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Abstract

In this thesis we deal with qualitative properties of solutions of the semilinear
elliptic problem
—Au= f(u) inQ
{u =0 on 0,

where Q C RV, N > 2 is a smooth domain and f:R — R is a smooth function.

A classical problem concerns the study of the shape of u related to the one
of the domain. In particular we investigate the number of critical points of u
with respect to the convexity of €2. Both the cases of positive and sign-changing
solutions are treated.
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Introduction

Let u be a solution of the problem

{—éu = f(u) inQ W
u=20 on 0,

where f : R — R is smooth and @ C RV, N > 2, is a smooth and bounded
domain. A classical problem in the qualitative study of solutions of the preceding
argument concerns the shape of u, which is known to be strongly influenced by
the geometry of the domain 2 and by the nonlinearity f. In particular we are
interested in the number of critical points of u and in the geometry of its superlevel
sets {u > ¢}, with ¢ € R. Moreover, both positive and sign-changing solutions
will be considered.

Since the literature is very wide it is impossible to give here a complete list
of references, so we mainly focus on the results which are more strictly related
to the rest of the thesis. We refer to Chapter [1] for a more detailed discussion
in the case of positive solutions and to Section in Chapter [p| for the sign-
changing ones. Finally we mention the recent surveys [Magl6l [Gro21] and the
monograph [Kaw85al.

A first interesting result linking the geometry and the topology of the domain
with the geometry of the solution u can be deduced from the Poincaré-Hopf
Theorem, for instance see [Mil65]. In particular it follows that if u is a positive
solution of with isolated critical points @1, ..., xk, then one can prove

k
Z ind(Vu, ;) = (—1)V x(Q),

i=1

where x(2) is the Euler characteristic of Q (let us point out that the preceding
formula is general and does not depend on the fact that u is a solution of an
elliptic equation). Hence we can see that there are relationships between the
topology of the domain and the number of critical points. Furthermore, it is
natural to ask when the sum reduce to a minimal number of elements. Hence, if
Q) is a contractible domain we have x(2) = 1 and then we can investigate when
k=1.

Let us also mention that by a classical result in Lusternik-Schnirelmann the-
ory, see for instance [Str08], we get a lower bound on the number of critical points.
Indeed, given a smooth function u : 2 — R solution of proble then

t{x e Q| Vu(x) =0} > cat(Q),

where cat(£2) is the Lusternik-Schnirelmann category of 2. Then if the topol-
ogy of € is not trivial (for instance if the domain contains holes) we can have
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cat(£2) > 2. We are not going to treat the case when (2 is not simply connected,
but let us just mention, for example, that a well studied case is the one of convex
rings, we refer to Subsection [I.1.2] for a list of references on this topic, while the
paper [GL20] investigate the case of domains with a small hole.

Let us start by examining the case when w is a positive solution of problem
on a simply connected domain €. A first important result has been proved by
Makar-Limanov for the torsion problem, i.e. f = 1. In [MLT71], he proves that if
2 is a smooth, bounded and convex domain in R?, then the solution of the torsion
problem has a unique nondegenerate critical point. Moreover, it is quasiconcave,
i.e. the superlevel sets {u > ¢} are convex for all ¢ € R.

The same result is true for the first Dirichlet eigenfunction, f(u) = Au, as it
was proved by Brascamp and Lieb [BL76] (se also the paper by Acker, Payne and
Philippin [APPS&1]).

A very general result on the uniqueness of the critical point of solutions of
can be deduced from the seminal paper [GNN79] by Gidas, Ni and Nirenberg.
Indeed, if f is a Lipschitz continuous function and © C R is a smooth and
bounded domain which is symmetric with respect to the plane x; = 0 for any
t = 1,...,N and convex with respect to any direction xi,...,xn, then u has
exactly one critical point and moreover the superlevel sets are star-shaped with
respect to the origin. We point out that it is still an open problem to prove when
u is quasiconcave or not, see the work by Hamel, Nadirashvili and Sire [HNS16].

Some conjectures claim that the symmetry assumptions can be removed. An
interesting contribution in this direction is the result in [CC98] by Cabré and
Chanillo, see Theorem [1.1.9, where the uniqueness of the critical point is proved
for semi-stable solutions in planar domains with strictly positive curvature of the
boundary 0f).

We recall that a solution u of problem is said to be (semi-)stable if the
linearized operator at u is (non negative) positive definite, see Definition m
In Chapter [2| which collects the results from [DRGM21], the theorem is extended
allowing the curvature of the boundary to vanish somewhere, see Theorem [2.1.1
Furthermore, we also give an alternative proof of the result for strictly positive
curvature.

If 092 contains points with negative (mean) curvature the situation may change
drastically, even if we consider solutions on domains which are not far from being
convex. Indeed, not only the uniqueness of the critical point is lost, but it is not
even possible to have any bound on the number of critical points. In [GG22],
see also Theorem for the precise steatement, Gladiali and Grossi prove that
there exists a family of bounded domains €2, in R? and a solution u, to the torsion
problem in €. such that u. has at least kK maximum points with k& > 2, while
the domain €. is star-shaped, locally converges to the convex strip R x (—1,1),
the curvature of the boundary is positive everywhere except to a portion and its
minimum goes to 0 as ¢ — 0. It is important to point out that this work also
shows that if we consider a star-shaped domain, then the superlevel sets are not
star-shaped too, in general.

Then the result has been extended to higher dimensions and to stable solutions
of more general nonlinearities in [DRG22al, see Theorem in Chapter 3| In
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particular the case f = Ag where A > 0, g is smooth and satisfies

g : R — R is increasing and convex,
9(0) >0,

is considered.

Then the situation can be completely described for N = 2 as follows: if the
curvature of the boundary of the domain is non negative, then stable solutions
have exactly one critical point, while as soon as the curvature becomes negative
somewhere, then we can find stable solutions with an arbitrary (finite) large
number of critical points.

What happens for N > 37 It is still an open problem to determine if the
(semi-)stable solutions admit exactly one critical point whenever the domain is
convex. Our contribution in this context consists in showing that even if the
(mean) curvature of the boundary 02 is strictly positive everywhere, we can
build a family of domains converging to a convex cylinder such that the solutions
of the torsion problem on them admit an arbitrary large number of critical point.
This is stated in Theorem [3.1.2| and it is still proved in the same paper as before.
We refer to Chapter [3] for all the details.

It is natural to ask if it is still possible to recover uniqueness of the critical
point even in non convex domains. In Chapter [f] we give some of results in this
optic.

First of all we consider the Poisson problem

—Au= f(x) inQ
u=20 on 012,

where f : @ — R is a regular positive function and €2 is a smooth bounded
domain, * € 2. We find a condition involving both the function f and the
geometry of the domain € (the curvature of the boundary) to ensure uniqueness
of the critical point. This is stated in Theorem which may apply also for
non convex domains.

Then we deal with small perturbations of bounded and convex domains. We
show that if we fix a smooth, bounded and convex domain  C R?, and we con-
sider another domain sufficiently close to it, see Definition then we have
that semi-stable solutions of problem on Q admits exactly one critical point,
even if ) is not convex. We refer to Theorem for the precise statement.
Note that, as explained before, if we do not assume that the limit domain is
bounded then the result is no longer true.

In the last part of the thesis we deal with the case of sign-changing solutions.
To our knowledge there are no results in the literature. So our starting point
is the classical problem of the second Dirichlet eigenfunction of the Laplacian in
dimension N = 2, that is we consider the following eigenvalue problem

—Au=Xu in
u=20 on 02,

where \s is the second eigenvalue of the Laplace operator and u a corresponding
eigenfunction. It is known that u change sign exactly once in virtue of the Courant



Nodal Domain Theorem, see [CH53|]. The geometry and location of the nodal line
A={x € Q:u(x) =0} has received a lot of interest. A very famous conjecture
about the nodal line says that A musts touch 9) at exactly two points for all
(simply connected) domains: different versions of the conjecture had been stated
by Payne in [Pay67] and by Yau in [Yau82]. The conjecture has been proved in
convex domains by Melas in [Mel92], see also the paper [Ale94] by Alessandrini.
We refer to Section for an overview on this problem.

Of course the computation of the number of critical points of the second
eigenfunction is strongly influenced by the geometry of the nodal line. If it is a
closed curve contained in €2 we expect many critical points, otherwise two is the
minimum number.

The first contribution in Chapter [5|is given by Theorem where we prove
that the second Dirichlet eigenfunction in a convex domain with large eccentricity
has exactly two non degenerate critical points in {2: a maximum and a minimum.
Let us recall that the eccentricity of a planar domain is defined as

diam(Q)

Q) = 2amy)
ece(§2) inradius(2)’

where inradius(€2) is the radius of the largest ball contained in §2. These domains
were considered by Jerison in [Jer95a] and also in collaboration with Grieser
in |GJ96] where the location of the nodal line A was characterized.

Finally we also deal with convex perturbation of rectangles, still studied by
Grieser and Jerison in [GJ09]. In this case it is possible to see that the m-th
eigenfunction has exactly m critical points in €2, see Theorem [5.2:3]

The original contributions of Chapter |5 can be found in the paper [DRG22b].

We conclude this part of the introduction by pointing out that it is clearly
interesting to consider different kind of differential operators in problem and
some works can be found in the literature. Even if not in the interest of this
thesis let us mention that results in the spirit of the ones quoted before had been
proved for more general elliptic operators, for the p-Laplacian operator —A,, and
also for fully nonlinear ones. We refer to the end of Chapter [I] for some references.
The case of non local operators seems to be, at the moment, less explored, see
next section for a short discussion about this topic.

Some open problems

There are still lots of open problem about the geometric properties of solu-
tions of elliptic problems. About future developments strictly connected with
the results described above, it will be interesting to investigate the existence of
geometric conditions on the domain 2 to limit the number of critical points to
avoid phenomena as the ones described in [GG22, DRG22al]. Moreover, another
future direction of research could be to replace stability with semi-stability in the
construction showed in Theorem [3.1.11

Another problem it would be very interesting to examine concerns the case of
non local operators, and a good starting point could be the fractional Laplacian.
As the author knowledge, very few is known about the number of critical points
and the shape of the level sets of solutions of non local problem, even for the
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simplest cases. Let us focus on the general problem

{(—A)su = f(u) inQ @)

u=20 on RV \ Q,

for s € (0,1). We refer to [DNPVI2, RO16, ROSI4al, SVI2l [SVI3] and the
reference therein, for the theory about fractional spaces and Dirichlet problems
with the fractional Laplacian operator (included existence, regularity etc. etc.).

The case of the torsion problem f = 1 has been faced by Kulczycki in [Kull7]
where he proves, through the Caffarelli-Silvestre extension [CS07], that if € is a
planar, smooth, bounded and convex set, then the fractional torsion function is
concave on ) for s = 1/2.

Then it is natural to ask if it is possible to extend the preceding result and in
particular if the result by Cabré and Chanillo in [CC98] for semi-stable solution
can be extended to the fractional case. Note that in [ROS14b], Ros-Oton and
Serra treat the case of semi-stable solutions of problem extending the theory
for the classical Laplacian (see Appendix |[A| for a short resume of the classical
case). It is important to point out that the non local nature of the operator
could be very hard to overcome. Furthermore, the bad boundary regularity of
the solutions is another fact that has to be taken into account and finally a
fundamental step in the work of Cabré and Chanillo is based on the good behavior
of the nodal lines of solutions of elliptic equation (see [CF85b], for instance), which
can be worse in the fractional case, as shown in [STT20].

Organization of the work

The thesis is organized as follows: in Chapter [I] we give a short survey about
known result on uniqueness of critical point and quasiconcavity of positive solu-
tions of problem The last section of the chapter is devoted to a collection of
counterexamples to the uniqueness of critical point and to quasiconcavity.

In the sequent chapter we deal with Theorem [2.1.1] that is the extension
of Cabré and Chanillo’s theorem from the case of domain with strictly positive
curvature of the boundary of the domain, to the case of non negative curvature.

In Chapter [3|we extend Gladiali and Grossi’s Theorem [I.2.1]in Theorem [3.1.]
and we show that in dimension N > 3 it is not enough to ask for striclty positive
curvature of the boundary to ensure uniqueness of the critical point. This is
Theorem B.1.21

The proofs of Theorem on the Poisson problem and of Theorem
on small perturbation of convex domain can be found in Chapter

Finally, in Chapter [5] we treat the case of sign-changing solutions focusing
on the Dirichlet eigenfunctions. After a short section on known results about
the nodal line conjecture, we state and prove Theorem [5.2.2) and Theorem [5.2.3
about the number of critical points of eigenfunctions in convex domains with
large eccentricity.

The appendix is divided into two parts: in the first one we resume some well
known fact about stability of solutions of elliptic problems, while in the second
one we prove some technical results needed in Chapter
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Notations

We adopt the following notations:

unless different indication, & := (z1,...,2y) is a point in the euclidean
space R, with orthonormal base ey, ..., en, for N > 1;

0:=(0,...,0) € RY denotes the origin of the euclidean space R';
B, () denotes the open ball of radius 7 > 0 and center x € RY;

for a given set 2 C R we denote its Lebesgue measure as ||, while the
counting measure is denoted with the symbol f;

if the closure of the set w is contained in another set Q we write w CC €;

we write AAB for the symmetric difference of two sets A and B, i.e.
(A\B)U(B\ A);

for a given function u : © C RY — R, the (possibly weak) partial derivative
with respect to the direction e; will be denoted by u,, or 0,,u for all i =
1,..., N (anologous notation for higher order derivatives);

if @ C RY is a regular enough domain we denote by v the other normal
unit vector to its boundary 02, in particular the other normal derivative
will be denoted by wu, or d,u;

given a domain Q C R and an elliptic differential operator L we denote
by Ai(L,) the k-th eigenvalue of the operator in Q with zero Dirichlet
boundary conditions.

Finally, for classical results about partial differential equations - such as max-
imum principles, regularity theory and others - we refer, for instance, to the
textbooks [GT01) [Eval0, [Jos13].
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Chapter 1

On the number of critical
points of positive solutions

For N > 2,let Q C RY be a bounded domain. Assume wu is a classical solution
of the following problem

—Au= f(u) inQ
u>0 in Q (1.1)
u =10 on 0,

where f: R — R is a given function.

As explained in the Introduction, we are interested in qualitative properties
of the solutions of the preceding problem and in particular we want to examine
the number of critical points of u and the shape of the superlevel sets {u > c},
where ¢ € R. To this end, it is useful to recall the following notions of concavity.

Definition 1.0.1. A function u : 2 — R is said to be

(i) concave if u(pxs + (1 — p)axs) < pu(xy) — (1 — p)u(xe) for all 1, x2 € Q
and p € (0,1), if the preceding inequality is strict we say that u is strictly
concave,

(ii) a-concave if u® is concave for a € (0,1) (see [Ken85] for a more general
definition and related properties),

(iii) log-concave if logu is concave,
(iv) quasiconcave if the superlevel sets {u > ¢} are convex for all ¢ € R.
The following is a trivial, but important, remark.

Remark 1.0.2. 1) If u € C%(Q), then convexity of u is clearly equivalent to to
the fact that the hessian matrix of u is negative semidefinite everywhere in
Q. The Hessian of u is negative definite everywhere if and only if u is strictly
concave.

2) It holds

but the reverse implications are not true in general.

1



2 Chapter 1. On the number of critical points of positive solutions

3) If the superlevel sets {u > c} are star-shaped for all ¢ € R, then uniqueness
of the critical point holds. In particular, quasiconcavity implies uniqueness of
critical point.

4) More generally, given a monotone function h, we have that h-concavity implies
quasiconcavity, where the definition of h-concavity is the trivial generalization
of the previous ones.

It is natural to ask if the superlevel sets {u > ¢} inherit the geometric proper-
ties of the domain. In particular, if Q) is convex, since it can be clearly seen as the
superlevel set {u > 0}, one can investigate if this convexity property is preserved
for all ¢ > 0, see also [Lio81l, Remark 3|. Anyway, proving the preceding property
can be a very hard task and indeed it is not always true, see Section [I.2] Hence,
taking into account that, as pointed out in the previous remark, quasiconcavity
implies uniqueness of the critical point, clearly a weaker property that it is in-
teresting to study is the uniqueness the critical point and its dependence on the
geometry of the domain. That being said, in this chapter, we will mainly focus
on the case where (2 is a convex domain.

The chapter is organized as follows: in the next section we take in considera-
tion positive solutions of problem and we give a short survey about results
where uniqueness of the critical point is proved to be true. Then in Section[I1.1.1
we describe the technique related to te Concavity Maximum Principle which al-
lows to prove quasicancavity and in particular uniqueness of the critical point. In
the last section we deal with a series of results where it is shown that uniqueness
does not hold or the superlevel sets are not convex.

1.1 Uniqueness of the critical point

The number of critical points of (positive) solutions of problem strongly
depends on the geometry and the topology of the domain. The next two theorems
are useful to understand this dependence.

Before stating the first one let us recall that given a smooth vector field V'
defined on a neighbourhood of € RY, which is an isolated zero of V', the index
of Vin x is

ind(V, @) = deg (V, B,(),0),

for suitably small » > 0 and where deg denotes the Browner degree (see, for
instance, the classical texts [L1o78, [Dei85] as references on topological degree.
The Poincaré-Hopf Theorem can be stated as follows, see [Mil65].

Theorem 1.1.1 (Poincaré-Hopf Theorem). Given a smooth and bounded domain
Q CRY, and a smooth vector field V : Q@ — RN, assume that @1, ..., x are all
the zeros of V', they are isolated and that V(x) - v(x) > 0 for all x € 9Q. Then
it holds

k
> ind(V,2) = x(),
i=1
where x () is the Euler characteristic of Q.
Hence if u solves problem |(1.1)| and we set V' = Vu we can easily derive the

following corollary that gives a constraint on the number of critical points which
depends only on the topology of the domain €.



1.1. Uniqueness of the critical point 3

Corollary 1.1.2. Assume u is a positive solution of problem|(1.1)| and it has k
isolated critical points x1,...,xk. Then

k
Z ind (Vu, z;) = (—1)Vx(Q).
=1

Let us point out that if, for instance, f is analytic, then the critical points of
u are isolated, see Theorem [1.1.11

The second theorem gives a lower bound on the number of critical points in
terms of the Lusternik-Schnirelmann category of the domain 2. Let us recall
some basic fact in this theory which are here adapted to our purposes. We refer
for instance to the books [AMOT, [Str08] for a more general treatment. First of
all the Lusternik-Schnirelmann category of ) is given by

cat(§2) :=sup { catq(K) | K C Q is compact },

where for all compact sets K C €2 one has

4
catq(K) := min {€ eN|K C U A;, where A; are contractible in Q}
i=1

Then we have the following result.

Theorem 1.1.3. Let u be a positive solution of problem |(1.1)| then
t{x e Q| Vu(x) =0} > cat(Q).

In particular, the preceding results tell us that if we want to find solutions
with only one critical point we need to assume the domain € is contractible.

Now, we can start with the description of some results about quasiconcavity
and uniqueness of the critical point. One of the first has been obtained for the
torsion problem, i.e. f =1, by Makar-Limanov.

Theorem 1.1.4 (MLT7I]). Let Q C R? be a convexr domain and u be a solution
of the torsion problem

—Au=1 inQ

u>0 in Q

u=20 on 0.

Then uw has a unique critical point, a nondenerate mazximum. Moreover, u is
quasiconcave.

See also [Kim06] for the location of the maximum point in convex domains
close to the ball. Quasiconcavity, and more generally %—concavity, of the torsion
problem is true also in higher dimension, see Remark

Before going on, for N > 2, let us recall that the mean curvature of the
boundary of € is given by

R:= %tr(du),

where v is the unit other normal vector field, which is well defined and regular if
the domain is assumed to be regular enough.

Another important case that has been studied is the first Dirichlet eigenfunc-
tion, which it is well known, is the only - up to a multiplicative factor - positive



4 Chapter 1. On the number of critical points of positive solutions

one. A first partial result on the convexity of level sets under some symme-
try assumption can be found in Payne’s work [Pay73]. Then the quasiconcavity
has been proved removing the symmetry assumptions by Brascamp and Lieb
in [BL76], but we refer to the work [APP81] by Acker, Payne and Philippin for a
proof which is more familiar with PDEs methods.

Theorem 1.1.5 ([BL76, [APP8I]). Let Q be a convex domains and let u be the
first Dirichlet eigenfunction of the Laplacian, i.e. u solves

—Au=Mu inQ
u>0 in Q
u =0 on 0S,

where A\j == A\ (—A,Q) > 0 is the first eigenvalue. Then u has a unique critical
point, a nondenerate maximum. Moreover, u is quasiconcave.

The proof in [APP8]1] holds only in dimension 2 under the stronger assumption
K > 0 on 09, but it gives upper and lover bound for the curvature of all level
sets. More precisely, one can prove that the first eigenfunction is log-concave, for
instance see [CS82]. Moreover, in domains with large eccentricity, the localization
of the critical point and a convergence result to a suitable function related to the
geometry of the domain itself can be found in the work [GJ98| by Grieser and
Jerison.

