 8 lie on the K3 surface
Y fized by 2.

Proof. The action of G = Z/4Z = (1) on a K3 surface S fixes 4 points {p1,...ps} and
exchanges two pairs of points, g1 — g, 71 + 72 (these are fixed by 72).

Let [s1, s2] with s1 # s2 be the class in 512 of the unordered pair of points {s1,82} C S.
The natural action of 72 on S fixes 28 isolated points: 6 of the form [pi, pj] with
i#j€{l,...,4}, 16 of the form [p;, g;] or [p;,r;] with ¢ € {1,...,4},j € {1,2}, 4 of the
form [g;, 7], i,j € {1, 2}, and the points [g1, g2], [r1, 72]; moreover, it fixes the K3 surface
Y = [5,72(s)], s € S. Let A be the blow-up of the singular locus of S = (S x §)/o,
where o is the exchange of the two copies of S. Then, ¥ N A consists of 8 lines, over
the points [ps, pil, (¢, g;], [15, 73], 0 € {1,...,4},7 € {1,2}. The K3 surface ¥ fixed by the
natural symplectic involution ¢ on S is isomorphic to the resolution of the singularities
of S/u: if 1 = 72, we get a surface isomorphic to Z (see Section ; the involution
induced by the action of G/7% on ¥ exchanges pairwise the four lines over [q;, ;], [rj, 7],
and fixes two points on each of the remaining four lines.

Proposition 5.2.0.2. Let G = (Z/27)? act symplectically on o K32 -type manifold X,
let 7,0, p be the three involutions in G. The action of G stabilizes (with order 2) 72
isolated points and three K3 surfaces ¥.-,%,,%,, each fized by the respective involution.
The three surfaces intersect pairwise in 4 points as follows: the points in ¥, belong
to the set of 28 isolated points fixed by p, and similarly the other pairs. The fived locus
of G consists therefore of 12 points, lying in the intersection of the three K3 surfaces.

Proof. Call {t1,...ts},{q1,.-.qs},{r1,...rg} the points of the K3 surface S fixed re-
spectively by 7, ¢, p: the involutions ¢, p act on the set {¢i,...tg} exchanging them
pairwise in the same way, say to; 1 <> to;. Similarly, each two involutions act in the
same way on the set of points fixed by the third one.

The involution 7 on S fixes a K3 surface ¥, ~ Z, (see Section [3.4.1)) given by the
points [s, 7(s)], and the 28 isolated points [t;, ¢;] for i # j € {1,...8} (similarly the other
two involution); moreover, it holds

02 =A{lp, 7(p)] = g P(D)]} = {[rs, 7(r3)]},

which are four of the isolated points fixed by p. The other pairs of fixed surfaces intersect
similarly. Notice that each involution acts on each of the surfaces fixed by the other
involutions (for instance, 7 acts on ¥, and X,). O
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5.3 Examples

To find a projective model of a general member X in the moduli space of projective
K3[@-type manifolds with a symplectic action of some group H, the action of H on X
should not be natural, i.e. it cannot be X = S with H acting symplectically on S, as it
is explained in the following Remark Therefore, one has to resort to alternative
constructions that give THS manifolds of K3Z-type.

Remark 5.3.0.1. Let S be a general member in the moduli space of projective K3 surfaces
with a symplectic action of some group H. The Hilbert square S is not a general
member in the moduli space of K32-type manifolds with a symplectic action of H:
indeed, NS(S) = NS(S)@® (—2) is an overlattice of finite index of Qp @ (2d) ® (—2), so
it has a bigger rank than that of a general member X, for which NS(X) is an overlattice
of finite index of Qp @ (2d). Notice also that the moduli space of S and of S have the

same dimension (see Remark |1.4.0.4)).

Projective models of K3[2-type manifolds with a symplectic involution ¢ have been con-
structed in [15] and [16]. We are going to adapt some of these constructions, supposing
that + € G a group of order 4.

Actions on the Fano variety of lines of a cubic fourfold.

Let C be a cubic fourfold in P°: if C is smooth, the Fano variety of lines F(C) is an
IHS manifold of K3Z-type. We recall here two important results about these mani-
folds:

Proposition 5.3.0.2 ([8, Prop. 2, Prop. 4, Prop. 6.ii]). 1. There exists a Hodge iso-
metry H*(C,7Z) ~ H?(F(C), Z), that maps H"(C) to H~1I=1F(C).

2. The Fano variety of lines of a Pfaffian cubic fourfold Cy is isomorphic to the Hilbert
scheme of two points over a K3 surface Sy of degree 14: this gives a Hodge isometry
H2(F(Cy),Z) ~ HQ(S‘[E},Z) ~ H?(Sy,Z) @ (—2); in particular, the image of the
Pliicker polarization g of F(Cy) is 2L — 58, where L is the polarization of degree
14 of Sy and ¢ is half the class of the exceptional divisor of S‘[E] — Sym?(Sy).

Remark 5.3.0.3. As a consequence of the first statement we get that an automorphism
¢ of C lifts to a symplectic automorphism of F(C) if and only if ¢ acts as the identity on
H3Y(C). As a consequence of the second we get that F(C) is naturally polarized with a
class of square 6 and divisibility 2, as this properties hold for 2L — 54.

In [I5] it is shown that the only case in which an involution ¢ of a cubic fourfold C
lifts to a symplectic involution of F(C) is when ¢ is induced by the automorphism of P°
O:(zo: a1 w2324 25) — (—xo: —1 : T2 T3 : T4 : 5) and the cubic fourfold has
equation

.2 2 _
Ca : 21 (22, 3, T4, T5)+T] A2 (T2, T3, T4, T5) + 2021 A3(22, 23, T4, T5)+1 (22, 23, 24, 25) = 0
where the \; are linear, while I' is cubic. Moreover, in the same paper there is a descrip-

tion of the fixed locus of the symplectic involution on F(Cs): it consists of 28 points,
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given by the line zo = 3 = x4 = x5 = 0 and the 27 lines on the cubic threefold
I'(z2, 23,74, 25) = 0, and the K3 surface ¥ C P! x P? described by the complete inter-
section

5. {F($2,$3,$47$5) =0

) , (5.3.0.1)
M (T2, T3, T4, 5) + 7 A2 (22, T3, T4, T5) + o1 A3(22, 3, T4, 5) = 0.

1: Action of Z/47. Of all the automorphisms 1 of P of order four such that 1% = ¢,
the only one that acts on a smooth cubic hypersurface C4 such that ¢*|gs,1(c,) = id is
V:(xo:xyiwe i wy i wy: xT5) > (ixg: —ixy 1 X9 w3 1 —xy : —T5), with

Cs : C(x2, 23)+22Q1 (x4, w5)+23Q2 (24, T5)+33 1 (4, 5)+a7 b (24, T5) + @021 03(22, T3) = 0,

where C' is a cubic polynomial, @); are quadric and ¢; are linear. Notice that C4 is
a specialization of Ca, as the general cubic I'(z9, x3, x4, x5) is replaced by C(z2,x3) +
29Q1 (x4, x5) + x3Q2(x4, x5), and the ¢; depend on less variables than the corresponding
Ai. This family has 6 moduli (the equation depends on 16 projective parameters, but the
space of projectivities of P? that commute with ¢ has dimension 10), so F(C4) is a general
member of a family of projective K3[2-type manifolds with a symplectic automorphism
of order 4: in Theorem this is the family associated to Ms(1), because this
polarization is the only one with square 6 and divisibility 2.

Following [15} §7], we give a model of the K3 surface fixed by 72, ¥4 C P} xP3

(zo:z1) (z:s)
as:

5, - C(z2,73) + 22Q1 (24, 75) + 13Q2(74, T5) = 0
130o(4, 75) + 2301 (24, 75) + TOT1l2(T2, 73) = 0;

notice that this is a specialization of the surface ¥ in , with the additional
property that it admits a symplectic involution: indeed the residual involution induced
by 1 fixes 8 points on ¥4, so it is symplectic.

This family of Fano varieties was already described in [23], in which also the fixed locus
of the automorphism of order 4 is partially computed (there is one line missing). There
are 16 lines on C4 which are fixed by 7 := 9|¢,: calling Pp = (1:0:0:0:0:0),
Pr=(0:1:0:0:0:0), we have the six lines that join one of the points Py, P, with one
of the three solutions P; = (0:0: s; : t; : 0: 0) of the system {C(xq,23) = 0, 2o = 21 =
x4 = x5 = 0}, and the two lines that join Py with the solution of {{;(x4,z5) =0, xo =
x1 = w9 = x3 = 0}, P, with the solution of {ls(x4,25) = 0, xg = 21 = 22 = x3 = 0}:
these give the 8 fixed points of F/(C4) belonging to the K3 surface fixed by 72.
Moreover, we have the lines (0 : 0: 0:0: x4 : 25) and (xg : 21 : 0: 0: 0 : 0), and
the six lines that join each of the P; with each of the two solutions of {s;Q1 (%4, 25) +
tjQ2(x4,x5) =0, zg = x1 = 0}: these give the 8 points fixed by 7 among the 28 isolated
points fixed by 72.

2: Action of (Z/27)2. Consider the action of (Z/2Z)? on P® given by

(1‘0:.%1Z$22x31x4:$5)'1>(—230:—33121'2:.%3:1'4:.%5)
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©
F (=X @1 —X9 1 X3 1 Xy Tp)
and the invariant cubic fourfold
2 9l 2t 291 !
Ca2 : xox1x2 + x5ly (T3, T4, x5) + 210 (T3, T4, 25) + 2505 (23, 24, 25) + C' (23, 24, 5) = 0,

where ¢, are linear and C” is cubic. Again, Cy 9 is a specialization of Cy; this family has 8
moduli (the equation depends on 20 projective parameters, but the space of projectivities
of P° that commute with ¢ has dimension 12), so F(Ca2) is a general member of a
family of projective K3[2-type manifolds with a symplectic action of (Z/2Z)? — the one

in Theorem [5.1.2.2] associated to M3(1).
Again, the K3 surface fixed by 7 can be described in P} x P3

(zo:w1) (z2:a5) &5

222:

)

230y (z3, 24, 75) + C' (13, 24, 75) = 0
230y (z3, w4, 75) + 23, (23, 4, T5) + ToT172 = 0.

The surfaces fixed by the other involutions in (Z/27)? are described by similar equations,
obtained by permutation of the coordinates.

If F(C) admits a symplectic action of a group G of order 4 and i € G has order 2,
then there is an involution on the surface fixed by ¢: the surface ¥ defined in
specializes to ¥4, Yoo if G = Z/AZ,(Z/27)?* respectively. We show that these are the
most general specializations of ¥ that admit a symplectic involution.

Proposition 5.3.0.4. There are exactly two families of K3 surfaces in P! x P? with a
symplectic involution. The surfaces ¥4 and X9 o are general members of these families.

Proof. A K3 surface in P! x P? is a smooth complete intersection of divisors of bidegree
(2,1) and (0, 3) respectively. We exclude involutions of P* x P3 that act as the identity on
either component, because they fix lines on the invariant surfaces (or these are singular).
The only suitable involutions are therefore:

11 (o 1) (w2t w3 1yt w5) = (201 —x1) (T2 1 X3 1 T4 1 —25),
L9 Z(.r() : a:l)(xg X3 L Xq 375) — (1:0 . —Jil)(wg X3 —T4 —375).

Invariant K3 surfaces for 1 are given by taking both divisors in the positive eigenspace
(otherwise the resulting surfaces are singular), so they satisfy the same equations as
Y92. Invariant K3 surfaces for 1o are given either by taking both divisors in the same
eigenspace (positive or negative), or by taking one in the positive and one in the negative
eigenspaces. However, in the former case we find that to fixes the resulting surface, so
we have to exclude it; the latter case has 34 as a general member. O

Non natural actions on the Hilbert square of a K3 surface. We start by recalling

the construction of Beauville’s involution [7], the first example of non-natural automor-
phism on an IHS manifold: it is a non-symplectic, non-natural involution defined on

136



SBI for a smooth quartic surface S C IP? without lines (this condition is satisfied by the
general smooth quartic surface).

The Hilbert square S parametrizes non-ordinate pairs of points [p,q] of S: take the
line £ C P3 through p and ¢: then £N.S = {p,q, P,Q} (not necessarily distinct). Define
Beauville’s involution 8 on S generically as [p, q] — [P, Q]; the isometry 8* has inva-
riant lattice (2), generated by the class H — i, where (H) @ (u) = (4) @ (—2): the latter
is the Néron-Severi lattice of S22 for S general, as N.S (S) is spanned by the hyperplane
class, that has self-intersection 4.

Proposition 5.3.0.5. Let S C P2 be a smooth quartic surface without lines, that has an
automorphism « that preserves the polarization (that is, « is induced by an automorphism
of P3): then, the induced automorphism o on S 2l commutes with Beauwille’s involution

3.

