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algebra
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Let R be a one-dimensional Cohen-Macaulay local ring and I an ideal of R.
It is well known that both the classical construction of Nagata’s idealization
R x I and the recent construction R X I, known as amalgamated duplication,
are Gorenstein when [ is a canonical ideal of R. This property holds also for
a more general family of rings, the quadratic quotients of the Rees algebra
associated to R with respect to an ideal I and the elements 2,b € R, defined
in an attempt to provide a unified approach of the two construction above.
Since for a one-dimensional Noetherian domain the Gorenstein property is
equivalent to the divisorial property, our pourpose is to understand, in a
more general setting, when a quadratic quotient R(I), is divisorial when I
is an m-canonical ideal of R.
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Introduction

Let R be a commutative ring with unit and M an R-module. M. Nagata, 1962,
in an attempt to derive primary decomposition of modules from primary
decomposition of ideals, introduced a sort of "ringification", i.e., put M inside
a new commutative ring A in such a way that M becomes an ideal of this
new ring. This construction is known as the idealization of M over R. More
precisely, this ring, usually indicated by R x M, is the set R x M endowed
with the ring structure whose addition is defined componentwise and whose
multiplication is defined by setting;:

(r1,my)(ro, mp) := (1112, r1my + ramy),

for all r1,7p € R and my,my € M. This construction is very useful for pro-
ducing examples and counterexamples in commutative ring theory and for
reducing generalizing results from rings to modules, but the versatility of
this ring is limited by the fact that R x M is not reduced whenever M # 0;
indeed M becomes an ideal whose square is zero.

A remarkable property of the idealization was discovered by I. Reiten,
1972, where it is proved that if R is a Cohen-Macaulay ring then R x M is
Gorenstein if and only if M is a canonical module of R.

More recently, D’Anna and Fontana, 2007a, introduced a new ring con-
struction that behaves similarly to Nagata’s idealization. Starting from a
ring R and an R-submodule M of its total ring of fractions Q(R) such that
M- M C M, they defined a new ring, called the amalgamated duplication of R
along M, as the following subring

Rx M:={(r,r+m)|re€Rme M}

of R x Q(R). One of the main differences with respect to the idealization is
that this new family of rings can contain reduced rings, in particular R x M
is always reduced when R is a domain. As for the idealization, M. D’Anna
proved that when E = I is a proper ideal of R and R is a local Cohen-
Macaulay ring with canonical module wg, then R x I is Gorenstein if and
only if I = wpg (see D’Anna, 2006). In the attempt to provide a unified
approach, Barucci, D’Anna, and Strazzanti, 2015, introduced a new family
of rings that generalize both the two construction recalled above: starting
from a commutative ring R with identity, a nonzero proper ideal I of R and
a,b € R, consider the quotient of the Rees algebra R associated to R with
respect I, by the contraction in R of the ideal of R[t] generated by the poly-
nomial t2 + at + b. This new family of rings, denoted with R(I), ;, generalizes
the Nagata’s idealization, R x I, and the amalgamated duplication R x I. In
fact when a = b = 0 we have that R(I)pp = R x [ and, whena = —1,b =0,



2 Introduction

we have that R(I)_19 = R x I. Another remarkable fact about this construc-
tion is that the ring R(I),; inherits many properties of the ring R which do
not depend on the choice of the elements 4, b. For instance R and R(I), , share
the same Krull dimension, R(I),; is Noetherian if and only if R is Noethe-
rian, R(I), is local if and only if R is local. Another interesting property
which R(I),; inherits from R, in case R local Cohen-Macaulay, is the prop-
erty to have a canonical reduction, i.e., the ring admits a canonical ideal that
is a reduction of the maximal ideal (see Frigenti, 2019): in Theorem 3.2 it is
shown that when R is a one-dimensional Cohen-Macaulay local ring and ad-
mits a canonical reduction ], then R(I),; has a canonical reduction for all
a,b € R and for all I such that ] C I.

The canonical ideal, introduced by Herzog and Kunz, 1971, is a particular
fractional ideal w of R which admits the duality property thatw : (w : I) =1
for every regular ideal I of R. When R is a one-dimensional local Cohen-
Macaulay ring and its integral closure R is finitely generated as R-module,
Beweis 4. of Satz 3.6 of Herzog and Kunz, 1971, shows the existence of a
canonical ideal w of R such that R C w C R. In this context Barucci, D’Anna,
and Strazzanti, 2016, showed that R(I), , admits also a canonical ideal wpg( Dap
such that wg(p),, = L(w : I) + lw; so in this particular case, the ring R(I),
inherits the property of R to have a canonical ideal. One of the most inter-
esting consequences for a ring R that admits a canonical ideal I, in case R is
a local one-dimensional Noetherian domain, is that R(I),; is Gorenstein if
and only if I is a canonical ideal of R (see Corollary 3.3 of Barucci, D’Anna,
and Strazzanti, 2015). Since for a one-dimensional Noetherian local domain
R Theorem 6.3 of Bass, 1963, states that R is Gorenstein if and only if each
non zero ideals of R is divisorial, it is natural to ask in a more general setting,
not necessary Noetherian or local, if for a particular ideal I and a particu-
lar choice of a,b € R, the domain R(I),, is divisorial, that is, every nonzero
ideal of R(I), is divisorial. Since the key duality property of the canonical
ideal holds only in the one dimensional case, when we work in a more gen-
eral situation, we need to work with another ideal that satisfies the property
that I : (I : J) = ] for all fractional ideals J of R. This concept was intro-
duced by Heinzer, Huckaba, and Papick, 1998, where the authors defined
for an integral domain R the multiplicative canonical (briefly m-canonical),
as an ideal I satisfying the above equality; moreover, in the one-dimensional
Cohen-Macaulay case the notion of canonical ideal and m-canonical ideal co-
incide.

The aim of this thesis is to understand in which cases the domain R(I),
is divisorial, when I is an m-canonical ideal of R, trying to generalize what
happens in the one-dimensional Noetherian local case. The class of divisorial
domains is studied by Heinzer, 1968, in particular he characterized integrally
closed divisorial domains as h-local Priifer domains each of whose maximal
ideals is finitely generated.

In the first chapter, we recall the construction of the quadratic quotients of
the Rees algebra associated to R with respect an ideal I and a4,b € R and we
recall some useful results for our purposes. Moreover, with terminology used
in Bazzoni and Salce, 1996, we recall the notion of reflexivity with respect an



R-submodule of Q(R), and the notion of m-canonical ideal, together with its
main properties. We focus our attention on a particular construction, intro-
duced by Barucci et al., 2019, of domains with an m-canonical ideal and we
propose another construction which provides a particular non-Noetherian
domain with an m-canonical ideal. In the second chapter, we start by pre-
senting a key isomorphism that links the I-reflexivity of each regular ideal
of R(I), to its reflexivity whit respect the R(I), ,-module Hompr(R(I),p, 1),
providing the idea that starting with a domain R with an m-canonical ideal
the quotient R(I),; have also an m-canonical ideal, under the hypothesis
that each regular ideal of R(I),} is I-reflexive. Moreover, since in such a case
Hompg(R(I),p, 1) is free as R(I),,-module, R(I),; will be m-canonical of it-
self then divisorial. Thus, in case R(I),; is divisorial, we infer that R(I),;
inherits form R the property to have an m-canonical ideal. Following this
reasoning, and starting from the fact that in the one-dimensional Noetherian
local case this always happens, we continue our work trying to understand
which other classes of domains with an m-canonical ideal I produce a divi-
sorial quotient R(I), ;. Since the h-local property is a necessary condition for
a domain to be divisorial or to have an m-canonical ideal, we are interested
to understand when R(I),  is h-local starting from a domain R which is also
h-local. In the one-dimensional case, the i-local property is equivalent to the
property to have a finite character and we can prove that R has this property
if and only if R(I),; also has it. Moreover, when R is h-local and a = 0, we
prove that R(I)( _p is an h-local domain for all b for which R(I)q _; is a do-
main. For dimensions higher than one and when the polynomial is t* + at + b
with a # 0, R(I),} can fail to inherit the h-local property from R and we
present an appropriate counterexample. Known that the h-local property is
assured in the one-dimensional case, the first class of domains which are of
our interest are Dedekind domains, since for this kind of rings all principal
ideals are m-canonical. In particular, when the domain R is a PID, we can
prove that R(I),, is divisorial for all proper ideals I and for all 4,b € R
such that the polynomial > + at + b is irreducible in Q(R)[t]. When R is a
Dedekind domain but not a PID we can prove the same result for quotients
of type R(I)o,—p for all principal ideal I and for all b € R which is not a square
in Q(R). More generally, since the divisoriality is a local property, the same
result holds for a generic quotient R(I)g _p, where R is a one dimensional
Noetherian domain with an m-canonical ideal I and b € R a non-square in
Q(R)[t]. After that, it is natural to focus our attention on the non-Noetherian
case, in particular, since we have to work with a domain which have an m-
canonical ideal, we study the case when we start from a valuation domain V
with non-principal maximal ideal m; for a valuation domain, in fact, it is well
known that the maximal ideal m is always an m-canonical ideal. Fuchs and
Salce, 2001, provided a useful necessary condition for a local domain with
non-principal maximal ideal to be divisorial. This result could be used to
provide, if there exists, an example of valuation domain V with non princi-
pal maximal ideal m such that the quotient V' (m) _, is not divisorial for some
b € V. In the last part of the work, we present different opened problems.
The first refers to a conjecture formulated by Matlis, 1968, then confirmed
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by Goeters, 1999, who suspected the existence of a divisorial domain with
a maximal ideal which is not two-generated; to give an answer to this con-
jecture, we present an example of divisorial domain with a maximal ideal
that could not be two-generated. Finally, in an attempt to find an example of
non-Noetherian valuation domain with quotient V(m),; not divisorial, we
present a possible costruction of this type of rings.