Other interesting estimates about the location of the maxima points both
for the torsion function, both for the first eigenfunction had been proved by
Magnanini and Poggesi in [MP21].

The preceding results give a very good description of the shape of the solution
u provided €2 is a convex set, but they hold for very specific type of f. A first result
for a more general class of nonlinearities f has been proved by Sperb in [Spe75],
under some additional symmetry assumptions.

In this context, that is if we consider domains satisfying some symmetry
assumptions, a very important result is the fundamental theorem by Gidas, Ni
and Nirenberg in [GNNT79] which allows to consider very general nonlinearities in
any dimension.

Theorem 1.1.6 ([GNNT79]). Let Q C RY be a smooth bounded domain which is
symmetric with respect to the plane x; =0 for any i =1,..., N and convex with
respect to any directions x1,...,xn. Suppose that u is a positive solution to|(1.1)]
where f is a locally Lipschitz function. Then

(i) w is symmetric with respect to x1,..., TN,
(ii) g—;<0f07’a:i>0 and alli=1,...,N.

As a consequence of the preceding theorem, it easily follows that u admits
exactly one critical point and, moreover, all the superlevel sets are star-shaped.
See also [Kaw83|. In general, as proved in [HNS16], it is not true that {u > ¢} is
convex for all ¢ € R if © si convex, see Theorem [I.2.3] and Remark [1.2.4]

To remove the symmetry assumptions in Theorem |1.1.6|is not an easy task.
In this context, a partial result has been proved by Lions in [Lio81], where the
technique of the the parabolic flow is used. Another result is due to Kennington,
where in particular it is proved that for A > 0 and 0 < p < 1, if f(u) = AP, the
uniqueness of the critical point hold. See the following theorem.
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Theorem 1.1.7 ([Ken8H)]). Let Q@ € RY be a smooth, bounded and convex domain
and let u € C?(Q) N CY(Q) be a solution of problem where f : (0,4+00) —
(0, +00) satisfies, for some o € (0, 1), the two following conditions

(i) t*~Lf(t) is strictly decreasing with respect to t,

(i) tBe=D/af (1) or equivalently t(1—20/ f(=1/%) is concave with respect to
t, or (1—2a)(1—3a) f(t)+(5a—1)f'(t)+t2f"(t) < 0 for twice differentiable
[

Then wu is a-concave. In particular, if f(t) := AP for some constant ¢ > 0 and
p € (0,1), then u is 1;p—concave.

In the same paper more general results can be found. They involve the equa-
tion —Au = f(z,u) and also some results about large solutions. See also [Kea85]
for related results only in dimension 2.

Finally, a very important result, that was proved by Cabré and Chanillo
in [CC9§|, allows to avoid all the symmetry assumptions on 2 and to consider
very general f, but it is assumed that u is a semi-stable solution.

Let us recall the following definition of (semi-)stability.

Definition 1.1.8. A function u is a (semi-)stable solution of the problem |(1.1)|
if the linearized operator at u is positive (nonnegative) definite, i.e. if for all
© € C3°(92) one has

L 196l = [ rlef > .

or equivalently if the first eigenvalue of the linearized operator —A — f’(u) in Q
is positive (nonnegative).

In Appendix [A] a short resume about stability of solutions can be found.

Theorem 1.1.9 ([CC98]). For N = 2, assume 8 > 0 on 0%, i.e. the boundary
of Q has strictly positive curvature everywhere. Suppose f > 0 and that u is a
semi-stable solution to|(1.1). Then u has a unique nondegenerate critical point.

Remark 1.1.10. 1) The preceding result was extended allowing 09 to have
points with zero curvature in [DRGM21], see Chapter

2) The theorem does not hold in higher dimension under only the assumption
that the mean curvature of the boundary is strictly positive, see Theorem [3.1.2
and the related discussion. It is an open problem to determine if or if not
(semi-)stable solutions in convex domains admit a unique critical point for
N > 3.

Let us also mention the following result due to Alessandrini and Magnanini
where the authors show that critical points are isolated in dimension 2 and more-
over they give a constraint on the kind of critical points.

Theorem 1.1.11 ([AM92]). Let Q C R2?, be a smooth, bounded and simply
connected domain and let u be a solution of problem|(1.1), where f > 0 is analytic.
Then the critical points of u are isolated and one has

${mazima of u} — #{saddle of u} = 1.
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In the remaining part of this section we collect some other result where unique-
ness of the critical point holds true for particular nonlinearities f.

Remark 1.1.12. Before going on let us briefly recall the situation for f(u) = Au?,
)\>0,0§p<%ifNZZ&orszifN:Q. If Q is convex then

1) p =0: i.e. the torsion problem. In this case we know the u is i-concave, see

D)
Remark [[LT.21] below.

2) 0 < p < 1: in this case we know the u is 1gp—comcave.

3) p = 1: i.e. the eigenfunction problem. In this case A = A\ (—A,Q) and we
know the u is log-concave.

4) p > 1: much less is known in this case. Some partial results can be found
below. Let us point out that Theorem [1.1.9] can not be applied, since p > 1
implies that the solutions are not semi-stable.

For least energy solutions in the case f(u) = AuP with p > 1, Lin proved the
following result.

Theorem 1.1.13 ([Lin%4]). Let Q C R? be a smooth, bounded and strictly convex
domain and let u be the least energy solution of

—Au=u? in
u >0 in )
u=0 on 0%,

-1
with p > 1. Then w2 s convez in Q. In particular u is quasiconcave and
uniqueness of the critical point holds true.

The case f(u) = AuP with p close to the critical value % has been studied in

a series of paper by Gladiali, Grossi, Molle and Takahashi, where under suitable
assumptions they prove uniqueness of the critical point and star-shapeness or
convexity of the superlevel sets. The results are summarized in the following
theorem.

Theorem 1.1.14 ([GMO03, [GG04D, [GTT0]). Let @ € RN, with N > 3, be a
smooth, bounded and convex domain and let us be a solution of

—Au = )\u%_6 in
u>0 in )

u=20 on 0N.

Mreover, assume one of the following situation is verified

(i) A= N(N —2) and
fQ|V“€|2 _
e—0 (fQ\uE\Q*)2/2*

where S is the best constant in the Sobolev embedding and 2* := 2N /(N —2);

I’

(ii) N >4 and \ = 1.
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Then for € small enough there exists a unique maximum point xs which is the
only critical point of us and the superlevels of us are strictly star-shaped with
respect 10 x..

Finally, if (i) is satisfied and if Q has strictly positive Gauss curvature at
any point of its boundary, then the level sets of u. have strictly positive Gauss
curvature at any point that is not x.. In particular, the superlevel sets are strictly
CONVEL.

Also the case of non stable solutions for Gelfand problem f(u) = Ae“, when
A is close to 0 has been studied by Gladiali, Grossi and Takahashi.

Theorem 1.1.15 ([GG04a, [GTI0]). Let Q@ C R2, be a smooth, bounded and
convex domain and for A > 0 let uy be a solution of

—Au=Xe* inQ
u=0 on 011,

such that HUA”Loo(Q) — 400 as A = 0. Then for X small enough, the maximum
point xx is the only critical point of uy and the superlevels of uy are strictly
star-shaped with respect to xy.

If 992 has strictly positive curvature at any point, then the level sets of uy are
strictly convex.

Remark 1.1.16. 1) The paper [GG04a] deals also with the more general prob-
lem
—Au=Af(u) inQ
u >0 in
u=20 on 052,

where f is positive, increasing, convex and such that

£(0)>0, lim ) _ +o0,

for small values of A > 0.

2) Finally, we refer also to the works [GG04bl [EMGO04] for other results involving
f(u) = AP — pu, with A\, u > 0 and p > 1.

1.1.1 Concavity Maximum Principle

An important tool to prove quasiconcavity and in particular uniqueness of
the critical point is given by the Concavity Maximum Principle. Here we briefly
describe his main features. Before it, we start this section recalling some classical
strategies that can be adopted to prove the convexity of the level sets for solutions
of problem [(1.1)} following Kawoh!’s book [Kaw85al. Then after the statement of
the Concavity Maximum Principle we show how it can be used to prove 1/2-half
concavity of the solution of the torsion problem in convex domains.

Given a convex domain Q C R¥ | as explained in [Kaw85a], the most common
strategies one can try to prove that the solutions of problemare quasiconcave
are the following ones:

1) show that w is concave, or that u is h-concave for a suitable monotone function
h;
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2) show that the principal curvatures of all superlevel sets are non negative, see
for instance [APP8I].

For the first case some sub-strategies can be adopted.

a) Parabolic flow: the linear parabolic operator % — A under homogeneous

Dirichlet boundary conditions preserves some concavity properties of initial
datum wug. Studying the asymptotic behavior as ¢ — +oo of the solution of the
initial value problem, one can desume properties on the solutions of semilinear
elliptic problems, see for instance [BL706, [Lio81l [Ken88, [LVOS].

b) Concavity Mazimum Principle: a continuous function v : Q@ — R is convex if
and only if

; (:131—;—:132> B v(x1) + v(x2) <0

5 <0, forall (x1,z2) € Qx Q.

One can verify the preceding inequality by means of a suitable maximum
principle. This approach has been first introduced in [Kor83al], then it was
independently exploited in [Kor83bl [CS82] and generalized in [Ken85]. See
also [Kaw85al [Kaw85bl, [Kaw86|, (GP93].

c) Constant rank theorem: under suitable assumptions if u solves and equation
of the form Au = g(u, Vu, Au) and if the Hessian of u si nonnegative definite,
then it has constant rank. Then a continuation method can be applied, see
for instance [CE85al, [KL8T, [Lin94]

Let us refer to the book [Kaw85al for the description of other possible tech-
niques and for a more complete list of references.

To describe the main features of the Concavity Maximum Principle, let us
introduce the following definition.

Definition 1.1.17. Let u be defined in Q where Q is a bounded and convex
domain in RY. Then for x1, 22 € Q and u € [0, 1] the concavity function is given
by

Cu(x1, @2, p) = u(pxz + (1 — p)@1) — pu(wz) — (1 — pu(es).

Remark 1.1.18. As explained in [Kor83a], the concavity function €, (@1, x2, 1)
is the difference height, with sign, between the graph of v and the line segment
joining (x1,u(x1)) to (x2,u(x2)), above the point puxs+ (1 —u)x1. In particular,
the function w is convex if and only if €, < 0 for all 1,z2 € Q and p € (0,1).
Clearly, it is enough to consider pu = 1/2.

The following theorem is a maximum principle for the concavity function. Let
us point out that more general statements can be found in the original papers
and in the book [Kaw85al. We refer also to the paper [Ken85|, by Kennington.

Theorem 1.1.19 (Concavity Maximum Principle). Let Q C RN be a bounded
and convex domain and let u € C%(Q) be a solution of

N
Z a;;(Vu(z))uij(z)u = b(x, u, Vu),

ij=1

where for all p € RN the matriz (a;;(p)),

ij U symmetric and positive semidefinite.
Moreover assume that
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(i) b(x,-, p) is strictly decreasing, for all x € Q, for all p € RN,

" .+, P) 18 harmonic concave for all p € , that 1s 5, P)) 1S conver,
i) b is h ' IlpeRY, that is (b 1
or all p € , jowmntly wn the first two arguments.
1 RN dointly in th tt t

Then if the mazimum of €, is positive, it is not attained in @ x Q x [0, 1].

Remark 1.1.20. A variant of the Concavity Maximum Principle can be proved
also for parabolic equations. See [Kor83b], for instance.

The Concavity Maximum Principle allows to prove log and power concavity
of solutions of some elliptic problems. To show how, a good example can be the
proof of the fact that the torsion function is %—COHC&VG if O C RY is a strictly
convex domain. Here, we sketch the one that can be found in the book [Kaw85al.
Given such a  let u solves

—Au=1 inQ
u=~0 on 0.

Then, setting v := —+/u, it is easy to see that v satisfies the following problem
Av=-1(|VoP2+}) inQ
v <0 in
v=20 on 0.

Thus, it is immediate to verify that

b:OxRxRY R

1/, 5 1
t - —
(x,t,p) — ; <|p| +2>,

satisfies assumptions (i) and (ii) of Theorem As a consequence, if the
maximum of €, is positive, then it is not attained in Q x Q x [0,1]. Finally, it
is not difficult to show that the maximum of &, on 9(©2 x ) x [0, 1] can not be
positive, see [Kaw85a, Lemma 3.12], and then €, < 0 in Q x Q x (0,1). Hence,
taking into account Remark we can conclude that v is convex, that is /u
is concave in €2, as claimed.

Remark 1.1.21. We just showed that, as a consequence of the Concavity Max-
imum Principle in Theorem one can prove %-concavity of the solution of
the torsion function in convex domains, generalizing Theorem [I.1.4] Note that it
holds in any dimension N > 2. See also Theorem

In the literature we can find a lot of works where - possibly slightly different
versions of - the Concavity Maximum Principle are used to prove quasiconcavity
of functions. Among them let us quote the following papers by Korevaar [Kor83b],
Caffarelli and Spruck [CS82], Kennington [Ken85] and Kawohl [Kaw85b].

The results apply, for instance, to the Schrédinger eigenvalue problem

—Au+ V(x)u = u,
with V' convex, A > 0 and to
—Au = ug(u),

where ¢'(u) < 0 and ¢'(u) + ug”(u) < 0. A typical example is g(u) = X — pu?
with p, u > 0.
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1.1.2 Related problems

A related problem that has been extensively studied concerns the case of
convex rings. We say that ) is a convex ring if

Q=01 \ Qo,
where Q1,Q C RN are two non empty, bounded and convex domains such that

Qs CC 1. Hence, given M > 0, it is natural to investigate when u solution of
the semilinear elliptic problem

—Au= f(u) in

u >0 in
u=20 on J€
u=M on 0{9,

inherits the geometry of the domain, and in particular when u is quasiconcave.
Clearly here the notion of quasiconcavity has to be slighty modified in {u >
c} Uy is convex for all ¢ € R. For this problem we refer to [Gab57, [CS82,
CF85al [Kaw85al, [Kor90l, [DK93|, [CS03), [Sal05, [CS06, BLS09, [Gre09, [HNS16] and
the references therein.

We point out that some result can be found also for different boundary con-
ditions and different differential operators. We list here some references, but we
emphasize that the list does not pretend at all to be exhaustive.

About other boundary conditions we mention [Sak90] for Neumann and Robin
nonlinear problems and still in the Robin case the works [ACH20, [CF21] for the
first eigenfunction and the torsion problem. Some result for non homogeneus
Dirichlet boundary conditions can be found in [Ale87, [DLTIS].

An important work in the case of the p-Laplacian is [Sak87] by Sakaguchi.
Convexity of viscosity solutions for some fully nonlinear elliptic equations has
been established by Alvarez, Lasry and Lions in [ALLIT7].

1.2 Some counterexamples

In this section we collect some known result where uniqueness of the critical
point does not hold or in general where the geometry of the solution does not
inherit the one of the domain.

Let us start by recalling that in non convex domains we can not expect unique-
ness of the critical point for solutions of problem as illustrated by the well
known case of a dumbbell domain. Indeed if we consider €2 to be a domain given
by two disjoint circular disks of radius one linked by a thin tube of width e, then
if € is small enough, we have that the solution of the torsion problem has at least
two maxima. A proof of this fact can be found in [Spe75], for instance.

A more interesting and delicate situation concerns the case of domains which
are close to be convex: it can be shown that the number of critical points can
be large as we want. We refer to the following theorem proved by Gladiali and
Grossi in [GG22] for the torsion problem and to Remark Let us recall that
if © is convex then the solution of the torsion problem is quasiconcave and in
particular it has a unique critical point.
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Figure 1.1: The domain Q. and in blue the superlevel set {u. > ¢} in Theo-
rem [L.2.7] for k = 2.

Theorem 1.2.1 (|[GG22]). For any k € N, there exists a family of bounded
domains Q. in R2 and a solution u. to

—Au. =1 in Q.
ue > 0 m e
ue =0 on 09,

such that for e small enough
(i) Qe is star-shaped with respect to an interior point;

(ii) Qe locally converges to the strip S = {(z1,72) ER? | -1 <29 <1} for
e — 0, i.e. for all compact set K C R? it holds |K N(SAQ.)| — 0 as e — 0;

(iii) The curvature of ). change sign once and

rér)1inﬁ—>0 as € — 0;

€

(iv) for suitable ¢ > 0, the superlevel set {u. > c} is composed by at least k
different connected components, in particular u. has at least k mazimum
points, see Figure[I.]]

Remark 1.2.2. 1) Asa consequence of this result, we will get that the condition
£ > 0 is sharp to get uniqueness of the critical point for convex 0 C R?, see
Remark 2.1.2] for more details.

Moreover, the preceding theorem shows that as soon as the curvature of the
boundary of €2 is negative, then not only we loose the uniqueness of the critical
point, but also we can find solutions with an arbitrary large (finite) number
of critical points.

2) It is interesting to note that if we consider small perturbations of a given
bounded convex set, then the critical point is unique even in domains with
negative curvature, see Theorem [£.1.5]

3) A similar result has been proved in [DRG22a] for N > 2 and for more general
nonlinearities, see Chapter

As discussed in the preceding section, one may ask if every positive solutions
of in a convex domain is quasiconcave: indeed, among the others, this is
the case for f =1 or f(u) = A\ (—A,Q)u. However, the answer is negative and
it was proved by Hamel, Nadirshavili and Sire in the following theorem.
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Theorem 1.2.3 ([HNSI16]). In dimension N = 2, there are some smooth bounded
convezx domains £ and some f € C*([0,+00)) such that f > 1 and such that the
problem

—Au= f(u) inQ

u>0 in 2

u=>0 on 051,

admits both a quasiconcave solution v and a solution u which is not quasiconcave.

Remark 1.2.4. 1) The domains of the preceding theorem satisfy the symmetry
assumptions of the Gidas, Ni, Nirenberg’s Theorem [[.1.6] and then both the
solutions admits exactly one critical point.

2) It is an open question if the semi-stability of the solution in a convex domain
is a sufficient condition to have quasiconcavity. Indeed it is not know if the
solution u of the preceding theorem is stable or not.

3) It is then also natural to investigate what happens if the domain is star-shaped.
Are all the superlevel sets of the solutions star-shaped? Also in this case the
answer is negative in general: indeed it is not true for the torsion problem, as

can be easily deduced by Theorem by Gladiali and Grossi.

We conclude this part by mentioning that in [Kaw94] Kawhol asks if given a
domain €2 which is convex in the z1 direction, then also the superlevel sets of the
first eigenfunctions are convex in the x; direction. The answer is negative, and
the counterexample has been illustrated by Weth in [Wet11].

Theorem 1.2.5 ([Wetll]). There exist bounded domains Q@ C R? such that they
are convex in the x1 direction, but the first Dirichlet eigenfunction has superlevel
sets which are not.

Remark 1.2.6. The same conclusion holds true also for the torsion problem,
see [Wetll].



Chapter 2

Convex domains with
vanishing curvature

The chapter is devoted to the extension of Cabré-Chanillo’s Theorem [1.1.9
from the case of domains whose boundaries have strictly positive curvature to

the one where the curvature of 0f) is allowed to vanish somewhere.
The results can be found in [DRGM21].

2.1 Main result

In this chapter N = 2. For convenience we write coordinates as (z,y) instead
of (z1,x2). We recall that we are considering classical solutions of

—Au= f(u) inQ
u>0) in Q (2.1)
u =0 on 0,

where f : (0, +00) — R is a smooth nonlinearity. The main result of this chapter
is the following.

Theorem 2.1.1. Assume f(0) > 0 and let Q C R? be a smooth bounded conver
domain whose boundary has nonnegative curvature and such that the subset of
zero-curvature consists of isolated points or segments.
If w is a semi-stable solution of then u has a unique critical point xg.
Moreover xg is a nondegenerate mazximum point of u.

We point out that the extension of Theorem [I.1.9] when the curvature of 9
vanishes somewhere is nontrivial. Indeed the proof in Theorem does not
work in this case because the vector field Z considered at page 7 in [CC98] is not
well defined as the curvature of 02 vanishes.

Our main idea is to consider the vector field T': © — R? - already used in [CC98]
- given by

T(q) = (Uyy(Q)Uz(Q) - uxy(‘])“y(‘])vum(Q)uy(Q) - Ua:y(‘])“:t(‘l))? (2.2)

for ¢ € Q. One of the main tool of our proof is to compute the topological degree
deg(T,,0) of T. In particular if the curvature of 0f2 is positive then we have
that (see Lemma [2.2.2))

deg(T,Q,0) = 1.

13
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Figure 2.1: Example of domain for which Theorem holds.

