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Abstract

In this thesis, by means of a suitable generalization of the construction
proposed in [3], we show that the orbit space of By can be equipped with
two Frobenius manifold structures related to the defocusing and focusing
NLS (nonlinear Schrodinger) equation respectively.

Motivated by this example, we generalize this construction for any B,,, with
n > 2. Such a construction is based on the existence of a homogeneous flat
pencil of cometrics (defined as in [15]) defined on the orbit space of B,,. The
proof of the existence of a homogeneous flat pencil relies on the Dubrovin-
Saito procedure (see [18] and [46]), modified in a suitable way.

Starting from this pencil, one can reconstruct a unique Frobenius manifold
structure M p, on the orbit space of B,, for any n > 2, by following an al-
ternative procedure with respect to the standard one presented by Dubrovin
in [18]; this technical obstacle is due to the non-regularity of the pencil of co-
metrics.

Remarkably, Mp, is isomorphic to the Hurwitz-Frobenius manifold struc-
ture on Mjy.,,—20 (as evidenced in [41]). This is related to the constrained KP
hierarchy (see [35]). Such an identification makes it possible to compute ex-
plicitly the structure constants corresponding to the dual product of Mg,
for any integer n.



Introduction

The fulcrum of the thesis is a remarkable system of partial differential equations
that appeared at the beginning of the 90s of the previous century in two papers
([14] and [56]). The general problem is to find a quasi-homogeneous function
F(t), of the variable (¢!, ...., "), such that its the third derivatives
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are the structure constants (with a lowered index) of an associative and unital al-
gebra for any ¢, whose unity doesn’t depend on ¢.

Such an algebra is automatically commutative. The associativity condition of the
algebra, written in terms of F', reads as an overdetermined system of non-linear
PDEs for F'; we call them WDVV (Witten-Dijkgraaf-E.Verlinde-H.Verlinde) equa-
tion.

Physically, it was first derived as an equation for the primary free energy for a
two-dimensional topological field theory.
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Later on, it was discovered to be an efficient tool to join together many areas
of mathematics, such as Gromov-Witten invariants, reflection groups, singular-
ity theory, Painlevé equations, and integrable systems, in a remarkable geometric
framework.

In particular, Boris Dubrovin introduced the notion of the Dubrovin-Frobenius
manifold (see [17]), i.e. a free-coordinate formulation of WDVYV equations and
2-D topological field theories. Essentially, a Frobenius manifold is a manifold en-
dowed with a flat metric and two special vector fields (the unity and the Euler
field). Furthermore, at any point, the tangent space has a structure of a Frobe-
nius algebra. The structure constants of the product satisty certain conditions of
invariance and compatibility with respect to the metric and the associated Levi-
Civita connection.

There exists a natural approach to the theory of Frobenius manifold by means
of the geometry of flat pencil of cometrics (see [15]). In particular, it was proven
that under certain homogeneity and regularity assumptions, these structures co-
incide.

The notion of the flat pencil of cometrics appears in the theory of Dubrovin and
Novikov of Poisson bracket of hydrodynamic type on the loop space of a man-
ifold. This fact highlights the connection between Frobenius manifold and inte-
grable hierarchies.

In December 1992 during a talk of Dubrovin at L.Newton institute Arnol’d im-
mediately recognized in the weighted degrees of certain polynomial solutions of
WDVYV equation the Coxeter numbers (plus one) of the three Coxeter groups in
the three-dimensional space. Motivated by this observation Dubrovin showed,
in 1993, that the orbit space of all Coxeter groups (i.e. finite group generated by
real reflection) has a structure of Frobenius manifold, moreover, the correspond-
ing prepotential is a polynomial function.



Dubrovin’s work relies on a reinterpretation of Saito’s procedure, proposed in
[46] (see also [47]), in terms of bihamiltonian geometry.

According to Chavalley theorem, the subring of invariant polynomials, for the
action of the finite group generated by (pseudo-)reflection, is generated by a set
of homogeneous polynomials, called basic invariants. In general, such invariants
aren’t uniquely defined, while their degrees are uniquely defined by the choice
of the group.

In the case of the Coxeter group, Saito, Yano, and Sekiguchi propose a strategy
to select uniquely the corresponding basic invariants of the group. In particular,
these polynomial invariants are defined as the flat coordinates for a specific met-
ric and are called Saito flat coordinates.

Moreover, they exhibit explicit formulae for the invariants for any group (with
the exception of the case of the group E; and Ej).

Exploiting Saito’s results, Dubrovin proved that, starting from the Euclidean met-
ric, one endows the orbit space of any Coxeter group with a flat pencil of comet-
rics; furthermore, such a pencil yields a Frobenius manifold structure on the orbit
space.

Dubrovin’s construction relies heavily on the assumption that the unity field has
the form 5

oun

here u" is the basic invariant of the highest degree.
Dubrovin also conjectured that, under some technical assumptions, all polyno-
mial solutions of the WDVV equation can be obtained by means of this proce-
dure applied to a suitable Coxeter group. Later, Hertling proved the conjecture
(see [31]).

In [55] Zuo observed that in the case of B,, and D,,, the non-standard choice of the
unity yields a Frobenius manifold structure different from the standard Coxeter
case.
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In 2004, Dubrovin introduced the notion of almost-duality [16]. In the Coxeter
case, the Frobenius potential of almost-dual structure has a universal form given
by Veselov in [53]]; this expression is related to the notion of check-system. More-
over, in [16] Dubrovin generalizes Saito’s construction in the case of the Shephard
group (i.e. the symmetry groups of regular complex polytopes). In this case, the
role of the Euclidean metric is played by the Hessian of the lowest degree basic
invariant. The flatness of such a metric relies on a result of Orlik and Solomon
(see [43]).

It turned out that the Frobenius structure obtained in this way on the orbit space
of a Shephard group is isomorphic to the Dubrovin-Frobenius structure defined
on the orbit space of the corresponding Coxeter group.

Analogously to the Coxeter case, finite complex reflection groups have a standard
representation in terms of linear endomorphism acting on vector space of dimen-
sion n. There exists a family of complex reflection groups, called well-generated,
whose minimal set of generators has cardinality n.



In 2015 Kato, Mano and Sekiguchi proposed a further generalization of Dubrovin—
Saito construction for the case of well-generated complex reflection groups (see
[32]). In this case, this construction doesn’t yield a Frobenius manifold struc-
ture but only a flat F—manifiold. The notion of flat F'—manifiold structure was
introduced by Manin in [42]; such structures in the literature of meromorphic
connection (see [45]) are called Saito structures without a metric.

In 2013, Arsie and Lorenzoni introduced the notion of bi-flat /'—manifold in
[1], which generalizes Dubrovin’s almost-duality for the case of Dubrovin man-
ifold without metric. Roughly speaking, such a structure consists of two flat
F—structures intertwined with some compatibility conditions.

In 2017, Arsie and Lorenzoni proposed in [3] a new construction of bi-flat F-
manifolds on the orbit space of a well-generated complex reflection group. In
particular, the dual structure is defined by means of a family of flat connections
defined in terms of collections of reflecting (hyper-)planes. These connections ap-
pear in the literature in [27], [33]], and [36].

This family of connections is parameterized by a collection of invariant functions
defined on the set of reflecting (hyper-)planes (i.e. for each (hyper-)plane one
assigns a “weight” and the weights chosen for distinct (hyper-)planes must coin-
cide if the (hyper-)planes belong to the same orbit with respect the action of the
group).

The dual product generalizes the notion of the Veselov V-system (check-system).
A standard choice of the weights of the product is to consider each weight propor-
tional to the order of the corresponding (pseudo-)reflection. Such a prescription
leads to a family of bi-flat /'—structure defined on the orbit space of the chosen
reflection group. Conjecturally, in the well-generated case, the number of param-
eters on which the family of bi-flat F'—structures depends coincide with NV — 1,
where N is the number of orbits for the action of the reflection group on the col-
lection of reflecting hyperplanes. In the case of well-generated complex reflection
groups N is equal to 1 or 2. In the first case there is no freedom and the natural
structure should coincide with Kato-Mano-Sekiguchi structure while in the sec-
ond case one should obtain Kato-Mano-Sekiguchi structure for a particular value
of the parameter.

This conjecture has been verified for Weyl groups of rank 2, 3 and 4, for the dihe-
dral groups I(m), for any of the exceptional well-generated complex reflection
groups of rank 2 and 3, and for any of the groups series G(m, 1,2) and G(m, 1, 3).
In analogy with Dubrovin’s construction one chooses as the unity field. The
removal of this hypothesis is the cornerstone of this thesis, which is based on [8]].

In [8] Arsie, Lorenzoni, Mencattini, and Moroni proposed a further generaliza-
tion of the Duvorin-Saito’s procedure for the Coxeter group B,,.
The first step is to apply Arsie-Lorenzoni’s procedure (of [3]) and to equip the
orbit space of B, Bs, and B, with a bi-flat F'—structure taking the non-standard
choice of the unity field
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and prescribing suitable choices for the dual product and the dual connection. In
particular, in the case of B, two choices of the weights are admissible:

I. assign weights zero to the coordinate axes and non-vanishing weights to
the remaining mirrors

II. assign non-vanishing weight to the coordinate axes and zero weights to the
remaining mirrors

while in the case of B3 and B, only the first choice is allowable.
It turns out that these structures are uniquely defined (up to the rescaling of the
basic invariants) and admit underlying Frobenius manifold structures respec-
tively. The corresponding solutions of WDVV equations are no longer polyno-
mial (as in Dubrovin’s construction) due to the appearance of a logarithmic term.
In the case of B, the choices I and II of the weights yield the Frobenius manifolds
associated with the defocusing and focusing NLS equation respectively.
These solutions of WDVV coincide (for arbitrary n) with the prepotentials of the
Frobenius manifolds associated with constrained KP hierarchies (see [35]).
Now, the key observation is that the corresponding intersection form has always
the same form. N
(1-9Y)
Py
Thus, in the second step, motivated by the expression for the intersection form in
the case of B,, B3, and By, we show that starting from the B, -invariant cometric
g = (g"), we get a flat pencil of cometrics (g,n), where n = L.g and e is the vector
field (), defined on the orbit space of B,,.
In the third part, in order to prove the existence of a Frobenius manifold structure
Mp,, for arbitrary n, one has to follow an alternative procedure with respect to
the standard one proposed by Dubrovin in [15]. This technical obstacle is due to
the non-regularity of the pencil. In particular, it turns out that it is not possible to
define all the structure constants of the natural product in terms of the Christoffel
symbols of the intersection form.

97 = (M)

This procedure relies on dealing with the cometric (M) instead of dealing with
explicit formulas for the dual product and dual connection. Thus one possible
open issue was to prove that the dual product of Mg, coincides with the product
given by the choice I of the weights, for arbitrary n.

In 2023 Ma and Zuo showed that Mg, is isomorphic to the Hurwitz-Frobenius
manifold structure on M,,,_2 (see [41] for details, which is related to constrained
KP hierarchy (see [35]). Frobenius manifold structure on Hurwitz space has been
defined by Dubrovin in [17]. This notion highlights connections between the the-
ory of Frobenius manifold and the singularity theory.

In general, given the LG (Landau-Ginzburg) superpotential one can recover the
Frobenius manifold data by means of residue formulas. Hence, using the LG su-
perpotential of [41] we have computed the structure constants associated with
the dual product of Mg, , for any n. As conjectured, the outcome coincides with
the product associated with the choice I of the weights.



Scheme of the Thesis

First chapter: we will recall some basic notions of differential geometry.

Second chapter: we will introduce the concepts of WDVV equations and
Frobenius manifold. Moreover, we will highlight the connection between
these structures.

Third chapter: we will expose the notion of flat pencil of metric on a manifold
M. We will show that, under certain assumptions, a flat pencil of metric
endows M with a Frobenius manifold structure.

Fourth chapter: we will introduce the notion of Coxeter group and expose
a fundamental result of the invariant theory due to Chevallay. So we will
show that the orbit space for a Coxeter group is endowed with a Frobenius
manifold structure.

Fifth chapter: we will introduce the notion of complex reflection group. We
will outline the concept of flat F-manifold; then, by exploiting the notion of
Dubrovin’s almost-duality we will define the notion of bi-flat /'-manifold.
We will show how to equip the orbit space for a complex reflection group
with a bi-flat F-manifold structure.

Sixth chapter: by applying the results of the fifth chapter, we will construct
explicitly a bi-flat F-manifold on the orbit space for B, taking a standard
choice of the unity field. Moreover, we will recover the underlying polyno-
mial Frobenius manifold structure.

Remarkably, by a non-standard choice of the unity field, we will recover a
non-polynomial Frobenius structure on the orbit space for B,.
Generalizing the B, case, taking a non-standard choice of the unity, we will
equip the orbit space for B; and B, with a Frobenius manifold structure.
We will observe that in all these cases the intersection form has always the
same form. We will assume that this expression for the intersection form
holds true for an arbitrary dimension.

Seventh chapter: starting from the expression of the intersection form for the
case By, B3, and B,, we will equip the orbit space of B,,, with arbitrary n,
with a structure of flat pencil of cometrics.

Eighth chapter: we will show that the flat pencil defined in the seventh chap-
ter is quasi-homogenous. Unfortunately, it doesn’t automatically yield a
Frobenius manifold structure because of the non-regularity of the pencil.
Then we will apply a non-standard procedure to prove the existence of a
Frobenius manifold Mg, structure on the orbit space for B,. We will ob-
serve that such a structure is related to the constrained KP hierarchy:.

Ninth chapter: we will recall the notion of constrained KP hierarchy and
central invariants. Following the work [41]], we will see that M, is isorphic



to the Hurwitz-Frobenius manifold on Mj,,_2. Then, we will recover the
structure constant associated with the dual product of Mg,.
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1 Differential-geometric preliminaries

In this section, we summarize some results of differential geometry.

In this manuscript, we will consider as ambient space a real or complex manifold
M, of dimension n, equipped with a local coordinates system (z?).

In the first case, we will assume that all the geometric data are smooth, while in
the second case, we will assume that all geometric data are holomorphic (we will
denote by T'M the holomorphic tangent bundle).

The Einstein summation convention is assumed (we sum over repeated indexes),
if not stated otherwise. In the case of free indexes, we assume that they range
from 1 to n.

Let (-, -)* be a symmetric and non-degenerate bilinear form on the cotangent bun-
dle T* M.

Definition 1.1 We define the contravariant metric, or briefly cometric, g = (g*) to be
the (2,0) tensor field on M defined by

g (x) := (da", da’)* (1.1)

where (g (x)) is a symmetric and non-degenerate matrix for any x € M and (dx') are
differential 1-forms.

Denote by (g;;) := (¢7) " the inverse matrix of (¢*).

Definition 1.2 We define a symmetric non-degenerate bilinear form on the tangent bun-
dle T'M by

where 9; = 2

= 2.
Recall a well-known notion of differential geometry.
Definition 1.3 We define the Levi-Civita connection V of the metric (g;;) to be the

(unique) linear connection with vanishing torsion and compatible with the metric (i.e.
Vg = 0). In local coordinates, these conditions read

1%i9si + 1%9is = Ok Gij (13)
Ffj = F?i
Proposition 1.4 The system of equations has unique solution
% = 59" (0i95 + 9,95 — 0,935) (1.4)

Remark 1.5 Under the change of coordinates x — % the Christoffel symbols transform

as
~. O0TF Oz oxt . 0% 0%x°

b — _ ma— 1.
Y O 0zt 0z ™M O 0740 (1.5)
Similarly, the inverse transformation & — x is obtained by interchanging x and
k 95r 959 _ k 258
b — Ox®0x" 021~,  Oz" O°T (16)

9035 02t Oz " OF% OxiOwi
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For our purpose is convenient to work with a modified version of the Christoffel
symbols.

Definition 1.6 We define the contravariant Christoffel symbols corresponding to the
connection V the functions

I i (@', Vado')” = —°T, 7

The system of equations (1.3) written in terms of the contravariant Christoffel
symbols reads

(1.8)

DU 4 T = gy g0
gzsrgk — gjsrik

Definition 1.7 Given a connection V, we define the Riemann curvature tensor R =
(RE,) to be the (1,3) tensor field on M of components

R, =0}, — ok, +ThT; —TLT, (1.9)

It’s useful to define a modified version of the curvature tensor.

Lemma 1.8 The following formula holds true

R* = " "Ry, = ¢*(0.17" — arl) + TVI}" — TTY (1.10)
Proof: Multiplying (1.9) by ¢**¢?? and using (1.8) and (1.7) one has the thesis.
|

Recall the notion of flatness.

Definition 1.9 Let I'}; be the Christoffel symbols corresponding to the connection V.
The connection V is said flat if there exists a coordinate system (t') such that the Christof-
fel symbols I'}; vanish in these coordinates, i.e.

k —
k(1) =0 (1.11)
The coordinates (t') are called flat.
Definition 1.10 A tensor field T on M is said to be covariantly constant if
VT =0 (1.12)

Proposition 1.11 A connection is flat if and only if the corresponding curvature tensor
and torsion tensor vanish.

Let V be the Levi-Civita connection associated with the metric (g;;). The follow-
ing proposition gives an alternative characterization of the flat coordinates.

Proposition 1.12 Given a flat connection, the corresponding flat coordinates system (')
reduces the metric (g;;) to a constant matrix. Conversely, a coordinates system (t') that
reduces (g;;) to a constant matrix is a flat system.
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Remark 1.13 Let V be the Levi-Civita connection associated with the metric (g;;). If V
is flat we call the metric (g;;) flat.

Remark 1.14 The flat coordinates (t*) are determined uniquely up to affine transforma-
tion with constant coefficients. They can be found by the following fundamental system

Vi(dt); = g"0,(dt); + T (dt), = 0 (1.13)
fori,j=1,....,n, where (dt); = 0;t.

Definition 1.15 Assume the bilinear form on the cotangent bundle (-, -)* to be positive
definite. The flat coordinates (p') are said to be orthonormalized if

37 (p) == (dp’, dp’)* = 6% (1.14)

Lemma 1.16 Let () be a coordinate system and (p') be an orthonormal coordinate sys-
tem for the Levi-Civita connection V corresponding to the cometric (g*). For the com-
ponents of the cometric (¢*) and contravariant Christofell symbols of the corresponding
Levi-Civita connection the following formulas hold true:

02" 02/

~ Ope Op”

ox' %7,

Op® Op*op® b
Proof: follows from the transformation formula for (2,0) tensor in-

duced by the change of coordinates p — z, indeed

. oz Ox? _ oz Oz’
97 (z) g7 (p) =

g9 ()

(1.15)

T (x)da* =

(1.16)

- Op® Op” e ~ Ops Op*

Since (p’) are flat coordinates, the transformation formula (1.5) induced by the
change of coordinates = — p reduces to

Op* O™ Ox9 _, (2) op* 0%x*

oxs Opt Opi " oxs OptopI

' (p)
L

dzb op' 9p’

5% er 5 one has

Multiplying by

B opt opF 0P
OxP Ox™ Optop’

Ly (7) =

Multiplying by (1.15) one yields
oz 9zP Op' Op7 O*ab

dp b _
Op® Op® OxP dx™ Op*Op’
—_—
ED () o
d 90 92..b
Pt = oz® 0pf 0°x

— Ope Oxm Opedp
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or equivalently in terms of 1- form

Ox® 9%xb
de m o _ :
m(7)dx D9 D0

which coincides with (1.16). [ |
By similar arguments, one gets the following:

Lemma 1.17 Let (2") be a coordinate system and (t') be a flat coordinate system (not
necessarily orthonormal) for the connection V. For the components of the Christofell
symbols, the following formula holds true:

oxk 0%t

k _
T5(*) = 35 owiow

(1.17)
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2 WDVYV equations and Frobenius manifolds

The main reference of this section is [17].

2.1 WDVYV equations

This subsection is devoted to introducing the theory of WDVVV equations. This
remarkable system of non-linear PDE was discovered by E.Witten, R.Dijkgraaf,
E.Verlinde and H.Verlinde ([56] and [14]) at the beginning of the 90". There was
derived as equations for the so-called primary free energy of a family of two-
dimensional topological field theories. Later, WDVV equations have been shown
to be an efficient tool in the theory of Gromov-Witten invariants, reflection groups,
singularities, and integrable systems.

We introduce the main subject of this section: we are looking for a function
F = F(t), where t = (t',....,t"), such that the third derivatives

OF(t)

1) = Grign o
satisty the following equations:

1. Normalization:
Mg = Cai (1)
is a constant nondegenerate matrix. Let () := (n;;) .

2. Associativity: the functions
cfj (t) :== nkscsij (1)

define, for any ¢, in a n-dimensional space with a basis ey, ...., e, a structure
of associative algebra A;, defined by

eioej = ci(t)ey

The vector e; will be chosen as the unity of the algebra, i.e.

C{i = 5?
3. F(t) is a quasi-homogeneous function of its variable, i.e.
F(cMt, . ™)y = P F(t ... t7) (2.1)
for a non-zero constant and for some numbers dy, ...., d,,, dp.

It will be convenient to rewrite the quasi-homogeneous condition (2.1) in in-

finitesimal form, introducing the Euler vector field £ = E'9; (where 0; = %
as
LpF(t) := E'(t)0;F(t) = dpF(t) (2.2)

In view of the quasi-homogeneity condition (2.2), it turns out that E(t) reads
E(t) = dit'o;

Observe that for the Lie derivative of the unity field e = 9, one has
Lpe = —d;e



15

Remark 2.1 We will consider a generalization of the quasi-homogeneity condition. Since
is defined as the third-derivatives of F, we will consider the functions F(t*,....,t")
up to adding a (non-homogeneous) quadratic function in t*, ..., t". Thus the algebra A,
will remain unchanged. Hence the quasi-homogeneity condition can be modified as
follows:

LpF(t)=dpF(t) + Ajt't! + Bit' + C

where A;;, B; and C are constants.
Summarising, we give a precise formulation of WDVV equations.

Definition 2.2 Let n = (1);;) be a symmetric and nondegenerate n x n matrix.
We are looking for functions F(t) such that

L
10;0; 1" = ;5 (2.3)
II.
(0:0:0; F)n** (0,0, 0, F) = (0,0;0,F)n**(0,0,0; F) (2.4)
I11. _ |
LpF =dpF + $A;t'¢ + Bit' + C (2.5)

where E* = E'(t) are linear functions of (t'), moreover, dr, A;;, B; and C are real
constants such that A;; = Aj;.

Equations 2.4),(2.4) and are called normalization condition, associativity equation,
and homogeneity condition respectively. Furthermore, the function F will be called free
energy.

We have defined an overdetermined system of non-linear PDEs. The next step is
to construct a geometrical framework where these equations naturally arise.

2.2 Frobenius manifolds

In this subsection, we present the notion of Frobenius manifold introduced by
Dubrovin to give a free-coordinate formulation of WDVV equations and two-
dimensional topological field theories.

We define a complex Frobenius algebra as a finite-dimensional vector space equipped
with a multiplication and a bilinear form.

Definition 2.3 An algebra (A, o) over C is a (commutative) complex Frobenius algebra
if the following axioms are fulfilled:

* o isa commutative and associative C-algebra on A.
 There exists a element e € A, called the unity of the algebra, such that
aoce=ecoa=a (2.6)

foranya e A.
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* Ais equipped with a nondegenerate C-bilinear form (-, -), invariant in the following

sense:
(aob,c) = (a,boc) (2.7)
forany a,b,c € A.
Consider a family of Frobenius algebras depending on the parameters p = (p, ..., p").

We denote the space of parameters by M. Let M and N be a smooth (or complex)
manifolds. Consider the fiber bundle

m:N—M (2.8)

with fiber A, := 77 (p).

The basic idea is to identify such a fiber bundle with the tangent bundle (N =
TM) so that each tangent space of M is equipped with a Frobenius algebra struc-
ture

(Ap7opaep7 <'7'>p) (29)
for any p € M, where

A, :=T,M.

o, is the product defined by

0;0,0; == cfj (p) Ok (2.10)
here 0, = 8% € T,M and ¢}; are the structure constants of the product.
* ¢: M — TM is the unity vector field, i.e.

Xpope,=¢€,0, X, =¢, (2.11)

for any vector field X and any p € M.
* (-,-)pis the nondegenerate bilinear form defined by
(05, 0s)p = i (P) (2.12)

where 7 = (7);;) is a pseudo-Riemannian metric tensor on M.

For brevity, from here on, we omit the subscript p.

Remark 2.4 In view of @ one has that c}; are the component of a (1, 2) tensor field.

Remark 2.5 Let X,Y and Z be arbitrary vector fields. The commutativity and associa-
tivity condition of the product, i.e.

XoY=YoX (2.13)
(XoY)oZ=Xo(YoZ) (2.14)
in terms of the structure constants read
ko =d (2.15)
cfsch = c;?sch (2.16)

respectively.
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We give the precise definition of Frobenius manifold proposed by Dubrovin in
[17].

Definition 2.6 A smooth (or complex) Frobenius manifold (M,n,V,o,e, E) of charge
d, is a manifold M equipped with a structure of Frobenius algebra on each tangent space
T,,M smoothly depending on p, such that the following axioms are fulfilled:

L. V is the (flat) Levi-Civita connection corresponding to the flat metric 7.
1. n is invariant with respect the product o
n(XoVY,Z)=n(X,Y oZ) (2.17)
for any vector fields X,Y and Z, or equivalently in components
NisCir = MjsCik (2.18)

1. The unity vector field e is covariantly constant (or briefly flat), i.e.

Ve =0 (2.19)

IV. Let c be the (0, 3) symmetric tensor field on M (i.e. a symmetric trilinear form on
T M) defined by
(X, Y, Z):=n(XoY,Z) (2.20)

or equivalently in components
Cijk "= CijMsk (2.21)
We require the (0, 4) tensor field Vc also to be symmetric.

V. There exists a linear vector field E, called Euler field, such that the corresponding
one-parameter group of diffeomorphism acts by conformal transformation of the
metric 1 and by rescaling on the Frobenius algebra T,,M, for any p. In formulas

one has
VVE =0 (2.22)
Lpc, =d, (2.23)
Lpe = —e (2.24)
Lenij = (2 — d)nij (2.25)

Remark 2.7 The linearity condition of the Euler field (2.22)) is redundant. Indeed, it can
be proven that it follows from the other axioms.

Denote by ! = (n%) the inverse of the metric 7.
Remark 2.8 Contracting the formula by 17'n% one obtains

nves, = n''d, (2.26)
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Remark 2.9 In view of the flatness of the metric 1) there exists a flat coordinate system
() such that the entries 1;; = n,;(t) are constants. In such coordinates and
read

0ie? =0 (2.27)
0;0,E* =0 (2.28)
where 9; = 2-. Then integrating one has
el =da (2.29)
B = biti + ¢ (2.30)

where a', b;'- and ¢ are constants.
Recall that the flat coordinates (t*) are defined up to an affine transformation. Thus, from
here on, we will choose flat coordinate so that the unity field has the form

¢ =6 (2.31)

From here on, following Dubrovin, we will consider only the case

b = gt (2.32)
=0 (2.33)

Remark 2.10 The symmetry condition IV. of the tensor V¢, written in the flat coordi-
nates ('), reads
&-cjks = @ciks (234)

or equivalently, raising one index, one has

Remark 2.11 Consider e of the form [2.31). The formula e o X = e, written in terms of
structure constants, reads '
i jX 7 = X°*
then
i, =oF (2.36)

Definition 2.12 We define the grading operator Q = (Q}) to be the (1, 1) tensor field on
M defined by
Q. = V[’ (2.37)

Remark 2.13 In view of (|2.28 one observes that the matrix (Q(t)), where Q(t) =
0;E", has constant entries on M.

Under certain assumptions on the operator ) and the metric 1 can be reduced to
a simpler form; in particular, the following lemma holds true:
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Lemma 2.14 If n1; = 0 and all roots of () are simple then by a linear change of coordi-
nates (t') the matrix n can be reduced to the anti-diagonal form

Nij = Oitjnt1 (2.38)
Proof: See [17] for details. u

Remark 2.15 In view of the constancy of the metric n in the coordinates (t') one has

£ o, =0 239)
Similarly, the following formula holds true:
Lecf; = 01cf; =0 (2.40)

Indeed
Loct B, ok BB, ok B 5t

eCij iC1;

The structure constants (2.10) induce a product on the cotangent bundle by rais-
ing one index, more precisely the following lemma holds true:

Lemma 2.16 The C*(M)-bilinear (or O(M)-bilinear in the complex case) application
defined by -
do' S da? = ¢ da* (2.41)

¢ = Sy = oy (2.42)

establish a commutative and associative product on T*M; i.e.

& =q! (2.43)
e = ke (2.44)

respectively.
Proof: In view of the definition (2.42), formula (2.26) reads
= (2.45)

which coincides with the commutativity of the product.
Recall the associativity condition (2.16))

k s _ k s

CisCiqg = CjsCiq
Multiplying by 7’5"/ one has

T .8 rj k . bi_s

bi K
noc,mlc, =n’c,nc
I TR T T

—cbk  _—.rs
=cy —c[lé

—crk  —esb
=cy =cg

which coincides with the associativity of the product.
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Remark 2.17 Assume the operator V E to be diagonalizable, then
Ei=dt +¢ (2.46)

here there is no summation over repeated indexes, moreover, d; and c; are constants.

