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Abstract




The Aim of this project is to define numerical methodologies for noise sources assessment, validate them and analyse their limits of validity. In this project, dynamic substructuring for Numerical Transfer Path Analysis (NTPA) and Surface Contribution Analysis (SCA) within Wave Based Method (WBM) were developed. A validation on a particular case was also performed for the NTPA method. In addition, the robustness of these methodologies was investigated. Moreover, an newly energy based method was developed: Energy Flow Contribution Analysis (EFCA). EFCA is a methodology which can be also investigated in an experimental setup. Therefore, in the last part of the project a series of experimental measurements will be held in Milano.

NTPA is based on dynamic substructuring of multi-body dynamic systems. The body under investigation is isolated and the body joint contacts replaced with contact forces. Each excitation is then treated as a separate source and its response is computed.

SCA is a methodology thought to operate within a wave based method framework. It is based on the decomposition of the boundary conditions of the acoustic radiation problem, under the assumption of the validity of the superposition principle on the boundary conditions (structural vibrations can be treated with linear models). Different surfaces of the radiating object consider different boundary conditions and with this procedure the noise radiated from each different surface is separately investigated.

EFCA is similar to NTPA analysis but it directly operates with power quantities. At the interfaces of the investigated body, the transmitted power is evaluated giving direct information of the interaction of the different noise sources. Concerning the problem of sources assessment and ranking, no experimental methodologies work with power quantities. Hence, similar analysis can be done also on real systems via direct measurements of interface transmitted power.

Finally, this projects deals also with the estimation of the robustness of the proposed methodologies. Therefore, the influence of system uncertainties is investigated. In particular the effect of cyclic cylinder variability (uncertainties on excitation input) and the uncertainties on model parameters (applying random matrix theory) are considered. In these investigations it was shown the frequency range of validity and how to correctly perform multibody dynamic analysis or acoustic radiation analysis in order to derive useful information on the source assessment and ranking.









Nomenclature



Symbols

A, B		Subsystems names
		WBM system matrix
		Surface area
		Matrix of shape function derivatives
 		Matrix containing information about the geometry and wave functions
		Elasticity matrix
		Damping matrix
		Young’s modulus
 		Green’s function
 	Zero-order Hankel function of the second kind
		Identity matrix
		Moment of inertia
		Jacobian matrix of transformation
		Cost function of the cross-validation method
		Stiffness matrix
, , 	Smallest dimensions of the bounding box in WBM
		Mass matrix
		Matrix of shape functions
		Active power
		Transformation matrix
		Cross-validation function
		Complex mobility matrix
 	Spherical harmonics 
		Complex impedance matrix
		Normal impedance

		WBM vector of known terms
		Speed of sound
 	Damping coefficient
		Excitation vector, vector of known terms
		Interface forces vector
  		Height, gap, clearance
 		Average clearance
 		Spherical Hankel functions
 		Imaginary unit
 		Stiffness coefficient, wave number
		Element stiffness matrix
		Element mass matrix
 		Normal vector
		Total number of degrees of freedom/modes
		Vector of weighting factors in WBM
 		Vector of active power contributions
		Vector of weighting functions in WBM
 		Pressure
		Legendre polynomials 
		Particular solution of Helmholtz equation
	Generalized local displacement, velocities and accelerations vectors respectively
 		Position vector
		Radius
 		Generic surface
		Complex displacement vector
		Complex velocity vector
		Velocity
		Velocity
 		Modal DoFs vector
		Modal displacement, velocity and acceleration

Greek letters

		Far field boundary of an exterior acoustic problem
		Matrix of singular values
		Fluid domain

, 		Parameters for Rayleigh damping matrix estimation
		Regularization parameter (used for matrix regularization)
 		Dirac delta function
		Damping ratio
 		Oil film viscosity 
 		Oil fill ratio
		Eigenvalue
		Density
		Singular values
		Vector of acoustic wave functions
		Wave function
 		Flow factor in Reynolds equation
		Angular frequency

Operators

		Determinant of a matrix
		Transpose of a matrix
		Hermitian transpose of a matrix
		Complex conjugate
 		Moore-Penrose pseudo inversion
		Partial derivative, domain boundary
		Laplace operator
		Matrix component wise multiplication


Acronyms

BalExh, BalInt	Supports of balancer shafts
BEM		Boundary Element Method
CAE		Computer Aided Engineering
Comb		Excitation contributions of the combustion chambers
Diff		Differential supports
DMF		Dual mass flywheel
DoFs		Degree of Freedom
DS		Dynamic Substructuring
FEM		Finite Element Method
FMBD		Flexible Multibody Dynamics
FRF		Frequency Response Function
GP		Gauss Point
HTPA		Hybrid Transfer Path Analysis
MBD		Multibody Dynamics
MLV		Multi-Local-Velocity mapping algorithm
NVH		Noise Vibration and Harshness
NTPA		Numerical Transfer Path Analysis
OTPA		Operational Transfer Path Analysis
PCA		Panel Contribution Analysis
PSRB1,2	Primary Shaft Roller Bearing 1 and 2
RMT		Random Matrix Theory
SCA		Surface Contribution Analysis
SPL		Sound Pressure Level
SSRB1,2,3	Secondary Shaft Roller Bearing 1, 2 and 3
TPA		Transfer Path Analysis
WBM		Wave Based Method
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CHAPTER1

Introduction on NVH problems in automotive industry 


1.1 Introduction and motivation


The constantly increasing fossil fuel prices, the need to reduce transport-generated CO2 emissions, the increasing legislation restrictions in terms of traffic noise pollution and the attempt to improve urban air quality have promoted the automotive industry to focus efforts on development of fuel efficient vehicle technologies. In order to fulfill this goal, the main two strategies adopted in these years are introduction of electrical engines in vehicles and the reduction of vehicle weight introducing lightweight materials. Both these two options require an improvement of the actual Noise, Vibration and Harshness (NVH) behavior of the vehicles. In the case of electric vehicle, most of the NVH design and problem-solving knowledge gathered since many years has concentrated on internal combustion vehicle and so there is a need to develop novel analysis techniques for such new kind of vehicles. On the other hand, the introduction of lightweight materials in vehicle design intrinsically deteriorates NVH performances. This is because mass is reduced and critical resonances phenomena starts to appear at lower frequencies: this is a struggling problem especially for classical internal combustion vehicles. 
Improvement of vehicle NVH means not only the reduction of unpleasant noise or vibrations, but also the enhancement of passengers comfort (or “quality”). Three principal means of improving NVH performances can be identified: reducing source strength, manipulate the noise (or vibration) path or absorb the energy at the receiver. Therefore, a proper assessment of vibration and acoustic sources, together with the identification of the most critical energy paths is a prior task in engineering analysis.
Nowadays, the state of the art is primarily based on measurement analysis and test methodologies, which can be applied only on prototypes, almost at the end of the design phase. In experimental investigations, the aim is to get the necessary system information through trials approach using appropriate equipment and measuring instruments. This methodology may face the following problems:
· Measurements on real objects are often difficult or even impossible, e.g. because the dimension is too small or too large, the processes too slow or too fast, the objects of the investigation are not directly accessible or the data are affected by error during the measurement process.
· The conclusions made on prototypes often are not directly applicable (e.g. because of different boundary conditions).
· Experiments can be prohibitive for environmental or safety reason.
· Experiments are often very expensive and time-consuming (e.g. crash tests, wind tunnel costs, model making, parameter variations, not all interesting quantities can be measured simultaneously).
In addition to these techniques, in recent years Computer Aided Engineering (CAE) established as an independent science. The advantages of numerical simulation compared to purely experimental investigations are obvious:
· Numerical results can be obtained more quickly and often at lower cost.
· Parameter variations are usually very easy to carry out on the computer.
· A simulation usually provides comprehensive information through global and simultaneous calculation of various problem-relevant variables (e.g. Temperature, pressure, humidity and wind on weather forecast).
· Weaknesses can be identified and eliminated at an earlier stage of the design process.
· There is a significant reduction of expenses for Trouble-shooting before SOP (Start of Production).
It is for these reasons that, in this scenario, NVH engineering starts to play an important role not only in vehicle prototype analysis, but also in early vehicle design. This means that good representative models of both vehicle and powertrain are needed for NVH evaluation before of the definition of prototypes. In fact, an important condition to take advantage of the benefits of numerical analysis is the reliability of the calculations. In NVH applications, the most reliable and commonly used numerical methodologies in automotive industry are Finite Element Analysis (FEM), Multi Body Dynamics (MBD) and Boundary Element Method (BEM). 
The aim of this work is to extend the use of common numerical methods focusing on the definition of methodologies to assess noise and vibration sources and identify critical noise paths in numerical models. Particular attention is here paid on engine and powertrain applications. This aim is motivated by the change of perspective in NVH analysis: from “after-prototype” troubleshooting to early stage design.
In this thesis, the following numerical methodologies for source assessment and ranking are discussed:
· Dynamic Substructuring of multi-body systems for a Numerical Transfer Path Analysis (NTPA)
· Surface Contribution Analysis (SCA) for acoustic radiation problems in a Wave Based Method (WBM) framework
· Energy Flow Contribution Analysis, which is a methodology that also have new insights on the experimental side
Furthermore, robustness and effects of uncertainties are also investigated with respect to both excitation and model parameter variability.

