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Abstract

Abstract

Nonlinear dynamic systems are widely used in modern scientific research to model
engineering structures, population dynamics, and fuzzy system predictions. However, due to
the influence of uncertainties, the transient response probability density, which encapsulates
comprehensive statistical information on stochastic dynamic systems, has become a critical tool
for deterministic analysis of system evolution. Efficient and accurate construction of transient
probability density functions has therefore become a key topic in nonlinear science. Complex
fractional moments, constructed using Mellin transform can equivalently describe the
probabilistic characteristics of random variables and have shown significant value in accurately
reconstructing transient probabilities in stochastic dynamic systems. This thesis establishes and
refines the theoretical framework of complex fractional moment, develops efficient transient
analysis methods for stochastic dynamic systems under various theoretical models, and
explores the influence of inherent parameters on the probabilistic evolution of these systems.
The research contributions are outlined as follows:

1. To address the complexity and multi-degree-of-freedom characteristics of engineering
structures, the theory of complex fractional moments is extended to Hamiltonian systems.
Using the Hamiltonian stochastic averaging principle and considering generalized momentum
and displacement, a stochastic differential equation for the Hamiltonian function is established,
leading to a diffusion description. A polynomial approximation for implicit functions in the
diffusion equation is proposed, and a system of non-homogeneous linear differential equations
in the complex space for the related complex fractional moments is derived based on initial and
boundary conditions. By employing the ordinary differential equation and the inverse Mellin
transform in a probabilistic framework, the transient probability density function is
reconstructed. Numerical experiments confirm the feasibility of the complex fractional
moments theory in Hamiltonian systems, and validate the accuracy and efficiency of the
proposed method. Additionally, the results are used to examine the influence of initial
conditions and inherent parameters on the transient response probability density evolution.

2. The complex fractional moment method is refined for stochastic dynamic systems with
fractional order derivatives, leading to the development of related stochastic reliability theories.
The transient response and first passage evolution of stochastic dynamic systems with fractional
order derivatives are explored. Based on generalized harmonic transforms, the fractional-order
differential operators are approximated, and the equivalent Fokker-Planck-Kolmogorov
equation for stochastic dynamic systems with fractional order derivatives is derived using the
amplitude stochastic averaging method. By applying the Mellin transform, a semi-analytical
ordinary differential equation about the Fokker-Planck-Kolmogorov equation in the complex
domain is derived based on boundary conditions. Additionally, the differential normalization
equation for complex fractional moments is established, the equivalent descriptions and
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algorithms for reliability functions and first passage times in terms of complex fractional
moments are proposed. Simulation results confirm the feasibility of the related theories and
analyze the effects of inherent and perturbation parameters on the probabilistic evolution,
bifurcation behavior, reliability evolution, and first-passage evolution of the system.

3. To address the singularity in the Mellin transform and the power-law structure of complex
fractional moments, the concept of exponential-type of complex fractional moments using the
Laplace transform, referred to as the shifted characteristic function, is proposed. A theoretical
framework is developed, outlining the existence conditions for shifted characteristic functions,
their equivalence with probabilistic characteristics, and a switching equation along the real axis.
A novel double-sided Laplace transform is defined, extending the application of the shifted
characteristic function to double-sides of the real domain. The shifted characteristic function
framework is applied to solve the differential equation and Fokker-Planck-Kolmogorov
equation. Numerical experiments validate the feasibility of the shifted characteristic function
theory and examine the applicability of the power-law types and exponential types for the drift
and diffusion term of stochastic dynamic systems.

4. A framework for generalized complex fractional moment and a related multivariate
probabilistic evolution analysis method are established. By introducing multidimensional
Mellin transform in probabilistic setting, the concept of generalized complex fractional moment
is proposed. Using the existence conditions of multidimensional Mellin transforms in convex
domains, an equivalent mapping relationship between generalized complex fractional moments
and multidimensional probability density functions in real and complex spaces is established.
The equivalence between generalized complex fractional moments and multidimensional
characteristic functions is discussed based on the Fourier transform and fractional calculus in
multidimensional space. This equivalence is also extended in marginal probability density
function. Furthermore, a data-driven method is proposed that combined with generalized
complex fractional moments for analyzing the transient behavior of multivariate probability
density functions. The proposed theory is validated in two-dimensional space.

5. A novel maximum entropy principle method constrained by complex fractional moments
is proposed, which can be applied for reconstructing of approximate probability distribution
equations with a limited number of complex fractional moments. By incorporating complex
fractional moments with complex parameters into the entropy functional, an extended entropy
functional with unknown Lagrange multipliers is constructed, which is utilized for deriving the
approximate probability density function. The new method is extended to obtaining transient
probability density function in stochastic dynamic systems based on the complex fractional
moment equations which is derived from Fokker-Planck-Kolmogorov equation. Numerical
simulations verified the effectiveness of the approach.

Key words : Transient response, Complex fractional moments, Hamiltonian systems,

Stochastic reliability, Transform, Multivariate, Maximum entropy principle.
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Chapter 1. Introduction

Chapter 1. Introduction
1.1. Historical background

1.1.1 Historical background of stochastic dynamic system

Dynamic systems, mathematical models that describe structural systems over time based
on mechanics, are now widely applied across fields such as physics, biology, and sociology.
Randomness, a fundamental property of the natural world, plays a crucial role in shaping
complex phenomena. Dynamic systems with random perturbations thus provide a closer
approximation to the behavior of real-world systems. In dynamic system theory, the focus is
typically on invariant factors. For deterministic systems, invariant structures like equilibrium
points, limit cycles, and other limiting behaviors can be quantitatively or qualitatively analyzed
using dynamic equations [1, 2] . However, in stochastic systems, where trajectories are highly
complex and unpredictable, deterministic trajectory analysis is not applicable. Instead,
stochastic response, bifurcation, reliability, and most probable trajectories, derived from the
statistical properties of stochastic dynamic systems [3-5], offer a powerful framework for
describing both local and global dynamics. Based on these insights, a series of researches such
as engineering structures, energy harvesters [6, 7], micromechanics [8-10], gene transcription
[11-14], oncotherapy [15, 16] under stochastic perturbations are playing a positive and
important role in contributing to the development of the objective world.

The stochastic response of dynamic systems focuses on analyzing system behavior under
random excitation, including both stable and transient responses, typically represented by
statistics, correlation functions, power spectral density, and probability distributions. Such
analysis is crucial for enhancing system reliability and optimizing design. At present, the
transient response probability density function, which contains the complete statistical
information of stochastic dynamic systems, has become the primary focus in studying the
stochastic response. The transient response probability density functions of stochastic dynamic
systems are governed by the Fokker-Planck-Kolmogorov (FPK) equations, derived from
stochastic differential equations. However, only a few specific FPK equations, related to one-
dimensional nonlinear systems or multi-degree-of-freedom linear systems, can be solved
directly. Current research on generalized stochastic dynamic systems focus mainly on the stable
probability characteristics, where the rate of change on the time scale is zero. The transient
probability characteristics of the system are typically obtained by solving the FPK equation
using numerical or approximate methods. Currently, the methods for obtaining transient
probability density functions include Monte Carlo simulation, path integral method [17, 18] ,
Wiener path integral method [19, 20] , probability density evolution method [21, 22], finite
element method [23, 24], finite difference methods [25, 26], and so on. In addition, it has been
shown that the transient response PDF of a single-degree-of-freedom nonlinear stochastic
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system is expressed as the sum of a set of orthogonal basis functions [27]. However, these
methods have some limitations, on the one hand, the existing methods can not balance the
efficiency and calculation economy, on the other hand, the calculation accuracy of these
methods is insufficient. Therefore, how to obtain the transient response probability
characteristics of stochastic dynamic systems efficiently and directly is still the focus in the
field of dynamics.

1.1.2 Historical background of complex fractional moment

Observation and statistics have been essential tools for understanding the physical world
and shaping social civilization, playing a critical role in the origin of science and continuing to
drive disciplinary growth and exploration today. Statistics has been integral to human
civilization since ancient times, as reflected in activities such as censuses and land surveys [28,
29]. In 1662, John Graunt [30] a pioneer of modern statistics, analyzed London’s population
data, introducing the concept of the law of large numbers, which laid the foundation for modern
statistics. In 1713, Jakob Bernoulli [31] mathematically formulated probability theory, initiating
its systematic study. By the 19th century, Carl Friedrich Gauss's method of least squares [32]
as well as Francis Galton's correlation and regression analyses [33, 34] established statistics as
a scientific discipline. In the 20th century, Karl Pearson developed the chi-square test and
correlation coefficient [35] , forming the basis of modern mathematical statistics. Subsequently,
Ronald Fisher’s maximum likelihood estimation and analysis of variance [36, 37], Neyman and
Pearson's hypothesis testing theory [38, 39], and Wilcoxon’s nonparametric statistics [40, 41]
gradually refined the theoretical framework of mathematical statistics. Today, the rise of big
data, along with advances in system science [42, 43] and artificial intelligence [44] , has
accelerated the interdisciplinary application of statistics.

Statistical measures, as direct reflections of observational data, quantify specific attributes
of sample data through statistical functions, thereby mapping the objective world into
theoretical space. Statistical measures are primary research objects in modern statistics, defined
as point estimators of population parameters, possessing properties of unbiasedness, efficiency,
and consistency. Based on their applications, statistical measures can be categorized into
descriptive and inferential statistics. Descriptive statistics summarize and describe sample
features like central tendency, dispersion, and shape, and are applied in fields such as aerospace
[45], information sensing [46, 47], biomedical engineering [48, 49], micro-nano mechanics [50,
51], environmental protection [52], and data science [53-55]. Inferential statistics allow for the
estimation of population characteristics from samples, addressing uncertainties through
methods like parameter estimation, hypothesis testing, and Bayesian analysis, with applications
in complex networks, systems science, and structural analysis. Moments, as an important
branch of statistical measures, play a significant role in both descriptive and inferential statistics.
Consequently, deeper research into moments can expand foundational scientific theories,
advance industrial scientific systems, and contribute to human progress.
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Since the k-th order moments are the coefficient of Taylor expansion of the characteristic
functions which are used to describe sample distributions, early research on moments in data

or probability distributions mainly focused on integer forms, i.e., {E [X j], je Z*} . However,

studies on the Hausdorff moment problem in Hilbert space [56, 57] revealed that, for a linear
operator A:L[ZOJ] — 1%, the unboundedness of A™ causes ill-condition moment problems

when mapping the function f(x) in L

o1 SPace to its integer moment sequence

{E[X j], je Z+} el® by A.Additionally, reconstructing functions can be distorted by weak
perturbations in integer moments, namely {E[X e, eZ*}, where > &2 is arbitrarily

small. Fractional moments {E[X“],aeR} effectively address this issue. In subsequent

research, fractional moments combined with the maximum entropy principle have advanced in
reconstructing probability distributions. However, the maximum entropy method with
fractional moments does not establish a direct link with the probability density function or
characteristic function. For special cases like ¢« -stable random variables, the probability
density function of which exists only under specific conditions (Gaussian distribution when
a =2, Cauchy distribution when « =1, Levy distribution when «=0.5), Generally, the
probabilistic characteristics are described by the characteristic function for O<a <2, and
moments do not exist for « > 2. This limitation renders the maximum entropy method based
on fractional moments unsuitable for reconstructing the probabilistic characteristics of « -
stable random variables.

Fractional calculus is considered a generalized operation of calculus [58-61] . It provides
a tool for describing long-memory or hereditary effects and plays an important role in studying
diffusion, turbulence, fractals, and more. Therefore, it is widely applied in control theory [62],
life sciences [63, 64] , geological sciences [65, 66], and other fields. Some kinds of fractional
calculus, such as Riemann-Liouville, Riesz, and Caputo fractional derivatives, have
increasingly perfected their theoretical frameworks and integrated with other theories. For
example, the Riesz fractional integral at is equivalent to the Mellin transform, probabilistically,

this forms the complex fractional moment (CFM) E[X“] = I: Py (x)xy’ldx, where yeC
and y = p+in . Different from integer and fractional moments, CFM comply with Mellin
transform rules, and when the real part of variable y, namely p, is within the Fundamental
Strips (FS), the Mellin transform of the probability density function p, (x) i.e., the CFM
E[X 7‘1} exists and is reversible in the Mellin transform sense. This means CFMs are entirely

equivalent to probability density and characteristic functions. Since the inverse transform
process along the imaginary axis 7n with fixed real part p , CFMs are suitable for

reconstructing the probabilistic characteristics of bounded-moment random variables including
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o -stable random variables. Additionally, due to the connection between Mellin transforms and
Riesz fractional integrals, CFMs can be analyzed using fractional calculus theory. Thus, serving
as a bridge between probability theory, integral transform theory, and fractional calculus, CFMs
possess significant research value and vast development and application potential.

In summary, the equivalence between CFMs and probability characteristic shows immense
research potential in expanding stochastic dynamic system theory. On the other hand, there is
substantial development for transient probability analysis in stochastic dynamic systems.
Therefore, the deep integration of complex fractional moments and transient analysis of
stochastic dynamic systems will significantly promote the development of both fields and the
broader scientific community.

1.2. Research Status
1.2.1 Research status of transient analysis of stochastic dynamic system

Current research on stochastic dynamic systems focuses primarily on steady-state
responses. However, due to the influence of initial conditions, inherent parameters, and
perturbation parameters, systems may suffer damage before reaching a steady state if their
response exceeds reliability thresholds. Therefore, understanding and analyzing the transient
response probability density of stochastic dynamic systems has attracted many researchers. The
transient response probability density of stochastic systems has been explored. Ghanem and
Spanos [67] summarized and discussed the application of spectral stochastic finite element
methods to uncertainty response problems from a numerical computation perspective. Roberts
and Spanos [68] analyzed statistical and equivalent linearization methods in addressing issues
related to stochastic vibrations, including probability theory, stochastic vibrations, and
stochastic responses. Kougioumtzoglou [19, 20] and Ghanem [69] discussed the application of
the Wiener path integral method and stochastic Galerkin expansions in the stochastic response
problems of nonlinear systems. Jin et al. [70-72], using data-driven methods, determined the
maximum Lyapunov exponent and reliability function of the system from discrete data,
exploring the stochastic reliability and first passage time problems in stochastic systems. Chen
and Qian [73-75] applied radial basis function neural networks to analyze the transient and non-
steady-state stochastic responses of stochastic collision systems and multi-potential well energy
harvesters. Lyu, Chen, and Li [21, 76, 77] explored the probabilistic response of noise-excited
nonlinear systems using probability density evolution equations, and analyzed the vulnerability
of engineering structures to earthquakes [22]. Soize [78] derived probabilistic models using
entropy optimization principles to construct the transient response of mechanical systems under
impulsive loading. Liu and Zhu [79] utilized the stochastic averaging method to study the
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transient stochastic response of quasi-integrable Hamiltonian systems. Yue and Xu [80, 81]
investigated the transient response of self-sustained oscillators under harmonic and bounded
noise excitation using the generalized cell mapping method, analyzing the P-bifurcation
phenomena and the advantages of the method.

1.2.2 Research status of complex fractional moment

Research on CFMs originated with Mario Di Paola and his cooperators, who applied
fractional calculus to study the probabilistic characteristics of random variables [82, 83]. In
2012, they first proposed the concept of CFMs based on Riesz fractional integrals [84],
establishing a equivalence between CFMs, probability density functions, and characteristic
functions. The theory of CFMs has provided valuable insights for probabilistic analysis and has
been applied to reconstruct transient probabilistic characteristics in stochastic dynamic systems.
Jin and Di Paola et al. [85, 86] were the first derived the transform equation for CFMs, enabling
their transfer on the real axis. This work laid the foundation for solving the FPK equation
through associated ordinary differential equations governing CFMs. They subsequently applied
this method to nonlinear stochastic dynamic systems, solving the FPK equation and validating
the method’s efficiency and accuracy. Xie et al. [87] incorporated vibro-impact factors into
traditional nonlinear systems and employed equivalent vibro-impact transform methods to
analyze the application of CFMs in stochastic impact systems, and examined the effects of
collision coefficients on the system. Di Matteo and Pirrotta et al. [88, 89] extended the
application of CFMs to nonlinear systems excited by non-Gaussian white noise, solving the
Kolmogorov-Feller equation with high accuracy and efficiency. Alotta et al. [90, 91] combined
Fourier and Mellin transforms to derive solutions for fractional FPK equations (Einstein-
Smoluchowski equation) using CFMs, and obtaining approximate analytical solutions for
fractional FPK equations driven by « -stable white noise. Butera et al. [92] directly applied
the Mellin transform to Riesz fractional differential equations, addressing truncation errors and
convergence issues arisen by using the Laplace transform to solve fractional differential
equations involving the Mittag-Leffler function. Subsequently, Di Paola summarized the theory
and applications of the CFMs method [93]. Recognizing that CFMs are defined in the positive
real domain, Dai et al. [94] proposed an improved method based on spatial partitioning,
extending the application of CFMs from the positive real domain to the entire real domain. Niu
et al. [95] applied the CFMs method to time-delay scenarios and extended its application to the
transient analysis of nonlinear systems under colored noise excitation [96]. Itoh et al. utilized
CFMs to analyze nonlinear systems under combined Gaussian white noise and Poisson white
noise excitation [97], nonlinear rigid systems [98], and systems with fractional differential
terms [99]. These studies validated the accuracy of CFMs and expanded their application
domains.

Additionally, the theoretical framework and applications of CFMs based on Mellin
transforms are continually expanding. Cottone and Di Paola utilized Mellin transform to extend
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spectral moments based on power spectral density [100, 101] to fractional spectral moments
[102]. They discovered that any stationary Gaussian process with a known power spectral
density can be equivalently represented by its associated fractional spectral moments and Riesz
fractional integrals [103]. This methodology was applied to the simulation of multivariable
wind fields [104] and parameter identification in environmental vibration tests [105]. Paolo
Pinnola developed a new method for describing correlation functions using complex spectral
moments based on power spectral density [106], providing a probabilistic description of the
steady-state response of linear fractional oscillators under Gaussian white noise excitation. Di
Paola and colleagues used Mellin transform properties in fractional calculus to propose a
wavelet analysis method applicable to arbitrary functions [107], detailing its application to
CFMs in earthquake engineering [108]. Alotta and others applied complex spectral moments to
the comprehensively describe normal multivariable random vector processes [109].

In summary, there are several key issues in the study of CFMs combined with the transient
response probability of stochastic dynamic systems:

1. The application of CFMs to the reconstruction of transient probability in various
stochastic dynamic systems has significant potential for further development.
Currently, complex fractional moments are defined by using Mellin integral transforms,
focusing on power-type moment. This has limited their application primarily to
Langevin systems with polynomial structures. However, their suitability and
effectiveness in transient analysis of other systems, such as Hamiltonian systems,
remain insufficiently investigated.

2. The potential equivalence concepts of complex fractional moments have not been fully
explored. While the equivalence between CFMs and probability density functions or
characteristic functions allows for efficient reconstruction of the probabilistic
characteristics of stochastic dynamic systems, these characteristics can not fully
describe the system. For addressing issues like damage analysis, concepts such as
reliability functions and first passage time are often more relevant. The equivalence
between CFMs and these concepts has not been established, highlighting the need for
further research to understand other evolutionary characteristics of systems using
CFMs.

3. The theoretical framework of CFMs remains incomplete. Currently, this framework is
based on the one-dimensional Mellin transform of functions. Expanding this
framework to encompass higher-dimensional or exponential structures for complex
fractional moments would be significant for the development of the field of stochastic
dynamic systems.
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1.3. Preliminaries

1.3.1 Wiener process and Gaussian white noise

Wiener process, also named as Brownian motion, is defined as a real stochastic process
with continuous time in mathematics, which was initially used to describe the continuous and
irregular motion of pollen particles in a liquid. The mathematical definition of the Wiener
process is as follows [110, 111]:

Definition 1.1: Let (Q,8,P) be a complete probability space, {&;t € [O,T]} be a system
increasing with time ton the o— subalgebra of B, and {Xt;t e[O,T]} be a stochastic

process on (Q,%B,P). (X,,3;,,P) can be called a Wiener process if:
1) The sample path of X, is time-continuous and X, =0.

2) For t>s, t,se[0,T], E[Xt|&]=XS holds by measure, where E[++] denotes the

conditional expectation with respect to measure P .
3) For t>s, t,se[0,T], E[(X,~X,),|5 |=t-s holds by measure.
Usually, the Wiener process is expressed as W (t) .

Definition 1.2: Denote by &(t) the Gaussian white noise which is the formal derivative of the
Wiener process, i.e. &(t)=dW (t)/dt, and satisfies:

1) E[£(t)]=0.
2) E [f(t)f(s)] =0°6(t-s), t>s, where &(+) isa Dirac function.

3) &(t)~N (O, 02) holds at any moment .

015

0.1

0.05

o~
= 9
N
-0.05
0.1
-0.15
) oo ! ‘ ! ‘ |
o 10 20 30 40 50 60 70 80 20 100 0 10 20 30 40 50 60 70 80 90 100
t t
(a) (b)

Figure 1-1 (a): Wiener process; (b): Gaussian white noise. o=0.1.
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1.3.2 Fractional calculus

Fractional Calculus is an extension of calculus that extends the traditional integer order
derivatives and integrals to any real or complex order, and its creation makes it possible to
model and analyze more complex phenomena. Here we introduce the definitions and properties
of several common fractional-order differentials and fractional-order integrals.

Definition 1.3: Denote by ( R f )(X) the Riemann-Liouville (RL) type fractional order
integral, which is described by the following definition:

(15F)(x)

1

CEE (x£E)dE, 1-1
F(y)foé: (x&)dg (1-1)

where I'(s) is the Euler gamma function.

Definition 1.4: The RL fractional-order differential arises based on the definition of RL integral,

which, denoted ( RiD“ f )(X) , can be described in the following form

a (il)n d" = e — .
(DJ)(X)zdean f(x¥&)dE n-l<a<n (1-2)

Definition 1.5: Denote by (C D*f )(X) the Caputo type fractional order differential, which is

described by the following definition:

(Def )(x)=%ft<x—f)'“+”‘l £ (£)de. (1-3)

n—a)J
Definition 1.6: Denote by ( 1o f )(X) the Riesz fractional order integral, which is defined as

follows:

1
y)cos(yz12)

(1)) =5 [ Ix=e 1 (£)ee (1-4)

Property 1.1: The RL fractional order integral (1-1) has the following properties in the Fourier

domain:

F{(121)(x):0) = (i0) “ F {1 (x):6}, (1-5)
where
(Fi0) “ =[ cos(ax / 2)xisign(0)sin(ax2)]6] “. (1-6)

Property 1.2: Caputo type fractional order derivative can be related to Riemann-Liouville (RL)
fractional order derivative and the associated equation can be described as:

8
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(020)(0=(02)] 1 (00- 52| 10) )

k=0

Property 1.3: The Riesz-type fractional order integral Fourier transform can be expressed as
F{(1:5)(x):0) =l6] “ F {1 (x):0}. (1-8)

1.3.3 Reliability function and first passage time

The reliability function and the time of first crossing of a stochastic dynamic system are
usually used to describe the time that occurs when a critical physical quantity of the system
exceeds a safety boundary, typically through the probability density function or moments of the
system.

Definition 1.7: Consider a one-dimensional diffusion process and denote by p(X,t]X,,t,) its
transfer probability density function and R(t,t,,X,) its reliability function, then R(t,t,,X;)

can be expressed in the following form:

R(t,to,xo):j:°p(x,t|x0,t0)dx. (1-9)

Here X, and X, are absorbing boundaries, so the transfer probability density is

nonconservative on the interval [x,x.].

Usually the reliability function is obtained by dominating the backward Kolmogorov

equation for the transition probability density function p(x,t | Xo,to) on the interval [X X ],

11 ¢
1.e.:

AR (t,t5, %) Rt %) 1 5,  OR(tt), %)

1 oRUL.%) 4 1-10
at, +m(x) %, +50 (%) o (1-10)

Let 7=t—t,, Eq. (1-10) can be rewritten as:

+%02(x0)—a Rz %) g (1-11)

_GR(T,XO)+m 6R(1,XO)
ox¢

X
ot (%) 0%,
Its initial and boundary conditions can be written in the following form:

R(z.%) L, =1 % <% <%, R(z,%)), _ =0. (1-12)

X=X
And the probability density function of the first crossing time is generally written as

oF. (r, XO) ~ R (r, %)

pr (%) =—2———=——0—". (1-13)

Figure 1-2 shows the schematic of the first crossing time and reliability function of the system,

9
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respectively.

o 0.01 0.02 0.03 0.04 0.05 0.06

t p(x)
(a) (b)

Figure 1-2 (a): Schematic of first crossing time; (b): Schematic of reliability function. x e[-10,10].

1.3.4 Integral transforms and their properties

Integral transforms enable the conversion of functions between different domains using
integral operators. This approach facilitates efficient analysis and processing of functions,
enhancing computational efficiency and providing deeper insights into system behavior. Here

we introduce several common integral transforms.

Definition 1.8 (Laplace Transform): Suppose that f (x) is a real function defined on the

interval [0,00]. By denoting its Laplace transform as (), the expression is given below:
£{f(x);s}: fﬁ(s)=J':e’SXf(x)dx; s=/4-i0, (1-14)

where £{-} denotes the Laplace operator. Functions f (x) and f*“(s) are called Laplace

transform pairs, which implies that one of them can be reconstructed by doing a Laplace
transform or an inverse Laplace transform on the other. For Eq.(1-14) , the condition for the

existence of f* (s) is that there exists a constant ceR* such that
L | £ (x)|e dx < oo, (1-15)

The constant ¢ satisfying equations (1-15) usually has a minimum value C_;, and (Cmm,oo)
is called the Fundamental Strip (FS) of the Laplace transform. If S belongs to the FS, then
the inverse transform of f“(s) exists and f(x) can be reconstructed by the following

equations

F(0)= L5 (s)ix} =2 [ £ (s)e o= ["

f g 9. 1-16
27—~ 27 v (S)e ( )

10
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Observing Eq. (1-16), we can see that the above integral proceeds along the imaginary axis

while the real part £ remains constant. The properties of Laplace transform are shown below:

Property 1.4: If the functions f(x) and g(x) are both one-sided and f (x)*g(x)

denotes the Laplace transform of the product of the two functions, then:
F(x)*g(x) =] f(x=X)g(X)dx; L{f(x)*g(x);s}=T*(s)g"(s).  (1-17)

Property 1.5: Given f (x)=d"f (x)/dx", then

g{f<“>(x);s}:snfﬁ(s)_“lskf<"“>(o); n=01.. (1-18)
£{§DX“ (f (x));s} =s*f ‘(s)—nis“‘k‘lf “(0), n-1<a<n (1-19)

where Dy denotes Caputo type fractional order differentiation. Furthermore, the

differentiation with respect to the variable s satisfies the following equation

(-1)" (;jsnn f4(s)=L{x"f(x);s}, (1-20)
[ 15 (z)dr=L{xF (x);s}. (1-21)

Property 1.6: Shift of Laplace Transforms
L{e*f(x);s}=f5(s—s,); (1-22)

E{f(ax);s}:iﬁ{f(x);g}:ifﬁ(i); (a>0) (1-23)

Definition 1.9 (Fourier transform): Assuming that f (x) is integrable which defined on the

real number field and forms a Fourier transform pair with a bilateral Fourier transform function

f7 (0), its Fourier transform and inverse Fourier transform are defined as follows:

]?{f(x);g}: ff(H):J.ieigxf(X)dX, (1-24)
F{t7(0)ix}= (== [ e ™7 (0)do, (1-25)

where F {-} is the double-sided Fourier transform operator. According to Egs. (1-24), (1-25),

(1-14) and (1-16), it can be found that the Fourier transform agrees with the Laplace transform
when S =0.When S,=/,according to eq.(1-22) , we can find that the

11
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Bx cal e A_ i _[” i0x 4y _ £ F _
E{e f (x),s} =L{f(x);s—B=-i6} __[0 f (x)e™dx= 7 (6). (1-26)
i (9) is a one-sided Fourier transform function defined on [0, oo) . According to Eq. (1-26),
the properties of the Laplace transform are still valid in the Fourier transform case.

Definition 1.10 (Mellin transform): Suppose that f (x) is a real function defined on [0,0)

and f*(y)=M, (y-1) isaMellin transform function of a function f (x), then

f(7) =M, (r-1)=M{f(x);r} :_[: f(x)x""dx (1-27)

where y = p+in, | is imaginary units. The existence condition for the Mellin transform is
pe(—p,—q), where p and q are the orders of the function f(x) at x=0 and x=oo,

respectively, i.e.

lim £ (x)=0(x?), lim f(x)=0(x"). (1-28)

x—0 X—>0

Example for f (x)=(1+ X)_l, then Iirr(}(l+ X)f1 :1:O(X°) , Ixim f(x)=x" =O(X’l) , then

the Mellin transform of the function (1+ X)f1 exists when pe(0,1).