Chapter 1

Some results about R(I), ,

1.1 Preliminaries

Throughout this thesis with ring R we mean a commutative ring with unit
and we denote by Q(R) its total ring of fractions. For M, N two R-modules,
we will denote with

(M:N):=(M:gr) N),

where (M :gr) N) := {x € Q(R)| xN C M}. In some example, with Z, we
indicate the quotient Z/pZ, where p is a prime element of Z.

Definition 1.1. An R-submodule F of Q(R) is regular if F N R is a regular ideal of
R.

Definition 1.2. We say that a R-submodule F of Q(R) is a fractional ideal of R if
there exists a reqular element r € R\{0} such that rF C R. We say that a fractional
ideal F is reqular if FQ(R) = Q(R). We denote with F(R) the set of fractional
ideals of R and with F(R)* the set of reqular fractional ideals of R.

Definition 1.3. Let N be an R-module, we define the rank of N, rk(N), the maxi-
mum number of elements of N which are R-independent.

Let’s start by recalling some properties of the Nagata's idealization (see Na-
gata, 1962 and Anderson and Winders, 2009), a classical construction which
has had notable results in commutative algebra. Starting from a ring R and
an R-module M, the idealization R x M is a commutative ring with unit with
componentwise addition and multiplication (r1, my)(r2, ma) = (r1ry, rimy +
romy) for all r1,r; € R and my,my € M. For every R-submodule N of M,
then 0 X N is an ideal of R x M, in particular 0 X M is a nilpotent ideal of
R x M of index 2. For every ideal I of R and R-submodule N of M, [ x N
is an ideal of R x M if and only if IM C N (Anderson and Winders, 2009,
Theorem 3.1). The maximal ideals of R X M have the form m x M, where
m is a maximal ideal of R, so R x M is local if and only if R is local and
have the same set of residue fields. The prime ideals of R x M have the form
p X M where p is a prime ideal of R. Moreover ht(p x M) = ht(p) and so
dim(R x M) = dim(R) (Anderson and Winders, 2009, Theorem 3.2). The set
of zerodivisors of R x Mis Z(R x M) = {(r,m) | r € Z(R) U Z(M)}, hence
S x M where S = R\(Z(R) U Z(M)) is the set of regular elements (Ander-
son and Winders, 2009, Theorem 3.5). If S is a multiplicatively closed subset
of R and N is an R-submodule of M, then S x N is a multiplicatively closet
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subset of R x M (Anderson and Winders, 2009, Theorem 3.8), moreover the
localization (R x M)g, N is naturally isomorphic to Rg X Mg and so the to-
tal ring of fraction T(R x M) of R x M is naturally isomorphic to Rg x Mg,
where S = R\(Z(R) U Z(M)) (Anderson and Winders, 2009, Theorem 4.1).
R x M is Noetherian, respectively Artinian, if and only if R is Noetherian,
respectively Artinian, and M is finitely generated (Anderson and Winders,
2009, Theorem 4.8). If R is a Cohen-Macaulay ring, then R x M is Gorenstein
if and only if M is a canonical module of R (Reiten, 1972, Theorem 7).

A more recent construction that behaves similar to Nagata’s idealization
from several points of view, is the so called amalgamated duplication (see D’Anna
and Fontana, 2007a and D’Anna and Fontana, 2007b). Starting from a ring R
and an R-module M of Q(R), this new family of rings denoted by R x M, is
defined as the set R & M endowed with componentwise addition and multi-
plication defined by setting (r1,my ) (r2, mp) := {(r1ro, rimy + romq + momy) }.
This operations make R X M a commutative ring with unit. In the particular
case when E = [ is an ideal of R, the ring R X [ satisfies properties similar
to those the Nagata’s idealization. Indeed, by Corollary 3.3 of D’Anna and
Fontana, 2007a dim(R » I) = dim(R) and R is Noetherian if and only if
R X I is Noetherian. With regard to the prime spectrum of R x I, it is more
complicated than the prime spectrum of the idealization, for a more accurate
description we refer to D’Anna and Fontana, 2007a. As for idealization in the
case R is Cohen-Macaulay, R x I is Gorenstein in and only if I is a canonical
ideal of R (D’Anna, 2006, Theorem 11).
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1.1.1 m-canonical ideal

In this section we recall some results about m-canonical ideals, that we can
find in Heinzer, Huckaba, and Papick, 1998 and Barucci et al., 2019. For the
rest of section, we denote by R an integral domain.

Proposition 1.4. The following properties hold.
i) F(R) is closed under sum, intersection and multiplication.
ii) For F € F(R) and H € F(R)*, then (F : H) € F(R).

Proposition 1.5. Let I be an ideal of R and F € F(R)*, then (I : F) is isomorphic
to Homg (F, I).

Given two R-modules F, H, we have a canonical homomorphism:
pr : F — Homg(Homg(F, H), H)

a+—— pp(a) : Homgr(F,H) - H where pr(a)(f) = f(a)
forall f € Homg(F,H) and a € F.

Definition 1.6. We say that an R-module F is H-torsionless if pr is a monomor-
phism, H-reflexive if pr is an isomorphism.

Following Bazzoni and Salce, 1996, we recall the following notation:

Definition 1.7. If H is a given R-submodule of Q(R), we say that R is H-divisorial
(respectively H-reflexive), if every H-torsionless Endg (H )-module of rank one (resp.
of finite rank) is H-reflexive. R-reflexive and R-divisorial rings will be simply called
"reflexive” and "divisorial” respectively.

Remark 1.8. If I is an ideal of R and ] € F(R)*, then the map p; corresponds to
the inclusion | C (I : (I :])), so it is a monomorphism, therefore | is I-torsionless.

Definition 1.9. We say that the ideal I of R is a m-canonical ideal ifeach | € F(R)*
is I-reflexive.

In the following we recall several properties of the m-canonical ideal.

Lemma 1.10 (Lemma 2.2, Heinzer, Huckaba, and Papick, 1998). Let I be an
m-canonical ideal of a domain R. Then:

1) (I:1)=R
2) If Lis a prime ideal, then I is a maximal ideal.
3) I:(I:]) =] foreach non zero fractional ideal | of R.

Remark 1.11. In order to verify that the ideal I is m-canonical, it is sufficient to test
the I-reflexivity for all the ideals of R. In fact, every | € F(R)* is I-reflexive if and
only if d] is I-reflexive, for all d € R such that d] C R.
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Proof. If ] € F(R)* is I-reflexive, then ] = (I : (I : J)). For every element
deR,d] € F(R)*and then (I : d]) € F(R)and (I : (I:d])) € F(R);d] =
d(I:(I:7])) = (I:(I:d])). Conversely, if d] is I-reflexive for all regular
element d € R such thatd] C R, thend] = (I: (I:d])) =d(I:(I:]));since
disregular, then ] = (I: (I:])). O

Corollary 1.12. I is m-canonical if and only if each ideal | of R is I-reflexive.

Definition 1.13. A domain R is said to have finite character if every non zero ideal
of R is contained only in finitely many maximal ideals.

Example 1.14. Local and semilocal Dedekind domains have the finite character. On
the other hand k[x, y|, with k a field, does not have the finite character.

Definition 1.15. A domain R is said to be h-local if it satisfies the following two
conditions:

1) R has finite character;

2) every non-zero prime ideal of R is contained in a unique maximal ideal.

Remark 1.16. If R is a one-dimensional domain, since every nonzero prime ideal is
maximal, then R is h-local if and only if R has finite character.

A necessary condition for a domain R to have an m-canonical ideal is the
following;:

Proposition 1.17 (Proposition 2.4, Heinzer, Huckaba, and Papick, 1998). If R
has an m-canonical ideal, then R is h-local.

Proposition 1.18 (Corollary 3.4, Heinzer, Huckaba, and Papick, 1998). Let I
be an ideal of R such that (I : I) = R. If ] is a divisorial fractional ideal, then | is
I-divisorial.

Remark 1.19 (Remark 3.7, Heinzer, Huckaba, and Papick, 1998). From the last
proposition, if D is a Dedekind domain, then each non zero ideal of D is m-canonical.

Proposition 1.20 (Proposition 4.3, Heinzer, Huckaba, and Papick, 1998). Let
R be a Noetherian domain. If R has an m-canonical ideal, then dim(R) < 1.

Proposition 1.21 (Proposition 6.2, Heinzer, Huckaba, and Papick, 1998). Let
(R, m) be a local integrally closed domain. Then, w is an m-canonical ideal for R if
and only if R is a valuation domain.

Theorem 4.7 of Bazzoni and Salce, 1996 shows that R is I-divisorial, for a
proper nonzero submodule I of Q(R), if and only if the endomorphism ring
S of I is h-local and every localization at maximal ideal m of S is I;,-divisorial.
Thus the converse of Proposition 5.5 of Heinzer, Huckaba, and Papick, 1998
holds true:

Proposition 1.22. Let I be a non zero ideal of R such that (I : I) = R. Then I is an
m-canonical ideal of R if and only if R is h-local and I, is an m-canonical ideal for
R, for every maximal ideal m of R.
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1.2 Quadratic quotients of the Rees algebra

In this chapter, we recall some helpful results for the next part of the work.
All unproven results and definitions can be found in Barucci, D’Anna, and
Strazzanti, 2015 and D’Anna and Strazzanti, 2017. Let I # 0 be a proper ideal
of aring R and let a,b € R. We consider the Rees algebra associated to R and
I, defined as the following subring of R|[¢]:

R = @ I

n>0

Finally let R(I),;, denote the factor ring of R modulo the contraction in R of
the principal ideal of R[t] generated by the monic polynomial > + at + b, that

i R(D)g = R/(RN (2 +at + b)R[t]).