1.2 Internal combustion engine and vehicle noise phenomena


As an introduction, a short description of engine and vehicle noise phenomena will be provided in this section.
Automotive noise phenomena are usually investigated and studied in time domain, frequency domain or engine orders. Engine orders are multiples of the frequency at which engine crankshaft is rotating. Considering an engine running at 3000 rpm, 50Hz correspond to the first order, 100 Hz to the second order and so on. This classification is useful to compare results for varying engine speeds because very basic engine and transmission mechanisms are directly related to engine speed.
The noise of a vehicle is mainly due to the engine, then also transmission systems, accessories, exhaust system, road excitations and air buffeting. Air buffeting is not of great importance at low speeds and also at high speeds it rarely represents the predominant noise. Hence, most of the effort is done to improve the NVH performances of the other mechanisms. The following sub-sections will summarize the main noise generation mechanisms.
1.2.1	Engine noise
The acoustic optimization of the power unit (engine and transmission system) is of central importance, since it represents the main acoustic/vibrational excitation source in a vehicle. The power unit system has effects on interior and exterior noise, although in many driving conditions it is no longer dominant (e.g. above 60 km/h the contribution of tire noise become significantly larger). 
Engine noise excitations are both gas forces (e.g. combustion, gas injection) and mechanical forces (forces and moments effects of moving parts). These parts lead to a series of impulsive processes that produce mechanical noise. Depending on the natural oscillation behavior of these parts and the engine structure, this mechanical noise can also reinforce resonance phenomena. A good review of engine and vehicle noise and vibration phenomena can be found in [1-3].
The main sources of noise in the engine are:
· Combustion
· Injection
· Mechanical friction
· Piston slap noise
· Valve train noise (chains, cams, valves, etc.)
Combustion noise originates during gas compression and especially combustion in the cylinder, when intense fluctuations are generated [4,5]. Typically the low frequency content (below 500Hz) is mainly due to the sudden compression pressure increase, while the high frequency component is due to combustion phenomena or chamber resonances. In Diesel engines, combustion noise is mainly determined by the amount of fuel injected during the ignition delay and pre-mixed fuel ready for combustion [6,7]. The greater the amount of pre-mixed fuel the higher is the combustion noise. In connection with this, there are two important factors in the combustion noise: the ignition delay and the duration of injection. Other effects, which are less effective, are temperature of combustion chamber and compression ratio. Typically, the combustion noise of Otto engines is significantly lower than that of diesel engines, because of the lower pressure gradient upon combustion. Compared with Diesel engines, Otto engines have a higher firing speed that shifts noise towards higher frequencies. To be mentioned is also the knocking phenomenon that appears for unusual combustion conditions: high pressure in combination with a low octane number of the fuel-mixture [8,9].
Mechanical noise in engines can be classified as friction or impact noise. Friction noise appears in rolling or sliding systems, like bearings or traction mechanism guides. Impact noise is mainly due to backlashes in joints or contacts between different components. Impulsive forces induce broadband noise contributions. Due to the natural frequencies oscillations of the excited engine structure, specific frequency ranges may be amplified. E.g. the typical frequency range of crankshaft noise is around 500-1000 Hz [10,11], while piston slap noise (generated by impulsive impacts between piston and liner) can be especially dominant in the 2 kHz octave band [4,5,12-14].The spectral properties of vibration caused by highly transient dynamics of valve train system are characterized by high frequency ranges contributions over 3 kHz. It is revealed that there are two major sources of vibration from the valve train during its operation. The dynamic interaction force between the rotating cam and tappet movement is one of the source mechanisms and the valve seating impact is another [15-18]. 
The contributions of these sound sources to overall noise are usually very different and can vary depending on powertrain model and operating conditions. Fig. 1.1 gives the reader a rough idea on the influence of operating conditions to noise contributions. Results of Fig. 1.1 are derived with the separation method and are not general, but characteristics of a particular engine model [19,20]. 

[image: ]
Figure 1.1 – Example of comparison between combustion and mechanical engine noise in a Diesel Engine.

Exact knowledge of the radiations and transmission patterns of an engine is also a critical issue. Vibrations are mainly transmitted throw engine mounts and drive line to the rest of the vehicle, while structure-borne sound is directly radiated from powertrain surface. There are different techniques to investigate acoustic radiation patters of an engine. Methodologies like lead covering (also called shielding technique), surface vibrations technique, acoustic intensity technique, acoustic holography and beam forming are experimental methodologies commonly applied in automotive industrial applications [21-23]. Also in this case, contribution patterns of the different radiating engine surfaces can vary depending on engine configuration, design, operating condition and frequency range investigated. 
Fig. 1.2 gives a general idea of the typical contributions of the different engine components to overall radiated noise [24]. Results shown in Fig. 1.2 are determined using the near field sound intensity analysis, which rank the engine surfaces parts in terms of emitted power. Like Fig. 1.1, also Fig. 1.2 depends on the particular engine investigated and it is used here only to give the reader an overview of the possible contributions.

[image: ]
Figure 1.2 – Example of noise source ranking in terms of radiated sound power evaluated with the intensity technique.

Fig. 1.3 shows the typical sound pressure level (SPL) up to 1 kHz of an internal combustion engine running from 1000 to 6000 rpm. This graph is called Campbell diagram and illustrate how the frequency spectra varies with engine running conditions. The noise emitted from combustion engines is strongly affected by harmonic orders.
[image: ]
Figure 1.3 – Example of engine noise measured with a microphone.

1.2.2	Gear noise
To generate noise from gears, the primary cause is a force variation which generates a vibration transmitted in the surrounding structure. The following different gear noise phenomena can be identified [25]:
· The impact of the teeth produces a tonal noise which dominant frequency (often addressed as gear meshing frequency) is proportional to shaft speed and number of teeth. Also higher tonal harmonics are associated to this noise generation mechanism.
· Tonal modulation can also be encountered. In spectral analysis, this phenomenon is seen as sidebands of the main gear meshing frequency and harmonics. This modulation effect can be due to variable torques, eccentricities, moving source position or errors and defects.
· Vibro-impacts induced by backlash between meshing gears leads to excessive vibration in many geared rotating system. This phenomenon is named rattle noise, is more pronounced in unloaded meshes (e.g. in not engaged gears in a vehicle manual transmission system) and has more broadband frequency spectra [26,27]. The rattle noise is related mainly to transmission errors and variations in gear rotation. Gear rattle noise increases if the powertrain oscillates at its resonance frequency. 
Fig. 1.4 shows typical measured vibrations on a gearbox unit. Gear meshing frequency, its harmonics and sidebands can be clearly seen. The primary shaft is rotating at 3000 rpm. Considering that the driving gear has 17 teeth, the gear meshing frequency is 850 Hz. The sidebands indicate a modulation with a period of one revolution, 50 Hz.
[image: ]
Figure 1.4 – Typical measured accelerations on a gearbox structure. 

1.2.3	Driveline influences on NVH
Several driveline-related noise and vibration problems, within different frequency ranges have been investigated and controlled to ensure good NVH vehicle performances [28]. Fig. 1.5 shows the list of the most commonly encountered driveline NVH phenomena and their usual frequency range (To be noted is that also gear noise is often associated with driveline system).
[image: ]
Figure 1.5 – Typical frequency ranges of various driveline NVH issues

The driveline architecture can generate various NVH issues in a broad frequency ranges. Sudden load changes (e.g. pedal tip-in/out) can cause the so-called vehicle shuffle, typically connected to the first natural frequency of the driveline (below 10 Hz).Driveline launch shudder noise is experienced typically when the vehicle starts accelerating from a stopped position. Typically, the shudder results from low frequency driveline instability and can be generated from friction torque transmission via the clutch [29]. Boom is an objectionable low frequency noise in the vehicle compartment, which can dominate the overall noise level. Often, a boom noise is caused by driveline resonances, which get excited by the main engine orders. This can be the firing order and its harmonics as well as engine mass forces and moments. More details in all different driveline-related noise phenomena can be found in [28].
1.2.4	Intake and exhaust system noise
Intake and exhaust noise from internal combustion engines is one of the major noise contributions. In many applications like trucks, farm and construction machinery, motorcycles or recreational vehicles as snow-mobiles, exhaust noise level can reach (or even exceed) 90 dBA. Sound associated with engine gas flow is normally radiated from the open orifices of intake and exhaust systems and is then known as orifice or tailpipe noise. It may also be radiated by their external surfaces when these are excited by the internal fluctuating pressure field (shell noise). The cyclic pulsating flow through the valves is primary cause of the tonal noise component, which frequency is therefore related to engine firing frequency. Flow turbulence also induces aeroacoustic sources that generate broadband spectral noise components and are associated with shear layers, vortices and acoustic resonances [30-32]. 
Concerning orifice noise issues, mufflers may be readily designed to achieve almost any level of control [33,34]. Increasing level of attenuation can be reached with increasing muffler volume, weight and backpressure at engine manifold. However, these parameters affect engine cost and performances (e.g. higher back pressure may reduce engine performances).
Also turbocharger is often associated with intake and exhaust system noise. Due to the presence of the muffler in the exhaust system, noise problems are usually associated with the compressor in the intake side, especially in connection with the high frequency noise generated by the turbocharger, due to clearance between rotor and casing and blades rotating speed. A complete description of turbochargers noise issues can be found in [35,36].
1.2.4	Tyre noise
Tyre-road noise represents one of the main noise sources for light vehicles with driving speed above 60 km/h. Radial vibrations produced by contact interactions with the road surface radiate noise in the low- and medium-frequency range. One may consider different excitation mechanisms in the contact zone: compression forces due to the roughness of the road surface, the tread patterns, imperfections of the tyre geometry, and shearing forces due to contact friction [37,38]. Radial and tangential vibrations have to be considered because normal and shear excitation forces exist in the contact patch. Moreover, the tyre rotation makes the radial and tangential responses coupled. Therefore, for a detailed study of the excitation and generation, vibration measurements on a rotating and loaded tyre are necessary. Generally, the radial vibrations of a loaded tyre rolling on a rough surface are divided into two types. First, the radial tyre vibrations which result from the moving load excitation of the tyre footprint. Second, radial force ﬂuctuations in the contact patch generate travelling waves around the tyre capable of generating sound.
Tyre noise can dominates the interior noise of vehicles, especially at high speeds. Therefore, many studies investigates how vibrations propagates from tires to internal acoustic cavity [39,40].