If the Mellin transform of a function exists, then the inverse of Eq. (1-27) exist, namely
. _ 1 = _
f(x)=M7(y-1)= MM, (r-1);x} =§j_w M, (y-1)x7dn. (1-29)

Considering Eq. (1-4) the Mellin transform function M (y—1) is equivalent in the fractional

order integral sense to the expression of the Riesz fractional order integral when x=0, i.e.
20 (y)cos(y 12)("17 £)(0) =M, (y-1) (1-30)

Property 1.7: Shift of Mellin Transform

M{xvf(x);;f}:fM(y+v) (1-31)
M{x‘lf (x‘l);7}= fH(1-7) (1-32)
Property 1.8: Derivatives of Mellin Transform
n n F M
M{ED (x);7}=(-1) F(;/(j—/)n) f*(y-n) (1-33)
M{xt'(x); 7} == *(7) (1-34)

12
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1.4. Framework

This thesis focuses on the generalized extension of complex fractional moments in the
transient analysis of stochastic dynamic systems. By considering the theoretical frameworks
including evolution analysis, system configuration, and dimension space, the theoretical
framework of complex fractional moments in a probabilistic sense is established. Related
concepts of complex fractional moments is proposed and applied in generalized cases to achieve
efficient transient response analysis of stochastic dynamic systems. The research framework of
this thesis is illustrated in Figure 1-3, and the specific work is organized as follows:

Transient analysis of stochastic dynamic systems based on complex fractional moments

]

Background and status of transient analysis of complex fractional moments and stochastic dynamic systems
(Chapter 1)

'

Expansion
: . | : I
. | . |
| System Expansion | | Theory Expansion |
| |
[ I : ' | :
I I l
| |
| |
Stochastic Hamiltonian Stochastic fractional I Shift characteristic . |
: Syat ¢ | : function (SCF) Generalized CFM |
v Stem s Systems | unction .
’ N (Chapter 5) |
: (Chapter 2) (Chapter 3) | : (Chapter 4) : |
U ; T
| Problem Problem : | Problem Problem :
| - Y - r r - | Y h 4
Solving FPK ti Handling of Description | o . ) |
| ::;Tl?n Ha.:ucﬁl;nci‘:ns fract (j Al of FP'}E by | | Application of SCF to the Equivalence construction of |
: g fuicﬁms o oo || : solution of FPK equations GCFM and MPDF |
T T | T T |
: Sohition L Solution l | : Sohition Sohition |
Y L J L ]
| |
I Generalized Constructin | Equivalence and Shift
| Polynomial approximation . . Bl | q'u Multi-dim ensional Mellin |
| method harmonic FPT using | | equations Between SCF and transform |
| transform CFM | I PDF |
T | T T |
: Research Research | : Research Research |
¥ v ¥ | |
| |
| i |
| . - I . Establish i
Eval Applicabi Establish Establish DIt i
I | Applicabili || Influence |[ © 70" e || Mectanisms || 1| comsuer || RN . the 1
| i N aws for ity o . £ VEis I . Applical . sio
ty of CEM of transient CEMto of influence of therole | | Equiv ?lent equation || onto FPK equivalen equivalen probability |
| to parameter of | | Equations ce of “
| stochasti probability transient " of system | betw of one- Equation ce of GCFM evolufion
| H ? .la C Ur_l and response pa.ramle o= parameter : | S;; EEZ sided and Solving GCEM d analysis :
| amittoma || fransient associated and FPT oneve unun son FPT | | an double- Problem and an. based on |
| | nsystems || response probability | PDF marginal
| CFM problems | | sided SCF MPDF PDF GCFM |
B T ST e :
Maximum Entropy Principle
(Chapter 6)

l

Conclusion and Outlook
(Chapter 7)

Figure 1-3 Thesis architecture diagram.

Chapter 1 introduces the background, significance, and current state of research on CFM
and transient analysis of stochastic dynamic systems. It also defines and explains some concepts,
such as Wiener processes, various types of fractional calculus, integral transforms, and concepts
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related to stochastic reliability.

Chapter 2 extends the application of CFMs to stochastic Hamiltonian systems. It derives
the CFM equations based on the Hamiltonian function and proposes a polynomial
approximation method for implicit functions in Hamiltonian diffusion equations. The chapter
discusses the applicability of the CFM method in Hamiltonian systems and investigates the
effects of polynomial approximation parameters, system parameters, perturbation parameters,
and initial conditions on the system behavior and the accuracy of the CFM method.

Chapter 3 focuses on stochastic systems with Caputo-type fractional-order terms, studying
the transient analysis and stochastic reliability of CFMs in fractional-order scenarios. It derives
the associated CFM differential equations, achieves differential normalization of CFMs, and
establishes equivalent descriptions among CFMs, reliability functions, and first passage times.

Chapter 4 introduces an exponential configuration of CFMs based on the Laplace
transform, known as the shifted characteristic function, and establishes its equivalence with the
probability density function. By exploiting the orthogonal properties of complex exponential
functions, a switching equation for the shifted characteristic function along the real axis is
derived, later extending to bilateral cases. This chapter proposes the application of shifted
characteristic functions in solving FPK equations, analyzing their applicability in terms of
computational accuracy and efficiency, and discussing the distinct applicable scenarios of
CFMs and shifted characteristic functions.

Chapter 5 introduces generalized CFMs in multidimensional contexts. Using the concept
of multidimensional Mellin transforms, it constructs the equivalence between generalized
CFMs, multidimensional probability density functions, and multidimensional characteristic
functions in the positive real domain, extending it to the entire real domain. This chapter
establishes a direct connection between generalized CFMs and marginal PDFs across the entire
real domain and proposes a data-driven method for constructing multidimensional evolving
probability densities.

Chapter 6 proposes the MEP under CFM constraint, which can be used to approximate the
PDF based on the known CFMs. By introducing Lagrange multiplier, the CFMs constraint
equation of extended entropy function is derived, and the probability distribution of random
variable is approximated by finding the optimal parameter. In addition, the method is extended
to the transient PDF of stochastic dynamic systems by deriving the moment equation.

Chapter 7 summarizes the research presented in this thesis, outlines its innovative
contributions, and provides a plan and outlook for the future development of CFM theory based

on the completed work.
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Chapter 2. Transient analysis of complex fractional moments under
stochastic Hamiltonian systems

2.1. Introduction

With the rapid development of engineering technologies in fields such as aerospace
engineering, robotic arms, and space-deformable structures, the accuracy in describing the
physical world has greatly improved. However, this progress has also led to increasingly
complex mechanical models with higher degrees of freedom for analyzing engineering
structures. For such problems, classical mechanics models become less effective as the degrees
of freedom increase. In the field of analytical mechanics, due to the difficulty in solving partial
differential equations, efficiently analyzing multi-degree-of-freedom systems remains a
significant challenge.

The Hamiltonian system offers significant advantages in addressing such issues by
constructing equations of motion for generalized displacement and momentum from an energy
perspective, making it widely applicable to multi-degree-of-freedom mechanical problems.
Currently, research on Hamiltonian systems has become widespread, including the
development of the symplectic Runge-Kutta algorithm for infinite-horizon linear quadratic
differential games [112], symplectic integration algorithms for separable Hamiltonian functions
[113], and an unconventional Hamiltonian variational principle in phase space for the dynamics
of honeycomb sandwich plates [114] . Additionally, Oz H [115, 116] has made outstanding
contributions in applying Hamilton's principle to derive general solutions for control problems
and dynamic system algebraic equations.

However, systems are inevitably subject to internal or external noise, making traditional
dynamic evolution analysis methods based on system trajectories unsuitable. Analyzing
systems from a probabilistic evolution perspective often proves more effective. Numerous
scholars have studied stochastic Hamiltonian systems [117]. Jia developed a stochastic
averaging method for quasi-integrable Hamiltonian systems under Gaussian white noise and
Poisson white noise excitation [118] , using perturbation methods to solve the associated FPK
equation and analyze the system's probabilistic evolution. Deng proposed a stochastic averaging
method for quasi-integrable Hamiltonian systems under fractional Gaussian noise excitation
[119], analyzing the system's characteristics and the impact of parameters from the perspectives
of steady-state probability and mean value. Gan studied the reliability function and first passage
time for quasi-integrable Hamiltonian systems und er Gaussian white noise excitation [120].

Nevertheless, the transient response probability analysis of stochastic Hamiltonian
systems is still primarily based on traditional numerical or semi-analytical methods, and
improving the accuracy and computational efficiency of these results remains a significant
challenge in the field of stochastic dynamics. To address these issues, this chapter explores the

15



Doctor thesis

advantages of complex fractional moments in reconstructing transient probabilities in stochastic
dynamic systems, extends the theory and its application of CFM to Hamiltonian systems, and
analyze the transient probabilistic evolution mechanism of stochastic Hamiltonian systems.
Section 2.2 introduces the stochastic averaging method under Hamiltonian systems and derives
the governing FPK equation for the Hamiltonian. Section 2.3 applies the Mellin transform to
derive inhomogeneous linear system of equations for the associated CFMs, and Section 2.4
proposes a polynomial approximation method for Hamiltonian systems. Numerical experiments
validate the applicability of the complex fractional moment method in stochastic Hamiltonian
systems.

2.2. Stochastic average method for stochastic Hamiltonian systems

For engineering problems, a stochastic Hamiltonian system with n degrees of freedom
can typically be described in the following form:

. OH'
H & o e
p_ = — — 2 W =1,2,...,n
j aQJ gkz jk ap +& ;gjl J

Here, c, represents the damping coefficient, W, (t) represents Gaussian white noise,
Q, represents the generalized displacement, P, represents the generalized momentum, & is
a small parameter, and g; is a function of the generalized displacement and momentum.

Considering the case of weak damping and weak excitation, Eq. (2-1) can be expressed as a
quasi-nonintegrable Hamiltonian system. In this section, we consider Eq. (2-1) in the
Stratonovich form, which can be represented by the following stochastic differential equation:

oH’
dQ, = Z-dt,
%=
H' & H'), il 22
AP = T+ ed e, - |dt+e2d g, dB (t),
’ (GQ,- ;’kapk] 29,98

where B, (t) represent the wiener process. By introducing Wong-Zakai correction term,

Eqg. (2-2) can be transferred into the following equation:

oH’
dQ, =—dt,
9 oP,
6H' s j|
dP, =— +E) Cy +gﬁzz Klsgks dt+g?-ZgJ,dB (2-3)
an k=1 k=11,s=1
j=12,..,n

Due to the influence of the correction term in Eqg. (2-3) on the system's restoring force
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and damping force, we decompose it into a restoring force part and a damping force part.
According to the formulation of Eq. (2-3), the restoring force part arising from the
decomposition of the Wong-Zakai correction term is combined with —0H"/ Q) , resulting in

a new restoring force term denoted as —6H /6Q,, where H=H(Q,P) is the modified

Hamiltonian function. Similarly, the damping force part from the decomposition of the Wong-

Zakai correction term is combined with —Z c;OH"/ P, , resulting in a new damping force

term denoted as —Z m, O0H / aP, , where m, =m, (Q,P) is the new coefficient matrix. At

this point, Eq. (2-3) can be transformed into the following equation:

oH
de :a_Pdt

(2-4)

dP, { Zn:m Jdt+52291,d8 ,i=12,..,n

Eqg. (2-4) represents a fully non-integrable quasi-Hamiltonian system, where H is the
Hamiltonian function. According to the It&derivative rule, the differential equation governing
the Hamiltonian function can be expressed as:

03T 3 Hep 13 2
~op )2

_1 jkl

2

( ) R ) i=12..,n (2-5)

Substituting Eq. (2-4) into Eq. (2-5), and the It6 differential equation governing the Hamilton

function H (t) can be obtained as follow:

jk=1 j.k=1l.s=1

+gzngJ, a—dB (t )+O[dt2}

j=1 1=1 J

L GHOH &8 o°H
dH = -+ dt
‘{ 2, My P, R, 2, 7Kg J'ngaPaP]
(2-6)

Neglecting the high-order term in Eq. (2-6), and approximating the Hamiltonian function
H (t) with a Markov process, the Hamiltonian function H (t) is governed by the following

Itd stochastic differential equation:
dH =m(H)dt+o(H)dB(t), (2-7)
where

n  OHOH o°H
- ( Z * 0P, op, ZZ <9 ”g"sﬁPaPJ

j,k=1 j.k=1l.s=1
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oH JoH
=2¢ D.g
J;Uszl Is J| ks 6P ap

According to the ergodicity of Markov processes, by introducing stochastic averaging and
time averaging, the drift and diffusion terms in Eq. (2-7) can be expressed as:

", HH &L
m(H)=¢ —+ D, 2-8
(H) < ,; 5P, o, Jkl.sZ_l 5 ”ngaPaP> (2-8)
D& oH oH
=2¢ D.g. — ). 2-9
<JZ—:1|SZ—:1 |ng|gk5 aPJ GFL >t ( )

Here, <>t denotes the time average. It is noteworthy that non-integrable Hamiltonian systems

exhibit ergodicity on the n-dimensional constant energy surface. Therefore, we can replace
the time average with the spatial average over the fast variable Q,,Q,,...,Q,,P,,...P,, that is:

-1

1 oH

<F>t - J-Q F [Ej dqldqz o dqndpz o 'dpni (2-10)
1

T(H) denotes the quasi-periodic average for the quasi-Hamiltonian system (2-4), which can

be expressed as:

-1
H
T(H)=IQ(—J da,dg, ---dqg,dp, ---dp,. (2-11)
1

Here, the integration domain €2 is defined as:
Q: H(ql’qz""qn'plzol p2---pn)SH. (2-12)

In general, the drift term m(H) and the diffusion coefficient 52(H) of a Hamiltonian

system can be expressed or expanded as polynomials, that is:
I1 . |2 -
=Y aH!, & (H)=>DbH’, (2-13)
j=-1 i=0

where a; and b; are the polynomial coefficients. At this point, the FPK equation associated

with the It6 equation (2-7) can be expressed as:

w:_% m(H) p(H. 1) +%ai|22(52(H)p(H,t)), (2-14)

where p(H ,t) is the probability density function governing the Hamiltonian function. The

initial condition for Eq. (2-14) is:
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P(H.0)=p(H,)-
Here, we assume p(H,) is Dirac function &§(H —H,), and the boundary conditions of Eq.
(2-14) are:

op(H,t)
oH

lim p(H,t) <o, lim p(H,t)=0, lim —0. (2-15)
2.3. Application of complex fractional moments method to stochastic
Hamiltonian systems

The CFM method utilizes the Mellin transform to convert the FPK equation in the real
domain into an ordinary differential equation in the complex domain. Subsequently, by
combining normalization techniques and the inverse Mellin transform, the transient PDF of
stochastic dynamic system at any given time can be reconstructed. For Eq. (2-14), we multiply
both sides of the equation by H’™ and then integrate the resulting equation over the interval
(0,00). At this point, equation (2-14) can be expressed as:

“op(H,t)HdH
J, p(.1) ——Oi m(H)p(H,t) |H*dH
ot oH (2-16)

1= 0° [ §
+2), aHZ(O'Z(H)p(H,t))H“dH,

where y = p+in, i is the imaginary unit. Applying the method of integration by parts, Eq.

(2-16) can be transformed into the following form:

Mo L) [ HHp(H,tﬂ\Z+<y—1>f;°m<H>H7-2p<H,t>dH

ot
ol (R T S-0H 5 (H)p(H.Y)]
1
(=17~ 2)|, & (H)H" p(H,t)dH,
(2-17)
where
MpH(y—l,t)z_[:p(H,t)Hy’ldH. (2-18)

Eq. (2-18) represents the Mellin transform, MpH(y—ZLt) denotes the Hamiltonian

complex fractional moment. According to the definition of the Mellin transform, for a function
f(x),when p belongstothe interval (—p,—q), Eq. (2-18) has an inverse transform, where
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O(x”), X — 0,

O(xq), X —> 0.

f(x)=

(—p,—q) is referred to as Fundamental Strip (FS). The inverse Mellin transform of Eq. (2-18)
can be expressed as:

1 p+ico

p(H,t)= M;(y_l,t)H7dy:%j‘:m;(y_1,t)|4Vdn. (2-19)

271 Jp-ix
And the discretized form of Eq.(2-19) is:

An <

27Z-km

p(H.t)~ M (7 —Lt)H ™, (2-20)

where MA7 is the truncation value and A7 is the truncation step size. Based on the
properties of the FPK equation, its boundary conditions can be expressed in the following form:

LILT(l)p(H t)_>0( ), lim p(H,t) -0, I|mM

H—o0 H—o0 0

—0. (2-21)

Substituting the boundary conditions (2-21) into Eq. (2-17), the non-integral terms on the
right-hand side of Eq. (2-17) can be ignored. Considering Eq. (2-13), Eq. (2-17) can then be
expressed as:

dMH j/—l,t b © Lio
%:(7—1)26%]‘0 H”*"?p(H,t)dH
= (2-22)
;(7/ 1)(y- 2ij H”* 12 p(H,t)dH.
According to Eq. (2-18), Eq. (2-22) can be expressed as:
dM [ (¥ -1t) i (r+i-2.)
. | (2-23)
+1 -2)Y M (y+j-3t)
2 j=0

Since M['(y-1t), M (y+j-2t) and M '(y+j—3,t) are all present within Eq.
(2-23), According to the literature [85, 121], we introduce a normalization coefficient to unify

the variables, which is:

Cu(p) =], e e (2:24)

—-rlAn

Utilizing the normalization coefficient, we can achieve the transformation of the
Hamiltonian complex fractional moment along the real axis, that is:
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M " (;/S(l)—l,t):% i M " (7|£2)—1,t)Cks(Ap), (2-25)
k=—m

where p® = p" +Ap . Using Eq. (2-25), M. (7, +j-2t) and M['(y,+j—3t) can be
equivalently represented as M (y, —1,t) However, due to the high dimensionality of the

equation system or unreasonable step size selection during computation, Eq. (2-23) is prone to
divergence in calculations. To avoid this issue, according to Eq. (2-20), when An is

sufficiently small, its integral over the interval [exp (—7[ /A 77) ,exp (7[ /A 77)] is approximately

1, that is:

L
An
z

J',

where —m<k <m. By substituting Eq. (2-25) and Eq. (2-26) into Eq. (2-23) we obtain a
set of 2m ordinary differential equations (ODEs). Solving this ODEs, and combining it with

(H,t)dH ~ Z j énM Ve ~LU)H7dH =1, (2-26)
v

the inverse Mellin transform (2-20), allows for the reconstruction of the probabilistic

characteristics of the stochastic Hamiltonian system.

2.4. Numerical simulation
In this section, we consider the system as follows:
Xo+( B+ B(XE+X2)) X+ 0, (X0 X,) = & + X8,

. . (2-27)
X, +(ﬁo +ﬁ(X12 + X;))Xz + gz(Xv Xz) =&+ X5,

where &,1=1,2 is an uncorrelated Gaussian white noise with noise intensity D,. @, is a

polynomialin X, and X,,and f3,,/ are system parameters. Here we set:

0, (X, X, ) = X, + Aol (@) X] + 0} X7 ) X,

(2-28)
0, (X1 X,) = @3 X, + A0} (0 X{ + @3 X7 ) X,
Let Q =X,,R =X, (1=12), Eq.(2-27) can be expressed as:
Q- (2-29)
~(B+B(QA+Q))R-0(Q.Q)+5+Q&,

The Hamiltonian function associated with system (2-29) can be described as:

Ez +U leQz (2‘30)
i=1

where
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U(QuQ,) = 5(@fQ7 +03Q3 ) + 3 4 + 02 (2-31)

According to Eq. (2-7)-(2-12), the It6 differential equation governing the Hamiltonian function
can be described as:

dH (t)=m(H)dt+&(H)dB(t), (2-32)
Where m(H) and &(H)are drift term and diffusion term, satisfying:
2

M(H) == _[Q[—Z(ﬁo+ﬂ(Q12+Q22))Piz+Z(D1+QfD2)}-%dQlszdP2, (2-33)

2
i=1 j=1

T(H)
_ 1 1
G (H)= T jg[z D, + D,Q’P? + D,Q? P;]El dQ,dQ,dP,, (2-34)
where
1
T(H)= jQEdQldQZdPZ. (2-35)

The integration domain € satisfies Q= {(Ql, Q,,P,P, )‘ H(Q.Q,,0,R,)<H } . To facilitate

the solution of Eq. (2-33) to (2-35), we introduce the following transform:

X:ECOSQ,y:ESin 0, (2-36)
a)l 602

hence, the drift term and diffusion term can be expressed as:

g o e

12 2"\ & 4 &
(2-37)
&’ (H)=4D, H-lr AR +1D2 i2+i2 H-lr_ 2R R, (2-38)
4 12 2 @, o, 3 8

where R is the solution of the following equation:
A’R*+2AR=41H. (2-39)
Substituting Eq. (2-39) into Eq. (2-37) and (2-38), we can obtain:
mM(H)=s,+5s,R+s;H +s,HR, (2-40)
52(H)=55R+36H +5s,HR. (2-41)
The coefficient of (2-40) and (2-41) are:

22



Chapter 2 Transient analysis of complex fractional moments under stochastic Hamiltonian systems

D,(1 1 D, (2-42)
55 =l =7 = + — == |
120\ o o, 3
8D, D,( 1 1
=% "asl 2tz ||
3 6Alo o
D, 1 1
57 = T —2 + —2 .
o

Since Eq. (2-39) is in implicit form, to facilitate its solution, we propose an approximate
transformation method. Considering the variable A4 when it is sufficiently large, we have:

1 2 5 1
R=—(v1+4AH -1)~—=H?-=.
/1( ) 2 y)
Substituting Eq. (2-43) into Eq. (2-40) and (2-41), the new expression of (2-40) and (2-41)

arc:

(2-43)

S 2s, ), .+ S 2s, 2
m(H)=|s -2 |+| =% |[H2+|s,——=2 [H+——=2H?2, 2-44
(s e (4
1 3
52(H)=—S§+2—S;H2+[s6—577JH+% 2 (2-45)

And the related FPK equation is:

—ap(a':’t):—a%[m(H)p(H,t) +%ai|22(62(H)p(H,t)). (2-46)

Applying Egs. (2-16) to (2-26), the Hamiltonian CFM differential equation can be obtained
as follows:
dm pH (y-1, t)

1 3
- :LlM;'(y—l,t)+L2MpH(7—§,tj+L3M:j(y—a,t]

(2-47)
SLMY (7-2,0)+ LM (y—g,tj+ LMY (7-3.1),

where
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L =(r-1) 53—%34J,L2:(;f—1}%34,
=3 55 |+ (-0 -2) 3 |
L, =(r-1) sl—%szj+%(7—l)(y—2)(se—877], (2-48)

Using the above equation, we can obtain a semi-analytical solution for the transient probability
density function of system (2-27).

In this section, the parameters are selected as Table 2-1:

Table 2-1 Parameters

Parameters Values Parameters Values
By -0.015 B 0.05
A 10 D, 0.01
D, 0.1 o, 1
@, 2 p 2.1
m 120 An 0.3

The trajectory and phase diagrams of system (2-27) are shown in Figure 2-1. According
to the results, it is observed that the two sets of generalized coordinates converge to a stable
point and a stable limit cycle, respectively. Figure 2-2 presents the potential function of the
system. From the figure, it can be seen that the system has a minimum potential energy at the

point (0,0).
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Figure 2-1 (a) Trajectory. (b) Phase diagram
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Figure 2-2 Potential function

1

Ae(t):WZ|pCFM(Hi’t)_pMCS(Hi’t)| (2'49)

To quantify the accuracy of the CFM method and observe the trend of its error, we introduce
the average error Ae (t) , as expressed in equation (2-49). Figure 2-3 shows the influence of

truncation values m on the Ae(t) when t=5,10,20 . The results indicate that when

m>10, the average error is nearly zero. However, when the truncation value m fixed,
increasing the time necessitates a higher truncation value m to maintain accuracy.
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4 & 8 10 12

0 20 40 60 80 100 120
m

Figure 2-3 The average error of the CFM method

Figure 2-4 shows the real and imaginary parts of the CFM of system (2-27) when
t =10, 20,30,40. Figure 2-5 (a) illustrates the evolution of the system’s transient probability

density function with time, where the lines represent results obtained using the CFM method
and the scatter points represent results from Monte Carlo simulations. Figure 2-5(b) displays
the joint Hamiltonian transient probability density function, where the lines indicate the peak
positions of the transient probability density function at different times. The results indicate that
the CFM method effectively reconstructs the evolutionary probabilistic characteristics of the
stochastic Hamiltonian system. Additionally, the CFM method can compute the system's
probabilistic characteristics at t=40 within 3 seconds, while the Monte Carlo method
requires over 500 seconds for the same calculation under identical conditions. Moreover, the
results obtained using the CFM method exhibit greater continuity compared to those from the
Monte Carlo method. From the perspective of the system itself, the peak value of the transient
probability characteristics of system (2-27) decreases as time progresses, while the position of
the probability peak increases over time.

16k t=10|] sk =10||
ol =20 A =20
=30 06T 1=301|
2 =40 04t =40
S | 2.
e 08 &3 )
% 0.6 9
& oaf E o
02 oar
0 0.6
0.2 0.8
0.4 ! ! -1 - - ' * -
-100 -50 0 50 100 100 50 0 50 100
m m
(a) (b)

Figure 2-4 The (a) real part and (b) imaginary part of CFM when t =10, 20,30, 40
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Chapter 2 Transient analysis of complex fractional moments under stochastic Hamiltonian systems

Figure 2-5 (a) The transient PDF with different t, where the line is results by CFM method, the dot is
the results by Monte-Carlo method; (b) The distribution map of the peak of transient PDF
Figure 2-6 (a) illustrates the impact of parameter [, on the system's transient PDF. The

lines represent results obtained from the CFM method, while the points are derived from Monte

Carlo simulations. The results show that an increase in parameter [, reduces the peak of the

transient PDF, indicating an enhanced diffusion effect in the system. Figure 2-6 (b) displays the
distribution of the peak values of the PDF in the phase space (t, B, ) . It is evident that increases

in both time t and parameter f; lead to greater system diffusion.

Peak Value

. A 10
0 0.5 1 15 2 25 3 35 4 20 O 1[7)0

15

t
(b)

Figure 2-6 (a) The transient response PDF with different B, when t=20. (b) The peak value of

transient PDF in the parameter space (t,)

Figures 2-7 (a-b) show the variation in the transient PDF of a Hamiltonian system at time

t=20 with respect to additive noise intensity D, and multiplicative noise intensity D, . The

results indicate that increases in both external and parametric excitation reduce the peak value
of the transient PDF. Figure 2-8 illustrates the distribution of the peak values of the transient
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PDF in the parameter space (D,,D,). The results show that increases in both D, and D,

enhance the system’s diffusion trend.
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Figure 2-7 The transient response PDF with different noise intensity when t=20.(a) D,; (b) D,

I_4
1.2
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08

Peak Value
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Figure 2-8 The peak value of transient PDF in the parameter space (D,,D,) when t=20

This chapter proposes an approximate transformation method suitable for Hamiltonian
systems, which effective for large A .To examine the influence of 1 on the accuracy of CFM
method, Figure 2-9 (a) shows the transient PDFs for different system parameters A . Figure 2-

9 (b) illustrates the change in average errorat t=5 and t=20 when A¢&[7,30]. The results

indicate that changes in parameter A consistently have a minimal and stable impact on the

outcomes at different times.
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Figure 2-9 (a) The influence of A on transient PDF of system; (b) Average error of the CFM method

with 4 when t=5 and t=20

Additionally, we examined the impact of initial values on the accuracy of CFM method in
Hamiltonian systems and its effect on probability evolution. Using the initial value parameters
shown in Table 2-2, Figure 2-10 depicts the distribution of the transient PDF at t=10. The
results indicate that the accuracy of the CFM method which applied to stochastic Hamiltonian

systems is not

sensitive to initial values. However, from the system’s perspective, increasing

the initial values significantly reduces the peak of the transient probability density function,

promoting diffusion behavior in stochastic Hamiltonian systems.

Table 2-2  Initial value
Q Q, R P, H
0 0 0 0 0
0.5 0 0 0 0.2813
1 0 0 0 3
1 0.5 1 1 12
0.5 . .
048 U():O
04—+ HO=U.2813 -
0.35 U(l:3
= oapd H =12
— £ Y 0
m’ 025 *
‘5: ozfp L
D15,It :;';
01 i
0.05 L"‘%‘,L
0 Looe®” | il = P!
0 5 10 15 20 25 30 35
H

Figure 2-10 Transient response with different initial value when t =10
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2.5. Conclusion

This chapter evaluates the applicability of the complex fractional moment method in
stochastic Hamiltonian systems excited by additive and multiplicative Gaussian white noise. It
investigates the effects of time and parameter variations on the system using results obtained
from the complex fractional moment method. First, the Hamiltonian stochastic averaging
method is used to derive a one-dimensional Hamiltonian It6 stochastic differential equation and
the corresponding FPK equation. Subsequently, the Mellin transform is applied to derive ODEs
for the complex fractional moments, leading to a set of 2m ODEs through variable
normalization. By solving these equations numerically and applying the inverse Mellin
transform, a semi-analytical solution for the transient probability density function of the system
at various times is reconstructed. The numerical results indicate that the complex fractional
moment method is applicable to stochastic Hamiltonian systems, including cases where drift
and diffusion terms are non-integer polynomials. The method demonstrates both high accuracy
and computational efficiency in stochastic Hamiltonian systems. Additionally, this chapter
explores the influence of parameter changes on the system’s transient probability characteristics,
showing the increases in time, noise intensity, and initial values enhance system diffusion.
Finally, a polynomial approximation method for the Hamiltonian system is proposed and its
effectiveness is validated through numerical analysis under different values and times.
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Chapter 3. Analysis of probabilistic evolution and first passage
based on complex fractional moments in stochastic dynamic
systems with fractional order differential operators

3.1. Introduction

Due to the superiority of fractional calculus in describing problems such as
electrochemistry [122], porous media materials [123], turbulence [124], and biological
characteristics [125], and it has garnered increasing attention from scholars. Currently,
combining fractional calculus with the stochastic dynamic systems has become a new research
hotspot, with many scholars attempting to study such systems. Examples include the stochastic
response problem of self-excited systems with fractional derivative and the bifurcation behavior
of oscillators under noise [126, 127]. Chen et al. studied the stable response of a Duffing
oscillator with fractional derivatives under Gaussian white noise excitation [128] and extended
fractional derivative terms to Hamiltonian systems [129] . Sun et al. examined the stochastic P-
bifurcation of stochastic nonlinear systems using fractional derivatives [130], providing critical
conditions for parameter-induced stochastic bifurcations based on changes in the extremum of
the probability density function. Zhang et al. analyzed the stochastic bifurcation of a double-
rhythmic system with fractional damping under different noise excitations for multi-attractor
energy harvesters [4]. However, research on stochastic dynamic systems with fractional
derivatives has largely focuses on stable situations, with little exploration of the probabilistic

evolution of such systems.

So far, efficiently and accurately obtaining the transient response probability density
function for stochastic dynamic systems remains a significant challenge. Some methods, such
as the Galerkin method, finite element method, finite difference method, path integral method,
Wiener path integral method, and radial basis function neural network method, can provide
numerical or semi-analytical solutions for the transient probability density function of
stochastic dynamic systems. However, their computational efficiency can still be improved. The
stochastic variable transform method [131, 132] has been shown to solve the first probability
density function of stochastic homogeneous linear second-order complex differential equations.
Since the transient response probability density function contains complete statistical
information of the stochastic dynamic system, developing an efficient and accurate method for
this purpose remains crucial, particularly for extended applications like system reliability.

To address this issue, this chapter examines the probabilistic evolution and first passage
problems of dynamic systems with Caputo-type fractional derivative terms under additive and
multiplicative Gaussian white noise based on the complex fractional moment method. Section
3.2 introduces the generalized harmonic transform method to equivalently replace fractional
terms and derives the system’s FPK equation using the stochastic averaging method. Section
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3.3 applies the complex fractional moment method to obtain a semi-analytical solution for the
FPK equation. Section 3.4 establishes the equivalent description of the system’s complex
fractional moments with the reliability function and first passage time. In Section 3.5, numerical
experiments analyze the influence of system parameters on probabilistic evolution and verify
the effectiveness of the stochastic reliability theory based on complex fractional moments.
Finally, Section 3.6 summarizes the findings of this chapter.