The ring R(I), ; is also known as the quadratic quotient of the Rees algebra associ-
ated to R with respect to I and the polynomial t* 4 at + b. As an R-module, R(I),
is isomorphic to R @ I: more precisely, given a polynomial ¢ € R, there is a
unique pair (r,i) € R @ I such that r + it is the representative of the equiva-
lence class of g in R(I),, (Lemma 1.2 Barucci, D’Anna, and Strazzanti, 2015).
With a small abuse of notation, we will identify r 4 it with its equivalence
class in R(I), ;. It easily follows from the definition that the multiplication of
R(I),p is defined by

(r+it)(s +jt) = rs — bij + (rj + si — aij)t,

for every r +it,s + jt € R(I),.
It is well known that for particular choices of a and b, we get particular
rings constructions:

1) if 24+ at+b = (t —a)? witha € R, then R(I),; is isomorphic to R x [

2) if > +at+b=(t—a)(t—B),and (t —a), (t — B) are comaximal ideals
of R[t], then R(I), j is isomorphic to R x I.

Proposition 1.23 (Proposition 1.7, Barucci, D’Anna, and Strazzanti, 2015). If
Q(R) is the total ring of fractions of R, then the total ring of fractions of R(I),  is:

7+ it

Q(R(1)ap) = {

| r € R,i € 1,uisaregular element ofR}

As we can see in the following propositions, the ring R(I),; inherits many
properties of the starting ring R, and do not depend on the choice of the ideal
I or of the elements 4, b.

Proposition 1.24 (Proposition 1.3, Barucci, D’Anna, and Strazzanti, 2015). For
all ideal I and a,b € R, the ring extensions

R C R(I),, C R[t]/(t* +at + D)

are integral, and thus the three rings have the same Krull dimension.
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Proposition 1.25 (Proposition 1.11, Barucci, D’Anna, and Strazzanti, 2015).
The following conditions are equivalent:

1) R is Noetherian;

2) R(I),p is Noetherian for all a,b € R;

3) R(I),p is Noetherian for some a,b € R.

Proposition 1.26 (Proposition 2.1, Barucci, D’Anna, and Strazzanti, 2015). R
is a local ring of maximal ideal w, if and only if R(I),; is a local ring. In this case,
the maximal ideal of R(I), is m + It.

An interesting variation of quotient of Rees algebras was introduced by
Licata, 2022 as follows. Given a ring R, consider an element b € R and a
fractional ideal I C Q(R) of R such that bI?> C R. Then consider the following
subring

R+It:={a+pt|acR Bel}

of the factor ring %
equivalence class in the quotient). In Licata, 2022 a complete characterization
of when R + It is an integral domain is provided and a number of results
about quotient of Rees algebras have their canonical counterpart for rings
of the type R + It, mutatis mutandis. It is worth noting that in case R is a
Dedekind domain and R + It is a domain, the integral closure of R + It (in

its quotient field) is R 4 It, where

(where, as before, « + Bt is identified with its

I:={i € Q(R) | bi* € R}.
Now, we want to give a deeper insight to the ideal structure of R(I), ;.

Lemma 1.27. Given H, | ideals of R with H C I, ] + Ht is an ideal of R(I),} if
and only if bIH C Jand I] C H.

Proof. =). Suppose that | + Ht is an ideal of R(I),;; in particular for all
h € Hyji € I, (ht)(it) € ]+ Ht, then —bil — aiht € ] + Ht, so bil € J.
Moreover for alli € I,j € ], also j(it) € ] + Ht, thus ij € H.

< ). Suppose that bIH C J and I] C H, then

(r+it)(j+ ht) = rj — bih + (rh 4 ij — iha)t € ] + Ht

forallr € R,i € I,j € J,h € H. This implies that | + Ht is an ideal of
R(I)a,b. O

For an ideal E of R(I),,
A:={re€R | Jie€Isuchthatr+it € E}

B:={i€l | 3r € Rsuchthatr+it € E}.
It is easy to check that both A and B are ideals of R and B C I.

Proposition 1.28. With the notations above, A + Bt is an ideal of R(I), .
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Proof. 1t is sufficient to prove thati) bIB C A and ii) [A C B.

i) For all B € B there exists r € R such that r + t € E, moreover foralli € I
we have (r 4 Bt)(it) = —ibB + (ri —iaB) € E thusibf € A.

ii) For all « € A, there exists j € I such that « + jt € E, moreover foralli € I
we have (« + jt)(it) = —bij + («i — aij)t € E. Since ai — aij € B and aij € B,
it follows that ai € B. O

Definition 1.29. We say that an ideal E of R(I),, is homogeneous if
E = A+ Bt.

Lemma 1.30 (Lemma 1.1, D’Anna and Strazzanti, 2017). Let p be a prime ideal of
R and suppose that t*> +at +b = (t —a/q)(t — B/7) in Q(R/p)[t]. Let w, B,y €

R such that their classes modulo p are, respectively, &, B, . Then, the two sets:
pr:={r+it|reRie€l,yr+uaicp},

pp:={r+it|reRiecl,yr+picp}

do not depend on the choice of «, p and <y and are prime ideals of R(I), . Moreover,
p1 = pp ifand only if (x — B)I C p.

Proposition 1.31 (Proposition 1.2, D’Anna and Strazzanti, 2017). Let p be a
prime ideal of R.

1) Ift2 +at + b is irreducible in Q(R/p)[t], then the only prime ideal of R(I),
lying over pis q := {p+it|pep,icInNp}.

) Ift2+at+b= (t—a/y)(t—B/y) in Q(R/p)[t], then the ideals p1,p>
defined in the previous lemma are the only prime ideals of R(I),, lying over

p.

Corollary 1.32 (Corollary 1.3, D’Anna and Strazzanti, 2017). R(I), is an in-
tegral domain if and only if R is an integral domain and t* + at + b is irreducible in

Q(R)[t].

Remark 1.33. As consequence of Proposition 1.2 of Barucci, D’ Anna, and Straz-
zanti, 2016 if m € Max(R), there are at most two maximal ideals of R(I),; lying
over m, precisely:

1) If > + at + b is irreducible in (R/m)][t], then the only maximal ideal lying over
mism+ (mNI)t.

DIf+at+b=(t—&)(t—p)in (R/m)[t] and (« — B)I C m, then the only
maximal ideal lying over mismy = {r+it|r € R,i € I,r +ai € m}.

3)Ift2 +at+b = (t—a)(t—B)in (D/m)[t] but (« — B)I L w, there are two
distinct maximal ideals lying over m:

my ={r+it | reR,iel,r+ai €m},
my ={r+it | reRi€L,r+pi €m}.
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1.3 Example of non-Noetherian domain with an m-
canonical ideal

Barucci et al., 2019 provided the following helpful construction of integral
domain which have an m-canonical ideal. Let K C L a finite field extension,
n > 1 an integer and V be a valuation domain of the form L + M, where M
is the maximal ideal of V. If we define R := K + M", since V/M" is a finite
dimensional K-vector space, we can choose ay,...,a, € V such thata; =1,
Ay € M""N\M" and {ay,...,a,} is a K-basis for V/M". Then, Theorem 1.15
of Barucci et al., 2019 shows that W = Ray + ...+ Ra,,_1 is an m-canonical
ideal of R.

Example 1.34. Let V := L[[X]] + YL((X))[[Y]] where L := Q(+/2) and X,Y
are indeterminates over L. V is a valuation domain with maximal ideal M := XV.
The ring R := Q + X2V is a non-Noetherian domain with m-canonical ideal I :=

X2(Q(V2) + XQ + X?V).

Now we present an example of one-dimensional Noetherian domain with
an m-canonical ideal. Let’s start recalling a useful construction made by Gul-
liksen, 1974, we anticipate that this construction will be used in Example 3.7.
Let k be a field and we consider D := k[x, | n € IN]. Consider the partition
F={A; = {xo,x1}, A2 = {x2},..., Ay = {xn},...} of {x,|n € N} and let
pa, = A;D. Finally, let R := Ds, where S := D\ Ug,cr p4,- Gulliksen, 1974
proved that Max(R) = {m; := A;R | A; € F} and dim(R) = 2.

Proposition 1.35. Let R := Dg as before. We have that:
1) R is an h-local domain;
2) R, E k(xp | n # 1)[xi](y) forall i > 2;
3) Rmy = k(xn | 17 0,1)[x0, %1] (xyx,)/
4) R is a Noetherian domain.

Proof. 1) The finite character follows easily by definition. Moreover, for all
i > 2, m; contain only 0 as prime ideal thus every non zero prime ideal is
contained in mj.

2) For all i > 2 we have that Ry, = (Da,p)s = Dap = k(x, | n #
)% (x)-
3) Similarly to point 2) R, = (Da,p)g = Da,p = k(x, | n # 0,1)[x0, X1 (xp,1)-

4) R is a Noetherian domain since is locally finite and locally Noetherian.
O

R/(x3 — x3), is

Proposition 1.36. With the notation above, the quotient R :
{miR | i > 1},

a one-dimensional h-local Noetherian domain, with Max(R)
moreover the ideal I = (I;> x;)R is an m-canonical ideal.
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Proof. Since:

R g = k(xn | n # 0,1)[t2, t3](t2,t3) and Rm,R = k(xn | n #1) [xi](x,-)
for all i > 2, we have that:

1) IR, g = k(xy | n #0,1) [t2, t3](t2,t3) which is divisorial, so canonical of
itself.

I

2) IleR = xik(xn | n # i)[xi](y,) for alli > 2, which is an m-canonical
ideal, since it is the maximal ideal of a DVR.

3) I:1=(ITiz2x)R: (ITiz2 %)R = (Ti>2 %) (Ti>2 %) '(R: R) = R.
By using Proposition 1.22, we can conclude that I is an m-canonical

ideal for R, so R is a Noetherian one-dimensional domain, with an m-
canonical ideal.