CHAPTER2

Brief overview of numerical methods in automotive NVH analysis 


2.1 Introduction on numerical modeling


Due to competitive nature of the market and the progressively increasing customer demands, engineers are facing the challenging and complex issue of meeting the ever expanding but often conflicting design criteria. To accomplish this difficult task, the industry has become aware and convinced that a major imperative for any advance beyond the very time-consuming and expensive prototype testing approach is to apply appropriate predictive engineering methods in all stages of the design process. Noise legislations and the increasing customer demands determine the NVH development of modern commercial vehicles. Consequently, both dynamic and acoustic behavior of vehicles became an important criterion in many design problems. In order to incorporate vibro-acoustic criteria in the design process, there is a strong need for numerical prediction tools that provide the necessary insight in the physical phenomena which govern the NVH behavior of complex systems and that allow a reliable evaluation of different design alternatives.
To illustrate the different aspects that play a role in the application of numerical simulation methods, Fig. 2.1 schematically shows the general procedure adopted for engineering problem troubleshooting. The first step consists in the appropriate mathematical modeling of the processes to be investigated. This aspect is of crucial importance, since usually the calculation will not bring beneficial results if it is not used and adequate model. The modeling procedure usually brings to a set of mathematical expressions, which consists of a system of differential or integral equations in mechanics and acoustic problems. Quite often the mathematical expressions adopted have general interpretation, cannot represent the real physics behind the problem and thus discretization is required. The discretization process can include both domain discretization (computational mesh generation) and equation discretization (e.g. time discretization procedure for equation resolution). The discretization of the problem area approximates the continuous investigated area by a finite number of sub-areas where then numeric values of the unknown variables are determined. The relationships to calculate these values are obtained by the discretization of the equations, which approximates the continuous systems by algebraic equations. Unlike an analytical solution, a numerical solution represents a set of the discretized values from which the variables history can be approximated. Once the problem is discretized, a set of algebraic system equations, which is usually dealing with millions of unknowns, can be solved to obtain the numerical solution of the problem. In all previously performed steps, some errors are introduced and it is necessary to understand their order of magnitude (e.g. with reference experiments for systematic model error or calculations for numerical errors). To validate the model, it is often necessary to adapt the model accuracy or to perform again the calculation with an improved discretization. Finally, when the model is validated, results are considered for analysis interpretation and troubleshooting. 
[image: ]
Figure 2.1 – Procedure for the application of numerical simulation to solve engineering problems.

During the engine and vehicle developing process, calculations are usually performed for individual components. This is mainly done for two reasons: the total cost for the whole vehicle simulation is too large and often the simulation of the connections between different components is a challenging task. Therefore, it is important to design and optimize the individual different components during design phase. This is particularly challenging in structural dynamics and NVH analysis, because the subdivision of the system always have a repercussion on the overall behavior. Single component structural analysis is usually done via Finite Element Analysis (FEM). Nowadays, FEM has become established as the generally accepted analysis method for structural and mechanical design. A methodology of practice relevance, that combines the modeling of different components to study their interaction, is Multi Body Dynamics (MBD) analysis. The analysis of the acoustic radiation problems can also be investigated with finite element (FE) methodologies, although some other techniques like Boundary Element Method (BEM) and Wave Based Method (WBM) found also some applications in industry. 
The aim of this work is to discuss numerical methodologies for sources assessment. These methodologies are based on the methods here introduced and therefore in this chapter only a brief description of the most common numerical methods adopted in automotive industry for NVH analysis will be given. This section does not aim at giving an exhaustive list of different numerical methods that can provide a solution for vibration and acoustic problems. The descriptions provided in this chapter gives an overview of the most common techniques and mainly focus on the basic aspects required to understand the methodologies introduced in this thesis.

2.2 Finite element method for structural analysis


Nowadays FEM has become established as the universally accepted analysis method in mechanics and structural design. The method is characterized by the construction of a discrete system of matrix equations that represent the mass and stiffness properties of a continuous structure. The matrices are usually banded and symmetric. There is no restriction on the geometrical complexity of the structure because the mass and stiffness matrices are assembled from the contributions of the individual finite elements having simple shapes. Thus, the computational domain is divided into discrete areas or volumes known as elements. The whole computational domain is a grid (or mesh) of different elements. The boundaries of the elements are defined by nodal points, which are connected by a unique polynomial curve or surface. The most common definition considers the same polynomial description to relate the internal, element displacements to the displacements of the nodes. This process is generally known as shape function interpolation. Since the boundary nodes are shared between neighboring elements, the displacement field is generally continuous through the element boundaries. The mathematical formulation of FEM can be a variational problem with an element-wise Rayleigh-Ritz treatment and shape function discretization. Another common opportunity is to define element equations directly from the characteristic differential equations using a Galerkin approach weighted by the element shape functions.
More details on FEM formulation, properties, typical element characteristics and applications can be found in the well-known books of Zienkiewicz and Taylor [41] and Friswell and Mottershead [42]. In this Section, only a brief description is provided and most of the discussions are derived from these books.
2.2.1	Finite element mass and stiffness
Consider a single element of a FEM computational domain. Every finite element is characterized by mass and stiffness properties which depend both on the material and the geometry of the element. The general form of the element mass and stiffness matrices is commonly represented as the integrals
	
	(1)

	
	(2)


where  represents mass density,  and  are respectively mass and stiffness of the element, is the matrix of shape functions,  is the matrix of shape function derivatives,  is the elasticity matrix and  is the Jacobian matrix that defines the relationship between global reference system () and the local frame (). Hence,
	
	(3)


and
	
	(4)


The easy case of a mono-dimensional Euler beam shows that Eqs. (1) and (2) simplify to
	
	(5)
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which indicates that system matrices directly depend on well understood physical quantities like Young’s modulus, density, area and second moment of inertia (respectively , ,  and ).
In more complex structures, mass and stiffness matrices, respectively  and , can be also obtained directly from energy considerations such that the shape functions and their derivatives represent the distribution of displacements (or rotations) and strains respectively. The global FE model is assembled from the individual element’s contributions. The overall mass and stiffness matrices are generally sparsely populated and the degree to which the matrices are banded is significantly affected by the arrangement and ordering of the degrees of freedom in the assembled system of equations.
2.2.2	General formulation of a dynamic system 
The FEM representation of a continuous structure leads to a system of  second order differential equations both statically and dynamically coupled. The equation describing the system dynamics due to external harmonic excitations is 
	,
	(7)


Where and are respectively mass, damping and stiffness matrices of the system,  is the vector of local translational and rotational displacements of all points of the considered body and  and  are respectively its first (velocities) and second time derivative (accelerations).  is the vector of external forces or moments directly applied on the considered system. Moreover,  is the imaginary unit and  is the angular frequency of the harmonic signal considered. For harmonic motion, assume a harmonic solution of the form 
	,
	(8)


where is a complex displacement vector. Taking the first and second derivative of Eq. (8) and introducing into Eq. (7), it is obtained
	,
	(9)


and after, dividing by  simplifies to
	.
	(10)


For the sake of readability, from Eq. (9) and further the dependency from  is omitted. Eq. (10) is the general formulation of a dynamic system expressed in frequency domain and can be solved for every forcing frequency. Introducing into Eq. (10) the complex velocity vector ,  it is obtained
	.
	(11)


Eq. (11) can be also expressed in a more compact form:
	,
	(12)


or
	,
	(13)


where is the complex impedance matrix, which is expressed as
	
	(14)


and , the complex mobility matrix of the system, is defined by
	.
	(15)


2.2.3	Rayleigh damping
Mechanical systems are not only characterized by mass and stiffness, but also by damping properties. Damping is a property that is related to the amount of energy dissipated into the structure. It indicates the velocity decrease in proportion to the acting excitation force on the structure. The precise mechanisms of damping are not well understood in structural dynamics problems and therefore in common FEM applications there are no clear formulations similar to those of mass and stiffness, clearly based on well-defined physical parameters. Consequently, in common FEM applications the amount of damping associated to a structure is often chosen with empirical methods. A methodology often employed is the proportional damping, introduced by Rayleigh and therefore also known as Rayleigh damping [43,44]. In its idealization, Rayleigh assume the damping matrix to be a linear combination of the mass and stiffness matrices
	
	(16)


being and  pre-defined constants. According to [43], the value of these constants can be estimated solving the following system
	
	(17)


for prescribed values of damping ratio, , at two given angular frequencies and . Fig. 2.2 shows the typical trend of structural damping ration with a Rayleigh definition. In Fig 2.2, both mass and stiffness proportional regions can be seen. More detailed information on Rayleigh damping model and other alternative methods can be found in [44].
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Figure 2.2 – Typical damping ratio estimation using Rayleigh damping definition.

2.3 Multi body dynamics


The understanding of dynamics and motion of mechanical systems is a challenging task during automotive development and design process. In automotive industry there is lots of effort in the development of numerical methodologies that simulate engine and transmission system dynamics. Also the simulation of contacting elements, e.g. contacting engine parts, considering appropriate impact, friction and tribological properties is a crucial issue in automotive engineering design. Multibody dynamics (MBD) is a numerical methodology that aims to undertake dynamic problems considering also the interaction and the contact between different elements of the mechanical system. These elements are called bodies and in the original formulation are treated as rigid. MBD has been initially applied to the analysis of the dynamics of systems of rigid bodies connected by kinematic constraints. The motion of each body is restricted by its contacts to other bodies. The mathematical representation of the contacts is done via joints.
The rigid body approximation is only valid if the motion related to body deformation is limited compared to the motion of the mechanism, and only slightly excited by the external loads and the overall mechanism motion. However, as soon as the focus moved from dynamic analysis to the investigation of the structures subjected to high load conditions (which is the case in powertrain) the small deformations are non-negligible. For example, the main engine bearings are subjected to small deformations induced by crankshaft rotation, although the crankshaft is very stiff and can be approximated as a rigid body. In these systems the ﬂexibility of the structure is essential because it is at the roots of the stiffening response of the contact. Therefore, the flexibility of the bodies cannot be neglected and it is included into the classical MBD formulation, bringing to a flexible multi body dynamic (FMBD) formulation. FMBD combines deterministic FEM models (to replace the rigid formulation of the bodies) with equations of classical MBD in order to refine the modeling of the reality. The equations describing the motion of the flexible multi-body system are derived from linear elasticity theory using a floating frame of reference formulation. The resulting equation system is an implicit differential equation system including pure algebraic equations. Joints contact can introduce non-linear functional relations. Hence, it is not possible to solve the equation system in frequency domain and it is also not possible to derive an analytical solution in time domain. Thus, an efficient time integration scheme has to be implemented.
A good overview of multi body dynamics can be found in the books from Shabana [45] and Amirouche [46]. To be noticed also the review papers from Shabana [47], Rahnejat [48] and Schiehlen [49]. Some applications in automotive industry can be found in [50-56].
2.3.1	Bodies definition 
The motion of a body having a flexible definition can be separated into gross global motion and local vibration motion. From a mathematical point of view, these components have to be considered as specific degrees of freedom. For any element, motion components and their time derivatives can be collected in a vector, reading[52]
	