3.2. Equivalent expression and stochastic average of stochastic systems
with fractional differential terms

In this section, we consider stochastic dynamic systems with Caputo-type fractional

derivatives. The equation of motion is described as follows:
X +uD¢ (X)+ BT (X, X)X +afX =3 g, (X, X)& (1), (3-1)
k=1

where D¢ (+),0<a <1 represents the Caputo-type fractional derivatives operator, f (X,X)
and g, (x,X) are polynomial withrespectto x and X,and ¢& (t) are Gaussian white noise,

and satisfied:

B[ (1)]=0
E[& (t)& (t+7)]=2D5(z), (3-2)
E[& ()& (t+7)]=0k =]

Where D, represent the intensity of noise. In the case of weak damping and weak

excitation, the Eq. (3-1) can be regarded as the system with a family of quasi-periodic solutions
according to its the quasi-conservative property. According to the generalized harmonic
function, the solution of the system (3-1) can be assumed as follow:

X(t)=A(t)cosd(t),x(t) =—A(t) @, SinD(t), D(t) =t +6(t), (3-3)

where A(t) and CD(t) represent the amplitude process and the phase process, respectively.

and the fractional differential term of a system is not only related to the damping force, but also
to the restoring force. Therefore, the Caputo fractional derivative term is expressed in the

following format:
D (x) =C (&) () + K () x(t). (3-4)

To obtain the analytic expression of C(«) and K(«), we introduce the following

formulae:
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“mJ.T smt(aoO )dt_

. T(1- a)cos7

T (3_5)
IimITMdt_wg‘ T (1- a)smTE

T—wd0

and C (a) can be obtained as follow:

Cla)=——2 jz”[c(a)(—A(t)wo sin®)+ K () A(t) cos d (t) Jsin o

7 Aw, 70

7 Aa, Iz”[c (@)x(t)]sin dda

= jo”Dg(AcosQ)sinchcD (3-6)
T A,

L jimi( . DZ (Acos(ayt +6))sin (et +6)dt

TADy T T
f; {W}W}in(%t +9)}dt.

2 imif
CT(l-a)T>=T

Let s=t—u, and Eq. (3-6) can be rewritten as:

Cl@)= gy, {[Jj{“”(“’°‘:f‘“’°5)}ds}in<wot+e)}dt
i ] e oo @)

_F(lz—a)!im% OT{I;{singj)os)}ds}cos(a)ot+9)sin(a)0t+¢9)}dt,

Appling Eq. (3-5), one can obtain:

C(a)=wysin(arl2). (3-9)

After the similar procedure, the K (a) can be obtained as follow:

K(a)=

< (Acos ®)cos D = o cosag. (3-9)
Substituting Eq.(3-8) and Eq.(3-9) into Eq. (3-4), we can obtain the equation as follow:
Dg(X):wg”lsina—;X(t)+a)§‘ cos“—;x(t). (3-10)

Substituting Eq.(3-10) into Eq. (3-1), one can obtain the equivalent equation without fractional
derivative:
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X +[4C(a)+ BT (xX)]|X +w’X :Zn:gi(x, X )& (1),0<a <], (3-11)

where o® = uK (a) +a? The above method approximates the non-Markov system (3-1) with

a Markov system (3-11). Utilizing Egs. (3-1) and (3-3), we can obtain:

A(t):s"‘Tq){[uc(a)+ﬂf (X, x)]x-kzn_;gk (X, %) &, (t)}, (3-12)
f(t) = ij {[,uC(a)+ﬂf (x, x)]x—kz:gk (X, %), (t)}. (3-13)
sin® cos®

Let glk(X,X):T g (X, X) 5 9 (X, X)= - 9 (X, %), and applying the stochastic

averaging method, the fast variables of the system are eliminated, the It6 stochastic differential
equation governing the slow variable amplitude process can be expressed as:

dA=m(A)dt+a(A)dB(t), (3-14)

where

<qu)[ C(a)+pf XX]X+ ZZRrS ag”g( )g (A,t+h)>,

I=1 r,s=1 | ¢

(3-15)

<Z R, (h)g, ( At)ng(At+h)> (3-16)

t

where R (h) are the correlation functions of two Gaussian white noises, and

(£) =tim 2 ("¢ at="1["f do, (3-17)
U T50T J0 27 o

Usually, the drift term M(A) and the diffusion term &”(A) are the polynomial functions of

A, satisfy
1, _
Zc Al G (A)=D ¢, A, (3-18)
j=0

where c,;,C,; are the polynomial coefficients. The FPK equation of system (3-11) can be

expressed as:

200 @l S @p @) 0

where p,(a,t) is transient PDF, and the initial condition is p,(a,t)=p,(a,), where
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pa(8)=5(a—a,), (3-20)

o (a— ao) is Dirac-Delta function. The boundary conditions of Eq. (3-19) are

limp,(a,t)<w, limp,(at)—0, limdp,(at)/da—0. (3-21)

a—0

3.3. Application of complex fractional moment method

The CFM method is a semi-analytic method based on Mellin transform and the FPK
equation to obtain the PDF of the system transient response. According to the definition of CFM,

we denote the CFM of PDF p,(a) in probability sense by M{ pa(a); 7/} as:

M{ pA(a);y} =M, (y-1)= J? p,(a)a'da= E[N’l], (3-22)

where y = p+in, | represents the imaginary unit. The existence of the inverse of Eq. (3-22)

is that the real part of y belongs to FS, namely pe(—p,—q), where
p.(a)=0(a"),a—>0; p,(a)=0(a"),a—>o, (3-23)

which is introduced in section 1.3.4. If the inverse Mellin transform exist, then we have

pa(a)==—[" M{p,(a):r}adr. (3-24)

- 279
According to CFM method, and substituting Eq. (3-18) and Eq. (3-22) into Eq. (3-19),

we can obtain the following equation:

dM _(y-1t b i
—p(dt ):(7_1)Z:lclep(7_2+J’t)
f
(3-25)

Lr-90-9FeM, -3+ i),

Due to the existence of multiple variables in Eq. (3-25), it cannot be solved directly. Here

we introduce the normalized equation,

( | zfz/An_ém e L M, (7, -1t)
M (7, -1t)= , (3-26)
" (exp(—(;/0—1)j—exp£;7(yo—1))}/(—7/0%)
and the normalization condition,
M, (yS) —1,t) = % j_zm;n M, (y§2> —1,t)cjs (Ap), (3-27)

where
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27 sin[ z(j—s)—imap/ An]
A_n 7z(j —S)—iﬂAp/An '

According to Eqgs. (3-24)-(3-28), the semi-analytical solution of Eq. (3-19) can be
obtained as follow:

(3-28)

Cﬁ(Ap):

dM -1t
%=A0Mp(y—l,t)+80, (3-29)
where A, is amatrix with 2mx2m elements, B, isa vector with 2mx1 elements.

3.4. Reliable function and first passage time

In this section, we propose a new method to obtain the first passage time based on the
definition of fractional moments. According to the definition of fractional moments and the
description in Section 1.3.3, we substitute Eq. (3-24) into Eq. (1-9), then

R (t,a) J. p(at)da= f M o (r—Lt)a”dnda
1 1 (3-30)
=—| M —1,t( a‘yda)d ==["™m -1Lt)F(1-y,a)dn,
M (-1 f; n=o-| M (r=Lt)F(1-y.a)dy
where [a,a,] is the integral domain, and
1 a
F(1l-y, a’da=—a"’ 3-31
(1-7.a)=] ] (3-31)
Therefore, the discretization equation of Eq. (3-30) can be expressed as
. An S
R (ta)=—"> M, (5 JF(1-7,.a). (3-32)
7z-k —m
According to the definition of first passage time, we have
ORZ (t,a
p; (t,a)= —L. (3-33)
ot
Based on Eq. (3-30), Eq. (3-33) can be rewritten as:
1 8] M, (r-1t)F(1-y,a)dy
ta)=———= , 3-34
pr (ta)=-—— p” (3-34)
thus
1 o .
o (t,a):—z mMp(;/—l,t)F(l—;/,a)di]. (3-35)
where
Mp(y—l,t):A)Mp(;/—l,t)+Bo. (3-36)
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The discretization form of Eq. (3-3 5) can be expressed as
p(ta)= Z M, (¥ -Lt)F (1-7,.a). (3-37)
or

pr (t,@)= Z(Ablvl (y-1t)+B,)F(1-7,.a) (3-38)

Since M (7, —1t) are represented as a linear combination of M, (7/ -1 t) , here, we
introduce the normalization expression of the derivatives of CFM. According to Eq. (3-26), By

differentiating both sides of the equation with respect to t, we obtain

s T
a7 ‘1)_ efﬂ(h‘ 1)

Mp(yi _1’t)

i=m —¥; +1

M, (7o =1t) =~ [exp(:}n(% _1)j—exp(;7(7o —1)D/(‘70 +1)

Substitute Eq. (3-39) into Eq. (3-38), p;(t,a) can be obtained quickly and directly.

, (3-39)

3.5. Numerical simulation

Usually, the dynamic system is subjected to internal and external noise excitation, where
additive noise and multiplicative noise are used to describe these two types of noise,
respectively. The research shows that when additive and multiplicative noises exist in the
system simultaneously, the system may lead to asymmetric or skewed non-Gaussian probability
distribution. In addition, the exist of multiplicative noise can cause more complex dynamics in

the phase space of the system. Thus, considering the following system:
X +uDEX + B(L+B X2 +b,X*) X + ol X =cp, (1) +¢,Xn, (1), (3-40)

where 0< a <1, and the fractional term is the Caputo-type fractional derivative introduced in
section 1.3.4, which is defined as:

(DEX) ()= (11_ p [; (tX—(ss))“ ds. (3-41)

According to Eq. (3-10), Eq.(3-40) can be written as:
X {uwg*sina—z”w(uqxz +b2X4)} X +(ng cosa—2”+a)§) X

=cp, (t)+C, X7, (t).

(3-42)

Here, Eq. (3-42) can be rewritten as follows:
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X +[ B+ o X+ B0, X" [X +0”X =cap (1) +¢,Xn, (1),

(3-43)

where S, = ng‘_lsina—;+ B, and @ = pat cosa—2”+a)§. Utilizing Eqs. (3-12)-(3-18), the

drift term and diffusion coefficient can be expressed as:

2 2 3 5
_ D 3D.c A° b, SBA
2Aw 8w 2 8 16
2 2
_ ¢ D, cD
G (A)=22+ 22 A% (3-45)
10} 4o
3.5.1 Error analysis
Table 3-1 System parameters
Parameters Values Parameters Values
P 4.1 m 120
An 0.5 H -0.01
a 0.9 B 0.05
@, 1 b, 0.1
b, 0.1 D, 0.01
D, 0.1 .G, 1
100 3 T T T
. —-m=40
a5l m=54 ||
w - - -m=70
70 2 |: == m:l20 |
0 = —real
]
- 50 3"
T © Ay
30
20
0.5 I 10
‘Ijﬂ 2
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Figure 3-1 The average error of CFM method with the cutoff value m and fractional order « . The
distribution map when (a) t=10;(c) t=15;(e) t=20.The PDF obtained by CFM method with different
cutoff value when (b) t=10;(d) t=15;(f) t=20 when =05

In this section, we use the system parameters listed in Table 3-1. Figures 3-1 (a)(c)(e) show
the trends of average error in the CFM method with respect to time t, truncation value m,
and fractional order «, where the z-axis represents the error magnitude. The definition of
average error in this section is the same as in Eq. (2-49) in Chapter 2. As illustrated in Figure
3-1, when m< 26, the CFM method is not applicable for solving the transient response PDF
of system (3-40). The results also indicate that the fractional order « has an insignificant
impact on the probability evolution of system (3-40). Figures 3-1 (b), (d), and (f) depict the
transient probability characteristics obtained under different truncation values and time
conditions. The results indicate that the error of the CFM method decreases with increasing

truncation values, while the required truncation value for accuracy increases with time.
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Figure 3-2  (a) The trajectory of system amplitude; (bi-bs) The PDF when t=4,8,12,16,20

Figure 3-2 (a) illustrates the evolution of the amplitude of system (3-40), with red dots
marking the peak positions of the transient probability characteristics at different times. Figures
3-2 (bi-bs) present the transient PDF of the system when t=4,8,12,16,20, where the lines

represent results obtained using CFM method and the scatter points correspond to Monte Carlo
Simulation results. A stepwise algorithm was used to handle the fractional differential terms in
the system. The results demonstrate that the CFM method accurately captures the transient
response PDF at different times. Moreover, the CFM method is computationally efficient, with
computation times for the results at different times remaining within 3 seconds. Furthermore,

from the system's perspective, an increase in time reduces the peak of the transient probability
characteristics.
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Figure 3-3 (aj-as4) The trajectory of system amplitude; (bi-bs) The PDF when t=10 and
«=0.1,0.2,0.5,0.9

Figure 3-3 (ai-a4) display the trajectories of amplitude of the system (3-40) with different
40
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a when t=10, in which the red points are the positions of the probability peaks when
o =0.1,0.2,0.5,0.9. Figure 3-3 (bi-b4) are the amplitude PDF with different « when t=10.

According to the pictures, the CFM method remains high computational efficiency when «

changed. In addition, the change of « has no obvious effect on the evolution of the system.
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Figure 3-4 (aj-as4) The trajectory of system amplitude; (bi-bs) The PDF when t=10 and

D, =0.001,0.01,0.1,0.2

Figure 3-4 (ai-a4) exhibit the amplitude trajectories of the system (3-40) when D, =0.001

and 0.01,0.1,0.2, in which the red points are the positions of the probability peaks. Figure 3-4

(bi-ba) are amplitude PDFs with different noise intensities D,. According to the results, the

CFM method can still maintain high computational accuracy for different noise intensities D, .

In addition, the increase of the noise intensity

D

1

will reduce the peak value of the transient

PDF of the system, and the position of the peak appears to move to a larger amplitude.
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Figure 3-5 (ai-as) The trajectory of system amplitude with D, ; (bi-bs) The PDF when t=10 and

D, =0.001,0.01,0.1,0.5

Figure 3-5 (ai-a4) display the amplitude trajectories of the system (3-40) under different
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noise intensities D, , in which the red points are the positions of probability peaks when t =10.
Figure 3-5 (bi-b4) are the transient PDF when t=10. From Figure 3-5, the change of D, will

not affect the accuracy of the CFM method. In addition, the increase of noise intensity D, will

decrease the transient amplitude PDF of the system peak, but the location of the peaks does not
change significantly.

3.5.2 Probability evolution analysis

Currently, research on the steady-state probability density functions of stochastic dynamic
systems is relatively advanced within the field of stochastic dynamics. The influence of system
parameters on the evolution of steady-state probability densities, such as the mechanisms
driving stochastic P-bifurcation, is well understood. However, there has been limited discussion
regarding the probabilistic evolution characteristics during stochastic bifurcation. This section
aims to analyze this issue. Based on Eqgs. (3-44) and (3-45), we can derive the system's FPK
equation. Let dp(a,t)/ot =0, then the stationary PDF can be obtained as follows:

p. (a) = 4waN (4¢2D, +c?D,a?) " e?, (3-46)
where

3 200" (C; D35, +2¢b,AD; - DlDzblﬂCfCS)

1 D; | 4
a2 (c2b,D,a% + 4c2h,D, —8c7h,D 47
P __ﬂa’a (Cz ,D,a” +4c,b D, -8cb, 1)
? 8c,D? ’

and N is the normalization constant. Based on Eq.(3-46), let Gp(a)/ 0a=0, then we can

obtain:

b,fw’a’ +2b fe’a’ + (840" - 2¢;D, )a’ —8¢D, =0. (3-48)
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Figure 3-6 Stationary bifurcation diagram of system
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Figure 3-6 presents the bifurcation diagram in the parameter space (bl, bz), where I},

I', and I'; denote that Eq. (3-48) has zero, one and two positive real roots, respectively.

According to the bifurcation diagram, the parameters used in the following analysis are shown
in Table 3-2.

Table 3-2 System parameters

Parameters Values Parameters Values
P 4.1 m 200
An 0.48 H 0.05
i 0.5 B 0.05
@, 1 b, 0.5
b, -0.015 D, 0.1
D, 2 C.,C, 1
0.6 T T T T T T
+ <(0.35,0.56834) 4=0.05
05 " - -’“_1 H
: ———u=13
|

0.4
|
|

E 03§ l‘
]
SR
1
o2} \\
\ (9.32,0.15763)
#i+(0.54,0.12522)
01 \:‘--__a_ ~
0 T~ it
0 2 4 6 ] 10 12 14 16 18 20
a
(a)

Figure 3-7 (a) Stationary PDF of system with different 4 ; (b-d) Joint PDF when 4 =0.05,11.3

Figure 3-7 (a) shows the stable PDF of system (3-40), with the red dot indicating the
coordinate of the peak of stable PDF. Figure 3-7 (b-d) display the joint PDF of displacement
and velocity for different parameter values. The results indicate that as x changes, both the

number and shape of the peak in the stable PDF of system (3-40) change. Additionally, the
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joint probability distribution of the system transitions between unimodal and bimodal,
indicating the occurrence of stochastic P-bifurcation.
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Figure 3-9 The diagram of modulus of joint CFM

The joint amplitude PDF of amplitude and time is shown in Figure 3-8 (a), where the gray
line is the peak position of the PDF. Figure 3-8 (b) presents the diagram of peak position
associated with Figure 3-8 (a). In this part, we define the left, middle, and right part of Figure
3-8 (b) as the first, second, and third stages, respectively. From the diagram, the transient PDF
located in first stage is characterized by single peak with small values. The transient PDF
evolves into double peaks in the second stage when t=3.6, then transfer to the third stage
when t=12.8, where the transient PDF is characterized by single peak with large values.
Figure 3-9 presents the modulus of joint CFM of m and time, which correspond to Figure 3-
8. From Figure 3-9, the modulus of CFM of the system enters the “surge region” and “plateau
region” when t=3.6 and t=12.8, respectively.
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P @10)
P (@23)

Figure 3-11 Joint PDF of displacement and velocity when (a) t=2;(b) t=10;(c) t=23

The transient PDF of the system when t=2,10,23 is shown in Figure 3-10 (a-c), in which

the lines are the results obtained by the CFM method, and the scattered points are the results
obtained by the MCS method. According to the results, the error of the CFM method increases
slightly, but it can accurately describe the state of the transient PDF. Figure 3-11 (a-c) are the
joint transient PDF of displacement and velocity. The joint PDF of the system appears “one

9 ¢e.

peak”, “three peaks”, and “two peaks” in three stages, respectively.
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Figure 3-12 Distribution of peak for different parameters. (a) «=0.9;(b) f=-0.1;(c) D, =0.2;(d)
1=01

The influence on the evolution of transient PDF when the system parameters change is
shown in Figure 3-12 (a-d). Compared to Figure 3-8 (b), the increase of « has little effect on
the evolution from the first stage to the second stage, but it will accelerate the evolution from
the second stage to the third stage, which means that the second stage of evolution will be
shorter. Furthermore, the decrease of f# will extend the evolution time from first stage to
second stage and accelerate the evolution from second stage to third stage. In addition, the

increase of the noise intensity D, will accelerate the probability evolution, the evolution time

of the first and second stages will be shortened. Besides, the increase of x will delay the

evolution time of the system probability from the second stage to the third stage, but the
evolution time in the first stage has not changed, which means that the time the probability

evolution stays in the second stage increases.
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3.5.3 Reliability function and first passage analysis

In this section, we mainly consider the first passage time of stochastic dynamic system.

Here, the system parameters are selected as follows:

Table 3-3  System parameters

Parameters Values Parameters Values
P 4.1 m 120
An 0.5 H -0.01
a 0.5 B 0.05
@ 1 by 0.1
b, 0.1 D, 0.01
D, 0.1 c,C, 1
0.1 A 0.8

P (at)

Figure 3-13 Schematic diagram of reliability function

According to the definition of the reliability function, the reliability function is the
probability that the system is between [A , A;] when time is t. The schematic diagram of

reliability function is shown in Figure 3-13, where the line is the PDF of the system when
t=4,8,12,16, 20, and the shaded area is the range of the reliability function. According to the

novel method proposed in this chapter, the reliability function and the first passage time of the
system can be obtained by Eq. (3-30) and Eq. (3-39).
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Figure 3-16 (a) Joint distribution of reliability function in (t,«); (b) Joint distribution of FPT in (t,)
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Figure 3-14 shows the reliability function and first passage time of the system under
different « , where the line represent the results obtained by the novel method, and the scatter
represent the results obtained by MCS method. Figure 3-15 presents the average error of the
novel method. Compared to MCS method, the novel method has high accuracy, and greatly
improve the calculation speed in the process of calculation. In addition, the increase of «
reduce the reliability in the tail. Figure 3-16 displays the joint distribution diagram of the
reliability function and the FPT with time and « .
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Figure 3-18 Average error of (a) Reliability function; (b) FPT with different D,
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Figure 3-17 shows the diagram of reliability function and FPT when the noise intensity D,

change, and Figure 3-18 displays the average error of CFM method. It can be seen from the

pictures that the novel method has high accuracy for different D, in calculating the reliability
function and the FPT. In addition, the increase of D,, will obviously change the reliability

function and the FPT of the system, which will increase the value of reliability function. Figure
3-19 exhibits the joint distribution diagram of the reliability function and the FPT of noise
intensity D, and t.
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Figure 3-21 Average error of (a) Reliability function; (b) FPT with different u

Figure 3-20 presents the reliability function and the FPT of the system under different
values of parameter 4, where the lines represent results obtained by novel method, and the

scatter is the results obtained by MCS method. Figure 3-21 illustrates the average error of the
novel method. According to the pictures, the novel method can accurately solve reliability
function and the FPT under different 4 . In addition, the results exhibit that the increase of u

will increase the results of the reliability function and the FPT when t is large. Figure 3-22
shows the joint distribution diagram of the reliability function and the FPT of 4 and t.
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3.6. Conclusion

This chapter examines the applicability of the complex fractional moment method for
stochastic dynamic systems with Caputo-type fractional derivatives under additive and
multiplicative Gaussian white noise excitation, focusing on their probabilistic evolution
characteristics and reliability. Using the stochastic averaging method, we derived the stochastic
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It differential equation governing the slow variable amplitude process of the system, as well
as the FPK equation governing the system's transient probability density. The complex
fractional moment method was introduced to obtain a semi-analytical solution for this equation.
Compared to traditional methods based on data statistics for obtaining probabilistic
characteristics, the complex fractional moment method maintains computational accuracy
across different scenarios and significantly improves computational efficiency. Furthermore,
based on the results obtained through the complex fractional moment method, this chapter
discusses the evolution process of the transient amplitude response probability density function
and the joint transient probability density function, as well as the effects mechanisms of time
growth and system parameter changes. Additionally, for the first time, the mechanisms through
fractional orders, noise intensity, and system parameters influence the transient probability
density during stochastic P-bifurcation in steady-state scenarios were discussed. Moreover, a
new method is proposed based on complex fractional moments to obtain the reliability function
and first passage time, equivalence between the reliability function, first passage time, and
complex fractional moments is established. Numerical simulations demonstrate that the
proposed method offers both high accuracy and computational efficiency. The results indicate
that the fractional order has a minimal impact on the reliability function and first passage time,
while variations in noise intensity and system parameters significantly affect the system's

reliability function and first passage time.
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Chapter 4. Laplacian generalization and application of complex
fractional moments

4.1. Introduction

The Probability Density function (PDF), or equivalently its Fourier Transform (FT), known
as the Characteristic Function (CF), fully characterize the Random Variables within a
probabilistic framework. In various fields, including physics, biomechanics, heat transportation,
the governing differential equations are typically nonlinear and incorporate stochastic inputs
such as Normal, Poisson, « -stable white noises. The evolution of the PDF is described by the
associated Fokker-Planck-Kolmogorov (FPK) equation. As regards, numerous methods, both
approximate and exact, exist for determining the PDF of the response process. Additionally,
techniques such as the path integral method, based on the Chapman-Kolmogorov equation, are
explored in [133-135]. This approach is particularly effective for systems driven by Gaussian
or Poisson white noise, especially in addressing the barrier problem [82, 136, 137]. To address
the loss of Markovianity in response processes involving fractional derivatives, recent literature
has proposed the Wiener path integration method.

One notable drawback of the path integral method is its time-consuming nature, particularly
when dealing with distributions that exhibit heavy tails, such as the « -stable distribution [138,
139]. Another significant limitation arises when random phenomena are derived from
experimental data or Monte Carlo simulations; methods relying on integer moments or
moments of the form E [ X ] with p, e R" prove inadequate for accurately reconstructing
the PDF [140, 141]. Solutions to the Fokker-Planck equation that utilize Taylor expansion of
the CF in terms of integer moments or cumulants often yield unsatisfactory results for nonlinear
systems. This is because the governing equations involve an infinite hierarchy of differential
equations, and truncating the Taylor expansion of the CF produces divergent CF values, and
consequently the PDF may not be reconstructed by the expansion of the CF. Additionally,
methods based on Maximum Entropy Principle in terms of integer moments or fractional

moments work well only for some distributions of the PDF.

Further, the reconstruction of the PDF with a limited amount of information is not
applicable to all probability distributions. This is because all available information is evaluated

in real domain, and for ¢« -stable distribution (O <a< 2), moments of order E [X P ] exist

only for p, =a, meaning that the moment greater than two does not exist. To address these
challenges, recently studies propose a method for reconstructing the PDF (or equivalently, the

CF), based on the evaluation of Complex Fractional Moments of the type E [ X7 _l] ,
y = p+in . These CFMs are basically the Mellin Transform (MT) of the PDF. If p is properly
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selected, the inverse MT returns the PDF as a Fourier series in logarithmic scale of the domain
x of the PDF. Using this concept, numerous publications for solving various problems are

available.

Drawing from this experience, we recognize that working in the complex domain can
effectively reconstruct the PDF using integral transforms. However, these transforms come with
distinct applications and limitations; for instance, the Mellin transform has a singularity at
Xx=0. To extend the theoretical framework for reconstructing the PDF invoking complex
quantities, a method based on Laplace transform is discussed in detail and compared with the
method based on the MT. It is shown that the presented method leads to work with moments of

the form E[exp(—SX )] , where s=/f—i0 . These moments, derived from the Laplace

transform, generate the so called, Shifted Characteristic Function (SCF), as the presence of £

corresponds to the shift property of the Laplace transform. Utilizing these complex quantities,
the PDF can also be reconstructed.

Furthermore, a new definition of double-sided LT is introduced, remaining valid for PDF
reconstruction. The solutions to the Fokker-Planck-Kolmogorov (FPK) equations for the
double-sided PDF are presented. To demonstrate the versatility of the Laplace transform method,
examples illustrating solutions for classical differential equations, fractional differential
equations, and FPK equations are included. Lastly, a comparison between the Laplace and
Mellin transform methods is provided. In the latter, a refined definition of the inverse Mellin
transform is proposed to address the singularity issue at X =0, which has been a concern in
previous studies.

4.2. Discretization of the inverse LT for the Probability Density Function

First of all, representing the generic function f (x) inEq. (1-14) as p, (x), namely the
PDF of the RV X with domain x>0, the FT of p, (x) is, by definition, the Characteristic

Function (CF) labeled as ¢, (), which is given by:

¢, (0)=E [e“"x } = J': e”p, (x)dx = py (&) w“n
:J':cos(é?x) Py (x)dx+iJ':sin(0x) py (x)dx= A7 (0)+iB) (9),

where E[+] represents the mean value of the RV, A7 (¢) and B; (@) are the real and the

imaginary part of ¢, (), respectively.

The cosine transform ( Ap]; (9)) and the sine transform ( Bi (49)) are even and odd function
with respect to @, respectively. Moreover B, (@) is the Hilbert transform of A’ (6),

namely
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1__¢» ~ =1 = A
B, (0)=—P| A, (0)|0-6| do =A] (o), (4-2)
where the symbol P in Eq. (4-2) stands for Cauchy Principle Value (PV) of the integral in

parenthesis, and the superimposed A stands for the Hilbert transform operator.

On the other hand, since

_[: e p, (x)edx = }"{e‘ﬁX Py (X); H} = E{ Py (X); s}, (4-3)

the LT of the one-sided PDF may be considered as a Shifted Characteristic Function (SCF),

namely
L{p, (x);s}=¢5 (B-10)= I:e‘ﬁx Py (X)€" dx=F{e 7 py (x);0)=E[e™ |. (4-4)
Where the apex S in the CF means shifted.

The inverse LT, according to Eq. (1-16), returns p, (x) in the form

1 *® —=S. —SX
pX(X):Z _E[e™ ]ede. (4-5)

Let
¢ (B)=A, (s)+iB; (s)= '[:e’ﬂx Py (x)cos(¢9x)dx+i'f:e’ﬁX Py (X)sin(6x)dx, (4-6)

L
where B, (S)= Ap, (). The discretized form of Eq. (4-5), obtained by dividing the & axis

in small intervals A€ of equal length, can be expressed as:

pX(X)EZ_1b§: L{py (x);s,}e*, 4-7)

where b=7/A0, s, =p+ikz/b. By taking into account AS (B+i0)=AS (S-i0) and
B, (B+10)=-B, (B-i6),Eq. (4-7) may be rewritten as:

Py (X)= e:k: [Aﬁx ([3)+22(A§X (s« )cos(l% x]+ B, (s )sin(kf X)ﬂ (4-8)

where m is the cut-off value in the domain . In passing we observe the significance of the

first term that is A;:X ( p ) =E [exp (— L X )] , it follows that the higher /£, the larger the shift of

SCF is. The coefficient can be expressed as:
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B)= j:b px (X)ePdx=E[e ],

o
5. )= IZb p (x)e”*cos(k—ﬂ xjdx =E {e”x cos(k—” X ﬂ (4-9)
k)= ), Px b b ’
j Py (X ”Xsm(—xjdx_ {eﬂx sin(k” Xﬂ
b b

From Eq. (4-9), we observe that only in the limit as A@—>0(b—>x), for =0, the

total area of the PDF is unitary. This observation is useful for properly selected A& and the
corresponding b to ensure an accurate representation of the PDF in discretized form.

As previously stated the very relevant aspect in the inverse Laplace transform in Eq. (4-5)
is that the integral is performed along the imaginary axis € while £ remain constant, this

implies that the existence of statistical moments of the form E[exp(—ﬁ X ):| guarantee the

existence of E [exp(—(ﬂ —i6) X )] for every value of 6.