If d; # 0, for some i, c; may be killed by performing a shift in -3 direction.

The following proposition elucidates the connection between the notion of the
Frobenius manifold and WDVV equations.

Proposition 2.18 Let (M,n,V,o,e, E) be Frobenius manifold with V E diagonalizable
and ¢; = 0 for any 4. In flat coordinates (t') for V there exists, at least locally, a function
F, called Frobenius potential, such that

Cijkz = mlczk, = QajakF (247)
Furthermore, F fulfills the WDVV eqauations (2.3), and taking
dp =3 —d (2.48)

Conwversely, any solutions of WDV'V equation F', such that such that d, # 0, defines a
Frobenius manifold with structure constants given by (2.47).

Proof: See [17] for details. [ |

2.3 Intersection form

A new metric play an important role in the theory of Frobenius manifold. This
metric was found by Dubrovin in [20], see also [17].

Definition 2.19 Given a Frobenius manifold (M,n, Vo, e, E) we define (-, -)’(*g) to be
the bilinear form on T* M defined by

(W, Ay = ip(woA) (2.49)

(g

for any differential 1-form w and . The product of 1-form has been defined in while
ip s defined as the operator of the inner contraction of a 1-form with respect to the Euler
vector field, i.e. ip(w) := Flw;.

Remark 2.20 The formula explicitly reads
iE(w o) )\) = ESCijwi)\j (250)
where E°, w; and \; are the components of E, w and X respectively.

Let (') be a flat coordinate system for 7.

Definition 2.21 The bilinear form defines a cometric g = (g) on the manifold
g7 (t) := (dt", dt?){,) = E°(t)c (t) = E* (), (t)n™ (2.51)

where ny = " (t). We call g the intersection form of the Frobenius manifold.
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Lemma 2.22 doesn’t degenerate on a dense set of M. Thus the definition is
well-posed.

Proof: One has
gU() = E*(O)ci(t) = B'(t) () +) B ()l (t)

Recalling that E* = bi.t" + ¢ one gets

El(t)nz] - (bltr Cl )T] 2.32) tl ij + <Zb1tr) ij tl ij

B2,

Furthermore, since b} = 6; and d¢}; = 0, one has that ) , E*(t)c¥(t) is indepen-
dent on t'. Then B B
git) =ty 4 f(£3, ..., t") (2.52)

where f(t?, ....,t") is a smooth function of (¢2, ..., t").
In the limit of large ¢ one obtains the asymptotic expansion

g (1) ~ thiy? (2.53)

Therefore, being 7" a non-degenerate matrix, g (¢) doesn’t degenerate on a dense
subset of M. u

Remark 2.23 In view of (2.52)) one has that
g7 =n" (2.54)

Lemma 2.24 The following identity holds true

g7 (t) = RLF*(t) + RIF*(t) + AV (2.55)
where
. . d—1 . .
R = R;(t) =50, + O F (2.56)
Fii(t ( ) := " n* 0,0, F (t) (2.57)
AV = nﬂk Ay, (2.58)

where I and A,; are defined by (.) (2.4) and (2.5), while (RY) are the components of a
(1,1) tensor field R on M written in the coordinates (t%). In partzcular (R?) are constant
functions.

Proof:  Recall that, given a Frobenius manifold, one has the homogeneity
condition (2.5)) '
E'O,F = (3—d)F + ”t "+ Bit' + C
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Differentiate with respect t*
Op(E'OF) = (3 — d) F + 2kayd 4 Ayl 4 B,
Differentiate with respect ¢
OmOi(E'O;F) = (3 — d)0,,0p F + Y 4 Ami
=Amk

One observes that

OmOk(E'O;F) = 0y (O, E'O;F + E'0,,0;F)

= 0O E"' O;F + Oy E'0,,0;F + 0, E'0,O;F + E' 0,040, F

—— ——

(2.28) (2.47)
=0 = Cmki

then
OE' 00 F + 0 B OO F + E'cupi = (3 — d)OpOpF + Api

Multiply by 5™y

P O B, 0, F 0P 1 0, B 00, F 4+ B 11 1™ €y = (3= )™ 110, 17" 11 Ay

ED v

7

Formula (2.25) in flat coordinates (¢') reads

Ef 0 —0,E'n® — 0,E'n" = (d — 2)n"
—

=0

which yields

" 00 F (2 — d)n's — n™* 0, E®) + 0™ 0k0;F ((2 — d)n™ — n"" 0, EP) + E'c)? = (3 — d)F?* 4 AP®
(2—d)F? — FP*OLE° + (2 — d)F” — F*O,EP + E'c? = (3 — d)F*? 4+ A™

E'¢? = (d=1)F*%  +0E°F™ + 9y EPF** + A%
a/_/
:%62F’w+%5£psk

Then, in view of the definition of R’, one has
g7 = E'¢;” = RyFP* + RUF*F + AP
The constancy of the matrix (R}) follows from the observation (2.13). [ ]
Definition 2.25 We define the operator of multiplication by Euler vector field
L:=Fo (2.59)
to be the (1, 1) tensor field of components

L = ¢ E* (2.60)
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Lemma 2.26 The following formulas hold true

L =g"ng (2.61)
(LY =n"gs (2.62)
Proof: One has
is (2.51) 7 s )
g*ny; B2 Brel m,; = BXl,
~——

—59
_6],

similarly ' ' ' ‘
qu(Lil)? = 9" Nsq™ Gpj = 9 9sj = 9;

=57

2.4 Semisimple Frobenius manifolds
First, we recall the notion of semisimple Frobenius algebra.

Definition 2.27 A commutative and associative C-algebra A with unity is called semisim-
ple if there is no nonzero nilpotent element, i.e. there is no element a € A— {0} such that
a® = 0, for some k > 0.

Thus we give the following;:

Proposition 2.28 Let (A, o, (-,-), e) be a Frobenius algebra over C of dimension n. The
following statements are equivalent:

1. Ais semisimple.
2. Ais isomorphic to @;_, C.
3. A has a basis of idempotents, i.e. n elements y, ...., w, such that
T O Tj = 0T,
(7&, 7Tj> = 77ii5ij
where n; = (e, m;).

4. There is a vector & € A such that the multiplication operator Fo : A — A has n
pairwise distinct eigenvalues.

Definition 2.29 A point p of a Frobenius manifold M is semisimple if the correspond-
ing Frobenius algebra T, M is semisimple. If there exists an open dense subset of M of
semisimple points, then M is called a semisimple Frobenius manifold.

Remark 2.30 It’s clear that semisimplicity is an open property: if p is a semisimple point,
then all points in a neighborhood of p are semisimple.

Denote by M;, the set of semisimple points of ).
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Definition 2.31 Let M be a semisimple Frobenius manifold. We define the caustic as the
set

Ky =M — My, ={p e M : T,M is not a semisimple Frobenius algebra}

A basis of idempotents of 7, M can be prolonged in a neighborhood of p, in par-
ticular the following theorem holds true:

Theorem 2.32 Let p € M, be a semisimple point, and 7, (p), ..., 7, (p) a basis of idem-
potents of T, M. Then

[71'@', 7Tj] =0
foranyi,j = 1,....,n. Thus there exist a local coordinate system (u', ....,u™), defined in
a neighborhood of p, such that
mip) =~
ou? »

foranyi=1,... n.

Definition 2.33 Let M be a Frobenius manifold and p € M be a semisimple point. The
coordinates (u', ....,u™) defined in a neighborhood of p, given by the latter theorem, are
called canonical coordinates.

Theorem 2.34 Let (u', ..., u™) be canonical coordinates, defined in a neighborhood U of
p € M. Then the following formulas hold true in U:

0 0 0
ou’ ° ou’ % ou? (2.63)
e = 0 . (2.64)
— ou’
E = iu’ 8. (2.65)
: ou’

2.5 Symmetries of WDVYV equations and Legendre-type trans-
formations

Roughly speaking, we are interested in transformations that map solutions to
solutions of WDVV equations.

Definition 2.35 We define a symmetry of W DV'V equations as the transformation
th ¢
Nij 7> Tij
F— F

preserving the WDV'V equations (2.3), (2.4) and (2.5).

One family of symmetries of WDVV equations are Legendre-type transforma-
tions.
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Definition 2.36 We define the Legendre-type transformation S, for e = 1, ....,n, by the
following formulas:

t; = 0;0.F(t) (2.66)
02 F O*F

— = — 2.67
otioti  Ot' ot ( )
ﬁij = Nij (2-68)

Remark 2.37 Using the above axioms it turns out that

d; = 0. 0 0; = (D:0)0; (2.69)

9.

7

fori=1,..,n, where 8; = 2 and d; =
Recall that the flat coordinates (t') have been chosen so that the unit of the algebra reads
e = 0y (see (2.31))). Thus taking i = 1 in one gets

6286031

50 O, is an invertible element of the Frobenius algebra of vector fields, with inverse 9, (i.e.
a7l = dy).

This remark yields the following:
Corollary 2.38 The transformation (2.66)) is invertible (at least locally).

Proof: Applying the transformation rule for a vector, yields
ot ot

(91' = —= 86 85 - —= 653
i 0 0 0n) = Gprcesh
Thus \
a_t — ok
afl €S (2
SO o
_ — (kN1 = afl k
(55) = = e
Then the Jacobian of the transformation ¢ ~ t is defined at least locally. This
concludes the proof. |

Remark 2.39 Note that in transformed coordinates (') the unity field reads

0
e = —
ote

Moreover, observe that S, is the identity transformation (in view of the choice of the unity
e = 61)

Remark 2.40 To prove that 2.66), (2.67) and provide symmetry of WDV'V equa-
tions one introduces a new metric (-, -). on the Frobenius manifold M, given by

(X,Y) = (02, X oY)
for arbitrary vector fields X and Y, with 7;; = (0, 0;)e.



Proposition 2.41 (t') are flat coordinates for the metric (7;;) and

A

(0;00;,0%). = 8,0;0,F(f)
Proof: See [17] for details.
Example 2.42 Let’s consider the Frobenius potential
F =34+
F is related to the Toda-chain hierarchy. Consider the transformation .S,, i.e.

1?1 - (9182F - tl
1?2 = (9282F = Gt

2

Raising the index by (7" = §"*73) one has

~ 2
tlzet

=t
Now, using one obtains

OPF PF "
ion ~ angn ¢~ log(t)
OF _ PF i_p
ootz otrot?
3 PF - .
— = =1
Doz 0ror

Thus X
F = %(?)Ztl + %(tl)Z(log(tl) — %)

26
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3 Flat pencil of cometrics

The main references of this section are [15] and [5].

Dubrovin in [15] proposed an approach to Frobenius manifold that relied on the
geometry of flat pencil of contravariant metrics. It was shown that, under certain
assumptions, these two objects are identical. The flat pencil of cometrics arises
naturally in the classification of bi-Hamiltonian structures of hydrodynamic type
on the loop of space ([21],[22],[23]]). This highlights the relations between the
theory of Frobenius manifold and integrable hierarchies.

Definition 3.1 The cometrics g1y = (g Ej ) and g = (gg)) on a smooth (or complex)
manifold M form a linear flat pencil, denoted by (g(l) 92)), if for any A € R (or C), the
following axioms are fulfilled:

I. The pencil (i.e. the linear combination)
95 = 90y — Ay 3.1)
defines a flat cometric on a dense subset on M.

II. The functions defined by

— AT

Y . )

k() TR
are the contravariant Christoﬁfel symbols associated with the Levi-Civita connec-
tions of (3.1), where I',, and Iy}, are the contravariant Christoffel symbols corre-
sponding to the Levi-Civita connectzons V) and V 9y of gy and g9 respectively.

(3.2)

Lemma 3.2 Let (gq), g(2)) be a flat pencil, then the cometrics gny and g are flat.

Proof: In view of the definition, the cometrlc g( N = g )\g(2) is flat for any

) and has contravariant Christoffel symbols I'/ Ky = F’( 0 )\ 5) Therefore the
vanishing of the corresponding (modified) curvature tensor

17k 1S 7k 7 sk s7
Ry = 95T — all) + Ty Uity = Tin i

reads

ggi)(asr{(’;) —alrgk )+rw( ity — Fs(l)psa +0(\)

1]k
=Hi)

18 k? Y2 7 8]
+)\2(g(2)(8 Z(Q) alr )+ rf()rm) r(g)r()) 0

k
—Rffm

This formula can be regarded as a polynomial in A\. Then the coefficient of each
power in A vanishes (as ) is arbitrary). In particular, the vanishing of the constant
term in A corresponds to the flatness of the metric g, (i.e. R;{f) = 0), while the
vanishing of the quadratic term in A corresponds to the flatness of the metric 9e2)
(i.e. R;g =0). [ ]
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Definition 3.3 We say that the flat pencil (g, 9(2)) is quasi-homogeneous of degree d if
there exists a function T on M such that the vector fields

E =V, E' = gé‘f)asT (3.3)
e = VT, e = gfg)asr (3.4)
satisfy the following conditions
e, E] =e (3.5
Lrgay = (d—1)gq) (3.6)
Legay = 9e2) 3.7)
Legey =0 (3.8)

We call and the Egorov conditions and the homogeneity condition of the
flat pencil. Furthermore, if and are fulfilled the flat pencil is said to be exact.

Remark 3.4 If the formula (3.5)), (3.6)), (3.7) and (3.8) hold true then one has

Lrg (2 = £E(£eg 1)) L. (£E9(1)) - /:'[E,e}g(l) = (d - 2)9(2) (3.9)
=(d—1)g(1) =Leg(2)

Remark 3.5 If the formula (3.3)) and (3.4) hold true then one has

B = g3 9@ (3.10)

3.1 From Frobenius manifolds to flat pencils

In this section, we will see that any Frobenius manifold yields a flat pencil of
cometrics.

Let F = (M,n,V,o,e, FE) be a Frobenius manifold with intersection form g. We
show that 7 admits a natural structure of quasi-homogeneous linear flat pencil

(91), 9(2)), where gy = g = (9) and gy = n~' = ().
Proposition 3.6 The cometrics g and n~" define a quasi-homogeneous linear flat pencil
9t =97 = (3.11)
ij
Fk(A) - Fk(g )‘Fk(n) (3.12)

of degree d.

Definition 3.7 Let R be the linear operator on the tangent bundle T'M (i.ea (1,1) tensor

field) defined by

R = %5{ + VP E (3.13)

7

A quasi-homogeneous linear flat pencil is said reqular if R doesn’t degenerate on M.

We prove the following preliminary lemma.
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Lemma 3.8 The contravariant Christoffel symbols associated with the Levi-Civita
connection of the cometric (3.11) are given by

Ty () = Ty (1) = ¢ ()R] (3.14)
where the structure constants ¢ (t) are defined in , (t') is a flat coordinates system
for nand R: = Ri(t) = 46] + 0,7

In particular, the functions doesn’t depend on the parameter \.

Proof: Recall that the Christoffel symbols Fff(n) evaluated in the flat coordi-

J J

nates (¢') vanishes, then Fz( p(t) = Fz(g) (t). For simplicity we denote Fff(g) =T7.
We prove that the functions are the contravariant Christoffel symbols as-
sociated with the Levi-Civita connection of the cometric g. Differentiating
with respect ¢* one has

akgij (t) = Riaszj (t) + Rg@sz’(t) + 8kAZJ
——

=0
Using the formula (2.57) one gets

Org” (t) = R’ 0p0,0, F (t) +RIn™n" 90,0, F (1)
—_———— ——

) (PR
= Chqp(t) = Chqp(t)

where Y = 1/ (t) are constants. Raising two indexes of ¢, one obtains

Ohg(t) = Ricy (8) + Rlef (6) &2 T (0) + T4 (1)
which coincides with the compatibility condition for the the connection V ;) with
the metric g. The condition of vanishing torsion follows immediately from the
associativity of the product induced on the cotangent bundle 7% M, indeed

skpid _ ok iapi I pp sk iapi € pp ik sapi _ ikpsi

gl = g ¢/ R] =" EPc; ¢/ Rl =" EPc; ;' R} = g""T; (3.15)
—— ——
:gik' :sz

In the end, we have to show that the functions (3.14) are the contravariant Christof-
fel symbols associated with the Levi-Civita connection of the cometric (3.11), i.e.
they fulfill the system of equations

Dugy (1) = TE(0) + T()
g0 (OTF () = g5, (T (t)
Taking e in the form (2.31), the formula (2.54) holds true, i.e. 91¢" (t) = 0" (t) = n".

Then expanding the functions ¢" (¢! — \, %, ...., t") in Taylor series about A = 0 one
has

(3.16)

gt = N2t = g () — M = gl (b)
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Hence g, (t) coincides with g(t) shifted by a quantity —\ in the first entry ¢'.
The first equation of (3.16) is satisfies since 99}, (t) = g™ (t).
Therefore shifting t* — ¢* — X in the formula (3.15)) one has
g OT (= X2 ") = gh (DT (t = A 82, t7) (3.17)

In view of the remark (2.13), the tensor R written in (¢') has constant components.
Therefore

LY (1) = Le(cd (RY) = Lol ()R + ¢ Lo(By) = Lo, (0) By
——

=01 R;=0
= L") el ()R + 0" Lo(cl () Ry =0
N—— N——
2E90 ZfOO

So I'Y(t) doesn’t depend on t' and, consequently, I'}/ (¢) arent't affected by the

shifting. Then (3.17) coincides with the second of (3.16)). This concludes the proof.
|
Now, we can prove the proposition (3.6).

Proof: Recall the asymptotic expansion (2.53) for large ¢!
g7 (t) ~ '’
Then for any A one has B B B
g7 (t) = An? ~ (' = A
Hence géi) doesn’t degenerate on a dense subset of M, for any .
The curvature tensor associated to the Levi-Civita connection of the cometric

(3.11) written in (*) reads
ijk 1 jk jk i k ik y2
R @) = 900050 — 0:Li0) + T ety — Do ety
(996) = Ni') (B (11 RS) = D,(IRY)) + R} Y, — RS R),

(%) (%)

One has
. . ; 39
(%) = Op ("¢l Ry) — Os("c], RY) = 0" RE(D,pc, — Dscf) = 0
Exchanging ¢ <+ m one obtains
(4) = CTRICMRE, —¢MREMRI = R RI (¢t — ciaomy BZD
:Cém Rzn C.Is;q RI;

It remains to show the Egorov condition, the condition (3.5), the homogeneity
and the exactness of the pencil. We define 7 := 1,,t* and take ek = (5’f, then

. ; (2.51) p 4 b i 236) p i i

glm mT = gzmnls amts = L C;)a 77am771m =F Cn = E 51) =F
| I— |

=07, =5a
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therefore and are fulfilled.
The axiom (2.24) of Frobenius manifold coincides with (3.5).
By direct computation

Lpg” = Lp(Bn) = Le(E) chn® + E* Lp(ch)n” + B¢, Lp(n”)
—— N—— ~—
=|[E,E]1=0 E23) . (d—2)nsd

7
= cqs

g7+ (d—2)g7 = (d—1)g”
and

Log” = Lo(Ecqn™) = Lo(B) o + BT Le(cy) 17 + By, Le(n)
Lo 4 —— ——
=—Lped E-40) €39
qu(S(lI =0 -

s @3 i s
—61377 - 5377 -

then and (3.7) are satisfied.
coincides with (2.39), this concludes the proof. u

0"

3.2 From flat pencils to Frobenius manifolds

In this section we will show that under suitable condition on the operator R a
quasi-homogeneous linear flat pencil defines a Frobenius manifold.
The following technical lemma will be useful later.

Lemma 3.9 The functions defined by

iJ js T is Tk
AR (z) = ng)FS’EI) — 9(1)Fi(2) (3.18)
are the components of a (3,0) tensor field on M. Furthermore, the connections V 1y and
V (2) have a common system of flat coordinates if and only if A% = 0 at least locally.

Proof: First, we prove that the functions Aj;(x) = I’fj(l) — I’Z@) are the com-

ponents of a (1, 2) tensor field, where Ffi(o‘) = —gﬁ?)l“f(’“a) (a=0,1).

Recall the transformation law of the Christoffel symbols induced by the coordi-
nate transformation z —

Oz OxP Ox® _, 0*xs 0T

I, = . .
Ik 9xs 079 Ok PP T I 9Tk Qs

Therefore A}; transforms as a (1,2) tensor field, indeed
Rio = P _pie) _ 08 00 0 py | O%° 03 0% Db Oy - Oa” O
gk KT 9gs 039 03k P 03903k O Qas 9ZF 0 PP 0FhOE Ox
0% 9P 9a®
Oz 039 Ok P

Suppose that the connections V ;) and V ;) have a common system of flat coordi-

nates (p') defined in a neighborhood U, i.e. Fz(kl)(p) = F;(,f) (p) =0foranyp e U.



32

Then A, = 0 for any p € M.

We prove the converse statement. If A;k(ﬁ) = 0 for any p € U one has that
U3 () = T30 () = 0.

Let (p) be a flat system for V) (i.e. Fl(l)( ) = 0). Since A}, is a tensor A%, (p) =

gﬁs gfj gﬁ AS ,(P) = 0, then F]k ( ) = F;(,f)( ) = 0 and the two connections have a
common system of flat coordinates.
Ultimately, we prove the vanishing of A”*. Rising the indexes of A’; ,contracting

by g‘” gék), one obtains the (3, 0) tensor

FZ(Q) si s Fqi

sqi . s kAi _ s k T- () _
A= g gty Al = 9ih 9y U — 9 i =9l i — 90 e

m9) 19
Being the metrics g1y and g(») non-degenerate, AY*(z) = 0 if and only if A}, (z) =
0forany z € U. |

(2) _ (] )—1.

& )) where gzy - (9(2)

Let’s consider the metric g( ) = (g;;

In particular, the metric g® is defined only on M, := M — %, where
Y:={pe M :det(g ”)—O}
Now, we can give the following;:

Definition 3.10 Let’s consider the (2, 1) tensor field on M, of components

AT = @ A5 (3.19)

The tensor A defines the bilinear application A on T* M, by
A T(T* M) x T(T*My) — T(T* M) (3.20)
(u,v) — Au,v) (3.21)

where the action of A is obtained by extending by linearity the actions on a base, i.e.
A(u,v) = wv;A(da’, da?) == wv; A da* (3.22)

here w; and v; are the components of the 1-form w and v with respect to a local frame of
cotengent vetctors (dz").

Remark 3.11 can be rearranged as

1j 2) A sij 2)/ i sj sp 1,
A = g2 A = g% (96 o) — (f)rp]( ) (3.23)
Furthermore, in flat coordinates (") for g2 it reads
AY (1) = T (1) (3.24)

Lemma 3.12 Given a linear flat pencil (g(1), g2)), the following identities hold true:
gh Al = gih Ay (3.25)
g(sg)A? = QES)A? (3.26)
AJ AR = A AR (3.27)
O,AF = g AT (3.28)
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Proof: Quasi-homogeneity of the pencil isn’t a necessary condition.
Recall that, in view of the definition of flat pencil, we have that the curvature ten-
sor corresponding to the cometric g(1)—Ag(2) vanishes for any \. In flat coordinates
(t') it reads

R ()52 g6y — Ag)(O.A]F — DIAL) + AVAP — AFAY =0

The vanishing of the linear term in A yields (3.28). While the vanishing of the
constant term in A yields (3.27).

The torsionless condition of the Levi-Civita connection corresponding to the co-
metric g} )\g’S written in (t%), reads

(985 — Adig) AL = () = Mgy Al

The vanishing in any order in X yield (j3.25) and (3.26)). |
Corollary 3.13 and can be rearranged as follows:
g B = gAY (3:29)
gAY = gAY (3.30)

(D)

Proof: Contracting (3.25) by gty g,;’ one gets (3.29). Similarly one gets (3.30).

Lemma 3.14 Given a quasi-homogeneous linear flat pencil (g(1), g(2)), the following for-
mula hold true:

VoyViyT =0 (3.31)
VoV =0 (3.32)

Proof: For simplicity we denote gg) =n".
Observe that, in flat coordinates (t) for V), one has
V(Q)V(Q)T = 8i8j7
The condition written in (#°) reads

e (9377” +0,e'n® + 0’0" =0 (3.33)

=
Differentiating (3.4) with respect ¢* one obtains

dse' = 0™ O + " 0,07
=

The latter substituted in (3.33) yields

N n* 0,0, + 0 F 0,0k = 0
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Exchanging s <+ k one has o
277”777’“85(%7 =0

Contracting by 7,14, one gets
0,0,7 =0

for any r and q.
Similarly, differentiating
Lpn? = (d—2)n"
one obtains 0,0,E£° = 0. |

Remark 3.15 From here on, for simplicity, we denote g1y = g, g2y = 1", we denote by
'Y the contravariant Christoffel symbols corresponding to the Levi-Civita connection of
g and by (') a flat coordinate system for gs.

Lemma 3.16 The vector field e has constant components in the flat coordinates (t').
Furthermore, the following formula holds true

Q= (-
Proof: Recall the formulas and (3.32)

€ = V(Q)T
V(Q)V(Q)T =0

Then e has constant components in the coordinates ().
Recall that the flat coordinates are defined up to an affine transformation. Then
we choose the flat system (¢) so that

e = e'(t) =n" (3.34)

Since €' = n**0,7, one has n™ = **9,7. Hence 9,7 = nun™ = §". Then 7 = t" + ¢,
where c is a constant.
As E' = ¢g"*0,7, we have that E written in (') has components

E' = E'(t) = g"0,t" = g™ = g™ (3.35)
The formula (3.5) written in (#') reads
e RE — 0, B = ¢
| I | | M—

o] =0
—Q!

Then, in view of (3.34), one obtains 7”Q’ = 1’".
Since 7 is symmetric, we have that

Q=" =" =1 Q}
The formula written explicitly reads
E*On" — 0,E'n® — O,E' " = (d — 2)n"

—_ —_
=0 =Q5 =Q!
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Take j =n
Q™ +Q = (2 -
\/‘_/
:17”1
Qun* = (1= dy”
Multiplying by 7;, one concludes the proof. |

We will assume the choice (3.34) of the flat coordinates (¢') also below.
Lemma 3.17 In the coordinates (%), the following formulas hold true:

A = T(sj (3.36)

Proof: Using the explicit formula of the Christoffel symbols corresponding
to the Levi-Civita connection of g one gets

n n 1 ns 1 ns ns ns ns ns
AG=T5=59 (05955 + 0395 — 05955) = 3(0:(9"°9s7) — 9559™ + 05(9"* 9si) — 9s19™ — 9"°0s9i5)

=67 —5n
(335 S s s 1 (3.6) d—1
£ (— O E°gsj — 0;E°gsi — E asgij) = _EEEgij B 5 9ij
Multiplying by ¢** the one has
in in isTn 1_dzs 1_ds
Aj =T% = —g"T'y; = Tg Gij = Téj

which coincides with (3.36)).
Recall the condition of compatibility of the connection with the metric

Org? =T} + 1

Take j =n
—_ —
Yo/ ——
Then one obtains i1
Ap =Ty = S5+ Q)
which concludes the proof. |

Lemma 3.18 In the coordinates (t*) the following formulas hold true:

LAY = (d—1)AY (3.38)
LA =0 (3.39)
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Proof: Define the functions
Y. = LpAY+(1—-d)A]
= EPOAY + OLESAY — 0,E'AY — 0,FTAE + (1 — d)AY
BO.TY + QiTY — QT — QITy + (1 — )Ty

Thus differentiating the system of equations

Org? =T} + T
{ isTik — gisTik (340)
g s — 49 S
along the vector field E = E'0; one obtains the system
Py =0
{ sk — gisTik (3.41)
g s — 4 s

Recall that the system has a unique solution I'}.

We observe that (3.41) is the linear homogeneous system corresponding to (3.40).
Since (3.40) has a umque solution the corresponding linear homogeneous system
has only the trivial solution T/ = 0. Then LpAJ' = (d — 1)AJ".

Similarly, it can be proven that £, A" = 0. u

Lemma 3.19 Following [bll, 8.13) and (3.23) can be written as follows:

R =vPp - vVp (3.42)
Ay = Lo (0 = T5Y) (3.43)
where L = ¢*™ Ny
Proof: One has
VIVER = 9,BF + TEE = 0,E" + 16" (0,9 BV + 0;9" B — 9,97 EY)
€9 O, FEF + 1 g~ (8 gisE? — g0 E7 — gi;0.E7 + (1 — d)gsi — 3sgijEj)
= 0B + ( ksa 1gjs B — 0RO B — g*0,(9E7) + (1 — d)6y)
Denote by 6; := ¢;; 7 the components of the 1-form 6. Then
VEDE’“ 18Ek (ksag]SE]_gksag) 1— déz{c
= 30E" + 5(9"0i(9;E') — 9" 9js i’ — g™ 0.0;) + 150}
=0s =¥

— 16" (8,0, — 0,0;) + 526

Using the Egorov condition (3.4) one obtains that ; = 0,7. Then

@08 — 8392 = (9,-057' — 8381'7' =0
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since 7 is a smooth function. Therefore

VOB - v Er = VO pr 4 415k B R

7

(3.42) is proven. By a straightforward computation, one has

L? 773’*(1“'“(2) _ Fk( )) = Ny (Fk@) Fkt(l)) =1 m(gsq njtpk@) —pt Squ(l))
° ! S~—— ~——

=—Tl(y) =—T{t
sqTik
= Tlgm (77 F75(1) -9 qu(Q))
which coincides with (3.23). [ |

Proposition 3.20 Let (g,n~") be a quasi-homogeneous linear flat pencil on M of degree
d. If the operator R is invertible on M, then the data (M,n,V® o e, E), where o is the
product defined by the structure constants

= Li(T =T ) (R (3.44)
defines a Frobenius manifold on M.