	(18)


where is the generalized local displacement vector (considering local displacements and rotations of all nodes of the body),  and  are respectively its first and second time derivative,  is the generalized vector of global position and orientation coordinates and  and  are respectively its first and second time derivative.
The mathematical model of each body is derived from Newton’s law and Euler’s equation of angular momentum [57]. These fundamental equations can be considered for each body in a fixed coordinate system and introducing linear elastic structural properties, results in the classical equation of motion for linear systems:
	
	(19)


In Eq. (19), ,  and  respectively indicate body mass, stiffness and damping matrices. The body is excited with the following loads:, which is the vector of external loads; , which is the vector that represents the gyroscopic terms  considered for the total elastic body; , which is the vector that contains the rigid body accelerations.
External loads can be prescribed functions expressed in time domain that are determined via simulations or measurements and are directly applied on the nodes of the body. Also joint contacts can be expressed as external loads and are applied only in the nodes connecting one body to another. Joint contacts can both be linear or highly non-linear excitation terms. Both  and  are non-linear terms that consider the inertia components resulting from global motion of the body. These vectors result from the coordinate transformation of the equations of momentum and angular momentum into the body relative coordinate system. More details can be found in [52,55].
For NVH purpose, the understanding of the small system vibrations is of crucial importance. Thus, global and local motion quantities, which are calculated at the same time, need to be separated. In order to distinguish of the overall results into gross motion and elastic quantities additional conditions need to be defined. A set of reference conditions minimizing the square average of the relative displacements is used. These reference conditions are based on the idea of minimizing the discrete weighted square-norm of the displacements to minimize the distance from the linearization point [52].  
2.3.2	Condensed degrees of freedom 
To make better use of simulations in the automotive driveline design process there is a need for both improved predictive capabilities of typical system models and increased number of variant evaluations carried out during system concept design phase. Unfortunately, numerous evaluations are extremely time-consuming in systems considering high number of degrees of freedom (DoFs). In common industrial applications, FEM models can have also several millions of DoFs. For this reason, FMBD models as well as FEM models often consider a significant reduction of the computational degrees of freedom. This reduction is often referred in literature as model order reduction or condensation. Condensation techniques consider a transformation of the system matrices which aim is to reduce the computational effort required for simulation, but preserving system characteristics. The accuracy of these condensation methodologies is clearly limited up to a certain frequency limit and depends on the method adopted and number of DoFs preserved in the condensation procedure. A good overview of current condensation methodologies can be found in the book of Qu [58].
The first example of condensation methodology is the static condensation, introduced by Guyan in 1965 [59]. Consider the static equation system that neglects both mass and damping properties
	
	(20)


Assuming that the DoFs vector can be decomposed into two subsets 
	
	(21)


the equation system in Eq. (20) is transformed into
	
	(22)


where  is a null vector and it is the sub-vector corresponding to nodes of the bodies where no excitation is applied,  is the excitation vector associated to nodes where non-zero loads are applied,  and  are respectively the displacement sub-vectors of non-loaded and loaded nodes. Considering that  is a null vector, it is possible to derive
	
	(23)


Being  a transformation matrix. From Eq. (23), it follows that all DoFs can be expressed only using the sub set 
	
	(24)


Introducing Eq. (24) into Eq. (19) and grouping all excitations in a single vector, the vibration equation of a flexible body will give
	
	(25)


Fig. 2.3 shows an example of static reduction.
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Figure 2.3 – Typical example of static reduction. Left: uncondensed FEM model of a piston. Right: condensed nodes of the original model.

An alternative and convenient reduction method is the modal reduction. Natural modes of a body are used to create a space of the reduces system as a linear combination of the physical system. If the interest is to study the body up to a certain frequency, it is possible to use a limited number of modes, resulting in an efficient model reduction. The evaluation of the eigenfrequencies is based on the undamped equation system 
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where  is the null vector. The eigenvalue problem associated to Eq. (26) is 
	
	(27)


Solving for each eigenvalue , the corresponding eigenfrequency  and eigenvector  are computed respectively from
	
	(28)
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Due to orthogonality with respect to mass and stiffness, it is possible to derive modal mass and modal stiffness, respectively  and , for each eigenfrequency
	
	(30)

	
	(31)


Moreover, if appropriate damping model are used, e.g. proportional Rayleigh damping (see section 2.2.3), also modal damping can be derived.
	
	(32)


Defining a reduced set of  eigenfrequencies to investigate, due to orthogonality, a simple system can be solved to identify the modal DoFs  for 
	
	(33)


The system Eq. (33) is a reduced easy model that perfectly represent the original model up to the frequency limit  This reduction technique is very performing in FEM for linear problems, but in FMBD has the disadvantage resulting from nonlinear joint contacts between different bodies. The nonlinear excitation loads depend on the physical DoFs and therefore a modal condensation leads to additional computational costs for transforming these forces and moments. To overcome these problems, modal reduction is often coupled with a static reduction. In this combination, here called dynamic reduction, the reduced set of DoFs, , consist of a sub-vector of physical DoFs, , and a sub-set of modal DoFs, 
	 .
	(34)


The reduced set of DoFs, , is connected to the original set of DoFs via the transformation
	 .
	(35)


The final vibration equation for a dynamic reduced system is finally
	
	(36)


where, the excitation vector is
	
	(37)


and considering that  is a null vector, it is clear that it is not needed to evaluate the transformation of Eq. (37). This is only valid in a global reference system, where all external forces are applied on the set of DoFs  In the case of a body fixed reference system, also rigid body accelerations and gyroscopic effects has to be appropriately reduced [55].
2.3.3	Contact forces and moments 
Multibody dynamics is particularly suited to model nonlinear contact forces and moments between bodies. E.g., in powertrain applications nonlinear models has to be provided for piston-liner contacts, radial and axial bearings, engine mounts or coupling between shafts [52,56]. These body contacts are basically represented with a wide range of joints. The simplest joint is obtained with a spring-damper model in a node-to-node connection between two bodies, which reads
	
	(38)


where  and  denote respectively the distance between connected nodes and its time derivative. The joint stiffness and damping coefficients, respectively  and , are constant in linear models. Nonlinear models can consider different expressions for  and , such as the following exponential definition
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	(40)


The parameters , ,  and  define the behavior relative to a reference length . This model can be used to represent different joint connections, although it has some limitations: local effects and highly non-linear phenomena cannot be well captured. For this purpose, higher sophisticated joint models have been proposed for specific applications, especially in the case of oil film lubricated contacts [54,56]. In particular, these lubricate contacts can be represented by an averaged Reynolds equation or dry contact models. Depending on geometric shape of the contact, different types of averaged Reynolds equation can be distinguished. In the case of radial slider bearings, Reynolds equation apply in the form
	
	(41)


Analogously, the hydrodynamic contacts between piston and cylinder liner is
	
	(42)


The equation for the axial slider bearing contacts is given by
	
	(43)


Eqs. (41), (42) and (43) are solved with respect to the hydrodynamic pressure  in regions where the clearance gap, , is completely filled with oil, i.e. a fill ratio , while them are solved with respect of the fill ration  in cavitation regions. The average clearance is here expressed as . The oil film viscosity is  [60,61]. The formulation consider also  as radius, denotes a flow factor (in direction ,  or due to shear ) and  is a composite roughness value [62]. The terms  and  are respectively circumferential and axial velocity components of the considered bodies.
In addition to the hydrodynamic pressure, also a local asperity pressure can be considered in dry or mixed lubrication contacts. Assuming Gaussian distribution of surface roughness and constant radius of curvature for the asperity summits, the nominal contact pressure can be determined according to Greenwood and Tripp formulation [63].

2.4 Modeling of vibroacoustic problems


A first basic distinction of acoustic problems is between aeroacoustic and vibroacoustic. The former considers noise generation and propagation in a fluid medium, while the latter also considers the interaction with a solid structure. In automotive application it is often the case that vibroacoustic phenomena are predominant, although there are also some aeroacoustic contributions (e.g. exhaust or fan noise). For this reason the discussion here will mainly focus on the description of vibroacoustic modeling and numerical methodologies that implement these models. 
For modeling purposes, vibroacoustic problems are divided into interior and exterior acoustic problems, depending on whether the acoustic domain is bounded or not. In an interior vibroacoustic system, the fluid is inside a bounded acoustic domain , fully surrounded by a boundary surface  consisting in an elastic structure. Conversely, in an exterior vibroacoustic problem the fluid is in an unbounded domain, which is the space between a structural boundary surface  and a boundary surface  located at infinity. For practical reasons, numerical models cannot consider an infinite domain. Therefore, in exterior radiation problems a truncation surface  is considered as boundary of the acoustic domain.  represents the limit of the fluid domain in a numerical model and it is placed in the far field. The far field is the region of the domain where local effects due to proximity with the structure can be neglected. A rule of the dumb is that the far field is the region distant from the structure at least 5 times the propagating wavelength of the acoustic wave. By contrast, the near filed is the region in proximity of the structural boundaries where local effects cannot be neglected. A further distinction is made between coupled and uncoupled vibroacoustic problems. The goal of a coupled vibroacoustic model is the prediction of the dynamic quantities of the system, i.e. fluid pressure field in the acoustic medium and the displacement field of the elastic structure. Conversely, if it is only the structure influencing the fluid or vice versa, the problem is uncoupled. 
In automotive, many problems, such as engine noise radiation or interior vehicle acoustic design, can be represented with an uncoupled vibroacoustic model. In these models, the structural vibrations influence the fluid pressure without being influenced from the pressure field of the acoustic medium. Assuming that the system is linear, the fluid inviscid and isotropic and that the process is adiabatic, the steady-state pressure  at any point of the fluid having generalized coordinate  is governed by the linear Helmholtz wave equation [64-66] 
	