A deeper analysis of the degree of T concerns the index of the zeros of T'. It is
not difficult to see (Lemma [2.2.3)) that if 7'(¢) = 0 then either ¢ is a critical point
of w or ¢ is a critical point of the directional derivative

% = Uy (qQ)uz — ue(q)uy.
In Lemma we will compute the index in both cases. This is one of the
crucial steps of the proof. We remark that this approach provides a quicker proof
of Theorem because it simplifies the topological approach at pages 6 — 8
in [CCO98].
Eventually a careful analysis of the critical points of g—g on 0f) and of the nodal
lines of % in Q ends the proof,

Remark 2.1.2. We stress that our result is sharp in the sense that, as proved
in [GG22], it is possible to construct a bounded domain 2 C R? and a function
u verifying

—Au=1 in

u=20 on 0f,

such that u admits an arbitrarily large number of critical points. Here 02 admits
points with negative curvature but close to 0 as we want and (2 locally converges
to a convex domain, see Theorem for the precise statement.

The rest of the chapter is organized as follows: in Section [2.2] we recall some
preliminary results, basically proved in [CC98|, and prove the main properties of
the vector field 7. In Section 2.3] we prove Theorem [2.1.1]

2.2 Preliminary results

Let © C R2 be a smooth bounded domain and let u be a solution to
where f € CL¥(RT,R") with a € (0,1]. Recall that u € C3(2) by the standard
regularity theory.

As in [CC9§|, we introduce the following notation: for every 6 € [0,27) we
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write eg = (cos @, sin #) and we set

ou
deq’
Nog:={peQ|ug(p) =0},

My :={p€ Ny |Vug(p)=0}.

ug 1= cos 0 uy +sinfu,y =

Moreover, if the set {u > ¢} is smooth then the curvature of tis boundary is
given by
uyyug — 2Ugy Uz Uy + umug
[Vul? '
The following result tells us that the nodal sets of a semi-stable solution
of are smooth curves without self intersection and every critical point of u
is nondegenerate.

R =

Proposition 2.2.1. Let Q C R? be a smooth bounded convex domain whose
boundary has nonnegative curvature and such that the curvature vanishes only
at isolated points. Assume that f(0) > 0. If u is a semi-stable solution of
then for every 6 € [0,2m), the nodal set Ny is a smooth curve in Q without self-
intersection which hits 0S) at the two end points of Ny. Moreover in any critical
point of u the Hessian has rank 2.

Proof. The proof is given in [CC98] in the case of positive curvature. For reader’s
convenience first we report the key steps of the proof in [CC98] and next we add
the case of zero curvature at isolated points of the boundary.

For any 6 € [0,27) we have that

i) around any p € (Ng N Q) \ My the nodal set Ny is a smooth curve;

ii) if p € My N Q, then Ny consists of at least two smooth curves intersecting
transversally at p (here the proof uses a result in [CE85D]);

iii) there is no nonempty domain H C 2 such that 9H C Ny (where the bound-
ary of H is considered as a subset of R?);

iv) if p; € Np N 0N by the implicit function theorem one has that around p;, Ny
is a smooth curve intersecting 0f2 transversally in p;;

v) if Ng N 9Q = {p1,p2} then My = () and any critical point of u verifies that
Hess, (p) has rank 2.

We stress that all the above properties hold for semi-stable solutions u in any
domain 2.

Now we consider the case where the curvature of the boundary vanishes at
isolated points. By the compactness of 92 and the smoothness of u we have that
the curvature K vanishes only at finitely many points of 0.

Assume R(p1) = 0 and £(p2) > 0. If there exists p > 0 such that NgNB,(p1)N
Q) = () then the nodal curve Ny starting from ps has to enclose a nonempty domain
H C Qwith 9H C Ny, but this yields to a contradiction. Otherwise Ny consists of
at least one curve starting from p; and disjoint from 9 (since NgNoSY = {p1,p2}).
If there are more then one curve this implies again that there exists a subdomain
H as before and this is a contradiction. Hence as in [CC9§|, around p; we have
that Ny is a smooth curve intersecting 92 in py.
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If R(p1) = R(p2) = 0 we can argue similarly to get that around each p;, Ny
is a smooth curve intersecting OS2 in p;, for ¢ = 1,2. Note that if there exists
p > 0 such that Ny N B,(p1) N Q = Ny N By(p2) N Q = 0 then, since Ny N Q
is nonempty by the fact that there exists at least a critical point of u in €, the
nodal set enclose again a domain as before.

The remaining claims of the proposition follow arguing as in [CC98]. O

For u solution of consider the map T : Q — R? given by

T(q) = (uyy(@)ua(q) — tay(@Q)uy(q); usa (@) ty(q) — Uay(@)us(q)).

Since u € C3(Q), T is of class C!. In next lemmata we state some important
properties of the vector field T

Lemma 2.2.2. Let D C Q be a smooth convex domain such that 0D has positive
curvature. Then deg(D,T,0) = 1.

Proof. Let p = (zp,yp) € Q and consider the homotopy
H:[0,1] x Q — R?
(t,q) = tT(q) + (1 —t)(qg — p).

H is an admissible homotopy, i.e. H(t,(z,y)) # 0 for any ¢ € [0,1] and (z,y) €
0. Otherwise, there would exist 7 € [0,1] and § = (Z,7) € 0N such that
H(1,q) =0, i.e.

{T<uyy<q>ux<q> ~ (@, (@)) = (7 = V(@ ~ ;) 23

7 (e (@) uy (7) = Uay([@ua () = (7 = 1) = yp)-

Then, multiplying the first equation by u,(g), the second by u,(q) and summing
we get

= (7 = DI@ — 2p)uz(q) + 7 = yp)uy (7],

and writing v = (v, 1) for the unit normal exterior vector at g, it follows

— 8@ Vu@ = (1 = Du @[T — 2p)vz + (7 — yp)1y]. (2.4)

Since (2 is strictly star-shaped with respect to the point p we have (T — x))v, +
(¥ — yp)vy > 0. Since R(7) > 0 and u,(q) < 0 by we get 7 = 0 and thanks
to this yields to § = p which is clearly a contradiction.

Then H is an admissible homotopy and so we conclude

deg(2,T,0) = deg(Q2,Id — p,0) = 1. O
Lemma 2.2.3. If g € Q) is such that T'(q) = 0O then either
q s a critical point for u,

or
there exists 6 € [0,2m) such that ¢ € Mpy.
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Proof. Of course if ¢ is a critical point for u then T'(¢) = 0. So suppose that
q is not a critical point for u and consider 6 € [0,27) such that (cosf,sinf) =

< \/u%?;’)(ilg ol \/u%?;)(ilg (q)>. Then it is straightforward to verify that

ug = cos fu, + sin Hu,
satisfies ug(q) = 0 and Vuy(q) = 0. Hence ¢ € My. O

Remark 2.2.4. We point out that if ¢ € My then up to a rotation we can assume
that

Uz (q) = Uz (q) = uay(q) = 0. (2.5)

From now if ¢ is an isolated zero of the vector field 7', let us recall that
ind(7, q) = deg (T, B;(q),0), for some r > 0 small enough.

Lemma 2.2.5. Let ¢ € Q be such that T(q) = 0. Then we have that
(i) if q is a nondegenerate critical point for u, then ind(T,q) = 1;

(ii) if ¢ € My for some 0 € [0,2m) and it is a nondegenerate critical point for
ug then ind(T,q) = —1.

Proof. One has

2
Jacy = (“M“yy = Uy + Uz Ugyy — UyUgay Uz Uyyy — UyUzyy )

UyUgrr — UrUzxy UgpgUyy — U%y F UyUpzy — UgUgyy
If ¢ is a critical point for u we have
det Jacy(q) = (det Hess,(q))?,

and since it is nondegenerate we get that ind(7,¢q) = 1.
On the other hand if ¢ € My by Remark we have that |(2.5)| holds and then

det JacT(q) = —ufj(q)(’uizy(q) - uxxac(Q)u:vyy(Q))
= — () (U3 (9) + 1342 ()),

where the last equality follows differentiating |(2.1)} Finally the nondegeneracy
of q for Vuy gives that u2,,(q) + u2,,(q) # 0 and the claim follows. O

Ty

As remarked in the introduction, the previous lemma gives a simplified proof
of Cabré-Chanillo’s result.

Proof of Theorem|[1.1.9. By Proposition we have that My = 0 for any
0 € [0,2m). Hence if T(q) = 0 then ¢ is a critical point of u. Moreover it is
nondegenerate, otherwise u € My for some 6 € [0, 27).

Finally by Lemma [2.2.2] and Lemma [2:2.5 we have

1 =deg(T,Q,0) = Z ind(7T, q) = t{critical points of u},
q such that Vu =0

which gives the claim. O
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Corollary 2.2.6. Let D C Q be such that Mg N D = ) for all § € [0,27) and
0 ¢ T(0D). Ifdeg(D,T,0) =1, then u has exactly one critical point in D which
18 a mazimum with negative definite Hessian.

Proof. Considering that My N D = () for all § € [0,27) implies that the Hessian
of u has maximal rank in every critical point in D, the proof easily follows from
Remark 2.2.4] and Lemma O

We end this section by proving a technical result which will be useful later.
The proof is essentially the one in [Maj.

Lemma 2.2.7. Let Q C {(z,y) € R? | y <0} be a bounded smooth domain such
that OS) is tangent to the x-axis at 0. Let F € C*(Q, R) with

F(0) = F,(0) = F,(0) = F,,(0) =0, Fy.(0) <0, and F,(0)>0.

Then there exist 5,1 > 0 and two functions Y1 € C*([—6,0],[-n,0]) and Y €
CY([0,4],[-n,0]) such that

(i) Y1(0) = Y2(0) = 0,

() 0 = -2, 150 = — 58]

(iii) F(z,y) = 0 if and only if y = Yi(z) for x € [=6,0] and y = Ya(z) for
x € [0,0].

Proof. Since F.(0) < 0 and F,(0) > 0, there exists 7 > 0 such that
Fxx(xay) <O and Fyy(xvy) >Ov fOI‘ (I‘,y) Gﬁm[_ﬁﬂl] X [_7770]

From now on we work with (z,y) € QN [-n,n] x [-7n,0]. Since F,(0) = 0 and
F,.(0) < 0 it follows that

F(x,y) <0, for (z,y) € 00 with 0 < |z| <7/,
where 0 < ' <. Moreover, by the strictly convexity of the function
y+— F(z,y), for x fixed,
and the fact that F,(0) = 0, one has
F(0,y) >0, fory+#0.

In particular F(0,—7’) > 0 and by continuity F(z,—n") > 0 for —§ < = < 4,
where 0 < § < 7/. Now, for —6 < x < 0 the function

y = F(z,y),
is such that
F(z,7) <0, for (x,7) € 9Q F(x,—n') >0, Fyy(z,-) >0,

and since § > —n' then there exists a unique y, € (y, —7’') such that F(x,y,) = 0;
furthermore, since F,(z,y) > 0, one has Fy(z,y,) < 0. Then the zero set of F
is given by a continuous function Y7 : [-6,0] — [—n,0] (where the continuity
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in 0 holds since we can choose 1 arbitrarily small). From the implicit function
theorem we have Y; € C%([—6,0]) N C*([—4,0)) with

Fy(z,Y1(x)) + Fy(z,Y1(2))Y{(z) =0, for x # 0. (2.6)

Moreover, from

1 1
F(a,y) = 3 (Fea(0) + 0(1))a” + £ (Fyy(0) + o(1))y7, (2.7
we deduce that (z,Y1(x)) belongs to a cone around the line y = —%igggx and it
is differentiable at 0 with Y{(0) = —?zzgg; Indeed, for y = Yi(x) in|(2.7)| we
obtain ,
F,.(0) 9 x
Y1($)2 - - + 0(1))
Fyy(0) +o(1) Fyy(0) +o(1)
then
F,2(0)
Yi(z) = ( - + 0(1)) x, (2.8)
Fyy (0)

and for x — 0 we get the claim. Moreover, we have

and then from |(2.6)| and [(2.8)| it follows
_ Fa(z, Y1(2))

Y{(z) = — =)
= TE i)
__ Fre(0)z + () + o(Yi(x))
Fyy(0)Y1(2) + o(x) + o(Y1(x))
= Faa(0) + o(1) = —;:mgg; +o(1) for x — 0,
Fyy(0) /72245 + o(1) w
that is Y7 € C1([—4,0]). For 0 < x < § we can argue analogously. O

Remark 2.2.8. A similar result can be proved for interior points of the domain,
see [Maj].

2.3 Proof of Theorem [2.1.1]

In this section we prove the main results of the chapter. First of all we fix
the assumptions on the domain §2.

(Hq) Q is a convex domain such that the curvature is zero at a single point of
its boundary and positive elsewhere. Up to a rotation and a translation we
assume Q C { (z,y) € R? | y < 0} such that 9 is tangent to the x-axis in
0, which is the only point where the curvature is zero.
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Theorem 2.3.1. Suppose that Q satisfies |(Hq ) If u is a semi-stable solution
of |(2.1)| then u has a unique critical point xg. Moreover xg is the maximum of u
and it has negative definite Hessian.

To prove the theorem, we need the following auxiliary lemma.

Lemma 2.3.2. Suppose that §) satisfies u is a semi-stable solution of|(2.1)|
and uzy(0) = 0. Then K,(0) < 0.

Proof. From assumption K(0) = 0 and from u,(0) = 0 we easily get that u;,(0) =
0. It follows that )
2y (0) = e 05(0)

[Vl
We claim that
Ugay(0) > 0, (2.9)

which ends the proof since u,(0) = u,(0) < 0 by the Hopf boundary lemma. In
order to prove |(2.9)| we divide the proof in four steps.

Step 1: Ugay(0) # 0.
Since uy(0) # 0, by the implicit function theorem we get that near the origin
one has u(z,y) = 0 if and only if y = (), for some function . In particular,
by the assumptions on the boundary of €2, we have p(0) = ¢'(0) = ¢"(0) =
¢©"(0) = 0 and differentiating u(z, p(z)) = 0 we deduce uy,,(0) = 0. Moreover,
differentiating [(2.1)] we get that also gy, (0) = 0. If e, (0) = 0, then the Taylor
expansion of u, in a neighborhood of 0 becomes

tg(z,y) = homogeneous harmonic polynomial of order three + O((m2 + y2)2),

This means that locally Ng = {u, =0} consists of at least three branches of
curves and at least two must be entering in 2, a contradiction with Proposi-

tion [Z.2.11

Step 2: parametrization of Ny near the origin.
Let F(z,y) = uz(x,y) with (z,y) € Q, then up to a rotation and eventually
changing sign one has

F(0) = F3(0) = Fy(0) = Fiy(0) =0, —Fy(0) = Fy,(0) > 0.

Then we can apply Lemma and taking into account |(2.8)|and the fact that
u, = 0 consist in exactly one branch entering in €2 from 0, the nodal curve Ny
can be parametrized as

c— {z:f“) te[-5,0],

for some § > 0 and g(t) = o(t).

Step 3: uzy(9(t),t) <0 fort close to 0.
Let (z,7) € 09 close to 0 with Z < 0 and (¢(7),y) € C. Since T < 0, u,(x,7) >0
for T <z < g(y) and u.(9(y),y) = 0 we derive that uz,(9(y),7) < 0.

Step 4: end of the proof.
Set H(t) := ugzs(g(t),t) for t € [—6,0]. By the previous step we have that
H(t) <0 and by the assumptions on 2 one has H(0) = 0. Hence

H'(0) > 0.
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Figure 2.2: The construction of Case 2 in the proof of Theorem [2.3.]]

Finally, H'(t) = tugez(g(t),t)g'(t) + tazy(g(t),t) and so 0 < H'(0) = uzyy(0)
which gives the claim thanks to Step 1. O

We can now conclude the proof of Theorem

Proof of Theorem [2.3.1] As remarked we have u,(0) = u;,(0) = 0 and u,(0) <
0. We now distinguish the two cases. according to whether u,,(0) vanishes or
not.

Case 1: ugy(0) # 0.
Similarly as in the proof of Lemma we consider the map T : © — R? defined

in|(2.2) and the homotopy

H:[0,1] x Q — R?
(t,q) = tT(q) + (1 — t)(g — p),

for some p = (zp,yp) € Q. Let us show that H is an admissible homotopy.
Otherwise there would exist 7 € [0,1] and § = (Z,7) € 09 such that
and hold. Then we deduce £(g) = 0 and 7 = 1, which thanks to the first
equation of yields to —u,(0)ugy(0) = 0: a contradiction. Then H is an
admissible homotopy and so

deg(Q2,T,0) = deg(2, Id — p,0) = 1.

The claim follows from Corollary

Case 2: ugy(0) = 0.
This case is more delicate because T'(0) = 0 and since 0 € 9L the degree of T is
not well defined. For this reason we introduce €2, := Q\ D, where D; is contained
in a ball of radius € > 0 centered in the origin and it is chosen in such a way that

|Vu| #0, in D:NQ, (2.10)
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and
(). is star-shaped with respect to some p = (xp,yp), (2.11)

(such an € exists by the Hopf boundary lemma). Now, consider again the map
T € CY(Q.,R?). In this way the degree of T is well defined and if the homotopy

H.:[0,1] x Q. — R? (2.12)
(t,q) = tT(q) + (1 —t)(qg — p), (2.13)
is admissible then we deduce
deg(Q,T,0) = 1.

Assume, by contradiction, that the homotopy H. is not admissible. Hence, there
exist 7. € [0,1] and ¢. = (z¢,y:) € 9 such that H.(7.,q:) =0, i.e.

{Ta(uyy(%)uw(%) - u:cy(Qa)“y(Qa)) = (Ts - 1)(=Ts - xp) (2'14)
Ts(“xz(‘]e)uy(%) - Umy(Qe)“m(Qs)) = (7'5 - 1)(ye - yp)-
Proceeding as in the previous step we get

- Teﬁ(%)’v“(%‘:ﬁ = (7 — D[(ze — 2p)us(ge) + (ve — yp)uy(ge)]- (2.15)

Since for all ¢ = (x,y) € 09, writing again v = (v,1,) for the unit normal
exterior vector in g, we have

(x — xp)uz(q) + (¥ — yp)uy(q) = w (@) [(x — zp)vz + (Y — yp)1y] <0,

by continuity it follows that ( 2 Uz (Ge) + (Ye — Yp)uy(ge) < 0 for all g € 09..
Since 8 > 0 on 092 \ {0}, from (2.15) 15 it follows that g € 0D-NQ and K(q.) < 0.
Then the vertical line z = z, hits 0 in a unique point (z., y(z.)), with y(z:) >
Ye. Since R(xe,y(x:)) > 0, there exists p. € D, N such that &, (p.) > 0 and for
e — 0 we have &,(0) > 0, but this is in contradiction with Lemma

Since deg(f2.,7,0) = 1 it is possible to apply Corollary to get that
there exists exactly one critical point in 2. (a maximum with negative definite
Hessian). Moreover by the assumptions on ¢ that there are no critical points in
B. N Q and the claim follows. O

We now treat domains where the curvature vanishes at a segment of its bound-
ary.

Theorem 2.3.3. Let Q C {(z,y) € R? |y <0} be a smooth open bounded, con-
ver domain, whose boundary has nonnegative curvature and such that the zero
curvature set is an interval I' on the x-axis. If u is a semi-stable solution of
then u has a unique critical point xg. Moreover xg is the mazimum of u and it
has negative definite Hessian.

Proof. We want to argue as in Proposition to show that for every 0 €
(0,7) N (m,27), the nodal set Ny is a smooth curve in ) homeomorphic to the
closed interval [0, 1] (without self-intersection) which intersects 02 at the two end
points of Ny and My = 0.

First we recall that there exists a unique point p € 9Q \ I such that u,(p) = 0
and in a neighborhood of p, Ny is a smooth curve that intesects 92 transversally
at p.
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Next we claim that there exists at least a point £ € I" such that around that
point Ny consists exactly of 2 branches of curves: the first is I' while the second
intersects 0 at £. Indeed if there exists € > 0 such that QN NyN(R x (—¢,0]) =0
then the nodal curve Ny starting from p has to enclose a nonempty domain H C €2
with OH C Ny, but this yields a contradiction by Proposition Analogously
we get that we cannot have more than one branch of Ny exiting at £, otherwise
we create again such a domain H C .

Finally we have the uniqueness of £ € T' such that Ny consists of one curve
starting from £ and disjoint from 9€2. Indeed if there exists another point n € T’
with the same property we can argue as before to get the existence of H C
which yields a contradiction.

So we have proved that Ny is the union of two smooth curves in : one
is the subset of the boundary I' and the other is homeomorphic to the closed
interval [0, 1] (without self-intersection) and intersects 02 at the two end points.
They intersect each other only in the point £&. Moreover we have My = () and
in any critical point ¢ € Q of u the Hessian has rank 2 (same argument of
Proposition [2.2.1]).

Up to a translation we can assume £ = 0. We point out that for all ¢ € I, by
the Hopf boundary lemma and K = 0, there holds

Uy =0, Uz =0, uy <0.

Moreover, if ¢ # 0 one has u,, # 0 otherwise, locally, u, is an harmonic polyno-

mial of degree at least 2 and this implies that there exists a branch of Ny entering

in €, a contradiction with the uniqueness of the point £ = 0 with this property.
As in the proof of Case 2 of Theorem[2.3.1] let & > 0 such that [(2.10)|and[(2.11)]

are verified. Furthermore, if the homotopy defined in |(2.12)|-[(2.13)[is not admis-
sible, then [(2.14)|and [(2.15)|still hold for some 7. € [0,1] and ¢- = (x¢,y:) € ..