Proof. The automorphism of P2 maps lines into lines, so B([a(p), a(q)]) = [a(P), a(Q)].
From a lattice-theoretic perspective, we can show that a* o 8* = 8* o a™* on HQ(S[Q},Z),
which implies that « and 8 commute (see Remark : firstly, notice that g*H =
3H —4p, f*n = 2H —3u, and there is a basis of the orthogonal complement K of (H, u)
in H2(S!?,7Z) such that 8* acts as —id on each class. On the other hand, the induced
automorphism o of S, being natural, is such that o acts as the identity on (H, u): its
co-invariant lattice is therefore contained in K. Take a class of the form v = aH+bu+cv,
with v € K: then f*a*u = (3a + 2b)H — (4a + 3b)pn — ca™v = o f*u. O

If « acts as —id on wg, then « o f is a non-natural symplectic automorphism of S
This construction can therefore be used to describe the general member of a projective
family of K32-type manifolds with a finite symplectic action.

When « is an involution, this has been done in [16, Rem. 2.13]. To obtain a non-natural
symplectic action of a group of order 4 GG, we are going to start from K3 surfaces with
a mixed action, i.e. an action of G such that only a proper subgroup K C G acts
symplectically. Mixed actions of finite groups on K3 surfaces have been classified in
[12)].

1: Non natural action of Z/47. Quartic surfaces with equation

Sy : alxé + x%(agl‘% + agxoxs3) + xoxl(a4$% + a5$§)—|—
+ 23 (agx? 4 arxox3) 4 23 (agrs + agrd) + ajprz = 0
are invariant for the automorphism = : (zg, 1, 2, r3) — (20, —x1, 12, —ixs), which acts
as —id on its symplectic form [2, Ex. 1.2]. The general member of this family is smooth

and contains no line. Since this family of surfaces has 6 moduli, taking the Hilbert square
we obtain a complete family of projective IHS manifolds of type K32 with a symplectic

automorphism of order 4 7 := 3o~ (see Remark [5.3.0.1]).

Proposition 5.3.0.6. Let X be the general member of the projective family of K32 -type
manifolds associated in Theorem to Mi(1): then X is the Hilbert scheme of two
points on Sy.
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Proof. There are 5 deformation families of K3 surfaces with an automorphism of order 4
that acts as —id on the symplectic form; each of them has a different fixed locus, and the
corresponding invariant lattices have different ranks [2, Prop. 2]. The automorphism ~
on Sy has empty fixed locus, and its invariant lattice is

8 4 -4 0
4 -8 4 —4

Y —

LH=vWe) 4 4 4 o
0 —4 2 —4

(see [12] and the attached database [13], entry (1.2.7.55)): therefore NS(Sy) (which
has rank 14 and is recorded in the database) is an overlattice of Qo @ L7, where Qg =
Fg(2) is the coinvariant lattice for the symplectic involution v2. Since by Proposition
X = E] admits the symplectic automorphism 7 = 5 o« of order 4, the lattice
NS(X) = NS(S4) @ (—2) is isomorphic to 24 @ (2d) or one of its overlattices; moreover,
the involution 72 on X is induced by 72 on Sy, so s is embedded in €y according to
Section and it holds NS(X)™ = NS(S)" @ (—2).
We find LY @ (—2) as Q5 in the lattice Q4 @ (2), so NS(X) = Q4 @ (2): the (—2)-class §
that generates (L7 & Q)5 cannot glue to Q, so NS(Sy) = 61 in Q4 @ (2). Finally,
knowing N S(S4) we can compute (the genus of) T'(S4), and since T'(X) ~ T(Sy) we
(2]

can completely determine the deformation family of S42 : this is the one associated in

Theorem [5.1.1.2| to M;(1). O

2: Non natural action of (Z/27)%. The family of quartics
Soa ¢ fa(wo, 1) + 23 fa(wo, 11) + 2392(w0, 21) + h + Brows + a3 = 0

admits a mixed action of (Z/27)?, with generators o : (zq, 1, T2, 23) — (—x0, —T1, T2, 3)
and ¢ : (xg, x1, 22, x3) — (20,21, —T2,23): here o is symplectic, while ¢ and o o are non-
symplectic and each of them fixes a curve of genus 3 on S 2. The general member of this
family is smooth and contains no line. This family has 8 moduli, so taking the Hilbert
square we obtain a complete family of projective THS manifolds of type K32 with a
symplectic action of (Z/2Z)? = (0,10 B).

Proposition 5.3.0.7. 1. The invariant lattice for the mized action of (Z/27)* on
the quartic surface Sz 2, such that both non-symplectic involutions fix a curve of
genus 3, is U(4) @ (—2)%2.

2. The Hilbert square X = S£2]2 is a general member of a family of projective IHS

of K32 -type with a symplectic action of (Z/2Z)?: in Theorem this is the
family associated to the class My(1).

Proof. In the database [13] the collection of possible mixed actions of (Z/2Z)? on a K3
surface S consists of 354 elements: there are two of them for which both non-symplectic
involutions fix a curve of genus 3, the entries (1.2.9.13) and (1.2.9.21).
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]

Since we know that one of the symplectic involutions on X = S£ 5 is natural, we can
compare the orthogonal complement of {25 appropriately embedded in NS (X) with the
invariant lattices of the two possible actions: thus we can exclude (1.2.9.13), and find
that NS(X) = Q22 @ (2) = (—2) @ K, where K is the Néron-Severi lattice of the K3
surface (1.2.9.21): this is therefore our Sy. Since T'(X) ~ T'(S22), we can then find
the deformation family which X belongs to — the one associated in Theorem to
M;i(1). O

Another example for (Z/2Z)?. Following [16, §5.1], we can search for a projective
model of a K3[2-type manifold X as a double cover of a cone C(P? x P?) C P, with a
symplectic involution ¢ that acts exchanging the two copies of P2.
From a lattice-theoretic point of view, this model is given by a big and nef divisor
H = F) + F, € NS(X) such that (Fy, F») = U(2) and " F} = F5.

Proposition 5.3.0.8. The involution ¢ can never be the square of a symplectic auto-
morphism of order 4 on X, but it can be one of the generators for a symplectic action
of (Z)27.)2.

Proof. The same lattice-theoretic condition gives for K3 surfaces a projective model as
a double cover of P! x P! with a symplectic involution ¢ that exchanges the two copies of
P! if ¢ is the square of a symplectic automorphism of order 4 it always holds *F; = Fy
(see §2.6.3[n0.3) so this model cannot be realized; if ¢ is one of the generators of (Z/27)?
however this model exists (see 1no.5). O

5.4 The action of G in cohomology, and the induced involutions

Let X be a K3[Z-type manifold with a symplectic involution 7, and 7 : X — X /i be
the quotient map. Since (X,1) is always a standard pair, if we denote ig a symplectic
involution on a K3 surface, and mg the associated quotient map, then it holds:

" H*(X,Z) ~ Ak @ (—2) = Axz @ (=2), (z,p) — (%, p)
and therefore

Tt HX(X,Z) ~ Ak ® (—2) = TouAk3 @ (—4), (z,p) — (Tsw, i) (5.4.0.1)

Recall from Example(1.5.1.2]that if Y is the Nikulin orbifold obtained as terminalization
of the quotient X /i, then

H*(Y,Z) ~ ANy =U(2)% @ Eg @ (—2)%2. (5.4.0.2)

Remark 5.4.0.1. Notice that U(2 )®3@E8 o~ WS*(HZ(S 7)). Its orthogonal complement in
H%(Y,Z), (—2)®2 is generated by (ji£3)/2, where 3 is the exceptional class introduced
in the terminalization Y — X/i.
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If X admits a symplectic action of a group H with (i) a normal subgroup, then on Y
there is a residual symplectic action of H/i. In this section, we’re going to describe the
residual involution ¢ induced on Y by a group G of order 4 acting symplectically on X.
By the standardness of the action of G on K3[P-type manifolds, we can take as mg
in one of the quotient maps o, (if G is cyclic, see Section , OF Try, Mps
(otherwise, see Sections respectively); then, ¢ acts on U(2)®* @ Ey € H(Y,Z)
as the induced involutions on mg,Aks, and as the identity on (—2)%2 = ((i£X)/2).

5.4.1 Action of G on the K3 lattice revised, and results on the cohomology of the
terminalization of X/G

To describe the induced involution ¢ on H?(Y,Z) in a convenient way, we start by
providing an explicit isometry between the invariant lattice Af@ and the abstract lattice
U®3 @ Eg(2): this will allow us to then compute the action of ¢ on the standard basis
for Ay, the one that gives as intersection matrix exactly .

Using our knowledge from Chapters 2 and 3 of the action of G on Aks, we can also
give some partial results about the cohomology of the terminalization W of the quotient
X/G, by computing the image via the quotient map of the invariant lattice Agg.

Remark 5.4.1.1. What’s left unknown is whether the image of H2(Y,Z) via the quotient
map is a primitive sublattice of H?(W,Z). Moreover, in the case G = (Z/27Z)? the
terminalization W — X/G introduces two new divisors, and their contribution to the
cohomology of W is yet to be determined.

The case G = Z/AZ

Recall from Sectionthat the co-invariant lattice Qo ~ Fg(2) C €4 for the involution
72 is generated by the elements o — v, 3 —6, e1 — g1, €3 — g3, f1 — h1, fo — ha, f3 —
h3, fa— hy.

The lattice R = Q;Q‘* is generated by the elements 11 = e; — f1+g1—h1, 1o = a—B+v—
0, r3 = e3—f3+gs—hs, r4 = g1~ fites— fata—y—(e2—gates—gatar—az+o0)/2, r5 =
ay —az, e = 0.

Proposition 5.4.1.2. The lattice Afg3 invariant for T** is an overlattice of ALs @ R

isometric to the lattice UP3 @ Eg(2) with the following generators, using the elements
si,w;j introduced in Proposition |5.1.1.1, and r; as above:

w3+ W4 +We+75+7Tg W +W3+ Wy +We+74+75+ T4

U =
<81, 82>@< 2 ) ) >@
-3 — 3ws — -
@<w1 w2+w3+w42 Ws — W6 + 71 T6—4w6—3r3—47“4—7”5—3?”6a
W] — Wy + w3+ wyg —wWs — 7T
5 —We — T3 —T4);

w3 +11 -7 w3 —ri+r

Bg(2) =(————2 twy +we + 75 + 16, ————— +wy + 1y + 75,

2 2
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3wg — wsz + 72 w3 + wq + 3wg + 3r5 + 14

5 +r34ry, — 2 — T — T3 — 21y,
w3+ 1y +ro9 —ws+ ws + wg+ 3rg + 3rs + e
5 , 5 — 71 + T2 + 374,
—W4 — T2 —T5+T w3 +1r—7r
- 22 > 6*w1+w6, %+w1*7“4>-

Lemma 5.4.1.3. Denote % i= ok, * i= Tyqk.
The (primitive) image of

{(3 =U D <_2>@2 D U(4)®2 - <81) 82) ® <w17w2> 7 <w37 s 7w6>
via the maps T, and may introduced in Section[2.4.1] is as follows:

T (U ® (=202 0 U4)®?) = UQ2) @ (—4)P?2 a U(2)%% =
<§1, §2> D <7f)1,12)2> P <’Lf)3/2, - ,12}6/2>,

(U@ (-2)P e U4)*) = UM4) & (-2)P e U™ =
(31,32) @ (w1/2,w2/2) ® (w3/4,...,Wwe/4).

Proposition 5.4.1.4. Let X be a K32 -type manifold with a symplectic action of G =
ZJAZ. The terminalization W of the quotient X/G is a primitive symplectic orbifold,
11 (Wyeg) = Z/2Z, and H*(W,Z) is an overlattice of finite index (possibly 1) of U®? &
U4) & (-2)%? @ (-4)®2.

Proof. By Proposition we know that the generator 7 of G fixes points on X, so
the terminalization of the quotient is a primitive symplectic orbifold, of which we can
compute the fundamental group of the regular locus (see Proposition . Let Y be
the Nikulin orbifold that arises as terminalization of X /72: since the involution ¢+ induced
by G /72 on the Nikulin orbifold Y does not fix any surface, the terminalization W — Y/t
does not introduce any new divisor. The quotient map 7, acts on H?(Y,Z) as follows:
on {(ji = ¥)/2) it doubles the intersection form; on its orthogonal complement, that is
an overlattice of 7o, (R @ AIT<3), it annihilates 2, R and acts on mo,AL, as described by

Lemma [5.4.1.3] Therefore, m,, H?(Y,Z) = U2 @ U(4) @ (—2)92 @ (—4)®2, O

The case G = (Z/27,)?

Consider now G = (Z/2Z)* = (7, ¢). Since, having fixed a basis of A%, the actions of
7%, ¢* are differently described, we are going to give both quotient maps.

Proposition 5.4.1.5. With the notation of Section consider the elements:

wi =(dy—as+ca—ba+ f1—e1 — foteas—di+ar+b—c1)/3;
11 =(mg+my—by+c1+dy—ay)/2;
2 =(m1 +ma — by + co +do — az)/2;
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i3 =(m1 + f1 —e1 +w1)/2;
Ly :(m3 +my+ f1 — 61)/2.

Then the lattice Af5 is isometric to the lattice UP3@ Eg(2) with the following generators,
using the same notation as Proposition|5.1.2.1|:

UD3 =(s1,50) @ (14 + u3 + ug + mo, uz + ug + ma)®
@ (13 + ug + ug +ma + 2(01 + ur + ug + ua), 01 + ur + uz + ug);
Eg(2) =(m3 + myg — 2(tq + us + ma) — Sug — 3(e1 + ug + u2),
tg — 211 — 4tz + 614 — u1 + 2my + mo — 2ms — 2my,
UL — U, 201 — Lo + 213 — 214 + w1 + 2uo + 2ug — My,
11+ t2+ug+ms, ur +us +uqg — Lo +mqg+ mo + my,

Lo + ug — my, U3+m2—1,2—2(L1+U4+U1+u2)>.