Remark 3.21 Using the tensor (3.43)), the tensor (3.42) and (3.43) can be rearagend as
follows:

m m m r m (3-31) r m m
Ry = (5@ 1) B 8B g ranemy, 502 g sy, B = g, AT E

s sl

(3.45)
o € Arly (R (3.46)
We give the preliminary lemma.
Lemma 3.22 The following identity holds true:
AR = AR (3.47)

Proof: Equivalently, we have to prove that A" R™ = A™R". Suddenly, (3.47)
is obtained by contracting by (R~1)4,(R™')Y. We have

m
B3 B29) B27) B29) B)
Ay B agrg, et B g At O nomg A g B2 Ay B A
|
Now, we can prove the proposition

Proof: In order to have a Frobenius manifold we have to prove the following
points 1. The product is commutative

m _1vi B30 _1,; (B6)
A Aty (m] B2 Ayt (R B g

kh

2. The product is associative

oS 3.45)),(3.46} —1\s A mr —1\m sr r —1\m A s
Rz sj Chi -- Agl (IJ(R l)rAh -Agl (IJ(R 1) h Timk - Aq (R l)r Ahlnmk
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(3-47) mr - s B-27) A m - sT (3-47) m —1y\s T (3-27) i .S
CY Ay (R AT B2 AT s (R IAT i B AT (R AT 1, P Rl

r

3. The vector field e is the unity of the product

; B44) ;s (21 1)l —1vj s 2)1 1)l —1y5(3:42) —1\J j
e B L (P (e B et (0 - (R PR (R, = o]

3£0ES

4. The metric 7 is invariant with respect to the product o

. (346) —1,\ B340 il _ ; _ (3.45) —1\j
el = ng AT (RS AT (R, A (R ED M A nge(RY)]

-6) ,
= hicl

5. Lgcf; = ¢f;. Observe that

; (B9) ; . i i
EERj ’CE(gijf El) = Lrgjp A? El""ij ﬁEAf El—f—gijf LpE' =0

3.6) B33

= =
= (1-d)g;p = (d—1)AP! [E.E'=0

Then Lp(R )5 = 0. Hence

E-19) m _
Lec, =" Lp(AMmi(R7))
= LeAY (R +AM Lpnmg (R + Ay Le(RTY}
—— —— —_——
BB g nyap B>y, B
k

This concludes the proof. |
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4 Coxeter groups and Frobenius manifolds

The main references of this section are [18] and [46].

In this section we will recall Dubrovin’s procedure, following [18], aimed at con-
structing a Frobenius manifold on the orbit space of a Coxeter group. The realiza-
tion of a Frobenius structure relies on the notion of flat pencil of cometrics and on
the existence of a distinguished set of polynomial basic invariants for the Coxeter
group, called Saito flat coordinates (see [46]]).

Dubrovin conjectured that any polynomial Frobenius manifold may be obtained
following this scheme. Later, Hertling proved this statement (see [31]).

In the following subsections, we recall some facts concerning the theory of Cox-
eter group. For a comprehensive survey see for example [Humpryes].

4.1 Coxeter groups

Recall what is meant by a reflection acting on a n-dimensional real vector space
V equipped with a positive-definite symmetric bilinear form (-, -).

Definition 4.1 A real reflection is a linear operator on V which sends some non-zero
vector « to its negative while fixing pointwise the (hyper-)plane H, orthogonal to c.
Explicitly, the action of a reflection, with respect to the vector «, is defined by the formula

(A o)

(o, a)

SoA = A —2

« 4.1)

forany A € V.

Remark 4.2 The formula defines actually a reflection, indeed

(a,)
a,a)

1. taking X\ = aone has S,o0 = o0 — 20 = —«

—~

2. taking A € H,, i.e. (\,a) =0, one has S,A = X\ — ZL“ia =\

(a,x
0

Definition 4.3 We define a Coxeter group to be a finite group generated by real reflec-
tion. A generic Coxeter group will be denoted by W.

Remark 4.4 Any element of a Coxeter group has order two, i.e. S2 = id.
Remark 4.5 Any real reflection is an orthogonal transformation, or equivalently
W c O(n,R)

Here O(n,R) is the group of the orthogonal transformations on a n-dimensional real
vector space. Indeed

(Saks Sapt) = (A-2050 =2 a) = (A, 1) =255 (o, o) +42oHeg el o et (0, 4) = (A, )

(a,a) (a,cx) (v, )

(a,cx) (a
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Definition 4.6 A Coxeter group is called reducible if it can be decomposed if it can be
decomposed as
W = W1 X W2

where both W, and W are nontrivial subgroups generated by reflection of W.

Remark 4.7 The complete classification of Coxeter group was obtained by Coxetr in [13]].
The complete classification consists of the following groups:

® The Weyl group A,,, B,,, D,,, Es, E7, Eg, Fy, Go.

* The group Hs, H, of symmetries of the reqular icosahedron and of the regular 600-
cell in 4-dimensional space respectively.

o The group Iy(k) of symmetries of the reqular k-gone, i.e. the dihedral group.

4.2 Polynomial invariants of a finite group

Before considering reflection groups, recall some facts about the polynomial in-
variants of an arbitrary finite subgroup of GL(V). Here GL(V) is the group of
linear invertible transformation on the n-dimensional vector space V' over a field
of characteristic 0.

Denote by S the symmetric algebra S(V*) of the dual space V*, which coincides
with the algebra of polynomial functions on V.

Fixed a basis of V, S may be identified with the polynomials ring K[z1, ...., z,),
where z; are (linear) coordinate functions on V. There is a natural action of G on
S induced by the contragredient action of GG on V*, defined by

(9- f)(v) = flg~'v) (4.2)

wherege G,v € Vand f € V*.
We observe that this action preserves the natural grading of S.

Definition 4.8 We say that f € S is G-invariant if
g-f=1r (4.3)
forany g € G.

Definition 4.9 We define S to be the subalgebra of S generated by the G-invariant
element of S.

Definition 4.10 We say that the polynomials { fi,...., fr} in K[z, ....,z,] are alge-
braically independent if, for any nonzero polynomial h € K|z, ..., xy], we have

B(frs oo fi) 0.

Let W be a Coxeter group. We present a version of the Chevalley theorem for
the invariant ring, taking as base field R. This result can be generalized to the
complex case.
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Theorem 4.11 Let B = S€ be the subalgebra of R|xy, ...., z,] of W-invariant polynomi-
als. Then B is generated as an R-algebra by n homogeneous and algebraically indepen-
dent polynomials of positive degree together with 1.

Remark 4.12 B has the natural decomposition
B=DB,®R
where B is the subalgebra of W -invariant polynomials with strictly positive degree.

Definition 4.13 We define a set of algebraically independent homogeneous generators of
B, with strictly positive degree, a set of (polynomial) basic invariants of B.

Remark 4.14 The algebraically independent generators of B are not uniquely defined
in general. However, the degrees corresponding to the basic invariants turn out to be
uniquely defined by the choice of the Coxeter group. More precisely, the following propo-
sition holds true:

Proposition 4.15 Suppose that { f1, ...., f»} and {g1, ...., gn } are two sets of basic invari-
ants of B and denote by {d4, ....,d,} and {es, ...., e, } the respective degrees. Then, up to
a renumbering of the degrees, we have d; = e; for all i.

For any irreducible Coxeter group, the degrees of the basic invariants are known.
We give the list of the degrees corresponding to the basic invariant incrementally
ordered.

W doy o dy
B, di =2(n+2—1i)
Dn(n = 2k) d; = 2(n —i)(i < k)

d;=2(n—i+1)(i > k)
D,(n=2k+1) di =2(n—1)(i <k)

dji1 = 2k + 1
di=2n—i+1)(i>k+1)

Es 12,9,8,6,5,2
o 18, 14,12, 10,8, 6,5, 2
Es 30,24, 20,18, 14, 12,8, 2
F, 12,8,6,2
G, 6,2
o, 10,6,2
H, 30,20, 12,2

I (k) k,2
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4.3 Frobenius structure on the orbit space of a Coxeter group

Let V be a n-dimensional real vector space. V is endowed with an Euclidean
inner product (-, -)(4) of components

o 0
) =L LN s 4.4
9(0) <8p” 8pl><g> . “d

here (p', ...., p") is a system of linear and orthogonal coordinates.

Let IV be a Coxeter group. We denote by R = R[p, ...., p"] the polynomial ring in
(p', ..., p") with real coefficients.

The group W acts in a natural way on the ring R. Let R to be the subring of
R of W-invariant polynomials. In view of the Chevallay theorem, there exists
n algebraically independent homogeneous polynomials {u', ....,u"} of degrees
d; := deg(u') ordered so that

d1:2<d2§d3§§dn_1<dn:h

such that R" = (u!, ..., u")g. his called the Coxeter number of .

We highlight that the basic invariant {u!, ....,u"} aren’t uniquely defined. While
the degrees are uniquely determined by the Coxeter group W.

We denote by (V') the R-module of differential forms on V' with polynomial co-
efficients. Let (V)" be the submodule of W-invariant differential forms with
polynomial coefficients.

Remark 4.16 Let be C be an element in W.The eigenvalues of C have the form (see [9l])

A = exp(%) (4.5)

Moreover, the degrees d; satisfy the duality condition (see [9])
di +dpit1=h+2 (4.6)
foranyi=1,... n.

Any Coxeter transformation A € W induces a transformation on any metric by
the transformation rule of a (0, 2) tensor.
Similarly, one gets the induced transformation for any cometric g, i.e.

g— ATgA 4.7)

Remark 4.17 Recall that, in view of remark (4.5), any transformation in W is orthog-
onal. Since the orthogonal group O(n,R) is the group of transformations that leaves
invariant the Euclidean metric, one has that the latter is left invariant by any Coxeter
transformation as well. In particular, the Euclidean norm (p')* + .... + (p")? on V is
left invariant by any Coxeter transformation. Observe that for any irreducible Coxeter
group, the lowest polynomial basic invariant degree turns out to be 2. Therefore for any
irreducible Coxeter group the basic invariant polynomial of lowest degree coincides, up to
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rescaling, with the Euclidean norm.
We normalize u' so that

ut = (1) + o+ (0)?) (4.8)

Remark 4.18 One may extend the action of the group W' to the complexified vector space
Ve=VerC (4.9)

Since V' is a real vector space, the subscript R may be omitted. According to the result of
Coxeter and Chevalley, the orbit space

M :=(V®C)/W (4.10)
has a natural structure of affine algebraic variety with coordinate ring
RV ®C (4.11)
Therefore (u', ....,u™) may be used as local coordinates of M.

Remark 4.19 As the basic invariants aren’t uniquely defined, the coordinates (u', ...., u™)
of M are defined up to an invertible transformation

w s =t (ut . u™) (4.12)

where 4 (u', ....,u™) is a quasi-homogeneous polynomial in (u', ....,u™), with deg(a') =
deg(u') = d;

Lemma 4.20 The transformation leaves invariant the vector field

0
=0, = 413
e D (4.13)
up to a constant factor.
Proof: The transformation law of e induced by (4.12) has the form
e = 8—17.6]' ou
ou oun
Since the basic invariants are ordered so that
deg(i™) = deg(u™) > deg(u')
one has -
u’L
= 4.14
S~ 0 (4.14)

for any i # n. Since u" = @"(u,....,u") is a quasi-homogeneous polynomial of

degree d,, = deg(u™), @" must has the form

" = cu™ + g(u, ..., u" )
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where c is a constant and g(u', ....,u"" ') is a quasi-homogeneous polynomial of
degree d,,. Therefore
ou"
our
Then
.0
‘T “u
which concludes the proof. |
Definition 4.21 Let (u, ....,u™) be a set of basic invariants of degrees d, ..., d,, respec-
tively. We define
; 0
E=du 5

to be the vector field generating the scaling transformation.

Lemma 4.22 The vector E is well-defined on M. Furthermore, the following identity

holds true 5 5
E=du'— =p' = 4.15
Y oui =P gy (4.15)
Proof: This formula is a consequence of Euler’s theorem for homogeneous
functions. u

We extend (-, -)(,) to the complexified space V' ® C as a complex bilinear form.
Remark 4.23 The factorization map
T:VeC—-M (4.16)

is a local diffeomorphism of an open set of V' ® C onto its image. The image of this
subset in M consists of reqular orbits (i.e. the orbit whose cardinality coincides with the
order of the Coxeter group W). We define its complement as the discriminant of W; we
denoted it by Discr(W). In particular, for a Coxeter group W, it coincides with the union
of the reflecting (hyper-)planes associated with W. Notice that the linear coordinates
(p', ..., p") of V can serve also as local coordinates in a neighborhood in M — Discr(W).

We want to define a new cometric on M — Discr(W). In particular, the Euclidean
metric can be extended onto M as follows. Let (., -){, be the bilinear form on the

dual space V* defined by the cometric g=' = (¢/), where ¢” is the matrix inverse
of #.4), i.e.

g(p) = (95(p) " = 0" (4.17)
Remark 4.24 The bilinear form (-, ), coincides with the Euclidean inner product on

T*V = V*. Then, in view of the remark (4.17), one has that the cometric g~ is well-
defined on the orbit space M. Let

. S ou' Ou? ou’ Ou?

ij = (dut. dud ) = 7 ssk
g9 (u) (du', du >(g) ap® Opk op® Ap°
be the components of the cometric g~* written in the basic invariants, here the latter
quantity is evaluated in p = p(u) (these functions are defined at least locally outside
Discr(W)). Since the partial derivative of any polynomial invariant is a homogeneous
polynomial, observe that any entry of (g% (u)) is a homogenous polynomial.
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Lemma 4.25 The Euclidean metric on V induces a W-invariant cometric with quasi-
polynomial entries, defined on the orbit space M, of components

_ou' o
~ Ops Op*

9" (u) (4.18)

Furthermore, the corresponding contravariant Christoffel symbols of the Levi-Civita con-
nection, written in basic invariants (u', ..., u™), defined by
i 92,7 b
() = u' 97w’ dp”
Op OpOp® duF

are also quasi-homogeneous polynomial functions on the orbit space M.

(4.19)

Proof: The first part of the thesis coincides with the previous remark.
Using Solomon’s result (see [50] for details), one has that the Christofell symbols
associated with the Levi-Civita connection of (¢*/) are IW-invariant functions. In
view of , one has that (p) is a flat and orthonormal coordinates system for
(9"). Therefore applying the formula (1.16), one obtains the formula
out %l

Iy (u)du® = pRp Ll (4.20)

ou’ 92ud

Since the functions 32> and 5 5,7 are homogeneous polynomials, the right-hand
side of (4.20) is a differential form with homogeneous coefficients. Then the func-
tions I/ (u) are quasi-homogeneous polynomials for any choice of the indexes.

|

Remark 4.26 The matrix (g (u)) doesn’t degenerate on M — Discr(W') where the pro-
jection is a local diffeomorphism. Thus the polynomial (also called the discriminant
of W)

D(u) = det(g” (u)) (4.21)
vanish identically where the linear function (p*, ..., p") fail to be local coordinates of M.
S0 (g" (u)) is often called the discriminant matrix of W.

Corollary 4.27 The polynomial functions g (u) and T (u), defined by and ,
depend at most linearly on u™.

Proof: Recall the formula (4.18)) and (4.19);
o' ou!

- Ops Op*

ok _ont o
opb  Ope Oprop
Observe that the partial derivative of a homogeneous polynomial coincides with
a homogeneous polynomial of degree lowered by one. Therefore by comparing

the degrees of both sides of (4.22) and (4.23)) one gets
deg(g7(u)) = (deg(u') — 1) + (deg(w’) — 1) = d; +d; —2 < 2d, (4.24)
——

<2dn

(4.22)

9" (u)

T (u) (4.23)
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Similarly
deg(FZj(u)) + (deg(uk) — 1) = (deg(ui) — 1) + (deg(uj) — 2)
Then
deg(T{ (u)) = d; + d; —d), — 2 < 2d,, (4.25)

——
<2dn

Since d,, is the degree of ", both g% (u) and I' (u) depend at most linearly on u",
for any choice of the indexes. |

Following Saito [46], we give the following;:

Corollary 4.28 The matrix of components

() 1= g () = 22 4.26)
has a triangular form, i.e. B
n(u) =0 (4.27)
fori+ j < n+ 1. Furthermore, the anti-diagonal entries
N () = ¢ (4.28)
are non-zero constants. In particular, (n'?) is a non-degenerate matrix with
¢ = det(n) = (—1)" Ty £ 0 (4.29)
Proof: Recall that (see (4.24))
deg(9”(u)) = d; +d; — 2
In view of the definition one obtains
deg (nij (u)) = deg (g”(u)) —d,=d;+d; — & -2 (4.30)
=h
where £ is the Coxeter number. Using the duality condition
di +dpi1—i =h+2 (4.31)

one gets that ‘ A
deg<nz,n+1—z) = dz + dn+1—i —-h—-—2=0
—_—
=h+2

Then the anti-diagonal terms are constants (polynomials of zero degree).
Recall that, for any Coxeter group, we ordered the basic invariants so that d; > d;
for i > j. Therefore deg(n”) < deg(n™*) for j < k.
Then, fori+j<n+1 <= j<n-+1—1i,onehas

deg(nij) < deg(nz’,n—l—l—i) —0
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Hence 1" (u) = 0 for i + j < n + 1. The triangularity is proven.
To prove the non-degenerateness of (") we consider, following Saito, the dis-
criminant (4.21) written as a polynomial in u"

D(u) = c(u™)" + a1 (u™)* ' 4 ... + ap_1u" + ay (4.32)

where ay, ...., a, are quasi-homogeneous polynomials in (u!, ...., u"™!) respectively
of degrees h, ...., nh respectively and the leading coefficient c is defined by (4.29).
Let A be an eigenvector of any Coxeter transformation with eigenvalue

exp(%> _ m)(zm(d]i - 1))

as dy = 2 for any Coxeter group.
Since by definition, the polynomial basic invariants polynomials are constant on
the orbit defined by the action of I, for any Coxeter transformation C' one has

27ridk

W) = uH(ON) = dF (e h A) = e ko ub(\)

where in the last equality we have exploited the homogeneity of u*.
Hence u*(\) = 0fork =1,....,n — 1 (since d,, = h).
Evaluating the discriminant in «(\) one gets

D(u(N)) = e(u™(N))"+ar (u'(N), ..., u”_l(/\))/ (u”()\))n_l—i-....—i—\an (u' (), ..., u"_l()\))J

-~ -~

=0 =0

asay, ...., a, are quasi-homogeneous functions they vanish at the origin. Therefore

D(u(A)) = e(u"(A)"
But D (u())) # 0 (see [9]), hence ¢ # 0. u
Recall briefly the notion of flat pencil of cometrics presented in the previous sec-
tion. Let’s consider a manifold M supplied with two non—proport10nal cometrics
9gq) = (g )) and g(2) = (g3))- We denote by I'/,, and I';{,,) the corresponding con-

travariant Christoffel symbols of the Levi- C1V1ta connectlon.
Recall that the functions

AR = g5 T — gin T, (4.33)

define a (3, 0) tensor field on the manifold M.
The cometrics (g(1), g(2)) define a linear flat pencil if:

1. The cometric Ny Ny -
900 = 91y T A9y
is flat for any A € R.

2. The contravariant Christoffel symbols of the cometric g() have the form

Pw) = F” )+ Arm)



48

We give a technical result.

Proposmon 4. 29 Given a flat pencil (g(), g(2)) there exists a vector field f = f'0; such
that tensor (4.33) and the cometric g have the forms

AR = iy Vi f* (4.34)
90, = Vi ! + Vi f' + g, (4.35)

where b is a real constant and V{,) := gfg)ng)
The (2,0) tensor field

AT = gD NS — g v(g)vgg) fI (4.36)
satisfies the identity .
ATAF = AFAY (4.37)
Moreover
(9(1)9( ) 9(2)9” ASSAYSFAE (4.38)

Conversely, given a flat cometric g(o) and a solution (f*) of (4.38)), the cometrics (g(1), g(2)),
where gy is defined by (4.35 form a flat pencil.

Proof: Let (¢') be a flat coordinate system for g(s). Recall that, in these coordi-
nates, g(2) reduces to a constant matrix and the correspondmg Christoffel symbols
vanish.

In these coordinate the formula holds true:

A () =T, () (4.39)

Recall that, the vanishing of the curvature tensor associated with the cometric
9o = 9a) + Ag(2) yield the formulas (see the lemma (3.12))

gn Ay = gAY (4.40)
gm AL = gih Ay (4.41)
AJ Ak = AT AR (4.42)

DNF = 9 ATF (4.43)

Then is proven.
(4.43) implies the existence of a tensor f* such that

AV = O f1 (4.44)

at least locally.
By means of (#.44), the formula (4.43) reads

zsafjk_g afzk

or equivalently
ai fjk — 8j fzk
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where ¢/ := gg)as.
Then there exists a vector of component f* such that
1% =0 = gigy 0. f* (445)
Then using (4.44) one gets
A = 0cfY = 0k (9(5017) = 9(5)0u0s I (4.46)
In a general coordinate system we have

Af = gy VIV = VIV f

Contracting by gg) one obtains (4.34). The compatibility condition for the con-
nection V() = V(1) + AV (9) with respect the cometric g() = ga) + Ag(2) reads

gt = iy + Thiy

which written in the flat coordinates (t') for V() reads

A9ty + M) = iy + Ty
Using (4.39) and (4.46) one gets

(gl + Aghy) = TOf’ + P OLf
Integrating in dt* one has (taking vanishing integration constant)
ity 4 ity =00+ 0

which in a general coordinate system reads

9y + 290 = Vi + Vi f*
Taking A = b we obtain (4.35).
Plugging (4.46) in (4¢.40) one gets

gff)gég)akaqu = gélf)gfg)akaqu
which written in a general coordinate system yields (4.38). |

The following lemma provides a sufficient condition to have linear flat pencils of
cometrics.

Lemma 4.30 Let g = (¢*) be a non-degenerate flat cometric on a manifold and denote by
T to be the contravariant Christoffel symbols corresponding to Levi-Civita connection
of g. If in some coordinate system (%) each functions g (x) and T/ (x) depend at most
linearly on ™ (for i, 5, k = 1, ....,n) then the cometrics

g5 (x) = g"(x) (4.47)
93y () = 8ng”(x) (4.48)
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form a flat pencil if (g, g ) is a non-degenerate matrix.
The corresponding contmvarmnt Christoffel symbols corresponding to the Levi-Civita
connection of the cometrics ( 9(1)) and (g(2 ) have the forms

T (@) =T (2) (4.49)
o (@) = 0T () (4.50)

Proof: Recall that the functions I' fulfill the following system of equations:

¥ 4 19 = 9, g%
L G (4.51)
gzsl“é — g]sl";k
Furthermore, '} satisfy the equation of vanishing curvature
g (0,TIF — 9TIF) 4 TUTsk — kDS = (4.52)

One observes that (¢.51) and (4.52) form a system of first-order differential equa-
tions with constant coefficients. Hence the transformation (the shift in the last
entry)

gi(xt, .. 2" — gg\)(x) =gzt "+ N (4.53)
T (!, s a™) = T () == T (2!, oy 2™ + A) (4.54)
map solutions to solutions of these equations, for any .
Therefore F;j( A)( ..,x™) are the contravariant Christoffel symbols correspond-
ing to the Levi-Civita connection of the flat metric gg) (2, ... z™).
Using the linearity in 2" one has
gzt a + N) =g (at 2™) + ADug (2 ) (4.55)
T (zh, 2™+ N) =T (2!, . 2™) + 29,1 (2 ..., ™) (4.56)

We identify gg) = g¥ and gg) = 0,g".
We have to show that Fij (@) = ' (z) and Fij (@) = T (z). The former it’s

true by definition. Prev10usly, we have shown that the function Fk( y fulfill the
system

zs Jjk JS ik
(>F<> <>F<>

Substituting (4.55) and (#.56) one has

I+ T8 + A0y + 0iT) = Og” + A0kO1g”
g”ng + /\gzsangk + A@lgzsfgk + )\2319158111@'“ = gjsfik + /\gjsall”f -+ Aalgjsfik + /\231ng8ng’“

We compare in each order in ); taking the linear term in A of the first equation
and the quadratic term of the second equation we get

HT + O = 0(D1gY)
(019")(nTIF) = (0197%) (01 TF)
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Therefore ;T are the contravariant Christoffel symbols corresponding to the
Levi-Civita connection of the cometric 0, g’*. [ |

Remark 4.31 Let e be the constant vector defined by

0
= 4.57
e S (4.57)
Then the matrix (4.26)) can be written as
n? = Leg” (4.58)

where (g*) is defined by @.18).

Hence (n*7) automatically defines a (2, 0) tensor field, by the definition of Lie derivative.
Moreover, the cometric n = (n") is well-defined on the quotient space M = (V @ C)/W,
in view of the lemma (&.20). It will be called the Saito metric. Let’s denote by

7 (u) = 0,1 (u)

the contravariant Christoffel symbols associated with the Levi-Civita connection of the
metric (n*). These are polynomial quasi-homogeneous functions of degrees

deg('y,ij (w) =d; +dj —d, —h —2 (4.59)

Corollary 4.32 The cometrics (g”) and (n'), defined by (#.18) and {@.58), form a flat
pencil of cometrics.

Proof: Since the metric (4.18) and its corresponding contravariant Christoffel
symbols are at most linear in v", in view of the corollary (4.27), one can apply the
lemma (.30), as the Euclidean metric g is flat, and get a flat pencil. [ |

Remark 4.33 ((¢g"), (7)) is a linear flat pencil. Therefore, in view of the lemma (3.2),
n is flat.

The remarkable result of Saito is to show that among the sets of basic invariants,
there exists a unique distinguished one such that it forms a flat coordinate system
for n. More precisely one has the following:

Corollary 4.34 There exists a set of homogeneous polynomials {t'(p),....,t"(p)} of de-

grees dy, ...., d,, respectively, such that the matrix
0 = nY(t) == o {dt, dtj>’("g) (4.60)
is constant in each entry. The coordinates (t',....,t"), defined on the orbit space M, are

called Saito flat coordinates.

Proof:  For details see corollary 2.4 in [18]. Otherwise, the theorem (7.31)
gives an alternative proof of the statement (taking as the Saito metric the Lie
derivative of a non-Euclidean metric). [ |
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Lemma 4.35 Let the coordinate t* be normalized as in ([¢.8), then the following identities
hold true:

. d: .
L Ly 4.61
g . (4.61)
i (di B 1) i
I = - By (4.62)

where in both formulas there is no summation over repeated indexes.

Proof: Using the Euler’s identity applied to the homogeneous function (¢)
(in view of the previous corollary) one has

“(t) ot' ot' ggp* o' di
g ~ OpFopk R opk h

Similarly
@ tt 9%t 8 p° tt 1 t 1 ot d —1) .
pligy @& 0 Ot @gpt (0PN 1,00t Lot L (di— )
J Op® Op*Op® h —\ Op® h Op® h Op“ h
=d;ti =dti
then I'}' = @5; |

Remark 4.36 Applying lemma by a linear change of coordinates, n reduces to a
anti-diagonal matrix
77i+j,n+1 _ 5i+j,n+1 (4.63)

We present the main result of this section, which defines a structure of Frobenius
manifold on the orbit space of an irreducible Coxeter group.

Proposition 4.37 Let (t) be Saito flat coordinates on the orbit space M of an irreducible
Coxeter group, with Coxeter number h. Denote by

n? = (t) = 0y (dt’, dt’) (4.64)

the corresponding components of the Saito metric.
Then there exists a quasi-homogeneous polynomial F(t), of degree 2h + 2, such that

(i, dt?);,) = B2k 0, F (t) (4.65)

(9) —

where 0; = 2. Furthermore, the function F (t) determines on M a polynomial Frobenius

structure, i.e. a Frobenius algebra on each tangent space, with structure constants

(t) = 1"°0,0;0,.F(t) (4.66)
with unity
)
e:=0, = S (4.67)

and invariant metric 1.
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Proof: Apply the proposition (#.29) taking g1y = (1) and g2y = (9%).
Thus in flat coordinates (¢*) for V), ([4.36)) reads

L (1) = AL (1) = 00 (1) = 000, /(1) (4.68)
The torsionless condition for the connection V) written in (') reads
gistk — gjsl—\ik

Takei =1
glsl—\jk’ — gisrlk

Using the identities and one gets
dt°T9% = g% (dy, — 1)6%
Using one obtains
dst* 17 19,0, f* = (di — 1)g’™*
or equivalently
0S40, 0,) = (dy — 1)
s=1

Working in a coordinates system such that (4.63) holds true one has
Z dstsas(anJrlfjfk) = (dx — 1)g’" (4.69)
s=1

Recall that the flat coordinates (') are homogeneous polynomials. Then, in view
of the corollary [@.34), the Christoffel symbols written in the homogeneous coor-
dinates (¢) are quasi-homogeneous polynomials.