O
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Chapter 2

m-canonical ideal for R(I), ;

The aim of this chapter is to detect when R(I),} is a divisorial domain, in
case R is a domain with an m-canonical ideal I.

Proposition 2.1. Let R be a domain with m-canonical ideal 1, and let E a regular
fractional ideal of R(I), , then:

Homg (E ®g(1),, R(I)ap, 1) = Homgp, , (E,Homg(R(I)ap, I))

as R-module and R(I), ,-module.

Proof. We can observe that R(I),, is an R(I),-module, E ®g(y),, R(I)spisan
R(I)4p-module and it is also an R-module with 7 - (x ®g(p), , Y) = x Qg Das
ry forall x € E,y € R(I),p. We can give a structure of R(I)al7 module to
[RWap := Hompg (R(I),, I) with the external product:

(r+it)of:= f(r+z't) tR(gp — 1

by defining f(, (s + jt) = £((r +it)(s + jt)).
These conditions are sufficient to give the isomorphism of abelian groups:

Y : Homg(E ®gp,, R(I)ap, I) = Homg(p),, (E, Homg (R(I)ap, 1))

f—Y(f): E—= Homg(R(I)yp, I)
Y(f)(e)(r+it) = fle® (r+it))

Now, we observe that Homg ) , (E,Homg(R(I)ap, I)) is also an R-module,
by defining the external product

T’*f E— HomR(R(I)a,b, I)

e— (rxf)(e) : R(I)yp — 1
(rxf)(e)(r+it) =rf(e)(r+it)

An easy verification of the linearity of the map shows that the isomorphism

holds as R-module.
We can give, like for [R(Das, the structure of R(I), ,-module to Homg (E ® R(D),

R(I)ap, I), by defining:

(r+it)o f:= firyir) : E®rq),, Rap — 1
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firrin(e@ (s +jt)) i= fle® (r+it)(s +jt))

An easy verification of the linearity of the map shows that the isomorphism
holds as R(I), ;-modules. O

Remark 2.2. By defining IRt := Homp (R(I),,, I) and with the previous nota-
tions we have:

Homg(E,I) = Homgy,, (E, [Rep) g5 E OR(1),y R(Dap = E
and:
Hompy), , (Homg1),, (E, [RWap), [RDapy o Hompg (Hompy), , (E, [RWap), 1) =

= Homg (HOmR(E/ I)/ I)

as R-module and R(I), ,-modules.

Corollary 2.3. With the previous notations, if each reqular ideal of R(I), is I-
reflexive, i.e. Homg(Hompg(E,I),I) = E, then

E = Homg(Homg(E, I), I) = Hompg; I, , (Homp ; Dab (E, JR(Dap )’IR(I)a,h)

so IRDap js an m-canonical ideal of R(I),

Proposition 2.4. If [ is an ideal of R such that (I : I) = R, then IR(Dab is q free
R(I),p-module of rank 1.

Proof. Let ¢ € IRWap, since R(I),;, = R @ I as R-modules, ¢ is uniquely de-
termined by ¢z and ¢;;. ¢|g € Homg(R,I) = I thus ¢ is the multiplica-
tion by an element i € I. Since [ = It as R-modules, ¢|;; € Homg(I,I) = R,
thus ¢, is the multiplication by an element r € R. It is then easy to check
that [R(ap = {14y | v € R,i € 1}, where 77,5y : R(I),p — I is defined by
N (s +jt) = rj+si. I m € IRWar is such that 7(r + it) = i, we claim
that {7} is a base of [R(Dat as an R(I) o p-module. In order to prove this, fix
Nri) € [RWap and we look for x + yt € R(I),, such that Nri) = (X +yt) x 7.
Since i = 17(,,;y(1) = ((x +yt) *xm)(1) = (x +yt) =y, wehavey = i. If
we consider a regular element k € I, rk = 1, (kt) = ((x +it) x ) (kt) =
rt(kt(x +it)) = m(—bki + (xk — aik)t) = xk — aik. Since k is regular, the
equality rk = xk — aik implies r = x — ai, and thus x = r + ai. O

Proposition 2.5. If E is an homogeneous ideal of R(I), p, and I is an m-canonical
ideal of R, then E is I-reflexive.

Proof. 1t sufficies to note that
Hompg (Homg(E, I),I) = Homg(Homg(A @ B, I),I) =

= Hompg (Homg (A, I) @ Homg(B, I),I) =
= Hompg(Homg(A,I),I) ® Homg(Homg(B,I),I) = A@B=E
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]

Let R be a ring with a m-canonical ideal I, and let E be a regular ideal

of R(I),p. The natural immersion of E in R & I, induces on E a structure of
R-submodule of R%. We observe that E is I-torsionless, in fact:
E is I-torsionless if and only if pg is injective, if and only if for all x € E\{0}
there exists f € Hompg(E, I) such that pg(x)(f) := f(x) # 0. Let x = x1 +
xot € E\{0}, 7r; : R> — R the ith projection, and y € I such that yx; # 0 for
some i = 1,2, we consider the following maps:

EL R R T

let f € Homg(E, I) be the composition of the functions above, we have that
f(x) # 0, thus E is [-torsionless.

Remark 2.6. If N is an R-submodule of R", then rk(N) < n, since R-independent
elements of N C R" are also R-independent as elements of R". In particular for
every ideal N of R(I),p, tk(N) < 2 as R-module.

Lemma 2.7 (Fuchs and Salce, 2001, Chapter IV, Lemma 5.1). Let R be an inte-
gral domain and A a nonzero R-submodule of Q(R). For a torsion-free R-module
M of finite rank n, the following conditions are equivalent:

(a) M is A-torsionless;

(b) Homg(M, A) has rank n;

(c) rank 1 torsion-free quotients of M are isomorphic to submodules of A;

(d) M can be embedded in A".

If R is an integral domain and E a regular ideal of R(I),;. Since E is an
R-module of finite rank, by Lemma 2.7, if rk(E) = 1, E is isomorphic to a
R-submodule of I so can be seen as a regular ideal of R. Since I is an m-
canonical ideal, then E is [-reflexive.

Lemma 2.8 (Fuchs and Salce, 2001, Chapter IV, Proposition 5.2). Let R be a
domain with m-canonical ideal 1, let

O—+N—-M-—M/N-—=0

be an exact sequence of torsion-free R-module. If M is I-torsionless, then both N and
M/ N are I-torsionless.

Remark 2.9. Given R a domain with an m-canonical ideal, for all E reqular ideal
of R(I),p of rank 2, which is in particular I-torsionless, it is possible to find a R-
submodule L of E of rank 1 such that E/L is torsion-free of rank 1. As a matter of
fact, we consider the embedding R — R(I),, and we take the contraction L := E°
in R; as E is a reqular ideal, then L # 0. Since L is an R-submodule of E and
L C R, L is torsion-free of rank 1. We claim that the quotient E/L is also torsion-
free of rank 1. Indeed: for all non-zero (r + it) + L € E/L, in particular i # 0,
A((r+it)+ L) = 0g/p <= Ar+Ait € L C R, in particular Ai = 0 this
implies that A = 0. This proves that E /L is torsion-free. Consider nonzero elements
n=(r+it)+ L= (s+jt)+L,€E/L,inparticlar i,j # 0. Since rk(I) = 1
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as an R-module there exist nonzero A,y € R such that Ai 4 pj = 0, for example
A=j,u= —i Then j((r+it)+ L)+ (—i)((s +jt) + L) is an element of E/L,

and thus jr + (—i)s € Lso jy + (—i){ = Og, withi,j # 0, proving that y,{ are
linearly dependent. It follows that E /L has rank 1.

Remark 2.10. We consider the following exact sequence:
0—E°—-E—E/E"—0.

By Proposition 2.8, both E and E/E° are I-torsionless and by Lemma 2.7, both E
and E / E€ can be embedded in R, so they are I-reflexive thus the maps pgc and pg /e
are isomorphisms. For simplicity, we denote with (E*)* := Homg(Hompg(E,I),I).
Consider the following diagram:

0 0 0
0 s E€ s E s s E/JEC ——— 0
PEc lPE PE/EC

v ~

0 0

If this is a commutative diagram with exact rows, since 7, pgc and pPg/pe are sur-
jective, then pg is surjective and thus an isomorphism of R-modules. Since R C
R(I),p, themap pg is R(I), p-linear, thus is also an isomorphism of R(I), ,-modules.

Consider the following exact sequence:
0—E L ESE/E —0,

where E is an homogeneous ideal of R(I), ;. By applying the functor Homg (—, I)
we obtain the sequence:

0 — Homg(E/ES, I) ™ Homg(E, I) *> Homg(E°, I)

The map i* is surjective. For all ¢ € Homg(E¢, I) take the R-linear map
¢ : E — I such that

PY(r+jt) = @(r) for every r + jt € E C R, ,(I).

By definition ¢ = i*(y) = ¢i. By applying again the functor Homg(—, I),
the sequence

0 — Homg(Hompg(ES, I),1) o, Hompg(Hompg(E, I),I) LN Hompg(Hompg(E/ES, I),I)

is exact.
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Proposition 2.11. Let I be an ideal of a ring R. If each reqular homegeneous ideal E
of R(I),p is I-reflexive (in the sense that the map pg is an isomorphism as R-modules
and R(I), ,-modules) then I is an m-canonical ideal of R.