In many engineering problems, the governing Fokker Planck equations involves derivative
of the PDF, along with products of the PDF by some non-linear functions of the form

Z@[exp(—ajx) Py (x)]/ Ox . This results in the corresponding SCF being evaluated in
j=1

different values of /. Consequently, such equations may not be solvable in Laplace domain.
To solve these problems by using the representation of the PDF in terms A7 (s, ), B (s,)s
we need to address the following problem: Is it possible finding A'fx (sk+Aﬂ) and
B,fx (s, +AB) if A;:X (s¢)> chx (s,) are known? In order to solve this crucial issue, we

observe that p, (x) in Eq. (4-8) is independent on £, provided that S belongs to the FS
of the LT, it follows that from Eq. (4-8), we can write

K. (40928 5, 5 eapios{ o 5 s i 7

e 4 ()25 A% (s oos{ K] (s i ) |

by multiplying both sides of Eq. (4-10) by cos(Jb jdx J=12,.,m and sin(—‘lngdx,

(4-10)

and integrating in the range [O, Zb] , due to the orthogonality conditions of the trigonometric

function in [a,a+2b], we get:
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m

AZ (s, +0B) == AZ (f)ay, +12[Agx (50)a +BE (5,)¢, |

2 bis (4-11)
1 18
B, (s, +Aﬂ)=%A§x (B)bys +BZ[A§X (sc)cy +B,, (Sk)ka]’
k=1
where
a,, :_[ e cos(‘%x)dx:b%ﬂry
b _ —-ASX ‘]
by = [ e sin X |dx=bazr,
2
Ay = 2be‘A"’Xcos(‘]T”xjcos(%xjdx=b ﬂ(tjk_l_sJk),
20 e (dm ). (ko b*ApB
b, :IO e sm(ijsm(?xjdx:T(th —Sy ) (4-12)
2 o Jr kz bz
c, =| e* COS(TX]S”{? jd :7((\] +k)s, = (3 =Kty ),
1— e—ZbAﬂ 1— e—ZbAﬁ 1— e—ZbAﬁ
Jk SJk

= , = = ,
b2AB% +(3 k)’ 7 b2AB% +(J+k) 2% I +D7Ap

Jk=12,...m, AB=0.

Eq.(4-12) constitute a set of 2m+1 linear algebra equations that can be expressed in

matrix form as:

aﬁ(s+Aﬂ):2ibD£a§(s); s=£-i0, Af#0, (4-13)
D=la,, 2A 2C | a;(s)=| A, (s)] a;(s+AB)=| A (s, +AB) | (4-14)
by, 2CT 2B B,, (s) B, (s +Ap)

Here, a5 (s+ApB) and aj(s) are vectors with 2m+1 components. In the matrix D“, the
first row of the (2m+1)x(2m+1) matrix D® contains a, , a, (J=0,..,m) and
by; (3 =1,2,...,m), the symmetric matrix A isa mxm matrix, where J,k elementis a,,
the matrix B is a mxm symmetric matrix where J,k element are b, . Moreover the
matrix C isa mxm matrix where J,k elementis C,.If AB=0,then D* is 2bl, .,
being 1,,,, the (2m+1)x(2m+1) identity matrix. By means of Eq. (4-13), the vector
ag (s+Ap) is constructed by knowing a7 (s), Egs. (4-10)-(4-14) remain valid provided /
and S+ Ap belong to the FS of the Laplace transform. From Eq. (4-13), we realize that if we
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select B =0, the vector aﬁ(s) becomes the corresponding Fourier vector, and the matrix

D“ reverts to the corresponding D” .

4.3. Generalization for double-sided PDF

The probability density function of a RV is generally not one-sided. In this case, we need
to adapt the concepts used in the previous sections to the double-sided case. First of all, noticing
that the Laplace Transform applies to one sided function and is widely used for solving
differential equation with assigned initial conditions in zero. It follows that in probabilistic
setting for double-sided PDF, we need to generalize LT in the domain x defined in
—00< X <00, leading to the definition of the double-sided LT.

In some textbooks [142, 143] and in the tables of transform, the double-sided Laplace

transform, labeled as f * (s), and its inverse are defined as

FE(s)=L{f(x)is}=]" e>f(

J:(f e ) 'exdx+j x)eﬂx)e‘”xdx; (4-15)
f(x)= % ;wesx f£(s)do.

From the definition Eq. (4-15), we realize that the double sided LT is the summation of
two one-sided LT terms, one in the negative range (X <0), and the other one in the positive
range X>0. This definition is valid in the integral form, provided that the FS of the LT is

properly selected. However, taking into account that lim f (—x) e’ for large value of S, the

X—>0

reconstructed function may be divergent. Such an example, let

f (x)=exp(-v|x|)(v>0), (4-16)
in this case, the one-sided LT of f (x)U (x) in Eq. (4-15) has a FS in the range 0< <o,
while for f(x)U(—x), the integral converges for 0< f<v . It follows that the FS for
f(x)= exp(—v|x|) is 0< S <v.In any cases, also by selecting B into the FS, the inverse

LT by using Eq. (4-15) returns f (x) in the whole domain, but produces inaccurate results in
the corresponding discretized form when £ =0.

In order to overcome this drawback, we propose a new definition of the double-sided LT

in the form

Py () =L {pe (x)is}=[ e ™" Mp, (x)dx

) (4-17)
- LO e p, (x)e”dx = }"{e_ Mpy (x);@};
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And then its inverse reconstructed by the double-sided PDF is given as:
p (x):iro ﬁ‘(s)eﬁxe‘gxdeze’i © pLi(s)e™™do (4-18)
X 2 0= 27 Jo= X '

With this definition, the aforementioned problem disappear because the p, (X)U (x) and

Py (X)U (—X) are both multiplied by exp(—A|x

), thus p, (x) and p, (—x) are weighted

).

. . 1%
in the same manner. Such an example for the non-symmetric case p (X) = EeXp(_V|X — U

the double-sided LT evaluated by Eq. (4-15), is given

uv 2 1S
2 Vﬂ.e 2_1;6 2;5=ﬂ+i9,,u<0;
c Vo e g iox |s|" +2igy —v* " —v
pX (S):_ € e (5] dX: ) (4_19)
27 Ve vie ™ )
2 - - 2 2,S=,B—|0,,U>O.
|s| —2igv—v? s"-v
The corresponding pj (s) for =0 is
pf () =v?e™ I(6°+v?). (4-20)

The derivative of the double-sided LT, by using Eq. (4-17) instead of the classical
definition is given as

= " - d" X — B|x|+ix =\" AL (= = : H
ﬁ{ddx” pX(x);s}:J'_OOWe oM dx=(-5) px(5); §=psign(x)—ié.
(4-21)

The discretized form of Eq. (4-18), taking into account that Af (s) and Bf (s) are

symmetric and antisymmetric with respect to &, respectively, is given as:

Py (X)= o Z{ Py (X); s} o-itx

= ezﬁt: {A,f (ﬁ)+2i(A§ (sk)cos(% x)+ B. (sk)sin(l%r xjﬂ

where A is the step-size of discretization in € domain.

(4-22)

For symmetric PDF ( p, (X)= py (—X)), the imaginary part of Eq. (4-17) is zero, while
the real part is the LT of 2p, (x)U(X) (one-sided). This implies that the PDF can be
reconstructed by using the inverse Laplace Transform (E{pX (X);S}) by assuming for
Py (X)=pyx (X)U (), and the PDF in the negative x domain obeys to the symmetry

condition. For =0, Eq. (4-17) coalesces with the classical definition of the FT when
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Py (X) defined in the range (—oo,0). Therefore, Eq. (4-22) remain valid by substituting
f=0 into Eq. (4-17) and evaluating A} (s,) and B; (s,) in Eq. (4-22). However, the

trigonometric Fourier series exhibit the aliasing effect, when reconstructing the PDF by using
Eq. (4-22) for f>0. It follows that p, (x) reconstructed by using Eq. (4-22) has to be

multiplied by a window function U (x+b)-U(x—b) inrange [-b,b].

From Eq. (4-15) and Eq. (4-22), we realize that with a limited values of quantities
Af (s,) and Bf (s, ), we may reconstruct the PDF. In the practical applications, the PDF is

often unknown, but the realization of a RV or from the data coming from Monte-Carlo
simulations are available. Constructing the PDF from such data can be challenging, as it

requires a large number of samples. In contrast, evaluating moments of the form
E[exp(—(ﬁ —i6‘sign(X))|X|)] is straightforward using the generic formula, which is also

valid in complex domain, namely
- 13 <[x ®
E[exp(—s |X|)]:W2exp(—s ‘X ‘) (4-23)
k=1

where N is the number of samples, and X ) is the k -th realization of the RV X .

In Figure 4-1, the double-sided LT of PDF

Py (x)=%exp(—v|x—,u|) (4-24)

is plotted for for #=0.1 and 0.35. The Shifted CF is plotted according to the double-sided

LT according to Eq. (4-19). The discretized version, evaluated by Eq. (4-22) is contrasted with
the exact PDF, the parameter selected for A@=0.2,and m=78.

0.25 T T 0sF
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Reconstruct PDF(3=0.35)
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Figure 4-1 b=7z/A0=157, v=05, A6=02, m=78,and mAH =D .(a) The continuous line plot by
the exact PDF, dashed line and dotted line reconstructed by Eq. (4-22) with #=0.1,0.35, respectively;
(b) SCF of Eq. (4-19) for different values of S, the continuous line represent the real part, the dashed line

represent the imaginary part; (c) The continuous line plot by the exact PDF, dashed line and dotted line

reconstructed by Eg. with £ =0.1,0.35, respectively; (d) SCF of Eq. (4-15) for different values of 2,

the continuous line represent the real part, the dashed line represent the imaginary part

In Figure 4-1, the difference appeared in Figure 4-1(c) between the exact PDF and that

reconstructed PDF by means of the double-sided definition given in Eq. (4-15) can be avoided
by the new definition (4-19) with the same parameters.

From the results of this section on the SCF method for reconstructing the PDF with a limited

number of information, some conclusions may be withdrawn:

1)

2)

3)

4)

For one-sided PDF, both Fourier and Laplace operators are able to reconstruct the PDF of a
RV or a stochastic process.

For double-sided distribution, the FT may be used without any problem, as all PDFs are
Fourier transformable. However, for the SCF, the double-sided definition given in Eq.
(4-17) must be applied.

Since in Eq. (4-22), the PDF is reconstructed in the discretized form over the range
—b<x<Db in a classical Fourier series of orthogonal trigonometric function, the PDF

remains valid only in the interval [-b,b], which has to be considered zero outside the

interval due to the aliasing effects. These effect persist in both FT and LT methods, also the
double-sided definition of £ and F isused in Eq. (4-22) as it is shown in Figure 4-2.

A close inspection of the double sided LT in Eq. (4-17) and (4-18) reveals that the SCF
exhibits a smooth trend, which means that A@¢ may be selected without needing to be
excessively small. Conversely, for g #0, Eq. (4-15) does not work well for two main
reasons: a) The SCF exhibits a more pronounced oscillatory trend compared to the SCF
evaluated in Eq. (4-22), leading to that A& has to be selected smaller; b) If the order
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f = v, the PDF reconstructed by Eq. (4-15) is inaccurate when the discretized equation is
used.

5) Ifthe RV X is characterized by the CF rather than the PDF, as in the case of « -stable
RVs, the Fourier or the Laplace transform method can be directly applied to the real and
imaginary parts of CF.

6) The SCF method is useful for solving the fractional differential equations with variable

coefficients expressed in exponential form.

x=-334 x=-2

E 2nlA) — — 27/ Af j

-40 -30 -20 -10 0 10 20 30 40
X

Figure 4-2 The aliasing problem with =0, v=2, A6=02, m=78, b=x/A0=15.7

4.4. Application of SCF method in solving FPK equation

This section presents two different applications of one-sided and double-sided LT. The first
involves using the LT for solving deterministic differential equation (both classical and
fractional) with time-dependent coefficients, while the second focuses on solving the Fokker-
Planck-Kolmogorov (FPK) equation.

4.4.1 One-sided

Let us now show the simple example in which the PDF is ruled by a FPK equation defined
in the range [0, oo) . The equation of motion of the one-degree-of-freedom oscillator enforced
by the multiplicative noise is given as:

X +cX +0’X =g X &(t
' . 5.( ) (4-25)
X (0)=X,, X (0)=X,
where X and X are the abbreviation of X (t) and X(t) represent the displacement and

velocity of the system, respectively. @ is the frequency, and & (t) i1s a zero mean normal

white noise process fully characterized in probabilistic setting by its correlation function given
as:

R; (tl’tZ) - E[ég(tl)é(tZ)] - q(t1)5(t2 _tl) - q(t2)5(t2 _tl)' (4-26)
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Where E[+] is the mathematical expectation, is the strength of the white noise. If &(t) is
stationary, then R, (t,t,)=R.(t,—t)=095(t,-1,).

With the weak excitation and weak damping, assuming the Wong-Zakai correction term
produces no additional force, Eq. (4-25) has the quasi-periodic solutions due to it is the quasi-

conservative system, which means that we can express the X (t) and X (t) as follow:

X(t)= A(t)COS(G)(t)), X (t)=—A(t)wsin (@(t)), (4-27)
where A(t) is the amplitude process and @ =wt+6(t) is the phase process. Substituting Eq.

(4-27)into (4-25), and applying the stochastic averaging technique, one can obtain the It6
stochastic differential equation

{dA(t) =m(A(t))dt+o(A(t))dw (t),

(4-28)
A(0)= A,

where W (t) 1s the Winner process defined in section 1.3.1, A(O) = A, 1is the initial condition,

which is a RV with assigned PDF. m ( A(t)) and o-( A(t)) is the drift term and diffusion term,
respectively, which are expresses as
m(A)=zA,
4-29
o’ (A)=27;A’. (29

2 2
3694 p_84 . The FPK associated to eq.(4-28) 1is given as:

80> 2 7 40

opa(at) ~o[m(a) pA(at)]Jrl@Z[az(a) pa(at)]
ot oa 2 oa’ : (4-30)

Pa(a,0)=p, (a)

where p,(at) is the PDF of the slowly varying process A(t) and p, (a) is the

Where z, =

corresponding assigned initial condition of the amplitude A(t) at t=0. By assuming that at

each time t, we multiply Eq. (4-30) with e™**, and integrate from 0 to Infinity, then we have:

&C
[m )pA(ast)e ’Sa —sj a)p,(at)eda
100°(a)pa(at) o 1 e
3 aaA e 0 +§s[az(a) pa(at)e L 4-31)
+= sj a) p, (at)e*da,
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where
L, (st) :J.:efsa p,(a t)da (4-32)

is the SCF in t. Considering the initial condition, the first, third and fourth term in the right
side of eq (4-31) can be vanished, applying eq.(4-29) , we can rewritten eq. (4-31) as:

® —sa S
" 5| 57 EJL ap, (at)e™da+

292 ® -sa
8a;2q IO a’p,(at)e™da.  (4-33)

According to the property of Laplace transform, Eq. (4-33) can be rewritten as:

oL, (s.t)  (3e2q ¢ )., s°eq
pat =S(8a)2 _El L, (S’t)+ 807 L, (S’t)' (4-34)

L, (s,t) and L, (s,t) means the first and second order derivative of L, (s,t) with s.

Applying the differential methods, the discretized form of eq.(4-34) can be rewritten as:

dl: ,t 2 2 2
o (5, )= 3e12qs.k_clskJr €, Js, 1L (Sent)
dt 8w'As 2As 8w’ (As) )

(4-35)

2 2 2 2 2
_ 2?1 as, _+ 3912qsk B C;Sy LpA (Sk’t)_i_%/:p/\ (Skfllt)
8" (As) | BwPAs  24s 8" (As)

Noticed that the solution of Eq. (4-35) may be divergent during the calculation because at each
new time instant, we introduce the following equation from Eq. (4-7) according to the
information that the total area of the PDF is 1, then we have

1 2b S X
Z—bk:z_mﬁm {s,,t) jo e*dx =1 (4-36)
Which also means
£, (st} :Ci 26-3 £, {sothc, | (4-37)
0 k=—m

k=0
Where C, =(e2bsk —1)/ S, - It worth noticed that ¢,=2b if g=0. Egs. (4-35) and (4-37)
give a set of 2m ordinary differential equations, where s=-m,...,—1,1,..m. Here, we select
the parameter of system as C, =-0.05,¢ =1, w=1,9=0.01, and the initial condition is
Py (x,0)=&(a—1), of which the SCF is L, (s,0)=exp(-s).
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Figure 4-3 The reconstructed PDF when t=10 with different cut-off value m

The result with different cut-off value m when t=10 by LT method and Monte-Carlo
Simulation is plotted in Figure 4-3. on which we choose the parameter as f=0, A@=0.1.

From the pictures, we may observe that with the increase of m, the accuracy is increase. The
calculation time is 0.8s, 3.3s, and 20s when m=100,200 and 500. Figure 4-4 (a) and (b)

displays the evolution of real part and imaginary part of SCF when t e [0,10] , where the black

1 500 w 1
»
-~
l 08 400 ™ 08
H06 300 N 06

dotted line is plotted in m=0.
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Figure 4-4 (a) The real part of SCF and (b) The imaginary part of SCF when t €[0,10]. The black dotted
line is drawn when m=0

65



Doctor thesis

4 T

G. L 5‘
= =15 - g=0.1
3 G
s -
= ¥ 1 3 s = 5 m 1 ;
= 4 = 2 ¥
= =10 = 4=0.05
g Cls
1 T
T S I 10+ N ; ] . \
o T & i i L = 1 5 g i ]
un 3F & - (o0 _
= o b9 =5 s | e g=0.01
P T i i 3 PN i B B i i L
= 3r =
g o =0 < | q=0
AT o |

1 3 4 5 1 3 4 5

a a
(a) (b)

Figure 4-5 m=500. (a) The reconstructed PDF when t =5,10,15; (b) The reconstructed PDF when
g=0.01,0.05,0.1 and t=10

Figure 4-5 exhibits the reconstructed PDF with the change of time t and the intensity of
noise (, where the line is obtained from LT method, and the dot is obtained from Mont Carlo

Simulation. The results verified the accuracy of LT method in solving FPK equation.

4.4.2 Double-sided
Let the stochastic differential equation be given in the form

{x‘<t>—f(x<t>>+f<t>,

4-38
X (0)= X, 439

where £(t) isa zero-mean normal white noise as mentioned in Eq. (4-25). X, isaRV with
assigned PDF p, (x)=py, (x,0). In Eq. (4-38), f(X(t)) is a nonlinear function of the
stochastic process X (t) The FPK equation, ruling the evolution of the PDF of the stochastic

process X (t) is given as:

_px(“ ‘_[f (xt) px(“] [pxx ] . (4-39)
Py (%,0)= py_ (X) (Assigned)

To consider a generalized situation, in this application, we assume that
p, (x,0)=5(x-a), a>0 and f(x)=a(e™ +e™)+c. In this case, the p, (x.t) is not

symmetric, and thus the double-sided LT can be applied. By making the Laplace transform of
both members of Eq. (4-39), according to Eq. (4-17), and applying double-sided Laplace
transform to Eq. (4-39), we can obtain:
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S, ()= 1 (0) e (x)(~Bsign(x) +i6)e "o
+%ﬁo Py (X)(~psign(x)+ ig)2 e by (4-40)

L, (P (0.5} =,, {6(x-a)is}=e ™

the Laplace transform can be transferred along the real axis. To simplify the calculation, we
suppose S =0, then Eg. (4-40) can also be rewritten as:

%¢p (6,) = a0, (0+v,t)+iady, (9—v,t)+(ic9—%92j¢p (6.1),

$,10,0} = F,{5(x-a,);6};

(4-41)

where ¢ (6,t) is the double-sided Fourier transform of PDF, namely the Characteristic

function, and

o0

e

—VX+ifX

I Py (x,t)dx;
jw (4-42)

evx+|€x X t dX

00

The SCF can be translated along the real axis, which means that the ¢, (6, +v,t) can be

expressed as a set of 2m+1 ¢, (4,,t) according to Eq. (4-11), where k=-m,..,m. To

prevent divergence in the results, we introduce the normalization condition, which is

I P (X,t)dx= 21b B (65,1) + Z¢ (6,,t)e™ ™ dx =1, (4-43)
k#O
namely
1 & g ib _ gib
b (00:t) =142 2 4 (G t) —— (4-44)
k=—m IHI(

k20
Substitute Eq. (4-42)-(4-44) into (4-41), we can obtain a set of 2m ODEs, where
J=-m,...,-11,...,m. Solving the ODEs, and we can reconstruct the double-sided PDF over

time t. In this case, we select a=-0.1, ¢=03, v=01, g=0.01, m=120, and
A@=0.2. And the initial condition is ¢, (6,0)= e®’, a,=0, and the transient PDF can be

reconstructed as follow.
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Figure 4-6 (a) The real part of SCF and (b) The imaginary part of SCF when t €[0,15]. The black dotted
line is drawn when m=0
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Figure 4-7 (a) The reconstructed PDF when t=0,5,10,15 and q=0.01; (b) The reconstructed PDF when
g=0,0.01,0.02,0.05 and t=10. The line is the reconstructed PDF by SCF method, and the dotted is the
results obtained by Monte Carlo simulation

Figure 4-6 exhibits the SCF when g =0, where the Figure 4-6 (a) is the real part, and the
Figure 4-6 (b) is the imaginary part. Figure 4-7 displays the PDF vary with time t and the
intensity of noise q. According to the calculation process, the calculation time using the SCF
method is within 1 second. Comparing to the Monte Carlo Simulation, the SCF method is both
efficient and accurate in reconstructing the double-sided PDF. Especially, the results
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demonstrate that the SCF remains highly accurate for different time and noise intensities.

4.5. Comparison of SCF and CFM in Reconstructing the PDF of a

Random Variable

Several studies have focused on reconstructing the PDF of RVs using a limited amount of
information, primarily through complex fractional moments based on the Mellin transform.
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Chapter 4. Laplacian generalization and application of complex fractional moments

This method has been applied to solve the FPK equation. In this section, a critical review of
reconstruction of PDF by CFM and SCF methods is presented. The CFM method is based on
the Mellin transform of the one-sided PDF, namely

M{py (%);7} :I: X" p, (x)dx = E[XH]; y = p+in. (4-45)

The MT exists if the real part of » belongs to the FS of the Mellin transform, for a wider

discussion or of the domain of existence of the MT. The Shift property in the Mellin domain is
given by

M{xpy (x)i7} = M{py (x):7 - af (4-46)
Provided p belongs to the FS, the inverse MT return the PDF in the form:
_ 7. 1 = e
Ml{E[X“],x}=E CE[XHxvdn=py (%), (4-47)

The discrete form of the Eq. (4-47) obtained by discretization of the 7 axis into small

intervals of equal length A7, is:

X7 p, (X)dx = 2—1b[E [x /H}+ zi(Aﬁ (7 )cos[%} B, (7, )sm[%}ﬂ dy,

k=1

(4-48)
where b=7x/An, Ay(;/k):Re(E[X”’l]), B;,“(;/k):Im<E[X7k’1]), v.=p+ikz/b,

and y=Inx, dy=dx/x.

As in the SCF method at the r.h.s of Eq. (4-48), a Fourier series appear. The difference
between the CFM and the Fourier series is that the trigonometric functions in the CFM method

are represented on a logarithmic scale over the interval [—b, b] in y axis. Additionally, in the

CFM method for p =1, corresponding to £ =0 in the SCF, the first term of the r.h.s of Eq.

(4-48) is 1/2b. In the discretized form at the r.h.s of Eq. (4-48), the integral has been
approximated by truncating the Fourier series in the 7 domain, retaining m terms instead of

o terms(mAn=mz/b).
For the one sided PDF, the integration in [0, b] at the r.h.s of Eq. (4-48) in y domain

corresponds to an integration in [e’b,eb] in x domain, and thus for p=1,

eb
J' Py (X) dx #1, that is a measure of the error obtained by truncating the Fourier series given
e

in Eq. (4-48) in the 7 domain. By selecting p=2 in Eq. (4-45), the one sided PDF is
reconstructed by considering the centroid of the PDF as the reference line in p domain, as in

the classical definition of the probabilistic analysis, where the cumulants are referred to a central
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line (E [X -E [ X ]]) ,wewillreferto p=2 inthe MTand £ =1 inLT ascentral CFM and

central SCF, respectively. The case of double-sided PDF was addressed, where the problem is
solved by writing

Py (X)=Uy (x)+vx(x):%( Py (X)+ Py (—x))+%( Py (X)— Py (—X)), (4-49)

namely the PDF is divided into a symmetric and antisymmetric parts, and the one sided MT is
applied to both u, (x) and v, (x).However, reconstructing the PDF by using the Eq. (4-48),

produces unsatisfactory results due to the singularity of the factor x™” — o in zero. To
address this issue, the double-sided MT is introduced with the aid of the aid of u, (x) and

vy (%),
M{uy (x);7} .[ Uy x| ax,
M{vy (x)i7} = j_wsign(x)vx (x)|x["" dx.

Since U, (X) and v, (x) are symmetric and antisymmetric function, respectively, the

(4-50)

inverse double-sided MT is expressed as:

Px (X)

P o0

= M{u (x)irfN7 d77+—_|. sign(x) My (x);7}]x 7 da,

(4-51)

of which the discretized form is:

Px (X)

1o _ .
a2 sign (x) M {v,, (X); 7YX
Px (0)=( px (AX)+py (-AX))/2 k=—m

= |);|bp [AbM (7o)+2i(A34 (7k)cos£—k”|r;(|x|)]+ B, (n)sin(—kﬂlz('XDm

(4-52)

where AT (1) = A" (1) +sign(X) A" (7). By (1) = B () +sign (X) B (7). AM (7))
A"(n) and B"(7). B/(%) are the real part and imaginary part of At{u, (x);7}

by (0)= Px (AX)+ZPX (-ax)

and/\_/l{vX (X);J/k}, AX is the unit step in x axis. The presence of the Cauchy Principle

Value (PV) is essential for overcoming the singularity at zero. In this way, the problem of the
singular kernel in the symmetric part of the PDF in x=0 disappear when the principle value
is taken into account, and the translated function along real axis is introduced. In Figure 4-7 and

4-8, the asymmetric Gaussian distribution is reconstructed using L {px (X);S} ,
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Chapter 4. Laplacian generalization and application of complex fractional moments

./\_/l{ux (X);y} and /\_/l{vx (x);;/} . For comparison purposes, the SCF is calculated with
p=1, A0=0.1,0.12,0.24, and for the CFM with p=2, An=0.2,0.4,0.6. The selection of

n (in Laplace) and m (in Mellin) is shown below:

In the asymmetric case, we choose the Gaussian distribution with z, the mean value and

o’ the standard deviation, namely

_(X—/Ux)2
Py (x):\/%a e % —m<Xx<om, (4-53)
X

Thus we have

iy (B-i0)++0% (5-i0)° N 2
L{p.(x)is)=" 2\/45 Erfc((ﬂ 19)o Z“X}

Oy
L (4-54)
g ) (B+i0) 0% +2u,
+ Erfc ,
22 20,
- . 1 iy 1-7 1
Mu, (X);yl=——0c2'T| & |.F| —&, =, -2 |, 4-55
{ x( )7} \/ZO-X (Zjl 1[ 5 o Uij ( )
_ N2u 1+y y 3 1
My, (x); =X prop| 222 Bl L 2 B 4-56
{x()?/} \/;Gx (2]11 5’7 O_)z( ( )

where Erfc(-) represents the complementary error function, and 1F1(-) represents the

Kummer confluent hypergeometric function. Figure 4-8 and Figure 4-9 display the
reconstructed PDF and the double-sided LT and double-sided MT of PDF for the case 1, =1.5

and o, =1. The results with and without PV is shown in Figure 4-9 (a).
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Figure 4-8 f=1.Case 1l A#=0.1, n=240;Case2 AO=0.12, n=200;Case3 AG=0.24.(a)
Continuous line plot of exact PDF, dashed line and dotted line reconstruction of the PDF by SCF; (b) The
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real part and imaginary part of £, {p, (x);s}

0.4 T \ T T T
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Figure 4-9 p=2.Case 1: Ap=0.2, m=120; Case2: Anp=04, m=60; Case3: An=0.6, m=40.
(a): Continuous line plot of exact PDF, dashed line and dotted line reconstruction of the PDF by CFM; (b):
The real part and imaginary part of A, {u, (x);7} and M, {vy (x);7}.

As concluding remark, both the double-sided LT and MT can be effectively used to
reconstruct the PDF with a limited number of complex quantities, which can be easily evaluated
from experimental data or from Monte Carlo Simulation. It is to be remarked that the selection
of f inthe SCFor p in CFM methods has to be selected properly (0< <1 or 1< p<2)

in the two methods in order to avoid that MT or LT have high oscillatory trend in the
corresponding imaginary axis.

At this stage, peoples may ask a question: since both Laplace and Mellin transform can be
used to reconstruct the solution of linear fractional differential equations in deterministic setting
with time dependent parameters, as well as the solution of the FPK equation, what of the two
transforms is preferable? It is important to note that from the It6 equation, the nonlinear term

g(x) produces the drift term, and in the PDF space of p, (X(t)) , this corresponds to a linear
differential equation of the form &p, (x,t)/ ot =-0(g(x) py (X,t))/ &x, which is linear with
respect to  p, (X,t), with g(x) acting as the variable coefficient. It follows that if the

nonlinear term in Eq. (4-39) is of exponential law, it is preferable working in Laplace domain.

Because the shift property remain valid. By contrast if ¢ (x) follows a power law, then the
shift property, namely M{X“ Py (x);y} = ./\/l{ Py (X);7+a} remain valid, and thus the
solution of the FPK equation can be reconstruct in more easy way by using MT.

4.6. Conclusion

The Shifted Characteristic Function based on Laplace transform has been presented as a
method for reconstructing the one-sided PDF of random variable using a limited number of
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complex quantities, that is E [exp(—sX )} for x>0, s=/+i6. The extension to the case

of double-sided distribution of the type E[exp(—(ﬂ —isign(X)0)|X|)} has also been

discussed, leading to a different formulation from those previously reported in the literature.
The discretized form of both one-sided and double-sided inverse Laplace transform is
performed along the imaginary axis to reconstructed the PDF. The SCF coincides with the
Fourier transform for both one-sided and double-sided distribution when £ =0. It is shown

that the SCF method, in its discretized form, leads to a representation of the PDF in a classical
Fourier series. Applications of these concepts to solve deterministic fractional differential
equations with variable coefficients, as well as the FPK equation, have also been presented.
Lastly, a comparison with Mellin transform, as proposed in the past studies [82, 84], working

with complex moments of the form E[X g ’1]( y = p+in) has been revisited to address the
singularity at zero in the reconstruction of PDFs using complex fractional moments.