	(44)


where  is the Laplace operator and  is the wave number (the ratio between frequency  and speed of sound ). In Eq. (44) the source term is set to zero. There are three possible boundary conditions associated to this problem, assuming that the solid and the fluid structures are not coupled:
· Imposed normal velocity (Neumann boundary condition) 
	
	(45)


· Imposed pressure (Dirichlet boundary condition)
	
	(46)


· Normal impedance boundary condition (Mixed boundary conditions)
	
	(47)


where  is the imaginary unit,  is the normal vector,  is the fluid density and  denotes the normal impedance. Furthermore,  Boundary conditions from Eq. (45) to (47) can be applied on surfaces representing solid elastic structures. 
In exterior radiation problems, the boundary  does not represent a structure interacting with the fluid, but it is placed at infinity. In the far field the acoustic waves can freely propagate radiating towards infinity and  is the surface where these acoustic waves are absorbed. Therefore, Sommerfeld radiation condition is applied to ensure that no acoustic energy is reflected at infinity [67]:
	
	(48)


Due to geometrical complexity and boundary conditions, for most vibroacoustic problems, the solution of Helmholtz equation (Eq. (44)) cannot be found in a closed analytical form. Hence, transforming the mathematical model into a set of algebraic equations, an approximated solution can be calculated via numerical implementation. The two most commonly used numerical methods in acoustic industrial automotive applications are FEM and Boundary Element Methods (BEM).
2.4.1	Finite Element Method for acoustic analysis
FEM is the most commonly used numerical simulation technique, consisting of finding the distribution of the field variables in a continuum domain governed by appropriate partial differential equations and boundary conditions. FEM is based on the transformation of the original problem into an equivalent weighted residual or variational integral formulation. Computational domain is divided into finite elements in which field variable distributions and domain geometry are approximated using shape functions. The original concept of FEM was derived for structural analysis and therefore a brief introduction is provided in Sec. 2.2. In this section, the analogy adopted to represent an acoustic problem using Eq. (10) is [68]
	.
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In Eq. (49),  is the solution vector and  is the excitation vector containing the contributions from the a priori assigned boundary conditions.  is the acoustic “mass” matrix, relating the pressure to a displacement
	
	(50)


where  is the shape function matrix.  is a acoustic damping matrix resulting from the impedance boundary conditions 
	
	(51)


 is an inverse mobility matrix relating the pressure to an acceleration
	
	(52)


being  defined as
	
	(53)


where  is the nabla operator.
2.4.2	Boundary element method 
The Boundary Element Method (BEM) has become a valuable modeling alternative for several types of engineering problems, especially for problems involving unbounded domains. In BEM, the distribution of the field variables in the continuum domain is related to the distribution of boundary variables via a direct or indirect integral formulation of the problem. Therefore, a two-step procedure is required. Firstly, boundary variables distribution is determined. In a following step, the boundary integral formulation is used to determine field variables in any point of the domain. Similar to FEM, also BEM is based on the transformation of the problem into a collocational or variational formulation. Another analogy with FEM is that also in BEM boundary surface geometry is discretized using simple elements on which boundary variables are approximated in terms of sets of shape functions. BEM found many applications in acoustics, both in interior and exterior acoustic problems [64,69].
The direct boundary integral formulation relates pressure and normal velocity distribution on the boundary surface of the acoustic domain to the pressure in any point of the acoustic field [70]. Direct boundary formulation requires a closed boundary. Therefore, it can only represent either an interior or an exterior problem and the formulation is the same. Pressure field has to satisfy the homogeneous Helmholtz equation, Eq. (44), and also Sommerfeld radiation conditions, Eq. (48), in the case of exterior problems. For exterior problems, the pressure  in any point of the domain  is expressed as
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where  is the position vector and  is the unitary vector normal to boundary surface and having positive orientation into the acoustic domain.  and  are respectively the pressure and normal velocity on position  on the boundary  of the domain . The function  is the Green’s kernel function, which satisfies the inhomogeneous Helmholtz equation 
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and the Sommerfeld radiation conditions. Green’s function is the free field pressure in the position  due to an acoustic point source in  and in planar space it reads
	
	(56)


or, in three-dimensional space
	
	(57)


In Eq. (56)  denotes the zero-order Hankel function of the second kind.
Due to limitations of a direct formulation, problems that requires open boundary surfaces or combines interior and exterior radiation problems can be formulated in terms of the indirect boundary integral formulation [71]. The indirect formulation relates pressure field satisfying Helmholtz equation (and Sommerfeld conditions in exterior radiation problems) to the distribution of  and 
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The quantities  and  are respectively
	
	(59)


and
	
	(60)


being  and  respectively the position on the boundary at positive and negative side of the normal direction .





CHAPTER3

Dynamic substructuring for numerical transfer path analysis 


3.1 State of the art on transfer path analysis methodology


Noise legislations and the increasing customer demands determine the NVH (Noise Vibration and Harshness) development of modern commercial vehicles. In order to meet the stringent legislative requirements for the vehicle noise emission, exact knowledge of all vehicle noise sources and their acoustic behavior is required. Transfer path analysis (TPA) is a fairly well established technique for estimating and ranking individual low-frequency noise or vibration contributions via the different transmission paths. TPA is a test-based method, which allows to trace the flow of vibro-acoustic energy from a source, through a set of known structure- and air borne pathways, to a given receiver location. It is commonly implemented for the analysis of vibrating active systems and the transmission of these vibrations to connected passive structures.
In recent years TPA tends to be particularly associated with noise, vibration and harshness (NVH) engineering, with particular interest in the automotive industry driven by the increasing customer expectations on acoustic comfort [72-76]. TPA technique is adopted in automotive industry since 1970’s and so far it is still a useful tool for the NVH assessment of vehicles and mechanical structures. It is commonly applied for the analysis of interior and radiated noise and the identification of different noise paths in vehicles.
TPA has been developed mostly during the second half of the XX century. Bendat and Piersol between 1971 and 1981 presented solutions for the derivation of general multiple input/output problems involving any number of stationary random processes having any arbitrary spectral density matrix [77-80]. These publications have empowered multiple-input/multiple-output (MIMO) measurement techniques, giving the chance to analyze vibration problems in their full complexity instead of simplified or analytical descriptions.
The first examples of techniques nowadays denoted as classical TPA are often attributed to the work of Verheij around 1980s who studied the transmission of ship machinery vibrations through resilient mounts [81,82]. In 1981 Magran studied the transmissibility between terminals in a network [83]. The so called Global Transfer Direct Transfer (GTDT) method, further investigated by Guasch [84-86], was put into practice as the advanced TPA [87]. Independently, Liu and Ewins [88] and Varoto and Mc Connel [89] explored properties of transmissibility matrices for structural vibration problems, followed by Ribeiro, Maia, Silva and Fontul [90-93]. The transmissibility based method known as Operational TPA, developed to overcome the disadvantage of having individual measure of each single path from a source to a receiver, was developed by Nomura and Yoshida [94]; further reviews and benchmark studies can be found in [95-98].
A different approach is the one proposed by Mondot and Petersson in 1987, in which the vibration transfer problem is investigated using the characteristic power of the source and a coupling function accounting for the dynamics of the receiving structure [99]. This methodology led to the characterization of the source by means of blocked forces or free velocities [100-102], to the in situ method [103,104] and the pseudo-forces method [105,106].
Recent applications combine TPA methodology with the novelty of numerical simulations. Kim and Lee in 2008 proposed a Hybrid TPA formulation (HTPA) that uses simulated excitation forces as input for TPA analysis, where the vibro-acoustic transfer functions are measured [107]. 
In practical applications, TPA often requires the decomposition of the investigated system by means of DS, in order to investigate a system considering its substructures [108]. The first DS were developed as reduction techniques by Hurty in 1960 [109] and further extended in [110]. Together with the method proposed by Gladwell [111], these methodologies are known as component-mode synthesis (CMS) and represent the first application of DS. More recent and detailed reviews of TPA and DS can be found respectively in [108] and [112].


3.2 Basics of TPA 


The theoretical basics presented here follow the notation and terminology of the general framework for Transfer Path Analysis presented in [108]. There are different families of TPA methods, respectively denoted classical TPA, component-based TPA and transmissibility based TPA. All of them apply on linear systems and are based on the superposition principle for the combination of the response contributions due to different excitations. 
In this section, only the classical TPA formulation for vibration paths is described. Discussion of the other two is beyond the scope of this work and for further reviews the reader is invited to refer to [108]. In section 3.3 the dynamical substructuring of a numerical flexible multibody dynamic (FMBD) model is considered as the basis for the proposed numerical transfer path analysis.
Let us consider a dynamic system AB in which it is possible to distinguish an active subsystem A and a passive subsystem B. A classical TPA performs operational test on the system AB to obtain interface forces between the active and the passive side with the aim of assessing their contribution to specific receiver positions, assuming it is practical impossible to measure the excitation directly acting on the active subsystem A. 
The subsystem A contains the excitation node 1 and B the response node of interest 3. Let 2 be the nodal rigid interface between subsystems A and B. For the sake of simplicity, the Degrees of Freedom (DoFs) are restricted to these nodes. The system AB is illustrative for a wide range of practical problems containing appropriate sets of DoFs representing sources, interfaces and receivers. Under the assumption that the system AB is linear, the response spectra at the receiving location  in node 3 is related with the force excitation  in node 1 via its linear transfer functions contained in the columns of admittance frequency response functions (FRFs) matrix 
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For the sake of simplicity, in the following equations the frequency dependency () will be omitted. Note that the response set  may contain accelerations, velocities, displacements or any other quantity of interest, provided the consistency of the terms in matrix. In eq. (1) the discussion is restricted to the case of a single excitation source applied on node 1 but, assuming linear property of the system, the superposition principle is valid and the motion in the response node can be considered as the sum all different sources occurring in different excitation nodes of the system.
Considering the subsystem’s FRF matrices  and, eq. (1) can be written considering the decomposition of AB into A and B. The obtained system equations is similar to the admittance variant of dual assembly in standard DS applications [46]
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In eq. (2) the excitation force  in node 1 produces a motion  in node 2 on the subsystem A, while the motion at the interface on subsystem B is. The forces  and  are respectively the interface forces in node 2 on subsystems A and B. For the complete solution of eq. (2) it is assumed that the force acting in node 1 is measurable. In reality this is not often the case.
In automotive applications, passive and active subsystems are often dismounted and only the passive subsystem is investigated, typically evaluating its FRFs from impact or shaker tests. Hence, it is preferable to describe the motion in node 3 considering the interface forces. The derivation of the interface forces is a challenging task and different methodologies, e.g. mount-stiffness or matrix inverse method, was derived with the intent of determine them [8, 9, 51-54]. Assuming satisfied the equilibrium condition  and the compatibility condition, the motion in response node 3 can be expressed as
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In eq. (3) it is assumed that the dynamics at the interface node 2 are measurable and can well represent the source excitation acting in node 1.