Moreover, in view of the functions 9, f* are also quasi-homogeneous poly-
nomials. Comparing the degrees of both sides of one has

deg(Oni1_;f*) = deg(g’") d;j +dj — 2
Now, using the Euler’s identity to one has
(dj + dx = 2)Op1—5f* = (dy, — 1)g’™*
Therefore applying one obtains
(di +dj = 2)07 0, f* = (dp — 1)g"*
here there is no summation over j. Then

njqaqfk gjk
dy —1  dp+d;j —2

(4.70)
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The latter formula implies the symmetry condition

njqaqfk ?7’“’3qu

T I (4.71)
then it’s natural to define the functions F* by the formula
Fi i
&= dif_ : (4.72)
So ([@.71) reads
n10,F" = n"9,F
or equivalently
PR = o FI
Hence there exists a function F such that
= 0'F = "0, F
which, substituted in [.72), yields
18 85F i
i o = dif_ - (4.73)
Differentiating with respect ¢? one has
G=Ly50,0,F = O, f (4.74)
which, substituted in , yields
B P10.0,F (1) = g7 (1) (4.75)

which coincides with #.65). Furthermore, since f* are quasi-homogeneous poly-
nomials and in view of (4¢.73), one has that F'is a quasi-homogeneous polynomial.
By direct computation we have deg(F') = 2h + 2.

By substituting in one has
IV = 0°0.0uf7 = S0 1P 0,0,0cF
Raising one index of one obtains
c,C = 1 17°0,0,0, F
Then comparing the last two formulas one has

od—1 .
Iy = =—¢ (4.76)

Hence, in Saito coordinates, one gets

d;—1

AV =T} = -

c (4.77)
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The latter formula plugged in {#.37), i.e.
ATNF = AFAY

implies the associativity of the product defined by the structure constants (4.66),

indeed B o
7djh_ d7kh cf ClSk = d7kh 7djh_ C;kcij
Recall (4.62):
18 __ (di — 1) i
Comparing with (4.76) one obtains
i _ St
Recall that
nij _ gitiltn
then
12 1s 12 )
Cj =M Csj = Cnj
SO ' '
=1,
which implies that the vector field e = 0,, = a?n is the unity field of the Frobenius

structure. In view of the formula {@.77), (4.41)) reads as
nskcg — nikCZJ

which yields the invariance of the metric n with respect the product o. |

Theorem 4.38 Let W be an irreducible Coxeter group. The following data:

The Saito invariant cometric n = (n*) defined by
n==Leyg (4.78)

where g is the W-invariant cometric induced by the Euclidean metric on the
vector space V.

* The unity field

0
e:=0,= S (4.79)
® The Euler vector field
1 ;0
E .= 7 (diu 8ui) (4.80)

® The product on the tangent bundle o defined by the structure constants (4.66
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define a unique polynomial Frobenius structure on the orbit space M := (V @ C)/W, up
to a rescaling of the Saito flat coordinates, of charge
2

d=1--> 4.81

The cometric g coincides with the intersection form of the Frobenius manifold, defined by
(u,v)" :=ip(udv) (4.82)

for any v and v differential 1-form on M. Where & is the product on the cotangent bundle
T M induced by o.

Proof: The existence of such a structure follows from the previous lemma.
We have to prove the uniqueness.
Let’s consider a polynomial Frobenius manifold with invariant metric (4.64), in-
tersection form (4.82), unity field and structure constants

¢ (t) = n*1'10,0,0, F(t)

where F'(t) quasi-homogeneous polynomial of degree 2h + 2.
In Saito coordinates, the right-hand side of (E.SZ , taking u = dt' and v = d#/,
reads

dy . dy . 1
—t°cd (t) = ﬁtsn”’“n”akaqasF (t) = En““n”dstsas (0k0,F (1))

ip(dt' 5 dt’) = ;

Observe that 0,0, F is a quasi-homogeneous polynomial of degree 2h+2—dj, —d,,
then applying the Euler’s identity one obtains

ip(dtt 6 di?) = 22t pikpiag, g P (t)

Working in coordinates such that (4.63)) holds true one has

ip(dt' 6 dtf) = 22 tloizdnaisi ikpiag, ) F(t)

Using the duality condition (¢.31) one gets

ip(dl & dif) = 2 p i h2 ik piag, o F(p)

Taking u = dt* and v = dt’, (4.82) reads
(dt', d)" = ip(dt' & i) = Sb=2yitying, o, F(t) B (ari ari)y

Then the cometric defined by the formula (4.65) coincides with the intersection
form associated with the considered Frobenius manifold structure. The unique-
ness is proven. [ ]

Remark 4.39 The Frobenius manifold structure defined by Theorem is semisimple.
For details see [18]].
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Consider some examples of polynomial Frobenius manifolds.

Example 4.40 It’s worth mentioning the Frobenius potential associated with some rank
three Coxeter groups.

Fay = 32 + 1 (82 + L)) + S (%)°
Fp, = 5(t)%° + 311 (%) + §(1°)°° + §(82)°(1°)* + of (¢°)"
Fyy = 3(t) + 3t/ (#)° + §()° ()" + () (#)° + 355 (1)

Example 4.41 Let W = I5(k), here k > 2, be the dihedral group of order 2k. The action
of W on the complex z-plane is generated by the transformations

2mi
Zz—ek z

2= Z

i.e. the anticlockwise rotation of 2= radiant and the reflection with respect the Re(z)-axis,
respectively. The I5(k)-invariant metric (-,-) on C is given by the line element

ds® = 4dzdz
A basis of homogeneous polynomial invariants is given by

“_21<;
2

u? = 2" +Z

2z

One has deg(u') = 2 and deg(u?®) = k. One obtains

911(u> = (dul,dul)* — 4T ot

our ou?  Ou? oul
120N (1 g2y 2
g (u) = (du’, du’) _2<8z 9z " 9- az>_“
8u28u
2, N (12 12 _ k1, 1yk—1

Where (-, -)* is the metric induced on the cotangent space by ds*.

Hence the Saito metric ( =1 ) is constant in ( ,u?). Thus (u',u?) are Saito flat coordi-
nates for I5(k). Now, using the formula (4 one obtains the Frobenius potential

k1
Fryp = ()’ + Zo— ()

In particular
e for k = 3, F gives the polynomial Frobenius structure on C? /A,
e for k = 4, F gives the polynomial Frobenius structure on C* /B,

e for k = 6, I gives the polynomial Frobenius structure on C? /G
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Example 4.42 Following [171, we mention a remarkable example of Frobenius structure.
Moreover, this structure coincides with the polynomials Frobenius structure associated
with A,,. Let M be the space of all polynomials of the form

M={\p)=p"" +ap" ' +...tawp+alla,...,a, €C} (4.83)

with a nonstandard affine structure.

We identify the tangent plane to M the space of all polynomials of degree less than n.
Moreover, the Frobenius algebra Ay on T\M coincides with the algebra of truncated poly-
nomials

Ax =Clp]/(N(p)) (4.84)
The invariant metric is given by the following formula:
f(p)g(p)

= 4.85

(fs ) e TN (4.85)

Furthermore, the unity and the Euler vector field are defined by

0
= — 4.
e Ja. (4.86)
E= Xn:(n it a2 (4.87)
i=1 *Oa;

Let’s consider the Frobenius manifold structure defined on the orbit space of the
Coxeter group A, (defined by theorem [4.38).

Recall that A, acts on R"*" = {¢° ... &"} by permutations (restricting on the
hyperplane £ + ... + £" = 0).

The elementary invariant polynomial can be taken as a homogeneous basis. Thus,
by taking as {a, ...., a,,} the elementary symmetric polynomials, the complexified
orbit space C/A,, can be identified with the space of polynomials of an
auxiliary variable p. Moreover, the polynomial Frobenius structure associated
with A, coincides with the structure exposed in Example .42,

The formula for the metric may be written in a peculiar way. In particular,
the following statement holds true:

Lemma 4.43 1. The metric (4.85) and the 3-rank tensor ¢(9,0',0") := (0 ox 0',0"),
(where oy is the product corresponding to A,) have the form

(X,Y)\=— Z res X(/\(p)czjg(};;)\(p)dp) (4.88)
(XY 2) = =3 res X (A(p)dp)ngA(g;lp)Z (A(p)dp) (4.89)

here X,Y and Z are arbitrary vector fields.
2. Let q',....,q" be the critical points of \(p), i.e. N(q") = 0 fori = 1,...,n. Let
u’ = X(q*) be the corresponding critical values. Hence the variables (u', ....,u") are local
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coordinates near the point A\, where the polynomial \(p) has no multiple roots. These
are canonical coordinates for the multiplication oy. In these coordinates the metric (4.85)
reduces to the diagonal form

(o 0a = Z mii(w) (du')?

1

where Nii (u) = N ()"

We expose the notion of Hurwitz-Frobenius manifold (see [17] and [41] for addi-
tional details).

4.4 Landau-Ginzburg superpotentials

First, recall the notion of Hurwitz space.

Definition 4.44 A Hurwitz space My, .., is a moduli space (C,\), where C is a
genus g Riemann surface with m distinct ordered marked point ooy, ...., 00,, and X is a
meromorphic function on C with poles at oo, of order n; + 1.

Motivated by lemma .43 we will introduce a class of semisimple Frobenius man-
ifold structures defined on a Hurwitz space My, . »,.-

We will construct a family of functions A(z;u), where u = (u',....,u"), of the
complex variable z defined in a domain D of a Riemann surface R realized as
a branched covering of the complex plane with a finite number of sheets. The
Riemann surface may depend on u. We fix the projection of the domain D on the
complex plane.

The functions \(z;u) depend on complex pairwise distinct parameters u', ..., u
belonging to a sufficiently small domain ©2 C C". We require \(z;u), as a function
of z, to fulfills the following properties:

n

1. A(z;u) has critical values v, ....,u", moreover, the corresponding critical
points must be non-degenerate.

(1,2)

2. For any two points z; ™ € D with the same critical value, we require that

N (a5 u) = X' (25 u)
Definition 4.45 The function \(z;u) on D x S satisfies the properties 1. and 2. is called
LG (Landau-Ginzburg) superpotential of some domain Mg of the Frobenius manifold
structure (M, n, V, o, e, E), with intersection form g, if for any critical points z*, ..., 2" €
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D of \(z;u), with critical values u', ..., u™, the following expression hold true:

2T =3 e X(A(z)ci;) (3;)()\(z)dz) 490)
9(XY) =~ ) res X(ZOQA(Z;CZK((ZZ; 9A(z)dz) (4.91)
(X Y2~ pes X()\(z)dz)Yg\)f(zz))dz)Z(A(z)dz) 0o
Y2 =Y e X(log)\(z)dz)YEll(l)gg)\f\Zf)iz)Z(log)\(z)dz) @93

for X, Y, Z arbitrary vector fields. Here ¢(X,Y,Z) :=n(X oY, Z) and ¢*(X,Y,Z) :=
g(X xY,Z), where X xY = E~' o X oY is the dual product of o.

Moreover, X (A\(z)dz), Y (A\(2)dz),.... are calculated keeping = constant. We omit u in
the argument of \.
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5 Bi-flat F-manifolds and complex reflection groups

The main references of this section are [1]], [3], [4], and [52].

Following [3] and [4] we will see that the orbit space of certain complex reflection
groups may be endowed with a structure of bi-flat F-manifold. In some cases this
structure appears in family depending on parameters; in [3] it has been proposed
a conjecture relating the number of the orbits corresponding to the action of the
group on the collection of reflecting hyperplanes.

First of all, we recall some definitions and facts concerning the theory of complex
reflection groups. In particular, we will consider groups acting on a complex n-
dimensional vector space V via their matrix representation.

5.1 Complex reflection groups

Definition 5.1 A pseudo-reflection is a unitary transformation on V' that leaves invari-
ant a (hyper-)plane.

Remark 5.2 A pseudo-reflection is characterized by the property that all the eigenvalues
of the corresponding matrix representation are equal to 1, except for one that coincides
with the k-root of the unity, where k is the order (or period) of the transformation.

Definition 5.3 A finite complex reflection group is a finite subgroup of unitary trans-
formation generated by pseudo-reflections.

Remark 5.4 Irreducible and finite complex reflection groups were classified by Shephard
and Todd in [48l]. The classification consists of an infinite family G(n,p, m) parameter-
ized by 3 positive integers and 34 exceptional cases.

Shephard and Todd proved a Chavalley-type theorem for complex reflection groups.
Let (p', ..., p") be a system of coordinates for V.

Proposition 5.5 Let G be a complex reflection group, then the subring of invariant poly-
nomials C[V|% is generated by n algebraically independent polynomials {u', ....,u"} of
degrees d, ...., d,, respectively. They are called basic invariants. Moreover, the choice of
the basic invariants is in general not unique, while the corresponding degrees are positive
integers uniquely defined by the group.

Remark 5.6 Similarly to the case of Coxeter groups, (u', ....,u™) may be used as local
coordinates of the orbit space M = V/G.

Although (p', ....,p") and (u',....,u™) are coordinates of different spaces, since the quo-
tient map w : V. — V/G is a local diffeomorphism, we will treat (p') and (u’) as different
local coordinate systems.

Definition 5.7 Well-generated irreducible complex reflection groups are irreducible com-
plex reflection groups, whose minimal set of generators consists of n pseudo-reflections.

Remark 5.8 Recall that any Coxeter group is generated by n reflections corresponding
to simple roots. Then any finite group generated by (real) reflection, i.e. a Coxeter group,
is automatically well-generated.
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5.2 Frobenius manifolds and Shephard groups

Now, we review the Dubrovin’s construction (see [16]) which equips the orbit
space for the action of a Shephard group with a Frobenius manifold structure.

Definition 5.9 A Shephard group is a well-generated complex reflection group which
consists in the symmetry transformations of a reqular complex polytopes. In particular, a
Shephard group includes the symmetry group of a reqular real polyhedra.

Remark 5.10 Any Shephard group admits a Coxeter-like representation. Let G be a
Shephard group, then there exists two sets positive integers py, ....,p, and qi, ...., ¢u—1
such that the generating system {s, ...., s, } of G satisfy the following condition:

o P =id
fori=1,...,n

L4 8i8; = 88
for|i—j| > 2
® 5,8i418i--r = Si+15iSi41----

- -~
qi terms qi terms

In particular, s; are pseudo-reflections of order p.

Definition 5.11 The Coxeter group obtained taking p; = 2 for any i, in the above rep-
resentation, is called the Coxeter group associated with G (or underlying G).

Remark 5.12 Among the families of complex reflection groups G(m,p,n), the family
G(m,1,n) is constituted by Shephard groups. Moreover, there are also 18 exceptional
Shephard group, whose 2 are real.

Remark 5.13 Given any Shephard group, being a complex reflection group, there exists
a set of polynomial basic invariants {u', ....,u"} (due to proposition 5.5).

The crucial point is the following;:

Proposition 5.14 Let (u', ....,u") be a set of basic invariant of degrees d, ...., d,, respec-
tively ordered so that u' is the lowest degree polynomial and u™ is highest degree poly-
nomial. The inverse (h'?) of the Hessian matrix (h;;) = Hess(u') defines a flat metric
which depends linearly on u".

Proof: The proof is a consequence of the results of Orlik and Solomon (see
[43] for details). [ |

Remark 5.15 Using this proposition and applying the Dubrovin’s arqument for the case
of Coxeter group, exposed in the previous section, the flat pencil (g,n) defined by

g7 = h (5.1)
n? = 0,h" = 2 h (5.2)

 Oun
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one obtains a Frobenius manifold structure on the orbit space of any irreducible Shephard
group. Exploiting the well-known formula

(di + d; — 2)n" " 0,0, F = g (5.3)

where 9; = 2=, (t') is a flat coordinate system for n, g = ¢'(t) and n' = n(t), one

reconstructs the Frobenius potential F.

Remark 5.16 Since the Frobenius manifold structure on the orbit space of a Shephard
group is a polynomial Frobenius manifold with strictly positive invariant degree, it must
be isomorphic to a polynomial Frobenius manifold structure associated with a Coxeter
group (in view of Hertling’s theorem (see [131l])).

In particular, for any Shephard G, this Coxeter group is exactly the Coxeter group as-
sociated to G. Then the potential defined by coincides, up to a rescaling of the flat
coordinates (t'), with the potential corresponding to the underlying Coxeter group. For
instance, the prepotential for the Shephard group G(m, 1,2) and G(m, 1, 3) don’t depend
on m and coincides with the prepotential for the associated Coxeter group By and Bs,
respectively.

5.3 V-systems

V—system were introduced by Veselov in [52] to construct solutions of WDVV as-
sociativity equation given a set of covectors. In particular, the conditions defining
a V-system guarantees that a function, constructed using a special set of covec-
tors, satisfies the WDVV associativity equation.
Let V be a finite-dimensional real vector space (the construction can be general-
ized to the complex case), with linear coordinates (p', ...., p"), and denote by V a fi-
nite set of non-collinear covectors {a} defined by the linear functionals o(-) € V*.
Let

g = Z a® (5.4)

acV

be a non-degenerate metric tensor on V.
We denote by & the vector uniquely defined by

(@) =a() (5.5)
where (-, -) is the bilinear form defined by g.

Remark 5.17 Let a = o€’ be a linear functional on V, where {€’} is a dual basis
corresponding to {e;}, i.e. €*(e) = 0;. Then
(@, i) = afe:)
reads as A
g5 = o

or equivalently 4 -
d] — gﬂOéi (56)
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Recall the definition of V-system. Let’s consider the following function on V:

Z a’(p) log(a(p)) (5.7)

ocEV

here a(p) := a;p’. Imposing that (5.7) is a solution of the WDVV associativity
equation one gets some prescriptions on the collection of covectors V:

Definition 5.18 We say that V is a \/-system if for any two-dimensional plane 11 C V*
we have

> Bla)B = pa (5.8)

BeNNY

forany o € IIN'V, where 1 is a real constant which depends on 11 and «.

Remark 5.19 Observe that the condition (5.8) is independent by the normalization of

the covectors o € V. Then the collection V = {o,a}, where o, € R for any «, also
defines a \V-system.

Given a set V we construct a collection of (hyper-)planes H associated to the cov-
ectors contained in V.

Definition 5.20 By definition, a (hyper-)planes H belongs to H if and only if Ker(a) =
H for some covectors a € V. Furthermore, we denote by oy the covectors corresponding
to H and by

gV — Hb (5.9)

the linear application having kernel H and image H+.
In view of the above definition, the linear map 7y can be written as
Ty = 0y @ ayg

or in component ' '
(mr); = 9" (an)s(am); (5.10)

Proposition 5.21 The definition of V-system is equivalent to the requirement that the
one-parameter family of connections

Y Z dO‘H (5.11)

is flat for any real \. Here V° is the trivial flat linear connection with flat coordinates
(p'y e p™).

Proof: See [2] and [29] for details. [ |
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Remark 5.22 Given a set of covectors V defines a V-system with H it corresponding
collections of reflecting (hyper-)planes, the corresponding solution of the WDV'V associa-
tivity equation is given by the formula

}:aH ) log(asr(p)) (5.12)

HEH

here ay (p) := (ay )ip'.

One remarkable example of V—system is given by a Coxeter system of (hyper-)planes (see
[52]]). Furthermore, in [16] it was proven that the Veselov’s solution (56.12) of WDVV
associativity equation, constructed from any Coxeter group, coincides with the Frobenius
potential associated with the almost-dual structure of the Frobenius manifold defined by
the theorem (&.38). In this case, the dual product has the form

dOéH
= e (5.13)

Remark 5.23 Let’s consider the following deformation of the function (5.12):

Fy(p) = % > oulau(p)) loglan(p))

HeH

here o € R. One observes that

A = %Z(maﬂw g (VZ2on(o))

=F}(p) —=G(p)

where V = {\/o yay} is a rescaled set of covectors and G(p) is a homogeneous poly-
nomial of degree 2. Recall that (in view of the remark (5.19)) the collection V is also a
V-system, then F3;(p) is a solution of the W DV'V associativity equation. Moreover, since
the solutions of the WDV'V associativity equation are defined up to a quadratic polyno-
mial, Fy,(p) is also a solution of WDV'V associativity equation.

5.4 Flat and bi-flat F-manifolds

F-manifold with a compatible flat structure, or briefly flat F-manifold, have been
introduced by Manin as a generalization of the notion of Frobenius manifold.
Such structures are a particular example of a more general class of structure, in-
troduced by Hertling and Manin, called F-manifold.

Following [42], we recall the general definition.

Definition 5.24 A flat F-manifold (M, o,V ,e) is a complex manifold M equipped with
the following data:
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I. A commutative and associative product o on the sheaf of holomorphic vector fields
of M
O XM XXM = XM (5.14)
with unity flat vector field e, i.e.
Ve =0 (5.15)
II. A flat and torsionless linear connection compatible with the product o, i.e.

Vich, = V,ck (5.16)

VE 1S
where c}; are the structure constants corresponding to the product o.

Remark 5.25 The notion of flat F-manifold makes sense in the smooth category as well.
In this case, M is a smooth manifold, T M its tangent bundle, and x s the sheaf of smooth
vector fields on M.

The definition of flat F-manifold can be rephrased in a more compact manner.

Definition 5.26 A flat F-manifold (M, o,V ,e), where M is a complex manifold, o :
XM X XM — Xum 1S a product on the sheaf of holomorphic vector bundle x s, V is a linear
connection on the holomorphic tangent bundle T'M, and e is a holomorphic vector field,
satisfying the following axioms:

1. Forany A € C, VW := V + Xo is a flat and torsionless connection.
2. eis the unity of the product.
3. eis a flat vector field.

A manifold equipped with a product o, a connection V, and a vector field e satisfying 1.
and 2. are called an almost-flat F-manifold.

Let (u', ..., u") be a coordinate system for M. Denote by c}; the structure constants
of the product o. Denote by I'j; and R = (R};,) the Christoffel symbols and the

Riemann tensor, respectively, of the connection V. Then the condition of vanish-
ing torsion for the connection V) reads (let I‘fj@) = I'}; + Acj; be the Christoffel
symbols of the connection VV)

k(A _ k) k(A _ 1k k ke ky _
Since the latter formula holds true for any A, one gets the following conditions:

e The connection V is torsionless.

¢ The product o is commutative.

Analogously, the zero-curvature condition reads

s(A s(A s(A) A) s A)s(A
RY = o3 — oV 4TIV — pIpsy

ijk
= O3 — Oy + T4TS, — TLDS +A(V 5, — Vies) + N2 (el — chesy)

vV
— S
_Rijk

which yields the following conditions:
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e The connection V is flat.
¢ V is compatible with o.

* The product o is associative.

Remark 5.27 By definition, it turns out that any flat F-manifold defines a one-parameter
family of flat and torsionless connections.

Remark 5.28 In analogy with the case of Frobenius manifold, in flat coordinated (')
for V, as a consequence of the axioms of flat F—manifold, one has that the structure
constants can be expressed in terms of the second derivatives of a vector potential, i.e.

cf. = 0,0, AF (5.17)
where 9; = 2. Furthermore, taking the unity field e = 0, (A") satisfies the following
equations:

0;0,A 040, A' = 0,0,A'0;0,,, A' (5.18)
NOAT = 5! (5.19)

(5.18) and (5.19) are called oriented associativity equations.

The notion of flat F-manifold shares several properties with the notion of Frobe-
nius manifold. For instance, Dubrovin’s duality and Dubrovin’s principal hierar-
chy are well-defined for flat /'-manifold.

By comparing it with the definition of Frobenius manifold, the missing data are
the invariant metric and the Euler field.

Replacing the flat matric 7, in the definition of Frobenius manifold, with a flat
connection V one obtains the following:

Definition 5.29 A Frobenius manifold without a metric (M, Vo, e, E) is a smooth (or
complex) manifold equipped with the following data:

I. A flat and torsionless linear connection NV compatible with the product o.
II. A commutative and associative product o on the tangent bundle of M
II1. A flat unity vector field e.
IV. A linear Euler field E, i.e.

VVE =0 (5.20)
e, E] =e (5.21)
Ly, =cf; (5.22)

Frobenius manifolds without a metric are also called Saito structures.

Adding a suitable (pseudo-)Riemannian metric we can reconstruct the definition
of Frobenius manifold.
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Definition 5.30 A (flat) metric n is invariant for a Frobenius manifold (M,o,V e, E)
if the following conditions are fulfilled:

Vi =0 (5.23)
N(XoY,Z)=n(X,YoZ) (5.24)

for any vector field X, Y, Z.

Definition 5.31 A Frobenius manifold (M,n,V o, e, E) is a Frobenius manifold with-
out a metric endowed with an invariant metric 1, where the linear Euler field acts as a
conformal Killing vector field for ), i.e.

Lpnij = (2 — d)n; (5.25)

here d is the charge of the Frobenius manifold.

5.5 Frobenius manifolds and almost-duality

Recall the notion of almost-duality, introduced by Dubrovin in [16].
Consider a Frobenius manifold structure on M. It turns out that M may be
equipped with an almost-dual Frobenius manifold structure, since the unity field
isn’t flat in general. In particular, the following theorem holds true:

Theorem 5.32 Given a Frobenius manifold (M,n,V,o,e, E), let U be an open subset
of M such that the linear operator on the tangent bundle Eo is invertible. Then the
following data:

e the intersection form g = (g') defined by
g7 = Ercyn"

where (n'7) are the components of the inverse matrix of n,
e the Levi-Civita connection V corresponding to g,
* adual product x defined by

X*xY =E'oXoY = (Eo)'XoY

for any vector field X and Y, and

* the vector field E

define an almost-dual Frobenius manifold structure on M, with invariant metric g~*, flat
connection V, product x and unity field E.

Remark 5.33 The structure defined above is called almost-dual since VE # 0 in gen-
eral (since for a Frobenius manifold we require the unity to be covariantly constant with
respect to the flat connection).

However, replacing V with V* := V + \x, for a suitable A\ € R, one obtains a flat
connection such that V*E = 0. Moreover, by definition of flat F-manifold, gauging the
connection V by a multiple of * one gets a flat and torsionless connection.
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Lemma 5.34 V*E = 0, where V* is the gauged connection V* = V + Tl

Proof:  Recall that the contravariant Christoffel symbols corresponding to
Levi-Civita connection of the intersection form, written in a flat coordinate system
(t') for n, are given by the formula (3.14), i.e.

[} = ¢’ R, = n'lc;, Rl
where B! = ©161 + 9;E'. Therefore
@iEj = 82Ej - giqujES = 81E] - giqﬁquésR{Es

In view of the formulas (2.61) and (2.62)) one observes that

9ign" 4 B° = giqn™ 9" na = 6,

Hence o ‘ ‘ ' .
VB! = 0,E7 — 6\R] = 07 — 426] — 07 = 1525

—

=R]

Taking A = £, being F the unity of , one has

ViE = (V4 M)E) = VB +E1 7B =0

' 1-d
j —57
__55 61‘,

Remark 5.35 In view of the previous lemma, one has that for any Frobenius manifold
(M,n,V,o,e, E), the open set U where the linear operator is invertible is equipped with
two flat F-manifold:

1. the flat structure (V, o, ¢),
2. the flat structure (V*, *, E).

The two structures are intertwined in a special way.
For an arbitrary vector field X, it turns out that

(dy — dg-)(Xo) =0 (5.26)

where dy : QF(M, TM) — Q*Y (M, TM) (here QF(M, T M) denotes the O(M )-module
of T'M-valued differential k-forms) is the exterior covariant derivative. In this case, V
and V* are called almost hydrodynamically equivalent (see [l6]).
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5.6 Bi-flat F'-manifolds

In order to generalize Dubrovin’s duality for Frobenius manifold without a met-
ric and motivated by the theory of integrable system of hydrodynamic type (not
Hamiltonian and bi-Hamiltonian necessarily), Arsie and Lorenzoni proposed the
notion of bi-flat F-manifold (see [1] and [3]).

In the semisimple case, Dubrovin’s almost duality can be extended to the Frobe-
nius manifold without a metric prescribing the following data:

* A dual product * defined by
X+Y =E'oXoY (5.27)
for any vector field X and Y.

* A dual connection V* satisfying the following properties:

1. VE=0
2. V*is compatible with *

3. V and V* are almost hydrodynamically equivalent, i.e. the following
formulas hold true:

(dy — dy-)(Xo) = 0 (5.28)
(dy — dy-)(X*) =0 (5.29)

for any vector field X, here dy and dy- denotes the exterior covariant
derivative corresponding to the connection V and V* respectively.