Let us prove that u;.,(0) > 0 (this implies that &,(0) = —W < 0).
Indeed, since ugy # 0 on I'\ {0} we have uzy, > 0 on {(z,y) €I'| 2 <0} and
Uy < 0on {(z,y) €' |z >0}. It follows gy (0) > 0, but if equality holds we
can argue as in the proof of Lemma [2.3.2] to get a contradiction.

Next we can repeat the same argument as in Case 2 of the proof of Theo-
rem m getting that the homotopy is admissible and deg(Q2.,T,0) = 1. Finally

we apply Corollary [2.2.6] to conclude as in the proof of Theorem [2.3.1] O

Remark 2.3.4. We observe that if 9) contains more then one component home-
omorphic to an interval, then they are in a finite number: Iy,...,I,,. Moreover,
since the domain is convex, they are parallel at most at pairs. Then also in this
case it is possible to prove that for every 6 € [0, 27), the nodal set Ny is a smooth
curve in { homeomorphic to the closed interval [0, 1] (without self-intersection)
which intersects 92 at the two end points of Ny and in any critical point g € €
of u the Hessian has rank 2.

Finally the proof of Theorem [2.1.1] easy follows.

Proof of Theorem[2.1.1] Let K := {p € 9| &(p) =0, uye(p) =0} where v is
the normal exterior unit vector and ¢ the tangent one. Then define

Qe =0\ U D<(q),
qeK
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where D.(q) is contained in a ball of radius ¢ > 0 centered at ¢ and they are
chosen in such a way that

D.(q1) N D:(¢q2) =0, forall ¢1,¢q2 € K,

). is star-shaped with respect to some p,

[Vu| #0, in | D(q) N <2

qeER

The proof follows arguing as in the preceding theorems. O



Chapter 3

Stable solutions in bounded
strip-like domains

The aim of this chapter is twofold: first we want to extend Gladiali and
Grossi’s Theorem to more general nonlinearities and to any dimension. On
the other hand we want to investigate the role of the curvature of 02 in higher
dimensions. In particular we prove that there exists a family of domains close
to be convex and whose boundary has positive mean curvature, such that the
solution of the torsion problem admits at least k critical points, with £ € N
arbitrarily large.

The results of this chapter can be found in [DRG22a].

3.1 Main results

We consider the following problem

—Au=g(u) inQ
u>0 in Q (3.1)
u=0 on 0f2

where () is a smooth bounded domain in RY, N > 2 and g is a smooth nonlin-
earity.

Concerning the generalization of Gladiali and Grossi’s Theorem to more
general nonlinearities, let us assume that the nonlinearity has the form g := Af
where A > 0, f is smooth and satisfies

f:R — R is increasing and convex, (3.2)
£(0) > 0. (3.3)
In this setting it is well known that there exists A*(2) > 0 such that for all
A € (0, \*(£2)) the problem
—Au=Af(u) inQ
u>0 in Q (3.4)
u=20 on 0f}

admits a positive stable solution. We refer to Appendix [A] for a very short
overview on stability of solutions.

25
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Finally, let us denote by S the strip S := { (z,3) € RV xR | -1 <y < 1}, for
N > 1. Our first result claims that, if f satisfies and then there exists
a family of bounded smooth domains €. “close” to the strip S and a solution u.
to problem with & maximum points, k > 2. The precise statement follows.

Theorem 3.1.1. Assume that f satisfies [(3.2) and |(3.3)} Then for any A €
(0,A*(=1,1)) and for all k € N there exists a family of smooth and bounded
domains Q. C RV such that

(i) Q. is star-shaped with respect to the origin and symmetric with respect to
the hyperplanes x; =0 for j=1,...,N and y = 0;

(ii) Qe locally converges to the strip S for e — 0, i.e. for all compact sets
K CRN*L it holds |[K N (SAQL)| — 0 as e — 0;

(iii) N\*(Q) > N*(=1,1) for e small enough;

(iv) if ue is the stable solution of problem|((3.4) in 2. for some 0 < A < X*(§2,),
then u. has at least k maximum points.

Let us give an idea of Theorem The assumptions on f imply that there
exists a stable solution ug of the following ODE

—u”" = Af(u) in (—=1,1)
u>0 in (—1,1)
u(£1) = 0.

Next, for a small ¢ > 0 let u, be an appropriate extension of ug to a slightly
larger interval (—1 — 0,1 + o) and denote by ¢ : RN*1 — R a suitable solution
of the following PDE

— Av=\"(us(y))v, ImRY x (-1—-0,1+0). (3.5)

Of course can be solved using the classical separation of variables method.

Our domain €2, will be the connected component of { u, + ¢ > 0 } containing
the origin and the solution u. the stable solution to with Q = Q.. Finally
we show that w. is close to ug + €¢ on the compact sets of €2, and, since it will
be proved that this last function admits & nondegenerate critical points then (iv)
follows.

We point out that it is possible to prove a slight more general result for
problem without assuming see Remark |3.2.10

It is important to remark that our construction only works for stable solu-
tions to Indeed, even for the case of the first eigenfunction of the Laplacian
(where the first eigenvalue of the linearized problem is zero), we are not able
to construct a domain {2; as in Theorem This will be discussed in Re-
mark We do not know if in this case there exists a pair (2., u.) as in
Theorem B.1.11

Next let us discuss the role of the curvature of 92 for solutions to in
higher dimensions. We will focus on the particular case of the torsion problem,
ie. g =1in By Makar-Limanov’s Theorem if N = 2 and the
curvature of 92 is positive then the solution u admits exactly one critical point
(see Chapter [2]if the curvature vanishes somewhere). So a couple of questions
naturally arise:
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Figure 3.1: The domain 2. in Theorem for N =2 and k = 2.

if N > 3 what is the positive curvature of the boundary a sufficient condition
on 0N to ensures the uniqueness of the critical point for the torsion problem?
What about (semi-)stable solutions for more general nonlinearities?

In the second part of this chapter we give a contribution to these questions
showing that the answer to the first one is negative and that the positive mean
curvature of 9€) is not the correct extension to higher dimensions.

Indeed, for any k > 2, we will construct a domain Q. C RY with N > 3 and
positive mean curvature of the boundary, close to a convex one and a solution u.
of the torsion problem in €2, such that u. has at least k critical points. Actually
we suspect that the correct condition which implies the uniqueness of the critical
point for (semi-)stable solutions is that all principal curvatures have to be positive.
However we have no result to support this idea.

The construction of the pair (€., u.) is similar to the one in Theorem
but €. turns out to be a suitable perturbation of the infinite cylinder C :=
{(z,y) ER xRN | |y|? < 1}, for N > 2. The result is the following.

Theorem 3.1.2. Let N > 2. For any k € N there exists a family of smooth and
bounded domains Q. C RN and smooth positive functions ue : Q. — R such
that

(i) Qe is star-shaped with respect to an interior point;

(ii) Q¢ locally converges to the cylinder C for e — 0, i.e. for all compact sets
K CRN*L it holds |K N (CAQL)| — 0 as e — 0;

(iii) the mean curvature of 0. is positive;
(iv) ue solves the torsion problem
-Au=1 1in,
u=20 on 0€);
(v) ue has at least k nondegenerate maximum points.

As in Theorem we have that u. = ug + e where ug = 75 (1 — |y|?)
is a solution of the torsion problem in the unit ball in RY and ¢ turns to be a
harmonic function in the whole RV*+1,
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Then we take . as in Theorem [3.1.1] while our solution will directly be
Ue = ug+ep. Since the set (). turns out to be a small perturbation of the cylinder
C, which boundary has positive mean curvature, then (ii¢) of Theorem
follows. Note that, unlike as in Theorem here the pair (€, u.) is explicitly
computed.

The chapter is organized as follows: the next section is devoted to the proof
of Theorem [3.1.1] while Theorem will be proved in Section [3.3] The de-
tailed proof of some claims in Section and Section can be found in the

Appendix [B]

3.2 Proof of Theorem [3.1.1]

In this section we take z = (z1,...,zx) € RV and y € R and we assume the
hypothesis of Theorem [3.1.1] The proof works as follows: we first construct a
suitable domain 2. which verifies the claim of Theorem and next we prove
that the stable solution of problem satisfies the claim (iv) in Theorem

The first step in the construction of the domain 2. is to introduce a solution
ug of the 1-dimensional problem

—u" = Af(u) in (—1,1)
u>0 in (—1,1) (3.6)
u(£1) = 0.

By the assumption on f such a solution exists and by elementary argument
it can be extended to verify

—u" =Af(u) in(-1—-0,140)

u>0 in (—1,1)
u(£1) =0
u<0 in[-1—-0,-1)U(1,1+0]

for 0 > 0 and small. We denote by u, this extension, and let us point out that
uy = up in (—1,1).
Since ug is a stable solution we have that the first eigenvalue of the linearized
operator
d? ,

—qp M ), (3.7)
in (—1,1) with Dirichlet boundary conditions is strictly positive. Then, up to
choose a smaller o, also the first eigenvalue of in (-1 — 0,1+ o) is strictly
positive. We denote it by pyo.

Next ingredient in the construction of ). involves a solution of a suitable
linearized problem in the strip RY x (=1 —o,1+0). To do this we need to study
the following ODE.

Lemma 3.2.1. For pi € (0, pug) there exists a solution w,, of the ordinary equation

{—w” — A (ug(y))w=pw in(-1—0,140)
wu(0) =1

such that
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(i) wy >0 in[-1—0,1+0],
(1t) wy, is symmetric with respect to 0,
(i) ywy,(y) < 0 for all y # 0.
Proof. Fix pn € (0, 15) and let w be the solution of
{—w” — M (ug(y))w = pw in(-1—0,140)
w(x(l+0)) =1

Since p < fig, by the maximum principle we know that w > 0in (-1 —o0,1+ o).
Taking into account the symmetry of u, and the maximum principle we get that
w(y) = w(—y) and then (i7) follows.

Moreover, from f’ > 0 we deduce w” < 0 in [-1 — 0,1 + o] and then 0 turns
out to be a maximum point. The strictly concavity of w tells also that w'(y) < 0
for y > 0 and, together to the symmetry of the function, this yields (i7i). To
conclude the proof set w,, = w/w(0). O

3.2.1 Construction of the domain (),

Now, for some n = n(k) € N, let u1,...,u, € R be such that

%>u1>~-->un>0, (3.8)

and fori=1,...,n
wi(y) = wpu,(y), y€(-1-0,1+0),

the function given by Lemma From now on, we consider o fixed.
Given (t,y) € R x (=1 — 0,1+ o), we define

B(ty) =S o cosh(y it (y).
=1

for some «; € R which will be fixed later. A straightforward computation shows
that ¢ is a solution of the linearized problem

—Av =\ (us(y))v, MRx(-1—-0,1+0).

We set a; = —1 while we choose as,...,a, in such a way that the function
@(t,0) = 321 a; cosh(y/15t) has k nondegenerate maximum points t1, ..., tx. We
point out that it is always possible to do this, see Lemma in the Appendix
for the details. Finally, for (z1,...,zn,y) € RY x (=1 — 0,1 + o) we define

N

N n
(@1, .., an,y) =Y @(xj,y) =Y ajcosh(y/pz;)wi(y) (3.9)
j=1 j=1i=1
which solves
—Av = Af'(ug(y))v, InRY x (-1—0,140).

We point out that, for € small enough,

uo(0) +e¢(0,...,0,0) > 0,
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and we denote by

‘QE the connected component of { u, + ¢ > 0} containing the origin.

The following lemma proves some properties of the set {2.. The proof fol-
lows [GG22].

Lemma 3.2.2. The set Q. satisfies the following properties.

(i) Q. C R for e small enough, with R, := [—M_, M.V x [~1—n,1+n] where
Ma = L log 3 ||UOHLOO(_1_7771+"7)
Vi ewi(1+41) ’

and n € (0,0) as small as we want.
(ii) Qe 2 [t1,te]™ x {0}.
(iii) Let (z°,y%) € O for e small enough. Then, if |z°| < C' we have
yF = +1+ o(1), (3.10)

and if |x°| — 400 we have

N 5
" cosh (/i) = “O(yg) (1+ o(1)). (3.11)
o ewr (y°)

In particular Q. locally converges to the strip S = RY x (—1,1) for e — 0.

(tv) Q¢ is symmetric with respect to the hyperplanes x; =0 forj =1,...,N and
y = 0. Moreover, it is a smooth and star-shaped domain with respect to the
origin for € small enough.

Proof. In order to prove (i) we show that ug + ep < 0 on OR.. First let us
consider the case where z = (x1,...,7y) € [~M., M.V is such that z; = £M,
for some j=1,...,N and y € [-1 —n,1 + n]. Hence, recalling|(3.9), one has

3 HUOHLOO(—lfn,lJrn)
€

U()(y) + Ego(x, y) < HUOHLOO(71717,1+17) —¢€ (1 + 0(1))

IN

— llwoll oo (—1—n,144) <0,

as € — 0.
Next let (z,y) € {(z,y) € RN* |z € [-M., MY, y=+(1 +n)} and observe
that since w; >0 fory € [-1 —n,1+n| foralli=1,...,n and a1 = —1 we get

sup p=C¢eR.
RN X [=1=n,1+47]

Finally, we have

o(£(1+7))

u(z,y) <up(£(l1+n))+Ce < Y 5 <0,

for € small enough. Then () follows.
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Concerning (i7), if € satisfies

" _
UO(O)
eN ma ; cosh it < ,
s [z s cosh (/7 >] {
where [ - |~ denotes the negative part, then we get
uo(0)

uy+ep = uyg —ep > 5

and so [t1, 1]V x {0} C Q..
To prove (iii) note that from wu(z®,y°) = 0 on 9. we have
uo(y”) = —ep(a”, ).
If |2°] < C then ¢ is uniformly bounded with respect to e — 0 and then ug(y°) —

0 which yields to y* — £1.
On the other hand, if |z°| — +o00 we have (recall that oy = —1)

—up(y°) = —EZcosh Vinx§)w (yF)(1 +o(1)), (3.12)

which gives Moreover, since the right hand side of equation is
strictly negative we get uo(y) > 0 that implies |y°| < 1.

The symmetry properties of the domain immediately follow from the ones of
¢ and u,. To show the star-shapeness with respect to the origin, it is enough to
prove that there exists o > 0 such that

N
YOy us(y) + € Za:j(?mj@(x,y) +eydyp(z,y) < —a <0, forall (z,y) € 09..
j=1
Since u, solves |(3.6)| we have that
YOyus(y) <0, in R-\{y=0}.
If (2%, y°) € 09 is such that |z°| < C as ¢ — 0, then from |(3.10)| follows
Y O0yue (y°) = £0yup(£1)(1 + o(1)) = dyuo(1)(1 + o(1)) < 0.

In this case, since the derivatives of ¢ are uniformly bounded with respect to €,
it easily follows

yoyuo(y°) + ¢ Z 2500;0(2%, y°) + eydye(a®,y°) = dyuo(1)(1 4 o(1)) + O(e)
7=1
1
S §8y’LL0(1) < 0,
for € small enough.
On the other hand, if |2°] — +oo, let {jl,...,jm} C
|zj| = +o00 if and only if j = jj, for some h =1,...,m.

{1,..., N} be such that
Then one gets

N
Yo Oyuo(y°) + e ) a50.,0(a%,y°) + ey Oyp(a°,y°)

N n
=y yun(y) e D0 S (e sinh(y/7ias i (yF) +cosh (i )y e (o)

j—1 i=1

<y yuo(y°) — = Z Vs, sinh(y/pr s, Jwi (y°) (1 + o(1)). (3.13)
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For h =1,...,m we have that —x;, sinh(,\/p12;,) < — cosh(y/i12j,) and then
— > a5, sinh(y/pias, ) (14 0(1)) < — Z cosh(y/p1z5,) ((1+ o(1))
h=1
- —Zcosh Vi) (1 + o(1)).

So we have that |(3.13)[ becomes

y* Oyuo(y +€Zm58@«] ©,y°) + ey Oy p(a®, y°)
7=1

< Y Oyuo(y”) — 5 v (v Zcosh Vi) (1+ o(1))

3.11
e ,0007) — YL (4 (1+ 1)

and if y*Oyuo(y°) — @uo(yg) — 0, since both terms are nonpositive, then they
both go to 0. This implies ¥ — 0 in the first term, and y* — 1 in the second
one, a contradiction.

6)_@

Hence y°0yuo(y 17 uo(y°) < —a. Finally, for

o = min {—;%uo(l), d} ,

we have the claim.

Of course ydyuo(y) + 62 =1 70z,0(%,y) + eyOyp(x,y) # 0 on OS2 implies
that 0€). is a smooth set. O

Next lemma tells us that the function ug + €¢ has many critical points.

Lemma 3.2.3. The function ug + e has at least k different nondegenerate local
mazima in e for € small enough.

Proof. Set U = ug+ep and let t; < --- <t be local, nondegenerate maxima for
Q(t,0) = Y1 o cosh(y/mit). Then a straightforward computation gives

YU (tm, - -+ sty 0) = 0.

Next, observing that 0y,u0(0) = —Af(up(0)) < 0 we have

OyyU(tm, .., tm, 0) = Oyyuo(0 —1—522% cosh(y/fitm ) Oyywi(0)

j=1li=1

< —%f(uo(())) <0, (3.14)
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for € small enough and for all m = 1,..., k. Finally in (¢,,,...,tn,0) one has

k
Oz;a; U = EZaiui cosh(y/pitm) <0,
i=1
Ozya; U =0, for all £ # 7,
k
Oz;yU =€ Z i/t sinh (y/ 1ty ) Oyw; (0) = 0,
i=1
which, together to show us that the Hessian matrix of U is negative definite

in (tm,...,tm,0) for all m =1,...  k and the proof is complete. O

Now we prove that problem |(3.4)[ admits a stable solution in the domain 2.
for the values of A we are considering.

Lemma 3.2.4. For € small enough, it holds
A*(92:) = A*(—1,1).

Proof. Let us write A* = A*(—1,1) for simplicity. For n > 0 small enough we
have

X = X114 =

and by uj the solution of

—u" = A} f(u) in(—=1-n,14+n)
u>0 in(—1-n,1+n)
u(£(1+mn)) =0.

Now, let ¢ so small that Q. € RV x (=1 —n,1 —17), then uy is a supersolution of
problem
—u" =\ f(u) in Q.

u >0 in Q.

u=20 on 0€),
that is —Auy > Ay f(up) in Q. and uj, > 0 on 9€2 (here we follows the notations
in [Ban80]). Then [Ban80, Theorem 4.7] ensures that A*(2:) > A} > A. O

Finally, for € > 0, we define

ue as a stable solution of problem ((3.4)|in €.

(3.15)

3.2.2 Properties of the function u.

Before stating the main properties of the solution u. we compute the eigen-
values of a related operator. The proof uses the classical separation of variables.

Lemma 3.2.5. Denote by p1,(R) the first eigenvalue of the operator —A —
M (ug(y)) in the rectangle

N
R:=[](aj,b;) x (-1 = 0,1+ 0),
j
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with ujgr = 0, where a; < bj for all j=1,...,N. Then

2
T >
b]_@]) ILLO"

N
p1,0(R) = pig + ( :
j=1

Proof. Fix pn € R and let A; and B be positive solutions of

{A}'(t) = ¢;A;(t) in (aj, b;) (3.16)
Aj(az) = Aj(bj) =0
and
—B"(y) = (A\f" (us(y)) + 1) Bly) = ;L1 ¢;B(y) in (=1-0,1+0)
B(£(1+0))=0
(3.17)
for some c¢; € R. We have that the solution of is given by
Aj(t) = asin (/—¢;(t — a;)),
with @ € R and
2
™
o 0
o= () <o
and from |(3.17)| it follows
N
Z Cj+ U= g
j=1
Finally, since
N
v(z,y) = B(y) [ Aj(=z)),
J
solves
—Av = Af"(us(y))v=pv in R
v=20 on R
and v > 0 we conclude that
N 2
,o(R) = p=ps — ch uo+z<b. ) > Yo 0
=1 \% —4j

Remark 3.2.6. From (i) of Lemma and the previous lemma, one has that
the first eigenvalue of the operator —A — \f’(u,(y)) with Dirichlet boundary
conditions in ). is strictly positive.

The rest of the section is devoted to show that the solution u. defined in|(3.15)|
is close to up +ep as € = 0. By Lemma then (iv) of Theorem follows.
Let us start with the following bound for w..

Lemma 3.2.7. There exists a function h : (0,+00) — (0,+00) such that h(e) —
0 for e — 0 and ue — ug < h(e) in Q¢ uniformly with respect to (x,y) € Q.
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Proof. For > 0, let u, be the stable solution of

' = Af(u) in (=1 —n,1+1n)
w>0 in(-1-n,14n)
u(E(1+mn)) = 0.