3.3 Application of dynamic substructuring on multi body systems for numerical TPA


In this chapter a numerical methodology based on TPA is implemented on a multibody dynamic system. The aim of this methodology is to assess the different NVH sources of a numerical multibody model. A multibody system consists of discrete components named bodies, having known inertia and elastic properties, and connected each other via force elements, called joints. The multibody system has to be described mathematically by equations of motions for the dynamical analysis; an introduction can be found in section 2.3. A growing area in industry is multibody dynamics (MBD) of powertrain systems: crankshaft and engine dynamics, radial slider bearing dynamics, bearing setting, preloading, interface fitting, out-of-balance assembly errors, elastodynamics of the shaft and analysis of lubricated contacts under a mixed regime of lubrication are some examples [48]. In recent years, much attention has been paid to the analysis of noise and vibration performances of powertrain systems. These analyses require simultaneous solutions of large displacement dynamics (such as piston and connecting rods motions) and the infinitesimal elastic response of the system bodies.
In NVH powertrain analysis it can be useful to divide the powertrain multibody model into several substructures. Each substructure can be a collection of bodies and linear joints or can be represented by a single body. For example, in acoustic analysis engine block, gearbox, oil pan and cover head are bodies that are in direct contact with the acoustic medium (surrounding air) and can represent a unique substructure, while all other bodies (i.e. crankshaft connected with conrods and pistons) can be seen as another substructure. In order to analyze the dynamics of a substructure considering nonlinear connections at interfaces, a numerical transfer path analysis (NTPA), based on the substructuring of a multibody system, was proposed [113]. The original system is decomposed in order to define a target substructure which consists of linear bodies connected via linear joints. Vibro-acoustic sources and noise paths of the considered vibrating subsystem are analyzed and assessed. This NTPA method applied on a substructuring framework does not require to evaluate the FRFs because the partial contributions are evaluated applying external and interface forces directly on the investigated subsystem. The equation describing the local vibrational motion due to external excitations or interaction with other bodies, i.e. Eq. (19), can be formulated for every single substructure. Consider a system with a single target substructure  (e.g. engine block connected with linear engine mounts to the chassis) on which are applied a total of  different excitations. The total number of excitations  can be divided into  different external forces directly applied on subsystem  and  different contact forces at interfaces with the other substructures of the global system. The motion contributions at the receiving locations of interest are obtained from the following equations system written in the physical domain 
	
	(64)


The components of the motion vectors,,  and with, are the partial contributions obtained applying on the substructure  the  different external and interface sets of forces. Eq. (64) is nothing but the application of the superposition principle on Eq. (19) for the target subsystem.
In order to solve Eq. (64), a prior knowledge of the contact forces  between substructuresis needed. Therefore, the full MBD model is solved in time domain (the resolution of nonlinear contacts require a time domain formulation) and the contact forces are collected and applied on the target substructure. Once all forces are known, the dynamics of the target substructure  is solved separately for each set of forces according to Eq. (64). 
Since only the contact forces are nonlinear, but the substructure is assumed to have linear properties, the combination of the different components of the motion vectors give
	
	(65a)

	
	(65b)

	
	(65c)


For NVH applications, it is often required to analyze motion quantities in frequency domain. Hence, a Fourier transform can be applied on motion quantities results. The diagram in Fig. 3.1 describes the workflow of the NTPA methodology.
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Figure 3.1 – Schematic algorithm of NTPA methodology.

3.4 Comparison between classical TPA and the proposed methodology


3.4.1	The model investigated 
In order to compare the two methodologies, a four cylinder engine block is investigated. The geometry investigated consists of 32906 TETRA and HEXA elements, with 149124 DoFs. The material selected is steel with an elastic modulus of 210000 N/mm2, a Poisson ration of 0.3 and a density of 8076 kg/m3. In this case, the TPA methodology is based on numerical simulation and not on test measurements like in common applications. The simulation is carried out in time domain using the software AVL EXCITE [114]. The simulation procedure consists of three main steps: pre-processing, simulation and post-processing.
In the first step the geometry and the structural data of all components as well as all joint data are prepared and entered in the model. Since the total amount of time needed for the computation is significantly influenced by the number of DoFs of the system, a condensed model with a reduced number of DoFs, equivalent to the full model, is considered for the simulation. More details on the condensation procedure are given in section 2.3.2. The condensed number of DoFs for the investigated model is 1546. In the second step, the dynamic system of equations is solved in time domain. In the last step, result data can be extracted in time and can be transformed into frequency domain. The results are analyzed in frequency domain up to 3 kHz. 
The system is excited with a moving force which represents the piston-cylinder contacts. Let us assume that we are interested in the distinction between thrust side and anti-thrust side contributions. This force is decomposed in ten different nodal forces, which are then applied in ten nodes that represent the investigated cylinder of the engine. The only excited nodes are the ones in red in Fig 3.2. 
All forces are applied in time domain in thrust and anti-thrust directions. These forces are derived from a different dynamic analysis at 3000rpm of a 4-cylinder internal combustion engine which has the same engine block. They correspond to thrust components of the interaction forces between piston and cylinder liner and derive from a multi body analysis. More info about the simulation from which this force come from can be found in [113]. In order to evaluate the FRFs for the TPA, an extra simulation for each excitation point is needed. In these simulations, an impulsive force is applied in the same nodal position of the excitations. For the sake of simplicity, in Fig. 3.3 are shown only the transfer functions from the impulsive excitations to the vertical velocity component in the “response node”, with a discretization of 1.67 Hz. The forces which are used for TPA analysis has the same discretization.
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Figure 3.2 – Investigated engine block. In dark grey the nodes of the condensed mesh and in red the 10 nodes of the investigated cylinder. The engine body is transparent and some red nodes are inside the structure.
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Figure 3.3 –FRFs evaluated with an impulsive force, from excitation nodes to response node. TS and ATS stand for thrust and anti-thrust sides respectively. The nodes are numbered from top to bottom of cylinder.

3.4.2	Results 
Once the FRFs are computed, it is possible to apply the TPA methodology described in section 3.2 to obtain the vibration contributions of each excitation. The same contributions can be computed when it is applied the methodology described in section 3.3, by performing a simulation for each excitation set: in each simulation all the forces corresponding to one side of the cylinder are applied.
From Fig. 3.3 it is clear that FRFs can differ from point to point. Moreover it is not possible to summarize the information of the excitations (e.g. integrating all forces and concentrate them in one single node) without introducing some error. Therefore, in TPA ten simulations are needed, one for each FRF that needs to be calculated. 
On the other hand, assuming that we are interested in the distinction between thrust side and anti-thrust side contributions, with the proposed methodology it is possible to get them with just two simulations, one for each set of excitations. The proposed methodology considers the possibility of multiple inputs on the investigated substructure and therefore it requires fewer simulations. For both methodologies, it was chosen the same constant time step of 0.0003 s and a simulated time of 1.08 s. Under these conditions, the CPU time of the simulation is of the same order of magnitude in both methodologies: nearly 121 s for the proposed methodology and 103 s for the evaluation of one FRF.  In Fig. 3.4 the contributions evaluated with both methodologies are compared: all dominant phenomena are recognized with both methodologies and no significant error is made.
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Figure 3.4 – Comparison between contributions evaluated with the proposed methodology (dotted blue line) and TPA contributions (red line) to global surface velocity in vertical direction in response node: contribution of thrust side (up) and anti-thrust side (down)

3.4.3	Considerations 
In From this analysis it is clear that if a force is distributed on a surface, it is necessary to evaluate the FRF for each excited node of the structure in TPA, in order to take into account all excitations and all phenomena occurring in the vibration transmission. Conversely, in the proposed TPA methodology it is possible to apply all forces, which belong to the same excitation phenomenon, at the same time: this significantly reduces the number of required extra simulations.
The advantage of the methodology here introduced is that FRFs are intrinsically represented by the subsystem adopted to evaluate the contributions. Therefore, it reduces the number of simulations required to determine the response contributions of a set of forces without making any simplification of the FRFs and without losing information. 
This represent ad advantage if engineers are interested in the contribution of a moving source, a source spread on a wide surface or the combination of more forces in different areas of the system. The drawback of proposed methodology is that the structure property information contained in the FRFs is missing because they are not evaluated.

3.5 Vibration contribution assessment for powertrain application 


3.5.1	The model investigated
In this section the numerical algorithm described in section 3.3 is performed on a dynamic system for the evaluation of the vibration contributions up to 3 kHz. The geometry investigated consists of 32906 TETRA and HEXA elements, with 149124 DoFs. The material selected is steel with an elastic modulus of 210000 N/mm2, a Poisson ration of 0.3 and a density of 8076 kg/m3. The condensed number of DoFs for the investigated model is 1546. The system investigated is a four-cylinder internal combustion engine running at a full load conditions with constant engine cycle averaged speed of 3000 rpm, even though the methodology can be applied for any engine running condition. The simulation is carried out in time domain using the software AVL EXCITE [114]. The simulation procedure is the same described in section 3.4.  In Fig. 3.5, joints, cylinders and connecting rods are numbered from front to rear engine. The x, y and z directions of the Cartesian coordinate reference system are associated with rotation axis, thrust and vertical directions respectively. The dynamic system of equations is solved in time domain and then results data are extracted in time and transformed into frequency domain. 
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Figure 3.5 – Left: nodal positions of response points on investigated engine body. Right: 2D schematic representation of the investigated multi-body system (the engine body is transparent and some red nodes are inside the structure).