Remark 5.36 In the case of Frobenius manifold, the dual connection, in general, doesn’t
coincide with the Levi-Civita connection of the intersection form. In view of the remark
the difference between these two connections is proportional to the dual product, i.e.

V=V =vx (5.30)
where v is a real number and ¥V is the Levi-Civita connection of the intersection form.

Definition 5.37 From here on, V and V* will be called natural connection and dual
connection respectively.

In the semisimple case, the natural and the dual connection are related in the
following way:

Theorem 5.38 In the semisimple case, the dual connection defined above is uniquely de-
fined in terms of the natural connection. Furthermore, the flatness of the dual connection
is equivalent to the linearity of the Euler field.

Proof: See [1] for details. [ |
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Lemma 5.39 The formulas (5.29) and (5.28) in components read

rfj(X*)g — FQ(X*)g = F@*(X*)g - r@*(x*)g (5.31)
rgfj(Xo)g — rg(xo); = rfj*(Xo)g - r@*(xo)g (5.32)

respectively, where I'j; and I} are the Christoffel symbols corresponding to the connec-
tion V and V* respectively.

Proof: Recall that, the exterior derivative of a (1,p) tensor field coincides
with its covariant derivative antisymmetrized with respect the lower indexes,
explicitly

Then (dy — dv~)(X*) explicitly reads

A(D26)7 + T3 (X )k — TE(X#);) = A(QX)7 + i (X) — TH (X %)7)

where A denotes the operator of antisymmetrization with respect the lower in-
dexes. Then one has

D8 (X )M —D8 (Xo) F =T (X o) g 4T (X ) = Do (X )P =D (Xo) =T (X5 T8 (X )

being V and V* torsionless, i.e. I'}; = I'¥, and '} = T'’, one obtains

D5 (X#)§ = Do (X#)7 = T (X)) — Dop (X )7
which coincides with (5.31)). Similarly, one can prove (5.32). [ |

Following [3], we give the definition of bi-flat F-manifold.

Definition 5.40 A bi-flat F'—manifold is a Frobenius manifold without a metric equipped
with an almost-dual structure defined as above.

More explicitly one has

Definition 5.41 A bi-flat F—manifold (M,V,V* o, x, e, ) is a smooth (or complex)
manifold equipped with a pair of flat connection V and V*, a pair of product o and * on
the holomorphic tangent bundle of M and a pair of vector field e and E satisfying the
following axioms:

* FE behaves like a Euler field, i.e.
e, E] = (5.33)
Echj = cfj (5.34)
* The product o is commutative, associative and with unity e. Moreover

Ve =0 (5.35)

* The product  is commutative, associative and with unity e. Moreover

V'E =0 (5.36)
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* Vand V* are compatible with o and * in the following sense:
V@ ou (V,2) = VY o (X, Z) (5.37)
for any vector field X,Y, Z. Where V) = V, V® = V*, o) = 0, 019 = x.

Remark 5.42 Frobenius manifolds equipped with an almost-dual structure, such that
the dual connection is gauged so that V*E = 0 , are bi-flat F-manifold equipped with an
invariant metric and such that the Euler field acts as a conformal Killing vector field for
the metric.

Lemma 5.43 Given a bi-flat F-manifold (M,V,V*, o, %, e, E), the Christoffel symbols
corresponding to the dual connection V* can be written uniquely in terms of the Christof-
fel symbols corresponding to the natural connection V, the structure constants of the dual
product x and the Euler field E, i.e.

I =10 — ¢ VB (5.38)

Furthermore, a “dual” formula for the Christoffel symbols corresponding to the natural
connection holds true, i.e.
Iy =T5 — ¢ Vie (5.39)

Proof: Recall the formula (5.31)
Tp (X)) =T (X)) = Ty (Xt =T (X %)}
N——~
e Se s S
Being X an arbitrary vector field one has
Ly —Tids =Trrd — Tl (5.40)

Recall that £ is the unity of the product *,i.e. Y x E = Y for any vector field Y/,
or equivalently ¢} E* = 4. Contracting (5.40) by £’ one gets

Fk Cl*-El —Fk~Cl<* E = FZ* Cl*Ez —Fk*cl-* E

lj ~si li%js is li ~js
~——
=L =65
then
k k lx i pkx kx Ix 11

Recall that F is covariantly constant with respect V*,i.e. V*E = 0, or equivalently
OE* +THE =0
Then substituting the above formula in one has
It —Thd B =T + 9, E"

li%js
Iy =T+ (O EF + TLE)
—_———
=V, Ek
which coincides with (5.38). Similarly, one can prove (5.39), using that the field e
is flat and is the unity of the product o. |
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5.7 Bi-flat F-manifold and principal hierarchies

In this subsection, we will show how to construct commuting PDEs of hydrody-
namic type starting from a bi-flat F-manifold structure (see [37] for details).

5.7.1 The principal hierarchy

Let’s consider a flat F'-manifold structure (V, ¢, o) on a manifold M. Let (v!, ....,v")
be a system of local coordinates for M.

Given such a structure, we associate with it a collection of systems of quasi-linear
evolutionary PDEs (or briefly hydrodynamic system) given by

i _ioxd ok

Yty = ij(P:l)vl’ (5.42)
wherep=1,....n and I =-1,0,1,.., ¢ = ¢’ (v) are the structure constants of
the product o and X/ o = X (]p p(v) are the components of the vector fields X, .

For each value of [, Wthh defines the level of the hierarchy, there are n systems
of quasi-linear evolutionary PDEs.

Definition 5.44 The flows given by define the so-called principal hierarchy associ-
ated with the flat F-manifold (M, V, o, e), where the vector fields X, ;) are the coefficients
of the formal expansion in \ of the (flat) section with respect the deformed flat connection
VN =V — do.

The minus sign is due to avoid minus in the recurrence relation.

Remark 5.45 Explicitly, X, are defined by the formal expansion
(V = 20) (X(p—1) + AX(po) + N2 Xp1) + ....) =0 (5.43)
Comparing each term containing equal power in X one obtains the following conditions:

* The vector fields X, _1), defining the primary flows, are covariantly constant with
respect V, i.e.
VXp-1)=0 (5.44)

foranyp=1,...n
* The remaining vector fields are obtained by the recurrence relation

VX1 = Xppo (5.45)

forl=-1,0,1,....

The integrable hierarchy (5.42)) is a generalization of Dubrovin’s principal hierar-
chy associated with a Frobenius manifold, introduced in [17].

Remark 5.46 The consistency of the recurrence relation (5.45), and the proof of commu-
tativity of the flows defined by (5.42)) are given in [38].

We have obtained
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* n primary flows, corresponding to t(, o), defined by

Ut(p,O) - cij(]p,fl)Ux (546)

* infinitely commutating flows, corresponding to ¢(,;) with [ > 0, defined by

Ut = ij(]p,l—l)Uiﬂ (5.47)
wherep =1,....,n,1 =1,2,.... and X(]} ) are the components of a collection
of a vector defined by the recursion formula

va(ip,l—‘rl) = Cé'kXé,z) (5.48)
where | = —1,0,1, ....

Remark 5.47 Let (u', ..., u™) be a flat coordinate system for the connection V, then one
has VX (p1) = 0; X (p) for any p and . Then the primary fields has constant components,
ie. 0;X) . =0, while the recursion relation reduces to 0, X! =c, XF .

(p,—1) RLICRESY) Ik (pl)

Moreover, in flat coordinates (u'), the flows turn out to be systems of conservation
laws, indeed

ey = Cij(jp,l—l) uy = 0: X(,) (5.49)
H_/
=0, X!

(p,1)

where in the last equality we have exploited the chain rule.

Remark 5.48 Assuming the product o semisimple, there exists a distinguished coordi-
nate system (1, ....,r") such that the structure constants reduces to ¢; = 667 Further-
more, in canonical coordinates (r') the flows read

rz(p - ~§‘ka )Tk = 5§511X(]p,171)7“]; = Xgp,l—1)7“; (5.50)

I (pl—-1)" =

which implies that the canonical coordinates (r') are Riemann invariant for the conser-
vation law (5.49), with generalized velocities X fp,z—1>-

Remark 5.49 In the case of flat F-manifold with invariant metric n, the principal hi-
erarchy becomes Hamiltonian with respect to the Poisson bracket of hydrodynamic type
corresponding to the cometric n=* (for details see [[7]).

Furthermore, in the case of the Frobenius manifold, the principal hierarchy becomes bi-
Hamiltonian, where the further Poisson bracket of hydrodynamic is given by the intersec-
tion form.

5.8 Bi-flat /-manifold and complex reflection groups

We will see how the orbit space with respect to the action of an irreducible well-
generated complex reflection group may be endowed with a structure of bi-flat
F-manifold. In some cases, such a structure appears in family, as we will see in a
simple example.

First, we recall some results concerning flat structure associated with Coxeter
group, exposed previously.
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5.8.1 Flat structures associated with Coxeter group

Recall the Dubrovin’s result.

Theorem 5.50 The orbit space of an irreducible Coxeter group is endowed with a Frobe-
nius manifold structure (n,V, o, e, E') where

e the flat coordinates (u', ....,u™) for the metric n, called Saito flat coordinates, are a
unique set of basic invariants of the the group

* in Saito flat coordinates we have

0

~ Our
1 0
E=—(di—
h( ZOU")

where d; are the degrees of the invariant polynomials with

(&

2:d1<d2§d3 ..... <d,.1<d,=h
where h is the Coxeter number.

Dubrovin’s construction relies on the existence of flat pencil of cometric. One is
the Euclidean metric and one is the Saito metric.

The orbit space of these groups can be equipped with another structure, con-
structed by means of a collection of reflecting (hyper-)planes. In [16] Dubrovin
highlighted that the Frobenius potential corresponding to the almost-dual struc-
ture of a polynomial Frobenius structure, associated with any Coxeter group,
turns out to be an expression in terms of reflecting (hyper-)planes (associated
with the group). These solutions of the WDVV equation have already been dis-
covered by Veselov in [52]. We have the following:

Theorem 5.51 Let i be an irreducible Coxeter group acting on an Euclidean space R"
with Euclidean coordinates (p',....,p™). Let g be the Euclidean metric and V the corre-
sponding Levi-Civita connection. Then the following data:

oV
o .= pia%i
where
* H is a collection of reflecting (hyper-)planes

* oy is a covector defining a reflecting (hyper-)plane

* 7y is the orthogonal projection onto the orthogonal complement of H
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* the collection of weights {ox}ney are G-invariant (i.e oy = op iff H and H’
belong to the same orbit with respect to the action of G on the collection of reflecting
(hyper-)plane) and satisfy the normalization condition

E OgTH — ian

HeH

define an almost-flat (i.e. VE # 0 in general) Frobenius structure with invariant metric
g.

Proof:  This is an equivalent reformulation of a result of Veselov (see [52]
and [53]). The equivalence between the flatness condition and the definition of
V-system is discussed in [2] and [29]. [ |

5.8.2 Flat structures associated with complex reflection groups

Similarly to the case of Coxeter group, it’s possible to define two flat structures
on the orbit space of some classes of finite complex reflection groups.

The first structure generalizes the Dubrovin-Saito construction relying on Coxeter
groups to irreducible well-generated finite complex reflection groups. The sec-
ond one is defined by a Dunkle-Kohno-type connection associated with a com-
plex reflection group, which can be thought of as a generalization of Veselov’s
V-system. In general, the two F-manifold flat structures don’t admit invariant
metrics, therefore they don’t come from a Frobenius and its almost-dual struc-
ture.

Following the work of Sato, Kato, and Sekiguci [32], we get the first flat structure.

Theorem 5.52 The orbit space of an irreducible well-generated finite complex reflection
group is equipped with a flat F-structure (V, o, e) with linear Euler vector field E, de-
fined by the following prescriptions:

e The flat coordinates (u', ....,u™) for V, called generalized Saito flat coordinates are
a distinguished set of basic invariants of the group.

* In Saito flat coordinates we have

0

1 0
B=— (di@> (5.52)

where d; are the degrees of the polynomial invariants.

The second flat structure (more precisely a family of flat structures), is given by
the following (we refer to see [4]):
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Theorem 5.53 Let (p, ....,p") be a system of standard coordinates for C" and let G be
an irreducible well-generated finite complex reflection group. Then the following data:

Vo=Vl don_ g THOH (5.53)
iz ()
dOzH
* 1= ® oo (5.54)
I;{ am(p) e
o,
E :=p'— (5.55)
opt

where
* H is a collection of reflecting (hyper-)planes
* «ay is a covector defining a reflecting (hyper-)plane

* 7y is the unitary projection onto the unitary complement of H

the collections of weights {7y} mey and {o g} ney are G-invariant and satisfy the
normalization conditions

> umy = iden (5.56)
HeH
> opm = iden (5.57)
HeH

VO is the trivial flat connection on C", with flat coordinates (p', ...., p")
define a flat F-structure on the orbit space with respect to the action of G on C™.

Proof: First, we prove the connection V° + A« is flat and torsionless for any
A. Using the definitions (5.53) and (5.54) one has

dOéH
an(p)

Vit de=Vr— )

& (TH — )\O'H)aH
HeH Y

=W
Observe that the collection {wy } yey is also G-invariant. Then, applying Looi-

jenga’s result of [36], one gets the flatness of V° + Ax. The zero torsion condition
is obvious. Moreover

d FE
V*EVOE—Z aH( ) idcrL—ZTHOéHO

THOH
au(p)

HeH HeH

Similarly, one proves that *E = idc» (i.e. E is the unity of x). [ ]

Remark 5.54 Recall that any Coxeter group is automatically well-generated. Therefore
the orbit space of any Coxeter group can be equipped with two flat structures defined by

the theorems and (5.53).
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We have seen that the orbit space of any well-generated complex reflection group
can be endowed with structures:

1. The first structure generalizes the notion of Saito coordinates without the
necessity of a metric

2. The second structure generalizes the notion of V-system

One question arises naturally: it’s possible to define a bi-flat F-manifold struc-
ture on the orbit space of a well-generated complex reflection group having the
natural structure of the form given by theorem and dual structure of the
form given by theorem (5.53). If this question has an affirmative answer:

* Which choices of weights are allowed?

e What is the relation (if exists) between the flat structure and Dubrovin’s
polynomial structure given by proposition (#.37)?

Remark 5.55 Let G be Weyl group of rank 2, 3 and 4, or the dihedral group I,(m), or

any of the exceptional well-generated complex reflection groups of rank 2 and 3, or any of
the group G(m, 1,2) and G(m, 1,3), then the corresponding orbit spaces admit a bi-flat

F-structure. In all these cases the number of parameters appearing coincides with the

number of orbits for the action of the group on the collection of reflecting (hyper-)planes

minus one. For details see [13]].

For a well-generated complex reflection group, the number of orbits is 1 or 2 (this integer

is related to the length of the roots corresponding to the reflection group). Moreover, in

all these cases the weights {o} coincide, up to a multiplicative constant, to the order of
the (pseudo-)reflection corresponding to the (hyper-)planes H.

In particular, if oy = Ty for any H, the flat structure coincides with Dubrovin’s struc-

ture defined by proposition associated with the considered Coxeter group.

It’s worth highlighting that, even in the Coxeter case, the corresponding bi-flat F-structure
might be not uniquely defined. In order to elucidate such a theory, in the next section we

will study the bi-flat F-structures on the orbit space of Bs.
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6 Flat structures on B,

Recall that B, is the symmetry group of the square, in particular, By = D, (where
D,, denotes the dihedral group of order 2n).

Moreover, since B, is a Coxeter group, it’s automatically well-generated. There-
fore we can equip the orbit space of B,, following [3], with a bi-flat F-structure,
where the two underlying flat structures are given by the theorem and
(5.53). Let (p',p?) be a system of Euclidean coordinates of R?. Recall that the
general basic invariants for B, (up to rescaling factors) are

ut = (p')* + ()

where c is a real constant.

First, applying Dubrovin-Saito’s procedure we reconstruct the unique polyno-
mial Frobenius manifold structure on the orbit space of B,. The contravariant
Euclidean metric, written in (u', u?), reads

4u? (8¢ + 1)(u)? + 8u? )

ij _
g (u) <(80+1)(u1)2—|—8u2 (3202—;8c+1) (u1>3+ (6402+8)u1u2

where g% (u) = Y77 _, 555597 (p).

The unity field has the form e = 5.
We define the Saito flat coordinates (t!,¢?) as the basic invariants such that Saito
cometric 9
. . q*
(% (o
77 - ‘Ceg - 81,[/2
reduces to a constant non-degenerate matrix. Thus we have

i 0 8
n(u) = (8 (64c+8) 1)

T U

Hence (u', u?) are the Saito flat basic invariants (¢!, ¢?) for ¢ = —
We reconstruct the Frobenius potential by the equation system

1
5

B2 ispik 9,0, F (t) = g% (t) (6.1)

fori,j = 1,2, where d; = 2,dy =4 and 0, = 8‘1.
(6.1) reads explicitly

320,0,F 640,0,F\ _ [4t' 4t
648182F 968181F o 4t2 @

Thus by integrating one gets

F(t) = = (t")° + £t (¢%)? (6.2)

By rescaling ¢* — £t', F takes the form

F(t) =8t + 1 (¢%)° (6.3)

15
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6.1 Bi-flat /'—structures on B,
6.1.1 The dual product *

Let’s consider the dual product

d

(@51 (p) b
as(p) = p°
as(p) =p' —p°
as(p) =p' +p°

e 1 ={H,, Hy, Hs, H,} is the collection of reflecting lines, with H; := Ker(a;)

e 7 is the orthogonal projection obtained via the Euclidean cometric g = §%,
with components

i s (QH)s (@H)j . (OéH)z'(OéH)j
)i = 9 o ol — TlanlP

* {01,09,03,04} is a collection of Bs-invariant weights such that

E ogTH :idRZ

HeMH
then
T
0] = 09 =
! 2 r+y
Yy
O3 = 04 =
Tr+vy
indeed
x ~ ~ ~ ~ .
D> outn = T+ y(aH1 D am 1 © )+ ywH3 9 am 1 ® Q) = idg
Her idgs idgs

Thus the structure constants associated with the product (6.4) reads

dm= 3 or(om)i(om);(om)k

’ nass  cnllanll®
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In particular, one has the rational functions of (p', p?)

() — (z+y)(p")? — z(p?)?

T G (02— PP)

1 ol — o2 _ —yp2
c15(p) = 31 (p) = c11(p) (a:—i—y)((p1)2 @2)2)
i () (25(p) — (2 —yp'
e (PR
2 (1) = z(p')? — (= +y)(p*)?

Cog

@y ((1)? - (7))

6.1.2 The natural connection V
Let (u',u?), defined by
ut = (p')* + ()
2
u? = () (") + () + (v)%)
where c is a real constant, be a set of general basic invariants for B,. In particular,
dy = deg(u') = 2 and dy = deg(u?) = 4.
We assume (u', u?) to be a system of flat coordinates for V (i.e (u',u?) are gener-
alized Saito flat coordinates).
Using formula (1.16), i.e.
op* 0%u®
L) = 5 =5
ou® Optop?
one obtains the following rational functions of (p', p?) for the Christoffel symbols
corresponding to the connection V:

(6.5)

p o (G D) - (07)
H (p')? — p'(p?)?
4c + 2)p!
., =rl = _(—
PO ()2 — (p?)?
F2 o 4C(p1)2
11 7 2/.1)2 23
p*(pt)? — (?)
4c + 2)p1
F2 — FQ — (
2R (ph)?2 = (p?)?
p_ (e =1 + ()
2 P*(pt)? — (p?)3
r2 (e =) — ()
- (p')2p% — (p?)?
6.1.3 The unity field
We define the unity vector field
e= 0 (6.6)
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6.1.4 The Euler field

We define the Euler vector field

0 0 0 0
_ 1 2 g1 2
FE = P apl —|—p ap2 = dlu aul -+ dQ'U, au2 (67)
FE is normalized so that (5.21) reads
le, E] = dqe

6.1.5 The natural product o

The natural product o is given, in terms of the dual product *, by
XoY =(ex) ' X xY

for any vector field X and Y, where (ex) ' denotes the inverse of the linear endo-
morphism ex.
Denote M := (ex)'. Hence the structure constants of x are given by the formula

i 1 S%
Cip = Mscjk

for i, j,k = 1,2. We want explicit expressions for c}, in terms of (p', p*), thus we
have to write the vector e in the same coordinates.
By applying the vector transformation rule one has

o _opt 9  op* 0

‘T2 " 0op 9oy

Then e in the coordinate system (p', p?) has components

1

op! 1
ot N ( 1)2_( 2)2
2

p? ((pl)L(pQ)Q)
We obtain the rational functions of (p!, p?)

p' (z(p')* — 2(0*)* —y(»*)?)
T4y

Ay (ph)2
01220512031:_—?” v)

1 _
Ci1 =

r+y
10,212
2 2 1 yp (P )
C = C = C = -
12 21 22 Tty
AP (0")? - 2(?) —y(p*)?)
Cog = —

T +vy
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6.1.6 The compatibility condition and the constraint on the weights
Recall that the compatibility condition between V and o is given by
ViCjk = V]ka
for i, j, k,s = 1,2. In particular, Vc}; = Vacl; and Vi3, = Vac}, read
p'p*(x — y)
T4y

A"z —y) _
r+y

=0

which are true if and only if x = y and for any real c.
Hence one has 01 = 0y = 03 = 04 = 3.

6.1.7 The dual connection V*

Recall that the Christoffel symbols corresponding to the dual connection V* are
given by the formula
I =T0 — ¢V E"

for i, j, k = 1,2. Then we have the rational functions of (p', p?)

(4c+1)(p?*)* — (p*)?

1x
N = e i)
* * * 40]92
F%2 = F%l = F%l = _(p1>2 _ <p2)2
4ept

Fzz = Fé = Pﬁ = W
—(4c+1)(p")? + (p?)?
(p1)2p? — (p?)?

One observes that V* can be written in terms of a Dunkle-Kohno connection

~ d
V::VO—Z an ®TH7TH
iz ()

2%
FQQ -

with suitable weights {75 }. Let ffj be the Christoffel symbols associated with V.
It turns out that

(211 + 73+ 74)(p")? + (13 — w)p' — 271 (p°)°

f%l =
2((p")? — p*(p*)?)
f_f1 _pe (S mp = ()t
2((p")? = (»*)?)
[, =%, =1, = B (o o
2((p")? = (p*)?)
T2 (—2m2 — 75 — 1) (p?)* — (13 — 7a)p* + 272 (p")?
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Then p
a
V*:VO—Z a ®TH7TH
Hen “H (p)
form =71 =—4c—1and 5 = 74y = 4ec.
In particular, for ¢ = — one observes that I =, ie. VF =V — x.

Remark 6.1 The collection of weights {o1, 02, 03,04} is By-invariant. This fact ensures
the flatness of the connection V* (see [36]]).

6.1.8 The vector potential A

It turns out that the above data define a bi-flat F-manifold structure (V, V* o, *, e, E)
on the orbit space C?/B,, for any choice of the parameter c.
Recall that the structure constants corresponding to the natural product o, written
in generalized coordinates (u', u?), define the vector potential Ap, = Ap,(u) (up
to a polynomial of degree one) by the formula

i(u) = 0:0;A%,

fori,j,k = 1,2 and where 0; = %.

Using the transformation law of a (1, 2) tensor field

ouF op” Op?
~k _ s
cij(u) - 8}95 aul au]‘ er(p)

one gets

e = —(de+ Hu'!

5%2 :%1 2532 =1
5%2 - Egl - 5%2 =0
& = —c(de+1)(u)?

Therefore we get the equation system for Ap,

6181141 = —%(86 + 1)u1

DA =1
8282141 = 0
By integrating one obtains
Ap,(u) = =5 Bc+ 1) (u')? + u'v? (6.8)

Similarly for A we have the system

0101 A% = —c(4e + 1) (u')?
010,A%2 =0
Dy02 A% =0

Therefore one has

A3 () = —elde + 1)) + 2 (1) 69)
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Remark 6.2 Summarizing, we got a bi-flat F-structure, assuming e = 3%, for any
value of ¢, for a unique choice of {01, 02, 03,04} (which coincide, up to a multiplicative
constant, to the order of the reflection) and for certain values of {T, T2, 73,74} (which
depend only on c). Then we have a family of bi-flat F-structures parameterized by a
single real parameter. Furthermore, the number of parameters coincides with the number
of orbits for the action of By on the collection of reflecting (hyper-)planes minus one.

One question arises naturally: does this bi-flat /’-manfiold admit a Frobenius
structure with its dual structure gauged so that V*E = 0?

It’s natural to guess that if such a structure exists it coincides with the polynomial
Frobenius manifold on the orbit space of B, with prepotential (6.2).

Recall that (see propositions and (5.31)), in order to obtain a Frobenius
structure, one has to check if there exists a flat metric » invariant with respect
to the product o, compatible with the connection V and such that the Euler field
acts a conformal Killing vector field for .

The flatness of n implies that, in generalized Saito flat coordinates, it reduces to a

constant matrix
_ (T The
! (7721 7722)
The compatibility condition between 1 and o
MisCir = NjsCik

(where 4, j, k = 1, 2) written in (u', u?), yields the equation system for the compo-
nents of 17 and the constant ¢

my = —4u! (n22(® + Hul + (e + 3))
T2 = 721

which has solutions

M1 =122 =0
T2 = T21
c=—1

8
In general, the invariant metric 7 is defined up to rescaling. Rescale 7 so that

-0

Moreover, éE acts on 7 as a conformal Killing vector field, indeed

(di+d;) 0 (o)
_ s s s _ (ai+dj _ d
Lpnij = E°0snij+ O,E° nsj + O;E° i = = 2n; = 8 (dy+ds) o
=0 =g =digs ’

2 do "t

= —(dl:l;dQ)??zj = (2 —d)n;
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where d = 3. Hence the existence of the metric n endows the orbit space of
B, with a Frobenius manifold structure of charge d = %. The corresponding

2
Frobenius potential is defined by

Th'sAsB2 = 0;F'p,

0
ou’*
{82FB2 = %Ul’LLQ

O Fp, = 1o (u')* + 6 (u?)?

fori=1,2, where 0; =

Then we have the system

By integrating one obtains the polynomial prepotenital

Fp,(u) = 7555 (u')” + f5u' (u)°
The existence of a unique structure of polynomial Frobenius manifolds of charge
d = 5 on the orbit space for B, is also guaranteed by the Theorem [&.38).

Remark 6.3 Observe that this prepotential coincides with (6.2), which was obtained by
applying the Dubrovin-Saito procedure. Furthermore, for ¢ = —3 the generalized Saito
flat coordinates coincide with the standard Saito flat coordinates.

6.2 A modified construction for B>

In view of the definition of flat F-manifold, the components of the unity vector
field, written in flat coordinates, are constants.

Following Dubrovin-Saito and Kato-Mano-Sekiguchi constructions, in the previ-
ous example for the orbit space of By, we assumed that the flat coordinates are
polynomial basic invariants for B, and that the unity field has the form

0

T ou?

e (6.10)
where u? is the basic invariant of the highest degree. The last assumption is natu-
ral since the vector field e is not affected by any change in the choice of the basic
invariants and for homogeneity reasons.

Now, following [8], we will study the bi-flat F-structures on B,, defined as previ-
ously, by removing this hypothesis on e.

The compatibility condition between o and V

s s
Vicj, = Vjci

fori, j, k,s = 1,2, is fulfilled by the following set of solutions:
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Solution 1. corresponds to the one-parameter family of bi-flat F-manifold struc-
tures with vector potential of components and (6.9).

Following the same steps outlined before, solutions 2. and 3. lead to the following
Frobenius potentials

Fi(u) = %(u1)2u2 + %(u2)2(log(u2) — %) (6.11)

respectively, where the unity field has been normalized so that

0

and the invariant metric has been rescaled so that

01
n= (1 0) (6.13)

Observe that these prepotentials are related to focusing/defocusing NLS equa-
tion
i; + Qoo + 2M|g|*q = 0

where A = +1, respectively, as follows.
Recall that the evolution equations

i ityi ok
Uy = Cjk:X(jl)uz
where [ = —1,0, 1, ...., define two chains of commutating flows, where
At = n"%0,0,0, F.
ik n sUiUs L+

denote the structure constants corresponding to the Frobenius manifolds related
to the prepotentials F; respectively.

Recall that is a tensorial expression, thus it holds true in the Saito flat co-
ordinates (u',u?) corresponding to the Frobenius manifolds associated with FL.
We take as the primary field X(_;) = ;2. Then the primary flow (l = —1)

ul

i it xd ok itk it 1 it 2
Up, = Clgp X(_q) Uy = ClplUy = Ci1 Uy + Cro U
—

=57

reads 1+ 1 1+, 92
Crq Uy + Cip Uy
(Uéo) I == (ul)
up ) | dr e+ ul | \ul
= =

i.e. the wave equation uj, = u} (for i = 1,2). Observe that the primary flows
don’t depend on the choice of the prepotential F; or F_.