Proof. Let H be a regular ideal of R, so H + Ht is a regular ideal of R(I),.
Let H* := Homg(Homg(H, I),I). By hypothesis, the map pp+ gyt is an iso-
morphism. Then by considering the short exact sequence

0— H -5 H+HIt 5 HIt -0
and dualizing it twice, we get the exact sequence
0 H* 55 (H+ HIn* =5 HIr

since i* is surjective. If we consider the following diagram

0 0 0
0 s H > H+ HIt > HIt > 0
lPH PH+HIt lPHIt P
0 —— H* - (H+ HIt)* —— (HIt)*

0

since HIt = HI as R-modules and since H is a regular ideal and in particular
I-torsionless, by the five Lemma, pp is an isomorphism of R-modules. O

The previous facts lead to the following Theorem.

Theorem 2.12. Let R be a domain and I be an ideal of R such that (I : I) = R. We
consider the following conditions:

1) I is an m-canonical ideal for R;

2) IRDap js an m-canonical ideal for R(I),, for all a,b € R;

3) IRDap is an m-canonical ideal for R(I), , for some a,b € R;

4) R(1),p is an m-canonical ideal for R(I), , for some a,b € R;

5) R(I),p is an m-canonical ideal for R(I),p forall a,b € R.

We have that:

o~~~

5)«=2)=3)<=4) —=1)

Moreover, if every regular ideal E of R(I),} is I-reflexive, then all the previous
conditions are equivalent. We recall that points 4) and 5) are equivalent to saying
that R(I), is a divisorial ring.

Proof. 5) <= 2) and 3) <= 4). Since (I : I) = R, by Proposition 2.4 [R(Das
is a free R(I), ;-module of rank 1, that is [R)e» = R(I),,, forall a,b € R.

2) = 3). Trivial.

4) = 1). If R(I), is an m-canonical ideal for R(I),;, for some a,b € R, in
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particular each regular ideal E of R(I), , is I-reflexive. By Proposition 2.11, I
is an m-canonical ideal of R.
1) = 2). By Corollary 2.3, if I is an m-canonical ideal of R and every regular

ideal E of R(I),, is I-reflexive, then IR(Das is an m-canonical ideal of R(I),
[

Remark 2.13. If I is an m-canonical ideal of R, in particular:
(IRDap; [RDap) = R(I),,.

By definition, R(I), is divisorial if and only if each R(I), p-torsionless R(I), ;-
module of rank 1 is R(I), p-reflexive, that is if and only if every regular ideal of
R(I),y is divisorial, i.e., for all regular ideals E of R(I),; we have

E= HOW[R() (HomR() (E R(I) ) R(I)a,b) =

_HOTI’ZR() (HOW[R() (E I R(Dap ),IR(I)“'b).

Since Hompgy),, (Homg(r), , (E, [RDap), [RMDap) 2 Homp(Homg(E,I),1), then
every regular zdeal E of R(I ) o 15 I-reflexive if and only if R(I),  is divisorial.

Keeping in mind the Remark 2.13, by studying when R(I), ; is divisorial,
if we start from a domain R with an m-canonical ideal, we will find also the
existence of an m-canonical ideal for R(I), ;. In the one-dimensional Noethe-
rian local case, Theorem 2.12 yields the following corollary.

Theorem 2.14. Let R be a one dimensional local Noetherian domain, I an ideal of R
such that (I : I) = R. Then the following conditions are equivalent.

1) I is an m-canonical ideal for R;

2) IRDap is an m-canonical ideal for R(I),, for all a,b € R;

3) IRap js an m-canonical ideal for R(I),, for some a,b € R;

4) R(I),p is an m-canonical ideal for R(I), , for some a,b € R;

5) R(I),p is an m-canonical ideal for R(I), for all a,b € R.

Proof. Since (I : I) = R, by Theorem 2.12 it is sufficient to prove that 1) —
5). As a consequence of Corollary 3.3 of Barucci, D’Anna, and Strazzanti,
2015, R(I), j is Gorenstein. Then by Theorem 6.3 of Bass, 1963 R(I),; is divi-
sorial, so it is an m-canonical of itself. O
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Chapter 3

Divisoriality of R(I), ;

In this chapter, we investigate the divisiorality property of R(I),;, when we
start from a domain R with an m-canonical ideal I. By studying this property
and using Remark 3.13, we will be able to understand in which other cases,
other than the one dimensional Noetherian local case, Theorem 2.12 holds.

3.1 h-local property for R(I),;

Since the h-local property for a domain is a necessary condition to be divi-
sorial, we first investigate when R(I),; inherits this property from R. We
recall that in the one-dimensional case, the h-local property is equivalent to
the property to have a finite character.

Lemma 3.1. Let R be a ring, I an ideal of R and a,b € R. Consider a nonzero
element 17 := r +it € R(I),p. Then there exists a nonzero element { € R(I),}
such that n¢ € R.

Proof. If i = 0 then # € R and thus we can obviously take { = 1. If i # 0 then
the element  := r —ia — it € R(I),; is nonzero and an easy computation
shows that 7{ € R. O

Corollary 3.2. Let R and I be as before and let E be a regular ideal of R(I), . Then
RNE #0.

Proof. Take a regular element 7 € E. By the previous lemma, there exists
a nonzero element { € R(I),; such that 7 € RN E. Since 7 is regular, it
follows that #¢ # 0. O

Proposition 3.3. If R is a one-dimensional domain with finite character, then R(I), ;
is a domain with finite character, for all I and for all a, b such that R(I), is a do-
main.

Proof. Let E be a non-zero ideal of R(I),; and suppose that E is contained
in infinitely many maximal ideals, say {m; | i € H,|H| = co}. We consider
the contraction E€ of E in R, thus E° C m¢{ for all i € H, and we know that
m¢ € Max(R). Since R is h-local and E° # 0 by the previous corollary, E
is contained in only finitely many maximal ideals, so eventually the ideals
m; must coincide, and they are in a finite number. But the maximal ideals
of R(I),p lying over a maximal ideal of R are at most two, as showed in
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Remark 1.33. Thus we get a contradiction and therefore E is contained in
finitely many maximal ideals. O

Now we study the particular case a = 0, but for rings of any dimension.
If m € Max(R) and n is a maximal ideal of R(I)( _j lying over m, by Remark
1.33 only three cases can occur. We claim that the third case, for R(I)g_p,
never occurs. In fact, if there exists i € I, such that (x — )i ¢ m, the following
results hold true.

Proposition 3.4. Let I be an ideal of R, m be a maximal ideal of R and n €
Max(R(I)y _p) lying over m. Let b € R such that t* —b = (t —a)(t — B) in
(R/m)[t] and (« — B)I € w; let i € I be an element such that (« — B)i ¢ m. Then
s+ jt € nifandonly if s € m.

Proof. Firstofall, weassumethatn = {r+jt |r € R,j € I,r+aj € m}. Letus
consider the element —fi + it, where i is the element fixed in the statement.
Notice that —pi + it ¢ n, in fact —pi +ai = (« — B)i & m.

If we take s + jt ¢ n, we have (s + jt)(—Bi +it) ¢ n, but, since (s +
jt)(—pi+it) = —sBi+ijb+ (si — Bji)t ¢ n, we obtain that i(—sp + jb + as —
aBj) ¢ m, thuss(a —B) +j(b—ap) ¢ m;sincea — ¢ mand b — aff € m, it
follows that s  m.

Conversely, take s 4- jt € n; we need to prove that s € m. Since we have
(s +jt)(—pBi+it) = —sPi+ijb+ (si — Bji)t € n, therefore i(—sp + jb + as —
aBj) € m; then, sincei ¢ m, s(a — B) +j(b—aB) € mand sincea — f ¢ m
and b — af € m, we conclude that s € m.

The same argument holds forn = {r+jt | r € R,j € I,r + Bj € m}, by
using the key element ai — it & n. O

Corollary 3.5. For R(I)q _p the third case of Remark 1.33 never occurs.

Proof. Let m be a maximal ideal of R such that > — b = (t — &)(t — B) in
(R/m)[t] and (& — B)I € m. In this case we know that there are two distinct
maximal ideals of R(I)q _p lying over m precisely: my = {r+jt | r € R,j €
Lr+aj e m}andmy = {r+jt | r € R,j € I,r+ Bj € m}. By Proposition
3.4 it follows that if s 4 jt € m; thens € m and, since s +aj € m, also j € m.
From this fact we get m; C m + (mNI)t, which is a proper ideal of R(I)q _,
so from the maximality of my, the equality follows. Since the same fact holds
for my, the maximal ideals lying over m must coincide with m + (m N I)t. This
is a contraddition. O

Proposition 3.6. If R is an h-local domain then R(I)q —p, is an h-local domain, for
every b for which R(I)q _y, is a domain.

Proof. As in Proposition 3.3, it easily follows that every ideal E of R(I)q _p,
is contained in finitely many maximal ideals. To get thesis, it is sufficient to
prove that each prime ideal is contained in a single maximal ideal. Let p €
Spec(R(I)y—p), by Corollary 3.2 p© # (0); if p € my Nmy, then p¢ C m{ Nm§;
since R is h—local, m{ = m§ and, by the previous corollary, m; = m,. O
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When 7 is different from 0 it might happen that, even if R is h-local, R(I),
might not be h-local. In fact, from the condition m{ = mj it does not follow
that m; = my: if 2 —b = (t —&)(t — B) in (R/m)[t] but (a — B)I  m, then
my and m; are two distinct maximal ideals lying over m.

By using the same construction of Proposition 1.35, we provide an exam-
ple of an hi-local domain R such that the quotient R(I), ;, for a particular ideal
I and particular elements 4,b € R, is not h-local.