In order to perform the proposed analysis, all forces acting on the engine block are collected and grouped in sets. The forces collected are the ones transmitted from joints, from the auxiliary components on engine top head (valves and cams) and the combustion acting in the combustion chambers. Each set of forces contains the forces applied on the structure from the same joint, i.e. from the same excitation. All forces transmitted from cams and valves are considered in two different sets respectively. The subsystem contains only the engine block, a set on linear mountings that connect the block to the chassis and it is excited with only one set of forces at the time.
Sixteen different load cases, i.e. sixteen different paths, are analyzed. The following cases are identified:
· 4 combustion chambers (corresponding to the vibrations transmitted directly from the walls of the combustion chambers; from “Comb1” to 4 in figures)
· 5 radial bearings (corresponding to the main bearings of the crankshaft; from “Bearing1” to 5 in figures)
· 4 guidance for connecting rod small ends (which represent the piston-liner interaction; from “Guide1” to 4 in figures)
· Axial bearings 
· Valve contacts
· Cam contacts
Once all cases are computed, the vibration contributions are evaluated in three nodes of the condensed mesh: “Node1” is placed on the engine top-head, “Node2” is on the outer surface of thrust side of “Cylinder2” and “Node3” is at the bottom of the oil pan (see Fig. 3.5). The positions of the investigated nodes are chosen in order to show the differences in vibration contribution of the same source, depending on the receiver position.
3.5.2	Analysis of vibration path
The vibrations transmitted through all considered paths to “Node1” are displayed in Figs. 3.6 and 3.7. The three different directions are considered separately. 
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Figure 3.6 – Velocity amplitude in “Node1”: comparison between different vibration paths and global response (All).
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Figure 3.7 – Velocity amplitude in “Node1”:  comparison between different vibration paths and global response (All). Focus on low frequency range up to 1 kHz.

Local phenomena occurring in each vibration path are recognized comparing the vibration level of each contribution. Some examples of the phenomena which occur in this model are the differences in vibration contributions depending on the node position. In order to show these differences, the normal velocity amplitude of all contributions is displayed in Fig. 3.8 for each investigated node. 
The overall vibration level in Node3, which is placed in the oil pan, is higher than the other two investigated nodes. This result agrees with the findings from [115,116]: in both cases it is discussed how the oil pan represents one of the most vibrating surfaces of the whole engine.
It can be stated that in this model the vibrations are mainly generated at low frequencies and transmitted through the walls of the combustion chambers and radial bearing contacts, while the high frequency vibrations transmitted through cams, valves and piston-liner contacts are more effective. This is confirmed also from Fig 3.9, where the velocity contributions are plotted considering the contributions from all bearing as a unique set, as well for vibrations transmitted from combustion chambers and piston-liner interaction. Similar results were obtained in [115,117], where experimental analyses were conducted on two different 4-stroke Diesel engines running at constant speed of 2500 rpm. These analyses show that, at low-mid frequency, the most relevant noise contributions are combustion noise (transmitted through radial bearings and combustion chamber walls) under full load conditions. In [77] was also performed a TPA analysis that shows how vibrations transmitted from other sources, like valve contacts or oil pump, are less effective, especially at low frequency.
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Figure 3.8 – Normal velocity amplitude magnitude in every investigated node: comparison between different vibration paths and global response (All).
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Figure 3.9 – Normal velocity amplitude magnitude in “Node 2”: comparison between different z.

The vibration contributions of each investigated path are displayed in terms of velocity magnitude in Figs. from 3.6 to 3.8. In addition, also phase information is considered in order to get a clear understanding of the combination of all contributions. For the sake of simplicity, only results in “Node1” in vertical direction are investigated. The results displayed in Figs. 3.10 and 3.11 refer to the first four orders of the particular running condition investigated, because the engine orders represent the frequencies related to the main noise and vibration phenomena at low frequency. However similar considerations can be done at every frequency in every node. 
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Figure 3.10 – Vertical Velocity components in “Node1”: investigation of five biggest velocity contributions at firsts four orders.

The polar graphs in Fig. 3.10 show the vibration contributions in terms of velocity magnitude and phase. Their phase reference is the phase of overall vibrations at 0 Hz. Only the biggest five vibration contributions in terms of magnitude are considered. 
At first and third orders the single contributions are orders of magnitude bigger than the overall combination (red arrow in Fig. 3.10). Hence, it is clear that these effects cancel each other. In fact, at first order, contributions from combustion chambers 1 and 4 are, more or less, opposite in phase to the contributions from “Comb2” and “Comb3”. Conversely, at second and fourth orders all contributions concur to increase the total response, even though there are some differences in phase.
To understand how these differences in phase influence the combined response, all contributions are projected with respect of the phase of the combined response. The projection of a single contribution, at a specific frequency, can be expressed as
	
	(66)


where  is the projected velocity component,  is the velocity magnitude of the considered vibration contribution,  is the phase of the considered vibration contribution and  is the phase of the combined response. The projected components give information about the effective contribution of each vibration path to the overall response. In Fig. 3.11, the projected vibration contributions are displayed. According to results displayed in Fig. 3.11, in order to reduce the vibrations at first order, it is necessary to reduce vibrations coming from “Comb1”, “Comb4” and third radial bearing, “Bearing3”. Conversely, the vibrations coming from all other radial bearings contacts and from walls of “Comb2” and 3 help to reduce the total vibrations.
The considerations, which arise from the projection of all contributions at second order, are more interesting: even though the vibrations coming from the fourth radial bearing are higher in magnitude than all other contributions from radial bearings (see Fig. 3.10), its projection, i.e. its effective influence to the overall vibration, is less effective than the projection of the vibrations coming from “Bearing2”. In fact, the vectors of overall and “Bearing4” vibrations are nearly orthogonal (see Fig. 3.10, second order). 
Similar conclusions arise from the analysis of the projected components at third order: even though the magnitude of vibrations coming from the first combustion chamber is high, its vector, in Fig. 3.10, has a phase delay of nearly 60 deg to the overall vibrations. Hence, at third order the projected component of “Comb1” is less effective than the vibrations coming from “Bearing1”.
[image: ][image: ]
Figure 3.11 – Vertical Velocity components in “Node1”: investigation of projected velocity contributions at firsts four orders



3.5.3	Error estimation
In order to verify the accuracy of the proposed methodology, all sixteen contributions, displayed in Fig. 3.6, are summed and compared with the signal evaluated when all excitations are applied together to the structure. For the sake of simplicity only results in vertical direction in “Node1” are considered, but similar accuracy is reached in every node for every direction. The comparison and the relative error made are displayed in Fig. 3.12. 
The relative error, displayed in Fig. 3.12, is defined as 
	
	(67)


The time discretization of the numerical methodology adopted to perform the simulation is enough accurate to have a good resolution up to 3 kHz and above. Therefore, the error should mainly be numerical round-off, equally distributed over frequency.
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Figure 3.12 – Up: comparison between the reconstruction of contributions with the numerical TPA methodology (dotted blue line) and signal obtained when all excitation are applied concurrently on the engine body (Full Simulation – red line). Red line can hardly be seen below the blue line. Down: relative error between the two curves.

3.6 Comparison with experimental investigation


This section shows the investigation of a V6 engine with the aim to illustrate the accuracy of proposed methodology [118]. The vibrations generated by the contacts between pistons and cylinder liners are analyzed at low frequencies for a wide range of engine speeds. 
The piston slap noise generation mechanism, which occurs in cylinder-liner contacts, concerns lateral reaction forces due to piston primary motion and impact forces due to piston tilting (secondary) motion [12,119]. Even though the typical frequency range of interest of this noise phenomenon is between 1 and 3 kHz, in this application the numerical model is investigated up to 1 kHz, focusing on the analysis at main orders in low frequencies.
The simulated contribution from all six cylinders is compared with measurement data from two different variants of the engine investigated and, finally, the accuracy of proposed methodology is discussed.
3.6.1	Analysis setup
The investigated engine is a V6 gasoline engine for passenger cars. Two variants of the engine are tested. The differences between these two variants concern:
1. Coating of the internal cylinder surface to improve the stiffness of the contact between piston and cylinder liner in the second engine;
2. The presence of actuators for camshafts and accessory belt in the front end of second engine;
3. Minor design modifications in engine block structure (mainly concentrated around inlet and outlet cam covers) between the two engine variants;
4. Minor modifications in measurements instrumentation settings (instruments typology and position) between the two engine variants.
The surface accelerations are measured for both variants in order to understand the influence of these modifications on the NVH response. The difference between surface acceleration, measured on both variants and used as a representation of the applied modifications, will be compared with the results obtained from contribution analysis, performed on a numerical model of the first engine. By that, it is expected to see correlations of main affected speed and frequency ranges for the modifications of both engines to the contribution of piston impact forces from the numerical contribution analysis.
In order to make this comparison, the following assumptions are made:
1. The differences in measured data at main orders in low frequency range are mainly due to the effect of the piston side forces: only the coating of the cylinders surface can modify the surface accelerations;
2. The contribution of the piston side forces, evaluated in the numerical model of the first engine, is effective at the same frequencies and engine speeds at which the measured data exhibit differences between the two engines tested.
The first assumption can be considered as valid, because the investigated evaluation node is chosen on the external lateral surface of the engine (see Fig. 3.13), far enough from the regions where the actuators are placed and the structure modifications occur. As concern the latter, we assume that the modifications in the cylinder coating can only cause a modification in the amplitude of the force applied there. Even though, it is necessary to take into account that a modification of the structure properties (increasing cylinders surface stiffness in the second engine) may lead also to a modification of the phase of the response.
Under these assumptions, the results of proposed methodology will predict in which region of the Campbell diagram the piston lateral forces are more effective. Therefore, the contribution analysis performed will predict at which frequency and engine speed the differences in NVH response between the two engine variants occur.
3.6.2	Results
The contributions of piston lateral forces are evaluated in the numerical model of the engine. This vibrational contribution consists of all piston lateral forces from all six cylinders applied simultaneously: both thrust and anti-thrust sides. The surface accelerations are evaluated on a node located on the lateral external surface of the engine, as shown in Fig. 3.13.
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Figure 3.13 – 3D mesh of the V6 engine model. In red the position of the investigated node.
Fig. 3.14 shows the absolute value of the projected contribution of piston lateral forces on a Campbell diagram from 1000 to 6000 rpm with steps of 250 rpm, up to 1 kHz. The results presented refers to the acceleration magnitude on the investigated node in the normal direction. The results show a particular influence of this contribution at 3rd order, 6th order and around 8.5th and 9th orders at high speeds.  
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Figure 3.14 – Projected contribution magnitude of piston lateral forces evaluated with contribution analysis on the numerical model of a V6. Acceleration magnitude on the investigated node in the normal direction.