Recall that the components X{ ), of the higher vector field, are given by the recur-

rence relation
i i+ vk
0;X(p) = X (p-1)
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for i = 1,2, which for p = 0 reduces to
9; X (iO) = C;jf

since X - (5]

Then X and X ) are obtained by solving the system

It turns out that X, = u' and X7 = u*.
Let’s consider the flow corresponding to ¢;

— Aty
Ut1 ¢ X(o) .

which explicitly reads
up, = Cgll:ftX(] )U = op X(o) Uy + Cop X(zo)u +e1y X(lo)u + C% X(20) us
| S |  S—
e = = SR

uf, = CJQ‘ZEX(JU)U]; = IC2_i|X(10)uz + Cgic X( ) Ug + Clét X(o) uz + ngt X(2)
=0 71 — 2 71 _ 1 —O
then

1 2
ul, = ulul +u?
{ ! 1 (6.14)

uy = viuy +ulul = (u'u?),

This system coincides with the dispersionless limit of the evolutionary PDEs as-
sociated with the defocusing/focusing NLS equation respectively. Indeed the
focusing/defocusing rescaled NLS equation (with 2 — €2 and 2 + e2)

1€q; + %EQQM + Agl?¢ =0

can be reduced by the substitution

w = |q|?
v=5 -1

to the equation system

w; = (wo)

u

which in the dispersionless limit ¢ — 0, and with the identifications w = —u? and
v = u!, coincides with the system (6.14).
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6.3 The case of B; and By

We want to study the bi-flat /'-structures, following the scheme exposed before,
for the group B, with n > 2.

The computation turns out to be very cumbersome and it seems hopeless to carry
out all the steps without some additional assumption.

Motivated by the solutions 2. and 3. of the compatibility condition it’s
natural to study bi-flat F'-structures associated with two prescriptions of weights
{on} Hen as follows.

Recall that the number of orbits for the action of B,, on the collection of reflecting
(hyper-)planes coincides with 2 for any n.

Let (p’) be an Euclidean coordinate system for R".

Let I be the orbit containing the (hyper-)planes {p’ = 0}, where j = 1, ..., n.

Let II be the orbit containing the remaining (hyper-)planes, i.e. {p* —p" = 0} and
{p*+p" =0},wheres,r=1,...,nwithr #r.

So we consider the following choice of weights:

* ou = 0if H is one of the (hyper-)planes belonging to the orbit I, otherwise
oy = 1.

* oy = 01if H is one of the (hyper-)planes belonging to the orbit II, otherwise
og = 1.

It turns out that the first choice of weights leads to a Frobenius manifold structure
for n = 3, 4. Moreover, the corresponding prepotentials have the form

Fp,(u) = :(0*)® + v'v*u® + S (u')*e® — 2(u?)? + (u?)?log(u?)

72

FB4 — L(u1)4u4 + %(u1)2u2u4 _ i(u2)4 + u1u3u4 + %(u2>2u4 + %u2(u3)2 _ %(U4)2 +

3
2

(u")*log(u”)

While the second choice does not produce any bi-flat structure, since the compat-
ibility condition between V and o isn’t fulfilled.

Remark 6.4 The above solutions of WDV'V can be obtained also from solutions of WDDV
equations associated with extended affine Weyl groups of type A,, by a Legendre trans-
formation. For instance, the details of the Legendre transformation between Fg, and the
prepotential associated with Agl) can be found in [44] while for details of the Legendre

transformation between Fp, and the prepotential associated with AL we refer to [17]
and [51]].

In order to prove the existence of a Frobenius manifold structure on the orbit
space of B,, for any n > 0, we will use a different strategy. The key observation
is that in all the above examples (n = 2, 3, 4) the intersection form has always the




90

same form, i.e.

1
By, = (1) P
’ plp? 0

1 1
0o - L1
) p1p2 p11pS
gBs = pip? 0 P23
1 1 O
plp®  p2p3
0 1 1 1
p?pt  plp3  plpt
1 0 i 1
1,2 2,3 2,4
. p?p3  p
gB4 - f? 1 O Ip
1,3 20,3 34
Pt P ) pg
plpt  p2pt  pipt

Then it’s natural to consider the intersection form g = (¢*/) defined by

16V
pip

i .

Starting from g we will prove the existence of a flat pencil of cometrics and the
existence of Frobenius manifold structure on the orbit space of B,,, for any n > 0.
The proof relies on a suitable generalization of Dubrovin-Saito’s construction. In
particular, the proof of the existence of the Saito metric follows the scheme of
[46], proposed by Saito-Yano-Sekiguchi, while the reconstruction of the Frobe-
nius manifold structure requires overcoming some additional technical difficul-
ties with respect to the standard procedure exposed in [15], by Dubrovin, due to
the non-regularity of the corresponding (homogeneous) flat pencil.
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7 A flat pencil of cometrics associated with B,

The main reference of this section in [8].

Starting from the previous examples (B, B3, Bs), whose prepotentials contain
logarithmic terms, we generalize the construction of a Frobenius structure for
any B,

In this section, following [8], we will see that, taking the Lie derivative of g = (¢*/)
with respect the second highest degree invariant polynomial u,,_; we obtain a
new cometric 7 = (") so that the pair (g,7) form a linear flat pencil of cometrics,
which is also exact, satisfies the Egorov property and the homogeneity condition.
First, we will prove some preliminary lemmas concerning g, which, in this setup,
plays the role played by the Euclidean cometric in the standard case. Analogously
to the Euclidean case, we will observe that g turns out to be B,, invariant and flat.

7.1 Invariance of g with respect to the action of B,

Let (p') be a system of Euclidean coordinates for a n-dimensional real vector space
V. First, we observe that

Lemma 7.1 The metric of components

1 P
o= (g 0 ) 7.)
and the cometric of components
g (1 —6%)
Woim ———= 7.2
g p (7.2)

are inverse to each other.

Proof: First we consider " g Then one gets

9" gir = zn: Lo O | (1— 5ik)pipk = En: L ri | (1 —6%) =
‘ n—1 ’ ipk n—1 ’

- I
1 1
S ()= Y v
1,i#k 1,i#£k 1,i#k
—— ——
=T ik 151 =0

Next we consider ¢*ig;, it turns out that

ki ‘ il —

j iil

1 ! 1 ! -2 —2 !
SR P S P BT VI
n—1pk n—1 pk n—1 n-—1)pk

iitlk
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The next lemma shows that the metric introduced above is invariant under the
action of B,. Recall that the action induced by a Coxeter transformation on a
cometric is given by the tensor transformation law of a (2,0). Moreover, the in-
variance of the corresponding cometric follows immediately.

1

Proposition 7.2 The metric g = (g;;), where g;;(p) := (-5 — &) p'p’, is invariant

under the action of B, on V = R".

Proof:  Recall that the action of B,, on V is generated by reflections with
respect to the (hyper-)planes

{r =0} (7.3)

where j =1, ....,n and
{p' £p =0} (7.4)
wherei,j =1,...,n with¢ < j. We denote by A,; the Jacobian of the transforma-

tion associated with the reflection with respect to the hyperplane {p’ = 0}, and
analogously for AL ,.

We observe that the matrix A,; is a constant diagonal matrix with 1s on the main
diagonal except in position (j,j) where there is —1. Under the action of the
reflection with respect to the (hyper-)plane {p’ = 0}, the metric transforms as
Agj gA,i (p = p) where g is the matrix associated to the metric, 7" denotes transpo-
sition and p = p means that after the matrix operations have been completed, the
metric is rewritten in terms of the new coordinates p’ = p’ for i # j and p/ = —p/.
Now, it is immediate to see that the action of A, on g is to change the sign of
all terms that contain p’ except the diagonal term (-1 — 1)(p’)%. Then once it is
rewritten in terms of the coordinates p, the metric coincides with the original one.
As for the reflections with respect to the (hyper-)planes {p* — p’ = 0} we argue
as follows. The matrix A,i_,; is a constant matrix with 1s on the main diagonal,
except in position (i,4) and (j, j) where there is zero and it has 1 in position (4, j)
and (j,7), while all the other entries are zero. Notice that A); ; = A, and
that A,;_,; is the matrix representation of a transposition. Therefore, when A,:_,;
acts on the left on a column vector, it exchanges the positions of i-th and j-th
components of the column vector but it leaves the other unchanged. Similarly,
when A,;_,; acts on the right on a row vector, it exchanges the positions of i-th
and j-th components of the row vector but it leaves the other unchanged. Thus,
AZZ’ _pi 9Ayi_pi = Api_pigAyi_pi is obtained from g first exchanging the i-th and j-th
rows and then exchanging the i-th and j-th columns (or first working with the
columns and then with the rows) and leaving the rest unchanged. By the form
of the columns and rows of g, after performing the change of variables p* = p*
when k # i,5,p' = p/ and p/ = p', A%, ;g A, coincides with g.

Reflections with respect to the hyperplane {p’ + p’ = 0} are obtained as com-
position of reflections with respect to the hyperplanes {p’ = 0}, {p’ = 0} and
{p" — p’ = 0}. To see this, just observe that the matrix A, is a constant matrix
with 1s on the main diagonal except in positions (7, j) and (¢, i) where there is 0,
and it has —1 in positions (7, j) and (j,7). Therefore A, = A, A, Api_,i. Now
invariance follows from the previous paragraphs. The proposition is proved. MW
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Definition 7.3 We define the elementary symmetric polynomials { f1, ...., f,,} to be the
functions, in the variables y', ..... y", define by

frly) == Z Yyt (7.5)

1< <. ... < <n

where k =1,....,n.

Remark 7.4 Let u’ be the polynomials defined by

u’ =1 (7.6)
u' = filpts - pn) (7.7)
wherei =1, ....,n and
uf =0 (7.8)
where k > n.

We can take {uy, ...., u, } as a set of basic invariant polynomials for B,,.

Lemma 7.5 The cometric g = (g"), defined by (7.2), can be written in terms of the
invariant polynomials
g ou ou’
i (1) = ———g" 7.9
g (u) o ot (») (7.9)

and it is well-defined on the quotient. Moreover, for any i and j, g" (u) is a homogeneous
polynomial in the p-variables of degree 2i 4+ 2j — 4, which depends at most linearly on
u"t. In particular,

gt (u) = 4(n* —n) (7.10)

Proof: The homogeneity of the functions ¢ (u), as functions of the p-variables,
is clear.
Since all invariant polynomials are really polynomials in (p')?, ..., (p")? no mat-
ter which ones we choose, then % contains a factor p* that cancels the factor p*

in the denominator of ¢ (p) and similarly for %ipf. Thus ¢ (u) are polynomials in

the p-variables, and since it is invariant by Proposition it can be written in
terms of the invariant polynomials, and thus it is well-defined on the quotient.
As u' is a homogeneous polynomial in the p-variables of degree deg(u') = 2i, see
(77). Furthermore, deg(p*p'g* (p)) = 0 for any k and [, see

Then

deg(§9(u)) =2i —14+2j — 1 —2=2i+2j — 4, (7.11)

as a function of the p-variables.
It turns out that deg(u™™!) = 2n — 2.
Consider the entries "/ (u) above the anti-diagonal, i.e. for i + j < n+ 1. We have

deg(§7(u)) =2(i+7) —4<2(n+1)—4=2(n—1) (7.12)

so those entries can not depend on u™ .
All the entries with (4, j) such that n + 1 < i 4 j < 2n depend at most linearly
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on u™~!, since in this range we have 2n — 2 < deg(§”(u)) < 4n — 4. Finally, since
u = (pt---p ) it is immediate to see that each term in the sum (over k and )
3" (v) = g (p) 2 o ‘Z’;k contains u". Since deg(u") = 2n and deg(§""(u)) = 4n — 4,
we can write §""(u) = u™ f, where f is polynomial in p of degree 2n — 4, so f can
not contain u™~*. This proves the claim. Now

. out du? 1— oM
R e

4 ) (1= =4n®-n),
thus proving (7.10). |

n

7.2 Flatness of g

Recall that the Christoffel symbols, written in the local coordinates (p’), corre-
sponding to the Levi-Civita connection V defined by the metric g are the func-

tions
1 & OYim  OGim 00
Ik (p) = _E g ! gm _ 24 .

m=1
On the other hand, the contravariant Christoffel symbols associated with V are
defined by

I (p) : Z 9" ()T, (p) (7.14)
We have the following:
Lemma 7.6 Let g the metric defined by (7.1), then the corresponding Christoffel symbols
read
, 1
I (p) = p and Ffj (p) =0 otherwise. (7.15)

Proof: In the following proof all the metric coefficients and all Christoffel
symbols depend only on the p-variables. To prove (7.15), first one computes

8gim 0 1 s i m
op  Op Kn—l %)pp }

1 )
= ( - 5¢m> (0;ip™ + djmp")

n—1
p p
This yields

mk agim+agjm_agij _
op? opt  Op™

5 6 S O Sim O
mk %) mj ] mi im mj
im | = + + Gim | =5 + —gij | —+ =2

I {g (pz pm> % (P pm> gj(pl P”)]
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which inserted in (7.13) gives
8ii | 1 & 1 &

Th=21= g™gm+— Y 0" gm

J 2 [pz Z Pl ; J
mk mj . mk 5mi
Zg gzm o + 9" G

m=1 p

Gij 1 mk 1 ¢ mk

_7 —.Zg 5im+EZg 5mj

7
p m=1 k=1

l\'>|’—‘

:Q(%+%) SN AN T
2 \pt P 2\ f 2\ 7 P
i.e.
= (B )
voo2 \p M
which entails the thesis. |

Proposition 7.7 The metric is flat.

Proof:  This can be proved by direct computation of the curvature tensor
using the Christoffel symbols (7.15). A quicker way to do this is to introduce the
connection 1-form

=T kdp

and the corresponding curvature 2—f0rm

i g i k
Q= dw; + wp ANw;

In view of (7.15) one has that

i (7.15 d )
wi = Tiydpt & ; = d(log(p")) (7.16)
and
wi = Tidpt B (7.17)

for i # j. Then

Q! = dw! + wi AWk P CO (log( )) +d(log(p")) A d(log(pi)z =0

W—/ -
.17 i _0 =0
= wi/\w-
and
Q) = dw' + w,’C/\wf =0
~—~ —
1D, wf/\wj-zO
for i £ j.

Recall that the following formula holds true

(R(X,Y)) = QI(X.,Y)
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where X and Y are arbitrary vector fields and R = (R},
corresponding to the Christoffel symbols I'};.

Thus the vanishing of the curvature two-form entails the vanishing of the curva-
ture tensor. A third way to prove the flatness of g is to observe that the connection
defined by is a logarithmic connection with weights that are invariant un-
der the action of B,, (see Example 2.5 in [12]). [ |

) is the curvature tensor

Remark 7.8 In the flat local coordinates y' = # the cometric reads

~ij Ay’ Oy’
g’ (y) = s Ok
Op* dp
Lemma 7.9 The cometric is invariant under the action of A,, on V.

g*F(p) =1— 6 (7.18)

7.3 Definition of 7

In this section, we introduce a new cometric 7 defined as the Lie derivative of the
cometric g with respect to the second highest degree basic invariant polynomial
for B,,. First, recall the following:

Lemma 7.10 Let

f(z) = En: iz (7.19)

i=1
9(2) = i 97" (7.20)

i=1

be two complex polynomials of degree at most n, then the following identity holds true:
f@)g(y) — f(2)g(y) _ Z": by 721)
Ty i,j=0
bij := %(Uj-i-k—i-lvi—k — Ui kVjikt1) (7.22)
k=0

here m;; := min{i,n —1 — j}.

Proposition 7.11 The partial derivative with respect to the vector field 59— of the in-
tersection form (g" (u)) is given by the formula

g ij o
n’(u) := %gun(_l? =4(2n — i — jHutirl (7.23)

Hence (0’ (u)) is a non-degenerate Hankel matrix with all vanishing entries above the
anti-diagonal. In particular, the entries of the anti-diagonal, i.e. i + j =n+ 1, are

N () = 4(n - 1),
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Proof: Let’s define

n n

h(z) =Y 2" =T+ ()% (7.24)

k=0 =1

where the former equality holds true in view of the Vieta’s formula.

One has o
y "L (1= 6°F) Ou' O
Uly) = el ’
g ( ) s%::l pspk Ops Opk
one has
I & 1 1—5Sk)8u ol o
—_ Uu nzn]__ xn—zn—j
o 1 - (]‘ B 58k) 0 i 2
A= Py 310(2 )3k(: )
wW=1 1 1—55’“8< an)@( >
4 ; ppt Op* op*
iz "L (1 —6°F) Oh(x) Oh(y)
4= ppt opr opF
Since
Oh(x J “
M) O T+ %) = 20 [T + (09)
p p =1 l#s
then

-z L ohz =S T+ ) T+ 092

ppk ap kll;és q#k
=S [T+ 00 (X T+ 097)
s=1 l#s k=1 q#k
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and

"L 0% Oh(x)Oh(y) 1~ 1 Oh(z)Oh(y)
"Z __Zz(p

(Pt Op Op* k)2 opk  op*

which yields

i gz‘j(u)xn—z’yn—j _ h/(l‘)h,(y) o h/(y)h({ﬂ) B h/<$)h(y)

x —_—
ij=1 y

Since b/ (z) = Y ,_ é(n k) "+ (see (7.24)) deriving both sides of the previous
identity with respect to u"~! we obtain

LN~ 099 W) iy O (e B @)h(z) — B (x)h(y)
4 & 8u”—1x y ~ Qunt W)k (y) = x—y
b=~ —
=% (u)
= () 1) = (= ) = )+ o) + () )
_ hly) — hlx) + zh(z) — yh'(y)
T —y '
Now, applying the Lemma (7.10) one gets the thesis. |

Remark 7.12 From now on, since we want n*"~"**(u) = 1 for all i, we normalize the
cometric " dividing it by 4(n — 1). Thus, using (7.10) we have that

g™ (u) =n (7.25)

Remark 7.13 We observe that the matrix (n"?), defined by (7.23)), is lower anti-triangular.
Moreover, in view of the formula (7.23), each entry is a polynomial function in (u*) and
its determinant is a non-vanishing constant. Then we have the following:

Lemma 7.14 The metric n=* = (n;;) depends polynomially on the (u') as well. More-
over, (n;;) is also lower anti-triangular.
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Proof: Let p,()\) be the characteristic polynomial of the matrix associated
with 7. It is a polynomial in A\ with coefficients that are polynomials in the en-
tries of 1) and thus they are polynomials in the u’s. By Cayley-Hamilton theorem,
pp(n) = 0 identically, then

py(n) =n" + Cnoa" 4 an + ool

where ¢y = (—1)"det(n) and I denotes the identity matrix. From this, we get
immediately
-1 _ (_1)n—1 n—1 n—2 I
n —WO? + o 4 el

from which it is clear that the entries of ! are polynomials in the us, since det(n)
is a non-zero constant and all the other terms depend on the us as polynomials.
To show that it is also lower anti-triangular, it is enough to observe that every
lower anti-triangular matrix can be obtained as a product LA of two matrices,
where L is lower triangular and A is the matrix with all ones on the anti-diagonal
and zero in the other entries. Furthermore, it is well-known that the inverse of a
lower triangular matrix is lower triangular while the inverse of A coincides with
A. This immediately shows that 1! is also lower anti-triangular. u

7.4 The pair (g,7n) is a flat pencil of metrics

Recall the definition of flat pencil of metrics:

Definition 7.15 A pair of metrics (g(1), g(2)) forms a flat pencil if the following condi-
tions hold true:

® The metric
9= 90) + AJe2)
is a flat metric for all \.

e The contravariant Christoffel symbols T} of the metric g are of the form

Iy = F;j(l) + )‘FZ]@)

forany A

In this subsection, we will show that the pair (g, ), where g and 7 are defined in
and (7.23), respectively, gives rise to a flat pencil of cometrics on the orbit
space C"/B,,.

Our proof is based on the Lemma Recall that

Proposition 7.16 If for a flat metric g on some coordinate system (z', ..., z™) both the
components (g (x)) of the metric g and the contravariant components I}/ (z) of the as-
sociated Levi-Civita connection depend at most linearly on the variable x*, then g, := g
and g, defined by

g;j(x) = 8aclgij(x)
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form a flat pencil if det(g (x)) # 0. Moreover, the contravariant components of the
corresponding Levi-Civita connections are

I, (@) == T¥ (2)

[, () = 0T ()
Remark 7.17 As a system of coordinates on C"/ B,, we choose the set of basic invariants
(ul,...,u") defined by [7.7). Under this assumption, Lemmal7.5|entails that the cometric
defined in (7.2)) descends to a metric on the quotient space having the properties required
in the Proposition where the role of x' is played by w"~'. To conclude the proof, we
are left to prove that the contravariant components I'; (u) of the Levi-Civita connection
defined by g satisfy the conditions stated in Proposition More precisely we will

prove that

Proposition 7.18 The contravariant components of the Levi-Civita connection defined
by g are polynomial functions of (u', ..., u"), moreover, they depend at most linearly on
u"t

We will split the proof of this proposition into two lemmas.

Lemma 7.19 The contravariant components of the Levi-Civita connections defined by g,
written in the coordinates (u', ....,u™), are polynomial functions of (u', ....,u™).

Proof: Denote by I',(p) the Christoffel symbols in the p-variables and by
I'"; (u) the Christoffel symbols in the u-variables. One has that the transformation
law for the Christoffel symbols induced by the chance of coordinates p — u is
given by the formula

opt ?u¢  Op' dut oub
ouc Op'opl ~ duc Op* OpJ

I (p) (7.26)

Multiplying both sides of (7:26) by ¢*i(p) 24 24 dp/, we obtain

Opk opl

ouf ou? ouf ou? opt 0*uc | . ,
o Ty + gV (p)
op* opt duc Op'Op?

Now, observe that in the two terms of the right-hand side of the above expression
u? op!
Opl Ouc

= ¢¢, so it simplifies to

oul ou

o o oo
opk op!

oul Put b
WWW +9"(p) ok op I (u)du’.

=g/ (u)

9" (p) I (p)dp’ = g*(p)

Using the definition of contravariant Christoffel symbols one gets

f 92,4
Ou O i 1) dut (7.27)

d
o l?l ': ki el
LY (p)dp’ = g™ (p) o0 Iy op

ou' ou? Opt Ou® oub ,
- ——T"¢ (u)d,
opt opt duc Opt OpI w()dp’
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The contravariant Christoffel symbols I'¥*(p) = —g™(p)T'®,(p), using the formulas

(7.15), read | |
TR L PR a1

- kmOkl —
pipEp™ pi(pk)?

which, inserted in (7.27)), yields

(1—=0")oul 0%u® | . Ouf Oud (6" —1)6y;
. i dp. 7.2
p'pk Opk Op'op * op* opt - pk(pt)? P (7.28)

T/ (u)du® =

Rearranging the right-hand side of (7.28) one obtains

1 ouf o%ut . oul du 4y,
Z p'pF Op* Opiop? - Z opk opt p’“(pl)zd
ki g ki kL kAl

Splitting the first sum in j in j = ¢ and j # 7 one has

1 oul 0*u 1 ouf 0%l ouf ou? 1 ,
> '+ Y = ) W dp’

k ik k 7 k 2
W PP Opk (Op7)? ki g P'PE OP" Op'Op Wi O Op7 ph(p7)

which can be written as

1 ouf ( 0*ud  Oul 1> : 1 oul 9%t |
) S — oA+ D : ——dp’  (7.29)

k 2 ink Opk Opi
o PP opF \ (9p?)*>  Op p/ bi T PP OPF Opop

Recall that

1<i1 << <n

Itis immediate to check that first term of vanishes identically, since u', . . ., u"
are polynomials of degree 1 in each of the (p’)? (i.e. each monomial has degree 1

or 0 in (p%)?). Furthermore, the second term does not contain any denominator,

since they are simplified (unless d = 1 in which case the second term is identically

zero). Hence one obtains that

1 ou" 9*uf .
e’ = > o oo™ 730)
kighrigri D P Opk Optop’

whose right-hand side is a 1-form with polynomial coefficients in the p-variables.
We conclude the proof as follows. Since the left-hand side of is B,-invariant
(see [50, Theorem page 3]), the right-hand side is so. Now, as the latter is a 1-form
with polynomial coefficients, the coefficients of the left-hand side are necessarily
polynomial functions in (u', ..., u"). u

Remark 7.20 The previous argument is the same used in the proof Lemma 2.1 in [18]].
However, while it is evident that the left-hand side of Formula (2.8) in [18]] is a 1-form
with polynomial coefficients, the polynomiality of the coefficients of the right-hand side of
(7.30) was not so and it needed to be shown.
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To complete the proof of Proposition we are left to show that the contravari-
ant components of the Levi-Civita connection of ¢ depend at most linearly on
u"~*. This result follows from the following;:

Lemma 7.21 For any choice of indexes, the following inequality holds true
deg(Ts (u)) < 4n — 4. (7.31)
Proof: First we will show that for every choice of the indices
deg('g,(w)) = deg(u®) — deg(u”) — deg(u’) (7.32)

To this end, we start noticing that, if not all the indixes in the left-hand side of
(7.26)) are equal, (7.15) implies
1 2,,¢ 1 a b
Op O 0P OUOU pe ) — g,
ouc Optdpl ~ Ouc Op* Op’

which yields
Puc Outoud
apzapj + apl ap] ab(u)
This identity, together with the definition of the invariants (ul, ..., u™), implies
that I'¢, (u) is a homogeneous polynomial of degree

deg(u®) — 2 + deg(u®) — 1+ deg(u’) — 1 + deg(T%,(u))
or, equivalently, that
deg(Tgy(u)) = deg(u®) — deg(u®) — deg(u”)
On the other hand, if in (7.26) i = j = [, entails

oul _ ou i %E)_ubrc (1)
api pi o 32pi api 6pi ab

which implies that
deg(u) — 2 = deg(T'S, (u)) + deg(u®) + deg(u®) — 2
or, equivalently, that
deg(I'g,(w)) = deg(u®) — deg(u”) — deg(u’)

proving (7.32). To conclude the proof of the lemma, it suffices to note since
I (u) = —g% (u)T%;.(u) and deg(u’) = 2i (for all i = 1,...,n), one has

deg(FZi(u)) = deg(gsj(u)) + deg(Fék(u))
deg(u®) + deg(u’) — 4 + deg(Fék(u))

deg(u®) — 4 + deg(u') — deg(u")
=25 42— 2k —4<4n—6<4n—4=2(2n—2)
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Remark 7.22 One has that
deg (T3 (u)) = 25 + 2i — 2k — 4 (7.33)
for any choice of indexes.

Corollary 7.23 Since deg(u"~') = 2n—2, it follows from Lemma that the functions
'3 (u) depend at most linearly on u"~*, for any choice of the indexes.

Summarizing, we get the following:
Theorem 7.24 The pair (g,n) gives rise to a flat pencil of metrics.

Proof: The metric (g% (u)) is well-defined on the quotient, it depends at most
linearly on u"~! by Lemma [7.5|and it is flat by Proposition Furthermore, its
contravariant Christoffel symbols are also polynomial functions that depend at

most linearly on u"~! by Proposition [7.18] Therefore, since %/ (u) := aigjil (u) has
non-zero constant determinant by Proposition [7.11} (g,7) forms a flat pencil of
metrics by Proposition[7.16] |

Corollary 7.25 The cometric (n) is flat.

Proof: Since (g, n) form a flat pencil, by applying the Lemma[3.2Jone gets that
n is flat. [ |

We close this subsection with a result that will play a crucial role to prove the
existence of a Dubrovin-Frobenius structure on the orbit space C"/B,,.

First, recall some notions regarding the linear Pfaffian systems (see [30] for de-
tails). Denote by (', ...., 2") a standard coordinate system of C".

Let X C C" be an open domain of C" and af;(z) be holomorphic functions on
X, wherei,j =1,...,N and j = 1, ....,n with N positive integer. The first-order
(overdetermined) linear system

8uz~
Dl Z afj (x)ug (7.34)
k=1
of partial differential equation, with unknown functions {u(z),....,un(x)}, is

called linear Pfaffian system.
Let u to be the unknown column vector

Uy
w=| (7.35)
un
and let {A;(z)};-1...» to be the matrices of functions A;(x) := (af;(z)). So the

system (7.34) can be written in the form
ou

507 = Ail@)u
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Introduce the matrix Q = (Q!) of differential 1-form defined by

Q= ZAk(:U)dxk
k=1

Then the system (7.4) can be written in terms of 1-forms as
du = Qu (7.36)

Thus a linear Pfaffian system is also called a total differential equation.
For arbitrarily matrices {4;(x)};=1,. » there may not exist solutions in general.

......

Remark 7.26 We observe that a holomorphic solution u(x) of (7.36) is C> in C", then
in particular is C*. Thus we have
Pu  Ou
Oridxi  Oxidx

(7.37)
for any choice of indexes.

Definition 7.27 For a linear Pfaffian system (7.34), (7.37) is called the integrability
(or compatibility) condition. Moreover, if (7.37) holds true, the system (7.34) is called
completely integrable.