Example 3.7. We suppose that D = Q[X1, X2, X3, F = {A1 = {X1, Xo}, Ax =
{X3}}, p1 = (X3, X2)D and p; = X3D. If we consider S = D\ (py U py) and
R = Dg, by Proposition 1.35 R is an h-local domain with Max(R) = {p1R, p2R}.
If we choose f(T) = T?> — T+ Xy and I = X3R, the domain R(I)_1 x, is not h-
local. In fact, since in R/pyR f(T) = T? — T has two roots « = 0 and B = 1, and
(o — B)I = I € p1R, then two distinct maximal ideals, say ny and ny, lie over p1R.
Finally the prime ideal X1R C p1R induces by the Lying-over Theorem a prime ideal

p of R(I)_1,x,, which is contained both in ny and n,.

3.2 The Noetherian case

In order to understand for which domains the conditions of Theorem 2.12
are true, we start from a Dedekind domain R. In this particular case, we
know that all principal ideals of R are m-canonical ideals. We are interested in
studying the quadratic quotients R(I)g,; of the Rees algebra of the domain R
with respect to a principal ideal I, especially when R(I)y _ is not a Dedekind
domain. We start with an example.

Example 3.8. Let R = Z, Q(R) = Q. For every proper ideal I of Z, R(I)o,—2 isa
domain, since t*> — 2 is irreducibile in Q[t]. Moreover, | = {i € Q | 2i> € Z} =
Z,R(1)o,—2 = Z+Zt # R(I)o—2, so R(I)g—2 is not integrally closed then is
not a Dedekind domain. If we pick I = 2Z, we want to understand the form of the
maximal ideals of R(I)o,—p. In Z3|t], the polynomial t*> — 2t has only the root 0 of
multiplicity 2, so there exists only one prime ideal over 27, which is 27 + 27Zt.

On the other hand, for p # 0, if t* — 2 is irreducible in Zp|t], there is only one
prime ideal over pZ, we say wmy, := pZ + 2pZt. If t* — 2 is reducible in Z,[t],
with roots a, b such that a +b = p, then there are two prime ideals lying over pZ,
sayng = {r+it | re€ Z,i € 2Z,r+ai € pZyandn, = {r+it | r €
Z,i € 2Z,r +bi € pZ}. We can observe that in this case, since r + ai € pZ, there
exists z € Z such that v +ai = pz,sor = pz —aiand v + it = pz —ai + it =
pz + 2i'(—a +t). Since 2(—a +t) € ng we obtain ny = (p, —2a +2t)Z*. In
the same way ny = (p, —2b + 2t)Z*. In both cases, each maximal ideal is either a
principal maximal ideal or a 2—generated maximal ideal.

Proposition 3.9 (Theorem 3.9, Matlis, 1968). Let R be a Noetherian domain of
dimension 1; if every maximal ideal can be generated by at most two elements, then
R is reflexive(then divisorial).

As conseguence of the last theorem, our domain R(I)y_; is divisorial,
thus R(I)g,—» is canonical of itself, even if it is not Dedekind.
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The previous result on Z(I)p,—» can be easily generalized if we start with
any PID and any nonzero proper ideal.

Proposition 3.10. Let R be a PID and let t* +at +b € R[t] be irreducible in
Q(R)[t]; then for all I = iR proper ideal of R, R* := R(I), is a divisorial domain.

Proof. Let m = mR € Max(R); if > + at + b is irreducible in (R/m)[¢], then
there is only one prime ideal lying over m, that is the principal ideal m +
mlt = mR*. On the other and, if t? + at + b is reducible in (R/m)[t] and &, B
are its roots, then there are two prime ideal lying over m:

my ={r+jt | reRjelr+ajcm}

my={r+jt | reRjELr+pjcm}

Since r 4+ aj € m, it follows that r 4+ aid; = md,, for some dy,d, € R; hencer =
mdy — aidy, and thus r + jt = mdy, — aidq + idit = mdy, + dy(—wi + it). Since
m, —ai + it € my, then my = (m, —ai + it)R*; analogously mp = (m, —pi +
it)R*. In both cases, all the maximal ideal are principal or 2—generated, then
by Theorem 3.9, R* is divisorial. O

Now, we are interested to understand what happens, when we start from
a domain R, which is Dedekind but not PID.

Let R be a Dedekind domain not PID, let I = xR be a principal ideal, so
an m-canonical ideal for R. We want to understand when, under the hypoth-
esis that b is an element of R, which is not a square in Q(R) and such that
R(xR)g —p is not integrally closed, the domain R(xR)( _, is reflexive.

Proposition 3.11 (Theorem 4.7, Bazzoni and Salce, 1996). Let R be a domain;
the following facts are equivalent:

1) R is divisorial.

2) R is h-local and Ry, is divisorial for all maximal ideal m.

In light of the last proposition, a good approach to our problem is to study
the localizations of R(xR)q _p.

For all n € Max(R(xR)g,—p) lying over m € Max(R), we know that only
two cases can occur:
1) if t2 — b is irreducibile in (R/m)[#], then (R(xR)g,_p)n = Rm(xRu)o,_p-
2)if t? —b = (t—&)(t — B) in (R/m)[t] and (« — B)I C m then also in this
case (R(xR)o —p)n = Rm(¥Rm)o,—p-

Proposition 3.12. Let R be a Dedekind domain not PID, b an element of R which
is not a square in Q(R), m a maximal ideal of R; then Ry (xRwm)o —p is reflexive, for
every non zero x € R.

Proof. We can distinguish two cases.
1) If x € m, then the ideal xRy, is a proper ideal thus, since Ry, is a DVR, it

follows the reflexivity by Proposition 3.2 .
(lfzm—Jij), so it is
sufficient to prove that each maximal ideal can be at most 2-generated.

2) If x ¢ m, we have to study the reflexivity of Rm(Rm)o—p =
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Let k := Rp/mRy, R := (1:2“‘_[2) and mRy, = mRy,. Let us consider the projec-

tion

klt]
(2 -b)
If > — bisirreducible then R has a unique maximal ideal, which is ker(77) =
(t> —b,m)R.
Ift>? — b = (t —a)(t — B), fix the ideal (t — a, m)R. Since 7((t —a,m)) =
(t —a), we obtain R/ (t —a,m)R = k, so (t — a,m)R is a maximal ideal. In a
similar way, also (t — B, m)R is a maximal ideal.

mT:R —

Notice that the previous proposition is not in contradiction with Corollary
3.5, since in that case we are considering the quadratic quotient obtained
using a proper ideal.

The previous proposition shows that, when we start from a Dedekind do-
main which is not PID, the quadratic quotient of the Rees algebra R(xR)g,_p
is divisorial. This result is more general:

Theorem 3.13. Let R be a one dimensional Noetherian domain with an m-canonical
I and let b be an element of R which is not a square in Q(R); then R(I)y _p is
divisorial.

Proof. From Theorem 4.7 of Bazzoni and Salce, 1996, R(I)q —j is divisorial
if and only if (R(I)g_p)m is divisorial, for every maximal ideal m. Since
(R(I)g—p)m = Rume(Ime)o,—p, by Proposition 1.22 I, is an m-canonical ideal of
Rp and Ry, is a one dimensional local Noetherian domain, then (R(I)g —p)m
is Gorenstein so divisorial. O

3.3 The non-Noetherian case

In the non-Noetherian case we conjecture that Theorem 3.13 may not be true.
We recall a remarkable result that could be used in an attempt to find a coun-
terexample, when we work with a valuation domain with non principal max-
imal ideal. We know that if V is a valuation domain with maximal ideal m,
then m is an m-canonical ideal for V.

Proposition 3.14 (Proposition 8.2, Chapter XV Fuchs and Salce, 2001). Let R
be a divisorial local domain with non-principal maximal ideal m, and let Ry = m : m.
Then one of the following mutually exclusive cases arises:

1) Ry is a local domain with maximal ideal mq D m; my/m is simple both as an
Ry-module and as an R-module; furthemore, m% Cmand R : m; = my.

2) Ry is a valuation domain with maximal ideal m.

3) Ry has exactly two maximal ideals, wmy and wy such that m; Nmy = m; for
i =1,2, m;/mis simple as an Ri-module and as an R-module, and R : m; = m; for
i # j; moreover, Ry = Vi NV, where the V; are valuation domains with maximal
ideals N;j, such that m = Ny N Ny (so Ry is a Priifer domain).

Lemma 3.15. Let R be a ring, m a reqular maximal ideal of R and a,b € R. Then:

(m 4 mt IQ(R(m),p) ™ +mt) = (m gy m) + (m:gr) m)t
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Proof. Let £ € (m 4 mf : m + mt); then

t
(v+m ) (m+4mt) Cm+ mt

In particular, for any m € m,

v+ mt
u

-m e m+mt

s0 2 -7t € mand % - /1 € m. Therefore X € (m oy m) 4 (m. :g(g) M)t.

Conversely, if a + Bt € (m gy m) + (m :gr) Mm)f, we can write it as

’ / . /
U+ Tt = UL Tf we pick a regular element x € m, then we have £ =

x0£x0't that belongs to Q(R(m), ), by Proposition 1.23. Let n1; 4 myt € m:

xXu

v v v v’ v v’ v
— 4+ —t |- (my+mgt) = —mg— —mpb | + | —mp+ —my — —mpa | t
u u u u u u u

Since %,%/ € (m:g(r) m) we get

v 0
<E +Zt) - (mq + mot) € m+mi,

SO % -+ %lt < (m+mt :Q(R(m)a,b) m+mt)

Proposition 3.16. Let V be a valuation domain with non principal maximal ideal
m, and consider V(m), y, which is a local ring with maximal ideal m + mt. Then the
following properties hold true:

Dm+mt:m+mi) =V+VE

2) if b € m, m + V't is a maximal ideal for V + V't;

3)ifa,b € m, m + Vtis the unique maximal ideal of V + V't.

Proof. 1) It follows from Lemma 3.15.

2) If I is an ideal of V 4 Vt, such that I O m + V¢, then there exists
v1 +vpt € I\(m+ Vt),sov; ¢ mand v;l € V. Since, in particular Vt C I,
ot € 1,50 v € I. Thus I must contain a unitand I = V + Vt.