Proposition 5.4.1.6. Consider the elements:

(co—agy—do+by+z—w+dy —by—c1+a1)/3;
(my1 4+ mg + by — ag + co — da)/2;

(u1 + ug + ug + w)/2;
(
(

mo+myg+bi —a1 +c1 —dl)/Q;

w2
K1
K2
K3
kg =(ur + ug + uz + m1 +my + wz)/2;

Then the lattice Af4 is isometric to the lattice UP3@ Eg(2) with the following generators:
UD? =(s1, 89) @ (u1, k2) ® (ua, ka — 2u1 — Ko + 3uq);
Eg(?) :<m2 —2ugq — K1, m1 — K1, —(m1+ms3+ 53), K1+ K3 — Mg — My,

mo +ms —up — 2uo — U3 — Ug — K1 + 2K9 + 2K4, U2 — Uy + 4ug — 2Ko,
my —ma —m3 + 2uy + uz + uz — ug + K1 — 2K4, M3 — 2uy).

Lemma 5.4.1.7. Recall that

7/27)?
AE(?’/ ) =U&o U(2)®2 (&) D4(2) = <81782> (&) <u1, R 771,4> D <m1, S ,m4).

Denote % = Trux, * 1= Tuux (see Sections [3.4.2). Define

p1 = (Mg +1M2)/2, po = 1mg + (Mg +1M2)/2, ps = (M1 +1m2)/2, pg = (g —1M2)/2
B =1, P2 = (U1 +12)/2, B3 = (U1 + 13+ Us)/2, 1= 3.

Then the intersection matriz of {f1,..., B4} is
0 2 0O
2 2 10
B= 01 2 2|’
00 2 0
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Lo . (z/22)% . .
and the (primitive) image of Ay 4 via the maps Try, Tpx 18

Tr(UBUR)P2 @ Dy(2)) = U2) @ U & Dy(2) =
(81,82) D (U1/2,...,104/2) D (1, ... p1a),

Tou(U @ U(2)%2 @ Dy(2)) = U(2) ® B® Dy =
(31,82) @ (B1,...B4) ® (112, ..., 1M4/2);

2
Denote * = ma 2, (see Section : then 772,2*1\%(23/22) 18 not a primitive sublattice of
Axs, but an overlattice of it of index 2 is. Define

V] = (—ml—mg)/ll, Vo = (ml—mg)/él, vy = <m2+m4)/4, vy = (mg)/2+(m1+m2)/4;
then we consider:

(m22.(U S U(2)¥ & D4(2))) = (2) & (-2) 6 U(2)** & Dy =
<(§1 52)/2, (51 —§2)/2> (&) <ﬂ1/2, ... ,ﬂ4/2> & <V1, - V4>.

Remark 5.4.1.8. The lattices U®2 @ U(2) @ D4(2) and U(2) ©® B & Dy are isomorphic.

Proposition 5.4.1.9. Let X be a K32 -type manifold with a symplectic action of G =
(Z/27)%. The terminalization W of the quotient X/G is an IHSO, and H*(W,Z) is a
lattice of rank 14 containing the lattice U(2)®% @ Dy @ (2) ® (—2) @ (—4)%2.

Proof. Since G is generated by symplectic involutions, each fixing a surface on X, the
terminalization of the quotient is an IHSO (see Proposition [1.5.1.1). Let Y be the
Nikulin orbifold that arises as terminalization of the quotient of X by any involution
of GG, suppose 7. The involution ¢ induced on the Nikulin orbifold Y fixes two surface,
the image in Y of the surfaces ¥,, X,: indeed, 7 acts on each of them, so they are not
identified in the quotient. Therefore, the terminalization W — Y/t introduces two new
divisors. The image of H?(X,Z) via the quotient map 722« is computed similarly to

Proposition [5.4.1.4] O

5.4.2 Induced involutions on Nikulin orbifolds

In this section, we are going to describe the action of the induced involutions on Ay
. At first, we take Y a Nikulin orbifold arising as terminalization of X /i, where
X is a K3[2-type manifold and i € G, a group of order 4 acting symplectically on X. We
then prove that (under appropriate conditions) if Y is a deformation of Y, it can carry
a symplectic involution that acts in cohomology as ¢. Therefore, in analogy to standard
actions on K3[@-type manifolds, we introduce the notion of standard involution on a
Nikulin-type orbifold, and find lattice-theoretic conditions for its existence using the
Torelli theorem for IHSOs [51, Thm. 1.1].
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Remark 5.4.2.1. 1. When giving the matrices for the induced involutions, we follow
the convention of matrices acting on the left on column vectors: notice that this
is the opposite of what Sage [87] uses as default.

2. We provide two different representations of the involution induced by the action
of G = (Z/2Z)? on X, corresponding respectively to the actions of (Z/2Z)? /7 and
(Z/27)%/¢. There exists an isometry of Ay sending one to the other.

3. The involution induced by Z/4Z, and that induced by (Z/2Z)? are different, as
one can see by comparing the multiplicity of the eigenvalues: the invariant lattices
for the two actions have different rank.

Proposition 5.4.2.2. The involution induced by Z./AZ on H*(Y,Z) = (-2)P20U (2)%3a
Es is represented by the following matrix:

1000 0 O 0 0 0 0 0 0 0 0 0 0
0100 O O 0 0 0 0 0 0 0 0 0 O
0010 0 O 0 0 0 0 0 0 0 0 0 0
0001 0 O 0 0 0 0 0 0 0 0 0 0
o000 3 3 -3 1 3 1 -1 -2 1 0 0 O
0000 4 3 -2 2 3 1 -1 -2 1 0o -1 1
ooo0o0 2 1 29 100 1 2 -4 1 1 -4 =2 0
o000 -2 -3 102 29 -3 4 -10 7 1 -13 -6 O
0000 4 -2 280 8 -2 15 —-32 16 5 —-36 —-18 -1
0000 4 018 58 0 11 —-22 10 4 -25 —-12 O
0000 10 2 38 120 2 22 —-45 19 8 -50 —-25 O
0000 14 2 554 174 2 32 —-66 28 12 —-72 37 O
000 0 10 0 462 144 0 26 —-55 256 9 —-60 —-30 O
0000 8 0372 116 0 20 —44 20 8 —-49 -24 O
0000 6 026 8 014 -30 13 6 —-34 —-16 O
o000 2 0128 40 -1 7 —-15 7 3 —-17 -8 0 |

Proof. By Remark the induced involution acts as the identity on (—2)®2, and
it acts as 7* on moxAky ~ U(2)%3 @ Eg (see Section . Using the description of
AIT<23 provided in Prop. |5.4.1.2) we compute its image via the map 7o, (see Proposition
: for every x € E3(2), mo.x/2 is integral and primitive, so that the primitive
completion of 772*/\{{23 is U(2)® @ Eg, as was already proved in [63, Thm. 5.7]. Since
the elements s1, s9, w1, ..., wg are invariant for 7%, while r1, ..., rg are anti-invariant, we
can determine the action of #* on U(2)®3 @ Eg. O

Corollary 5.4.2.3. The invariant and co-invariant lattices for the involution v induced
onY by G =1ZJ/AZ are:

HY(Y,2) = U)o (-4 0 (-2)%%  (HX(Y,2)")" = De(2).
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(-2)%2 o

U(2)®3 @ Eg is represented by the following matrices, v being the generator of (Z./27.)% /1

Proposition 5.4.2.4. The involution ¢ induced by (Z/27)? on H?(Y,7)
in the first case, of (Z/27)*/¢ in the second one:

0
0
0
0
0
3
7
14

10 00 0O
01 00O0O
001 00O

000 10O

000010

000021

-3
-5

-1

—1

1
1

1
2

3
6

0
0

-1
-2

4
7

0 00O0O0O

—12

000030

8
0
—4
-8
-8
—4

000020

-1
-2
-3
-2
-1

2 0 -1 1
4 1

0
3
6
6
3

0
-2
—4
—4
-2

000 O0O0O

-4 1

000 O0O0TO

-6 1

7 0
6 0
4 0

000 O0O0O

-6 1

000 O0O0OTO

-4 1

000 O0O0O

2
6

000 O0O0OTO

0 00O0O0O

0
0
0
0

0
0
0
0

10 000
01000
00100
00010
00001
00 00O
0 00O0O
00 0O0O
00 0O0O
0 00O0O
0 00O0O
0 00O0O
00 00O
0 00O0O
00 00O
00 0O0O

2 0 -3

1
-3

0
1
0
0
0

-1 -1 1

6

0
0
0

-1 -1

-1 2

0

0

—2
-2
-1

-1
-2
-2
-2
-2
-1

0 2

0
0
0
0
0
0

—2
-2
-2
—4

0 0
0 0
00
20
0
0

0 3
0 2

0 2

0 2

0

0
0

01

Proof. The proof is similar to that of Proposition [5.4.2.2
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(Z.)27)* are:

HA(Y,Z)' = U ©U(2) ® Di(2) ® (-2)°%  (H(Y,2)')" = Da(2).

Corollary 5.4.2.5. The invariant and co-invariant lattices for the involution v induced

onY by G



Definition 5.4.2.6. Let Y be a Nikulin-type orbifold. We call an involution ¢ standard if
the pair (Y,¢) can be deformed to a pair (Y,7), where Y is the terminalization of S /i
for some K3 S with a symplectic action of a group G of order 4, i € GG is a symplectic
involution, and G/i = (7).

Remark 5.4.2.7. Let o be an isometry of H?(Y,Z) with invariant and co-invariant lattices
as those given in Corollary [5.4.2.3| or [5.4.2.5} this does not guarantee the existence of a
standard involution f of Y such that f* = ¢.

Indeed, H?(Y,Z) can be obtained as overlattice of Dg(2)® (U (2)®2 @ (—4)%2@ (—-2)92) in
more than one way: the correct way to have the induced involution is obtained by gluing
along a certain subgroup of the discriminant form of Dg(2) isomorphic to (Z/27)%, but
there is at least another gluing along (Z/47)* x (Z/27,)*.

Similarly, H?(Y,Z) can be obtained as overlattice of Dy(2) @ (U(2) @ U®2 @ D4(2))
by gluing along (Z/27)*, but also along (Z/47)?. Therefore, the lattice-theoretic data
needed to characterize the induced involutions consist of invariant lattice, co-invariant
lattice and their gluing: the latter is given in Lemma below.

Lemma 5.4.2.8. Let Y be a Nikulin-type orbifold which admits a standard symplectic
involution v. Then one of the following holds:

1. the gluing between HX(Y,Z)" ~ U(2)®3 @ (—4)%2 @ (~2)®2 and (H(Y,Z)")" ~
Dg(2) which gives H*(Y,7) as overlattice is obtained by adding as generators the
following elements: (ds + dg + u1 + ug + v2)/2, (ds + a1 + uy + v2)/2, (di +
dy +dg + a1)/2, (d3s+ ds+v1)/2, (do +dy+ds + a2)/2, (di +ds + az + v2)/2;
here {d1,...,ds} are the generators of Dg(2) (numbered as in Ezample [1.2.0.9),
{u1,us} and {vi,va} those of two of the copies of U(2), {a1,as} of (—4)%?; this
corresponds to the case where ¢ is induced by 7Z./A7;

2. the gluing between H*(Y,Z)' ~ U®2 @ U(2) ® D4(2) ® (—2)%? and (H*(Y, Z)‘)J‘ o~
Dy(2) which gives H*(Y,Z) as overlattice is obtained by adding as generators the
following elements: (d1+d2+€2+64)/2, (d2+d3+64)/2, (de+er1+es+eq)/2, (da+
es + es + eq)/2; here {di,...,ds} and {e1,...,eq} are the generators of the two
copies of Dy(2) (numbered as in Ezample ; this corresponds to the case
where v is induced by (Z/27)>.

Remark 5.4.2.9. We say that an embedding ¢ : Dg(2) < An satisfies the condition (*)
if the gluing between ¢(Dg(2)) and its orthogonal complement is as in Lemma 1.
Similarly, we say that ¢ : Dy(2) — Ay satisfies the condition (x) if the gluing between
1(D4(2)) and its orthogonal complement is as in Lemma 2.

Theorem 5.4.2.10. Let Y be a Nikulin-type orbifold such that there is an embedding
of Di(2) in NS(Y'), with k either 4 or 6, such that the induced embedding ¢ : Dy(2) <
H?(Y,7) satisfies the condition (x); then' Y admits a standard symplectic involution.