Remark 7.28 The integrability condition can be written in terms of ) as a flatness
condition
d1=QANQ (7.38)

Indeed, using the properties of exterior derivative one has that

0=d’u=dQu)=du— QAduy = (dQ2—QAQu
—

=(QAQ)u

Theorem 7.29 Assume that the linear Pfaffian system satisfies the integrability
condition . Then, for any a € X and any uy € CV, there exists a unique solution
u(x) such that u(0) = . Moreover, the power series expansion of the solution u(x)
converges in any polydisk centered at a and contained in X.

Remark 7.30 By interpreting ) as a curvature 1-form, equation reads as a zero-
curvature (flatness) condition.

We state a modified version of the Corollary 2.4 in [18].

Proposition 7.31 There exists a set of B,,-invariant homogeneous polynomials

{t'(p), 1" (p)}

with deg(t*(p)) = 2k, such that (n"/) reduces to a constant matrix in the coordinates
(', .. 7).
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Proof: In [18] the existence of a flat and homogeneous coordinate system was
proven, for all Coxeter groups, taking as g the inverse of the standard Euclidean
metric on R".

Let V be the Levi-Civita connection of (n%).
Recall that a flat function ¢ is determined by the following fundamental (linear)
system of equations

O — Vi =0 (7.39)
where 0, = 2, £; = 0;t and Yr; = Vi, (u) are the contravariant Christoffel symbols
corresponding to V. Recall that 7;;(u) = —nk(u)y¥ (u). Now, because of the

lemmmas and (7.19), the functions ~;;(u) are polynomials in (u', ..., u").
The flatness of (1/) yields the integrability condition 9;0x§ = 9,0;&. Now since
the linear is completely integrable, one may apply Darboux’s theorem: the
space of solutions of is a linear vector space of dimension n, i.e. a general
solution is of the form

n

5@' = Z Cagz‘(a)

a=1

where {c,} are constant and {¢(®) = (55“))} are linearly independent fundamental
solutions of (7:39), i.e. £%(0) = 02 Since 7;; are polynomials in (u',....,u"),
they are also analytic functions in (v, ....,u™). Then applying the Theorem (7.29),
one concludes that {¢(*)} are analytic functions on a polydisk. We define the flat
coordinate system (¢!, ...., ") by

dt® = ¢

where a = 1,....,n and so that t*(0) = 0. Here the integrability of the system is
ensured by the exactness of the 1-forms {¢W, ..., (M} (that follows from the van-
ishing of the torsion of V). Moreover, the functional independence of (¢!, ....,t")
follows, by definition, from the linear independence of the 1-forms {¢®), ..., ¢},
It’s clear that the functions (¢') are analytic as well.
We have to show that the system of solutions (¢/(u)) is invariant with respect to
the scaling transformations

u' sty
where i = 1,...,n, d; ;== deg(u’) and c is a constant.

Denote
tut, . u™) = (Mt L ™)

Using the chain rule one has

%0t (u, ..., u”)—kvfj@kf(ul, ey u™) = ichig,0t(al ..., a")%—cd’“ﬁj(ul, e UM ORL(E . ")
3 3 (7.40)

where v’ := ¢%u’ and 9; = 2. Recall that the functions % (u) are quasi-homogeneous

polynomials in (u’) of degrees deg(v%(u)) = dj, — d; — d;, then

1

0 ) = 2 oy ) 7.41)
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therefore (7.40) vanish identically. So (¢'(u)) are quasi-homogeneous functions in
(ulw...,u”). .
Since 9;t7(0) = ¢7 and ¢(0) = 0 the flat coordinates have the form

t =o'+ flut, ..., 0. u")

where f is a quasi-homogeneous function of the same degree of u'. Then (¢, ...., t")
has positive degrees (d', ...., d") respectively.

Since all the degrees are positive, the power series expansion of ¢*(u) must be a
quasi-homogeneous polynomial in (u',....,u™). Now, in view of the invertibility
of the transformation u' — p’ we conclude that ¢'(u(p)) are homogeneous poly-
nomials in (p', ..., p") of degrees deg(t'(p)) = deg(u') = 2i. |

Lemma 7.32 In our case, the flat coordinates of Proposition can be further chosen
so that:

N7 (t) = ims1-; (7.42)

The coordinates so defined are called Dubrovin-Saito flat coordinates.

Proof: By Proposition[7.31flat coordinates for (1)) are homogenous invariant
polynomials with distinct degrees. Therefore, in order to prove the claim of the
Lemma, by Corollary 1.1 in [17] it is enough to show that there exists a system of
flat coordinates (¢!, ...., t") such that Nun(t) = 0. Consider the contravariant metric
n written in the u—Variables see (7.23). Observe that " (u) = 4(2n—n—n)u™"' = 0.
Recall that 7, (u) = det(n adJ( )nn, where adj(n) = CT and where C is the cofactor
matrix of 1, whose entry (i, j) is (—1)"*/ times the (7, j) minor of 7.

Since 7 is lower anti-triangular, its (n,n) minor is zero, therefore 7,,(u)
Rewriting 77! in a flat coordinate system (t', . .., t") we have 1 () = 1, (u(t)) 55
Then

0.
u’ Oul
kot

out ou?
Nan(t) = nij(u(t))%%'

Observe that 24

27 = 0 for any i unless i = n, for degree reasons. Then

(1) = tuntu) (22) =0
nnn - nnn atn - 9
(no sum over n) since 7,,(u) = 0. [ |

Proposmon 7.33 The contravariant Christoffel 4,’ of the Saito metric 1, written in the
coordinates (u', ....,u™), are given by

71? (u) = 4(n — )0k itj—n-1 (7.43)

Moreover, using the above formula one can verify that the polynomial invariants u', u"
and the function 7, see Formula (8.3) in Section |8|below, are flat functions.

Remark 7.34 It is also immediate to verify that, in the Dubrovin-Saito flat coordinates,
g (t) = n, up to a possible rescaling by a constant, see Remark
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Remark 7.35 The same results of this section can be obtained writing the A, -invariant
cometric in a suitable set of A,,-invariant polynomials of degrees 1,2, ..., n obtained
combining the elementary symmetric polynomials

= Y e

1<t << <n

where k = 1, ....,n, in a suitable way (like in the case of B,, with (p*)* replaced by 2y").
The drawback of this "interpretation” is that the dual product does not seem to admit a
natural explanation in this context in terms of reflecting (hyper-)planes.
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8 Dubrovin-Frobenius structure of NLS type on C"/ B,

In this section, we will show that the flat pencil of metrics, given by Theorem
(7.24), defines a Frobenius manifold structure on the orbit space C"/B,,.

8.1 From flat pencils of metrics to Dubrovin-Frobenius mani-
folds

Recall some notions regarding the flat pencil of cometrics. One can prove that
any Dubrovin-Frobenius structure defines a flat pencil of contravariant metrics,
and, conversely, that a Dubrovin-Frobenius structure can be defined starting from
a flat pencil of metrics satisfying the following three additional properties (see

chapter3).
e FExactness: there exists a vector field e such that
Lg=n  Ln=0 (8.1)

where L. denotes Lie derivative with respect to e. This condition play an
important role in the theory of evolutionary bihamiltonian PDEs both in the
dispersionless and in the dispersive cases (see for instance [28]).

* Homogeneity: the following condition holds true:
Lpg=(d—1)g (8.2)
where E? := gily;el.

» Egorov property: locally there exists a function 7 such that

e =n"0,T E' = g™ 0, (8.3)

Exactness implies that [e, E] = e and by combining this with the homogeneity
condition one obtains

‘CET) = £E£eg = *CeﬁEg - *C[E,e]g = (d - 2)77 (84)

Moreover, for Dubrovin-Frobenius manifolds the vector fields e and E coincide
with the unity vector field and the Euler vector field respectively.

To prove that the flat pencil (g,7) induces a Dubrovin-Frobenius structure on
C"/B,, we will start to show that the (g,7) is exact, homogeneous and that it
satisfies the Egorov property or, using Dubrovin’s terminology, that it is quasi-
homogeneous.

Lete = —2 . Denote 9, = a%k for all k. Recall that

Fun T
N =42n —i— j)utIt (8.5)
Then

Lemma 8.1 The pair (g,n) form an exact pencil.
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Proof: The first of (8.1) is true by definition and the second follows from the
fact that  does not depend on u™~* as it can be inferred from formula (8.5). [ |
Moreover

Lemma 8.2 If 7 is given by

— 1 o (n—=2) 0
T.—4<n_1) <u —2<n_1)(u)> (8.6)
then
e = n"o;r, (8.7)

so the first of is fulfilled.
Proof: The proof is by a direct computation. Using and (8.5), one obtains

n

=g o (e )

j=1
1 i2 (n—2) i1

“an—1"T T am 12"

(2n —i— 2)ui+1—n ~ (n=2)2n-1-1) i—n,,1
= 1) (n— 1)

(.8)

Since u* = 0 for all k < 0, if i < n — 1 both summands in (8.8)) are zero. If i = n,
(8.8) becomes
(2n_n_2)un+l—n_ (n_2><2n_n_1)un—nul: B ul — B wOu :O7

(n—1) (n—1)2 (n—1) (n—1)

since u° = 1. Finally, if i = n — 1, one obtains

Er—(m=1=2) 1 === =D
(n—1) (n—1)2 ’

which proves our statement since e’ = 47 _,. u

Lemma 8.3 Defining

E' = g"0;r (8.9)
one has that ' ' 4

E' = g"nyel, (8.10)

so that the second of is fulfilled.
Proof: This follows from and from (8.9), recalling that n"/n;, = 4;. ]

Similarly, one can prove that

Lemma 8.4 The vector field E has the following form

1l 0
F g o 10
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Proof: The proof follows at once from (7.7), and (8.9). First one computes

O(u')? i1

One observes that 12 can be written as

n

u’ =) )+ f ")

i=1

where f is a homogeneous function that doesn’t depend on p’. Therefore

ou? , .
i 2p7ut — 2(p’)?
Which yield
or 1 pul .
opi — 2(n—1) {n—l _(p])g}
Then
i i 0T @@ 1 " (1 —6y) pjul_ .
E'=yg (p)@ = 2(n — 1) ]z_; pipd [n 1 (p;)g}
1 ul
B 2pt(n — 1) ; {n— 1 (p’)ﬂ
1 (n—1)u! ;
S 2pi(n—1) { n—1 1+(p)2}
_
- 2(n—1)
since Zj;,éi(pj)2 =u! — (p*)% -

Recall that deg(u*) = 2k, and that ¢'* is a homogeneous polynomial of degree
2k 4 2] — 4 (in the us). From this it follows:

Proposition 8.5 We have that
Lpg=(d—1)g, (8.12)
where d = 1 — 255, therefore condition is fulfilled.

Proof: First one observes that

k
k k
= 1
Lg(du®) = 1)du (8.13)
where (du¥); := 9;u”. Indeed, in component, one has that
1 ok ok ok k k
_ (PR — 8,7, . 0.uk) = a;
i 1) (0 0) = O + 0 ) = (50
=2kuk
)
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here we have exploited the homogeneity of the function uk
Using the homogeneity of the entries of (¢/) (see Lemma (7 ) one gets

(EEg)(dul, duk) = EE(g(dul, duk)) - g(ﬁEdul, duk) — g(dul, EEduk)
! Ik k Ik

:,C kl _
[+ k
_ kl Lk

I+k—2, I+k

-1 Ty

_ 2 i
~ -y’
- g(du', du®)
(n—=1)7
|
Before moving on, we observe that
Remark 8.6 If (f',..., f™)isany system of homogeneous coordinates in the p-variables

1 = o of7 o
E_2(n—1)k§pkapk_2n—1 Z Zapkafa
B YA
- n_lz(;’f )aﬂ

7=1
Zdeg f afﬂ

here we have exploited the Euler’s identity.
In particular, in our case we have

E= Zp —:2 o J’% (8.14)
iz

where (u’) are defined in (7.7).

Our next step in the construction of the Dubrovin-Frobenius structure on M :=
C"/B,, will be the introduction of the structure constants defining the relevant
product. To this end, recall that a homogeneous flat pencil (g,7) on M is called
regular if the endomorphism of 7'M defined by

Ri=VWE - vYWpgi (8.15)

is invertible, where, in the previous formula, V@ and V@ denote the covariant
derivative operators corresponding to the Levi-Civita connections of the metrics
n and g respectively.
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Under the regularity assumption, the flat pencil defines a structure of a Dubrovin-
Frobenius manifold on M whose structure constants are defined by

, - . Y
e = LT3 = TG (R (8.16)
where L; = g%, Flsg) and Fls(kg) are the Christoffel’s symbols of the metrics 7 and
g respectively.

From now on, unless explicitly stated, all the tensors will be written in the flat

Dubrovin-Saito coordinates, see Proposition and Lemma above. Since

in these coordinates Fls(,f) = 0 for any choice of the indexes, in order to keep the

notation more readable, we use directly the notation I', to denote the Christoffel

symbols associated to g (as we did in Section 5.4). Under these assumptions,
Formula (8.16) becomes

j s —1\J st —1yJ i —1yJ
C;lk = _Lhrlsk(R 1)? =g Uihrlsk(R 1){ = nhiFkZ(R 1)?: (8.17)

see [5] and references therein.

Remark 8.7 One can prove that the flat pencil of metrics (g,n) defined above is not
reqular. To this end it suffices to recall that (see formula (3.42))

) d—1 .. .
Rj = =56, + V] E, (8.18)

J

which, in our case, entails
. — 1) .
ri= U= (8.19)

J n—1 J-
In fact, sinced = 1 — %, using the Dubrovin-Saito flat coordinates, which are invariant
homogeneous polynomials in view of Proposition (7.31), one has that

od—=1 . , 1 ‘ . ' 1)

- n—17 n-17 n-1"
which has a vanishing eigenvalue.

Despite our flat pencil of metrics is not regular, we will be able to prove the fol-
lowing;:

Theorem 8.8 The flat pencil of metrics (g,n) gives rise to a Dubrovin-Frobenius struc-
ture on C"/ B,, generalizing those computed explicitly for the cases n = 2,3, 4.

The proof of this result will consist of the following steps:
(i) Definition of the structure constants of the product.
(ii) Proof of the commutativity of the product.
(iii) Existence of a flat unity vector field.

(iv) Identification of the metric n with the invariant metric of the Dubrovin-
Frobenius manifold.
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(v) Identification of the cometric g with the intersection form of the Dubrovin-
Frobenius manifold.

(vi) Symmetry of the tensor Ve.
(vii) Associativity of the product.

In all steps of the proof we will work in Saito flat coordinates. In order to prove
the last step we will preliminarily prove that the functions

g dr\ .,
by = (1 +d; - 7F>c,g (8.20)
coincide with the contravariant Christoffel symbols of the cometric ¢g. This will
allow us to obtain part of the associativity conditions as a consequence of the
vanishing of the curvature.

We start with a preliminary lemma:

Lemma 8.9 In Saito flat coordinates the contravariant symbols of the Levi-Civita of the
metric g satisfy

9T = g°T¢ (8.22)

4Tk = iy (8.23)

th Fhm

= e (m)# (L) (8.24)
h m

where T?* are the contravariant Christoffel of g in Saito flat coordinates.

Proof: Recall that the following identities hold true (see (3.25), (3.26), (3.27)
and (3.47)):

oAk = g 8.26)
ATATE = AFAY, (8.27)
AYRT = AY(RTY) (8.28)

where the tensor AJ* is given in terms of the Levi-Civita connections V" and
V@ by the formula

ik isTlk slyjk . IsTjk isTlk
Agy = T (77] L) —9 Fs(n)) = Nim (77 Dl — 9 Fs(n)) -

In Saito flat coordinates Fg(kg y = F{k, Ff(kn) =0, Agk = F{k and 7,; = 0; p4+1—j. Then

the above identities reduce to identities (8.21)), (8.22), (8.23) and (8.24). [ |
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8.2 Step 1: Definition of the ¢;s

As we have already mentioned, the definition of the Dubrovin-Frobenius struc-
ture on C"/B,, cannot completely rely on since the endomorphism R defined
in (8.19) in not invertible. On the other hand, the loss of information is restricted
to the case R} = 0,1i.e. i = j = 1, see Formula (8.19).

In this way, Formula permits to define all the ¢/, except the ones with i = 1.
In other words

] ) Fhi
o 1= ””;f (8.29)
for all 7 # 1. We observe that
nt1—j,i
i @ T
chyy = 7 (8.30)
Furthermore, the commutativity of the product entails
=i 1=k
k i (8.31)

R R

)

We highlight that the above equality holds true only in Dubrovin-Saito coordi-
nates.
The remaining ¢}, will be defined by the following formulas:

ch =t (8.32)
for any (i, j) # (n,n), and
o= (”t_n D (8.33)

Since Rf are constants in Dubrovin-Saito coordinates, the structure constants cfj,

defined in (8.29) and (8.32), are homogeneous polynomials of the p-variables of
degree

deg(ch) B deg(rr =) BB o 1 i) 42k —2j—4 = 2An—1—i—j+k) (8.34)
for k # 1, and

deg(cy;) = deg(c 1) K 2n—1—-n—i+n+1—j)=2n—i—j) (8.35)

1

nn’/

In particular, note that, with the exception of ¢
=0 (8.36)

forall i, j, ksuchthati+j>n+k— 1.
Notice that due to the corresponding prepotential cannot be defined when
t" = 0. As a consequence the Dubrovin-Frobenius manifold structure, we are go-
ing to study, is defined on the orbit space of B, less the image of the coordinate
(hyper-)planes under the quotient map.
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Remark 8.10 Hereafter, we will normalize the degree of the p-homogeneous polynomials
by m accordingly with the expression of Euler vector field, see (8.11)). In other words,

we will set )

where fy, is any degree 2k, homogeneous polynomial in the p-variables. For example

n—1+k—i—j

dy—14+k—i—j := deg (Cf]) = n—1 (8.38)
and Lo
. ) —
diJrj,Q = deg (g”) = ﬁ (839)
see [7.11) and (8.34).
8.3 Step 2: Commutativity of the product
We have to prove that ' '
Cik = Cpj- (8.40)

for any choice of the indexes.
For i # 1 this follows automatically from (8.31)), indeed

n+1—j,i n+l-k;
_ Ty _ Fj

Cip = jr = Cj

Fori =1,k =n,j # n we have

o & i = el
Fori¢=1,j = n,k # nit's enough to read the above line backward.
Fori =1,k # n,j # n we have

1,n+1-k s _ -~ s
1 n+l—k I'; [rti=jntl=k [rtl—kntl-j

Jk nj n+1—k n+1—k n+1—j
Rn+1fk RnJrlfk Rn+1—j
Since I} /9 = F;ﬁﬂ_l’g for any choice of the indexes, taking f = n one has that

1 1—
09 =170 then

1nt+l1—j

_ Ty _B30 nt1-j ol

C T el T T Ok = Gy
n+1—j

8.4 Step 3: Existence of a flat unity vector field

We now prove that the unity of the product defined above is the vector field
e = 52—, such that

oun—17

i ko si
e’ = 03,
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For i # 1 this follows from the results for regular quasi-homogeneous pencil (see

[15]). For i = 1, since e* = 6* |, we have
1ok 1
Cik€ = Cina

This means that we have to prove the identities

Cl -

= 0

for j = 2,....,n. Recall that (see (8.38)) ¢} are polynomial functions in the (p')

l] ]
of degrees deg(cf,) = ““"2I* then deg(c}, ;) = =%, therefore for j # 1 they
vanish identically.
For j = 1 we have

. n k _ <n
=cne’ =0,,

where the last equality follows from the fact that ¢/, " = &} for i # 1.

It is immediate to check that Ve = 0. Indeed, since " is flat, the passage from
the coordinates (u',,,,,,u") to the flat basic invariants (¢, ,, , ,, t") does not affect
the form of e that remains constant in the new coordinates.

8.5 Step 4: Identification of the metric n with the invariant met-
ric.
We need a preliminary lemma:
Lemma 8.11 For any choice of the indexes we have
cp=cib =T, (8.41)
Proof: The casei =1, and (j, k) = (n,n) is trivial. If i = 1 and (5, k) # (n,n),
then
o €3 ik
Cik =

which coincides with the first of the (8.41). The second one holds true because of
the symmetry of the lower indices of the c§- , (formula (8.40)), indeed

1—i
Cn+1 k Cn+ 7

nj nj
—— =
32 1 1

Ifi#1and k #n(son+1—k # 0) we have

y 620 F n+l—ji

Cjk R% ’

and N
i @ e T M e I e,

SR = A R "

C
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and
i,n+1—k n+l—jn+1—k n+l—kn+1—j
wrior € L 620 Ly L1 B si+1-j €I o+1-j
Cn+1—i,j — nt+l—k - n+1—k - n+1—k - ck,n+1—z - n+1—z,k
n+1—k n+1—k n+1—k
On the other hand, ifi # 1,k =nand j #n
wpick _ 1 €D an €0 g@ T g
Cn+1—i,j - “nt+l1-i3 T “mnt+l-i T Rn+1,j - Ri = Cjn
— e ’
i
:cn+lfg,n

Finally if i # 1 and (7, k) = (n,n), then the three terms of the identity are zero, see
(8.36)). Indeed

2
n_l(—l—i—n)<0

2 2

deg(cfm):n_l(n—l—i—n—n):

deg(cyyiin) = n_l(n—l—n—n—1+i—n): n_l(i—Qn—Q) <0
for any 1. u
We have now all the ingredients to prove that
MisCil, = NjsCite (8.42)

This follows at once from (8.41) and from 7;; = §;,+1—,;. In fact, substituting
1 +—n —14+17in (8.41), one has

s _ onHl—i _ n+l—j s
NisCjk = C; = Cik = NjsCik

8.6 Step 5: Identification of the cometric g with the intersection
form.

We will now prove the identity
cé-kEk = g”mj; (8.43)

which amounts to say that the operator of multiplication by the Euler vector field
E, defined via the (8.30), and is the affinor, i.e. a tensor field of type
(1,1), defined composing (the covariant metric) n with (the contravariant metric)
g. To prove (8.43), we write E = E'0; and first we observe that written in
Dubrovin-Saito coordinates reduces to

R =VV"E - VYE = T\ F (8.44)

J J

which, for i # 1, yields

i g 1 i 1 ST g1 | s pi ©19 i
B ﬁUﬂFQEk = —ﬁﬁjlgl I, E* ﬁﬁﬂgl R g’

—sii
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On the other hand, the case ¢ = 1 and j # n can be reduced to the previous one.

In fact
B3 nt+1—j et 1—j ntl—j
C}ZEZ = Cnl—i-l JEZ =g +1 ],lnln =g +1-5,1 _ gllnlj
where the other equalities follow from the case ¢ # 1 and from the explicit form
of n. Finally, if i = 1 and j = n:

B3 n—1 n
AE B @ DL @B @y,
n n_

Note that in the first equality we used the explicit form of the Euler vector field,
in the fifth the normalization of g (see Remark [7.34) and in the last the explicit
form of 7.

This identity (8.43), multiplied by the inverse of (7;;), implies that
gh = cékEknjh = c?kEknji. (8.45)

In other words the cometric g can be identified with the intersection form.

We prove now an useful identity that we will use later.
Lemma 8.12
g d = g"c (8.46)
for any choice of the indexes.
Proof: If m # n, 1 # 1 and for any ¢

. n+1—m,l l,n+1—m
(8.30) sts @ ist

is 1

sm - g ] = 9 n+1l—m
R Rn+1fm
~ i,n+1-m ~
62 Ly B3 15 ni1-m EED s
o g Rn+1 m g Cn-i—l—i,s = g Cps-
n+1—m

If m #n,l =1and i = 1is trivially true.
Ifm+#n,l=1andi#1

- 1Ln+1-m
is 1 " gzs n+1l—-m - zsrs

9 Csm - Cns Rn+1 m
n+l-m
. i,n+1-—m 5
(8.22) lst 1s nd+1—m @4 15 4
o Rn+1 m n+l—i,s 9 Csm-
n+l—-m

If m =n,l =1and ¢ = 1is trivially true.
On the other hand, if m =n, [ =1 and i # 1 we have

s 1 1s 2 is 1

(glscgn g csn)En_(g Csk, — 9 Csk)Ek

1s ir is 1r

=9 9 NMrs—9 g Trs
:0’

and this implies g'*c!, — g**cl, = 0 since E" = d,u". The first equality follows
from (843) and from the fact that holds true if m # n,l = land i # 1,
see the previous computation. On the other hand, the last equality is obtained
trading r with s in (for example) the second summand. Finally, since ¢ and [
appear symmetrically in (8.46), the case m = n, i = 1 and [ # 1 follows from the
previous computation simply exchanging the role of i and /. |
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8.7 Step 6: Symmetry of Vc
In Saito flat coordinates the vanishing of the curvature of the pencil implies
d,TIF = 9Tk, (8.47)

for any choice of the indexes, where I'Y/ denote the contravariant Christoffel sym-
bols of the metric g (see formula (3.28) written in Saito coordinates). This obser-
vation entails that

Proposition 8.13
Dscly = Oyl (8.48)

for any choice of the indexes.

Proof: 1f k # 1, then (8.48) follows from the definition of the structure con-

Tk .
stants. In this case we have ¢}, = %, where ¢ are constants. Then
k k
o.cy = Tro.rt B Lo - o), (8.49)
k k

If £ = 1 we want to prove that
aSC}l - alc}s

Observing that deg(dyc;;) = 2(n — i — j — s), see (8.35), one has that deg(d,.c;,,) =
2(n — s). Then ¢}, = 0 for any s # n. Therefore, if k = 1 and (j,1) = (n,n), the
right-hand side of is zero unless s = n when this identity is trivially true.
Moreover, if s # n, then also the left-hand side of is zero since ¢}, depends
on u" only. Finally, if £ = 1 and (j,n) # (n,n), then

1 _ g1 _ g ntl— 6D o ny1j o 1 _ 51
Dscy = Oscpy = Dscyy = Oicps 7 = Oieg; = Oicy

8.8 Interlude: Structure constants of the product and Christoffel
symbols

Let
2

n—1

dp=3—d=2+

and let

&=, (8.50)

for any choice of the indexes, where ¢/, were defined in (8:29), (8-32) and (8.33).
Let

y d g
b = (1 +d; — 71”’) ¢ (8.51)
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Remark 8.14 Note that

forallj=1,...,n

We will prove that
Theorem 8.15 The functions b}/, defined in [8.51), satisfy the following system of equa-
tions
g = b7 + b’ (8.52)
g 0t =g o (8.53)
wherei,j, k=1,...,n.

To prove this statement we need to prove the following preliminary lemma.

Lemma 8.16 Let ¢ = (czj) the (1,2)-tensor field defined by (8.29), (8.32) and (8.33).
Then
Lpc=c (8.54)
Proof: Letc = ¢!,8; ® dt/ ® dt". Recall that

Lpdt' = —=dt’

L’E& = —ﬁ&
deg(cly) = 2L

see (8.38) and (8.13).

Therefore, we observe that

EEC;‘k; - ESG C]k _a Z + a ES lsk; + ak-ES ’L - Zk,
N—— v \\/
_n— 1+7~1J k ik :n71 = 1 _nfl
n j n—

Then, in view of the Leibniz’s rule, one has

Lpc= (EEC;k)az X dt? X dt® + c;k(LE&) &® dt’ &® dt*
+ 0y @ (Lpdt) @ dt* + ¢4,.0; @ dt? @ (Lpdt®)

= C.

For later use, we observe that from the very last equality, solving for
(Lpcly)0; ® dt? @ dt* one obtains

Emamc’ljk - Cljk + djcljk - dlczjk - dkCZk’ (8.55)

where d; were defined in (8.37). [ |
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Once these preliminary results are settled, one can prove Theorem|8.15
Proof: First note that (8.43)) implies

gt =i B (8.56)
Then we compute
O(g7) = (e, E™) = 0 (Ol VE™ + 'l 0 ™ Byl (Bma,. ) + din'l

(8.57)
Using (8.55) to substitute £™,,,c),, in (8.57), we obtain

Oh(g”) = (cZk + dJCZk dlCZk)' (8.58)
Since the pencil (g, n) is homogeneous and exact,
Lgn=(d=2)n=(1—dp)n,

see (8.4) (here n denotes the contravariant metric). On the other hand, since 7 is
constant when written in the Saito flat coordinates, working with the covariant
metric, one has

0=Lg (00, 8)) = (Len)(, ) + n(LEds, A1) + 00y, L&)
= (dF - 1)77(81'7 al) — @Emn(ﬁm, (91) - alEmU(ai, 8m)
= (dp — D" —dim™ — dim",

which entails ' '
—nid; = n'(—dp + 1+ d;)
Inserting this identity in (8.58), one gets
O(g"") =" (2 + d; + dj — dp)cl, = (2 + di + d; — dp)c)]

This should be compared with

g g d N d
ot (1ea )t (1ra- %)

To this end, first one observes that the invariance of the metric n w.r.t. the product
implies

e = chm (8.59)
for any h,m,k = 1,....,n. In fact, in view of the invariance of the metric w.r.t.
product, one gets
m (8.50 m, i, m i,m m, hi .50 m
= o™ lk = 1" ]chk: € "' Jnﬂck = 67" ¢y, L & c

From this one concludes that

b +b) = (2+d; +d; — dp) ¢ = Ohg”
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To prove (8.53) we use (8.50), (8.51), (8.56) and we compute

gopk B pimes ph (1 +djy, — dg) ',
E5) 7™ g (1 + dy — d§> 7'l
.49 nimgsknhm (1 +dy — C%F) ,r}le;Zs
62 nimgsknhl (1 +dy — C%F) nlefiLs
€D im oy (1 +dj, — %F) 0" s

( - d X 5 o
l n]lcihEh (1 +dk o _F> 77zmck’ ngb:LSk’.