In conclusion, we can assert that working in complex domain for constructing PDFs or

solving the FPK equation in cases involving exponential-type non-linearities in the form

n
ZCJ exp(—ajx) is efficient, which requests minimal computational effort and avoids the
=1

problems associated with those using integer-order moments.
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Chapter 5. Generalized complex fractional moments for the
probabilistic characteristic of random vectors

5.1. Introduction

Dynamic systems in stochastic environments can experience fundamental changes in their
intrinsic characteristics due to external disturbances. The probability density function is
typically the most widely used tool to describe these characteristics. In practice, constructing a
PDF for stochastic systems generally involves either collecting sample data through
experiments or simulating system behavior using abstract models. However, achieving an
optimal balance between accuracy and computational efficiency when directly obtaining
probabilistic characteristics through these methods remains a significant challenge.

Moment statistics, as functions of sample data, can summarize overall information from
samples without requiring knowledge of the underlying distribution parameters. The
relationship between moments and probabilistic characteristics has been extensively researched.
Moments have been used to reconstruct the probabilistic characteristics of random variables or

processes, and fractional moments E [X a] ,aeR have been developed based on traditional

integer moments E [ X a] ,ae€Z In2012,the complex fractional moment E [X g ] Yy =p+in

based on the Mellin transform was proposed. It established a direct equivalence with the PDF,
and because its reconstruction process occurs along the imaginary axis, it can reconstruct
probabilistic characteristics when higher-order moments of random variables, such as « -

stable random variables, do not exist.

Since its introduction, the complex fractional moment method has been applied to
reconstruct probabilistic characteristics across various scenarios, significantly enhancing
computational efficiency. However, its use has been confined to one-dimensional positive real
domains. In multi-degree-of-freedom dynamic systems, the stochastic averaging method must
be employed to reduce dimensionality before applying the complex fractional moment
approach. Analyzing the probabilistic evolution of multi-dimensional systems is crucial. While
probabilistic density evolution methods and finite element methods can be used for such
systems, the current complex fractional moment theory cannot address these challenges. Thus,
expanding this theory to enable multi-dimensional probabilistic evolution analysis is of great
importance.

This chapter proposes a multi-dimensional complex fractional moment theory based on the
multivariable Mellin transform, establishing an equivalence between multi-dimensional
complex fractional moments, multi-dimensional PDFs, and multi-dimensional characteristic
functions. It also enables the reconstruction of marginal probabilistic characteristics using high-

dimensional complex fractional moments. The research framework of this chapter is as follows:
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Section 5.2 introduces the application background of complex fractional moments. Section 5.3
expands the complex fractional moment theory, establishing the equivalence of multi-
dimensional complex fractional moments with multi-dimensional PDFs and multi-dimensional
characteristic functions in the high-dimensional positive real domain, and extends this
equivalence to the full real domain in Section 5.4. Section 5.5 proposes a method to solve
marginal PDFs using high-dimensional complex fractional moments, followed by numerical
validation of the above theory in Section 5.6. Section 5.7 provides a summary of this chapter.
5.2. Mellin transform and complex fractional moment

The Mellin integral transform (MT) of any real function f(x) defined on the range

(0,oo) is expressed as follows:

M, (y—1)=M{f(x);7} =I: f(x)xdx; y=p+in, (5-1)

where M({s} represent the Mellin transform operator, M, (y—1) is the function of the
complex parameter y, p,n€R. The existence of the MT is related to the trend at zero and

infinity of f (x). In more details, the existence of the MTis —p<,p<—Q,where p and ¢

refer to the asymptotic behavior of f(x) at x=0 and x=oo, respectively, namely:

Iimf(x)zO(xp);Iimf(x):(’)(xq), (5-2)

x—0 X—>0
where (9(-) means the order of zero of the term in parenthesis. As an example, for

f (X) =1/ (1+ X2) , the corresponding domain of existence of the MT may be evaluated as:

Iimf(x)=1—>O(x°);Iimf(x):x’2—>0(x’2), (5-3)

x—0 X—>00

thus, the existence domain in this case is 0< p <2. The domain of existence of the MT is
called Fundamental Strip (FS) of the Mellin transform. If —q <—p, the FS doesn’t exist and
f (x) is not Mellin transformable. Such an example f(x)=x",n>0 or f(x)=e™,a>0

are not Mellin transformable.

If the MT exists, then the inverse of MT exists and f (x) is given as:

f(x)=M*{M, (r-1);x} I Y (7=1)x7dy. (5-4)

27 dp-ie
The integral in Eq. (5-4) may be evaluated by a discretization of the 7 axis into small
steps of equal amplitude A7 . Since both the real and imaginary part of M, ( 7/—1) readily

turns to zero for 7 large enough, the discretized form of Eq. (5-4) may be written as:
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f(x)zg—z i M, (7 —1)x " :%[Mf (,o—1)+2Re[i|\/|f (7 —1)x"7kD, (5-5)

k=—m k=1

where b=z/An , yp=p+ikzlb, M (y-1)=M;(y,—1) (where the * means
complex conjugate), Re(-) means the real part, and m is the cut-off value. In case that
f (x) is the Probability Density Function (PDF) defined in the positive domain, the MT of the
PDF denoted as p(x) is for sure Mellin transformable (including the case of ¢ —stable

Random variables for which 0< p<a—1). The MT of p(x) can be expressed as follows:

M, (7=2) = M{p(x);ir} =[Py (x)xdx=E[ X" ], (5-6)

where E [-] means the mean value of the random variable in parenthesis and has been defined
as complex fractional moment (CFM), these CFMs are related to the MT of p( x) as well as
the Riesz fractional integral of p(x) evaluatedin O,
o -1 _
2, (7)[py (¥)]., = UO x—&[ ™ py (g)dg} —E[X"]ip>0,p %12, (5-7)
x=0
where I”(+) isthe Riesz fractional integral operator, Vv, (7)=T(y)cos(yz/2),and IT'(y) is

the Euler Gamma function. According to Eq.(5-5), we realize that with m+1 finite

information, namely, the CFM, the PDF p(x) of a random variables can also be entirely

reconstructed by setting f (x) as p(X) inEq. (5-5)andthen M (y-1)=E [X 7_1] .

Py (X) :2_1b E[Xp‘le‘p +%Re(gE[X”‘l]x‘7k ); x>0, (5-8)

Extension to the case in which the PDF is symmetric( p(x)= p(—x)) is straightforward
making the MT of p(x)U (x) and finding the CFM of this function M, (7)=E [X HJ /2.

Extension to the case of non-symmetric PDF can be found in the previous work [84, 94].

CFM method can be applied to solving FPK equation. Such an example expressed as follow:

o, (xt) __o[m)py (x1)] 19°[0* () P (x.1)] (5-9)
ot ox 2 ox° '

Substituting Eq.(5-6) into Eq. (5-9), the related CFM equation shown below:

77



Doctor thesis

W:—[m(x)x“px (X,t)]‘: I X"7?m px Xt)dx

o0

10

+2 2 [0 (1) Py (1 0)x] _g(7_1>az<x) P (x ), (5-10)

D2 0 (0 (e

Based on the initial conditions and boundary conditions of Eq.(5-9), Eq. (5-10) can be
transformed into a set of ODEs, and the transient PDF of Eq. (5-8) can be reconstructed. At

this stage, some comments are necessary.

1) By knowing the CFM, the entire PDF may be reconstructed including the trend of the
PDF at infinity;

2) In Eq.(5-4), the integration is performed along to the imaginary axis while p remain

constant. This is particularly advantageous because if the real part of y, namely p,

is selected into the FS, E [ X7 ’l] exist;

3) The usual Taylor expansion of the CF or the In(CF) giving classical integer moments
or cumulants, respectively, requires that moments or cumulants exist and this happens

rarely, and in any case, produces unsatisfactory trend of the PDF at infinity. Moreover,

for some distributions, like the PDF of « —stable (0<a<2) random variables,

moments and cumulants of high order do not exist, unless the case o =2 that is the

Gaussian distribution.

5.3. Extension of CFM in the multi-dimensional positive space

Mellin transform was introduced in 1896 [144], then the multi-dimensional Mellin
transform (MMT) was defined in 1921 [145]. The condition of existence of the MMT was

proofed by Antipova [146] in 2007. Let M, (7—1)=M{F(X);7} denote the MMT of a

multi-variable real function, denoted as F (X) , which can be expressed as follows:
Me (y=1)= M{F (x);7} =] F(x)x""dx, (5-11)

where M{-} is the multi-dimensional Mellin transform operator, M_ (;/—1) is a complex
scalar function of the complex vector y , where y=p+in=[1,7 7]
=[p, +im, p, +in,, ... p, +in, ], and XH:[XfFl, X X,f”fl] . The inverse of Eq. (5-11) can
be expressed as:
. 1 _
F(x)=M"{M_(y-1);x}= jp+iRnMF(y—1)x7dy. (5-12)

(27zi)n
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Eq. (5-11) and Eq. (5-12) holds when F(x) and M, (y—1) satisfy the following
transformable condition [146].

Theorem 1. If

F(x)eVy, (5-13)
where V' is a vector space. F(x) holomorphic in S, = {X eR?xR":argx e k®} k>1,
and satisfying

‘F(x)‘gc(a)‘x‘a,

wraey, (5-14)

where U cR" is a convex domain, and C(a) is an coefficient, ® cR" is a bounded

domain and 0 ®, then
MIM(F)=F. (5-15)
Theorem 2. If

M, (y—1)eV?, (5-16)

where V| is a vector space, and ®€R". M. (y—1) holomorphic in the tube domain

U +iR", and satisfies that
M (p+in-1)|<K(p)e " k>1y=p+in, (5-17)
where Hy () is a support function of @, then
MM (M) =M,. (5-18)

Usually, Eq. (5-12) can also be expressed as:
1

(27)

The discretized form of Eq. (5-19) can be expressed as:

F(x)=M {M (7-1)ix} =

j M. (y-1)x7dg. (5-19)

(0 i A P
( ”) o . (5-20)
= Bkl__ml Py ( ’7kn_1)X1_7k1-"X;7k",
where  y, = p+ikAn=[p, +ikAn,..p,+ikAn,,] . m=[m,.m] ., k=[k..k] .

B=xn"/ HAni ,and m. xAn, is the cut-off value of i-th dimension.

i=1
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Moreover, the definition of multi-dimensional Riesz fractional integral can be expressed as
follows [147]:

(I’F)(x1 Xy e Xy
)I -

P =g (G )dg dg (52D

2" HV (7,

The multi-dimensional Riemann-Liouville(RL) fractional integral [83], which is denoted as

(Iiy__iF)(x) is given in the form:

(17 . F)(xlx ..... X,)
j Iﬁn‘l LR (G F G0 X% FE )G (5-22)

HF( )
According to Egs. (5-21)-(5-22), MMT can be denoted as follows:

2“ﬁvc(yj)(|g|=)(o)= M. (y-1), (5-23)

[1r(7)(17.F)(0)=M,.. (r-1). (5-24)
=1
According to the property of fractional integral, we introduce the Fourier transform to build
the connection between the Fourier transformable function F(x) and M. (y—1) in the
sense of Fourier transform. Let F(x) eR" be the multi-dimensional Fourier transformable

function, and denote F{e} the multi-dimensional Fourier transform (MFT) operator,

(I)(H) =F { F (X) ; (9} is a function respect to the vector of parameters @, then we have

d)(e):f{F(x);e}:jRn F(x)e dx, (5-25)
F(x)=F*{®(6);x}= (271[)“ jRncD(e)e"’Xde, (5-26)

where 6= [91,92,... 0 ]T denotes n-dimensional random vectors. Moreover, the MFT and

'¥n

the inverse MFT of Riesz fractional integral is given as [148, 149]:
F{(15F)(x):0} =[6]” F{F (x);6}, (5-27)
(IF{F)(X):.’F*I{|6|_7.’F{F(x);e};x}. (5-28)
Also, the MFT and the inverse MFT of RL fractional integral
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F{(17..F)(x):6} =(i6) " F{F (x);6}, (5-29)
(12..F)(x)=F*{(+i6) " F{F(x):6}:x}. (5-30)

Based on the abovementioned transform, considering the multi-variable function F (x)

in probability set, and representing F (X) as joint PDF, donated as p(X) . According to the

definition, the MMT of p(x),namely M (y—1),canalso be expressedas E [ X7 _1] , which
is named as Generalized Complex Fractional Moment (GCFM). In this case, Egs. (5-28) and

(5-30) in terms of the PDF is the multi-dimensional Characteristic function terms CD(G) :
(12p)(x)=F*{l” @ (8): ], (5-31)
(17..p)(x)=F{(5i6) " @(8); x]. (5-32)
According to Egs.(5-23)-(5-24), we have

2nljvc(yj) e o(oyx| —ZHv(j/J)( p)(0)=M, (r-1), (533)

where

(Fig) " :{cos(ﬂ?]ﬂsgn( )sm( 2iﬂ|9i|”. (5-35)

Egs. (5-33) and (5-34) provide the method to construct the M (y—1) by the

characteristic function. According to Eq. (5-20), the MPDF can be reconstructed by the following

expression:
1
X)= E| X7 |[x7dnp= M xX7dn, 5-36
P ()= J.El n= I 7 (5-36)
and the MPDF can be reconstructed by the following expression:
1 _ y 1 & 7
Py (X)= 75 2 mE[X“]X’ zank;nMp(y—l)X". (5-37)

Eq. (5-37) can also be expressed as:

HAUk

Py (X)=~E—E[ X ®XI ' ®.. ®x’-1] (x"®x"®..0x").  (5-38)

(27)
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—m+1

T
1 -m_1 —mil_q m_q —y —m
Where ij' :[ij' ,XJ?" ,...,XJ.7J J , xj”:[x._yJ X7

J |

m T
e X)) J , and the symbol

® represent the Kronecker product.

5.4. Extension of CFM in the multi-dimensional real space
In the previous section, the GCFM is defined based on MMT which defined on the positive

domain in the multi-dimensional space, that means only the positive part of the function in
multi-dimensional space can be reconstructed. Here, we introduce a method to reconstruct the
function in all multi-dimensional real space.

Considering the function p(x) in multi-dimensional space, and dividing p(x) as

follows:

pl(X)yxl,--.,Xn >0,

P, (%), % <0,%..,X, >0,

Py (X)=1P3(X), X, <0, %, X;.., X, >0, (5-39)

P, (X)) X X, <0,

where p;(x),i=12,..,2" is a part of p(x) in i-th domain. Denoting p,(x) by
P (Xp, Xy ), Where Xp is the set of x over the positive real domain, and X, is the set of

x over the negative real domain, thus the integral of p;(X,,X,) in the sense of MMT is

defined as:
My, (7o L7 =D)= [ [P (%0, %)X X3 ko, (5-40)

Assuming that p, (X,, X, ) =R: xRy, Eq.(5-40) can be expressed as:

My (7o L7 =1)= [ [ p (%o =) X5 (=2 ) dxod ()

4 (5-41)
=0T e (e = ) XE G

where
.[RE J.M P (XP’_XN ) Xl}f’lp_lxﬁN_ldXPdXN = Mpi {pi;}/P =Ly —1} = E[Xpyil, Xer]
(5-42)

is the MMT of p, (X,,—X, ), and satisfies:
Lyy
-/\/1;)i {pi;7P -1, n _1} = (_l) 7 Mpi (7P -1, N _1)- (5-43)
Moreover, if CD(G) is the characteristic function of Eq. (5-39), and it can be divided as
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follows:

®,(6).6,...6,>0;

®,(0),6,<0,6,..,6, > 0;
®(8)=1d,(8),6,<0,6,6,.,6,>0; (5-44)

According to Eq. (5-34)

M, (7o =17y =1) =T ()T (7,) (1717 p)(0)

1/ e [ : ~7n (5-45)
=L(5)~T(7,) 7 {(i6.) " (-i6,) ™ @, (6)}.
and then,
_ _ 1 _ 1-yy _ _ -y _
P, (X =Xy ) = ) [ DM (75 ~Lyy ~1)x7dy. (5-46)
Eq. (5-46) can also be expressed as:
1 I-7n -7p N
P (Xp0 Xy ) :WJ‘,,H,,(_l) "M, (7 ~Lyy 1) %7 (=) dy, (5-47)
which can be simplified as:
1 . - 7
P (Xp Xy ) = WJ.R (-1 M, (72 ~Lyy ~1)%7 (-x)," dr. (5-48)
The discrete expression of Eq. (5-48) is shown below:
_ A’? 1 ™ Ak K K -7
P (Xp Xy z M ( -1y —1) X" (=x), " (5-49)

5.5. Constructing the marginal probability distribution by GCFM

In section 5.3 and 5.4, the definition of GCFM and extend the GCFM to multi-dimensional
real domain have been proposed. In this section, we will establish the method to construct the
marginal distribution by GCFM.

5.5.1 Symmetric distribution

According to Eq.(5-36), the MPDF can be constructed by multi-dimensional GCFM, which
is:
1 4
Py (X)= jRnMp(y—l)x dn, (5-50)

(27)
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the marginal distribution function of Eq. (5-50) can be expressed as:

px (Xmar) = J'R px (X)dxnmar J']R” M p (7 - 1) X_ydﬂdxnmar’ (5'51)

1
B (27)" IR

where X, isthe set of marginal variable, and * . is the set of nonmarginal variables. Eq.

(5-51) can be simplified as:

1
Xoar ) = M, (y-1 X7 X e d
P o) = e M =D 7 .
1 x=7 )
= M —1)| —Dmar__ dn.
(271_)11 .[R" p (}/ )Ll_}/nmar anar} 77

5.5.2 Asymmetric distribution

Since the domain of definition of asymmetrical distribution is divided into the positive real
field and the negative real field, according to Eq.(5-46), the distribution can be expressed as
follows:

1 - _
P; (XP’_XN ) ) (27ri)n J.anar+iana,(_l)l ' M., (7P ~L7 _1)X "dy, (5-53)

and the marginal distribution can be expressed as:

b (Xpma' ’_XNmar ) - -[R Pi (XP 1~ Xy )dxnmar

1 . )
B (27Z'|)n J‘]Rﬂmar"’ianmar (_1)1 ’ M i (}/P _1’ 7N _1) J.\anar X ydxnmard}/l

(5-54)

Eq. (5-54) can be simplified as:

1

pi (Xmar ) = (27T|)n '[anar+ianaf

. 1 .
(—1)1 7 |\/|pi (7P -1 7N 1)£1—7 X7 Jd}/
nmar nmar (5-55)

1
1- 7 omar

X7

dn.

=], (97" M, (717, 1)[

(27[) fmar

R

nmar

5.6. Numerical simulation

In this part, we select the « -stable distribution as the example. The characteristic function

of the « -stable random variables when O0<a <2 can be expressed as follows:

—[ [(®.5)"|1-isgn((®s))tan| ZZ | |L(ds)+i(©,4)
eL"‘ ‘[ (2)) #,a;tl.

,(0)= (5-56)
( -J, (o) (i Zsn((0.5)nf© )| (e5)+i(0.0)

e ya=1.
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The FS for symmetric « -stable RVsis 0< p <1+« , where L(-) is finite measure, and S
is unit sphere of R". Currently, the « -stable random variable has the expression for its PDF
only in ¢=1/2 (Lévy distribution), a=1 (Cauchy distribution), a=2 (Gaussian
distribution). Here, we consider the 2-dimensional distribution when « =2, thus, Eq.(5-56)

can be rewritten as follows:

. 1
(a6 + 4126 )*5(0'12 "91‘2 +o3 16, ‘2)

(6,,6,)=¢ : (5-57)

and the PDF denoted as p( X, y) of Eq. (5-57)can be expressed as:

1 _1([X—#1:y_ﬂz]z_l[x—ﬂlvy—ﬂz]-r)
Py (X, Y)= e? (5-58)
)=y e
Some other cases are given in Appendix. E.
Considering Eq. (5-58), where
ol 0 116 0
z = 1 ’z—l = ! , 5-59
{ 0 0'22} 0 1/o} (559
then we divide p(x,y) as follows:
p (X y),x>0,y>0;
P, (% y),x<0,y>0;
P (X, Y)=1 (5-60)
Ps(X,y),x>0,y<0;
P, (% y),x<0,y<0

According to Eq. (5-40):

Mp(71_1v72 _1):

Also, M_(7-17,-1) can be constructed by the characteristic function ®(4,6,) ,

according to Eq.(5-34), namely:

pt

M. (n-1r-1)= %Ii [ (+i6)™ (+i6,) " ©(6,.6,)4646,,  (5-62)
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where

(Fig,)™" :{cos(ﬂ;/'jﬂsgn( )sm[ ﬂ|¢9| =12 (5-63)
By inserting Eq.(5-57) into Eq. (5-62), then we have

M ..(n-L7,-1)

b, )=\ 016 +036; 5-64
:F(7/1) 7/2J' J‘ i1I9 71(+ “9) 72 /’131,“6’)2(9 g)dﬁldgz- ( )
(27[) e
According to Eq. (5-34), p(x,y) can be reconstructed as:
Pxy (X y) =
I M, 71 Ly,- )X_yly_yzdn1d772’x>oay>0;
1 7 -7 _
' 1y,-1)(-x) " y2dndn,, x<0,y>0;
700 71 V2~ )( ) y “anan, y (5-65)
()M, (=L)X (—y) " dndn,, x>0,y <0
5 J: .[7 (—1)2%772 M, (r.-L7,-1)(-x)"(-y) " dndn, x<0,y<0.
(2”) T
Based on Eq. (5-58), assuming that g4, 1, # 0, the PDF can be expressed as:
_1[(X—#1)2+(y—ﬂz)2]
(xy)=om—e L (5-66)
Pror (X 2r0o,0, '
The CF of Eq. (5-66) is:
® (01’ 02 ) —i( 8 +10,)- 2(0'191 ‘*'0352). (5-67)

According to Eq. (5-62), we can obtain:
1 _2 _n_r
2

Mpim (71_1'72_1):” 2 2 20_}/1—3 2 F(Vl) (72)(8 %S )(83 284)1 (5-68)

where
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_ _ 2
slzﬁafcos(%”]r(l—”]lﬁ[l 71,%,_ 4 j

2 2 202
s, — yuosin 2[5 g [1-5,3 _ 4
2 A 2 2 )V 2'2" 267)
: (5-69)
e 1-7, 1-y, 1 H
S; =v20,c0s| —= [I'| ——= | F, T :
s =\20, (2)(2)“(2 22022)

| 72 V2 7, 3 :uzz
S, = sinf —= |I'| -= ||F|1-=%, -, ——= |,
0Tt [2) ( 2)“( 22 2a§j
where 1F1(') is Kummer confluent hypergeometric function. Considering first quadrant in 2-

dimentional space,

2 2 2

1[("—/‘1)
e (5-70)

1 2+(y—#2)2]

F(X): Pxy (X1 Y):

2n0,0,

C(a) X = e—<a,|n x)+In(C(a)) _ ef(alln)wa2 Iny)+C1(al)+C2(a2)’ (5-71)

where a=[a,a,],and x=[x,y].Since 1,4,,0,,0, are constant, it is obviously that there

exist a < R?, and proper function C,(a,),C,(a,) satisfy:

(x—m) 1
aInx-C,(a)< ~———In :
2 NV
( o, )2 o, (5-72)
y_,uz 1
Iny-C -1 .
a,Iny-C,(a,)< 207 n\/ga2
Hence
Py (X y)<C(a)x?, (5-73)

which means the normal distribution satisfy Theorem 1.

Moreover, since ‘M iz (1n-L7, —1)‘ is finite at a tube domain except 0 and infinity, it is

clear that we can found a function K(p) of p,and H,(77) of 7,aswellasareal number

k>1 satisfy:

M, (=17, -1) <K (p)e ™", k>1 = p+in, (5-74)

p

which means M .., (7,-17,~-1) satisfy Theorem 2.

The more generalized Gaussian distribution can be expressed as follows:
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RS- e _
Pxy (X, y) 2”0102\/]?6 ) (5-75)

where ¢ is the correlation coefficient, the numerical solution of 2D-GCFM is given at the

Appendix D.
5.6.1 Symmetric case (1, =, =0)

In this case, S, and S, inEq. (5-69) are 0, then Eq. (5-68) can be expressed as follows:

7=l y2= B —
M, (-1, =1) = 22— F(yl)r(yz)cos(mjcos(%)F[l hjr(l 72)
222 2 + 2 2 2 2

(5-76)
In addition, the expression of MMT of p(x,y) by Eq. (5-11) and Eq.(5-66) is:
A7
M, (7. -17, —1):122 2ot r[%)r(%) (5-77)
r

according to the formula

T

F(l—z)l“(z)zsin(ﬂ), (5-78)
and
F(z)l“[z +%)=21‘22\/;F(22), (5-79)

Eq. (5-76) and (5-77) can be translated each other.

In the symmetric case, p(x, y) can be constructed by:

pxy - l Yo~ 1)| yﬂI2 d771d 75, (5'80)
and the discrete expression of Eq. (5-80) can be expressed as:
Pu (X,Y) 54— Y XM o (7 =L =L)X |y A, (5-81)

kp=—my ky=—my
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@ (b)

Figure 5-1 (a) The original normal distribution; (b) The normal distribution reconstructed by 2D-GCFM.
Where o, =1,0,=1
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X
Figure 5-2 The absolute error of original normal distribution and reconstructed normal distribution
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Figure 5-3 (a) The real part of 2D-GCFM. (b) The imaginary part of 2D-GCFM. m, =m, =40

In this example, we choose the standard deviation as o, =1, o, =1, the calculation
parameters of GCFM method is selected as p, =15, p, =1.5,An,=0.4,An,=0.4, and
X,y e [—2, 2] , AX=Ay =0.02. The exact normal distribution is shown in Figure 5-1 (a). Figure

&9
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5-1(b) displays the reconstructed normal distribution when m, =m, =40. Figure 5-2 exhibits
the absolute error between Figure 5-1 (a) and Figure 5-1 (b), which illustrate the accuracy of
GCFM method.

It is worth noticing that there exists two lines in Figure 5-1 (b) when x=0 and y =0,

which are generated for the reason that the singularity of Mellin transform when x=0, and
also the singularity in X=0 of MMT.

0. ¥ 02 i 016
035 o 02 002
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015 . . 001
025 J | 5 E |
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e 0 = ’ {008 = d 3 0
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(@) (b) (©) (d)

Figure 5-4 (a) The normal distribution reconstructed by 2D-GCFM. (b) The absolute error of original
normal distribution and reconstructed normal distribution. (c) The real part of 2D-GCFM. (d) The
imaginary part of 2D-GCFM. m =m, =15
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X
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Figure 5-5 (a) The normal distribution reconstructed by 2D-GCFM. (b) The absolute error of original
normal distribution and reconstructed normal distribution. (¢) The real part of 2D-GCFM. (d) The
imaginary part of 2D-GCFM.m, =40, m, =15

Figure 5-4 (a) and Figure 5-5(a) display the Gauss distributions reconstructed by 2D-
GCFM with different cutoff value m =m, =15 and m, =40,m, =15, respectively, where

Figure 5-4(b-d) and Figure 5-5 (b-d) exhibit the absolute error, as well as the real and imaginary
part of 2D-GCFM. According to the results, it is obviously that the accuracy of 2D-GCFM
method increase with the cutoff value.

Another example is shown in Figure 5-6 when o, =2, o, =0.5, where Figure 5-6 (a) and
(b) are the exact normal distribution and reconstructed normal distribution when m, =m, =40,

Figure 5-6(c-e) are the absolute error as well as the real and imaginary part of 2D-GCFM, which
also verified the accuracy of GCFM method.
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Figure 5-6 (a) The exact normal distribution. (b) The reconstructed normal distribution by 2D-GCFM. (c)
The absolute error. (d) The real part of 2D-GCFM. (e) The imaginary part of 2D-GCFM. m, =m, =40,

0,=2,0,=05

5.6.2 Asymmetric case (1, #0, 1, #0)

In this part, we verify the accuracy of the generalized CFM in asymmetric case. According
to Egs. (5-65)-(5-69), the asymmetric distribution (5-66) can be reconstructed.
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(e) 03] (2)

Figure 5-7 (a) The exact normal distribution; (b-d) The normal distribution reconstructed by 2D-GCFM,
and (e-g) the absolute error. (Case 1 m =m, =40;Case2 m =m, =15; Case2 m, =15, m, =40).
p=p,=15,An =An, =03

Assuming that g =05, 4,=1,0,=1,0,=2, Figure 5-7 displays the original normal
distribution and the normal distribution reconstructed by 2D-GCFM with different m, and
m, . According to the results, the GCFM can also reconstructed the asymmetric distribution
when m, and m, is large enough. Figure 5-8 to Figure 5-10 exhibit the real part and
imaginary part of 2D-GCFM in the first quadrant to fourth quadrant with different m, and

m, . Compared with Figure 5-8 to Figure 5-10, it can be seen from the results that the increase

of the truncation value retains more information of the GCFM.
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Figure 5-8 (a-d) the real part of 2D-GCFM in first quadrant to fourth quadrant; (e-h) the imaginary part of
2D-GCFM in first quadrant to fourth quadrant. m, =40, m, =40
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Figure 5-9 (a-d) the real part of 2D-GCFM in first quadrant to fourth quadrant; (e-h) the imaginary part of
2D-GCFM in first quadrant to fourth quadrant. m, =15, m, =15
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Figure 5-10 (a-d) the real part of 2D-GCFM in first quadrant to fourth quadrant; (e-h) the imaginary part of
2D-GCFM in first quadrant to fourth quadrant. m, =15, m, =40
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The following conclusions can be drawn from the analysis:

1) For multidimensional probability distributions, limited GCFM is sufficient for the
reconstruction of the probability distribution, and this reconstruction is effective for both

symmetric and non-symmetric distributions.

2) The size of the truncation value and step size determines the amount of preserved
information in the GCFM, and more GCFM information leads to a more precise
reconstruction of the probability distribution.

3) From the results, the probability distribution is reconstructed at X # 0, where there are no
values when X =0, which is caused by the singularity of the Mellin transform at x = 0.

5.6.3 Marginal probability distribution

Considering the asymmetric distribution in Eq. (5-66), for the p,(x,y),i=1...,4, the
PDF can be reconstructed by the following expression:

1
(27)

p(xy)= ,[ZJ:MM (r,-Ly,-1)x7y2dndn,, x>0,y>0. (5-82)

Integrating Eq. (5-82) by X, we can obtain the expression of p;(y) as follows:

1
(27)’

pi(y):

J-:)J.:X:o M b (7/1 -1y, —1){% s

N

Jy‘”dryld n,,X>0,y>0. (5-83)

Q

Utilizing Eq. (5-83), the marginal distribution can be obtained by 2D-GCFM. The discrete
expression of Eq. (5-83)can be expressed as follows:
]Am]yy*m;z, (5-84)
Q
= -F\’Ieal

1 Al t 1 ok
)=t 3 { M, (7175 —1)(1 X
ky=—m, -7
0.4 I 0.04 L I- -F\’Ieal

(27[)2 ky=—m, 1
—GCFM —GCFM|

0.035

where Q usually represent the domain of integration.