Proof. We define the isometry o on H?(Y,Z) that acts as —id on ¢(Dg(2)), and as
the identity on its orthogonal complement. To apply the Torelli theorem for THSOs
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[61, Thm. 1.1] we need to show that « is 1) an integral Hodge isometry which 2) is a
monodromy operator and 3) preserves the Kéhler cone. The first condition is satisfied by
construction, because T'(Y) is contained in the orthogonal complement to ¢(Dg(2)), so
« acts on it as the identity; the second is satisfied because there exists a Nikulin orbifold
Y’ with an induced involution ¢ such that +* acts as «, and monodromy is invariant under
deformations. To prove 3), refer to the description of the walls of the Kéhler cone of Y
in [52]. The lattice ¢(Dg(2)) does not contain any wall-divisor: indeed it contains no
(—2)-classes and, if we assume Eg @ U(2)®3 = (eq,...,es) ® (uin, ui2)i=1,23 (numbered
as in example [1.2.0.2)), we get as generators of p(Dg(2))

d1 = 2eq + 2e9 + bes + Teq + bes + deg + 3e7 + eg + u2,1 + 2ug 2 +u3 1 — u32,

dg = —1261 — 862 — 1763 — 2564 — 2165 - 1666 — 1167 — 568 —us,;1 — 5U3,2,

d3 = —661 — 462 — 863 — 1264 — 965 — 866 — 667 — 368 — U272 —U31 — U372,

d4 = 3e1 + 2e9 + 3e3 + dey + 4es + deg + 3e7 + leg — Uu2,1 + QU372,

ds = 16e1 + 1les + 23e3 + 33e4 + 27e5 + 22e4 + 15e7 + 8eg + ug,1 + ZU371 + 5’LL372,

deg = e1 +e5 —ua1,

so no elements of square —4,—6,—12 in ¢(Dg(2)) have divisibility 2; a similar result
holds for p(D4(2))).

If NS(Y) = Dy(2) ® (2d) (k =4,6,d € Z~) or one of its overlattices, then wall classes
in its Néron-Severi will have the form aL + bv, with a,b € Q\ {0}, v € Dy(2) and L the
generator of Dy,(2)-¥5™: since a does not reflect any of these classes, the Kéhler cone
of the general projective Y is preserved. O

5.5 Classifying Nikulin-type Orbifolds with a standard symplectic invo-
lution

In the first part of this section, we classify projective Nikulin orbifolds with an induced
symplectic involution: these are obtained as quotients of projective K3[2]—type manifolds
with a symplectic action of a group of order four GG, whose deformation families are
classified in Sections We establish a correspondence between the moduli
space of projective K3[2-type manifolds with a symplectic action of a group G of order
4, and the Nikulin orbifolds obtained as terminalization of their partial quotient.

We then classify projective Nikulin-type orbifolds Y with an action of (Z/2Z)? = (1, k),
where ¢ is standard (see Definition , and « is the non-standard involution defined
in [52] (see Theorem [5.5.2.1): therefore, NS(Y') admits a primitive embedding of either
Dg(2)@(—2), or D4(2)@(—2), with the additional property that the embedding Dy (2) <
H?(Y,7) satisfies condition (x) (see Remark |[5.4.2.9)).

5.5.1 Families of Nikulin orbifolds with an induced symplectic involution

The general (non-projective) Nikulin orbifold with an induced involution has Néron-
Severi lattice Q, @ (—4), where Q, = Dg(2) if ¢ is induced by G = Z/4Z, Q, = D4(2) if ¢
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is induced by G = (Z/27)?; the class that generates Q.- is the exceptional class ¥ that
is introduced with the terminalization Y — X/i.

The case G = Z/AZ

In the following table we classify the projective families of Nikulin orbifolds Y admitting
a natural involution induced by an action of Z/47 on a K32-type manifold X, by giving
the possible pairs (NS(Y),T(Y)) in the second and third column. Projective families of
X are classified in Theorem we consider the map 7, introduced in , with
Tgx = Moy described in Section If X is polarized with a class L of square 2d, then
on Y we consider the pseudo-ample class H = m, L, or H = m,L/2 if the former is not
primitive: therefore, it holds H? = 4d or H? = d respectively. The relation between the
number d in the first column and m appearing in the last columns is given in the proof of
Theorem where the classes M;(m) are constructed; since in many cases the same
lattice T'(Y') obtained using H = m.M;(m), therefore depending on m, is obtained also
using L;(h), we write L;(m) accordingly (see Example [2.5.1.6). The relation between
m, j, h appearing in the last line of the table is explained in Table

Remark 5.5.1.1. Notice that for the families with a polarization L = (Lg,0) € Axs &
(—2), i.e. those families such that T'(X) = T'(S) & (—2) for some general projective K3
surface S admitting a symplectic action of G, the class ¥ does not glue to any element
in NS(Y); for the families with a polarization M = (Lg,n) instead, > glues to m. M (see

Remark |1.5.1.3]).

NS(Y) T(Y) H H?
S Ds(2) @ (4d) @ (—4) | (—4d) & (-4)® o U(2)®? meLo(d) 4d
T (De(@ @ (4d) @ (—a)Y Con ® U(2)%2 e M1 (m) 4(4m — 3)
Ds(2) @ (4d) @ (—4) | (—4d) & (-1)* 0 U(2)*? mwLo(d) 4d
d=12 | (D(2) & (4d) & ( oy | aanem | g m_2
(Ds(2) @ (4d) @ (—4)) B & (1) & U/(2)%2 *J\ﬁ( ) 4(4m —2)
(Ds(2) @ (4d)) ® (—4) T LS5 (m) A(4m +2)
Ds(2) @ (4d) @ (—4) | (—4d) & (-4)® o U(2)®? m«Lo(d) 4d
d=43 | Dg(2) @ ((4d) ® (—4))’ o (1) 5 (2) T Ms(m) 4(4m —1)
(Ds(2) @ (4d))" @ (—4) L2 3(m) 4(4m + 3)
Ds(2) @ (4d) @ (—4) | (—4d) & (-1)* 0 U(2)*? mwLo(d) 4d
d=40 | Ds(2)®(d) ®(—4) TeLo0(m)/2 4(m —1)
(Ds(2) @ (d) & (1)) | G, (-2 @ U(2)®> | ™Ma(m)/2 4(m —1)
(Ds(2) @ (d)) & (—4) meLaj(h)/2 | 4(m — 1), see Table’;‘
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Table 5.5: Relation between m, j, h

m (mod 4) | 0 1 2 3
J 12 0 4 8
h (m—4)/4 (m+3)/4 (m—2)/4 (m+13)/4
—4m 2 2 2
—4m 2 2
2 -4 0 0 —4 2 —4 4
Bm:[ 3 _g 2} Cm = 2 0 -4 0 F’":[ g —4} sz{ -
B 2 0 0 -4

Remark 5.5.1.2. The projective families of K3[2-type manifolds associated to the polar-
izations M; and M; give Nikulin orbifolds that belong to the same projective family.
A similar statement holds for Lglg and ngg These are the only families for which this
phenomenon happens.

The case G = (Z/27)?

In the following table we classify the projective families of Nikulin orbifolds Y admitting
a natural involution induced by an action of (Z/2Z)? = (r, ) on a K3[-type manifold X,
by giving the possible pairs (NS(Y),T(Y)) in the second and third column. Projective
families of X are classified in Theorem [5.1.2.2} we consider the map m, introduced

in (5.4.0.1), with mg, = 7y, Tys: these maps are described in Sections

respectively. They may act differently on the polarization of X, as given a class L of

1
positive square, L € €, g 2(X‘Z>, the two involutions 7*, o* may act differently on L (see

Lemma: in thisjcase, the same family of X can give rise to more than one family
of Y, as it happens for projective K3 surfaces (see Corollary . When there is no
difference between 7, and 7y, we use the notation . On Y we consider the pseudo-
ample class H = mw,L, or H = m,L/2 if the former is not primitive: therefore, it holds
H? = 4d or H? = d respectively. The same considerations as in Remark can be
applied here.

NS(Y) T(Y) H H?
d=51 | Da(2)® (2d)® (-4) Ue (—4) @ Di(2)®Qn | mLPY(h)/2 | 2(2h+1)
U (—4) & Ty T LS (R) /2 4h
D4(2) @ (4d) & (—4) ) '
40 (—4d) @ U” ® D4(2) @ (—4) Tox Lo(d) 4d
(D4(2) @ (4d) @ (—4)) | (—4d) @ U* ® Da(2) ® (—4) | 7.Ms(m)/2 | 8(m —1)
(D4(2) ® (4d))’ @ (—4) U (—4)®(2) @ Py T LS () 16h
U (—4) & Ty T LS (R) /2 4h
D4(2) @ (4d) @ (—4) '
(—4d) ® U? ® D4(2) & (—4) 7 Lo(d) 4d
d=41

149



| —~ o~ [ | I —
P @ o= © © AN
o+ s = gt t s =]
'S EE|YT Taorg s s Yis 8
= 3 2 o 1= = 2
| - | | | Y
i i i Ty
I N X [ I Q [N
L sy 'd = o> >~ o~
,m/mrm\ M/d,\wl,/h\(h\ = ] '= g
TS = T | = T lga 22 | = 13 1 %
T EeE ST e S 1S
ST < S S N A< S
e g R e 2 L S
S = S = >
I I I R
} ! ! ! !
< < < < <
P L L1 U
D e DD e = s © 1 ® ) E
(YN ~ | 2,2,@
'Y §F g |l® ST e Ol 330 ¥
-
SRS S R I8 4 F s
e @ @ | e Y L1 oo 3
| o [ -~ T Rt [ B~ B
) o b T8 o 00
S S BB D Q U@,@,QU
- =SS Sl
= = = = =
[ <o <~ o
L L Ll
| | | | |
' = = ! @ e
[ NN < N ~ < =
[ <f | | <t
P 7 | Y - | o~ 1
,@/\/\ ~ | @ ~ ,mw,/\
I~ © & & I @ =1 @
) S S = SRR
ISR TN T 0 F T  FF
T T = N NS T =2
,@@m ) g ! D D ,@,N-M
I~ = —~ A = —~ =
QY 2 T, o a a3
R 3 < < 3 <+ =
,DD4 D ,D, D D ,D,4
332 AQ e RGNS
. . . . .
™ )
<t <t
I Il
3 3

2
2
0
0
0
0

—4 — 4h

0
0

—4—4h 2

0

-8

0 0

0 4 -2

0

—4

0 -2 2

0

2

S ANO O oo

0 0 0
4 0 2
—4 2 4
2 -4 -4
4 -4 -6
0 0 0

2
8
4
0
—2
2

150



Remark 5.5.1.3. The classes m,.Lo(e) and m*L%(e + 1)/2 give the same projective
family of Nikulin orbifolds; in other words, the projective families of K3[2-type manifolds
associated to the polarizations Ly(e) and L% (e+1) give Nikulin orbifolds that belong to

the same projective family, independently of the involution in (Z/2Z)? we choose when
taking the quotient. These are the only families for which this phenomenon happens.

5.5.2  Nikulin-type orbifolds with a symplectic action of (Z/27Z)?

We now describe Nikulin-type orbifolds with a particular symplectic action of (Z/27Z)2.
The two natural involutions induced respectively by the action of Z/4Z or (Z/27)% on
a K32 -type manifold X can be extended to Nikulin-type orbifolds by deformation (see
Theorem . Moreover, we can consider the non-standard involution described in
[52], which consists in the reflection on a class of square —2 and divisibility 2.

Theorem 5.5.2.1 ([52, Thm. 8.5]). Let Y be a Nikulin-type orbifold such that there
exists D € NS(Y) with D> = —2 and div(D) = 2. Then there exists an irreducible
symplectic orbifold Z bimeromophic toY and a non-standard symplectic involution k on
Z such that:

HX(Z,Z) ~U(©2) @ Bs @ (—2), Q= (HX(Z,Z)%)" ~ (~2).

Remark 5.5.2.2. If Y is a Nikulin orbifold obtained as terminalization of a natural pair
(S121), then NS(Y) = (—2)2: therefore x exists on Y, and it acts exchanging the
exceptional classes ¥ and 7.6 [60, Prop. 4.5].

Corollary 5.5.2.3. LetY be a Nikulin-type orbifold. Then'Y admits a symplectic action
of (Z)27,)* = (1, k), where v is standard and k is the non-standard involution described
in Theorem [5.5.2.1], if and only if it satisfies the following conditions:

1. there exists a primitive embedding of De(2) & (—2) or D4(2) @& (—2) in NS(Y);

2. the primitive embedding of NS(Y) in H?(Y,Z) satisfies condition (%) (see Remark
.

Proof. The co-invariant lattice €2, of the non-standard involution k can always be em-
bedded in the invariant lattice of the standard involutions in a way compatible with
Lemma use one of the orthogonal (—2) components. With this choice, k¥ com-
mutes with the standard involution on Y, whose existence is guaranteed by Theorem
therefore, we get a symplectic action of (Z/2Z)? on Y. Moreover, this is the
only valid choice: indeed, k exists if and only if €, is embedded with divisibility 2 in
H?(Y,Z), and all such embeddings are equivalent; if ¢ is either standard involution, we
can always embed ©, in Q. such that Lemma is satisfied. O

Theorem 5.5.2.4. Let Y be a general projective Nikulin-type orbifolds with a symplectic
action of R = (1, k), where K is the non-standard involution described in Theorem/|5.5.2.1
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and (Y, 1) is a deformation of the natural pair (Y ,7), where Y is the terminalization of
Sm/i, S is a K3 surface with a symplectic action of G = Z/AZ and i € G of order 2.
Then Y belongs to one of the deformation families described in the following table.