2 ms

|
Theorem implies that

Proposition 8.17 The functions b defined in (851) are the contravariant Christoffel
symbols of the metric g in the Saito flat coordinates, i.e.

b =TV (8.60)

for any choice of the indexes.

8.9 Step 7: Associativity of the product.

We start noticing that since (g, 7)) is a flat pencil, expressing the conditions of zero-
curvature for the Levi-Civita connection defined by g(\) := g — A in the Saito flat
coordinates, one obtains the following set of equations

dbl" — bk =0 (8.61)
bIbk — bFp =0 (8.62)

The first set of conditions (8.61) does not provide additional information since it
follow from the symmetry (in the lower indices) of V("c. Indeed

d ; 1\ B3 ; B33
(1 - g) (0.~ 0ett) 2 By (o - ack) B0 @63)

Let us consider the second set of conditions (8.62). First we note that using the
(851) and recalling that Rf = (1 + dy — %) for all k, these conditions can be
rewritten as follows

RER) (e = ce?) B RERY(iel* — el = RERJIP™ 0™ (¢ — chtia) = 0
(8.64)
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(no summation over j and k). The quadratlc conditions (8.64) entail the associa-
tivity of the product defined by the cj,, that is

C;LSCfnl = Cinscz,b
but when one of the index m, h is equal to n (of course, if both indices are equal
to n the statement is trivially true), For this reason, to conclude the proof we are
left to show that . ‘

C:llci?m = Czlcimw (8.65)
for all possible values of i, k, m. It is worth noticing that if £ = n the previous
identity is trivially satisfied. We start checking that

szlcirm - C?@lci’bm =0 (866)

forall (m, k,i) # (n,n,1).
bn+1—j,i

First recall that, since b“ = F” we have ¢t e =
direct computation

prtl=k.i

-—— by B30). Bya

il il a1 i1 2: il i1 (8-32),(8.30)
CriChm — CkiCnm = Cn1Ckm — Cr1Cnm T (cnlckm - Cklcnm) -
1£1
15 n+1—-m,l n+1—ki pnt+1—m,l
Ci Cn+1 m —C Cn+1 m+§ : b b bl bn (8-30), (8-24)
nl>nk k1 Rz Rl Rz Rl -
I#1 ¢ !

1i 1.1,n+1—m

i pntl-m
Ri Rn+1—m

ni pln+1—m
b bl

T pi pntl-m
Ri Rn+1—m

i pn+l—-m % n+1l—m
1#1 R’L Rn+1—m Rz Rn+1—m

1i 2.1,n+1-m 1 pln+l1-m n+1-—1,i 3 1,n+1-m
by bk +§: bLbk _ bk bn+1—l _
i pn+l—-m ] n+l—-m o

R’ Rn—l—l—m % Rn+1—m

ni pln+1—m
bk bn

i pntl-m  pi pnt+l-m %

Ri Rn+1—m Rz Rn+1—m 1#1 R
bbb byt o by Z b b
i pntl-m  pi pntl-m i pntl-m i pntl—-m =
Ri Rn+1—m RZ Rn+1—m 1#1 R Rn+1 —m R Rn-‘rl —-m

1¢ 1l,n+1—m
bl bk

i pntl-m
R R

n+1l—m

1i 1.1,n+1—m
_beh
% n+1—m
R R

n+l—m

=0.

Remark 8.18 In the previous computation, the fourth line follows from the third one,
applying to both b " and bt =" In the fifth line, the second summation
stems after declaring s = n + 1 — [ (and then s = 1) in the second summand of the
summation of the fourth line.

If (m,k) # (n,n) and ¢ = 1, (8.65) becomes
1 (8.67)

1 1 _
CniCkm = CkiCnm-

By (8.64), we know that

11 1
CitChm = CriCim

(8.68)
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for ¢ =1,...n — 1, since we are also assuming k # n and m # n. Therefore
can be rewritten in the following equivalent form

11 11 i
(CitChm — CrCim)E" =0,

since, for what already proven, the only non-zero contribution in this sum is the
one with i = n.

Using (8.43) one gets
1] 11 i1 il 1 0 i
(CitChm — ClCim) B = ey By — CyCin B

_ 1s l 1 s
=09 NsiCrm — Crtg Nsm

(3.46)
€D 1k, — g™ nem (8.69)

=0,

whose last equality is obtained changing s with [ in the second summand of (8.69).
Therefore holds true.

As already observed above, if m = k = n and for any 1, (8.65) becomes

l

i1
= CniCon = 0.

nn

chc
We are left to consider the case m = n, k # n and any ¢; that is we need to prove

CotChn — ChiCon = 05 (8.70)

nn

for k # n and for any i.
We first observe that ¢! ,c, . — ci,cl . = 0 for s = 1,...,n — 1 and any i, since for

i # 1 this is (8.66), while for i = 1 this is (8.67).
Therefore we can rewrite (8.70) in the equivalent form

i 1 s il s _
CnlcksE _cklcnsE _07

which, together with (8.43), yields

B40) s 1 s i
= Cy9 Nsk — Cyg TNsn =

This concludes the proof of Theorem 8.8 u

i s i _ls s s i
Cr1d Nsk = Cad Msn (CoMsk — CryMsn)g" = 0.

8.10 Conclusions and Open problems
In this section, combining the following:

¢ the procedure presented in [3] for complex reflection groups, which relies
on explicit formula for the multiplication and the connection of the dual
structure and a yields a possible expression for the intersection form

* a generalization of the classical Dubrovin-Saito procedure presented in [[18]
and [46], which shows that the candidate intersection form produces a ho-
mogeneous flat pencil of cometrics
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we have obtained a non-standard Dubrovin-Frobenius structure on the orbit space
of B,,. More precisely, such a structure is defined on the orbit space of B, less the
image of coordinate (hyper-)planes under the quotient map (where the intersec-
tion form and the dual structure constants are not defined).

In other words, the procedure of [3] allowed us to get explicit formulas in the
cases n = 2, 3,4 while the generalized Dubrovin-Saito procedure allowed us to
prove the existence of this structure for arbitrary integer n.

Two main questions are open:

1. For n = 2, 3,4 the dual product is defined by

with oz = 0 for all the mirrors in the Orbit I and oy = 1 for all the mirrors
in the Orbit II. Is it true for arbitrary n?

2. For n = 2,3, 4 the Dubrovin-Frobenius prepotentials

1 1 3
Fp, = (") £ (Int*—=).
1 1 3, ‘
Fp, = 6(752)3 + 1243 4 E(751)%3 - 5(#‘)2 + (32 Int?,
1 1 1 1 1
F. = AV D 22 T 24 g3l T 2)244 T 42432
9 4\2 3 4\2 4
- —(¢ —(t%)"Int

coincide with the solutions of WDVYV equations associated with constrained
KP equation (see [35]) and enumeration of hypermaps (see [26]), in partic-
ular the case n = 2 is related to the defocusing NLS equation and higher
genera Catalan numbers. Is it true for arbitrary n?

Both these questions, as we will see in the next section, have affirmative answers.
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9 Constrained KP hierarchies and central invariants

The main references of this section are [35] and [41].

In [35] Liu, Zhang and Zhou computed the central invariants of the bi-Hamiltonian
structure associated with constrained KP hierarchies. In particular, they all coin-
cide with ;.

The notion of central invariant of a semi-simple bi-Hamiltonian structure, which
possesses a hydrodynamic limit, was introduced by Dubrovin, Liu and Zhang in
[24]. Moreover, in [24] it was also proven that such invariants completely char-
acterize the equivalence classes of infinitesimal deformation of a semi-simple bi-
Hamiltonian structure of hydrodynamic type modulo Miura type transformation.
In [24] and [39] it was also conjectured that for any given semi-simple bihamilto-
nian structure of hydrodynamic type and a set of central invariants there exists
such a deformation of the bi-Hamiltonian structure. In particular, one has to ver-
ify the triviality of the associated third bihamiltonian cohomology, introduced in
[24]. In [40] the conjecture has been verified in the scalar case, while in [10] the
conjecture has been verified in the general case.

Given a bi-Hamiltonian structure, the notion of central invariant is an efficient
tool in order to characterize the associated integrable hierarchy of evolutionary
PDEs. For example, for the bi-Hamiltonian integrable hierarchy that controls a
cohomological field theory, associated with a semi-simple Frobenius manifold, all
the central invariants coincide with i (see [25] for details). This bi-Hamiltonian
structure is called topological deformation of its hydrodynamic limit.

Following [35], we will expose the notion of constrained KP hierarchy and its
corresponding bi-hamiltonian structure. In particular, we will consider the asso-
ciated central invariants. Then, we will recall the Frobenius manifold structure
associated with the constrained KP hierarchy. Following [41], this manifold has
a structure of Frobebius-Hurwitz manifold; furthermore, it is isomorphic to the
Frobenius manifold M, , exposed in chapter eight (thus conjecture 2 of page 124
is confirmed).

Such identification allows us to compute explicitly the structure constants associ-
ated with the dual product of Mg, confirming conjecture 1 of page 124.

9.1 Constrained KP and their bi-Hamiltonian structure

Let D be the ring of pseudo-differential operator of the form

> ho*

k<m

where 0 = a%' fr = fi(z) are smooth functions on R and m is an integer.
For any two pseudo-differential operator A = >, fid" and B = 3, gx0"
of D, their product is given by

E\ . 0 -
ap:= 32 3 () et

k<mji j<ma2
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For a fixed non-negative integer m, we define the pseudo-differential operator L,
depending on v, vy,_1, ...., v1, W, u, as follows:

L:=0"" 4 0,0" 4+ ..+ 00+ v + (0 —w) tu 9.1)

where the operator
(3 - w)_l = (lla_l + (12(9_2 + ...

is uniquely defined by the identity
(0 —w) (a0 +a0?+...)=1
We define the (n + 1)—constrained KP hierarchy by the following Lax equation:

oL
otk
for k =1,2,...., where [A, B] : AB — BA (A and B pseudo-differential operator).

The constrained KP hierarchy has a bihamiltonian structure defined as follows.
First, denote

= [(L7) ., L] 9.2)

B:=L,=0"" +0,0"" + ...+ 10+,

the differential part of L. Given a functional

F:/f(v,vm,....)dx

with a suitable domain of integration, where v = (v, ...., v, ), we define the varia-
tional derivative with respect the pseudo-differential operator L by

SF 6F 6F GF 1

5T =38 T5u Tsuwl? W

The variational derivative of F' with respect to the differential operator B is de-
fined by

6F . ;0F

55 = ; O G

while 2 denotes the variational derivative.
Recall that the residue of a pseudo-differential operator is defined by

res( Z ak8k> =a_,

k<m

It can be proven that the variation of the functional F, defined by

"\ F oF OF
OF = / (Zzl —5vi(x)5vi(x) + 5u—(m)5u(x) + —&U(x)éw(x)) dx

can be represented as
OF
= —0L
OF /res(5L5 )dw
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For two functionals F' = [ f(v,v,,....)dz and G [g(v Yz, ....)dz, denote their
variational derivative with respect L by X := 2£ and Y := 2. Then the compati-
ble pair of Poisson brackets for constrained KP h1erarc:hy are given by

(F.G}u) = / res([L, X4)Y — [L, X].Y)dz 93)
{F,.G} o = /res((LY)+LX — (YL){ XL+ 5 X[L, Ky])dx (9.4)
where Ky := 0~ 'res([L,Y]). Define the Hamiltonians

Hk ::/hk(v,vx,....)dx

for k > —n, with densities

E4n+1

hy = kiZilres(L n+1 )

Thus it follows that the constrained KP hierarchy (9.2) has the following bihamil-
tonian representation:

STV = {v(x), Hi}q) = {v(2), Hiens1 } ) (9.5)
k

for k > 1.

9.2 Central invariants

Consider the bihamiltonian structure given by the pair of Poisson brackets

SF ., oG
{F.G}a = / BRI (9.6)

for a = 1,2, where the local functionals F' and ¢ are defined on the jet space a
n— d1mens1ona1 manifold M with local coordinates (w', ...., w"). The Hamiltonian
operators P g yand P J , are given by the formulas

k+1
i g I k—l+1
Py =gl (w)0s + Ty (W)wh + ) e Z AL (W W, o, DLW )OS (97)
z>1
for a = 1,2, where w = (w!, ..., w"). In the above formula the matrices (gzz ), for

a = 1,2, are assumed to be non-degenerate and symmetric with entries smooth
functions of w', ..., w". For e = 0 we get a Poisson bracket of hydrodynamic type.
The functions A?j;l(a) are homogeneous polynomials of degree [; here we define
the degrees of the jet variables as

deg(OFw’) = k

fork<0Oandj=1,....,n
Recall that the semisemplicity of a bihamiltonian structure is characterized by the
following proposition (see [17] for details):
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Proposition 9.1 The n roots \'(w), ...., \"(w) of the characteristic polynomial
det (gEQ) )‘9(1)) 0

constitute a local coordinate system of the manifold M in a neighborhood of a semi-simple
point p € M. We call them canonical coordinates for the bihamiltonian structure on M.
Moreover, the leading coefficients of the operators P(” and P”) in canonical coordinates
reduce to the diagonal matrices

2 = F(A)Y
9y (A) = N ()57

respectively.
Denote
Pioy(A) = 55 AT 0@ g
y ON' . ON
Qoy(A) = uk 120, gl
for a = 1,2. The central invariants ¢;(\), ...., ¢, () of the bihamiltonian structure
are defined by

B 1 Z ” g()\ — \iP! ))
)= s (G~ O TovPumy ) o9

Now, introduce the dispersion parameter € in the constrained K P hierarchy
and its bihamiltonian structure defined by and (©.4), by the following rescal-
ings:
0 0
otk ok
0 9,
% — 6@ :

Then, for the two pseudo-differential operator A = 3", frd*and B =3, _  g,0"
of D, their product reads as - -

- 3 d(f)nGhpe

k<mi j<ma
Similarly, after rescaling, the constrained KP hierarchy takes the form

oL _k_
% = [(L"+1)+,L]

for k > 1, where the Lax operator is given by

L:=D"" 40, D"+ . +vD+v+(D—w)tu
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The corresponding compatible pair of Poisson bracket and (9.4), after rescal-
ing, read as

{F,G}q) = % / res([L, X4]Y — [L, X].Y)dx (9.9)
{F,G}@) = % / res((LY)4LX — (YL), XL+ 25 XL, Ky])dx (9.10)

Remark 9.2 It can be shown that the Poisson brackets and for the con-
strained KP hierarchy have the form (9.6).

Thus using the formula (9.8), one defines the central invariants associated with con-
strained KP hierarchy.

Following [35], we recall the following fundamental result:

Theorem 9.3 The central invariants associated with constrained KP hierarchy coincide
with 2.
24

9.3 Frobenius manifold underlying constrained KP hierarchy

We know that the central invariants of the bihamiltonian structure associated
with constrained KP hierarchy coincide with 3;. This characterizes the topologi-
cal deformation of the principal hierarchy of a semi-simple Frobenius manifold.
Indeed there exists a (n + 2)-dimensional semi-simple Frobenius manifold M un-
derlying the constrained KP hierarchy. Let’s consider the LG superpotential

u
A(p) — pn+1 4 ,Unpnfl + ...+ V2P + 1 + m (911)

The data of the Frobenius manifold M are given by the residue formulas given in
section 4. In particular, the invariant flat metric reads

o5}

OA(p) 9A(p)

0 0 Ov;  Ovj
W(m e ) = ~(esten) sy

and the multiplication on the tangent bundle reads

OA(p) OA(p) OA(p)
c i i i :_(res+res)—av? vi avfal
dv;” Qv;” Oy, N(p) Y

p=oo  p=w

fori,j =1,....,n+ 2, where v,,1 := w and v, 2 := u. The flat coordinates of the
Frobenius manifold can be chosen as
U = — 2L res )\(p)l_n%l (i=1,....,n)

n+1—1 p=00

Un4+1 = Un41

Upn+2 = Up+2
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Then the prepotential F'(7) of the Frobenius manifold has the form

3

~ ~ ~ 1 ~
F(0) = P(01, ..., Uny2) + §U2+2 (log(vn+2) - 5)

where P(01, ...., U42) is a quasi-homogeneous polynomial.

Remark 9.4 The flat metric n defines a Poisson bracket of hydrodynamic on the loop
space of the Frobenius manifold M associated with constrained KP hierarchy. It can
be shown that the Poisson bracket coincides with the Poisson bracket obtained from the
dispersionless limit e — 0 of the Poisson bracket (9.9).

There exists a second flat metric, the intersection form g (defined outside the discriminant
¥.), which is given by the formula

OA(p) 9A(p)

0 0 Ov;  Ov;
g((?_vz-’ 3_%) B _(ff:eo%mfi)k(p)k’(p) o

fori,5 = 1,...,n + 2. Similarly to n, g defines a Poisson bracket of hydrodynamic
type on the loop space of M, which coincides with the dispersionless limit € — 0 of the
Poisson bracket (9.10). These two compatible Poisson brackets, associated with n and
g, yield a bihamiltonian structure on the loop space of the Frobenius manifold M and a
bihamiltonian integrable hierarchy of hydrodynamic type, called the principal hierarchy
of M. It can be represented as

o 3 0 (00m41
om0z \ " on,

form > 0andi,j = 1,....,n + 2 and where the functions 0;,,.1 define the calibration
of M. For details about the principal hierarchy associated with Frobenius manifolds and
calibration see [17] and [24].

9.4 Equivalence between KP constrained hierarchy and B,, Frobe-
nius manifold

We observed, in the previous section, that the prepotential Fj, , for n = 2,3,4,
coincides with the solution of WDVV equations associated with constrained
KP hierarchy. Is it true for any n? The answer is affirmative. In particular, fol-
lowing [41], we will show that the Frobenius manifold structure Mp, associated
with B, (exposed in the section 7) is isomorphic to the Hurwitz-Frobenius mani-
fold structure on M.,_2 9, which coincides with the Frobenius manifold structure
associated with constrained KP hierarchy exposed previously, with prepotential
(9.3).

Let’s consider the Hurwitz space M.,,_2 of a particular class of LG superpoten-
tial consisting of Laurent polynomials in one variable with bidegree (n — 1,1).
These are the functions of the form

Az) ="+ a2 g agz! (9.12)



132

where any a; € C and a,, # 0.

We have seen how to define a semi-simple Frobenius manifold structure on My.,,_2 o
with coordinates (ay, ..., a,).

Recall that the invariant metric 7 and intersection form ¢ are given by the formu-
las

n(X,Y) = i res X()\(z)ci;gz;)()\(z)dz) 9.13)
X (log(A(2))dz)Y (log(\(2))dz
9(X.Y) :;1256_% (oot )zuo;A(i) A ©-14)

where —1 is a arbitrary normalization factor and X, Y are vector fields.
Consider the Euler vector field of the form

J 0

moreover, we have LrA(z) = A(z) — 25N (2).
The symmetric (0, 3) tensor field ¢(X,Y, Z) :=n(X oY, Z) is given by
1 X (M2)d2)Y (M2)dz) Z (A(z)dz)
o X,Y,72) = 12- e, () (9.16)

where o is the multiplication of tangents vectors on M., 0.

Let e be the unity vector field of o,i.e. e0 X = X o e = X for any X.

Using explicit expression and (9.16), c(e, Y, Z) = n(eoY, Z) implies L A(z) =
1. Thus we have

0
e= o (9.17)
For z — oo, one inverts (9.12) as follows (Puiseux expansion):
2= A2) T — (B 4 A=) T 4+ 1PA(2) ) + O(A(2) ) (9.18)
where (¢!, ....,t") are flat coordinates for the metric 7.
By using the “thermodynamical” identity
0 0
%()\dZ)chonst, = _%(Zd)\))\:const. (919)
one gets (using (9.18))
oA _ (A(Z)HX(Z«)) (i=1,...n) (9.20)
ott >_1

where (f)> 1 = >_7__, f;2/ for the Laurent series f = "7 f;27.
Thus (9.14) and (9.20) yields

0 0 n—1
77<%, %) = T5n+1,i+j (9.21)
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Using the identities
LA(z)=1
LiA(z) = A(z) — ni -N(2)
one gets
e= 3:_1 (9.22)
E = %_'1@% (9.23)

Recall, briefly, that the Frobenius manifold structure Mp, consist of a flat pencil
of cometrics

y ou' Ou?
Y (u) = — (dp®, dp?
9, (u) o apq( p°, dp?)
i ( ) _ 877” (u)
By, au’n—l
where (dp®, dp?) = 1};‘;}(1 is a B,invariant cometric on R" and (u?, ....,u") are the
elementary symmetric polynomials in (p')?, ..., (p")®. Moreover, the unity and

Euler vector fields are given by

0
e_aunfl
_J 0
= C1%a,,

Now, we can state the following fundamental result:
Theorem 9.5 The map h : My,—209 — Mp,, given by a; — u; with

uj = a; (9.24)
fori=1,....,n,is alocal isomorphism of Frobenius manifolds.

Since the Hurwitz-Frobenius manifold on Mj.,_2 is semi-simple by definition.
By using the isomorphism h one gets the following:

Corollary 9.6 The Frobenius manifold Mg, is semi-simple.

Remark 9.7 Substituting z = p —b,, in (9.12)), we retrieve the LG superpotential (9.11)
of the Frobenius manifold structure associated with the constrained KP hierarchy.
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By the identification of Mp, with Hurwitz-Frobnius manifold M,,_20, by ex-
ploiting formula (4.93), one can retrieve the structure constants associated with

the dual product of Mp,. One has the following:

Proposition 9.8 The dual product of Mg, has the form

dOéH
* = ®m
ZOCH(I?) "

where H = {p’ — p' = 0}igjeqr,..ny U D' + 17 = 0}izjeqi,my-
Proof: Using formula (4.93) one has

9 9 9 8log)\.(z) 8log)\.(z) OlogA(z)
Cik-k — o* <_ i _) _ lz res Op* opJ Opk d=
N op'’ opi” op* =~ v=0 (lOg)\(z))/

Applying Vieta’s formula the rational superpotential (9.12) factorizes as

n

Mz)=2""(Z"+a 2"+t anzta,) =2 H (z+ (1))

Thus
log\(z) = —log(z) + Zlog z+(p
So
Ologh(z)  2p'
ot 2+ (p)?
- 1
(logA(z)) . + ZZI T )
Hence
pipipk
Crap =2 res sdz
D (1)) (= + ()?) (= + ()?) (logA (=)
::fijk(z)dz

here f;;x(2)dz is meromorphic 1-form on the Riemann sphere CP".
Observe that (logh(z))" = 32

(9.25)

(2) are poles for f;;,(2)dz.

Now, since CP' is a complex compact manifold, the sum of the residue of f(z)dz

vanishes. Thus, for i = j = k, one has

(')’

Cy = —2 TGS fm() =—-2 res

Z_ z=—(p")? (Z + (pi)Q)g( - % + 2 z+(11»5)2)

dz
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In the limit z — —(p')? one has
i)3 1
fia(2) = i\2)3 2 ~ i\2)?
(z+(p)>(_‘+zs¢zz+ )2+Z+(p)) (= + ('))

thus z = —(p’)? is a second-order pole for f(z)dz. Then

Chy = —2 res fm( )dz = —2 lim i((z—i— (p’)2)2fm(z)> (9.26)

z=— 2—(p)2 dz

. 1 1
=2 (Zw)?—(ps)? W) 627)

sF#£i

Fori = j # k, f(z)dz has a first-order pole at z = —(p*)?, then

9.28
z=—(p") z——(p*)? pz)Q pk>2 ( )

While, for i # j # k, f(2)dz has no pole except the critical points for \(z), hence

Chp = —2 res fuk( Ydz = =2 lim ((2+(pi)2)fiik(2)> = %

¢t =0 (9.29)

ijk

We conjectured that the dual product of M p, has the form
dO./H
* = —— 9.30
2 ) & ™ 20
HeH

where H = {pi — pi = O}Z#E{l ,,,,,, ny U{p" + P’ = 0}izjeqs,...ny, here the orthogonal
projector 7y is obtamed via the Euclidean metric g = (§).
Thus the corresponding structure constants read

o 1 (dp® — dp");(dp® — dp");(dp® — dp" )
Gj = 32 Z e
i#re{l 7777 n} .,
()
dp® + dp);(dp® + dp");(dp® + d
T Z (dp® + dp");(dp® + dp");(dp® + dp")s,

pP—p

(1)

Check that these functions coincide with the actual dual structure constants of
M, computed above.
It turns out that

(dps - dpr)i = Og; — O

then

ZZ

s= 17'7£s

+ 5ri6rj53k - 6ri5rj5rk)

53253]55k 651'55]'57% - 6si6rj53k + 6siérj5rk - 61"1'(55]'5516 + 5ri(ssj5rk
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Observe that

Z Z 55153]55k _ Z Z 55155]55k _ Z 67,]5]]667,]6

s=1 r;és r#s s=1 7”751

Moreover

Z Z 58158]57']{ _ Z 531533 rk _ Z 65168j o 5%] fzk

s=1 r;és r#s p=p s;ék: p
where
1 (i £k
fir =P <,Z 7 k) (9.31)
0 (i=k)
Similarly
55157" 55
ZZ _] k_ = Oir fij
s=1 r#s pr=r"
. 5si5r'5r
DD =y
s=1 r#s p p
= 5si57"'5r
D2 = i
s=1 r#s p p
2 57‘1'53'65
D2 = i
s=1 r#s p p
6r15r 55
ZZ g Tk = 04j fki
s=1 T7£s
ZZ& Bt _ 5~ Gl
slr;ésp - r#i pz—pr
Thus
1
(1) = 20;j0,0 Z e —0ijfit — Oirfij + Ok fij — Ok fii + Oirfii + 0ij fui
r#£i
1
=2 (5@]5]14% Z - — Oijfik — i fij — 5jkfji)
vy p - P
Analogously
(I1) = 20063 Y %1 = fj’“) Oull = 0) | 9ll = 9y)
oy Z+p P+p P+ p? P+ p
n din(1 — d5) N dir(1 — d51) N 0ij (1 — dir)
P+ w+w pF+pt
01— 0u) Gl —05)  din(1— @))
05010, I : J U i
( 9 2 “rp T s s

r#i
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Hence

Using the definition of f;; one gets

k
ke _ 9555 L (p— } )—2@ ( P
ok = 26,040 Y +pf g ) =2

7"751

pi
22 00)

Lowering an index by (7.1) one has

* kx 1 k kx*
qu] ° qu C'Lj - (’I’L— 6qk)p p C’Lj

In particular

2(n% 5qk p p 5ZJ kézk Z P +p e 1p 6@]p k;(szk Z I +p - 2p 61]]7 5qk kézk Z » +p
r#i _p’lsz] r;éz —p96,16i64; r;éz
2 g i\2 1 a\2, i 1
= 7P (P')70i5 ) g fir = 2(0%)°D 04305i0gs D s i
r#£i H:({J_/ r#£i
. q(pt)2 i
=20 ) (p—,fff - (pq)2p)
r#i
and
k k\2 k\2
— 25ty — )PP 0y (e fin) = — 250" e fa + 2065 PG
—_——
_)* W)
“pipi
and
_o( L _ apks. (P f ) — _
2<n—1 5qk’>p p 5zk<pi+pj fzg) - T -1 5zkp p z+pkflj + 21) i 4p fzg qkdzk:p
:pl :(Sz-qpq
and similarly
2(ﬁ - 5qk)pqpk5jk<]#pjfij) = %pq .piﬁ,pj fzg qg( )QZ%pjfij
Hence
fzr (pq p) 2 1 1 (pk)Q (pq)Q
Cqij =20; — (p)"p" | + 200" — =5 fix + — i
qij ]rz?élp +p 1 J nlpz+pk pl+pq q

%

P [ — 26450 —L— £y

W) P+
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Let ¢ =i = j, since f;, = f;; = 0 by definition, one has

fm« (r)° (r")?

r#i

2271 fo W () .

n—l ;p-+pr n_lépi—f-pr'fw
2—n, ;4 1 B 20 (p")?
— Qn — 1(p ) TZ# (pi>2 _ (pr>2 n—1 TZ# (pi>2 _ (pq«)Q
—n_lij — o (EonE’ - )2

= (p1)2— ()2 (1-n) ()2
(L=n)(p')?
"—1(%;1 ;(p (pr)Q)
g

2’1 1
-1 ((p")2 g (p')* — (p”)Q)

which coincides with ©.27).
Let ¢ =i # j, then

, P gzn  2(p%)%p’
] — 2 ! 2* i — T ~o T <o
i =20V S e = (e

which coincides with (9.28).
While, for g # i # j, c;;; = 0 asin (9.29). [ |
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