3) If a,b € m, we prove that every element v; + vt € m + Vtis a unit. In
fact, since v; ¢ m we obtain v% — avqvy + bv% ¢ m, so the inverse of v + vyt
is (v1 — avy) (V3 — avyvy + bv3) ™! — vy (V3 — avyvy + bo3) Lt

Remark 3.17. Ifa,b € mand V(m),}, is a domain, then V + V't is a local domain
with maximal ideal m+ Vt 2 m+mtand (m+ Vt)/(m+wmt) issimpleas V + V't
and V(m), ,-module.

Moreover (m+ Vt)2 C m+mt and (V(m),p : m+ Vt) = m+ Vt; in fact, let
vt e (V(m),p: m+ Vt), so

t
<v+m ) (m+Vt) CV+mt;
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if 7 ¢ V, then . € mand in particular

t
(Y E_D ey

u m

that is not possible; so ™ € V.
If 5 & m, then 3 € Vand thus

(U+mt> Et:—%m+(1—%>tev+mt;

0

sincey, € V, 5 € Vanda € m, we get %% € m and this is not possible since 1 ¢ m.
Thus “t" € m + Vt. The other inclusion is straightforward.

Henceifa, b € m, we are exactly in the first case of the Proposition 3.14, choosing
as R the domain V (m), , and as Ry the local domain V + V't.

Proposition 3.18. Let V be a valuation domain, then (V(m),, : m+mt) = V +
Vtforalla,bc V.

Proof. If M € (V(m),} : m + mt), then

t
(v—i—m ) (m+4+mt) CV+mt

if 7 ¢V, then ¥ € mand

<U+mt>3=1+ﬂtev+mt
0 0

thus % € m. Moreover,

t b
(U+m)zt:——m+(1—a—m)tev+mt
0 0 0

this is not possible, since 1 ¢ m and Z* € m. In a similar way if - ¢ V, then
+ € m, s0, in particular,

t
(v—i—m )£:2+t€V+mt
u m m

that is not possible, since 1 ¢ m. ]

Proposition 3.19 (Proposition 2.2, Barucci, 2009). Let (R, m) be a local ring hav-
ing an m-canonical ideal. Then Ix((R : m)/R) = 1 if and only if R is a divisorial
ring.

Corollary 3.20. Let V be a valuation domain. If V(m), , has an m-canonical ideal,
then V(m), p, is a divisorial ring.

Proof. Since (V(m),p, : m+mt) =V + Vi, we get

W), (V(0)ap : mAmt)/V(m)ap) = Ly, (V+VE/(V+mb)) =1
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We refer to Example 3.36 as an attempt to prove that in the non-Noetherian
case Theorem 3.13 may not be true.
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3.4 An homological approach to our problem

Let R be a ring. We denote by M (R) the category of R-modules. Through
this section we will follow the notations and we will recall some results of
Hilton and Stammbach, 2013.

Definition 3.21. Let A, B € M(R); we call extension of A by B every short exact
sequence of type
0—+B—-E—-A—=0

We immediately observe that at least one extension exists

05BEB AeB™ A0

Moreover, in this caseiy : A -+ A@® B and g : A® B — B are maps such
that tpig = 14 e tgip = 13.

Definition 3.22. Let {4 :=0 —+B - Ey - A —0and ¢ :=0— B — E; —
A — 0 be extensions of A by B; we define the following relation: 1 ~ (2 if and only
if E1 = Ej as R-modules. This is an equivalence relation, and we denote by E(A, B)
the set of equivalence classes of extensions of A by B.

Definition 3.23. We say that 0 — B LEDL A Oisa splitting exact
extension of A by B if it is equivalent to0 -+ B — A® B — A — 0. In this case
there existi' : A — Eand v’ : E — B such that i’ =14 e 71'i = 13.

Definition 3.24. Consider the following diagram:

AxxB %5 A

s I
B—Y ,x

where A xx B = {(a,b) € A® B | ¢(a) = ¢(b)}. This is a commutative diagram
and we denote it by pull-back of (¢, ¢).

Lemma 3.25. The square:

Yy 25 A
el
BV, x

is a pull-back if and only if the sequence 0 — Y % AeB =Y X S 0is

exact. Moreover, if this the case:
1) B induces an isomorphism between ker(a) and ker(ip).
2) If e surjective, 50 is «.
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Consider an R-modules homomorphism a : A" — A. Let0 — B 5EY
A — 0be an element of E(A, B) and take the pull-back (E*, v/, &) of (a,v)

0 s B—K s E_Y oA s 0

By Lemma 3.25, ¢ induces an isomorphism between B and ker(v'). Moreover,
since v is surjective, so is v/. Then0 — B — E* — A’ — 0is an element
of E(A’,B). The map a* : E(A,B) — E(A’, B) which assigns the class of
0—+B—E—A—0totheclassof 0 - B — E* — A’ — 0 makes E(—, B)
a contravariant functor.

Definition 3.26. Consider the following diagram

E—X 54

where AUg B := (A® B)/N, with N := {(k(e),—pB(e)) | e € E}. Thisisa
commutative diagram and we denote it by push-out of (k, B).

Lemma 3.27. If the square

is a push-out of (k, B), then:
1) the map § induces an isomorphism between coker (k) and coker(k’).
2) If k is injective, so is k.

Let B : B — B’ be an homomorphism of R-modules and let 0 — B LN
E % A — 0be an element of E(A, B). Consider the following diagram

0 > B s E —Y 3 A » 0
|8 E
[ —
B/ """""""" >Elg

where (Eg, k',¢) is the push-out of (B,k). By the previous lemma the se-
quence 0 — B’ — Eg — A — 0 is an element of E(A,B’). The map
B« : E(A,B) — E(A, B") which assigns the classof 0 + B - E — A — 0 to
the class of 0 — B’ — Eg — A — 0, makes E(A, —) a covariant functor.
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Proposition 3.28 (Theorem 1.4, Hilton and Stammbach, 2013). For all « :
A" — Aand forall B : B — B’ the induced maps «* and B.. are such that

"By = B.a* : E(A,B) — E(A,B).

Then E(—, —) is a bifunctor from the category of R-modules to the category of sets.
It is contravariant in the first variable and covariant in the second one.

3.4.1 The R-module E(A, B)

In this section we recall the operations that make E(A, B) an R-module. We
start by defining the sum, known as Baer sum, of two elements of E(A, B),
which will make it an abelian group.

Let&; :0 > B 5 E 2 A 0and&:0 > B2 E 2 A0
be two elements of E(A, B). Consider the maps Ay : A — A @ A such that
Ay(a) = (a,a) and /g : B@® B — B such that \/5(by,by) = by + by. We
define the sum operation on E(A, B) by setting

(ilriZ) (7T1,7T2) )

C1+C =03V« (0—>B®B ——E dE—>A®A—0

Firstly, we apply A% by doing the pull-back of ((711, 72), A )

((E1 @ E2) xaga A) > A

lAA

0 —B&B ———— EGE — s ABA —— 0
1,782

Notice that (El D Ez)AA = ((E1 D Ez) X ApA A) = {((81,82),61) | (7‘(1(81), 7'(2(62)) =
(a,a)} = {((e,e2),a) | m1(e1) = ma(ex) = a} = Eq x4 Ey, since the map

E1 x4 Ey — (E1 ® E)®4, which sends (e, e2) to ((e1,e2),a), where a is the
element of A such that 7r1(e1) = mp(e2) = 4, is bijective. Thus we obtain

0 —>B®B —E{XpsE,—>A—=0

Now we apply /s« by considering the push-out

0 —— BOB —— E1xXak > A > 0
lVB v
(E1xaEp)®B
B o y (Erxabs

where C = {((i1(b1),i2(b2)), — /B (b1,b2)) | b1, b2 € B}. An easy calculation
shows that the map

E E B
Eq ><AE2£>( 1XAC2)@
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(61,62) = m

is surjective. Moreover, since ker(¢) = {(i1(b), —i2(b)) | b € B} := N, we

have
(E1 XAEQ)@BEEl X A Ep

C B N

This shows that

E1 x4 Ep

—A—=0
N

¢1+é= 0—B—
is an element of E(A, B), known as the Baer sum of the two classes of es-
tensions. This operation gives to E(A, B) the structure of abelian group; in

particular, the zero element is the class of split extensions (see Corollary 3.4.5
of Weibel, 1994).

Theorem 3.29 (Corollary 3.4.5, Weibel, 1994). E(A, B) is isomorphic to Extk (A, B)
as abelian groups.

Since Extk (A, B) is in particular an R-module, the previous isomorphism
of abelian groups induces to E(A, B) the structure of R-module with the fol-
lowing external product. Let € R and consider the map r- : A — A, which
is the multiplication by 7 and let ¢ : 0 — B = E *> A — 0 be an element of
E(A, B); the external product is defined by setting r - ¢ := (r-)*({), which is
the class of

0—+B—=E" —-A—=0

where E" is the pull-back of (7, 7).

The following results, stated for E(A, B) endowed with the structure of
R-module, can be proved following the proofs given by Walker, 1964, in the
case of abelian groups.

Definition 3.30. Let A be an R-module and r € R. We denote by

Afrj:=={a€ A|ra=0}

Proposition 3.31 (Theorem 1, Walker, 1964). An exact sequence ¢ : 0 — B LR
E 5 A — 0is a torsion element for E(A, B) if and only if

0 — B/B[r] — (B+rE)/Blr] %5 rA — 0
is splitting exact for some r € R, where 7t (x + B[r]) = 7(x).