NS(Y) e T(Y) k
e=20 | (=2k)U2)%? @ (—4)%2 g (-2) e
e =g 1 GroU(2)*? @ (—4)%? (e+1)/2
R @ (4) (e—1)/8
Gr DU (2)%? @ (—4)%2 (e+1)/2
Do ) , e=s3 M, ®U(2) (e+5)/8
o2 )@ 2 Qo (1) () (e +29)/8
Gy oU2)% © (—4)®* (e+1)/2
e=sb N;, @ (—4) (e—5)/8
PraU(2) ®(-4) (e—5)/8
e—yT GroU2)% © (—4)®* (e+1)/2
Sy ®U?2) ® (—4) (e+9)/8
e=40 Sk®U2) ® (—4) ® (—2) e/4+1
e=41 R & (4) @ (—2) (e—1)/4
(Ds(2) @ (4e))'V @ (=2) | o —, 2 Ok @ (—4) ® (4) B (—2) (e+14)/4
e=43 P aU>2) & (—4) @ (—2) (e —3)/4
e=40 M ®U(2) e/4+1
(Ds(2) ® <4e>)'(2) @ (—2) | e=4 1 N @ (—4) (e—1)/4
e=42 My ®U(2) @ (—2) (e+2)/4
e=43 N & (—4) & (—2) (e—3)/4
4k 2 0 4 ;8 |2 0. 0 0
—4k 2 2.0 4 0 ,
G’“_{ 2 —2] Sk = 040 o 7 8 Sk
4 0 0 —4 0
—4k+4 2 0 0 2 0 8|2 0 0
20 0 0 2 0 D)
00 -4 0 2 0 ,
R = 00 0 -4 2 0 Ry = (,) Ry
2 2 2 2 —4 2 :
00 0 0 2 —4 0
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§—4k 2 2 2 -2
2 —4 00 0 2
Q= 2 0 40 0|Q=]|79Y 0
2 0 00 2 : k
2 0 0 2 0 0
—4—4k 2 2 0 ;8‘2 0 00
2 -4 0 0 ;L
P = 9 0 0 4| D= 8 P,
0 0 4 0 0
8—d4k 2 2 0 0 8|2 0 0 -2|2 0 0
2 —4 0 0 0 (2) (2)
M, = 2 00 0 2| M= My =
0 00 —4 2 : Mi : M
0 0 2 2 -8 0 0
-4k 2 2 2 2 0 ~8[2 0 0 2|2 0 0
2 -4 00 0 0 5 2
_ 2 0 0 2 0 0 o 0 "o 0
Ny = 5 020 o ofM= ) Ny, N = i Ni,
2 000 0 -2 : :
0 000 —2 0 0 0

Proof. The embedding €2, < Ay is always such that Q} ~ 75, H?(S,7Z) @ (—2), where
S is a K3 surface with a symplectic involution ¢, and 7g : S — S/i. Call « the generator
of (ms«H?(S,Z) ® Q)+, and embed Q, in QF such that the condition (x) is satisfied.
Denote 2 = Q, & Q.

Suppose now that i = 72 € (1) = Z/4Z, that acts symplectically on S. We remark that
the gluings in Lemma [5.4.2.8]1 are exactly the image via mg,. of the ones that define
H?(S,Z) as overlattice of finite index of Q4 @ Af;. Therefore, we can obtain all the
projective families of Y using as generator of QTNs() an element of the form 7g, L+ na,
with L an ample class on S and n = 0, 1,2. This bound on n is given by the condition (%),
that allows overlattices of Q @ (2d) of index at most 2: indeed, the classes of isomorphic
overlattices of index 2 vary with the value of d (mod 4).

If n = 0 we find all the projective families with NS(Y') = ns.NS(S) & (—2), T(S) =
75 T(S) ® (—2); if n = 2, since (75« L + 2a)? = (75+L)? — 8, but mg. L + 2c glues to the
same isometry class of Aq as mwg«L, we can find new projective families; lastly, if n = 1
we find all the projective families with NS(Y') = Q @ (2e) for e odd. O

Theorem 5.5.2.5. Let Y be a general projective Nikulin-type orbifolds with a symplectic
action of R = (1, k), where Kk is the non-standard involution described in Theorem
and (Y,1) is a deformation of the natural pair (Y,7), where Y is the terminalization of
SP/i, S is a K3 surface with a symplectic action of G = (Z/2Z)? and i € G of order 2.
Then Y belongs to one of the deformation families described in the following table.

153



NS(Y) e T(Y) k
6=y 0 (—4k) © (—2) @ U%% @ D4(2) e/2
M ®U @ D4(2) e/2
Gr ©U®? 3 D4(2) (e+1)/2
e=sl M & (—2) @ U & D4(2) (e—1)/2
R, ®U (e—1)/8
D4(2) @ (2¢) ® (-2) Gr ® U @ Dy(2) (e+1)/2
e =53 M @ (—2) ®U @ D4(2) (e—1)/2
N, oUaU(2) (e—3)/8
Sk ® D4 (e—3)/8
Gr ©@U®2 @ D4(2) (e+1)/2
e=sb M, @ (—2) ®U @ D4(2) (e—1)/2
Qr®U®? (e+3)/8
I Gr ©@U®? @ D4(2) (e4+1)/2
My, @ (=2) ® U @ Da(2) (e—1)/2
e=40 P.o(-2)dU e/4
S;’;EBD;; 6/4
(Da(2) @ (4e)) @ (-2) | e=al Ry ®(-2)®U (e—1)/4
6 =42 Ny @ (-2)0oUaU(2) (e —2)/4
Sk ® (—2) @ Dy (e—2)/4
e=43 Qi ®(-2)aU*? (e+1)/4
-212 0 0
—4k 2 0
—4k 2 " 2
ac 4 3] e[S 2] e [F
4-4k 2 0 0 0 —8]2 0 0
2 -4 0 2 -2 (2)
Ny = 0 0 -4 2 2| N.=
0 2 2 -4 o] Nk
0 -2 2 0 —4 0
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0

—4 — 4k 2

0 0 —4

0

P, =

Qk

—8]2 0

o oo <

-8[2 0

Ry,

0
2

-2

0 2

—4
-8

2 —4
0 —4

0
0

0

Ry

Sk

—2[2 0

Sk

o N - O
N oo < OO

L2 AN o oo

Sk

Proof. The proof is similar to that of Theorem [5.5.2.4
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Chapter 6

Transcendental lattices of the known IHS
manifolds

6.1 Introduction

The contents in this chapter come from a paper written jointly with Angel David Rios
Ortiz [83]. Our aim is to study the connection between complex algebraic manifolds
sharing the same transcendental lattice. Indeed, it was already known by Beauville [6]
that S, the Hilbert scheme of n points on a K3 surface S, shares the same transcend-
ental lattice with S, and the same happens for Km,,(A) and the abelian surface A itself.
With a few exceptions, all known constructions of IHS manifolds are actually obtained
as some moduli space on either a symplectic surface (abelian or K3) or a cubic fourfold:
hence, the transcendental part of their Hodge structure will be completely determined
by the symplectic surface or cubic fourfold.

The philosophy behind this work is that two (projective) IHS manifolds that share the
same transcendental lattices are tightly related to each other, even if they are not of the
same deformation type, and sometimes even if one of them is not a IHS manifold but
has a Hodge structure that resembles one.

With this philosophy, in this work we will investigate the following question: given an IHS
manifold belonging to one of the known deformation types for which the transcendental
lattice is that of a symplectic surface (we call them induced, see Definition , is
this manifold birational to a moduli space over said surface?

In Section 3 we positively answer such a question for Beauville’s examples [6], the first
discovered examples of IHS manifolds. We prove that a IHS manifold of Km,,-type X is
induced by an abelian surface A if and only if X is birational to a moduli space on A, and
an analogous result holds if X is a K3["-type manifold and is induced by a projective
K3 surface S (the latter case was already essentially proved by Markman in [46]).

In Section 4 we study O’Grady’s examples [76] [75], where we can actually see new
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phenomena appearing: transcendental data are not enough to determine whether a
manifold will be a (desingularized) moduli space, but we have to include algebraic data;
this is manifestly shown in the cohomology of these manifolds, and to explore these cases
lattice theory is needed. We give lattice-theoretic criteria and construct many examples
of Hodge structures of manifolds in O’Grady’s families which are induced by symplectic
surfaces but are not moduli spaces. We highlight the very different behavior of induced
ITHS manifolds which are or aren’t moduli spaces, and we point out connections with
the non-modular construction of O’Grady’s 10 dimensional example due to Laza-Sacca-
Voisin.

6.2 Induced IHS manifolds

Definition 6.2.0.1. Let X be a projective IHS manifold and (7', q) be a Hodge structure
of K3-type with a Beauville-Bogomolov form (see Definition [1.3.0.1)). We say that X is
induced by T if there exists a Hodge isometry T'(X) Zpqq T

Definition 6.2.0.2. Let X be a projective IHS manifold belonging to one of the known
deformation families: we say that X is induced by an abelian or K3 surface S if there
exists a Hodge isometry T'(X) =pq, T'(5).

By results due to Orlov [78, Thm. 3.3] a projective K3 surface which is induced by
another K3 surface is derived equivalent to the latter (that is, their derived categories
are isomorphic). Mukai showed that a K3 surface which is induced by another K3 surface
is a moduli space over the latter [65]. This gives a very precise interpretation of induced
THS manifolds in dimension 2.

Theorem 6.2.0.3 (Orlov, Mukai). Let S and S" be two projective K3 surfaces. The
following are equivalent:

1. S is induced by S’.
2. S and S’ are derived equivalent.
3. S is isomorphic to a fine two-dimensional moduli space over S’.

Remark 6.2.0.4. In the literature, two projectice K3 surfaces S and S’ are said to be
Fourier-Mukai partners if any of the equivalent statements of Theorem [6.2.0.3| hold for
S and S’

Let S be a K3 surface, then the set of K3 surfaces induced by S modulo isomorphism
is finite [41, Prop. 16.3.10]. We can generalize this result to the case of induced IHS
manifolds.

Proposition 6.2.0.5. Let (T,q) be a fixred Hodge structure of K3-type, and fix a lattice
A; then the set

{X IHS with H*(X,Z) = A, X induced by (T,q}/ ~pir

is finite.
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Proof. Let X be a ITHS manifold induced by (T,q) and fix a marking H?(X,Z) ~ A,
where A is the abstract lattice of the deformation type of X (see Example .
Denote by Mon(X) the monodromy group of X. By [93, Thm. 3.4] this is a finite index
subgroup of O(A). Consider the set Emb(7'(X), A) of primitive embeddings of abstract
lattices. The set of orbits of Emb(7'(X), A) under the action of Mon(X) is finite. Under
a fixed orbit, the lattice T'(X) @& NS(X) is a sublattice of H?(X,Z) of finite index: this
implies that there exists finitely many ways of extending the Hodge structure on 7'(X)
to A, and any such determines X up to bimeromorphisms by Theorem [1.3.0.11 O

Corollary 6.2.0.6. Let (T, q) be a fized Hodge structure of K3-type, and fix a lattice A
of rank at least 5. Then the set

{X IHS with H*(X,7) = A and induced by (T,q)}/ Ziso
1s finite.

Proof. With the assumption on the rank of A, the positive solution by Amerik and
Verbitsky to the Kawamata-Morrison Cone Conjecture for IHS manifolds proves that
there are a finite number of bimeromorphic models of a given X (see [I, Thm. 1.9]):
this, combined with Proposition [6.2.0.5] gives the stated result. O

A result analogous to Theorem for IHS manifolds is at the moment out of reach:
however, if we restrict to those belonging to the known deformation types, and which
are moreover induced by a symplectic (abelian or K3) surface, some result can be indeed
obtained. This will be done in the following sections.

6.3 Induced IHSs in Beauville's deformation families

6.3.1 Moduli of sheaves on symplectic surfaces

In the following, S will be a projective K3 or abelian surface. Let H(S) denote the even
cohomology ring, i.e.

H(S):= H°(S,7Z) ® H*(S,Z) ® H*(S,Z). (6.3.1.1)

We define a pure weight-two Hodge structure on H(S) ® C by requiring the degree 0
and 4 parts to be algebraic:

H%2(8) := H*?(S), H*Y(S):=H*Y(S), H“(S):=H’S)® H"(S)® HY(S).

For any v = (vo,v2,v4) € E[(S), with degree ¢ component given by vg, we set vV :=
(vo, —v2,v4). On H(S) we define Mukai’s bilinear symmetric form by

(u,w) = —/u/\wv :/uQ/\wQ—/(uo/\w4+u4/\w0). (6.3.1.2)
S S S
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Definition 6.3.1.1. The Mukai lattice of S is the free module H(S) with Mukai’s bilinear
symmetric form (-,-). An element v = (vg,v2,v4) € H(S) is called a Mukai vector if
vo > 0 and v € NS(S).

As a lattice, H(S) is isometric to the abstract Mukai lattice

Ag =

—~ {ITK; =Ax3® U if S is a K3 surface (6.3.1.3)

K:b =Axr, ®U if S is an abelian surface

where Az = E$? @ U3 and Any, := U®3; notice that H(S) is a Hodge structure of
K3-type.