016 0.045

o1z
01r b

;_‘DDEI' 1 Ty

=9
0.06
0.041

002

0 L L L —— -

0 1 2 3 4 5 6 0 1 2 3 4 5 6
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Figure 5-11 The marginal distribution p, (y)in (a) first quadrant; (b) second quadrant; (c) third quadrant;
(d) fourth quadrant

Figure 5-11 exhibits the marginal distribution in four quadrant that obtained by Eq. (5-84),
where the scatter is the results obtained by the original distribution function, and the line is
obtained by 2D-GCFM. According to the results, the low marginal distribution can be obtained
directly by using high-dimensional CFM, which means that the high dimensional CFM contains
complete information in each lower dimension.

5.6.4 GCFM method for stochastic dynamic system

In the previous study, the CFM method is utilized to reconstruct the transient PDF of
stochastic dynamic system efficiently. In this part, the GCFM method is applied to obtained the
transient joint PDF of 2-dimensional stochastic dynamic system. A sample second order
stochastic dynamic system expressed as follows:

X (t)+kX (t)=c(t), (5-85)
Eq. (5-85) can be translated into the 2-dimensional differential equation form as follows:

dX (t)=Y (t)dt,

dY (t) = —kX (t)dt +odw (t), (-850

where £(t) represents the Gaussian white noise, W (t) is wiener process. The FPK equation

ruling the joint PDF p,, (X,y,t) can be written as:

0Py (% ¥8) __O[¥Puy (Y )] | X (X ¥iD)] 1, 0[Py (X:¥:1)]

_ . (5-87)
ot X oy 2 oy
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Figure 5-12 The distribution of systems when (a) t=10; (b) t=15;(a) t=20. k=1,0=0.1

Figure 5-12 displays the distribution of system (5-86) when t=10,15,20. Assuming that
[( X, (t),Yl(t)),(X2 (1).Y, (t)),...,(XN (t),Yy (t))] are realizations of the random valuable at

time t,the 2D-GCFM of this case in any quadrant can be obtained from the following equation:

e[ O o= 2ol 0

The transient marginal PDFs are shown in Figure 5-13, where Figure 5-13(a-c) are the
results of p(x,t), Figure 5-13(d-f) are the results of p(y,t).The dashed line and real line

71—1Y t n-1 Yk t 72—1.
(t)

(5-88)

represent the results obtained from Monte Carlo Simulation and GCFM method, respectively.
Here, we select p, =p,=15,m =m, =80,Arn, =An,=0.5. Comparing the results, GCFM
method displays the high accuracy in the reconstruction of the transient PDF of stochastic

dynamic system. The transient joint PDFs constructed by MCS and GCFM method when
t=10,15,20 is shown in Figure 5-14(a-c) and Figure 5-14 (d-f).
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Figure 5-14 Transient joint PDF of system constructed by MCS when (a) t=10; (b) t=15;(c) t=20.
GCFM when (d) t=10; (e) t=15;(f) t=20
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5.7. Conclusion

This chapter introduces the concept of generalized complex fractional moments using the
multi-dimensional Mellin integral transform, extending the theory to multi-dimensional
scenarios. The equivalence between multi-dimensional probability density functions, multi-
dimensional characteristic functions, and generalized complex fractional moments are
established. This equivalence is further extended to the multi-dimensional real domain through
function partitioning. Additionally, a method to construct marginal probability density functions
using high-dimensional complex fractional moments is proposed, which is validated through a
two-dimensional Gaussian distribution. Results indicate that in its integral form, the generalized
complex fractional moment is fully equivalent to multi-dimensional probability density
functions, while in its discrete form, increasing the truncation value significantly enhances
computational accuracy. However, due to the singularity of Mellin transform at x=0,
singularities in reconstructing the probability distribution at X=0 remain in multi-
dimensional cases. A simple two-dimensional stochastic dynamic system is also used to verify

the applicability of generalized complex fractional moments in engineering.
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Chapter 6. Maximum entropy principle handled by using complex
fractional moments

6.1. Introduction

Probability distributions are essential tools for quantifying the characteristics of random
variables or stochastic processes. In dynamic systems, the presence of external or internal
random factors makes constructing transient PDFs highly important for analyzing system
behavior under stochastic perturbations. The transient PDF offers valuable insights into how
the system evolves over time in response to randomness, helping to understand its probabilistic
state at any given moment. However, deriving these PDFs, especially during the transient phase,
remains a challenging problem in stochastic dynamics.

Traditional methods, such as Monte Carlo simulations, path integral methods [17, 134, 150,
151], Wiener path integral methods [19, 20, 152], finite element methods [24, 67], and finite
difference methods [153], can be employed to solve the transient PDF of stochastic dynamic
systems. These approaches typically allow for numerical or semi-analytical solutions. However,
these methods often involve significant computational costs, especially for complex systems,
and may require considerable resources to achieve high accuracy. Other methods, such as,
probability evolution equation methods [77, 154-156], neural network methods [27, 157],
provides a new perspective for obtaining transient probability of the system.

Since its inception, the CFM method has been proven to efficiently and accurately
reconstruct probability density functions [84]. The theoretical framework has continually
expanded [158] and been applied in various fields [91, 95, 96, 102, 106, 159-161]. For transient
PDF reconstruction problems, the CFM method involves applying the Mellin transform to the
FPK equation, and deriving the corresponding CFM equation. Traditionally, the CFM method
reconstructs transient PDFs based on inverse Mellin transforms and sufficient CFM information.

However, reconstructing PDFs with insufficient CFM data remains challenge.

The Maximum Entropy Principle [158] is widely applied in fields such as information
theory [159], statistical mechanics [160], and probability theory [161]. Its key concept is
deriving the most unbiased probability distribution under known constraints. By incorporating
these constraints into the entropy function and optimizing it using the Lagrange multiplier
method, the MEP produces an optimal probability distribution. While MEP with traditional
integer or fractional moments constraints has been established, however, applying it to PDF

reconstruction under CFM constraints has yet to be explored.

In this chapter, a new MEP method with CFM constraints is proposed, which can be applied
for constructing the most unbiased probability distribution with few known CFM constraints.
The MEP method is introduced in Section 6.2, and review the conception as well as the
application of CFM in Section 6.3. In Section 6.4, the MEP with CFM constraints has been
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established, which has been verified with numerical simulation, and compared with traditional
CFM method, which has been applied for stochastic dynamic system for the reconstruction of
transient PDFs in Section 6.5.

6.2. Maximum entropy principle

The Maximum Entropy Principle is a method used to infer the most unbiased probability
distribution given limited information [162]. It is grounded in the concept of maximizing the

Shannon entropy, subject to constraints provided by known data.

According to the MEP, for a stochastic process, its associated transient probability density

function is represented as p, (x,t) is determined by the maximization of entropy functional.

The entropy of this distribution can be expressed in the following form:
H (py (x,t)):—f Py (X.t)In p, (X,t)dx. (6-1)

Eq. (6-1) quantifies the uncertainty or randomness of the probability distribution p, (x,t)
over time t, which under some assigned constraints. The normalization condition of p, (x, t)
is

jpx (xt)dx=1. (6-2)

When maximizing the entropy function H ( Py (X, t)) , certain constraints must be satisfied.

Typically, these constraints can be expressed in the form of the following integral equations:

'[F P (X t)dx=9, (1), k=12..,n (6-3)

where F, (X) represents the functions characterizing the stochastic process. These constraints

ensure that the reconstructed probability density function reflects the known properties of the
stochastic process.

Noticing the constraints in Eq. (6-3) is time-varying, in this case, we consider the

constraints of Eq. (6-1) at each fixed time t. Denoting A4, (t),k =0,1,...,n as the Lagrange

multipliers, and considering the entropy functional Eq. (6-1) and constraints (6-3), we may

construct the extended entropy functional given as follows:
H ( py (x,t),ﬂo,ﬂl,._.,/lm):_f Py (x,t)In p, (x,t)dx
~3 A (t UF ) Py (x,t)dx— gok()]
k=0

Based on the concave properties of the entropy functional, we can use differential

(6-4)

operations to find its extremum points. By performing the variation with respect to p, (X,t),
namely, oH ( Py (X,t),ﬂo,ﬂl,...,/lm)/ép =0, we can obtain
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—In p, (x,t)-1- Z/lk (6-5)
namely,
Py (x,t)=C(t)exp(— n ﬂk(t)Fk(x)j. (6-6)
k=1
By expressing
Py (x,1)=C(t) p¥ (x,1), (6-7)
where
p&”(x,t)=eXp(— n ﬂk(t)Fk(X)j, (6-8)
k=1
then we may find,
J'exp[— n A (Y F (X)de =C7(t), (6-9)
k=1
and
[F.(x)p? (x)dx=C™(t) g, (1), (6-10)

where C(t) is the normalization coefficient given as C(t)= exp(—ﬂ0 (t) —1) :

If the moments are available, then the function F, (x) can be expressed as x*, and

o (t)=m, (t)=E [X X (t)] . Substituting Eq. (6-6) into Eq.(6-3), we have:

t)_[: pg) (X,t)xkdx =m,(t)= E[Xk (t)],k =12,..,n, (6-11)

The MEP may be applied under some limitations:

1) The integer moments must be constrained up to a certain order n. It follows that for o —

stable random variables (0 <a< 2) in which the moments of higher order than 2 do not

exist, as a consequence, the MEP may not be applied for « —stable distribution.

2) By solving the set of nonlinear algebraic Eq. (6-11) in the unknown A4, (t), in some case,

the MEP with classical constraints involving integer moment could be invalid.
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6.3. The complex fractional moment

In this section, the concept of CFM based on the Mellin transform is briefly introduced, an

example is given to explain the existence condition.

6.3.1 The concept of complex fractional moment
Based on the Mellin transform, the complex fractional moments (CFMs) is defined in the
positive domain as E [X 7 ’1], y=p+in , | represents the imaginary unit. Supposing

Py (X,t) isdefined in the range x>0, then the Mellin transform of p, (x,t) is defined as:

M (7=1t)=M{py (xt);7 =1} = [ py (x,t)x "dx=E[ X" ], (6-12)

where AM{e} represents the Mellin transform operator. The Mellin transform of the PDF exist
provided p belong to the so called Fundamental Strip (FS) of the Mellin transform. Usually,
the FS, namely the existence of the Mellin transform is defined as—p < p <—q, where p and

q depend on the order of p, (x,t) at x=0 and x=oo, namely,

lim p, (x)=0(x"). (6-13)

X—00

lim p, (x) =0(x?);
Where (’)(-) means of the order of the term in parenthesis. The existence of the FS is

guarantee from the fact that p, (x) >0 and it is a finite quantity (for symmetric distribution
and for every distribution defined in 0<X<). Such an example for the stable symmetric

Cauchy distribution, of which the PDF is:

o

m, (6—14)

Py (X)=

with o represents the scale factor. The FS is p=0,q=-2, it follows that the FS is
0 < p < 2. This means that the moment more than second order of the Cauchy distribution does
not exists.

If p belongs to the FS, then p, (X,t) can be reconstructed by using inverse Mellin

transform, which can be expressed as follows:

_ ] 1 o+ a7
py (X)=M*{M (y—l),x}=2—7Zi - E[ X" |x7dy. (6-15)
Eq. (6-15) can also be written as:
1 = g7
P, (x):z %E[xy xrdn. (6-16)
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The discretized form of Eq. (6-16) can be written as:

Py (X) An Z“E[X”‘l}xyk

ﬂ-km

=X2;[ (X7 7+ zi( ( [X”1])cos(nklnx)+lm(E[X”1])Sin(77k|nx))j

k=1
(6-17)
Where b=7z/An, Re() and Im(+) represent the real part and imaginary part of the term

on parenthesis, respectively.

6.3.2 The application of complex fractional moment
The CFM method can be applied to obtain the probability density function (PDF) of the

stochastic dynamic system. For a stochastic dynamic system, which is expressed as follow:
X (t)+ f(X(t),X(1))= Zg X, X)W, (6-18)

where W, (t) are uncorrelated zero-mean normal white noise, of which the correlation

function is:
Ry, (tut:) = E[W; ()W (1,) | =05 (t, -t,),
Rwiwj (tl’tZ) = E[Wu (H)Wj (tz )] =0,

and f (X (t), X (t)) is a nonlinear function X (t) . Applying the stochastic averaging method,

(6-19)

the FPK equation ruling the evolution of the amplitude PDF is given as:

19 [5%(a) pa(at)]
2 oa’ ’ (6-20)

—pA (at ———[m ) pa(art)]+
pA(a’O): pAO( ),
where mM(a) and &°(a) represent the drift and diffusion term, respectively, and the

boundary conditions are expressed as follows:

. . 0
!ﬂmpA(a,t)—)O; lmpA(a,t)—>0; lim—p,(a,t)—>0. (6-21)

a—o aa
Multiplying the both sides of Eq. (6-20) by X, and integrating in the range (0,0), we
g g g

can obtain:
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dM (7 - lt)

o ~[m(a)ar lpA(at)]

{ pA (at)] a“]

[ a5 (a) pa(at) ]

2 (r-1)(r-2)[ a~5*(a) pu(at)da

(y—l)j:aV‘ZpA(a,t)da

o0

NlH

(6-22)

0

NII—\

Considering the boundary conditions, and vanishing the first, third, and fourth term of the
right side of Eq. (6-22), we can obtain the complex fractional moments equation as follows:

dm (y—1t)

2 :(y—l)jowa7ZpA(a,t)da+%(y—l)(;/—2)j:a7362(a)pA(a,t)da.

(6-23)
With the normalized conditions, Eq. (6-23) can be solved directly.
At this stage, some comments may be drawn:

1) With limited number of CFMs, the PDF of the random variables, or random process

may be reconstructed, including the case of « —stable distribution.

2) The CFM method can be applied for reconstructing the PDF by deriving the CFM
equation using the FPK equation.

3) By solving the ODEs governing the CFM, a set of 2m+1 CFMs can be obtained at

any time t.

6.4. MEP handled by CFM
Let us assume that the enlarged functional H ( Py (X,t), A pysees Ao Am) is constructed

by the unconstrained functional H (px ( x,t)), according to the Lagrange multiplier method

with the constraints (known quantities) are the CFM instead of the integer moments, in this case:
|:| ( Px (X’t)'ﬂ’—m""'ﬂo!--w;{m)
- _J': Py (1) In p, (x,t)dx— k:z—mik U: Py (X,t)x"*“dx—E [X ”lﬂ (6-24)

= max
P (XA) A g e

where A ,..,A. are complex Lagrange multiplier.
By noting that p, (x,t)eR" and reconstruct the complex term as following:
E[X 7k‘1] =AY (7)+1B (), X =x""(cos(n Inx)+isin(r InX)),  (6-25)

the enlarged function may be rewritten as
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H (py (X:t), Ags Aperns Ay )
:—I py (Xt)In p, (x,t)dx

— k; A U: Py (X,t)x" cos(n, Inx)dx— A (7, )} (6-26)
S 2 AL [P (t)xsin( nx) k- B ()]
= max

Px (X)) A iy seees A seees Ay
By performing derivatives to p, (x,t), we get the approximate PDF of p, (x,t) as
follow, which is denoted as  p, (x,t):
by (x,t)= exp{—ﬂbe - Y 7 A% cos (g, Inx) - A sin(n, In x)]} (6-27)
k=—m

where 4, is a normalized coefficient, 4 and A, are the real part and imaginary part of 4,

which satisfy:
Al=28, A== A =0 (6-28)

Thus, Eq.(6-27) can also be rewritten as:

Py (x,t)= exp{—/le —ARxF _2i Xp-l[,sz cos(r, Inx)— 4, sin(nj In x)]} (6-29)

k=1
With m CFMs of X (t), the optimization value of | A, A5, A" An 4y .ons Ay, | may
be found by following constrained equations:

Minimize:ZREJ?Jr,Ej2

subject to: p 77, J' x" 1cos(nJ In x)dx 6:30)

E;=B(p.7)) J' t)x**sin (77, In x)dx,

IO by (x,t)dx =1,

It is worth noticing to observe that m is the number of the multiplier that depend on the

number of the constraints that we impose in the enlarged functional.

In order to quantify the discrepancy of the f, (x,t) from p, (x,t), weintroducethe L,

norm as follow:

N

L, (p. p)={jﬂ[ﬁ(x,t) (x0T dx} (6-31)
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and also the Kullback-Leibler (KL) measure of the discrepancy [163], denoted as:

KL(p, p)=J‘Q b(x,t)log{M]dx. (6-32)

p(x.t)

6.5. Numerical simulations
In this section, we validate the accuracy of proposed method in last section with two kinds

of distribution, and the discrepancy is quantified by using L, norm and KL measure.

6.5.1 Example 1

Firstly, we discuss the feasibility of MEP method with CFM constraint in Gaussian
distribution, of which the value is not zero at X =0. The Gaussian distribution is expressed as

follow:
1 e
Py (X)= N 20 (6-33)
and the CFM expression of Eq. (6-33) is written as following:
M(y-1)=
e (g3 ) )l 3-25)
(6-34)

According to the objective function and constraint equations expressed in Eq. (6-30), we
can obtain the optimal value of 4, . Table 6-1 exhibits the optimal parameters in Eq. (6-29),

Table 6-2 displays the discrepancy of MEP method and classical CFM with 2,4,6 CFM values.
Figure 6-1 exhibits the reconstructed distribution with classical CFM method and MEP method.

Table 6-1 Optimal parameters with different m and discrepancy when #=0, o=1

Parameter m=2 m=4 m=6
A 2.0884 2.1042 1.7536
Ao 0.3894 0.1921 1.1195
A 0.1271 - 3.8911i 0.1014 - 3.8831i 0.0152 - 3.0048i
A, -0.6750 + 1.2470i 0.2384 + 1.4459i -0.0496 - 0.0150i
A -- -0.5365 - 0.4444i -1.7425 + 0.5340i
A4 -- 0.2308 + 0.2635i 1.4332 +0.4230i
As -- - -0.4557 - 0.3842i

o
1
I

-- 0.0738 + 0.0852i
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|

Table 6-2 L, norm and KL discrepancy =0, o=1

Divergence m=2 m=4 m=6
MEP L, (P, p) 0.0195 0.0091 0.0032
KL(p, p) 0.0187 0.0086 0.0024
L, (P, p) 1.8167 1.1378 0.2184
CFM
KL(p, p) 1.8551 0.8549 0.1898
—Reall, —Reall]
cem=2 | em=2 ]
—--m=4| | ——-m=4||
- =m=6 - =-m=6
5 [} 7 E‘i 9 10 r ASL [} ; TIL 9 10
X X

Figure 6-1 The exact PDF and the PDF reconstructed with (a) CFM method; (b) MEP method

Table 6-3 displays the optimal parameters when o =1.5, and Table 6-4 exhibits the related
discrepancy of MEP and classical CFM method. Figure 6-2 show the reconstructed distribution
using CFM method and MEP method when m=2,4,6.

Table 6-3 Optimal parameters with different m and discrepancy when ¢=0, o=15

Parameter m=2 m=4 m=6
A 2.5233 4.3466 2.0008
Ao -0.5194 -2.1599 0.0868
A 0.0292 - 3.0640i 2.2019 -12.2869i 0.2665 - 2.1503i
A, -0.2724 + 1.1067i -5.6055 + 8.0799i -0.4851 + 0.3483i
A -- 4.1561 - 1.8729i -0.3724 + 0.3543i
A4 -- -1.0852 - 0.0464i 0.3734 - 0.0013;
As -- - -0.0266 - 0.0349i
Ag -- -- -0.0269 - 0.0206i
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Table 6-4 L, norm and KL discrepancy =0, o=15

Divergence m=2 m=4 m=6
L (p p) 0.0169 0.0111 0.0045
MEP X
KL(p p) 0.0204 0.0143 0.0025
L(p p) 0.2831 1.3762 0.731
CFM .
KL(p, p) 1.4489 0.9866 0.463
—Real
cem=211
-—-m=4 ||
= -m=6

Figure 6-2 The exact PDF and the PDF reconstructed with (a) CFM method; (b) MEP method

6.5.2 Example 2
Due to the MEP method based on the exponential-type function, namely exp (-) , of which

the value is not zero when X=0. Here, we discuss the feasibility of MEP method with

exponential distribution, which expressed as follows:
Py (X)=xe™, (6-35)
of which the CFM is:
M (y—1)=v7T(y+1), (6-36)

where I'(+) represents the Euler Gamma function.

According to the objective function and constraint equations expressed in Eq.(6-30), we
can obtain the optimal value of A, . Table 6-5 and Table 6-6 displays the parameters and the
divergence of MEP method and CFM method when v =1, and Table 6-7 and Table 6-8 displays
the parameters and the divergence of MEP method and CFM method when v =1.5. Figure 6-
3 and Figure 6-4 display the exact and reconstructed PDF by using CFM method and MEP
method.
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Table 6-5 Optimal parameters with different m and discrepancy when v =1

Py (x)

Parameter m=2 m=4 m=6
A 4.683 2.746 3.89
Ao 4.663 2.776 3.8236
A -4.826+2.283i -1.436+1.93i -3.245+2.97i
A, 0.65-1.21i -1.526-0.525i -0.484-1.878i
A -- 0.789-0.68i 0.315+0.358i
Ay - -0.085+0.305: 0.093-0.293i
A - - -0.0054+0.282i
A - - -0.0345-0.09i
Table 6-6 L, norm and KL discrepancy v =1
Divergence m=2 m=4 m=6
L, (P, p) 0.0214 0.0073 0.0028
MEP .
KL(P. p) 0.0434 0.0145 0.0057
L, (P, p) 0.2306 0.0826 0.0275
CFM A
KL(D,p) 0.5732 0.159 0.05
—Real
m=2 i
———-m=4
---m=6||
8 9
X X
() (b)

Figure 6-3 The exact PDF and the PDF reconstructed with (a) CFM method; (b) MEP method
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Table 6-7 Optimal parameters with different m and discrepancy when v =15

Parameter m=2 m=4 m=6
Ao 5.1332 3.02 3.5375
Ao 4.9614 2.920.3 3.5375
A -4.5067-3.2742i -1.0714-1.99i -0.27+0.038i
A 0.1883+1.4088i -1.4977-0.35i 0.71+0.073i
A - 0.1566+1.143i -0.61-0.091i
A - 0.1995-0.3057i 0.38-0.494i
A - - -0.65-0.098i
Ao - - -2.46+1.8i
Table 6-8 L, norm and KL discrepancy v =15
Divergence m=2 m=4 m=6
L, (P, p) 0.0115 0.0073 0.0044
MEP i
KL(P, p) 0.0193 0.0145 0.0063
L (p. p) 0.1245 0.0478 0.0152
CFM X
KL(p, p) 0.349 0.0964 0.0362
—Real
.......... m:2
-—-m=4
- --m=6
z z
< <
0.05 * .
o 1 2 3 4 5 6 7 8 9 10 7 8 9 10
X X
(a) (b)

Figure 6-4 The exact PDF and the PDF reconstructed with (a) CFM method; (b) MEP method

According to the results, some comments can be drawn:

The MEP with CFM constrains can also reconstruct the PDF by finding the optimal

parameters;

Compared with the reconstruction by CFM method directly, the MEP with CFM constrains
method can reconstruct the PDF with less complex quantities and with more accuracy;
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probability distribution, which means if we obtain the CFM by the CFM equations (Eq.
(6-23)), the PDF can also be reconstructed, this provide a possible to construct the transient
PDF of a stochastic dynamic systems. That will be discussed in the next section.

6.6. Solution of the FPK equation by MEP with CFM constraints

In the previous sections, we explored the MEP with CFM constraints, demonstrating that
this approach can reconstruct the PDF with fewer complex parameters and higher accuracy. In
this section, we will extend the application of MEP with CFM constraints to derive the transient
PDF of stochastic dynamic systems, examining its effectiveness in capturing the evolving
probabilistic behavior over time in such systems.

Considering a system as follows [85]:

X +(c+6,X*) X + 0’ X =(e +€,X )W (t), (6-37)

where €, and C, represents the coefficients of linear and nonlinear damping, W (t) is

the Gaussian white noise of whose intensity of noise is 2D . Appling the stochastic averaging
method, we can obtain the FPK equation governing the transient PDF, and introducing the
Mellin transform, we can derive the ODEs governing the CFM as follows:

dM, (7,-Lt) [ ¢ e’D
E dt =(_El(7/s _1)+826l)2 (75 _1)(7/5 +1)jMpx (75 _1’t)
(6-38)
c e’D
_52(]/5 _1)M Px (}/5 +1’t)+2 810)2 (75 _1)2 M Px (7/S _3’t)1

here s=-m,...,—1,0,1,....,m. Eq. (6-38) can be solved by using the following normalization

conditions:
1 m
M, (7 —1+Ap,t)=% D M, (7. -1t (-Ap). (6-39)
k=—m

Based on Eq. (6-38) and (6-39), we can obtain the CFMs at any time t, and applying the
MEP method mentioned in the previous section, the PDF can be reconstructed. The parameters
selected in this section as follows:

Table 6-9 Parameters

Parameter Values Parameter Values
C, 0.01 C, 0.01
e 1 e, 1
D 0.01 @ 1
p 2.1 An 0.5
m 50
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—CFM
- - -MCS||

a
Figure 6-5 The transient PDF reconstructed by CFM method and MCS method when t=5, m=50
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Figure 6-6 Reconstruction of transient PDF by (a) CFM method, (b) MEP method when t=5

Figure 6-5 presents the transient PDF of system (6-37) obtained using the Monte Carlo
Simulation, alongside the results from the CFM method with a truncation parameter of m = 50,
An =0.5. Figure 6-6 illustrates the transient PDFs computed using the CFM and MEP methods
for truncation parameters m = 4 and 6. The results indicate that while the traditional CFM
method effectively reconstructs the transient PDF with a large truncation parameter, its
accuracy diminishes with smaller values of m. In contrast, the MEP method constrained by
CFM demonstrates superior performance in reconstructing the transient PDF under reduced
truncation conditions. Table 6-10 displays the value of Lagrange multipliers A, when m = 4

and 6.
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Table 6-10 Optimal parameters with different m

Parameter m=4 m=6
A 0.1827 0.204
A 0.2245 0.2452
4 0.1873-0.8204i 0.1418-1.6597i
A, 0.0639-1.2113i 0.1777-1.4225i
A 0.5417-0.5258i 0.8517+0.0466i
A 1.1006+0.848i 0.8449+0.7436i
A -- -0.3419+0.3377i
A - 0.4371-0.5413i

Figure 6-7 presents the computational results for noise intensity D = 0.1 at different
truncation parameters m = 4 and m = 6, when ¢ = 10. Figure 6-7(a) and Figure 6-7(b) show the
transient PDF obtained using the CFM method and the MEP method, respectively. The results
indicate that, under high noise intensity, the traditional CFM method exhibits significant errors
with small truncation values. In contrast, the MEP method, constrained by fewer CFMs, proves
more effective for reconstructing the system's transient PDF. Table 6-11 displays the value of

Lagrange multipliers A when m =4 and 6.
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Figure 6-7 Reconstruction of transient PDF by (a) CFM method; (b) MEP method when D =0.1
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Table 6-11 Optimal parameters with different m

Parameter m=4 m=6
A 3.1909 2.5758
A -1.4162 -0.3136
4 -0.31-1.8696i -0.41-0.1447i
A, -1.9345-0.0048i -0.6883-0.2909i
A 2.2818-1.0247i -0.1788-0.5131i
A4 -0.582+0.574i 0.2604-0.5815i
A - 0.4957+0.5076i
A - -0.2752+0.0013:

6.6. Conclusion

In this chapter, a novel Maximum Entropy Principle method constrained by CFMs is
introduced. By incorporating CFM constraints, the PDF approximation is derived using
complex Lagrange multipliers. The method decomposes the CFMs into their real and imaginary
components, establishing constraints for the complex Lagrange multipliers and deriving an
entropy constraint equation in complex form. Numerical examples show that this approach
achieves higher accuracy than traditional CFM methods, even with limited moment information.
Furthermore, the method is applied to transient PDFs in stochastic dynamic systems,

demonstrating its effectiveness in scenarios with minimal moment data.
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Chapter 7. Conclusions and outlooks

7.1. Conclusions

Nonlinear dynamic systems are essential mathematical models for describing activities
based on mechanical principles. When combined with randomness, these systems reveal deeper
insights into the physical world. However, due to the inherent unpredictable of stochastic
dynamic systems, traditional trajectory-based methods are limited. In contrast, probability
analysis based on statistical characteristics is advantageous. The Mellin integral transform maps
probability density functions to complex fractional moments, establishing equivalence between
these moments and probability characteristics within the framework of integral transforms and
fractional calculus. This equivalence is efficient for reconstructing probability characteristics
from discrete sequences, while avoiding periodic fluctuations caused by traditional transforms.

This thesis combined probability theory and integral transform theory to develop and
refine the theory of complex fractional moments. The theory is applied to the transient analysis
of stochastic dynamic systems under different theoretical frameworks. The main contributions

and conclusions are as follows:

1. A method for conducting transient analysis of complex fractional moments in stochastic
Hamiltonian systems is proposed. By using stochastic averaging of generalized displacement
and momentum equations under Gaussian white noise, the FPK equation governing the
probability density of the Hamiltonian function is derived. A polynomial approximation for
implicit drift terms and applied the Mellin transform to derive associated non-homogeneous
linear ODEs. Numerical simulations demonstrated the method's accuracy and efficiency. The
results show that increasing the polynomial parameters reduces system divergence, while

increases in external and internal noise, along with higher initial values, amplify divergence.

2. The application of complex fractional moments to reconstruct the probability evolution
function of stochastic dynamic systems with Caputo-type fractional derivatives under random
excitation is explored. Normalized differential equations for probability evolution
reconstruction are formulated, along with advanced methods for stochastic reliability analysis
using complex fractional moments. The effects of parameters on probability evolution and
reliability are examined by analyzing the probability density function, first passage time, and
reliability functions. For nonlinear stochastic dynamic systems with internal and external
Gaussian noise, our method, using a discrete parameter m =120, achieved an average error

below 0.01, satisfying precision requirements across different parameters. Increased noise

intensity D, and D, heightened system divergence, while changes in the fractional order «

had minimal effects. The effects of inherent and disturbance parameters on system bifurcation
evolution are also studied, noting that increased polynomial parameter £ and external noise

strength D, accelerated bifurcation, while increased fractional parameter u delayed the
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final state. From a reliability perspective, changes in ¢ and D, significantly affected the

reliability function and first passage time.