For & small enough such that Q. € RY x (=1 —n,1+17), from the convexity of
f we have

~ Az = uy) = A () = Flug)) < A ) (e — ) in O
us —uy <0 on )
and then from the stability of u. we can apply the maximum principle to deduce
ue < uyy in Q.. For (z,y) € ¢, by the maximum principle applied to u, — ug we
get
U (2, y) — uo(y) < uy(y) —uo(y) < max(uy — uo)jy=t(14y) = —uo(l +n).

Next let us define the function h(e) as follows: for any € > 0 let n(e) be the
smallest positive number such that Q. € RN x (=1 — n(e),1 + n(¢)). By the
properties of Q2. we have that n(¢) — 0 as ¢ — 0. Finally, as e — 0

h(g) = —up(1 +n(e)) — 0,
which gives the claim. O

Next lemma gives a first approximation of the closeness of u. to ug + ep. It
will be improved later.

Lemma 3.2.8. Given 1. := “="2==% one has 0 < 1). < ¥ in Q. for e small
enough, where
- N
(x,y) =

j=1i=1

|i| (wi(y) — Ci) cosh(y/pizy),

n

with 0 < Cy < inf  w; foralli=1,....k and 0 <n < o small, fixed.
(_1_7771""77)

Proof. Using the convexity of f we have
—Atpe = Af'(ug)tpe > 0.

Moreover, 1. = 0 on 0¢). and taking into account Remark we can apply the
maximum principle to get 1. > 0 in €2..
Again from the convexity of f we have

SANUSES Af,(us)@bs <A (f/(UE) - f/(ua)) ¥
N n
A () — /(o)) cosh(yimyJwily).  (3.18)
j=1i=1

Iirom the definition of C; it holds 1/; > 0 on .. Furthermore, in €. we have that
1) verifies

N n
—Ap =373 Jail (A (wo)wily) + 1iCi) cosh(y/iz;),

j=1i=1
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and then
— AP — Af'(ue)p
= gjl élaz! f'(uo) = f'(ue)) wily) + (Af'(ue) + 1) Ci] cosh(y/piz;).
(3.19)
Moreover

f/(us) - f/(uo) =/ (teue + (1 — te)uo) (ue — ug),

with t. = t.(z,y) € (0,1).
From Lemma we have u; —ug < h(e) with h > 0 and h — 0 as € — 0. Since
1" is positive and t.u. + (1 —t:)u, is bounded uniformly with respect to € we get

A (f(ue) = f'(u0)) < Che),

for some C' > 0. Finally from |(3.18)| and |(3.19)| we deduce that

- A(¢z—: - J)) - )\f/(us)(djs - &)
<. [(Jevi| + i) A(f(ue) — f'(u0))wily) — el (Af'(ue) + pi)Ci] cosh(y/piz;)

N n
< Z Z [(Jas| + i) Ch(e) — |as| (A f! (ue) + pi)Ci ] cosh(y/pizj) < 0

<—la|ps Cy

for £ small enough, which gives

*A(wa - 772)) - )‘f,(ui)(ws - @E) <0 in Q.
Y=Y <0 on 0f),

and the maximum principle provides 1, — ¢ < 0 in Q.. O

Next lemma gives us the final estimate. Here it will be crucial to choose the

coefficients p; as in|(3.8)]

Lemma 3.2.9. Let
Ue —U) — EP
g, = e TP
£
Then in every K CC §. one has |V.| < C, for some C = C(K) > 0 and € small
enough.

Proof. Let us denote by C any positive constant which does not depend on ¢.
Consider the function F(g) = f(up + ep + €2¥.). Then for ¢ small there exists
te = te(z,y) € (0,1) such that
! 52 " 2 2 gl
Flue) = F(e) = f(uo) +ef (uo)p + 5 f7(uo)p” + " f (uo) Vet

3
e
+ Ef”/(uo +icep + t352qj€)(90 + QtEE\PE)Q—i_
+ 6?)]M(UO +iteep + tg‘SQ\I’s)(QD + 2teeV.)U.. (3.20)
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From the previous lemma we have that 0 < ¥, < ¢ < C’Z;-V:l cosh(y/p1x;).
From Lemma |z;| < Clog(1/e) for all j =1,..., N and then

‘uo +teep + t?telfg

<C, in Q..
In ., taking into account |(3.20), we have the following inequality
Flue) = f(uo) = e f'(uo)p < C* (¢* +eio +20) + (¢ + 20)9) + 2 f (o) L.

Coo ot
< T62 Z cosh(2/pn;) + &2 f (up) Ve,
j=1

for some Cy, > 0, that implies
N
— AU, — \f'(ug)¥. < Cp Z cosh(2y/p1x;). (3.21)
j=1

Fix pioo = 4p1. Note that pe < po thanks to|(3.8)l Then taking into account
Lemma set woo = wy, and for (z,y) € RY x (1 — 0,1 + o) consider

C N
Coo:;o D (woo(y) — €oo) cosh(y/fisom;),

Jj=1

@Zjoo(ivay) =

where 0 < ¢o < inf Woo
(=1-0,140)

Clearly 1o > 0 in Q. and 1), satisfies the following inequality

Coo & ,
—Athoe — Af' (1) Voo = oon Z Coo (oo + A f'(u0)) cosh(y/Hoot ;)
N j
> Coo Z cosh(2/p1x;),
j=1

which together to|(3.21)| gives

—A(Ve = Yoo) = Af'(u0) (Ve — ¥oo) <0 in Q.
U, — o <0 on 9,

and again the maximum principle provides V. — 1, < 0 in .. For C(K)
max g Yo the proof is complete.

Ol

3.2.3 Proof of Theorem B.1.1]

Proof. We have that (i) and (éi) follow by (iv) and (4i7) of Lemma respec-
tively. The proof of (7i7) is given in Lemma

Let us prove (iv). By Lemma we have that ug + ey admits k strict
maxima points. Fix a compact set K CC (). containing such points. On the
other hand Lemma implies u. = ug + ep + O(e?) in K and so the claim
follows. O
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Remark 3.2.10. We can prove a little more general version of Theorem [3.1.1
indeed assumption |(3.3)| can be dropped and we can simply ask that there exists
ug stable solution of

u>0 in (—1,1)
u(+1) = 0.

Finally we build €2, as before and then ask for the existence of a stable solution
ue of problem |(3.1)|in 2.

Remark 3.2.11. Let us show that the assumption that u. is a stable solution
is crucial in our construction. To do this let us assume N = 1 for simplicity and
consider f(t) = Ait, where \; is the first eigenvalue of the Dirichlet problem. In
this case the first eigenvalue of the linearized problem at the first eigenfunction
is 0. Let us see that it is not possible to construct a domain €. as in the previous
section. Indeed if we argue as before we have that ug(y) = cos (§y) is the solution
of

i
u>0 in (—1,1)
u(£1) = 0.
Now, for n € N, o; € R (again with a; = —1) and p; > 0 for ¢ = 1,...,n, we

have that .
#(w,y) = Y ai cosh(y/jrix) cos ( 7 /4+ uiy) ,
i=1
solves the linearized problem, i.e.

2
—Ap = %(p in R?,

As for the general case we observe that u(0) + £¢(0,0) > 0 for € small enough
and then we set . = {up+e¢ > 0}. Now for any u; > 0 set

™

§:$€(0,1),

VT /A+
and then we can find & > 0 sufficiently small such that if € is small enough it
holds
R x {y:g+5}ggsa
showing that the domain (). is not bounded. This shows that our construction
fails.

3.3 The torsion problem: proof of Theorem 3.1.2

In this section we take 2 € R and y = (y1,...,yn) € RY and we assume
the hypothesis of Theorem [3.1.2] We build a solution u. of the torsion problem
(9(u) = constant) with & maximum points in a domain . whose boundary has
positive mean curvature. Here the domain 2. and the function u. are similar to
the ones defined in Section 3.2

Let us start by introducing the following function wu. : RN*! — R, given by

U (z,y) = uo(y) +ep(z,y) zeR, yeRY,
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where

fj(l—yj) S (V- 1P).

J=1

l\D\'—‘

which solves

—Au=N inC
u=0 on OC

in the cylinder C = {(z,y) € R¥*!||y|> < N}. Finally ¢ is a harmonic function
in the whole RV*! defined by

N
Z v(z, y;5),

where v(t, s) := R(Fy(t + is)), for t,s € R with

Ew

Fy(t+is) == — [(t —te+is)(t 4ty + is)]

~
Il

1

|
: ol

<t2—s —t4+21ts> for 0 <t < -+ < ty,
y4

Il
—

and R( - ) stands for the real part of a complex function. Note that v is symmetric
with respect to both {t =0} and {s = 0} and it can be written as

= > anPylt,s), (3.22)

where P}, is a harmonic polynomial of degree h, aop = 1 and
ng t 8 Zb tzk 2 %, bo = bk =1. (3.23)

Resuming, we have that for z € R and y € R

Ua(xvy) = U’O(y) + 690(x7y)
1 N
=5 (N =1oP) + 23 vl wy)
j=1
| N 2k
=52 (1-9) ~eX Y anPula,yy).
j=1 j=1h=0

Since Fj : C — C is holomorphic, it easily follows that ¢ is harmonic and then
ue satisfies —Au. = N. Finally, we point out that dy,, u. = 0 for all i # j.

3.3.1 Preliminary results

In this section we show some properties of the function u. and of the domain
Q. that we are going to define.
As in Section [3.2] we point out that
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for € small enough and we denote by €2, the connected component of the superlevel
set { up + ¢ > 0} containing the origin.
The following lemma proves some properties of the set €.

Lemma 3.3.1. The set C). satisfies the following properties.

(i) Qz C C; for ¢ small enough, where
Coi={(z,y) e RV | w € (—M, M), [y < N1 +1)? },

for some 0 <n < 1, and M, := £
(ii) Qe 2 [—tr, tx] x {O}V.
(iii) Let (z°,y°) € OQ.. If |y°| — O then we have
|2°] = (2¢) "% (1 + o(1)) — +oo. (3.24)
On the other hand, if |x%| < C, then
1y°|> — N.
(iv) Qe is symmetric with respect to the hyperplanes x = 0 and y; = 0 for

7 =1,...,N. Moreover, it is a smooth and star-shaped domain with respect
to the origin for € small enough.

Proof. To prove (i) we firstly show that
w<-1/2, on {(w,y) RV [z = £, [y < N(L+m)? ), (3.25)

for € small enough. Indeed by |(3.23)| we get

2k—20
L) s =1+40(1), ase— 0,

k
€P2k(:|:M€, S) =€ Z by (5_ 2k
=0
uniformly with respect to |s| < v/N(1 4 7). Similarly we have

ePp(£M.,s) =o0(l), forall0<h<2k—1.

Finally, for x = £M, and |y|> < N(1 +7)? we have

N N N 1
ue(z,y) < 5 te > v(£Me,y;)(1+o(1)) = 5 N +o(1) < —5
=1

On the other hand by |(3.22)[ and since agp = 1 we get

sup max v(t,s) =C eR.
teR s€[—VN(1+0),VN(1+n)]

Then for all (z,y) € C. with |y|> = N(1 + n)? we obtain

N

N N
ue(w,y) = =50 = Nn+ey v(@,y;) < —5n' <0,
=1
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for € small enough which together to proves (i).
Concerning (ii), we know that the origin belongs to €. and since u. is con-

tinuous, then €. is an open and connected set. Finally if € satisfies
uo(O,...,O)

< ,
maxxe[,%tk](—go(x, 07 s 70))

then [y, tx] x {0}V C Q..
In order to prove (ii7), let (2°,y°) € 0€2.. Then one has

N
(N =1y P?) = g: 2, 55). (3.26)

If [2°] < C, v(2*,y5) is bounded and then we easily get ly¥|?> — N.
Then we can assume |2°| — +oo. In particular, for all j = 1,..., N, it holds

v(zf,y5) = —(2%)%*(1 + o(1)) and from we get

DO | =

€12
<ffk:§(1—%J)a*u+nu»=;a*u+ou»

and in particular |(3.24)| holds.
The symmetry properties of the domain immediately follow from the ones of
ue. Then to finish the proof it is enough to prove that there exists o > 0 such

that
N

x0pue + Zyjayjue < —a <0, forall (z,y) € 09..
j=1
We have

N N N
20zue + Y YOy ue = — Y ys +e > (wve(w, ;) + yyvs(a, y;)) -
=1 j=1 j=1

On the other hand since u.(x,y) = 0 on 02, we have

N N
Yyl =N+2e) v(z,y)),
j=1 7=1

and then
N
20U + Z YOy ue = —N + 52 (zve(z,y5) + yvs(z, y;) — 20(x,y,)).

Jj=1 Jj=1

Since we have that
2k

to(t, s) + svs(t, s) — 2v(t, s) Z ap, (t0pPr(t, 8) + sOs Py(t, s) — 2Py (t, s))

h=0

72 — 2)apPy(t,s) — —oo,

for |t| — oo uniformly with respect to |s| < v/ N(1 +n), it follows

sup to(t, s) + svs(t, s) — 2v(t,s) = d < +o0,
(t,5)€RX [~V N (1+4n),V'N (1+n)]
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and then N
> (o, y5) +yjus(z,y5) — 20(z, 7)) < Nd < +oc.
j=1

Finally

N N
sup | x0zus + Zyjayjus <—=N+o(l) < ——,
09. e 2
for € small enough. Of course zd,u. + Zé\f:l Y;jOy;ue # 0 on 0€) implies that 9.
is a smooth hypersurface. O

Remark 3.3.2. In particular from (7i¢) of Lemma we deduce that Q. locally
converges to the cylinder C = { (z,y) € RNt | |y|2 < N }.

Equation |(3.24)| will be useful in the computation of the curvature of 92 in

next subsection.

Lemma 3.3.3. The function u. has at least k different nondegenerate local mazx-
ima in Qe for € small enough.

Proof. The proof is similar to the one of Lemma [3.2.3]

For
k

q(t) = R (Fi(t +10)) = = [T (¢t = to)(t + te) = v(2,0),
=1

we have ¢(t) = 0 if and only if t = +t, for some ¢ = 1,... ,k and ¢(t) — —o0 as
|t| = +00. Now assume k even, the case k odd follows by minor changes. Then
there exist t; € (topy1,t2012) with £ =0,...,k/2 such that

qd(t)) =0, and ¢"(t)) <0 forall¢=0,...,k/2,

see also Lemma [B.2l

Moreover, from the definition of v, since every time a power of s appears then
it is an even power, we get that dsv(t,0) = dysv(t,0) = 0 for all ¢ € R. Then a
straightforward computation gives

Vue(te,0,...,0) =0.
Next, for all j =1,...,N and for all £ =0,...,k/2, we have
Dyy;ue(te, 0,...,0) = =1 4+ €dssv(ty, 0) <0, (3.27)
for & small enough. Finally in (Z4,0,...,0) one has
Opzie = eNq" (t7,0) <0,
Oy ue = 0, for all ¢ # j,
Dy, ue = €9ysv(ty,0) = 0,
which, together to |(3.27), shows us that the Hessian matrix of u. is negative

definite in (Z;,0,...,0) for all £ = 0,...,k/2 and the proof is complete since u, is
even in the x variable. ]

Remark 3.3.4. We point out that €. is not convex. Indeed, we know from
Lemma [3.3.1] that the domain is symmetric with respect to {z = 0} and {y; = 0}
forall j =1,..., N and by the well known result by [GNN79], see Theorem|[1.1.6]
the domain cannot be convex otherwise every solution of problemhas exactly
one critical point in contradiction with Lemma |3.3.3
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3.3.2 Curvature of the domain

In this section we prove that the domain ). previously defined has positive
mean curvature.

Let us start by a technical lemma that gives us an explicit formula to compute
the mean curvature for manifolds which are preimage of a regular value of real
functions. The proof is postponed to the Appendix.

Lemma 3.3.5. Let ¥ = F~1(0), for some F € C*(R x RV, R). Assume 0 is a
reqular value for F and F,,. =0 for all i # j. Then the mean curvature of X is
given by

N N N
1 2 2 2
R= _N|VF|3 Z (Fvayjyj o 2F$ijFl“yj +ijFm) +Zij Zwaé
j=1 Jj=1 (=1
t#j

Finally, we are able to compute the mean curvature of the boundary of the
domain.

Lemma 3.3.6. The mean curvature of the boundary of Q. is strictly positive
everywhere.

Proof. We will apply the previous lemma to F'(z,y) = u-(x,y). Note that Vu, #
0 on 09 from (iv) of Lemma Let (2, y°) € 092, and from the asymptotic
behavior of the derivatives of v(t,y) for ¢ — oo we have

vy = —2kt*71(1 + 0(1)), vy = et 2s(1 4+ o(1)),
vy = —2k(2k — D)t*F72(1 + 0(1)), v = G t2F3s(1 + 0(1)),
vss = et 72 (1 4 0(1)),
and from the estimate |z°| < £7 % we get that for all j =1,..., N the following
quantities

eve(z%,95),  evs(z%,95),  evn(a®,v5), eus(2%,95),  evss(z%,95),
goto 0ase— 0.
Then we proceed by considering the cases |y°| /4 0 and |y°| — 0.
Case |y°| 4 0.

We point out that for £ small enough there exists j € {1,...,N } such that
Oy, ue # 0, otherwise [y°| — 0. Then from Lemma we have

(V=D PA+o(1) N -1
N (R 4oz NIyl
Note that the assumption N > 2 is crucial. Indeed if N = 1 the curvature changes
sign, see [GG22].
Case |y¢| — 0.

In this case, by [(3.24)| we have that 2* — 400 and for all j = 1,..., N fixed
0y, ue = o(1). Recalling again, the following estimates hold true

(I14+0(1)) > 0.

(By;1e) *Dgic = o(e 55" ) = o(e¥),

_2k—1 4_ 2k-3 2 1
Oz Ue Oy Ue Oy Ue = 0 (51 % el o ) =o(ek) = o(ek),

(Oc)20y,,0e = = (~2Nke(a) 1) (1 4+ 0(1)
= —28 N22e% (1 4 o(1)).
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This yields

(D)2 Datic — 20510y, 0Dy e + (D) 2y ue = —28 N2E2e¥ (1 4 o(1)).

(3.28)
Moreover by similar computations
N N N
Z(ﬁyjug)Q Z Oyy, e = —(IN = 1)(1 + o Z 8yju€ < (3.29)
j=1 =1 )

o

Finally, we can apply Lemma and putting together |(3.28)| and |(3.29)| we
have

—N|Vu5|3ﬁ < Z ((8yju€)28mu5 — 20,0y, Ue Oy ue + (5Iu5)28yjyju5>

that is £ > 0. O

3.3.3 Proof of Theorem [3.1.2]

Proof. Up to a dilatation of the domain, the claims follow from Lemma

Lemma and Lemma considering u./N. O]
Remark 3.3.7. It is also possible to treat the case = (x1,...,zy7) € RM, with

M > 1, in such a way that the domain ). grows in M directions. The proof
works replacing the function u. by the following one

1 N M N
w) =52 (1=4f) +e 3D vlaiyy).
= i=1 j=1

The computations are very similar to the case M = 1. It is not difficult to
generalize Lemma taking into account that 0y,,,u. = 0 for all ¢ # h.



Chapter 4

Uniqueness of critical point in
non convex domains

In this short chapter we want to show that sometimes it is possible to recover
uniqueness of critical point for solutions of elliptic equations even in non convex
domains and without symmetry assumptions. To this end we first work on the
Poisson problem and then also on the nonlinear problem —Au = f(u).

The results had been obtained in collaboration with Luca Battaglia and Mas-
simo Grossi.

4.1 Main results

Let © C R2 be a smooth and bounded domain and consider the following
problem

u >0 in Q
u=0 on 01,

where f: Q x R — R is a smooth function. Here and in the rest of the chapter,
the generic point of R? is denoted using coordinates (z,y) instead of (1, x2).

All the uniqueness of the critical point results quoted in the preceding chap-
ters hold in convex domain and it is known that, in general, we can not expect
uniqueness of the critical point in non convex domains, see Section Then
it is natural to ask whether it is possible to recover the uniqueness in (possibly)
non convex domain, under suitable assumptions.

In the first part of this chapter we examine the Poisson problem

{—Au = f(z,y) inQ (4.1)

u=0 on 0f),

where f: Q — R is a smooth positive function and Q C R? is a smooth, bounded
and simply connected domain. Let us recall that for the Poisson problem it is
possible to prove uniqueness of the critical point in convex domain, under suitable
assumption on the function f as showed by Kennington, see next theorem.

45
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Theorem 4.1.1 ([Ken85]). Let Q C RN be a bounded and conver domain and
let u € C2(Q) NCQ) satisfy

—Au= f(x) in
u=20 on 052,

where f: Q — (0,400) is B-concave Then u is ﬁ—concave. Moreover, if f is
constant, then u is %—concave.
We have the following result.

Theorem 4.1.2. Assume f >0 in Q and

A(log f) =0, 1n Q, (4.2)
and 1of
- > .
590 +Rf >0, ondQ, (4.3)

where v is the outnormal unit vector to 0 and K = tr(dv)/N is its curvature.
If u is the solution of problem |(4.1)|, then it has a unique nondegenerate critical
point (xo,yo) € .