Let .%# be a coherent sheaf on S. Define the Mukai vector of F to be

o(F) = ch(F)EA(S) = (rk(F), c1 (F), =

2(cl(f)2 —2co(F)) +erk(Z)), (6.3.1.4)

where the last equality is Hirzebruch-Riemann-Roch Theorem, with ¢ = 1 if S is K3,
and € = 0 if S is abelian. Notice that the Mukai vector of a coherent sheaf is indeed a
Mukai vector in the sense of Definition [6.3.1.11

Let H be a polarization and v a Mukai vector on S. We write M, (S, H) (resp. M;(S, H))
for the moduli space of H-semistable (resp. H-stable) sheaves on S with Mukai vector
v. If S is abelian, a further construction is necessary: we define K, (S, H) := Alb=1(0),
where Alb is the Albanese morphism, cf. [99].

Ezample 6.3.1.2. Let H be an ample divisor on S and let v := (1,0,1 — n). Then
M,(S,H) = S, If S is abelian then K, (S, H) = Km,(S). This construction induces
an embedding ¢« : H%(S,7) — H(S) with v = H?(X,Z), where X is either S (when

S is a K3 surface) or Km,,(S) (when S is an abelian surface).

The moduli spaces constructed above can be singular for two reasons: either the Mukai
vector is non-primitive, or the polarization is not v-generic.

Definition 6.3.1.3. Fix a Mukai vector v € H(S) and let Ampg(S) be the ample cone
of S. A w-wall is a hyperplane defined by Wp := D+ N Ampg(S) where D € NS(S)

satisfies )

2170(21)[)1)4 — (’Uo — 1)1)2 . 1)2) <D-D<QO. (6315)

A polarization H is called v-generic if H is not contained in any v-wall.

Remark 6.3.1.4. For any chosen v there exists a locally finite union of hyperplanes in
NS(S) ® R, outside of which any polarization is v-generic.

The following theorem is the final result of works by several authors: at first, Mukai
proved that the moduli space of simple sheaves on an abelian or K3 surface, of which
M, (S, H) is a compact subscheme (assuming that v is primitive and H is v-generic), is
smooth and admits a non-degenerate holomorphic 2-form [64]. O’Grady [74] proved the
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relation between M, (S, H) and S when S is a K3 surface, and Yoshioka [99] did the
same for K, (S, H) and Km,(S) if S is abelian.

Theorem 6.3.1.5. Let S be an abelian or projective K3 surface, v a primitive Mukai
vector and H a v-generic polarization. Then M,(S,H) = M;3(S,H), and we have the
following results:

1. if S is a K3 surface and (v,v) > 2, then M,(S, H) is an IHS manifold of di-
mension 2n = (v,v) + 2, which is deformation equivalent to S the Hilbert
scheme of n points on S. Moreover, there is a Hodge isometry between v and
H?(M,(S,H),Z), where the latter has a lattice structure given by the Beauville-
Bogomolov form;

2. if S is abelian and (v,v) > 6, then K,(S,H) is an IHS manifold of dimen-
sion 2n = (v,v) — 2, which is deformation equivalent to Km,(S), the generalized
Kummer manifold on S. Moreover, there is a Hodge isometry between v and
H*(K,(S,H),Z).

In particular, T((My(S, H)) =uag T(S) and T((K,(S,H)) Znag T(S) as pure Hodge
structures of weight 2.

6.3.2 Induced IHSs of K3/"-type

Let X be a projective THS manifold of K3 -type and let Ay be the abstract K3
lattice (see Example [1.2.0.3). Markman constructed in [46] a natural O(/K;(/g)—orbit ix
of primitive isometric embeddings of H2(X,Z) in Aks. This allowed him to prove the
following.

Theorem 6.3.2.1 ([47, Cor. 9.9]). Let X and Y be two manifolds of K3™-type. Then
X and Y are bimeromorphic if and only if there exists a Hodge-isometry f : H*(X,7) —
H?(Y,7), satisfying ix =iy o f.

In particular, this gives a criterion to check if a THS manifold of K3/-type is bimero-
morphic to a moduli space of sheaves on a K3 surface, which we will apply to the ITHSs
of K3/"-type that are induced by a K3 surface.

Denote by Emb(AK?)[n],AAK/g) the set of isometric embeddings of the lattice Aygpm in

Aks. In J46l Lemma 4.3.(1)] Markman establishes a bijective correspondence between
the set

P, = {(r,s) € Z? coprime such that —s>7>0 and —rs=n—1}

and the set of O(l%)—orbits in Emb(AKS[n],K;g). This correspondence is given by
assigning to each pair (r,s) the embedding (r,0,s)* in Akz. The following theorem is
essentially proved in [46], for convenience we give the proof.
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Theorem 6.3.2.2. Let X be a projective IHS of K3™ -type and S a projective K3 surface,
then X is induced by S if and only if X is bimeromorphic to a moduli space M, (S, H)
for some v € H(S) and a v-generic polarization H.

Proof. To prove the implication from right to left notice that by Theorem for any
Mukai vector v and v-generic polarization H on S we have that T'(M, (S, H)) Znqae T(S).
By Lemma if X is bimeromorphic to M, (S, H), then T'(X) Zpqy T'(M,(S, H))
and we are done.

For the other implication, suppose that 7'(X) = T'(S) and consider the embedding

v H2(SM 7)) — H(S)

given as (1,0,1—n)" asin Example By construction we have that T'(S)* in H(S)
contains a copy of U, that is H°(S) ® H*(S), so by Theorem the embedding
L\T( ) is unique up to isometries; therefore, if we consider also tx : H 2(X,Z) — A, then
there exists an isometry ¢ : A — H(S) such that ¢(vx (T(X))) = T(S).

Set A = ¢(H?(X,Z)) and let v := A'l: this is a primitive vector that takes values in
H (S)alg. Possibly by changing sign, we can assume that v is a Mukai vector, hence by
Theorem for any v-generic ample class H in S we have v+ = H?(M,(S, H),Z)
as Hodge structures: this means that ¢ restricted to H?(X,Z) is in fact an isometry

of Hodge structures that, by construction, extends to the Mukai lattice. By Theorem
6.3.2.1| we conclude that X and M, (S, H) are bimeromorphic. O

Remark 6.3.2.3. In the previous section we claimed that X s a moduli space and not
just bimeromorphic to one. Using [5, Thm. 1.2], when X is bimeromorphic to a moduli
space of semistable sheaves, then there exists a Bridgeland stability condition o such
that X is isomorphic to the moduli space of o-stable sheaves.

Corollary 6.3.2.4. Every IHS manifold of K3™-type X with Picard rank p > 13 is
induced by a unique K3 surface.

Proof. By [63, Cor. 2.10] the assumption on the Picard rank guarantees that for every
lattice T' of signature (2,20 — p) there exists a unique primitive embedding T < Agks. If
T has a Hodge structure of K3-type, we can extend it uniquely to a Hodge structure on
Axks, imposing T+ C A%{é By Theorem this allows us (having fixed the marking
H?%(S,Z) ~ Ax3) to find a unique K3 S such that T(X) ggg T(S): the result then
follows by Theorem [6.3.2.2] O

6.3.3 Induced IHSs of Km,,-type

The strategy of proof given in the previous section has an analogue for the Km,, defor-
mation type. Let X be a projective IHS manifold of Km,-type and let Ak, be the

abstract Km,, lattice (see Example [1.2.0.3]).
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Theorem 6.3.3.1 ([59, Thm. 4.3]). Let W(Akm, ) denote the subgroup of O (Akm, )
consisting of orientation preserving isometries acting as £1 on the discriminant group
Ak, /A, - Denote by

X : W(Akm, ) — {1,—1}

the associated character. Then MonQ(X) consists precisely of orientation preserving
isometries g € W(Akm,, ) such that x(g) - det(g) = 1.

We need also an analogue of the monodromy invariant embedding due to Markman.
Recall the following result by Wieneck.

Theorem 6.3.3.2 ([97, Thm. 4.9]). Let X be a IHS manifold of Km,-type, n > 2. Then
there exists a canonical monodromy invariant O(Aay)-orbit tx of primitive isometric

embeddings of A = H*(X,Z) in the Mukai lattice Any,.

Lemma 6.3.3.3. There exists a bijective correspondence between the set
Qn =A{(r,s) coprime such that —s>r >0 and rs =n+ 1}
and the set of O(K;J) orbits in O(AKmn,K;/b).

Proof. Recall that Ak, ~ Aap®(—2(n+1)). For every (r, s) € @, define the embedding
trs @ Akm, — K:b by sending Ay to Aap @ 0 and the generator of (—2(n + 1)) =
(AAb)lAKmn to (r,0,—s). Notice that ¢ s(Akm,) = (7,0, s)1. Suppose that there exists
an isometry g € O(XAvb) such that ¢, = v ¢ 0 g: then g must fix Ay, © 0 and send
(r,0,—s) to (r',0,—s"). Since both vectors are contained in 0 & U, then g has to be
given by an isometry of U = (u,v), but O(U) = (Z/2Z)?, generated by the isometries
(u,v) = (—u,—v) and (u,v) — (v,u): therefore g must be the identity (otherwise the
conditions on r, s are not met).

Conversely, let ¢ : Axm, — Aap be an embedding. By [(2, Thm. 1.14.4] there is a
unique O(/TA/b)—orbit of embeddings of U®3 into K:b, hence there exists an isometry
g’ € O(Aap) such that ¢(U®3) is sent to UP3 ¢ 0. Let v € Ak, be a vector generating
the sublattice (—2(n + 1)) = (U®3)L; since Axp = U®3 @ U, we reduce the problem to
classify the possible embeddings of v into U; since O(U) =2 (Z/2Z)? we have that these
embeddings are classified as pairs in the set Q. O

Lemma 6.3.3.4 ([91, Lemma 3]). Let A be an abelian surface. There exists a canonical
isomorphism of Hodge structures g : H*(AY,7Z) — H?(A,7Z) such that det(g) = —1.

Remark 6.3.3.5. By definition of the Mukai lattice, Lemma|6.3.3.4] implies in particular
that there is a Hodge isometry g : H(A) Zpqg H(AY).

Lemma 6.3.3.6. Let A be an abelian surface and fix a Mukai vector v € H(A); let o =
G(v) € H(AY); then there exists a Hodge isometry ¢ : H*(K,(AY),Z) — H*(K,(A),Z)
for v-generic polarizations. Moreover, with respect to the Mukai embedding we have

det(¢) = —1 and x(¢) = 1.
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Proof. By Lemma [6.3.3.3| we can assume that v = (r,0,s) for some r,s. Then, by
Theorem [6.3.1.5] we know that

HQ(KU(AV), Z) ngg UJ_ ngg HZ(KU(A)v Z)

as Hodge structures; observe that due to the specific choice of v we can assume the
previous isomorphism to be given as g on H?(A,Z) and fixing (r,0,—s). This is a
Hodge isometry by construction and det(¢) = —1; observe that since this restricts to
the identity on (7,0, —s), then x(¢) =1 as claimed. O

Theorem 6.3.3.7. Let X be a IHS manifold of Km,,-type, then X is induced by A if and
only if X is bimeromorphic to K,(A, H) or K5(AY,H') for some v € H(A), v = g(v)
(see Remark , H a v-generic polarization, H' a v-generic polarization.

Proof. By Lemma we just need to prove the implication from left to right. Sup-
pose that T(X) = T(A) and consider the standard embedding ¢ : H?(Km,(A),Z) —
H(A) given as (1,0,1 — n)*. By construction, we have that T(A)* in H(A) contains
a copy of U, that is H°(A) & H*(A), so by Theorem the embedding ¢|p(A) is
unique; hence there exists an isometry ¢ : A — H(A) such that (tx(T(X))) = T(A).

Set A = p(H?(X,7Z)) and v = A*: this is a primitive vector that takes values in H(.S),l.
Possibly by changing sign, we can assume that v is a Mukai vector; by Theorem [6.3.1.5
for any v-generic ample class H in S we have vt g, H2(M,(S,H),Z). This means
that ¢ restricted to H2(X,Z) is in fact an isometry of Hodge structures that, by construc-
tion, extends to the Mukai lattice. We already know that ¢ € W(A) (cf. the previous
Remark), by Theorem [6.3.3.1] what we are left to show is that x(¢)det(yp) = 1. If not,
by Lemma [6.3.3.6| there exists a Hodge isometry 1 : H2(K,(AY),Z) — H*(K,(A),Z)
such that det(t)) = —1 and x(¢)) = 1, and composing with ¢ we obtain the required
equality. O

We provide a result analogous to Corollary for this deformation type.

Corollary 6.3.3.8. Fvery IHS manifold of Km,,-type with Picard rank > 4 is induced
by a unique abelian surface or its dual.