3. In the Laplace context, the concept of exponential configuration of complex fractional
moments, or shifted characteristic functions is introduced, and a theoretical framework for
probability reconstruction is established. Utilizing the orthogonality of complex exponential
functions, shifted characteristic function switch equations is established. The double-sided
Laplace transform is defined to extend these theories to the full real domain, and relevant
methods for transient probability analysis are developed. Results demonstrate that, within the
probability space, shifted characteristic functions and double-sided Laplace transforms are
equivalent to probability density functions, avoiding singularity at the origin in power-type
complex fractional moments. In discrete terms, a negative correlation between period and step
size can lead to false signal issues, which can be mitigated by selecting an appropriate step size.
The feasibility of this theory was validated through its application in reconstructing
probabilities for differential equations and FPK equations. Comparative analysis revealed that
shifted characteristic functions and complex fractional moments are respectively preferable for
exponential and power-type drift term FPK equation probability reconstructions.

4. The framework of complex fractional moments was extended to multidimensional
spaces, establishing a data-driven method for probability evolution analysis of
multidimensional stochastic dynamic systems. Through the introduction of multidimensional
integral transforms and fractional calculus in probability space, generalized complex fractional
moments are defined on the positive real domain, and their equivalence to multidimensional
probability characteristics is established. This equivalence is further extended to
multidimensional real spaces through spatial partitioning. Marginal integrals confirmed the
equivalence between generalized complex fractional moments and marginal probability
densities. The results show that in discrete states, generalized complex fractional moments in
multidimensional spaces accurately construct symmetric, asymmetric, and marginal probability
densities. Additionally, a method using generalized complex fractional moments for data-driven
probability reconstruction of multidimensional stochastic dynamic systems is proposed.
Numerical experiments demonstrated that this method approximates the evolution probability
analysis of multidimensional stochastic dynamic systems in the time field using a limited
number of generalized complex fractional moments.

5. A novel MEP method based on CFM constraints is introduced. The approach derives
approximate PDFs by incorporating complex Lagrange multipliers. By decomposing the CFMs
into real and imaginary components, constraints for the multipliers are established, leading to a
complex entropy equation. Numerical results show that this method surpasses traditional CFM
methods in accuracy when CFMs are limited. Its application to transient PDFs in stochastic

dynamic systems highlights its effectiveness with minimal moment data.
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7.2. Outlooks

The theory of complex fractional moments and its application to the transient analysis of
stochastic dynamic systems have demonstrated excellent performance and significant research
potential. However, the study of complex fractional moments is still in its early stages, and the
theoretical framework remains incomplete. This thesis extends the theory of complex fractional
moments and investigates transient analysis problems of stochastic dynamic systems within this
extended framework, offering a new perspective for probabilistic evolution analysis in

stochastic dynamics. Nevertheless, several issues require further exploration:

1. Algorithm design for complex fractional moments. The distribution of information in the
real and imaginary parts of complex fractional moments is concentrated near the origin and
exhibits fluctuating patterns, as shown in Figures 2-4. Currently, the fixed-step rectangle
formula algorithm used for probability reconstruction with complex fractional moments can be
inefficient. Larger steps near the origin lead to increased errors due to high information
fluctuation, while smaller steps away from the origin waste computational resources.
Developing variable-step or adaptive-step algorithms based on the characteristics of complex
fractional moments is essential for improving computational efficiency, especially when
reconstructing the evolution probability of stochastic dynamic systems in high-dimensional
spaces.

2. Expansion of the theoretical framework. Currently, the framework primarily focuses on
transient response probability analysis. However, as a moment statistic, it bridges integral
transform theory and fractional calculus, offering significant potential for constructing
statistical data characteristics. Future research directions include applying complex fractional

moments to contemporary issues such as data-driven artificial intelligence and so on.

3. Expansion to high-dimensional transient analysis. This thesis introduces a generalized
framework for complex fractional moments in high-dimensional spaces and proposes a data-
driven method for transient probability reconstruction. Future research should focus on
reconstructing the evolution probability of multidimensional systems, developing real-axis
switching equations for generalized complex fractional moments in high-dimensional scenarios

and their normalization.

4. Theoretical expansion and application of shifted characteristic functions. This thesis
introduces the concept and theory of shifted characteristic functions and develops methods for
solving FPK equations with exponential drift terms based on these functions. This provides a
new perspective for the theory of complex fractional moments. The next step is to expand the
application scenarios of shifted characteristic functions, refine the related theoretical framework,
and apply it to physical problems.

117



Doctor thesis
e

118



Bibliography

Bibliography

[1]

[3]

[10]

[11]

[12]

Y. Zhang and G. Luo, "Detecting unstable periodic orbits and unstable quasiperiodic
orbits in vibro-impact systems," International Journal of Non-Linear Mechanics, vol.
96, pp. 12-21, 2017, doi: 10.1016/j.ijnonlinmec.2017.07.011.

G. Luo, J. Xie, and S. Guo, "Periodic motions and global bifurcations of a two-degree-
of-freedom system with plastic vibro-impact," Journal of sound and vibration, vol. 240,
no. 5, pp. 837-858, 2001, doi: 10.1006/jsvi.2000.3259.

J. Jiang, W. Xu, P. Han, and L. Niu, "Most probable transition paths in eutrophicated
lake ecosystem under Gaussian white noise and periodic force," Chinese Physics B, vol.
31, no. 6, p. 060203, 2022/05/01 2022, doi: 10.1088/1674-1056/ac5616.

W. Zhang, W. Xu, L. Niu, and Y. Tang, "Bifurcations analysis of a multiple attractors
energy harvesting system with fractional derivative damping under random excitation,"
Communications in Nonlinear Science and Numerical Simulation, vol. 118, p. 107069,
2023/04/01/ 2023, doi: 10.1016/j.cnsns.2022.107069.

Q. He, W. Xu, H. Rong, and T. Fang, "Stochastic bifurcation in Duffing—Van der Pol
oscillators," Physica A: Statistical Mechanics and its Applications, vol. 338, no. 3, pp.
319-334, 2004, doi: 10.1016/j.physa.2004.01.067.

M. Su, W. Xu, and Y. Zhang, "Theoretical analysis of piezoelectric energy harvesting
system with impact under random excitation - ScienceDirect," International Journal of
Non-Linear Mechanics, vol. 119, 2020, doi: 10.1016/.ijnonlinmec.2019.103322.

M. Su, W. Xu, Y. Zhang, and G. Yang, "Response of a vibro-impact energy harvesting
system with bilateral rigid stoppers under Gaussian white noise," Applied Mathematical
Modelling, vol. 89, 08/01 2020, doi: 10.1016/j.apm.2020.07.022.

Y. Qiao et al., "Frequency unlocking-based MEMS bifurcation sensors," Microsystems
& Nanoengineering, vol. 9, 05/16 2023, doi: 10.1038/s41378-023-00522-2.

Y. Qiao, M. s. Arab, W. Xu, H. Zhang, and E. Abdel-Rahman, "The impact of thermal-
noise on bifurcation MEMS sensors," Mechanical Systems and Signal Processing, vol.
161, p. 107941, 12/01 2021, doi: 10.1016/j.ymssp.2021.107941.

Y. Qiao, Y. Jiao, and W. Xu, "Stabilization of electrostatic MEMS resonators using a
stochastic optimal control," Chaos, Solitons & Fractals, vol. 154,p. 111702,01/01 2022,
doi: 10.1016/j.chaos.2021.111702.

Y. Song and W. Xu, "Asymmetric Iévy noise changed stability in a gene transcriptional
regulatory system," Chaos, Solitons & Fractals, vol. 151, p. 111211, 2021, doi:
10.1016/j.chaos.2021.111211.

Y. Song, W. Xu, and L. Niu, "Multiplicative Lévy noise-induced transitions in gene

119



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Doctor thesis

expression," Science China Technological Sciences, vol. 65, no. 8, pp. 1700-1709,
2022/08/01 2022, doi: 10.1007/s11431-021-2020-3.

Y. Song, W. Xu, W. Wei, and L. Niu, "Dynamical transition of phenotypic states in breast
cancer system with Lévy noise," Physica A: Statistical Mechanics and its Applications,
vol. 627, p. 129122, 2023/10/01/ 2023, doi: 10.1016/j.physa.2023.129122.

Y. Song, W. Xu, W. Wei, and L. Niu, "Switch dynamics in a genetic toggle network
driven by Lévy noise," Nonlinear Dynamics, vol. 110, no. 4, pp. 3779-3790, 2022/12/01
2022, doi: 10.1007/s11071-022-07781-0.

P. Han, W. Xu, H. Zhang, and L. Wang, "Most probable trajectories in the delayed tumor
growth model excited by a multiplicative non-Gaussian noise," Chaos, Solitons &
Fractals, vol. 156, p. 111801, 03/01 2022, doi: 10.1016/j.chaos.2022.111801.

N. Kar and N. Ozalp, "A fractional mathematical model approach on glioblastoma
growth: tumor visibility timing and patient survival," Mathematical Modelling and
Numerical Simulation with Applications, vol. 4, pp. 66-85, 03/29 2024, doi:
10.53391/mmnsa.1438916.

A. Di Matteo, M. Di Paola, and A. Pirrotta, "Path integral solution for nonlinear systems
under parametric Poissonian white noise input," Probabilistic Engineering Mechanics,
vol. 44, pp. 89-98, 2016, doi: 10.1016/j.probengmech.2015.09.020.

P. Kumar and S. Narayanan, "Modified path integral solution of Fokker—Planck
equation: Response and bifurcation of nonlinear systems," vol. 5, pp. 1-12, 2010, doi:
10.1115/1.4000312.

I. Kougioumtzoglou and P. Spanos, "An analytical Wiener path integral technique for
non-stationary response determination of nonlinear oscillators," Probabilistic
Engineering Mechanics, vol. 28, pp- 125-131, 2012, doi:
10.1016/j.probengmech.2011.08.022.

I. A. Kougioumtzoglou and P. D. Spanos, "Nonstationary stochastic response
determination of nonlinear systems: A Wiener path integral formalism," Journal of
Engineering  Mechanics, vol. 140, mno. 9, p. 04014064, 2014, doi:
10.1061/(ASCE)EM.1943-7889.0000780.

J.-B. Chen and M.-Z. Lyu, "Probabilistic response determination of high-dimensional
nonlinear dynamical systems enforced by parametric multiple Poisson white noises,"
Nonlinear Dynamics, vol. 112, pp. 1-16, 05/20 2024, doi: 10.1007/s11071-024-09592-
X.

M.-Z. Lyu, D.-C. Feng, X.-Y. Cao, and M. Beer, "A full-probabilistic cloud analysis for
structural seismic fragility via decoupled M-PDEM," Earthquake Engineering &
Structural Dynamics, vol. 53, 01/21 2024, doi: 10.1002/eqe.4093.

J. Dunne and M. Ghanbari, "Extreme-value prediction for non-linear stochastic
oscillators via numerical solutions of the stationary FPK equation," Journal of Sound

and Vibration, vol. 206, no. 5, pp. 697-724, 1997, doi: 10.1006/jsvi.1997.1148.
120



Bibliography

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]
[34]

[35]

[36]

[37]

S. Le-Chung and W. Teng-Yuan, "A finite-element method for analysis of a non-linear
system under stochastic parametric and external excitation," International journal of
non-linear mechanics, vol. 31, no. 2, pp. 193-201, 1996, doi: 10.1016/0020-
7462(95)00049-6.

J. Chen and P. Lin, "Dimension-reduction of FPK equation via equivalent drift
coefficient," Theoretical and Applied Mechanics Letters, vol. 4, no. 1, p. 013002, 2014,
doi: 10.1063/2.1401302.

J. Sun and B. Song, "Solutions of the FPK equation for time-delayed dynamical systems
with the continuous time approximation method," Probabilistic engineering mechanics,
vol. 27, no. 1, pp. 69-74, 2012, doi: 10.1016/j.probengmech.2011.05.009.

J. Qian, L. Chen, and J.-Q. Sun, "Transient response prediction of randomly excited
vibro-impact systems via RBF neural networks," Journal of Sound and Vibration, vol.
546, p. 117456, 2023, doi: 10.1016/j.jsv.2022.117456.

S. M. Stigler, The history of statistics. Harvard University Press, 1990.

S. E. Fienberg, "A brief history of statistics in three and one-half chapters: A review
essay," ed: JSTOR, 1992.

J. Graunt, "Natural and political observations mentioned in a following index, and made
upon the bills of mortality," Mathematical demography, vol. 6, pp. 11-20, 1977, doi:
10.1007/978-3-642-35858-6 2.

I. Schneider, "Jakob Bernoulli, Ars Conjectandi (1713)," in Landmark Writings in
Western Mathematics 1640-1940: Elsevier, 2005, pp. 88-104.

C. F. Gauss, Theory of the motion of the heavenly bodies moving about the sun in conic
sections: a translation of Gauss's" Theoria Motus." with an appendix. Little, Brown,
1857.

F. Galton, Natural inheritance. Macmillan, 1889.

J. M. Stanton, "Galton, Pearson, and the peas: A brief history of linear regression for
statistics instructors," Journal of Statistics Education, vol. 9, no. 3, 2001, doi:
10.1080/10691898.2001.11910537.

K. Pearson, "X. On the criterion that a given system of deviations from the probable in
the case of a correlated system of variables is such that it can be reasonably supposed
to have arisen from random sampling," The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science, vol. 50, no. 302, pp. 157-175,
1900/07/01 1900, doi: 10.1080/14786440009463897.

R. A. Fisher, "Two new properties of mathematical likelihood," Proceedings of the
Royal Society of London. Series A, Containing Papers of a Mathematical and Physical
Character, vol. 144, no. 852, pp. 285-307, 1934, doi: jstor.org/stable/2935559.

R. A. Fisher, "On the mathematical foundations of theoretical statistics," Philosophical

transactions of the Royal Society of London. Series A, containing papers of a

121



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

Doctor thesis

mathematical or physical character, vol. 222, no. 594-604, pp. 309-368, 1922, doi:
10.1098/rsta.1922.00009.

J. Neyman and E. S. Pearson, "On the use and interpretation of certain test criteria for
purposes of statistical inference: Part I," Biometrika, pp. 175-240, 1928.

J. Neyman and E. S. Pearson, "IX. On the problem of the most efficient tests of statistical
hypotheses," Philosophical Transactions of the Royal Society of London. Series A,
Containing Papers of a Mathematical or Physical Character, vol. 231, no. 694-706, pp.
289-337, 1933, doi: 10.1098/rsta.1933.0009.

F. Wilcoxon, "Individual comparisons by ranking methods," in Breakthroughs in
statistics: Methodology and distribution: Springer, 1992, pp. 196-202.

F. Wilcoxon, "Probability tables for individual comparisons by ranking methods,"
Biometrics, vol. 3, no. 3, pp. 119-122, 1947.

S. H. Strogatz, "Exploring complex networks," nature, vol. 410, no. 6825, pp. 268-276,
2001, doi: 10.1038/35065725.

S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, and D.-U. Hwang, "Complex networks:
Structure and dynamics," Physics reports, vol. 424, no. 4-5, pp. 175-308, 2006, doi:
10.1016/j.physrep.2005.10.009.

C. M. Bishop, "Neural networks and their applications," Review of scientific instruments,
vol. 65, no. 6, pp. 1803-1832, 1994, doi: 10.1063/1.1144830.

M. Rheinfurth and L. W. Howell, "Probability and statistics in aerospace engineering,"
1998.

G. K. Karagiannidis, "Moments-based approach to the performance analysis of equal
gain diversity in Nakagami-m fading," IEEE Transactions on Communications, vol. 52,
no. 5, pp. 685-690, 2004, doi: 10.1109/TCOMM.2004.826255.

A. Daoui, H. Karmouni, M. Sayyouri, and H. Qjidaa, "Efficient methods for signal
processing using Charlier moments and artificial bee Colony algorithm," Circuits,
Systems, and Signal Processing, vol. 41, no. 1, pp. 166-195, 2022, doi: 10.1007/s00034-
021-01764-z.

D. Bielinska-W3az, "Graphical and numerical representations of DNA sequences:
statistical aspects of similarity," Journal of mathematical chemistry, vol. 49, pp. 2345-
2407, 2011, doi: 10.1007/s10910-011-9890-8.

C. H. Beentjes, R. Perez-Carrasco, and R. Grima, "Exact solution of stochastic gene
expression models with bursting, cell cycle and replication dynamics," Physical Review
E, vol. 101, no. 3, p. 032403, 2020, doi: 10.1103/PhysRevE.101.032403.

M. Soltani and A. Singh, "Using higher-order statistics to infer random forces driving a

nano sensor."

H. Neubert, "Uncertainty-Based Design Optimization of MEMS/NEMS," in Bio and

Nano Packaging Techniques for Electron Devices: Advances in Electronic Device

122



Bibliography

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

Packaging: Springer, 2012, pp. 119-137.
L. Tomy, C. Chesneau, and A. K. Madhav, "Statistical Techniques for Environmental

Sciences: A Review," Mathematical and Computational Applications, vol. 26, no. 4, p.
74,2021, doi: 10.1007/978-3-642-28522-6 6.

M. Panella and R. Altilio, "A smartphone-based application using machine learning for
gesture recognition: Using feature extraction and template matching via Hu image
moments to recognize gestures," IEEE consumer electronics magazine, vol. 8, no. 1, pp.
25-29, 2018, doi: 10.1109/MCE.2018.2868109.

T. A. M. Elhassan, M. S. M. Rahim, T. T. Swee, S. Z. M. Hashim, and M. Aljurf,
"Feature extraction of white blood cells using CMYK-moment localization and deep
learning in acute myeloid leukemia blood smear microscopic images," IEEE Access, vol.
10, pp. 16577-16591, 2022, doi: 10.1109/ACCESS.2022.3149637.

J. Yao, S. Zheng, and Z. Bai, "Sample covariance matrices and high-dimensional data
analysis," Cambridge UP, New York, 2015.

H. Gzyl and A. Tagliani, "Hausdorff moment problem and fractional moments," Applied
Mathematics and Computation, vol. 216, no. 11, pp. 3319-3328, 2010, doi:
10.1016/j.amc.2010.04.059.

G. Talenti, "Recovering a function from a finite number of moments," Inverse problems,
vol. 3, no. 3, p. 501, 1987, doi: 10.1088/0266-5611/3/3/016.

P. L. Butzer and U. Westphal, "An introduction to fractional calculus," in Applications
of fractional calculus in physics: World Scientific, 2000, pp. 1-85.
J. T. Machado, V. Kiryakova, and F. Mainardi, "Recent history of fractional calculus,"

Communications in nonlinear science and numerical simulation, vol. 16, no. 3, pp.
1140-1153, 2011, doi: 10.1016/j.cnsns.2010.05.027.

H. Sun, Y. Zhang, D. Baleanu, W. Chen, and Y. Chen, "A new collection of real world
applications of fractional calculus in science and engineering," Communications in
Nonlinear Science and Numerical Simulation, vol. 64, pp. 213-231, 2018, doi:
10.1016/j.cnsns.2018.04.019.

L. Debnath, "Recent applications of fractional calculus to science and engineering,"
International Journal of Mathematics and Mathematical Sciences, vol. 2003, no. 54, pp.
3413-3442, 2003, doi: 10.1155/S0161171203301486.

O. Naifar and A. B. Makhlouf, Fractional Order Systems--Control Theory and
Applications. Springer, 2022.

R. L. Magin, "Fractional calculus models of complex dynamics in biological tissues,"
Computers & Mathematics with Applications, vol. 59, no. 5, pp. 1586-1593, 2010, doi:
10.1016/j.camwa.2009.08.039.

R. Magin, "Fractional calculus in bioengineering, part 1," Critical Reviews™ in
Biomedical Engineering, vol. 32, no. 1, 2004, doi:

123



[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

Doctor thesis

10.1615/CritRevBiomedEng.v32.11.10.

Y. Zhang, H. Sun, H. H. Stowell, M. Zayernouri, and S. E. Hansen, "A review of

applications of fractional calculus in Earth system dynamics," Chaos, Solitons &
Fractals, vol. 102, pp. 29-46, 2017, doi: 10.1016/j.chaos.2017.03.051.

D. Mondal and P. Debnath, "An application of fractional calculus to geophysics: Effect
of a strike-slip fault on displacement, stresses and strains in a fractional order Maxwell
type visco-elastic half space," International Journal of Applied Mathematics, vol. 34,
no. 5, p. 873, 2021, doi: 10.12732/ijam.v34i5.2.

R. G. Ghanem and P. D. Spanos, Stochastic finite elements: a spectral approach.
Springer-Verlag, 1991.

J. B. Roberts and P. D. Spanos, Random Vibration and Statistical Linearization. Random
Vibration and Statistical Linearization, 2003.

P. D. S. R. Ghanem, "A stochastic Galerkin expansion for nonlinear random vibration
analysis," Probabilistic Engineering Mechanics, vol. 8, no. 3-4, pp. 255-264, 1993, doi:
10.1016/0266-8920(93)90019-R.

X. Chen, X. Jin, and Z. Huang, "Stability and reliability analysis of nonlinear stochastic
system using data-driven dimensional analysis method," Mechanical Systems and
Signal  Processing, vol. 212, p. 111299, 2024/04/15/ 2024, doi:
doi.org/10.1016/j.ymssp.2024.111299.

X. Chen, X. Jin, and Z. Huang, "Reliability control of nonlinear stochastic dynamical
system based on discrete data," JVC/Journal of Vibration and Control, Article 2024, doi:
10.1177/10775463241248979.

X. Chen, X. Jin, and Z. Huang, "Data-driven identification for approximate analytical
solution of first-passage problem," Probabilistic Engineering Mechanics, Article vol.
73,2023, Art no. 103467, doi: 10.1016/j.probengmech.2023.103467.

J. Qian, L. Chen, and J. Q. Sun, "Non-stationary stochastic response determination of
vibro-impact system under combination harmonic and Gaussian white noise
excitations," Engineering Structures, Article vol. 304, 2024, Art no. 117677, doi:
10.1016/j.engstruct.2024.117677.

F. Yang, L. Chen, Z. Yuan, and J. Q. Sun, "Transient response of energy harvesting
systems with multi-well potential under Poisson white noise excitations," International
Journal of Non-Linear Mechanics, Article vol. 155, 2023, Art no. 104463, doi:
10.1016/j.ijnonlinmec.2023.104463.

J. Qian, L. Chen, and J. Q. Sun, "A candidate method for prediction of the non-stationary
response of strongly nonlinear systems under wide-band noise excitation," International
Journal of Non-Linear Mechanics, Article vol. 159, 2024, Art no. 104621, doi:
10.1016/j.ijnonlinmec.2023.104621.

J. B. Chen and M. Z. Lyu, "Globally-evolving-based generalized density evolution

124



Bibliography

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

equation for nonlinear systems involving randomness from both system parameters and
excitations," Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences, Article vol. 478, no. 2264, 2022, Art no. 20220356, doi:
10.1098/rspa.2022.0356.

J. Li and J. B. Chen, "The probability density evolution method for dynamic response
analysis of non-linear stochastic structures," International Journal for Numerical
Methods in Engineering, vol. 65, no. 6, pp. 882-903, 2006, doi: 10.1002/nme.1479.

C. Soize, "Transient responses of dynamical systems with random uncertainties,"
Probabilistic Engineering Mechanics, vol. 16, no. 4, pp. 363-372, 2001/10/01/ 2001,
doi: 10.1016/S0266-8920(01)00026-1.

Z. H. Liu, J. H. Geng, and W. Q. Zhu, "Transient stochastic response of quasi non-
integerable Hamiltonian system," Probabilistic Engineering Mechanics, vol. 43, pp.
148-155,2016/01/01/ 2016, doi: 10.1016/j.probengmech.2015.09.009.

X. Yue, W. Xu, L. Wang, and B. Zhou, "Transient and steady-state responses in a self-
sustained oscillator with harmonic and bounded noise excitations," Probabilistic
Engineering  Mechanics, vol. 30, pp. 70-76, 2012/10/01/ 2012, doi:
10.1016/j.probengmech.2012.06.001.

X. Yue, Y. Wang, Q. Han, Y. Xu, and W. Xu, "Transient responses of nonlinear
dynamical systems under colored noise," Europhysics Letters, vol. 127, no. 2, p. 24004,
2019, doi: 10.1209/0295-5075/127/24004.

G. Cottone and M. Di Paola, "On the use of fractional calculus for the probabilistic
characterization of random variables," Probabilistic Engineering Mechanics, vol. 24,
no. 3, pp. 321-330, 2009.

G. Cottone, M. Di Paola, and R. Metzler, "Fractional calculus approach to the statistical
characterization of random variables and vectors," Physica A: Statistical Mechanics and
its Applications, vol. 389, no. 5, pp. 909-920, 2010.

M. Di Paola and F. P. Pinnola, "Riesz fractional integrals and complex fractional
moments for the probabilistic characterization of random variables," Probabilistic
Engineering  Mechanics,  Article vol. 29, pp. 149-156, 2012, doi:
10.1016/j.probengmech.2011.11.003.

X. Jin, Y. Wang, Z. Huang, and M. Di Paola, "Constructing transient response
probability density of non-linear system through complex fractional moments,"
International Journal of Non-Linear Mechanics, Article vol. 65, pp. 253-259, 2014, doi:
10.1016/j.ijnonlinmec.2014.06.004.

M. Di Paola, "Fokker Planck equation solved in terms of complex fractional moments,"
Probabil Engineering Mechanics, vol. 38, pp. 70-76, 2014.

X. Xiufeng, L. Junlin, L. Di, and G. Rong, "Transient response of nonlinear vibro-
impact system under Gaussian white noise excitation through complex fractional
moments," Acta Mechanica, vol. 228, no. 3, pp. 1-11, 2016.

125



[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

Doctor thesis

A. Di Matteo, M. Di Paola, and A. Pirrotta, "Poisson white noise parametric input and
response by using complex fractional moments," Probabil Engineering Mechanics, vol.
38, pp. 119-126, 2014.

A. Di Matteo, M. Di Paola, and A. Pirrotta, "Probabilistic characterization of nonlinear
systems under Poisson white noise via complex fractional moments," Nonlinear
Dynamics, Article vol. 77, no. 3, pp. 729-738, 2014, doi: 10.1007/s11071-014-1333-1.

G. Alotta and M. D. Paola, "Einstein-Smoluchowsky equation handled by complex
fractional moments," in ICFDA 14, 2014.

G. Alotta and M. Di Paola, "Probabilistic characterization of nonlinear systems under
a-stable white noise via complex fractional moments," Physica A: Statistical Mechanics
and its  Applications, Article vol. 420, pp. 265-276, 2015, doi:
10.1016/j.physa.2014.10.091.

S. Butera and M. Di Paola, "Fractional differential equations solved by using Mellin

transform," Communications in Nonlinear Science and Numerical Simulation, Article
vol. 19, no. 7, pp. 2220-2227, 2014, doi: 10.1016/j.cnsns.2013.11.022.

M. Di Paola, A. Pirrotta, G. Alotta, A. Di Matteo, and F. P. Pinnola, "Complex
fractional moments for the characterization of the probabilistic response of non-linear
systems subjected to white noises," in Topics in Nonlinear Mechanics and Physics:
Selected Papers from CSNDD 2018, 2019: Springer, pp. 203-227, doi: 10.1007/978-
981-13-9463-8 11.

H. Dai, Z. Ma, and L. Li, "An improved complex fractional moment-based approach for

the probabilistic characterization of random variables," Probabilistic Engineering
Mechanics, Article vol. 53, pp. 52-58, 2018, doi: 10.1016/j.probengmech.2018.05.005.

L. Niu, W. Xu, and Q. Guo, "Transient response of the time-delay system excited by
Gaussian noise based on complex fractional moments," Chaos, Article vol. 31, no. 5,
2021, Art no. 053111, doi: 10.1063/5.0033593.

L. Niu, Y. Song, and W. Xu, "Application of Complex Fractional Moment in nonlinear
system with Gaussian colored noise," International Journal of Non-Linear Mechanics,
Article vol. 141, 2022, Art no. 103945, doi: 10.1016/j.ijjnonlinmec.2022.103945.

D. Itoh, T. Tsuchida, and K. Kimura, "An analysis of a nonlinear system excited by
combined Gaussian and Poisson white noises using complex fractional moments,"
Theoretical and Applied Mechanics Japan, vol. 64, pp. 103-114, 2018, doi:
10.11345/nctam.64.103.

D. Itoh and T. Tsuchida, "Transient response analysis of a system with nonlinear
stiffness and nonlinear damping excited by Gaussian white noise based on complex
fractional moments," Acta Mechanica, vol. 233, pp. 1-16, 07/01 2022, doi:
10.1007/s00707-022-03264-w.

T. Tsuchida, D. Itoh, and T. Eguchi, "Transient response analysis of nonlinear oscillators

with fractional derivative elements under Gaussian white noise using complex fractional
126



Bibliography

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]
[111]

[112]

moments," ASME Open Journal of Engineering, vol. 3, 2024, doi: 10.1115/1.4065126.

E. H. Vanmarcke, "Properties of spectral moments with applications to random
vibration," Journal of the Engineering Mechanics Division, vol. 98, no. 2, pp. 425-446,
1972, doi: 10.1061/JMCEA3.0001593.

M. Di Paola, "Transient spectral moments of linear systems," SM archives, Article vol.
10, no. 3, pp. 225-243, 1985.

G. Cottone and M. D. Paola, "A new representation of power spectral density and
correlation function by means of fractional spectral moments," Probabilistic
Engineering  Mechanics, vol. 25, mno. 3, pp. 348-353, 2010, doi:
10.1016/j.probengmech.2010.04.003.

G. Cottone, M. Di Paola, and R. Santoro, "A novel exact representation of stationary
colored Gaussian processes (fractional differential approach)," Journal of Physics A:
Mathematical and Theoretical, vol. 43, no. 8, p. 085002, 2010, doi: 10.1088/1751-
8113/43/8/085002.

G. Cottone and M. Di Paola, "Fractional spectral moments for digital simulation of
multivariate wind velocity fields," Journal of Wind Engineering and Industrial
Aerodynamics, vol. 99, no. 6-7, pp. 741-747, 2011, doi: 10.1016/j.jweia.2011.03.006.

K. Runtemund, G. Cottone, and G. Miiller, "Treatment of arbitrarily autocorrelated load
functions in the scope of parameter identification," Computers and Structures, Article
vol. 126, no. 1, pp. 29-40, 2013, doi: 10.1016/j.compstruc.2012.11.021.

F. P. Pinnola, "Statistical correlation of fractional oscillator response by complex
spectral moments and state variable expansion," Communications in Nonlinear Science
and  Numerical  Simulation, vol. 39,  pp. 343-359, 2016, doi:
10.1016/j.cnsns.2016.03.013.