Remark 4.1.3. 1) Theorem holds even if € is not convex. For instance,
if we consider f(z,y) := €2, then equation is trivially satisfied while
equation |(4.3)|is satisfied if  is such that

vy > —RK, on 09, (4.4)

where we write v := (v, 1vy). This condition can be verified by non convex
domains €, see Figure [4.1]

2) Let us also point out that we can not drop assumption [(4.2)| or |(4.3), other-
wise we can loose the uniqueness of the critical point: see Remark and

Remark [4.2.5 for the details.

3) The preceding theorem can be seen as a generalization of Makar-Limanov’s
Theorem for the torsion problem. Indeed, for f =1 and 2 convex it is
easy to see that assumptions and are trivially satisfied.

The proof of the theorem works as follows: we firstly show that under assump-
tions and we can construct a conformal map 7" from €2 to a bounded
and convex subsets of C and such that |T7|? is exactly f, see Proposition
From this we can find a one to one correspondence between the critical points of

u and the ones of the solution of the torsion problem on the image 7'(€2). Hence,
the claim follows thanks to Makar-Limanov’s Theorem [L.1.4l

In the second part of the chapter, we came back to the nonlinear problem

—Au = f(u) inQ
u>0 in Q (4.5)
u =0 on 052,

where Q is still a smooth bounded and convex domain in R? and f: R — R is a
smooth nonlinearity.
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Figure 4.1: Example of domain which satisfies

We are interested in investigating the number of critical points of solutions of
the preceding problem when 2 is close to be a convex domain.

We recall that Theorem and Theorem imply that if Q is convex
then a semi-stable solution of admits exactly one critical point which turns
out to be nondegenerate. Then we can ask what happens if we consider domains
which are (possibly) non convex, but close to a convex one.

First of all let us recall that for a convex domain Q@ C RY, with 0 € Q
and with no empty interior, up to a dilatation, we can find a Lipschitz function
xa : S¥71 — (0 4 o0) such that

0= {tP((l +xa(P)) ‘ PesNl te(o,1) }

furthermore, if we assume €2 to be of class C* then xq € C*(SV™1).
Hence let us give the following definition of convergence of a family of smooth
sets to a smooth and convex one.

Definition 4.1.4. Given a bounded and convex set Q C RY of class C¥ and with
no empty interior, we say that the family (©2.). € RY of bounded sets of class
C* converges to the convex set §) for ¢ — 0 - and we write Q. — Q for ¢ — 0 - if
there exists a family of functions (xq,)e € C¥(SV~1) such that

0 = {tP(1+xa.(P) | PeS* e},

and
||XQE - XQ”Ck(SN71) — 0, ase—0.
Now, let us fix a smooth and convex domain 2 C R?, with 0 € © and we
consider a family of domains €). that are smooth and such that 2. — 2 for e — 0,

at least in C* sense, according to the preceding definition.
The following result holds true.

Theorem 4.1.5. Let u. be a semi-stable solution the following problem

—Aue = f(ue) in Qg
ue >0 in Q. (4.6)
U =0 on 08,

with f(0) 2 0 and assume that |uc|| ooy < C for some C' > 0. Then ue has a

unique nondegenerate critical point p. € .. Moreover p. — p. where p. € € is
the unique critical point of a semi-stable solution u of problem |(4.5)| in Q.
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Remark 4.1.6. 1) Let us point out that if the limit domain is convex, but un-
bounded, then the preceding result does not hold. Indeed, it is possible to
build a family of domains which converges to the strip S = R x (—1,1) and
such that the corresponding solutions have an arbitrary large (finite) number
of critical points. See Theorem [I.2.1] and Theorem [3.1.1]

2) Let us point out that the hypothesis that [|uc|| 0 (g, is uniformly bounded is
always satisfied if, for instance, we assume that the nonlinearity has the form

f(u) = Ag(u), g is smooth and satisfies |(3.2)| and |(3.3), that are

g :R — R is increasing and convex,
9(0) >0,

and A € (0,\"(€2)), as in Chapter (3| See Remark for the details.

To prove Theorem [{.1.5 we show that u. converges to u, the solution of
probem [(4.5)|in €2, and then the claim can be deduced by Theorem [2.1.1]

The chapter is organized as follows: in the next section we prove Theo-

rem and we conclude it by showing that if at least one between |(4.2)

and [(4.3)| does not hold, then Theorem may fail. In Section we prove
Theorem [4.1.5

4.2 The Poisson problem

In this section we prove Theorem Up to the end of the section we
identify R? with C and we write z := x + iy.

Assume f : Q — R be positive and such that assumptions and are
satisfied. Then the following proposition holds true.

Proposition 4.2.1. There exist a holomorphic function T : Q — C such that
(i) IT'}? = f in Q.

(i) T () is bounded and convez,

(iii) there exist a holomorphic function 7 : T(Q) — C such that 7 = T1.

Proof. Without loss of generality, we can assume 0 € ). Since log f is harmonic
in by |(4.2)] and  is simply connected, we can find a holomorphic function
w : {0 — R such that

R(w) = %log I

Moreover, since f > 0 in €, w is holomorphic up to the boundary of 2. Hence,
also the function t := e is holomorphic in 2 and if we decompose it by modulus
and principal argument we have

t = |t]e’©.

Finally
1 )
5 108 f = R(w) = R (log ) = R (log(|t|e™®)) = logltl,



4.2. The Poisson problem 49

which yields to

o2 = 1. (4.7)
Then, since €2 is simply connected and t is holomorphic, we can define T" as the
primitive of t such that 7(0) = 0. Clearly 7' is holomorphic and implies
|T"|? = f, proving (i).

To prove (i7) note that since 7" is continuous up to the boundary of 2 we have
that |T| is bounded and then T'(Q2) is. To show the second claim we recall that
the curvature R of the boundary of T'(2), in ¢ € T(Q) is given by (see [Need7,
equation (23) pag. 234])

%) = iy (8 (Y ) + 9. (48)

where z € 0 satisifes T'(z) = ¢ and t(z) is the unit tangent vector to 9Q in z.
Here, since €2 is simply connected we have that its boundary 92 is a Jordan curve
and we assume it is orientated is such a way that the winding number satisfies

1 dz 1 if2e€eQ
W [ p— = _
o0(2) 271 /aQ zZ—z {O if ze C\ Q.

Thanks to this convention the unit tangent vector t is uniquely determined by
the orientation of 9. If we write T := h + ig we have

T =h, — thy, and T = hyy — ihay,

and then, writing t = x; + iy, one has

o (T _ o (@t iy (hay — ihay)
s () =5 )

T he — ihy,
-G Tthge + ythxy + i(_xthmy + ythxx)
hy — ih,,
o xt<hyhac:c - hxhxy) + yt(hyha:y + hxhwx)
B h2 + h?
_ yt(hxhzx + hyhxy) — ﬂft(hxhxy + hyhyy) (4 9)
hZ + 12 ' '

Taking into account
Ouf = Ou(h3 + h2) = 2hahug + 2hyhay,
Oyf = 0y(h2 + h2) = 2hghay + 2hyhy,,

equation |(4.9)| becomes

S (g/”) _ ytfxz—f@“tfy _ V.ny’

where v = (y;, —x¢). Finally, the previous equation and |(4.8)[imply

7" v+ 2
> +R= fv +2Rf
T 2f
where the last inequality holds true by Then & > 0 and T'(2) is convex.
Since T is proper, TV # 0 and T(Q) is simply connected, [Gor72, Theorem

B] tells us that T is invertible. Finally, the inverse is holomorphic by the Open
Mapping Theorem and (ii7) follows. O

T'R=S ( >0,
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Remark 4.2.2. In particular 7 is a conformal map, indeed |T'|?> = f > 0 in Q
and then Q and T'(f2) are conformally equivalent.

Remark 4.2.3. The function T' can be written in a more explicit way by setting

/ oy 1 T4y y—ix
T(z):t(x—i-zy).—t(o)f( 5 )

See [Sha04, equation (4.3)].
We can now prove Theorem |4.1.2

Proof of Theorem[{.1.4. Let us denote A := T'(Q2) with coordinates ¢ := & + in
and set

v(&,n) = u(r(&n)),

where we recall that 7 = T, If we write 7 := ¢ + i) we have

OgV = Ugpe + Uy,
O = Uz Py + Uythy,

and

Deev = U f + 2y petle + tyy U + Uppee + uytiee,

Opv = “m‘P% + 2uayoniy + uyy@/’?y + Uz Py + Uy V-
Hence by the Cauchy-Riemann equations one has
AV = Uy V| + 2upy VOV + 11y [ VO + ug Ap + uy Ay = Aul7'|> = — fI7,
and then by (i) of Proposition we get

~Av = fIT? =1,

that is v is the solution of the torsion problem in A, i.e.

—Av=1 inA
v=20 on OA.

Thank to Theorem v has a unique nondegenerate critical point (£o,n0) € A
and then (xo,y0) := 7(£0,M0) € 2 is the unique critical point of u. To show the
nondegeneracy of (zg, o), since uz (2o, yo) = uy(xo, yo) = 0 one has

Deev(T(£0,M0)) = UawPF + 2uayPethe + uyyE,
85777)(7_(607 n)) = Ugz PePn + uxy(‘/’éq/’n + @nwﬁ) + UyyYethy,
(7 (€0, Mm0)) = u:cx@% + 2ugyoythy + Uyng-
Then
DeevOpyv = u§x¢§¢% + 2umumy90§@n¢n + umuyy‘ﬂ?¢%+

+ 2Urxuxy90§90%¢§ + 4uiy¢§§0n¢§wn + 2uxyuyy@£¢€1/’%+
+ ummuyy@%¢§ + QUmy“yy‘Pﬁwgwn + u§y¢§¢727’
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and

2
(Ognv)™= U@@g@% + U?:y(@fwn + @nwf)g + U§y¢g¢,27 + 2UgzUyy Pepnethn+
+2Ux:cuccy90§90nwn + 2umuxycpg%27¢§ + Quazyuyy([’ﬁw{wg + 2uxyuyy¢n¢§1/}n-

Finally we have that

VegUnn — vgn = (uwﬁuyy - Uiy)(%% - ‘iné)za

and since (&, 70) is nondegenerate, the same holds true for (xq,yo)- O

4.2.1 Final remarks

We conclude this section by showing that if at least one between|(4.2)|and|(4.3)|
does not hold, then Theorem [£.1.2] may fail.

Remark 4.2.4. If f > 0 in Q, satisfies but does not satisfy then the
solution of the Poisson problem can have more than one critical point.

Indeed in Theorem [I.2.1] it is shown that for any § > 0, there exists a star-
shaped domain Q := (0) such that the solution of the torsion problem, i.e.
f =1, admits at least two critical points. Moreover one has K5n > —4d and it is
negative somewhere. Then f > 0 in ©, is satisfied but

is not.

Remark 4.2.5. If f > 0 in Q, satisfies but does not satisfy then the
solution of the Poisson problem can have more than one critical point.

Indeed, as a consequence of [EPWO06, Theorem 1.1}, one has that if p > 1 is
large enough there exists a solution u of the following Hénon problem

—Au= (22 +y*)*u[f inB
u >0 in B
u=0 on 0B,

with a > 0, B := B1(0), and there exist ¢q1,¢2 € B such that

ve ve

max u<—-—, and sup u>-—, i=1,2,
B\U;_, Bas(ai) 4 Bs (i)

for some 0 < § < W. Then let v be the solution of the torsion problem in
B with Dirichlet boundary conditions and set

Ve

Us :=u+ev, 0<e<

4]l
which solves
—Au, = fa(may) in B
ue >0 in B
us =0 on 0B,

with f.(z,y) := (22 + y®)*ulP + & > 0 in Q. Then u = 0 on I implies

19/
2 Ov

+ Rf-=04+¢>0, on 9J9Q,
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that is |(4.3)| is satisfied. Moreover, it is easy to see that u. admits at least one
critical point in Bs(g;) for ¢ = 1,2.

Now let ¢ € Bs(q1) \ {0} be a critical point for v such that u(g) > % Then
one has

J=(q)*Alog f(q)
= fs(CI)AfE(Q) - ’vfs(Q)F
= —plal*u(q) PP + 420?lgP P lulg)P —eplalu(@)* " <0,

for € small enough and then [(4.2)| is not satisfied.

4.3 The nonlinear problem

In this section we prove Theorem Hence, let Q be a fixed bounded and
convex domain in R?, €2, the family of smooth domains converging to Q as € — 0

and u. the solution of problem |(4.6), as in Theorem

Proof of Theorem[{.1.5 Since € is convex we know that if u is a semi-stable
solution of problem in , then it admits a unique nondegenerate critical
point, we denote it by p.. Hence, it is enough to show that for all multiindices
a, with || <2 it holds

sup |D%(us —u)| — 0, fore — 0. (4.10)
QN0

Indeed, if p. € Q. is a critical point for u., then p. — p. as ¢ — 0, and it is
a nondenerate maximum thanks to|(4.10)l Then uniqueness follows from to the
convergence to P, and the nondegeneracy.

We prove |(4.10)| through several steps.

Step 1: there exists C > 0 such that HugHHz(QE) <C.
From classical regularity theory one has

e rms20y < C(92) (11 ()l prm ey + el 2y ) -

but from the convergence of €. to €2 one can see that C'(£2.) does not really
depend on e. Then for m = 0 using the assumption [|uel| 0,y < C we get the
desired claim.

Step 2: u. — u in H'(QP), where u is a semi-stable solution of pmblem
in Q and QF = { (x,y) € R? | (£,2) e}
First of all from the convergence of (). to 2 we can find p > 1 such that 2. C Q~.
Since 2. are smooth we can consider u. defined in 2” by means of zero extension
outside 2. and with a little abuse of notation we still denote such an extension
by ue. Then from the previous step we have u. — u in H*(Q”). Then it is easy
to see that by means of the dominated convergence theorem it holds

/ VuVy = / f(u)p, forall p € C3°(Q2),
Q Q
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and u = 0 on 01 in trace sense. Finally for any { € C§°(12) again the dominated
convergence theorem gives

L19eR = [ re =t [ 1968 - [ pluet 0.
Q Q =0/ Q
Hence we proved that u is a stable solution of problem |(4.5)[in €.

Step 3: end of the proof
From the convergence of ). to Q2 we can find r > 0 and q1, ..., gx € 9S2 such that

k k
o g U Br(Qi)a and 896 g U Br(Qi)a
i=1 i=1

QN Ba(q:) = { (z,y) € Bar(qi) |y > T'(x) },
Q. N Bor(qi) = { (2,y) € Bar(qs) | y > T () +%(2) },

where the last two relations hold up to a rotation and where T'!, ..., T'*, 7. ,75
are smooth functions such that

7 =0 inCY foralli=1,...,k.
Now, let us fix 2 = 1: up to a translation we can assume ¢; = 0 and consider
Ue(z,y) = uc(z,y + ve(x)), for all (x,y) € QN By,

where we omitted the apex i and Bg, := Bo,-(0). Then one has 4. = 0 on 9QN By,
and since 7. — 0 in C? it holds

sup |D%(ue — )| — 0, fore—0,
Q.NONBa,

for all multiindices «, with |a| < 2. Moreover, we have
{—Am—ug:hgianB%
u—1u: =0 on 002N By,
where
he = f(u) = [ (@) = 20uyte|(@y . ) Ve — yyllel(eytve () Ve — Dylie|(@ iyt () Te-

For m € N, by means of the mean value theorem and taking into account that
u, e and in turn u. are uniformly bounded, we have |f(u) — f(us)| < Clu — |,
then

[hell grm ONBsy) = C ([lu — el grm QNBs,) T [[wel| grm2 Qe ||'Ye”cm+2) .
( ) ( ) Q)

Iterating the argument in Step 1 and we can find C' > 0 such that ||u5||Hm+2(Q€) <
C and

lu = el 2(0nB,,) < v —tellp20ny,) + C llte = uell Lo onp,,) = 0, fore =0,

thanks to the compact embedding of H'(Q) in L?(Q*). Then classical boundary
regularity theory gives ||u — aEHCQ(QﬂBT) — 0 for e — 0 and in turn

sup |D%(uc —u)| — 0, fore—0,

Q-NQNB,
for all multiindices «, with |a| < 2. To complete the proof of |(4.10)| it is enough
to repeat the argument for all 4 = 1,...,k and use interior regularity estimates

taking into account that |—A(u — u.)| < Clu — |, for some C' > 0. O
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Remark 4.3.1. Here we show that if we assume that the nonlinearity has the

form f(u) = Ag(u), g is smooth and satisfies|(3.2)| and |(3.3)], that are

g : R — R is increasing and convex,
9(0) >0,

and A € (0, A*(92)), then there exists C' > 0 such that [[uc|| foo () < C-

First of all note that, since 2, — Q then A*(Q2.) — A*(Q2) and then A < A*(€;)
for € small enough.

Remember that from the convergence of 2. to {2 we can find p > 1 such that
Q. C O = {(z,y) €R? | (x/p,y/p) € Q}. Moreover under this set of assump-
tions one has A*(92?) > X for ¢ small enough. Hence if we consider the stable
solution u” of in Q - using the convexity of f - we have

{_A(Ua —uf) = A(f(ue) = f(u?)) < Af'(ue)(ue —uP) in Qe

ue —uf <0 on 0f),

and then from the stability of u. we can apply the maximum principle to deduce
ue < uf < ||up”L00(Qp) in €2..



Chapter 5

Sign-changing solutions: the
Dirichlet eigenfunctions

In this chapter we are interested in the study of the number of critical points
in the case of sign-changing solutions. Since to our knowledge there are no results
in the literature, let us focus on the k-th Dirichlet eigenfunction. In particular,
for m € N, let ug be the solution of

—Auk = )\kuk in Q
up =0 on 012,

with Ag := A\ (—A, Q) > 0 be the corresponding eigenvalue. A fundamental result
is the Courant Nodal Domain Theorem, see [CH53|, which tells us that uy has at
most k nodal domains. In particular, since the only eigenfunctions that does not
change sign is the first one, it follows that us has exactly two nodal domains. In
this chapter we are going to prove that the second eigenfunction has exactly two
critical points in planar convex domains with large eccentricity. Moreover, if we
restrict our attention to a smaller class of domains we are able to establish the
exact number of critical point for all the eigenfunctions.

We start the chapter recalling some known results about the nodal line con-
jecture for the second eigenfunction, then we state and prove our main theorems
which can be found in [DRG22b].

5.1 The nodal line conjecture of the second eigenfunc-
tion

From now up to the end of this chapter we fix NV = 2, unless different indica-
tion. Here we focus on the second eigenfunction, i.e.

{—AUQ = )\QUQ in Q (5'1)

ug =0 on 0,

where Q C R? is a given domain.

A first interesting topic concerns the nodal line of the second eigenfunction us.
It was conjectured that the nodal line A := {x € Q | uz(x) =0} of the second
eigenfunction in planar domains touches the boundary 9€) at exactly two points.
In [Pay67] it was conjectured that it happens in any bounded domain, while
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in [Yau82] we find the conjecture only for convex domains. Finally in [HOHON97]
- after disproving the claim in non simply connected domains, see Theorem [5.1.7]
- the authors conjecture that it happens in all bounded planar simply connected
domains.

Remark 5.1.1. If you are able to prove the conjecture, we strongly recommend
you to read [Ale20l Section 6].

Remark 5.1.2. As pointed out in [Ple56], in the case of Neumann boundary
conditions one has A N9Q # () for any bounded and smooth domain @ C RY for
all N > 2: indeed it is an easy consequence of the fact that the second Neumann
eigenvalue is smaller then the first Dirichlet one.

We start by recalling a results by Payne where under suitable symmetry
assumptions on the domain €2 the nodal line conjecture is proved.

Theorem 5.1.3 ([Pay73]). Let Q be bounded, convez in x1 and symmetric about
the xo axis. Then us cannot have an interior closed nodal curve.

After this, the conjecture has been showed to be true also by Lin, see [Lin&7],
and Pitter, see [Pii90]. In both cases different symmetry assumptions are still
needed.

In the paper [Lin&87], the author also prove that in convex planar domains the
multiplicity of the second eigenvalue is at most two.

Later on, another interesting result has been proved by Jerison in [Jer91],
where the author considers convex domain without symmetry assumptions, but
with large eccentricity, see Definition [5.2.1] We refer to Section [5.2} for other
results for this kind of domains.

The nodal line conjecture was finally proved for convex domains by Melas
under regularity assumptions on the boundary 0f).

Theorem 5.1.4 ([Mel92]). Let Q2 be a bounded conver domain with C*> boundary.
Then the nodal line A of any second eigenfunctions us must intersect the boundary
0 at exactly two points.

Remark 5.1.5. The smoothness assumption of the boundary can be dropped.
The improved theorem was proved by Alessandrini in [Ale94]

A generalization of Theorem [5.1.3] to any dimension and to higher eigenfunc-
tion can be found in Damascelli [Dam00].

Theorem 5.1.6 ([Dam00]). Let Q@ C RN, N > 2, be a bounded domain. If ) is
convex and symmetric with respect to m orthogonal directions, 1 < m < N, and

Ay, ={zecQ|u(x) =0},
is the nodal set of the eigenfunction uy, then A, NOQ # 0, for 2 <k <m+ 1.