Proof. Let X be a IHS manifold of Km,-type and of Picard rank at least 4. Then its
transcendental lattice T'(X) is of rank at most 3, therefore it occurs as the transcendental
lattice of an abelian surface A by [63, Cor. 2.6]; moreover, the embedding T'(X) C U®3
is unique, therefore it induces a unique Hodge structure on T'(A) ~ T'(X): by Theorem
the same Hodge structure is shared by two abelian surfaces, A or AY. By
Lemma, we get that X is induced by either of them. O

Remark 6.3.3.9. An abelian surface A is isomorphic to its dual if and only if it is prin-
cipally polarized, i.e. it is polarized with a class H € NS(A) such that H? = 2. This
happens when A is isomorphic either to the Jacobian of a genus 2 curve or the product
of two elliptic curves [II], Cor. 11.8.2].
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6.4 Induced IHSs in O'Grady’'s deformation families

6.4.1 Singular moduli of sheaves on symplectic surfaces

Let S be a projective K3 or abelian surface. We will be using the same notation as
in Section Moduli spaces of stable sheaves with non-primitive Mukai vector are
singular. Through the works of O’Grady [74, [76] Lehn and Sorger [45] and its final form
by Perego and Rapagnetta in [80, [81], we have a clear understanding on when these
spaces are resolvable symplectic varieties (see Definition ; in all the other cases,
they have terminal singularities.

Theorem 6.4.1.1. Let S be an abelian or projective K3 surface, v a primitive Mukai
vector such that (v,v) = 2 and H a v-generic polarization. Then Ma,(S, H) (resp.
Koy (S, H) if S is abelian) is a resolvable symplectic variety and we have the following
results:

1. if S is a K3 surface, then the symplectic resolution m : May(S, H) — May(S, H)
is a IHS manifold of OG10-type. There is a Hodge isometry between v and
H?(M,(S, H),Z), where the latter has a lattice structure given by Lemma/|1.5.0.10,

Moreover, if o € v+ has divisibility 2, then O‘Ti" € H2(]\72/U(S,H),Z), where o is
the exceptional divisor of .
2. if S is abelian, then the symplectic resolution m : f(;,(S, H) — Ky(S,H) is

a IHS manifold of OG6-type, and there is a Hodge isometry between vt and
H%*(K2,(S,H),Z). Moreover, H*(K2,(S, H),Z) ~uag H*(K2 (S, H),Z) &, Zo,
where o is the exceptional divisor of .

In particular, there are isomorphisms T(]\//I\;,(S, H)) Znqg T(S) and T(KN%(S, H)) =nqg

T(S).

6.4.2 Induced IHS'’s of O'Grady 6 type

Let X be a projective IHS manifold of OG6-type. In this case the monodromy group
is mazimal [60]. Hence the bimeromorphic class of a IHS manifold of OG6-type is fully
determined by the Hodge structure of its Beauville-Bogomolov lattice.

Theorem 6.4.2.1 ([60, Thm. 1.1]). Let X,Y be two IHS manifolds of OG6-type. Then
X and 'Y are bimeromorphic if and only if H*(X,Z) Zpag H*(Y,Z).

We want to study whether induced OG6-type manifolds are symplectic resolution of a
singular moduli space over an abelian surface or not, similarly to Beauville’s examples in
the previous sections. The following theorem follows a similar strategy as in [35, Thm.
1.1].

Theorem 6.4.2.2. Let X be a projective IHS manifold of OG6-type induced by an
abelian surface A. Then the following are equivalent:

1. There exists an algebraic class 0 € NS(X) of square —2 and divisibility 2.
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2. X is bimeromorphic to a E;U(S, H) for some v € H(A) and some v-generic po-
larization H.

Proof. The second item implies the first by Theorem [6.4.1.1] For the other implica-
tion, notice that by Theorem there exist exactly two non-isomorphic primitive
embeddings of the lattice (—2) in Aogs = U3 @ (—2)%2 = (ul,ub)ic123 D (a1, az):
up to isometries of the latter, to realize the first embedding we can choose as generator
p = ui —ul: then p has divisibility 1, so we exclude this case; to realize the other embed-
ding, we choose as generator ¢ = a1, the generator of one of the orthogonal components
(—2): then o has divisibility 2.

In the latter case NS(X) has (o) as an orthogonal summand. Let A’ := (o) in Aogs,
then we have

N =Aprp, @ (—2) =2 H* (K, (A, H), 7). (6.4.2.1)
where the last isomorphism is as abstract lattices. If we let m : Aogg — A’ be the
projection map, then 7°(X) is isomorphic to its image under 7. Since T'(X) = T'(A),
this defines a level 2 Hodge structure on H?(K,(A, H),Z) that by construction lifts to
an isomorphism of level 2 Hodge structures

H?*(X,Z) = H*(K,(A, H),Z). (6.4.2.2)
By Theorem [6.4.2.1| we have that X is bimeromorphic to K, (A, H). O

In the rest of this section we will study several examples of induced THS of OG6-type
which are not resolution of the singularities of moduli spaces. We first notice that there
are strong conditions a lattice has to satisfy to be the transcendental lattice of an abelian
surface.

Theorem 6.4.2.3 ([63, Thm. 1.6 and Cor. 2.6]). Let T be an even lattice of signature
(2,k).

1. If k = 0,1 there is a primitive embedding T in Aay.
2. If k = 2 there is a primitive embedding T in Apy, if and only if T = U & T".
3. If k = 3 there is a primitive embedding T in Aay, if and only if T = U2 @ T,

Moreover there exists a (not necessarily unique) abelian surface A such that T(A) Zpqgg
T.

We are going to say that an induced OG6-type manifold X arises from a moduli space to
mean that there exist an abelian surface A, a primitive Mukai vector v and a v-generic
polarization H such that X = Ky,(A, H).

As a consequence of Theorems [6.4.1.1] and [6.4.2.2] given a Hodge structure on a lattice
T and a primitive embedding ¢ : T' — Apag, the condition

there exists o € ¢(T)* such that o = =2, cH*(X,Z) = 27 (6.4.2.3)
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is equivalent to the fact that the OG6-type manifold X such that T'(X) = ¢(7),
NS(X) = ¢(T)* arises from a moduli space.

We are going to give examples of induced IHS manifold X of OG6-type that do not
arise from a moduli space for each of the transcendental lattices T'(X) ~ T allowed as
transcendental lattices of abelian surfaces by Theorem [6.4.2.3] In each of the following

examples the orthogonal complement T+ of T in Apge does not admit any primitive
embedding of (—2) with divisibility 2, so condition (6.4.2.3) is not satisfied.

Ezxample 6.4.2.4. Fix generators u1, uo, vy, v2, w1, Ws, a, b of the OG6-lattice Aggg where
uy, ..., ws are generators of the hyperbolic planes and a,b are the two classes of square
—2 and divisibility 2.

1. rk(T) = 5: Consider the lattice T' = U @ U & (—4): embed it in Aoge as
(u1,ug,v1, v, a+b). Then T+ = U (—4), so condition is not satisfied. In-
deed, a primitive class of even divisibility is of the type (2k+1)(a—b)+2(hw;+jws)
with k&, h, j integers, but none of these classes has square —2 (to this end, odd mul-
tiples of wy,wy are needed).

2. rk(T) = 4: Consider T' = U @ (6) @ (—10): embed it in Aoge as (u1,ue,2(v1 +

v2) + a,2(wy — wa) + b); then T+ = Ay @ [ _g _g }

3. rk(T) = 3: Consider T'=U @ (4): embed it in Apgs as (u1,ug,2(v1 +v2) +a+b);
then T- =U @ As.

4. rk(T) = 2: Consider T = (6)®2: embed it in Aoge as (2(u1 +uz)+a, 2(vy +v9)+b):
then T+ = U @ A2

The following theorem provides a characterization of induced THSs with transcendental
Ty=U@a&U® (—2d), d € Ny, as in case (3) of Theorem [6.4.2.3

Theorem 6.4.2.5. Let X be an induced IHS of OG6-type such that rk(NS(X)) = 3.
Then X does not arise from a moduli space if and only if it holds

2k 1 1
d=4k+2, T(X)~UeU®a®(-2d), NSX)~| 1 -2 0. (64.24)
1 0 -2

Proof. The proof relies heavily on Theorem Since X is induced by an abelian
surface, its transcendental lattice is of the form T; = U@ U & (—2d). If d = 0,3 (mod 4)
there exists only one possible embedding of T; in Aggg up to isometries of the latter,
given by Ty < U%3 — Apgg: the corresponding NS(X) is Sy := (2d) ® (—2)®2, which
obviously satisfies condition . Moreover, Sy is unique in its genus (see Theorem
TZL1).

If d =1 (mod 4), there are two possible embeddings of T;; in Apgs: one as above with
orthogonal complement Sy, the other described by (uq, ug, vy, v, %wl + %wg + %a},

which gives as NS(X) a lattice of the form S’'®(—2), with sign(S’) = (1,1), so it satisfies
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condition . The lattice N.S(X) is again unique in its genus, since its discriminant
form is g = [~1/2d] so rkNS(X) = 2+ ((NS(X)) (see Theorem [1.2.1.10).

If d = 2 (mod 4) there are again two possible embeddings, one of which gives NS(X) =
Sq, and the other described by (u1, ug, v1, ve, 2kwy — 2kwy + a + b), where k = (d — 2) /4:
in this case it holds

2% 1 1
NS(X)=| 1 -2 0 (6.4.2.5)
1 0 -2

which is unique in its genus (its discriminant form is [(1 — d)/2d]). This lattice does not
contain any classes o that satisfy the requirements of condition (6.4.2.3)): indeed, calling
{b1,b2,b3} a basis of NS(X), to have even divisibility it has to be o = ) x;b; with x;
even, and x9 =9 x3: none of these classes however have square —2. ]

Remark 6.4.2.6. Taking k = 0 in (6.4.2.5)), choosing the basis {b1, b2 + b1, b3 — by — 2b1 }
we get NS(X) =U & (—4) as in Example [6.4.2.4

Remark 6.4.2.7. Let T = U ® U @ (—4), and consider X an OG6-type manifold induced
by T. If NS(X) = U & (—4) = (u1,u2,x), then by Theorem X does not arise
from a moduli space; the movable cone coincides with the positive cone, because there
are no classes of divisibility 2; the walls of the K#hler cone are at, for any a of the
form a = au; + bus + cx such that ¢ — ab = 1; on the other hand, if NS(X) =
(4) ® (=2)%2 = (y, a1, 9) (i.e. X arises from a moduli space), then the walls are of the
form ay + by + caw such that either b2 + ¢ = 2a% + 1, or the following conditions hold:
b, c are odd, and b? + ¢ = 2a® + 2. The movable cone coincides with the ample cone (all
classes of square —2 have divisibility 2).

Proposition 6.4.2.8. If X is an IHS manifold of OG6-type such that T(X) =U®U &
(—4) and NS(X) =U @ (—4), then Bir(X) is infinite.

Proof. By the solution of the Kawamata-Morrison Cone Conjecture [I] we need to prove
that there exist an infinite number of walls inside the movable cone. By the previous
remark it is therefore sufficient to show that for any class « of the form o = auj +bus+cx
such that ¢ — ab = 1 there exists a positive class 8 = du; + eus + fz such that o3 = 0:
to this end, we need to prove that the system

5. af +be —4cg =0
| 2ef—4g>0
admits a solution for any choice of a, b, ¢ such that ¢ — ab = 1.
Notice firstly that we can always suppose a > b. If ¢ = 0, then (a,b) = (1,—1): then
any choice of e, f, g that satisfies e = f,g < €2/2 is a solution to . If ¢ = £1, then

a =b=20,s0 g =0 and any choice of e, f such that ef > 0 is a solution to X. If
¢ # 0,+£1, then a,b have the same sign, and we write

o o= (af +be)/ac
| 2ef — (af +be)/c > 0;
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if ¢ > 0, choose e, f such that ef > ¢ > 0: then 2efc — (af + be) > 2 + 2ab — af — be,
which is positive for any choice of e, f with opposite sign to a,b. Therefore, a solution
to X is given by any pair e, f with opposite sign to a, b, such that 4c divides both e and
f. If ¢ < 0, take instead any pair e, f with the same sign as a, b, such that 4c divides
both e and f. O

We will now give some more details in case rk(T') = 4: it always holds T' = U & @, where

20 B

= such that d := % — 4ay > 0.

Q [ 3 2 7} g v

Remark 6.4.2.9. If det(Q) is odd, then any THS of OG6-type with transcendental lattice
T = UdQ arises from a moduli space, because there exists only one primitive embedding
of T'in AOG6-

2 0
0 —2v
of an induced THS of OG6-type that does not arise from a moduli space if and only if
either v = 1, = 3 (mod 4), or v = 2, = 2 (mod 4): in the first case, the embedding
can be realized as @ = (2(v1 +kva) +a, 2(w; —hwsy)+b), giving o = 4k—1,v = 4h+1; in
the second case, Q = (2(vi+kva)+a+b, 2(w; —hws)+a—b), giving a = 4k—2,y = 4h+2.
The corresponding Néron-Severi lattice will be, respectively,

Ezample 6.4.2.10. If Q = } , then T' = U @ @ can be the transcendental lattice

—2k% 1-—2k 0 0 -2k 0 1 1
1—2k -2 0 0 0 2 1 -1
0 0 —2r%> 1+42h |’ 1 1 -2 0
0 0 1+2h -2 1 -1 0 -2

Neither contains classes of square —2 and divisibility 2. All the other combinations for
the values of a;, vy modulo 4 give only one possible primitive embedding of U ® Q) in Apgs.