Proof. Let ¢ be the class of 0 — B L> EL A 0; if ¢ is a torsion element of

E(A, B), there exists ¥ € R such that the sequencer-¢:0 — B L5 a-
0 is splitting exact, where E™" = {(e,a) € E® A | (e) = a}, j(b) = (i(b),0)
and s((e,a)) = a. Thus there exists s’ : A — E" such that ss’ = 14. Consider
h: E" — Esuchthat h((e,a)) = e. If a € A[r|, thens’(a) = (x,a) such that
rx =0and 7t(x) =ra =0,s0x = h(s'(a)) € Alr]. Letg: rA — E/BJr], such
that g(ra) = h(s'(a)) + B[r]. Take (e,a) € E", since 7t(e) = ra € rA, then



3.4. An homological approach to our problem 33

e € B+rE,sog:rA — (B+rE)/B[r]. Finally, for alla € A, n/(g(ra)) =
' (h(s'(a)) + B[r]) = m(h(s'(a))) = ra, then 1'g = 1,4, so the sequence is
splitting exact.

Conversely, suppose that

0 — B/Blr] — (B+rE)/B[r] = rA — 0

is splitting exact for some r € R and letv : YA — (B + rE)/B]r] such that

m'v = 1,4. Let{: 0 — B 4 E L A — 0be an element of E(A,B) and
consider the class of 7% - ¢ represented by

0sBEKMS A,

where K = {(e,a) | e € E,a € A,m(e) = r’a} and k,u are the natu-
ral maps. Let ' : (B+rE)/B[r] — E such that v'(x + B[r]) = rx. No-
tice that 7t(r'(x + B[r])) = r(77'(x + B[r])) for all x € (B + rE)/B]r|, then

r(a)) = r?a for alla € A. Consider the map
w : A — Ksuch that w(a) = (¥'(v(ra)),a), we have that uw = 1,4 then the

sequence 0 — B 5 K5 A-0is splitting exact.

Corollary 3.32 (Theorem 3, Walker, 1964). Let A, B be two torsion-free R-modules.

The sequence & : 0 — B L E X A — 0isa torsion element for E(A, B) if and
only if the sequence
0—+B—(B+rE) -rA—0

is splitting exact, for some r € R.

3.4.2 Homological approach for R(I),;, divisoriality

Consider the same diagram of Remark 2.10

0 0 0
0 s EC ! L E s s E/JE€ ——— 0
PEC PE PE/EC

The hypothesis that every regular ideal E of R(I), j is I-reflexive in Theo-
rem 2.12 is necessary since we are not sure about the exactness of the above
diagram. In particular, the exactness holds if in the following sequence

0 — Homg(E/ES, I) = Homg(E,I) - Homg(ES,I)
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the map i* was surjective. Following an argument similar to the proof of
Bazzoni and Salce, 1996, Theorem 3.6, consider the following diagram

0 0 0

~ ~ ~

0 — Homg(E/ES, 1) — ™ Homg(E,I) —— Hompg(E¢,I)

v v - N2

0 —— Homg(E/E¢, Q) ——— Homg(E,Q) %_H{)mR(EC,Q) — 0

~ ~ ~

0 —— tHomR(E}EC,Q/l) SN tHomR(’E,Q/I_)_.% tHomR(ﬁC,Q/I)

The third line contains the torsion part of the corresponding Hom; Cy, C2, C3
are the cokernels of the respective columns.

Since v is surjective and ' is injective, by the Snake Lemma there exists
T : Homg(E¢, I) — Cj such that the sequence

Homg(E/ES, 1) — Homg(E,I) — Homg(ES,I) = C; — Co — C3

is exact. Since C; is a torsion submodule of Extk(E/ES,I), if the latter is
torsion-free, then C; = 0, and thus i* is surjective.

This moves our attention to trying to understand when Extk (], I) is torsion-
free, when ] is an ideal of a domain R with m-canonical ideal I. By Theorem
3.29 Extk (], I) is isomorphic to E(J, I), then as consequence of Corollary 3.32
we have the following.

Corollary 3.33. Let R be a domain with m-canonical ideal 1. Extk (], 1) is torsion-
free if and only if every sequence 0 — I — H — | — 0 is splitting exact when
there exists r € R such that 0 — I — I +rH — r] — 0 is splitting exact.

In an attempt to understand when a sequence of the type0 — I — H —
J — 01is such as in Corollary 3.33, the next proposition shows that we need
to investigate the case when H is not I-reflexive.

Proposition 3.34. Let R be a domain with an m-canonical ideal I. An R-module H
is I-riflexive if and only if every sequence of the type 0 — I — H — | — 0, where
] is an ideal of R, is splitting exact.

Proof. Let H be a reflexive R-module. Consider the dual sequence

0 — Homg(J,I) - Homg(H,I) - K— 0
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where K is the appropriate cokernel. Since rk(Homg(H,I)) = rk(H) = 2,
then rk(K) = 1. Applying the functor (—)* := Hompg(—, I), we get

0+ s H 3

I J
lCD lPH lp ]

p

> > 0
0 » K* » (H)* —— (J*)*

By our assumption the maps p; e py are isomorphisms, then B is surjective,
so, induces an isomorphism ®. Since Hompg (K, I) has rank 1, by Bazzoni and
Salce, 1996, Lemma 3.1 K is [-torsionless, and then K = Hompg (Homg (K, I), I) =
Hompg(I,I) = R. Since R is projective as R-module, the sequence

0 — Homg(J,I) - Homg(H,I) - R — 0
is splitting exact, then the I-dual
0—=+K"'—= (H)" = (J")"=0

is also splitting exact. The isomorphisms make the sequence 0 — I — H —
J — 0 splitting exact.

Conversely, if 0 -+ I — H — | — 0 is splitting exact, then H = [ @ ], so,
Hompg(Homg(H,I),I) = Homg(Homg(I® ], I),I) = Homg(Homg(I,I),1)®
Hompg(Homg(J,I),I) =16 ] = H. O
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3.5 Open problems

In remark (4), p. 22 of Matlis, 1968, the author formulates a conjecture by
suspecting the existence of reflexive domains where not all maximal ideals
are 2-generated. This suspicion it has been confirmed by Goeters, 1999 and
Proposition 3.12 could be used to provide other examples.

Example 3.35. D = Z[i+/5], is a Dedekind domain not PID. Consider I = 2Z.[i\/5],
b = 2, since t? — 2 is irreducible in Q(i\/5), then Z* := Z[i\/5|(2Z[i\/5])o,2 is
a domain. Notice that

I={xeQ(iv5) | 2x? € Z[iv/5]} 2 Z[iV5)],

so Zx D Z[i\/g] + Z[i\/g]t D Z*, then Z* is not integrally closed. Consider the
maximal ideal m = (2,1 +iv/5)D; in (Z[ir/5]/m)[t] the polynomial t> — 2 has 0
as double root, so there exists exactly one prime ideal lying over m, which is

= m + 2Z[iV5]t = (2,1 +iV/5,2t) Z".

Since 2 = — (14 iV/5)(1 — iV/5) + 2t(2t), then @ = (1 + i\/5,2t)Z* is 2-
generated.

Ifm = (7,3 +iV5)D, since t> — 2 = (t — 3)(t — 4) in (Z[i/5]/m)[t] there
are two prime ideals lying over m:

mp = {hl + 2hyt | hy € Z[l\/g],hz S ZZ[i\/g],hl +3(2h2) € (7,3 + l\/g)D}

my = {hy +2hot | hy € Z[iV/5],hy € 2Z[iV/5], h1 + 4(2hy) € (7,34 iv/5)D}

Let hy + 2hyt an element of my. Since hy + 3hy € (7,3 + i\/g)D we have that hy +
3hy = 71+ (3 +iv/5)m for some m € w, then hy = 71 + (3 4 i\/5)m — 3hy. Since
hy+hot =71+ (34 iV5)m + (=3 + )21, = 71 + (3 +iv/5)m + (—6 + 2t)h),
then my = (7,3 +iv/5, —6 + 2t)Z*. We have the suspicion that my is minimally
generated by these three elements.

In order to find a counterexample in the non-Noetherian case of a domain
R that admits an m-canonical ideal but have a quotient R(I), , not divisorial,
we provide another construction that we conjecture it could be a solution of
the problem.

Example 3.36. Let K be a field and X an indeterminate on K. For all n € IN we
define Y, = X2i. We denote with Dy, = K[Y,] and with V,, : (Dn)y,p,- The
1ing Veo := Unen Va is a valuation domain with non principal maximal ideal m
and L := K({Y, | n € IN}) is its fractions field. If K = Q, the polynomial
f(T) := T?> + XT — 1 € Vio[T] is irreducible in L[T] but admits two distinct
factors in (Veo/m)[T]. So the ring Veo(m)x —1 is a domain and Ve + Voo T has
exactly two distinct maximal ideal:

my :={a+bT |abe Voanda+b e m},

my :={a+bT |a,b€ Voanda—b € m}.
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We claim that my / (m + mT) is not simple as Voo + Voo T-module.
To prove this, we look for a principal ideal (A + uT) C my/(m + mT), with

A€ Veo/mand A+ u € m, such that
(« +BT)A+uT)+m+mT Cmy
forall o + BT € Voo + Voo T.

Fix (A4 uT) C my/(m+ mT), the question is: pick a + bT € my/(m + mT),
witha,b € Voo/mand a + b € m, is it possible to find & + BT € Voo + Voo T such
that

a+bT = (a+ BT)(A+uT)+oc+1T
forany o, T € m? If such an element exists, it can be proved that:

_al — Xap — oA+ Xoy — ub + ut
= A2 — XAy — y? € Voo

_Ab— AT —ap+ o
p= A2 — XAy — p? € Vo

In particular, A\b — At —ap +po € (A> = XAy —p?) = (A —p)(A +p) —
XApu) C m. Ifwe chose a,b, A, u € Voo such that A\b — ya ¢ m, we have an absurd.
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