If @ C RN, with N > 2, then the nodal set of the second eigenfunction
touches the boundary provided that the domain is convex and the eccentricity
is large enough. This has been proved by Jerison in [Jer95¢c| and no symmetry
assumptions are required.

It is also possible to prove the nodal line conjecture in some particular cases
of non convex domains. For instance, it has been proved by Freitas and Krejcirik
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in [FKO8] for, possibly non convex, thin tubes. If the section of the tube is small
enough then the conjecture holds. We refer to the original paper for the precise
statements.

Moreover, under small perturbations of rectangles one can recover the validity
of the nodal line conjecture as showed in [BCM21].

Finally, different symmetry assumptions could guarantee the validity of the
nodal line conjecture also for concave or not simply connected domains, for in-
stance see [YG13, [Kiw18].

5.1.1 Counterexamples to the nodal line conjecture

We conclude this section by reporting some cases in which the nodal line
conjecture does not hold.

First of all, the nodal line conjecture does not hold for general Schrédinger
operators. Indeed, in the paper [LN88], Lin and Ni proved that it is possible to
find a potential V' : By — R such that for all N > 2 all the second eigenfunctions
of —A 4+ V(x) in By with zero Dirichlet boundary data are radially symmetric.
In particular the nodal line conjecture fails.

The nodal line A can be closed in non convex, not simply connected domains.
The following result by Hoffmann-Ostenhof, Hoffmann-Ostenhof and Nadirashvili
disprove the nodal line conjecture as stated by Payne in [Pay67].

Theorem 5.1.7 ([HOHONO97]). Let 0 < Ry < Ry be such that
M(=A, Br,) < Mi(=A, Bg, \ Br,) < A2(=A, Bg,).

ForneNand 0 <e <m/n let

n—1
Qe := Br, UBRp, \PR1 U U {ZC € R?
j=1

2mj 21y
p:Rl, 06(71—]—5,7‘-]‘{‘6)},
n

where x1 = pcosf and xo = psinb, see Figure [5.1 Then there exists nyg € N
such that for n > ny and sufficiently small e = £(n) the second eigenfunctions us
in Qe has closed nodal line. That is A N 0Dy, = 0.

The preceding results was generalized to N > 2 by Fournais [Fou0l], see
also [Kenl3]. Clearly, it would be interesting to understand what is the smallest
number of boundary components such that the nodal line is a closed one contained
in the domain. In [DGSH2I1] it is shown that this number is at most 7, but the
authors make no claim it is optimal.

Counterexamples to the nodal line conjecture can be found for Robin bound-
ary conditions.

Theorem 5.1.8 ([Kenll]). Fiz M,3 > 0. There exists a bounded, connected
domain Q with Lipschitz boundary such that |Q] = M and the second Robin
etgenfunction, i.e. vy solution of the problem
—Av = A\ in Q
%LVQ +pPv=0 on 09,
is simple and satisfies
{xeQ|uv(x) <0} cC .

In particular the nodal line does not touch the boundary of the domain.
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Figure 5.1: The domain 2, . in Theorem with n = 6.

If the domain € is unbounded the nodal line A does not touch the boundary
0f) in general, even if the symmetry assumptions of Theorem [5.1.3] are satisfied,
see the results by Freitas and Krejcifik in [FKO07].

Finally, on manifolds the nodal line conjecture fails in general, even for Robin
boundary condition as showed by Freitas in [Fre02].

5.2 Large eccentricity domains: main results

In case of planar convex domains with large eccentricity it is possible to have
more information about the nodal line. Here we follow the works of Jerison and
Grieser and Jerison. From now up to the end of the chapter, the generic point of
R? will be denoted in coordinate with (z,v).

Let us recall the definition of eccentricity.

Definition 5.2.1. The eccentricity of a bounded domain () is given by
diam(€2)

Q)= ——
ece() inradius(Q2)’

where
inradius(Q2) := max{r > 0|B,(z) C 2, for some x € Q},

is the inradius of the domain.

Convex domains with large eccentricity were considered by Jerison in [Jer95al
and Grieser-Jerison in [GJ96] where the location of the nodal line A was char-
acterized. In order to state their result we need to normalize the domain €2 in
an appropriate way. First let us rotate €2 so that its projection on the y-axis has
the shortest possible length, and then dilate so that this projection has length
1. Denote by M the length of the projection of 2 on the z-axis. Then M > 1,
and M is essentially the diameter of €2, see Figure Moreover, since the in-
radius is close to 1, we have that also the eccentricity of the domain has order
M. From now we denote by Q;; a domain satisfying the previous properties and
accordingly by uj; a solution to in Q = Qs with A,y its nodal line.

Note that in this setting the domain Qj7, as M grows, is close to the strip
{(x,y) €R?:0 <y < 1} (in a suitable way).

In [Jer95al, Jerison studies such a class of domains and gives an estimate of
the first two eigenvalues showing that they can be compared to the ones of the
associated ordinary operator

d? w2
a2 @
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with Dirichlet boundary conditions on the projection of {2 on the x-axis and where
h denotes the cross section of ). Furthermore, he proves that if £ € R is the
zero of the second eigenfunction of the Schrédinger operator —d?/dz? 472 /h(z)?,
then the nodal line A lies in QN (7 — K, 7 + K) x R for some fixed K > 0.

This last result has ben improved in the subsequent work [GJ96] by Grieser
and Jerison itself.

Theorem 5.2.1 ([GJ96]). There is an absolute constat C' such that the width of
the nodal line Aps is at most C /M. In other words, up to translate Qyr, one has

C
(z,y) € Ay = 2| < i
This result is our starting point to compute the number of critical points of
ups in Q. Indeed, since as the eccentricity of the domain grows the nodal line
becomes close to a straight line, this implies that the nodal domains are not so
far from being convex and then we can expect to have exactly one critical point
for any of them. We have the following theorem.

Theorem 5.2.2. For M large enough, the second eigenfunction uy; has exactly
two critical points Pyy, Qpnr € Qar. Moreover Py (say) is a nondegenerate max-
imum point while Qs is a nondegenerate minimum. Finally | Py, |Qa] — +00
as M — +o0.

Figure 5.2: A graph of uys for M large.

The theorem says that if the eccentricity of the domain is big enough (let us
recall it has the same order of M), then we are able to compute the exact number
of the critical points of the second eigenfunction. Moreover, the distance between
the critical points and the nodal line becomes larger and larger as the eccentricity
goes to infinity.

The proof of the previous theorem is splitted in two parts. In the first one
we deduce, up to a suitable normalization, the convergence on compact sets of
the eigenfuction ups to the “limit” function us(x,y) = Agx sin(my) where Ay is a
nonzero constant. This will be done combining some results in [GJ96] and [GJ09].
We stress that the choice of the normalization of the eigenfunction ujs is not a
trivial issue, as already discussed in [Jer95al] and [G.J96].
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The second part of the proof involves a topological argument: similarly to Chap-
ter We introduce the vector field T : Q3 N {a: > %} — R?

T(q) = (uyy(@)ua(q) — uay(@)uy(q); Uz (@)uy(q) — vay(@)us(q)),

qg € QunN {x>%}, which allows to “count” the critical points of up;. It will
be proved that the vector field T is homotopic to the map I — (x¢,y0) with
(z0,y0) € U N{z > 1} (the same will be done in QpyN{z < —3}). This result
will give the uniqueness and nondegeneracy of the critical point of ups in the set
where up; > 0 and uys < 0 respectively.
All these computations strongly use the convexity of the domain Q;; and the
convergence of uys to us. We stress that, although this convergence is only on
compact sets, it will be enough to handle the computations in all the set ;.

In the second part of the chapter we deal with a particular class of convex
domains not included in the previous section, which are perturbation of rectangles
converging to the strip. This family of domains has been studied in [GJ09)
where Grieser and Jerison give a full asymptotic expansion for the k-th Dirichlet
eigenvalue and for the associated eigenfunction (see Theorem below).

Let ¢ : [0,1] — [0, 00) be a Lipschitz and concave function and for M € [0, 0o)
set

Ru={ (@y) eR*[0<y<1, —ply) <z <M}, (5.2)
see Figure [5.3]

Y

Figure 5.3: The domain R ;.

Let ug ar € C*°(Rar) be the k-th Dirichlet eigenfunction in R which solves

—AU&M == )\k,MuhM in RM
Uk, M = 0 on 8RM

where A ar := Ap(—A, Rar) is the k-th eigenvalue. In next theorem we prove the
existence of exactly k critical points for uy ps in Ry.

Theorem 5.2.3. For M large enough, uy nr has exactly k nondegenerate critical
points in the set Rys. Moreover all of them are maxima and minima.

Unlike Theorem [5.2.2] the proof of Theorem [5.2.3] is much easier and it
strongly follows by the estimates proved in [GJ09|.

The rest of the chapter is organized as follows: in the next section we prove
Theorem [5.2.2] while in Section [5.4] we investigate the eigenfunctions on convex
perturbations of long rectangles, proving Theorem [5.2.3
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Qupr

~

M

Figure 5.4: The set ).

5.3 Proof of Theorem [5.2.2

In this section we prove Theorem To this end, in the next subsection
we recall some notations and some results for the second eigenfunction on convex
domain with large eccentricity from the papers of Jerison and Grieser, Jerison
and in the next one we extrapolate the local convergence of ups to us (see
Proposition. Subsection is devoted to the topological argument where
we perform the computations involving the vector field 7' and we finally prove

Theorem [(.2.2]

5.3.1 Preliminary results

Here we collect some results proved in [Jer95al, [GJ96] (see also [Jer95b] for an
overview of the problem). As we pointed out in Section let us rotate s so
that its projection on the y-axis has the shortest possible length, then dilate so
that this projection has length 1. Denote by M the length of the projection of
the domain on the z-axis, then M > 1, see Figure Hence, we write

Qu = { (z,y) € R? ‘ fHim(z) <y < fom(z), x€ (am,bm) },

where by —ay = M, 0 < fim < for <1, and the height function of €2,/ is
har == fa,m — fi1,m. We require that

fiv — 0and fopr — 1in O (R) as M — 4o0.

By the convexity of Qs we have that f{’ ), < 0and f;';, > 0. Our assumptions
imply that the set 23, “converges” to the strip

Qoo::{(:p,y)ER2’0<y<1},

(here we prefer to denote the strip by 2 and not by S to underline the conver-
gence of Q0 to it). More precisely we have that for all compact sets K C R? one
has |(QAQx) N K| — 0. As expalined in Section [5.2| we know that the nodal
line

Apyri={(z,y) € Qu | up(z,y) =0},

is close to the straight line {z = 0}, up to a translation (see Theorem in the
section above). Finally let up; € C*°(€2ps) be the solution of

{—Au =Xy pu  in Qp (5.3)

u=20 on dQy,
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wehre Ag pr := Aa(—A, Qpr). Moreover, for all (xg,yo) € Ay NE2ys we can assume
that ups(zo + 1,90) > 0 and ups(zo — 1,y0) < 0, that is ups > 0 on the right of
the nodal line and wujs is negative on the left.

Finally, let Lys be the length of the longest interval Zy,,, C (aar,bas) such
that )

ha(x) = for — frm > 1— 7o 0Ty
M

The number L, is related to the length of the rectangle contained in €23, with
lowest first eigenvalue and it satisfies the following bounds (see [GJ96, [Jer95h])

MY3 < Ly <M. (5.4)
For future convenience, we introduce for n € R the sets
i={(,y) eQu|—n<zx<n},

and
Q&::{($,y)€]1{2’—n<m<n, 0<y<1},

where we remember that Q. = Rx (0, 1) is the infinite strip of height 1. Since 0 <
fim < faur < 1, we have that the continuous embedding H () — H (Q00)
holds true by means of zero extension outside ;.

An important step to deduce good estimates for the eigenfunction wuys is to
choose a correct normalization. So let us define @y as

Uy = LMuiM.
unrlloo

With a little abuse of notation, in the following we will set
Uy = U -
From the results in [GJ96] we will deduce the following lemma.
Lemma 5.3.1. There exists a positive constant C independent of M, such that
lupr(z,y)| < C(1+|z|), for all (x,y) € Qur, (5.5)

and ]
luar(£1,1/2)| > rok (5.6)

Proof. The first estimate |(5.5)| is proved in [GJ96, Theorem 4].
To prove |(5.6)} still recalling [GJ96], define the following function

()

tinr (2, y) = Pons () hMQ(x)

fo,m () y fl M( )
=/ hM /1 . sm Par(@) ) up(z,y) dy.

Note that @iy (z,y) ~v/2sin(ry)ar(x) and Par(x) ~ \/ifol sin(my)ups(z, y) dy if
x is bounded. Finally, let vy := upr — Upg.

where
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Now, let C' > 0 be any positive constant independent from M which may vary
in the rest of the proof and recall the following estimates. [GJ96, Equation (26)]
tells us
[Ym(z)| = Clz|, -2<z<2,

and [GJ96l, Lemma 5] gives for all (z,y) € 03,

ot (@, y)|
2 (y—fiu(x) 2 (y—fiu() —3
() § () )(”'9”' 1°g< o) (r e ))DLM
e
<Ir

Hence for (z,y) € O3, one has
lunt (2, )| = |an (2, y) + vamr (2, )l

2 y— fim(x) .
Z‘wM(x) lw(a:)SIIl(ﬂiW(a:))‘ lvns (2, )|

> [$ar(2)|sin (HM) - LC?M

— C
> C|z|sin <WW> — i

Finally, since for M — +oo from also Ly — +o00, one has (1, (f1,a(1) +
fa,m(1))/2) — (£1,1/2), and then we have

lunr (£1,1/2)| = Jupr (1, (f1,m(1) + f2,0(1))/2)] + o(1)
ZC|i1](l+o(l))Z§. O
Remark 5.3.2. Fromone has
lurillpoony < C(1+ k), forallneN. (5.7)

The following lemma follows by the standard elliptic regularity theory.

Lemma 5.3.3. Form € N, f € H™(Q}Y), let u € HY(Q) be a weak solution
of

{—Au =f in Qz\ljl
u=0 on O I\ {z=+(n+1)}.
Then for 6 € (0,1) it holds
u e H™H2 Q)
with the estimate
lall g szsy < C (1l + Ml pagony )+
for some C > 0 independent from M.

We point out that the independence from M follows from the convergence of
Qur to Qo
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5.3.2 The asymptotic behavior of u,,

In this section we study the limiting behavior of the solution uy; on compact
sets. In particular, uy; converges to a function which is a solution in the whole
strip Qoo

Proposition 5.3.4. Up to renormalize ups, we have that for all multiindices «,
with |a| < 2 and fivred n € N, it holds

sup |D*(upr — Aoz sin(rmy))| = o(1),  for M — +oo, (5.8)
Qun{—n<z<n}

for some suitable constant Ay # 0.

The proof of the previous proposition is a consequence of the next two lem-
mata.

Lemma 5.3.5. We have that there exists uso : 200 — R such that for all multi-
indices a, with |a| <2 and fired n € N, up to subsequences, one has

sup |DY(upr — uso)| = 0(1),  for M — +o0,
ﬁMﬁ{fngxgn}

and Uus, Solves
—AUpo = T2Use i1 Qoo
Uoo =0 fory=20,1.

Proof. In the proof of the lemma, convergence will be understood up to subse-
quences.

Fix n € N. From |(5.7)[and Lemma we have

HUMHH2 (QZJ%) < C(n),

1
n+2

for some C(n) > 0 and so there exists u? € H* (Qoo ) such that

=

upr — up,  weakly in H! (QZS_

1
Let us show that in QZIQ we have that —Au” = 72u” in weak sense. Indeed,

n-+

1
for all p € C5° (Qoo 2) one has
/QZ:F% Vul Vi = /QZJ%(VuZOV@—Fugogo) — /QZJ% Un @
= 1}&11/(2&+%(VuMVg0+uM<p) — 1%\15[11/92:% UM P
= lﬁ\r}l /QZJ% Vup Ve
= IE\ZD/\Q,M /QZ:% Up P

2 n
=T Uu .
/Q’;:% ¥
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Moreover, it is not difficult to see that

n+ 1
ul, =0, onaQOOQ\{x:j:(n+§)},

1
and by Lemma |5.3.3| we obtain that u2, € C* QZ:‘?’
By |(5.6)| we deduce that uj, # 0 in QF , and from the assumptions on the

00

nodal lines of ups one has ul (0,y) =0 for all y € (0,1) .
Next we show the C? convergence up to the boundary of Q7. Let us start
by fixing a point (z,0) with —n < z < n. From the assumption on Qj; we can

define the set

B(M) :=Qpy N By(2,0) ={ (z,y) € By(z,0) |y > fim(z) },

for some r > 0 suitably small. Then, from the standard regularity theory we
deduce that
|luar — ugoch(Bl/Q(M)) —0, for M — +oo.

where By 5(M) := Qar N B, jo(2,0). To show C? convergence in the whole Q7
it is enough to cover the segments (—n,n) x {0} and (—n,n) x {1} with finitely
many balls.

Thus we have proved that for all n € N we can find a function u2, € C*(QL)
such that up — u in C3(Q2) and v’ solves

{—Aug’o = 72U in QL
ul, =0 fory =0,1.

By uniqueness of the limit we have u”! = «” in Q7 , and this allows us to define

a C? function in the whole strip Q. given by

Uoo (T, Y) 1= uno(2,y), for (z,y) € Q,
which is a solution of

— AU = T2Use  In Noo
Uoo =0 for y =0, 1.

Moreover, from the corresponding properties of ulL, note that us(0,y) = 0 for

all y € (0,1) and |uso(£1,1/2)] > 0. O

To conclude the proof of Proposition we must prove that ue(z,y) =
Apx sin(my) for some Ag > 0. This is a consequence of the next lemma.

Lemma 5.3.6. The functions u(x,y) = Azsin(my) are the unique solutions of
the problem

_ 2 .
—Au = 7mu n Qo

u(0,y) =0 for any y € [0,1]
u(z,0) =u(x,1) =0 foranyz eR
lu(z,y)] < C(1+|z|) for some constant C > 0,

(5.9)

for any A € R.
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Proof. Here we follow [GJ09, Lemma 6]. Let u(x,y) be a solution to|(5.9)l Then
for each fixed x its Fourier series is given by

u(z,y) =Y Aj(x)sin(jmy),
=1
where

1
Aj(z) =2 /0 w(x, ) sin(jrt) dt, (5.10)

that is Aj(x) = cix + dy and
Aj(x) = cje_Vj2_1” + dje‘/jz_l”, for j > 2,

with ¢j,d; € R for all j > 1, see [GJ09, Lemma 6] for more details.
Then we evaluate [(5.10)| for z = 0 and taking into account that «(0,y) = 0
for all y € [0, 1] we have

1
di = 4(0) =2 [ u(0,y)sin(ry) dy =0,
0

and .
¢j+dj = A;(0) = 2/ u(0,y) sin(jmy) dy = 0, (5.11)
0

for j > 2.
By the definition of A;(z) and since u has growth at most linear we have that
d; =0 for all j > 2. Hence implies ¢; = 0 for all j > 2 and then

u(e,y) = 3 Ay(x) sinimy) = Ar(@) sin(my)
=1

J
= (c1x + dy) sin(my) = c1xsin(my),
and the claim follows. O
Now we are in the position to give the proof of Proposition

Proof of Proposition|5.3.4) By Lemma [5.3.5| ujs converges up to a subsequence
t0 Uso, let us show that us(z,y) = Apzsin(ry). First we observe that from
inequality in Lemma @ we know that us, has growth at most linear for
2 — +oo. Hence Lemma [5.3.6] applies and so uoo(z,y) = Azsin(ry). Finally
A= Ap = ux(1,1/2) > 0. To conclude the proof we need to show that, up to
renormalize some uy; the convergence holds for the whole sequence. By contra-
diction, assume that we can find a subsequence (upz,)¢ € (upr)p not converging
to us and C' > 0 such that

HUMZ — on Sin(ﬂ'y)||Loo(Q]Meﬁ{—TL<.’E<TL}) > C.

Now, we can apply Lemma [5.3.5] and in turn Lemma to the sequence
(un,)e to find that, up to subsequences

”uMg - AlxSin(ﬂ-y)HLOO(QMZQ{—n<x<n}) — 0, for £ — —+00,

for some A; > 0. Hence, up to multiply up, by Ao/A1 we get upr, — Uso, a
contradiction. O
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Remark 5.3.7. A consequence of [(5.8)]is that Vu # 0 in Qp N {-1 < z < 1},
Note also that by the previous lemmata it is possible to deduce that in Ay N
0Qys there are two nondegenerate saddle points. Indeed, from Theorem [5.2.1
the nodal line is contained in Qp N {—1 < = < 1} and [Lin87, Lemma 1.2]
tells us that the two points in Ay; N 0Ny are critical points. Moreover, setting
Ay N0y = {q1,q2 } we have ¢ = (o(1),1 4 o(1)) and g2 = (0(1),0(1)) and
then from Proposition writing ¢; := (z4;,Yq,), we get for i =1,2

Orgun (¢i) = Ore (Aowsin(myg,)) + o(1) = 0+ o(1) = o(1),
and similarly one has

Oryuns (¢i) = Ouy (Ao sin(myg,)) + o(1)
= Agm cos(myy,) + o(1) = (—1)"Agm + o(1),
Oyyuni (gi) =yy (Aozg, sin(myg,)) + o(1) = _AOT‘-Q'I% sin(myg,) + o(1) =o(1).