6.4.3 Induced IHS'’s of O'Grady 10 type

Let X be a projective IHS manifold of OG10-type. As in the OG6-type case the mono-
dromy group is mazimal, therefore the bimeromorphic class of a IHS manifold of OG10-
type is fully determined by the Hodge structure of its Beauville-Bogomolov lattice.

Theorem 6.4.3.1 ([T7, Thm. 5.4]). Let X,Y be two IHS manifolds of OG10-type. Then
X and Y are bimeromorphic if and only if H*(X,Z) Znag H*(Y,Z).

We will again follow the strategy of [35, Thm. 1.1] in order to find a necessary and
sufficient criterion to decide whether a IHS of OG10-type induced by a K3 surface is the
resolution of the singularities of a moduli space. See also [2I] for a similar result.

Theorem 6.4.3.2. Let X be a projective THS manifold of OG10-type which is induced
by a K3 surface S. Then the following are equivalent:

1. There exists a class 0 € NS(X) such that qx (o) = —6 and div(o) = 3.
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2. X s bimeromorphic to a ]\72/1)(5, H) for some v € H(S) and some v-generic po-
larization H.

Proof. By Theorem [I.2.1.14] there exist exactly two non-isomorphic primitive embed-
dings of the lattice (—6) in Apgio up to isometries of the latter: to realize the first
embedding we can choose as generating class u; — 3ug (where (uj,us) = U), which
has divisibility 1; for the other case, take instead as generating class a; + 2ay (where
(a1,a2) = As), which has divisibility 3.

Let o be a class of square —6 and divisibility 3 in Aogip and let A’ := o+ be its or-
thogonal complement in Aggio: then we have A’ = U®3 @ E§92 @ (—2). The lattice A’
embeds in the Mukai lattice H(S) as A\*, with A2 = 2, so A’ ~yqg H?(May(S, H), Z),
for any A-general polarization H.

Now, if we let 7 : Aogio — A’ be the projection map, then T'(X) is isomorphic to
its image under 7. Since T'(X) = T(S), this defines a level 2 Hodge structure on
H?(M>3)(S, H),Z). We can extend this to an isomorphism of level 2 Hodge structures

Aocio = HX(Myy(S, H), Z), (6.4.3.1)

via the construction of the lattice Ay as overlattice of (—2) & (—6), which is the only
way to embed A’ in Aggio primitively: calling « (respectively ) the generator of (—2)
(resp. (—6)), it holds Ay = (a, (v + 3)/2). By the strong form of Torelli’s theorem we
have therefore that X is bimeromorphic to M, A(S, H). O

We are going to say that an induced OG10-type manifold X arises from a moduli space
to mean that there exist a K3 surface S, a primitive Mukai vector v and a v-generic
polarization H such that X = Mo, (S, H).

As a consequence of Theorems [6.4.1.1] and [6.4.3.2] given a Hodge structure on a lattice
T and a primitive embedding ¢ : T' < Apa1g, the condition

there exists o € ¢(T)* such that o? = —6, cH?(X,Z) = 3Z (6.4.3.2)

is equivalent to the fact that the OG10-type manifold X such that T'(X) = ¢(7),
NS(X) = ¢(T)* arises from a moduli space..

Example 6.4.3.3. Let T' = ;l Z] there exists a unique K3 surface S such that T'(S) ~

T, which is the surface X, described in Section Embed T in Apgig as follows: call
(u1,ug,v1,v2,a1,a2) the standard basis of U & U @ Ag, then T' = (u; + 2ug — v; — vg —
ay, uy —uj — 2v; — 2v9 — aj — ag); its orthogonal complement in Apgio is the lattice
N =U®E$?® Dy. If X is such that (NS(X),T(X)) = (N,T), then X is induced, but
it does not arise from a moduli space: moreover, the discriminant of the Néron-Severi
lattice of the latter is bigger.

The induced OG10-type manifolds in the example above contain a copy if U in their
Neron-Severi lattice. One important family of OG10-type manifolds which also has
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this property was produced by Laza, Sacca and Voisin in [44] via a compactification
of the intermediate Jacobians of hyperplane sections on a general cubic fourfold; this
construction was further extended by Sacca in [86] to include every smooth cubic fourfold.
More precisely, if Y C P? is a smooth cubic fourfold, and Ji, — V C (P?)¥ the fibration
in intermediate Jacobians of smooth hyperplane sections, in [86, Thm. 1.6] it is proven
that there exists a smooth THS compactification of Jy .

Definition 6.4.3.4. A THS manifold of OG10-type bimeromorphic to a smooth compac-
tification of the fibration Jy — V C (P?)Y for some smooth cubic fourfold Y C P® as
considered above is called an LSV manifold.

Remark 6.4.3.5. The IHS compactification of the intermediate Jacobian fibration asso-
ciated with a smooth cubic fourfold Y is not unique, but its bimeromorphic class it is.
We will use Jy to denote any compactification of Jy, — V.

Remark 6.4.3.6. The algebraic copy of U in LSV manifolds comes from the construction
as follows. There are always two distinguished algebraic classes, an isotropic class F
coming from the naturally associated fibration, and a rigid class # given by the compac-
tification of the Theta divisor on the fibers: hence, it holds

(F,6>:[(1) _H

Therefore U = (F,0 + F).

Proposition 6.4.3.7. Let X be a IHS manifold of OG10-type. If X is an LSV manifold
then U C NS(X). Conversely, if U C NS(X) and X is very general, then there exists
a cubic fourfold Y such that X is bimeromorphic to Jy .

Proof. If X is an LSV manifold, then is bimeromorphic to Jy, where Y is a cubic
fourfold. By [86, Lemma 3.5] it holds U C NS(Jy) = NS(X), the last equality by
Lemma

THS manifolds of OG10-type which contain a copy of U in the Neron-Severi form an
irreducible moduli space My of dimension 20 (see Remark . Hence, by counting
dimensions, in order to prove the claim it suffices to show that LSV manifolds are dense
inside My. Let Y be a smooth cubic fourfold, then by [86, Lemma 3.2] there exists an
isomorphism

T(Jy) ® Q Zpag H*(Y, Q)tr (6.4.3.3)

of rational Hodge structures.
Let M be the moduli space of smooth cubic fourfolds (which has again dimension 20)
and define the subspace

V ={Y € M such that H**(Y)N H.. (Y,Z) = (h*)}

prim

of very general cubic fourfolds (see Example [1.3.0.2 for the notation): this is an open
subset in M. The Torelli Theorem for cubic fourfolds [[.3.0.15] states that two cubic
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fourfolds Y, Y are isomorphic if and only if there exists a Hodge isometry H*(Y,Z) SHdg

H*(Y',7) preserving the square of the hyperplane class. If Y is in V, then (hz)J' =
HYY, 7). = HA(Y, Z)prim: therefore the only distinction between cubic fourfolds in
V is given by the Hodge structure we put on the abstract primitive lattice H;lrim =

U2 @ E$* @ Ay. By (6.4.3.3) this shows the claim. O

Remark 6.4.3.8. Although Proposition [6.4.3.7) implies that an open dense set of U-
polarized manifolds of OG10-type X is actually in the LSV family, it is not explicit in
any way: this prevents us from finding a cubic fourfold Y such that Jy is bimeromorphic
to a given X.

Proposition prompts a question: if X is induced by a K3 surface and it does
not arise from a moduli space, does it always belong to the LSV family? We negatively
answer the question in the case of Picard rank 3, which is the most generic case.

Proposition 6.4.3.9. Let S be a projective K3 surface such that NS(S) = (2d), d €
Zq: then there exists an OG10-type manifold X which is induced by S, but is doesc not
arise from a moduli space, if and only if d = 3(3h+1). Moreover, X belongs to the LSV
family if and only if d is odd and no prime of the form 6n + 5 divides it.

Proof. The condition d = 3(3h + 1) ensures by Theorem that there exist two
different embeddings of the transcendental lattice ' = T'(S) in Apgio: indeed if v is a
generator of Ap, then the group G = <%7) is isomorphic to the discriminant group of As.
We then compute the orthogonal complement to G in Ap, which is H = (3): following
Theorem if X is not a moduli space, then the discriminant form ¢ of NS(X)
is the opposite to that of H, that is, ¢ = [3/2(3h + 1)]. The lattice U & (—2(3h + 1)) is
unique in its genus [72, Prop. 1.13.4], and its discriminant form is ¢ = [—1/2(3h + 1)]:
therefore we only need to find conditions under which § is equivalent to q.

Recall that two quadratic forms defined on a finite abelian group G are equivalent if
and only if they are p-equivalent for every prime p (see Definition . In our case,
since G = Z/2(3h+1)Z is cyclic, we can use [54, Lemma IV.1.4]. Let |A2| = 2™: then, it
holds ¢|4, = 3m/2", and ¢|4, = —m/2" (for some m odd), which are equivalent if and
only if n = 1. Therefore 3k + 1 should be odd. Suppose now p # 2: then q|a, = q|4, if
and only if —2,6 are both square, or both non-square numbers modulo p. Since —2 is
a square if and only if p =g 1,3, and —6 is a square if and only if p =94 1,5,19,23, it
holds q|4, = G|, if and only if p =94 1,7,13,15,19,21. Taking the complementary (and
excluding p = 3, that does not divide 3h + 1), we get the statement. O

Ezample 6.4.3.10. Let {e1,...es} be a Z-basis of Eg and let {u1,u2} be a basis of U as
in Example[1.2.0.2] Let Sy be a K3 surface such that NS(Sp) = (6): let X be an OG10-
type manifold such that NS(Xy) is generated as a sublattice of Aogio by (es, u1, u2):
then Xy is induced by Sy and it does not arise from a moduli space, but it is a member
of the LSV family. Indeed, it holds NS(Xy) =U @ (—2).

Let S; be a K3 surface such that NS(S1) = (24); let X; be a IHS of OG10-type such
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that N.S(X) is generated as a sublattice of Apgio by (es, €7, —e5 + es + u1 + 3ug): then

X1 is induced by Si, but it’s neither a resolution of a moduli space, nor a member of
the LSV family. Indeed, it holds

-2 1 -1
NS(X)=| 1 -2 1
-1 1 2

this lattice has discriminant form g = [3/8], so there exists no primitive embedding of
U in it. Indeed, if by contradiction such an embedding existed, then there would exist
an even lattice K of rank 1 such that NS(X;) = U & K, and qx = [3/8] [T2, Cor.
1.13.4]; but comparing signatures, it should also hold K = (—2k),k € Z~¢, which has
discriminant form [—1/2k], that is never equivalent to gx.

6.5 The most algebraic IHS manifolds

K3 surfaces whose Néron-Severi lattice has maximum rank 20 are called singular K3
surfaces: their moduli space is reduced to a point (see Remark , and they have
interesting geometric properties. Some notable examples of singular K3 surfaces are
Fermat’s quartic, and also the surfaces X4 and X,, from Sections

Theorem 6.5.0.1 ([92, Thm. 4.4]). Let Q be the set of matrices with integral entries
of the form @ = [2; 2bc] such that a,c > 0,b*> — 4ac < 0: there is a bijection between
the set of singular K3 surfaces and Q/SLs(Z), given by S — T(S).

Remark 6.5.0.2. A similar result holds for abelian surfaces: indeed the set Q/SLo(Z)
also parametrizes the minimal rank transcendental lattices of abelian surfaces (see The-
orem up to isometries, and for each lattice Ty with intersection matrix @ the
corresponding Néron-Severi lattice satisfies Theorem the only difference is that,
by the Torelli theorem for abelian surfaces one finds for each T'(S) two abelian
surfaces S and SV instead of the unique K3 surface.

A natural question is how to extend this result to IHS manifolds, at least for the known
deformation types. In the case of Beauville’s deformation families we get the following
result.

Corollary 6.5.0.3. Let X be a K3™ -type manifold such that rk(NS(X)) = 21: then
X is bimeromorphic to a moduli space of sheaves on the unique K3 surface with tran-
scendental lattice T(X).

Let X be a Kmy,-type manifold such that rk(NS(X))5: then X is bimeromorphic to a
moduli space of sheaves on the abelian surface A or its dual AV, with transcendental
lattice T(A) ~ T(X).

Proof. If X is a K3["-type manifold of Picard rank 21, the transcendental lattice 7'(X)
is a positive definite lattice of rank 2, hence it is the transcendental lattice of a unique
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K3 surface S by Theorem [6.5.0.1} By Theorem [6.3.2.2| we get that X is bimeromorphic
to a moduli space of sheaves over S.

If X is a Km,,-type manifold, an analogue result holds by Remark [6.5.0.2] and Theorem
6.3.3.7 O

For O’Grady’s deformation families, due to the classification results of induced OG6-type
and OG10-type manifolds given in Section there is no analogous result as Corollary
6.5.0.3] Instead, we get the following.

Corollary 6.5.0.4. The transcendental lattice of rank 2 and smallest discriminant group
for which an induced THS manifold in one of the O’Grady’s deformation families does
not arise from a moduli space of sheaves over a K38 surface or an abelian surface is:

4 2
1. [2 6} for OG6-type;

2. [;1 ﬂ for OG10-type (see Example|6.4.3.3).

Proof. 1t follows by the classification of reduced positive definite binary forms of small
determinant [19, Table 15.1, pp. 360], via a direct computation using Theorems [6.4.2.2
and [6.4.3.2] O
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