G. Alotta, M. Di Paola, and G. Failla, "A Mellin transform approach to wavelet
analysis," Communications in Nonlinear Science and Numerical Simulation, Article vol.
28, no. 1-3, pp. 175-193, 2015, doi: 10.1016/j.cnsns.2015.04.001.

M. Di Paola, "Complex Fractional Moments and Their Use in Earthquake Engineering,"
in Encyclopedia of Earthquake Engineering, M. Beer, 1. A. Kougioumtzoglou, E. Patelli,
and S.-K. Au Eds. Berlin, Heidelberg: Springer Berlin Heidelberg, 2015, pp. 446-461.
G. Alotta, M. Di Paola, and F. P. Pinnola, "Cross-correlation and cross-power spectral
density representation by complex spectral moments," International Journal of Non-
Linear Mechanics, Article vol. 94, pp- 20-27, 2017, doi:
10.1016/j.ijnonlinmec.2017.02.001.

M. Hitsuda, "Representation of Gaussian processes equivalent to Wiener process," 1968.

J. L. Doob, "What is a stochastic process?," The American Mathematical Monthly, vol.
49, no. 10, pp. 648-653, 1942.

Z.-x. Xu, D.-y. Zhou, and Z.-c. Deng, "Numerical method based on Hamilton system

127



[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

Doctor thesis

and symplectic algorithm to differential games," Applied Mathematics and Mechanics,
vol. 27, no. 3, pp. 341-346, 2006/03/01 2006, doi: 10.1007/s10483-006-0309-y.

J. Candy and W. Rozmus, "A symplectic integration algorithm for separable
Hamiltonian functions," Journal of Computational Physics, vol. 92, no. 1, pp. 230-256,
1991, doi: 10.1016/0021-9991(91)90299-Z.

E. Luo, W.-J. Huang, and F.-H. Jiang, "Hamilton System and Symplectic Algorithm for
Dynamic Analysis of Honeycomb Sandwich Plates," Acta Aeronautica et Astronautica
Sinica, vol. 27, no. 2, pp. 236-240, 2006.

H. Oz and E. Adigiizel, "Hamilton’s law of varying action: Part I: Assumed-time-modes
method," Journal of Sound and Vibration, vol. 179, no. 4, pp. 697-710, 1995/01/26/
1995, doi: 10.1006/jsvi.1995.0045.

H. Oz and A. Raffie, "Inverse response problem (control) of dynamic systems via
Hamilton's law," Computer Methods in Applied Mechanics and Engineering, vol. 62,
no. 1, pp. 17-26, 1987/05/01/ 1987, doi: 10.1016/0045-7825(87)90087-9.

W. Zhu, "Stochastic averaging of quasi-Hamiltonian systems," SCIENCE IN CHINA
SERIES A-MATHEMATICS PHYSICS ASTRONOMY, vol. 39, no. 1, pp. 97-107, 1996.

W. Jia, W. Zhu, and Y. Xu, "Stochastic averaging of quasi-non-integrable Hamiltonian
systems under combined Gaussian and Poisson white noise excitations," International
Journal of Non-Linear Mechanics, vol. 51, pp. 45-53, 2013/05/01/ 2013, doi:
10.1016/j.ijnonlinmec.2012.12.003.

M. L. Deng and W. Q. Zhu, "Stochastic averaging of quasi-non-integrable Hamiltonian
systems under fractional Gaussian noise excitation," Nonlinear Dynamics, vol. 83, no.
1, pp. 1015-1027, 2016/01/01 2016, doi: 10.1007/s11071-015-2384-7.

C. B. Gan and W. Q. Zhu, "First-passage failure of quasi-non-integrable-Hamiltonian

systems," International Journal of Non-Linear Mechanics, vol. 36, no. 2, pp. 209-220,
2001/03/01/ 2001, doi: 10.1016/S0020-7462(00)00006-8.

M. Di Paola, "Fokker Planck equation solved in terms of complex fractional moments,"
Probabilistic Engineering Mechanics, Article vol. 38, pp. 70-76, 2014, doi:
10.1016/j.probengmech.2014.09.003.

K. B. Oldham, "Fractional differential equations in electrochemistry," Advances in
Engineering software, vol. 41, no. 1, pp. 9-12, 2010.

H. W. Zhou and S. Yang, "Fractional derivative approach to non-Darcian flow in porous
media," Journal of Hydrology, vol. 566, pp. 910-918, 2018/11/01/ 2018, doi:
10.1016/j.jhydrol.2018.09.039.

W. Chen, "A speculative study of 2/3-order fractional Laplacian modeling of turbulence:
Some thoughts and conjectures," Chaos: An Interdisciplinary Journal of Nonlinear
Science, vol. 16, no. 2, 2006.

D. T. Spasic, N. I. Kovincic, and D. V. Dankuc, "A new material identification pattern

128



Bibliography

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

for the fractional Kelvin-Zener model describing biomaterials and human tissues,"
Communications in Nonlinear Science and Numerical Simulation, Article vol. 37, pp.
193-199, 2016, doi: 10.1016/j.cnsns.2016.01.004.

Y. Yang, W. Xu, and G. Yang, "Bifurcation analysis of a noisy vibro-impact oscillator
with two kinds of fractional derivative elements," Chaos: An Interdisciplinary Journal
of Nonlinear Science, vol. 28, no. 4, 2018.

Y.-G. Yang, W. Xu, Y.-H. Sun, and X.-D. Gu, "Stochastic response of van der Pol
oscillator with two kinds of fractional derivatives under Gaussian white noise
excitation," Chinese Physics B, vol. 25, no. 2, p. 020201, 2015.

L. Chen, W. Wang, Z. Li, and W. Zhu, "Stationary response of Duffing oscillator with
hardening stiffness and fractional derivative," International Journal of Non-Linear
Mechanics, vol. 48, pp- 44-50, 2013/01/01/ 2013, doi:
10.1016/j.ijjnonlinmec.2012.08.001.

L. Chen, F. Hu, and W. Zhu, "Stochastic dynamics and fractional optimal control of
quasi integrable Hamiltonian systems with fractional derivative damping," Fractional
Calculus and Applied Analysis, vol. 16, no. 1, pp. 189-225, 2013/03/01 2013, doi:
10.2478/s13540-013-0013-z.

Y.-H. Sun, Y.-G. Yang, and W. Xu, "Stochastic P-bifurcations of a noisy nonlinear
system with fractional derivative element," Acta Mechanica Sinica, vol. 37, no. 3, pp.
507-515,2021/03/01 2021, doi: 10.1007/s10409-020-01020-8.

A. Navarro-Quiles, "Probabilistic solution of a homogeneous linear second-order
differential equation with randomized complex coefficients," Probabilistic Engineering
Mechanics, vol. 68, p. 103232, 2022/04/01/ 2022, doi:
10.1016/j.probengmech.2022.103232.

M. C. Casaban, J. C. Cortés, J. V. Romero, and M. D. Rosell6, "Solving Random
Homogeneous Linear Second-Order Differential Equations: A Full Probabilistic
Description," Mediterranean Journal of Mathematics, vol. 13, no. 6, pp. 3817-3836,
2016/12/01 2016, doi: 10.1007/s00009-016-0716-6.

M. F. Wehner and W. Wolfer, "Numerical evaluation of path-integral solutions to
Fokker-Planck equations," Physical Review A, vol. 27, no. 5, p. 2663, 1983.

M. Di Paola and R. Santoro, "Path integral solution for non-linear system enforced by
Poisson white noise," Probabilistic Engineering Mechanics, vol. 23, no. 2-3, pp. 164-
169, 2008.

A. Naess and V. Moe, "Efficient path integration methods for nonlinear dynamic
systems," Probabilistic engineering mechanics, vol. 15, no. 2, pp. 221-231, 2000.

J.-B. Chen and M.-Z. Lyu, "Probabilistic response determination of high-dimensional
nonlinear dynamical systems enforced by parametric multiple Poisson white noises,"

Nonlinear Dynamics, pp. 1-16, 2024.

129



[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

Doctor thesis

Y. Bai, W. Xu, and W. Zhang, "Reliability analysis of iced transmission lines under
Poisson white noise excitation via path integration method," Nonlinear Dynamics,
2024/05/09 2024, doi: 10.1007/s11071-024-09662-0.

S. Takenaka, "Stable Non-Gaussian Random Processes - Stochastic Models with
Infinite Variance - G. Samorodnitsky; M. S. Taqqu," 1996.

M. Grigoriu, Applied non-Gaussian processes. Examples, theory, simulation, linear
random vibration, and MATLAB solutions (3 1/2 disk). Applied non-Gaussian processes.
Examples, theory, simulation, linear random vibration, and MATLAB solutions (3 1/2
disk). 1995.

S. Guiasu and A. Shenitzer, "The principle of maximum entropy," The mathematical
intelligencer, vol. 7, pp. 42-48, 1985.

W. Boomsma, J. Ferkinghoff-Borg, and K. Lindorff-Larsen, "Combining experiments
and simulations using the maximum entropy principle," PLoS computational biology,
vol. 10, no. 2, p. €1003406, 2014.

W. R. Le Page, Complex variables and the Laplace transform for engineers. Courier
Corporation, 1980.

R. Bracewell and P. B. Kahn, "The Fourier transform and its applications," American
Journal of Physics, vol. 34, no. 8, pp. 712-712, 1966.

H. Mellin, Uber die fundamentale Wichtigkeit des Satzes von Cauchy fiir die Theorien
der Gamma-und der hypergeometrischen Functionen. Societatis litterariae fennicae,

1896.

H. Mellin, "Résolution de 1’équation algébrique généralea 1’aide de la fonction gamma,"
vol. 172, pp. 658-661, 1921.

I. Antipova, "Inversion of many-dimensional Meilin transforms and solutions of
algebraic equations," Sbornik Mathematics, Article vol. 198, no. 3-4, pp. 447-463,2007,
doi: 10.1070/SM2007v198n04ABEH003844.

S. Samko, "Fractional integration and differentiation of variable order: An overview,"
Nonlinear Dynamics, Review vol. 71, no. 4, pp. 653-662, 2013, doi: 10.1007/s11071-
012-0485-0.

M. Cai and C. Li, "On Riesz derivative," Fractional Calculus and Applied Analysis, vol.
22, no. 2, pp. 287-301, 2019, doi: doi:10.1515/fca-2019-0019.

C. Li and J. Beaudin, "On the Generalized Riesz Derivative," Mathematics, vol. 8, p.
1089, 07/03 2020, doi: 10.3390/math8071089.

U. Alibrandi, M. Di Paola, and G. Ricciardi, Path Integral Solution solved by the kernel
density maximum entropy approach. 2007.

P. C. Bressloff and J. M. Newby, "Path integrals and large deviations in stochastic hybrid
systems," Physical Review E, vol. 89, no. 4, p. 042701, 04/01/ 2014, doi:
10.1103/PhysRevE.89.042701.

130



Bibliography

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

A. Di Matteo, I. A. Kougioumtzoglou, A. Pirrotta, P. D. Spanos, and M. Di Paola,
"Stochastic response determination of nonlinear oscillators with fractional derivatives

elements via the Wiener path integral," Probabilistic Engineering Mechanics, vol. 38,
pp. 127-135, 2014.

Y. Zhang, "A finite difference method for fractional partial differential equation,"
Applied Mathematics and Computation, vol. 215, no. 2, pp. 524-529, 2009.

Y. Luo, M.-Z. Lyu, J.-B. Chen, and P. Spanos, "Equation governing the probability
density evolution of multi-dimensional linear fractional differential systems subject to
Gaussian white noise," Theoretical and Applied Mechanics Letters, vol. 13, p. 100436,
02/01 2023, doi: 10.1016/j.taml1.2023.100436.

M.-Z. Lyu, J.-B. Chen, and J. Shen, "Refined probabilistic response and seismic
reliability evaluation of high-rise reinforced concrete structures via physically driven
dimension-reduced probability density evolution equation," Acta Mechanica, vol. 235,
pp. 1-27, 08/18 2023, doi: 10.1007/s00707-023-03666-4.

M.-Z. Lyu, D.-C. Feng, J.-B. Chen, and J. Li, "A decoupled approach for determination
of the joint probability density function of a high-dimensional nonlinear stochastic
dynamical system via the probability density evolution method," Computer Methods in
Applied Mechanics and Engineering, vol. 418, p. 116443, 01/01 2024, doi:
10.1016/j.cma.2023.116443.

Y. Guan, W. Li, D. Huang, and N. Gubeljak, "A new LBFNN algorithm to solve FPK
equations for stochastic dynamical systems under Gaussian or Non-Gaussian
excitation," Chaos, Solitons & Fractals, vol. 173, p. 113641, 2023/08/01/ 2023, doi:
doi.org/10.1016/j.chaos.2023.113641.

E. T. Jaynes, "Information theory and statistical mechanics," Physical review, vol. 106,
no. 4, p. 620, 1957.

A. Golan, "Information and entropy econometrics—A review and synthesis,"
Foundations and trends® in econometrics, vol. 2, no. 1-2, pp. 1-145, 2008.

A. Berger, S. A. Della Pietra, and V. J. Della Pietra, "A maximum entropy approach to
natural language processing," Computational linguistics, vol. 22, no. 1, pp. 39-71, 1996.
X. Zhang and M. D. Pandey, "Structural reliability analysis based on the concepts of
entropy, fractional moment and dimensional reduction method," Structural Safety, vol.
43, pp. 28-40, 2013/07/01/ 2013, doi: 10.1016/j.strusafe.2013.03.001.

J. Trebicki and K. Sobczyk, "Maximum entropy principle and non-stationary
distributions of stochastic systems," Probabilistic Engineering Mechanics, vol. 11, no.
3, pp- 169-178, 1996/07/01/ 1996, doi: doi.org/10.1016/0266-8920(96)00008-2.

K. Sobezyk and J. Trebicki, "Maximum entropy principle in stochastic dynamics,"
Probabilistic Engineering Mechanics, vol. 5, no. 3, pp. 102-110, 1990.

131



Doctor thesis
e

132



Appendix

Appendix
Appendix. A

1) Classical one-order differential equation

Starting with the one-order differential equation:

{X(t)+vX(t)=f(t),v>O;

X (0)=0.
By making LT of this equation, we get
SL, (8)+VvL (s)=L; (s),5= -6,

namely

Putting
7(s)= A7 (s) +iBE (5), X (5)= A (5)+iBE (),

the inverse LT of f(t) and x(t) are given as

f(t)= e:tb{ +2§{A‘ S ) cos(kbt}Bﬁ(sk)sm(kgt)ﬂ,

x(t)= ezi{ +22( (s, cos(kgt}LBﬁ(sk)sm(kgtjﬂ,

where S, = f+ikz/b. Substituting Eq. (A-4) into Eq. (A-2), we can obtain:

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)

Af(ﬁ).Ac(Sk)_(IBJ”V)AfE(Sk)“ngf(Sk).

A(B)= By (s) =

(A-7)

Such an example when f (t)=cos(t) to verify the accuracy.
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Figure A-1 (a) The black dashed line is the exact X (t), and the red real line is the reconstruct X (t). (b)
The real line is the A{ (s, ), and the dashed line is the imaginary part By (s,). v =1

2) Fractional differential equation

Now, let us consider the fractional differential equations with expressed as:

{CD“X (D)+vX (t)=f (1),

X (0)=0. (A-8)

By making the LT of both members of Eq. (A-8), we get

(s +v) Ly (s)=£; (5),5=B-i0, (A-9)
Namely:
1 .
LX(S)_SMFVLf (s),s=pB-i6. (A-10)

If B =0, namely we work in terms of FT, we recall that

(Fi0)” =[cos(a—;jiisign(6)sm( jj|9|_a. (A-11)

Thus we have
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AL (-i6,)= (( )'9 ) ) A (e >+j'9“<9k>sin(0§”)|e:|“ Bf(—iek)’
(Cos( j|e| +vj +(sin(0‘2” |6,k|_aj

BY (-16,) = (Cos(ﬂekra ”j B (-6~ j‘gn(ﬂk)sin(“jj|ek2| " AZ(-i6,)
(ool 5 o] +{n( % Jr)

(A-12)

The example is shown in Figure A-2 when f (t)=cos(t).
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t(m—l(l() "AG=0. 1) mA?/(m—lOO A9=0, 1)
05 —F "
= AV anEsv .
s V\/%’\/\N\ ] & T
.c-5 - L L L L L L L L L
10 20 30 50 -10 ] 6 -4 2 2 6 8 10
t(m—ZUO AO 0. 05) maA 7)(1‘[1:200,A0=0.05)
(a) (b)

Figure A-2 (a) The black dashed line is the exact X (t), and the red real line is the reconstruct X (t). (b)
The real line is the A[ (s, ), and the dashed line is the imaginary part Bg(s,). =02, v=1

3) Fractional differential equation of variable coefficient

Now, let us consider the fractional differential equations with exponential time-dependent

coefficient expressed as:

{CD“X (t)+ce™ X (t)=f (), (A-13)
X (0)=0.

By making the LT of both members of Eq. (A-13), and according to the exponential property,

we get:
s“Ly (s)+cLy (s+v) =L (s), (A-14)

Now, we set s* = A7 (s)+iB; (s), according to Eq. (4-11)-(4-14), then Eq. (A-14) can be

transferred into:
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AL (s,) AZ (s, ) - Bf(sj)Bj(sJ)Jrc{Z—lef(ﬁ)aw+%§;[A§(Sk)ajk+B§(sk)cjk]}=Af(sJ),
AL (s,)BE (s, )+B§(5J)A§(SJ)+c{%A§(ﬂ)b0J+%i[A§(sk)ckj+B§(sk)kaJ}:Bf(sJ).

k=1

(A-15)

Eq. (A-15) can also be written as the matrix form, which is

E°L, (sk)+c%DLLX (5)=2, (s.). (A-16)

where
L (s)=[A°(B). AZ(s,). BE(s)] . L (s)=[AF(B). A(s,). BE(s)] .
(A-17)

And Eis a matrix with (2m+1)x(2m+1) elements, where

Ef=A(S);
Ei = A (Sc1):Epm = —Br (Sc1);2<k<m+1, (A-18)
Ef(k m)_Bzf(k—m—l)1Eﬁ< Aﬁ(kml) m+2<k<2m+1.

Thus we have

£X(sk):(E‘+c2—1bD‘J L, (s,), (A-19)

If =0, namely we work in terms of FT, then

AL (s )= cos( j|6’| , BS(s.)=sign(4 )sm( )|9| (A-20)

Then Eq. (A-19) can be expressed as:
1 -1
L, (—iek):(E+c%D“j £, (-i6,). (A21)

Such an example when f (t)=cos(t) is shown in Figure A-3.
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P QM—V—‘—H[ 5{ B L w2l (.
>< -20E /[\/\ / ~ 2 ~ J =T
o 5 10 15 20 25 30 a5 40 45 50 - -10 4 6 -4 2 o 2 4 [ 8 10
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S Cf Voo
B e fe s s 4 2 o 2z 4 & & w0
Hm=100,A0=0.1) mA7m=100,A0=0.1)
1B T T T T 3 5 T T T T T T T
=5 \/ 5 ~M‘ =
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L] 5 10 15 20 25 30 35 40 45 50 -E-”IC e L] < 2 1] 2 4 6 8 10
H(m=200,A0=0.05) mAz7{m=200,A60=0.05)
(a) (b)

Figure A-3 (a) The black dashed line is the exact X (t), and the red real line is the reconstruct X (t). (b)
The real line is the AS (s, ), and the dashed line is the imaginary part Bg(s,). «=02, ¢=05, v=1
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Appendix. B
Since the double-sided PDF can be reconstructed with the double-sided SCF with the fixed

real part of s,namely, S belongs tothe FS. According to discretized form of inverse Laplace

transform, the following equation holds:

2b P
e(ﬂ*'Aﬂ)‘X‘ _ m _ Kz ~ (kr
[Ag (B+AB)+ ZZ(Af (¢ + Aﬂ)cos(F xj+ B, (s, +ApB)sin (T xjﬂ

2b P
(B-1)

{ (B+Ap +2i(A§ s, +Af cos(%x)+ BE(sk+Aﬁ)S|n[%xjﬂ o
Ayl )

Now, multiplying Eq. (B-2) with COS(JT” Xj and Sin(‘]{ X) respectively, integrating in

the range (—b,b), then we man have
L

AZ (s, +A,B)_2_leﬁ (B)al, += > [ AL (s,)al +BZ (s,)c5 |

Px

(B-3)

Tl T|k

M= 1

[Afx (s)cq +By. (sk)bﬂ.
1

=~
Il

_ 1 _
fo (s, +A[>’):2—bA£ (B)by, +

where
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af, = Lbb e M cos(%{ xjdx = 2b2Apr,,

Eo_ [P e gin[ 37
by —J'_be sm( . X
T

%J( Jox=0an(e, 5.,
‘]”x]sm(Tx]dx b*AB (ty —Sy.),

G
¢t = J‘e“xcos(‘%xjsm(?dex 0,
1-e cos((J - k);r
AR +(I-K) 2
1-e* cos((J +k)7)
) b’AB% +(J +k) 7’
(1-e™ cos(J;r))

_ b
ay = | e*™cos
-b

— b _
by, =J. e ¥ sin

Jk

Jk

rJ = bZAﬁZ +J2 (B-4)
Jk=12,...m AB=#0
The matrix form can be rewritten as
aﬁ(s+A,8)=2—1bD£aﬁ(s); s=fB+i0, AB=#0, (B-5)
a, a, O A, () A, (B+0p)
D“=|a, 2A 0 [;a;(s)= ArfX (s¢) [ia; (s+ApB)= EX (sxc+AB) |, (B-6)
0 0 2B BZ (s,) BZ (s, +4p5)

where A isthe matrix with the element of aJk , @,y 1savector with the element of a(f ;, B

is the matrix with the element of bf,: . DF is identity matrix multiplied by 2b when AB=0.

Figure B-1 verified the accuracy of above equation with the asymmetric distribution

),where v=05 and u=-2.

Py (x):%exp(—
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Figure B-1 The translated double-sided SCF with the initial £ =0.1, and AS =0.3, the translated
£ =0.4. (a) the real part; (b) The imaginary part
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Appendix. C

Here, we propose the equation to translate the CFM along the real axis. Firstly, to avoid the

singularity, we set p, (0)=(py (AX)+ py (-Ax))/2 for all the equation, the PDF can be
reconstructed based on the double-sided CFM with fixed real part p when p belongs to the

FS, namely:
px(X>=|lep{A&(Wzﬁ[Ar(mcos[k”'”('x')] BM(n)sm{k”IanDB]
JXrZZAP) AﬁA(70+AP)+2kZm;(A$A(7k+Ap)cos(kﬂlr;(|x|)J B (7k+Ap)S|n(kﬂln(|X|)U]

(C-1)
Here, we set y =In(|x|), thus the Eq. (C-1) can be rewritten as:
o0y {A;)M (7, +Ap)+ ZZ(AQA (7 +Ap)cos(kﬂTyj+ Bf (7, +Ap)sin (%)ﬂ
k=1
v x o krz v . (kx
:{Aﬁ (yO)JFZKZl:[AbM (7k)cos(Tyj+ B, (yk)sm(Tyjﬂ.
(C-2)
N ) Jr . (Jdx . . .
Multiplying the Eq. (C-2) with COS(T yj and Sln[T yj respectively, and integrate in

the x range (—eb : —e‘b)U(e_b : eb) ,namely the y range (—b,b), then we man have:

_ 1 m B
AF/J\:(yJ):%ApX (7k+AP kZ[ 7/k +Ap aJk +B (}/k+Ap) ’LAJ,
N (C-3)
BE)A:(%) 2b p (7k+AP bé\JA Z[ 7/k +Ap CkJ +BM(7K+Ap)b ]
k=

where
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bt = I eApysm(J y)dy 2bd 7t
b
M - Jr 2 2 2\ 2
al I eApyCos(Tyjcos( jdy b (b Ap® +(K*+3%)x )Athk,

by = jbb e sin (— y]sm (— yjdy 20%k] 72 Apt,,,

b
)l =Jlbbe I cos(%yjsm(—yjdy kﬂ'b(b Ap? +(k Jz)ﬂz)tjk,
e COS(k?Z')COS(Jﬂ')(GZbAp —1)
(240" + (3 —k)’ 2 )(bAp? +(3+k)" 7*)
_ cos(Jz)sinh(bAp)
i b’Ap® + 37’
J,k=12,...m, Ap=0. (C-4)

k=

In matrix form, Eq. (C-4) may be rewritten as:

; 1 o .
&, (r)= 5, DMay (y +4p); 7 =prin (C-5)
Cfaw o, w) (M) Ao (P 0)
DM=|a,, 2A 2C' ,af(y)z Aﬁ:(yk) ,af(ythp): Aﬁ:(}/kthp) ;. (C-6)
D, 2C 28 B! (1) B! (71 +4p)

where A is the matrix with the element of aj}', a,, is a vector with the element of aﬁ ,

B is the matrix with the element of bj,‘f ,C is the matrix with the element of C . DM s

an identity matrix multiplied by 2b when Ap=0. The example:

1 L )
Py (X)= e 7, —o<X<om, (C-7)

V2za, ’

is applied to verify the accuracy of above equation with u, =1,0, =1.
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Figure C-1 The translated double-sided SCF with the initial p=0.5,and Ap=-0.2, the translated
p=0.7. (a) the real part; (b) The imaginary part.
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Appendix. D

Considering the 2-D Gaussian distribution as follow:

1wl lees)]

Pxy (X' y) = 27[0_10_2\/1_4,2 (D-1)
According to the definition of GCFM, we can obtain:
Mp1(7/1_1'72 _1)
1 (xem ) %Y v ) (v |
) 27[0'61\/1 2 J'Owj:e Z(HZ){[ h ] ZC[ B ][ : ] [ : ”anyhldXdy,
1®2N=-7
x>0,y>0,
M P, (71 -1, _1)
o porAE R
2716,0,\J1-¢% 70 °°
x<0,y>0,
Mp3 (71_117/2 _1)
1 X—t4 ’ Xt | =Y=to | [ =Yt ’
~ 1 o oo 2(14){[] e S } et
- J' J' e Xty dxdy,
2710,0,4J1-¢% 70 °°
x>0,y <0,
M D (71 -1y, _1)
) )|
_ 1 > e ) e a 72 o n-lyr-1 (D-2)
_ j I e X"y " dxdy
270,0 \/1—42 070
- x<0,y<0

The discrete format of Eq. (D-2) is
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M, (71_1’7/2 _1)

! {[wfzé [Xaflj(y]:zj{ygzﬂ

X >0,y; >0,

n-1y,7.-1
XUV

_ AXAY LR
27r0'10'2\/1 lz—llz—;
M, (71_1!72 _l)

I D oL |
i ]!

) 2%0102\11 ;;

M P (71 -17, _1)

X <0,y;,>0,

T R S
27r0'10'2\/1 o

x >0,y; <0,
M., (n=L7 _1)
1 ( Xi— § —Xi— Vi~ | [ Yt :
_ AXAy ii [ "1#] _24[ “1”1}[ “2# j{ "2/1 ] L_h—ly_yz—l (D-3)
2%0102\/1 C
X <0,y | < 0
Then, the PDF can be reconstructed by the following equation
Ty ki ko
A(771A772 z Z M (711(1 _1’7/52 _1)X—71 y—7z ’
ky=—m; ky=—m,
x>0,y>0,
AnAn, & < -7 Mk

> ()M (L -1)(-x) "y

(x )_ x<0,y>0, (D-4)
pXY ’ y A 771A 772 m, m, 17752 K K 7}’1k1 ,},;2
> 2 ()T M (L -1 (y)

x>0,y <0,

The parameters are selected as x4 =0.5, 1, =-1, 0,=1, 0,=15, {=05.
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Figure D-1 (a) The exact normal distribution; (b) The reconstructed normal distribution by 2D-GCFM,; (¢)
The absolute error between (a) and (b). m,=m, =40, p =p, =15, Anp =An, =04
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Figure D-2 (a-d) The real part of 2D-GCFM in first quadrant to fourth quadrant; (e-h) The imaginary part
of 2D-GCFM in first quadrant to fourth quadrant
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Appendix. E
Here, we give two kinds of distribution and their GCFM.

2-D exponential distribution

—(4
p(X,y)=Aue (o) x> 0,y>0 (E-1)
— I, L
Mp(71_l:72 _1)_1 H F(71)F(72)- (E-2)
2 1 0.9
15 0.9 0.8
; 0.8 0.7
0.7
05 0.6
) 0.6
0.5
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el
0.2 0.2
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2
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%1071 -40
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p 06 20
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. 05 o
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Figure E-1 (a) The exact exponential distribution. (b) The reconstructed exponential distribution by 2D-
GCFM. (c) The absolute error. (d) The real part of 2D-GCFM. (e) The imaginary part of 2D-GCFM.
m=m,=40, p=p,=05, Anp,=An,=04, A=u=1

2-D standard Cauchy distribution

1
p(x,y)= : (E-3)
() 27z[1+ X% + y2]3/2
CDXY (6’1, 92) — e_(912+0§)5 | (E-4)
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Figure E-2 (a) The exact Cauchy distribution. (b) The reconstructed Cauchy distribution by 2D-GCFM. (c)
The absolute error. (d) The real part of 2D-GCFM. (e) The imaginary part of 2D-GCFM. m, =m, =40,

p=p, =05, Anp =An,=04

152



Acknowledgements

Acknowledgements

First and foremost, my sincere gratitude to my Tutor Prof. Mario Di Paola and Prof.
Antonina Pirrotta in university of Palermo, also Prof. Wei Xu in Northwestern
Polytechnical University, for their enthusiastic guidance, professional suggestions of
science and human nature. Their patience, encouragement, invaluable insights and
constructive feedback have been instrumental in shaping the direction and quality of
this work as well as my perception to research.

I would like to profoundly thank Prof. Salvatore Russotto and Prof. Chiara Masnata
in university of Palermo, for their great assistance during my permanence in university
of Palermo.

Special thanks to my colleagues and friends Salvatore Orlando, Salvatore Dario Di
Trapani and Adam Leonardo Di Nardo in the Experimental Dynamic Laboratory, for
the collaboration and hospitality. The camaraderie and support from everyone in the lab
have made this journey enjoyable and memorable.

My heartfelt thanks go to my parents for their unwavering love, patience, and
encouragement, which kept me going through the tough times.

I would like to acknowledge all the authors whose works have inspired and
informed my research. Your contributions to the field have been a guiding light for this
study.

Lastly, I am also grateful to the reviewers for their professional comments to
improve the thesis a lot.

Thank you all for your support and encouragement.

153



Doctor thesis
e

154