This yields to A
det Hess,,,, (¢;) = o(1) — ((—1)"Agm)* < 0,

and the claim follows.

5.3.3 The topological argument

Up to the end of this section let us write u instead of uys for brevity. Let us
use the notations from Section
Let us point out that ug clearly solves —Auy = Ay prug in Qp7. Moreover,
if the set {u > ¢} is smooth then we recall that the curvature of its bounday is
given by
uyyug — 2Ugy Uz Uy + umu2

f= d
Vaul®

Consider
wii={(z,y)€Qu|x>1/2}.

In the next proposition we recall some properties of the sets My and Ny in ;.
Proposition 5.3.8. We have that for every 6 € [0, 7),
(i) around any p € (Ng N Yy;) \ My the nodal set Ny is a smooth curve;

(it) if p € MgNQ,, then Ny consists of at least two smooth curves intersecting
transversally at p;

(iii) the monotonicity property of Dirichlet eigenvalues with respect to the do-
main implies that there is no nonempty domain H C ), such that 0H C Ny
(where the boundary of H is considered as a subset of R?);

(iv) if p € (Ng NIy, NQar)) \ My by the implicit function theorem one has
that around p, Ny is a smooth curve intersecting O, transversally in p.

Proof. See [CC9§]. O

The following result tells us that for each 6 € [0, 7) the nodal sets of ug is a
smooth curve without self intersection and every critical point of u is nondegen-
erate.
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Proposition 5.3.9. For M large enough and for every 6 € [0,), the nodal set
Ny of the partial derivative ug is a smooth curve in Q) without self-intersection
which hits O, exactly at two points. Moreover at any critical point of u in ),
the Hessian matriz has rank 2.

Proof. The proof uses Proposition jointly with Proposition

From the previous points, if we prove that
a) My =0 on Ng N oY),,
and
b) No N OSYy = {p1,p2},
we have the claim. Indeed if a) and b) hold then we cannot have self-intersections
of Ny otherwise (iii) of Proposition fails. So My = 0 and this fact jointly
with (i) of Proposition m gives the smoothness of Ny in ;. In order to prove
a) and b) we will show that the following scenario holds:

o If 0 is far away from 0 and 7 then Ny intersect 9, exactly at two points,

one of them belonging to 9€2y; and the other on the straight line x = %

o If 0 is close to 0 and 7 then Ny intersect 08, exactly at two points, both

belonging to the straight line x = %

o In both cases Ny intersect 99}, transversely.

Now let us consider the two different situations.

Case 1: a) and b) hold for 6 far away from 0 and .
From the assumptions on ;s and taking into account that the curvature R is
positive, there exist d; := d;(M) > 0, with 6; — 0 as M — +oo, for i = 1,2, such
that for 6 € (61(M), ™ — 62(M)) there exists a unique p; on 9y with x > 1/2
such that the tangent vector of 9}, at p; is parallel to eg.

It follows that p; € Ny and from K > 0 we get p; & My. Indeed

uge(p1) = ue(p1) = R(p1)un(p1) # 0,

where t denotes the unit tangent normal vector, v the unit exterior vector and
uy(p1) # 0 by the Hopf boundary lemma. Hence p € (NgNa(Y),NQas)) \ Mp and
(1v) of Proposition implies that Ny is a smooth curve intersecting 9(§),; N
Q) transversely in p;.

Next let us show that for 0 € (6;(M), 7 — d2(M)) and p = (1/2,y) we have
that Ny is a singleton. Taking into account one has

0 = ug = cos 00, u + sin 00y u
= c0s 00, (Agx sin(my)) + sin 00, (Aoz sin(7y)) + o(1)
= ApcosOsin (my) + Aog sin @ cos (my) + o(1),
if and only if

cotf = —g cot(my)(1 + o(1)),

which tells us that, for M sufficiently large, there exists exactly one point py =
(1/2,yp) such that ug(p2) = 0. Uniqueness of py follows from C' convergence of ug
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given by Proposition [5.3.4, Moreover similar computations show that ps & My,
indeed

Orug = cos 00, u + sin 00,y u
= €08 00, (Agz sin(my)) + sin 00,y (Agx sin(my)) + o(1)
= Apmsinf cos (my) + o(1) # 0,

fory #1/2+0(1). If y =1/2+ o(1) one has

2
Oyug = Ao cos f cos (my) — AO% sin @ sin(my) + o(1)

2
= _AOE sin@ + o(1) # 0.

So Ng N oY), = {p1,p2} and p; ¢ My for ¢ = 1,2; hence a) and b) hold for
0 € (61(M),m — do(M)).

Case 2: a) and b) hold for 6 close to 0 and .

According to the notations of the previous case let us consider 6 € [0,61(M)) U
(m — d2(M), 7). So in this case either § — 0 or § — 7w as M — +o0.

Note that here we have that Ny N 9Qy N O, = 0 and then we only have to
study what happens on the straight line z = % Moreover, Remark |53_7 implies
the existence of at least a critical point in €}, and then Ny N Q), # 0. Since
there are no intersections of Ny with Qs N9, then necessarily Ny intersects
the straight line z = %, otherwise Ny is a closed curve contained in ), a
contradiction with #i7) in Proposition [5.3.8|

Next let us study the intersection of Ny with z = % Recalling that u(z,y) ~
Apx sin(my) we get that ug(1/2,y) = 0 if and only if

: Ao .
0=1up(1/2,y) = A co:stf sin(my) + 70 sin 6 cos(my) + o(1),
- =o(1)

that implies
sin (my) + o(1) =0,

and hence we have two solutions y; = o(1) and y2 = 1 + o(1). Observe that
the last equation admits ezactly two solution by the C! convergence of ug to
Og (Apz sin(my)).

Finally let us show that both points p; = (%, yl) and py = (%, yg) do not belong
to My. Indeed, for M large enough

A A
Oyug(p1) = 7077 +0(1) #0 and Jyug(p2) = —?077 +0o(1) #0,
which shows that pi,ps ¢ My and as before the implicit function theorem tells
us that if x = 1/2 the nodal set Ny is a smooth curve intersecting transversely
the line {x = 1/2} at p; and po. This ends the Case 2.

Hence we proved a) and b) for all 6 € [0, 7).

Finally at any critical point of v we have that the Hessian matrix is nonde-
generate otherwise we deduce that there exists 6 such that My # () contradicting
a). O
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As in Chapter [2} for u solution of|(5.3), consider the vector field T : ), — R?
given by

T(q) = (uyy(Q)ua(q) — vay(@)uy(@); uez (@) uy(q) — uay(Q)ua(q)), g € Ly

By the smoothness of u we have that T is of class C'. T satisfies the same
properties proved in Section and in particular Corollary holds true.
Next we prove the uniqueness of critical point in §),.

Proposition 5.3.10. For M large enough up; has exactly one critical point in
the set ;. In particular it is a nondegenerate maximum point.

Proof. We want to apply Corollary First of all note that T' # 0 on 0€),.
Indeed, in 9, NIy, T = 0 implies

2

y

= Uy (Uyy Uy — Ugyly) + Uy (UpgUzy — UgylUy) = 0,

3 2
—|Vul|’8 = uyyul — 2ugyuyptly + Uzt

a contradiction with the Hopf boundary lemma and the assumption 8 > 0 on
Q.
On the other hand, for p = (1/2,y), using|(5.8)} we have

UpUyy — UyUzy = Oy (Aox sin(my)) Oyy (Aox sin(my)) +
— 0y (Aoz sin(my)) Ory (Aoz sin(my)) + o(1)

- _A%;? (1+o(1)), (5.12)

and then T # 0.
So the degree of T' is well defined and if for pg := (1, %) the homotopy
H:[0,1] x Q' — R?
(t,q) = tT(q) + (1 = t)(g — po),
is admissible then we deduce
deg(Sh, T, 0) = deg(%;, T — po, 0) = 1,
Assume, by contradiction, that the homotopy H is not admissible. Hence, there
exist 7 € [0,1] and ¢ := (xq,y4) € OQ); such that H(7,q) =0, i.e.

{T(Uyy(Q)Uz(Q) — uay(q)uy(q)) = (1 = 1)(zg — 1)
7 (Uzz () uy () — Uay(Q)ua(q)) = (7 = 1)(yg — 1/2).

Then, multiplying the first equation by u.(q), the second by wu,(¢) and summing
we get

(5.13)

— T8(q)|Vu(q)|* = (7 = Dl(wg — Dualq) + (g — 1/2)uy(q)]- (5.14)

We want to show that leads to a contradiction. First assume that ¢ €
oYy, N Oy

For (z,y) € 0, N 0Ny denote by v = (v,1,) the unit normal exterior
vector at ¢ (consider v as the exterior normal to 0Qyy if x4 = 1/2). Using that
Y, is star-shaped with respect to py and the Hopf boundary lemma we have

(g = Dua(q) + (yq = 1/2)uy(q) = w(@)[(xg — Vv + (yg — 1/2)15] < 0.
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Since & > 0 on 08}, N 9Ny, from |(5.14)| we get a contradiction. It follows that
q & 0y, N Oy and then ¢ = (1/2,y,). From and the first line of
we get
A2r? 1—71
AT (1 o(1) = (- (/21 =
again a contradiction.
So deg(€Y},,T,0) =1 and by Corollary we get that there exists exactly
one critical point in Q,: a maximum with negative definite Hessian. O

Similarly we can prove the following proposition.

Proposition 5.3.11. For M big enough, ups has exactly one critical point in
the set {(z,y) € Qumlz < —1/2}. In particular, it is a nondegenerate minimum
point.

Finally the proof of Theorem [5.2.2] easily follows.

Proof of Theorem[5.2.3. The proof follows from Remark[5.3.7], Proposition[5.3.10]
and Proposition [5.3.11] Observe that by the local convergence of up; to the
function us (z,y) = Az sin(my) we get that | Py, |Qa| — +o0. O

5.4 Convex perturbations of rectangles: proof of The-
orem [9.2.9|

In this section we prove Theorem We start recalling the asymptotic
expansion of uy ps given in [GJ09.

Theorem 5.4.1 ([GJ09, Theorem 1]). There is a number a:=a(p) € [0, max @]
such that for each k € N the k-th Dirichlet eigenvalue of Ry, see|(5.2)|, satisfies

A 2, KT O(M™), M —+
M =T+ ———— ) 00.
(M + a(p))?
In particular, the eigenvalues A\ ar, ..., Ak of Ry are simple for M sufficiently

large. The suitably rescaled eigenfunction uy ar satisfies, for all multiindices o,

sup  |D* (up,ar(w,y) — vi(2,9))| = O(M~?), (5.15)
z>3log M
O<y<1
where
: $+a(90)) .
vp(x,y) :=sin | kr—— = | sin (7y) ,
and
sup  |ugar(z,y)| = O(M~'log M).
x<3log M
O<y<1

We prove Theorem for k = 2, the general case is a simple generalization
as will be clear from the proof, see also Remark [5.4.3] We write ups = ug p and
v = vy for brevity.
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For future convenience let us set
1
Ty = §(M+a) —-a,

1
T = Z(M+a) - a,

3
vy = (M +a)—a,

1
xhy = 12(M+a) — a.
Proposition 5.4.2. For M big enough, the eigenfunction up; has exactly one
nondegenerate maximum point and one nondegenerate minimum point in the set
Ry N{z > 3log M}.

Proof. From easily follows that s has a maximum point close to (23, 1/2)
and a minimum point close to (x};,1/2). To show that they are the only ones
and are nondegenerate, let p := (2p, yp) € Rar N{x > 3log M} be a critical point
for uyy.

Then implies that there exist a continuous and decreasing function
h : (0,400) — (0,+00) such that limpys,4 o0 h(M) = 0 and one of the following
occurs

p € Buoan (€11 1/2), (5.16)
p € Bran (), 1/2), (5.17)
p € By (zar,0) N Q0 (5.18)
P € By (ar, 1) N Qur, (5.19)

P € Byry(N,0) N Qyy, (5.20)
P € By (N, 1) N Q. (5.21)

Assume then from one has
Ouwting (p) = Duav(p) + O(M )
472 . . 472
= Ol +ay sin(7/2) sin(7/2)(1 + o(1)) = —m(l +0(1)),

and similarly
Aeyunrs(p) = o(M™1) and 9y un(p) = —m*(1 + o(1)).

Hence p is a nondegenerate maximum point. Moreover, we can find r > 0 inde-
pendent from M such that the following homotopy

H:[0,1] x By(x};,1/2) — R?
(t,q) = tVup(q) + (1 = £)Vo(g),
is admissible for M big enough. Then
deg(B, (¢7;,1/2), Vunr, 0) = deg(B,(ay, 1/2), Vv,0) = 1,

shows that there is exactly one critical point satisfying If we assume|(5.17)|
by similar computations, we obtain the existence of exactly one nondegenerate

minimum point in By (), 1/2).
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Now assume i.e. p € Buy(war,0) NRas. Then the same computation
as before tell us that p is a nondegenerate saddle point, indeed one has

272
M +a

Ouzurs (p) = o(M™2),  Opyuni(p) = (1+0(1)), Oyyunr(p) = o(1).
(5.22)
Now, if Ay = {(z,vy) € Ra|unm(x,y) =0} is the nodal line of ups, let pas :=
(Zar,0) € ORMNAps. Since Ry is convex we know from [Ale94, Theorem 1] that
Ay intersects OR )y transversally at pas. In particular dyups(par) = 0 and then
Py is a critical point for v and shows that it is a nondegenerate saddle
point. Since both p and pj; are nondegenerate we can find g(M) € (0,h(M))
such that p € By (7ar,0) \ Bgary(zar,0), and for r > 0 suitably small and M

big enough, since in every critical point in wys := By-(xar,0) \ Byan) (war,0) N Qs
one has

272

2
M+a> (1+0(1)) <0,

thanks to|(5.22), and since at least p belongs to wyy it follows deg(was, Vuar,0) <
—1 and then

det Hessuy = — (

—1 > deg(wnr, Vupr, 0) = deg(war, Vo,0) = 0,

a contradiction.
The same argument shows that [(5.19) [(5.20)| and |(5.21)| cannot occur and
the proof is complete. ]

Remark 5.4.3. In case k > 2, [Ale94, Theorem 1] still ensures that the nodal
lines intersect the boundary OR s transversally at 2k different points

Proposition 5.4.4. For M big enough, up; has no critical points in the set

= { @) € Rar |2 <y )

Proof. Let us point out that, from the estimate |(5.15)[ and since z,; < xpy, it
follows ups > 0 in R;. By the domain monotonicity for Dirichlet eigenvalues
one has A;(R);) > A2 v and then the operator —A — Ao js satisfies the maximum

principle in R/),;. From one has for all y € (0,1)

2T

M ia cos(m/6) sin (my) (1 4+ o(1)) > 0.

Therefore, dyupr > 0 on IR, and then the maximum principle gives dyup > 0
on Ry, O

Proof of Theorem[5.2.3. The proof is an obvious consequence of Proposition [5.4.2
and Proposition O






Appendix A

Stable solutions

In this Appendix we recall some well known result about stability of solutions
for semilinear elliptic problems. For further details we refer - for instance - to
the papers |[CR75, IMP80], to the books [Ban8(, Dupll], and to the references
therein.

We consider the following problem

—Au=g(u) inQ
u >0 in Q
u=20 on 0f2,

where € is a smooth bounded domain in RY, N > 1 and ¢ is a smooth nonlin-
earity.

Let us recall recall Definition a function wu is a (semi-)stable solution
of the preceding problem if the linearized operator at u is positive (nonnegative)
definite, i.e. if for all ¢ € C§°(2) one has

L19e= [ gl > 0

or equivalently if the first eigenvalue of the linearized operator —A — ¢'(u) in
is positive (non negative).

If we write G(u) := [3' g(t) dt, then the energy functional associated to the
preceding problem is

E(u) := /Q\Vu]Qda:—/QG(u) dx,

for u € H&(Q), and it is known that the solutions are its critical points, that is
they solve

d
0=FE(u)= gE(u + 50)js=0 = /Q |Vu|? — /Qg(u)cp, for all ¢ € C5° ().

Then looking at the stability of the solutions corresponds to study the sign of the
second variation of the energy functional

d? .
E'(w) = 15 B+ sp)mo = [ Vel = [ Jlof, forall ¢ € CF(Q),

and hence u is a (semi-)stable solution if and only if the second variation is
positive (non negative).

75
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We now focus on the particular case g := Af where f is smooth and satisfies

f:R — R is increasing and convex,
f(0) >0,

that is we are interested in the following problem

—Au=Af(u) inQ
u>0 in (A1)
u=20 on 052,

and A € R is positive. Typical examples of functions f satisfying the preceding
assumptions are f(u) =e* and f(u) = (1 4+ u)?, for p > 1.

Theorem A.1l. There exists A* := A*(Q) > 0 such that for all A € (0,\*),
problem [(A.1)|admits a minimal solution uy, furthermore it is a classical solution
and it is stable. On the other hand, for all A > A* problem |(A.1)| admits no

solution, neither in weak sense.
Proposition A.1. The following properties holds true:
(i) for A € (0,\*), the stable solution u) is unique;

(ii) the function
A= U\

is increasing and smooth;
(iii) for A = A*, the function

u*(z) = )\ILH)}* uy(x),

solves problem [(A.1), at least in a weak sense.

The preceding results can be stated in a more general settings, but we just
focused on the particular case treated in the thesis.

Remark A.1. Existence and uniqueness of non stable solution of problem
for A € (0, A*) and boundedness of the extremal solution are problems which are
not in the interest of this appendix. We just recall that very different situations
may occur, in particular depending on the dimension N.
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Technical lemmata

Here we prove some technical results needed in Chapter Let us start by
showing that there exist coefficients a; € R such that the function introduced in

subsection [3.2.1] "
F(t) = a;cosh(y/pit),
i=1
admits k& nondegenerate maxima points.

Lemma B.1. For k € N fixed, there exists n = n(k) € N and a1,...,a,, € R
such that the function

n
= Z a; cosh(y/pit),
i=1
admits k nondegenerate maxima points for a3 = —1.

Proof. Let 1 < 1 < --- < 7, . For some n = n(k) € N consider a polynomial
P(t) = >%_, a;jt! such that

ap = —1
P'(r;)=0, foralli=1,...,k,
P'(r;) <0, foralli=1,... k.

Let 0 < t; < --+ < t be such that cosh(t;) = 7 for all i« = 1,...,k and define
h(t) = P(cosh(t)). Then we have

h/(ti) =0, h//(ti) < 0,

that is ¢1,...,t; are nondegenerate maximum points for h. Up to a constant,
from the binomial formula it is easy to see that for all m € N

Ms

(cosh(t))™ c(m, £) cosh(ft),

~
Il
-

for suitable c¢(m, £) > 0, with ¢(m,m) = 1. Finally, for § = £2 the function

j
F(t) = Za] Zc ?) cosh(d0t),

.
—
~
—_

is the function we were looking for. We point out that from the choice of 4, |(3.8)
is satisfied. O

7
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Now we prove that the critical points of the function

k
gt) = —[[(* — 1), withkeN, k>2and0 <t <--- <y,
=1

are nondegenerate.

Lemma B.2. Let q(t) = — [[}_,(t*—t}) withk € N, k > 2and 0 < t; < --- < t;.
Then the critical points of ¢ are nondegenerate.

Proof. Let k > 2 (the case k = 2 is left to the reader). A straightforward
computation shows that ¢/(0) = 0 and ¢”(0) # 0. Now let 7 # 0 be such that
¢ (1) = 0. Of course ¢(7) # 0 and

ko k
0=4'(r)=-27) [[¢*-t),
(=1h=1
he£0

Finally, one has

= —47‘2q(7') Z ﬁ # 0. O
/=1 (T tﬁ)

We conclude with the proof of Lemma from Section that is the
formula for the mean curvature of ¥ = F~1(0), where F' € C2(R x RV R), 0 is a
regular value for F' and Fy,,. = 0 for all i # j.

Proof of Lemma . Let ® = ﬁ and consider the normal field

N=—&(Fy,Fy,...,Fyy).

»Pyn
Then the mean curvature of ¥ is given by

A(p) = - tr(dNy).
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Taking into account that
N
Oy =—0° | FpFoy+ > Fy Fyy, |
j=1

J J

3
by, = - (Ffovyj "’Fy'ijyj) )

one has
N
—tr(dN,) = ®AF + @, F, + > _ &, F,,
j=1
N N
= % ||VF[? F¢I+Zijyj - FIF$I+Zijnyj Fy
Jj=1 J=1
N
- Z (FIFWJ' + ijijyj> Iy,
j=1
N N
= ®* | S (F2F,y, — 2FuFy, Py + FEFo ) + > F2 S Fyy,
=1 =1 =1

which yields the claim. O
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