3.6.3	Comparison with measurement data
In this section, the numerical results presented in Fig. 3.14 are compared with the measurement results obtained from the two engine variants. The surface accelerations in normal direction are measured in the same investigated node in both engine variants: the quantities compared are the projected contributions and the difference between the two engine variants, in terms of measured acceleration level percentage, between the two engine variants. Under the assumptions described in section 3.6.1, both numerical results of contribution analysis and measured differences should be relevant at the same frequencies and engine speeds.
Fig. 3.15 shows the acceleration level measured on the first engine variant in normal direction in the investigated node. From these results it is clear that the background noise is orders of magnitude lower than the noise occurring at main engine orders. Consequently, in order to neglect the scattering noise in background level, it was chosen to compare numerical and measurement results at main engine orders only.
Fig. 3.16 shows the percentage difference, between the two engine variants, of acceleration magnitude on the investigated node in the normal direction. Results are presented as Campbell diagram from 1000 to 6000 rpm with steps of 25 rpm, up to a frequency of 1 kHz.
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Figure 3.15 – Measured acceleration magnitude on the investigated node of the first engine variant in the normal direction.
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Figure 3.16 – Percentage difference between the two engine variants in measured acceleration magnitude on the investigated node in the normal direction. Highlighted in green the results that fit with contribution analysis and in black the noise addressed to accessory belt in second engine variant.

In green are highlighted the areas of the Campbell diagram that correlate with the outcome of the analysis proposed in this section (Fig. 3.14): the differences between the two engine variants occur at 3rd order, 6th order and around 8.5th and 9th orders at high speeds. At many other orders and in particular at low engine speeds it is possible to have some differences between first and second engine variants, but most of them can be neglected, considering that these differences are percentages referring to acceleration levels that are orders of magnitude lower than values encountered at 3rd, 6th and 9th orders (see Fig. 3.15). The only exception is represented by the noise occurring at 5th and 10th orders at high engine speeds (highlighted in black in Fig. 3.16): this noise can be addressed to the effect of the additional accessory belt in the front end of second engine and, therefore, this noise contribution is not considered in the numerical investigation. In this investigation, it must be considered that the projected contributions cannot be directly compared with the measured differences, because they have a different physical meaning. The formers are vibrations generated by the piston side forces in the numerical model, while the latter are the consequence of a modification occurring in correspondence of the region where the piston side forces are applied.
The aim of this analysis was to prove that the contribution analysis here proposed is accurate enough to give correct information, in terms of engine speed and frequency, about the influence of a considered set of excitation forces. It is clear that the accuracy of proposed methodology rely on the accuracy of the numerical model adopted for the analysis.

3.7 Structure-borne noise contribution assessment


In this section the algorithm proposed in section 3.3 is performed on a dynamic system and then extended for the evaluation of the structure-borne noise paths up to 3 kHz. The model investigated is similar to the one investigated in section 3.5, but some mesh modifications (head cover and gearbox) and the gear components are introduced (see Fig. 3.17). Prior to investigate the structure-borne noise contributions, it is necessary to perform a simulation of the dynamic system. Then it is possible to apply a numerical TPA analysis for the evaluation of the structural vibration contribution to the whole exterior surface of the engine. Finally, the structural normal velocities on the engine surface are adopted as boundary conditions for the evaluation of the acoustic radiation and the structure-borne noise paths are analyzed.
In this analysis, twenty-two different load cases, i.e. twenty-two different paths, are analyzed. The following cases are identified:
· 4 combustion chambers (corresponding to the noise transmitted directly from the walls of the combustion chambers; from “Comb1 to 4” in figures)
· 5 radial bearings (corresponding to the main bearings of the crankshaft; from “Bearing1 to 5” in figures)
· 4 guidance for connecting rod small ends (which represent the piston-liner interaction; from “Guide1 to 4” in figures)
· 5 roller bearings (corresponding to the roller bearings of primary and secondary gear shafts, respectively “PSRB1 and 2” and “SSRB1 to 3” in figures)
· Supports of differential (“Diff” in figures from)
· Axial bearings 
· Valve contacts
· Cam contacts
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Figure 3.17 – Mesh of the engine investigated for the acoustic analysis. In red the nodes of the condensed mesh and gears (the engine body is transparent and some nodes are inside the structure).

Once the structural normal velocities on the engine surface are computed for each load case, it is possible to analyze the air-borne noise paths. The acoustic radiation is computed with the wave based method [64,68], implemented in AVL EXCITE [114], adopting the surface normal velocities as boundary conditions for the evaluation of the acoustic radiation. A more detailed description of the wave based method will be provided in Chapter 4. The acoustic pressure is evaluated in a field point node located 1 m distant from the rear of the engine, in accordance with standards in engine noise measurements tests [120,121] and shown in Fig. 3.18. The position of the investigated node is chosen in order to emphasize some of the well-known acoustic phenomena occurring in engine noise radiation problems.
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Figure 3.18 – Position of the field point node where the sound pressure is computed.

The noise generated from combustion and mechanical forces is transmitted into the structure and radiated from its surface into the air. The different contributions to the global Sound Pressure Level (SPL) computed in the field point node (see Fig. 3.18) are displayed in Fig. 3.19. 
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Figure 3.19 – SPL contributions in field point node.

It can be stated that in this model the noise reaching the field point node is mainly generated at low frequencies from forces applied on the walls of the combustion chambers and radial bearing contacts, even though, some relevant middle and high frequency phenomena transmitted from roller bearings supporting the gears can be detected. In particular it is possible to clearly distinguish the gear whine noise occurring at 36th order. This is a well-known phenomenon which generation mechanism is due to gear teeth impact [25,122,123]. With this analysis it is possible to understand how impact forces acting on gears produce noise that propagates mainly through gear shafts and differential. This noise reaches the external surface of the engine, and then the acoustic media, taking six different main paths: two roller bearings, which support the primary shaft (“PSRB1” and “PSRB2”), three roller bearings, which support the secondary shaft (“SSRB1”, “SSRB2” and “SSRB3”) and the supports of the differential (considered as a single path named “Diff”).
In Fig. 3.19 the noise contributions of each investigated path are displayed in terms of SPL. In this section also phase information is considered in order to get a clear understanding of the combination of all contributions. The polar graph in Fig. 3.20 shows the noise contributions in terms of sound pressure and phase. Only the biggest five noise contributions in terms of magnitude are considered. For the sake of simplicity, only results at 36th order are displayed, because of the high noise level computed at this order due to gear whine noise. However, similar considerations can be done at every frequency. 
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Figure 3.20 –  Sound Pressure components in field point node: five biggest pressure contributions at 36th order.

The results shown in Fig. 3.20 can be also expressed in terms of projected contributions, defined by Eq. (7). The projected components are represented in Fig. 3.21. In this case, noise is mainly generated by the contact forces occurring at the gear shafts supports. Also some noise is transmitted from the differential supports. The interesting conclusion of this analysis is that, for this particular example and for this particular investigated field point node, only secondary shafts supports (“SSRB1” to 3) produce a sound pressure which is in phase with the overall sound. Conversely, all other relevant noise paths (primary shaft and differential supports) produce a sound pressure which is opposite in phase. 
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Figure 3.21 –  Investigation of projected pressure contributions at 36th order in field point node.

3.8 Combination with HTPA and investigation of interior acoustics using measured FRFs


In this section, the HTPA methodology proposed by Kim and Lee in 2008 [107] is combined with the methodology introduced section 3.3 for the analysis of the vibration contributions of the different internal engine sources to the interior noise.
The substructure investigated in this section is the engine block connected with the car chassis via linear mountings. In the MBD simulation the chassis is considered having infinite stiffness. Once the motion contributions are determined, the forces at mounts are evaluated. The joint contacts between engine and chassis, i.e. the mount contacts, are internal contact into the substructure  where the NTPA is applied. Therefore, the force applied to the mounts is here derived from motion quantities considering a simple linear approximation
	
	(68)


In Eq. (68),  and  are respectively the linear damping and stiffness of the engine mount, while the contributions  and  are defined at the nodal positions of engine mounts connections and are used to derive the force component  of the -th source. Finally, the HTPA methodology is applied using the  components and the interior noise is derived.
3.8.1 	Numerical model of the engine investigated
In this section, a MBD system of an internal combustion engine is investigated. It is an in-line four-cylinder internal combustion engine running at a full load conditions with constant engine cycle averaged speed of 3000 rpm. It is a four-stroke engine, with a stroke of 92.8mm and cylinder bore of 82.5mm. The numerical system consists of one engine block mounted on 3 different mount positions, a crankshaft, four con-rods, two balancer shafts in correspondence of intake and exhaust systems and a dual-mass-flywheel (DMF). The joints connecting gearbox and engine block are linear, while all others are nonlinear joints with exponential increasing stiffness as function of the displacement. No gear transmissions are included into the model. The pistons are excited with moving forces representing the combustion pressure. 
The torque applied on the crankshaft from the pistons is balanced with an external torque applied in correspondence of the DMF. The simulation is carried out in time domain using the software AVL EXCITE [114]. 

The reliability of the NTPA presented in section 3.3 depends on the accuracy of the numerical simulation. Therefore, Fig. 3.22 shows the accuracy of the MBD model, comparing measured and simulated surface acceleration evaluated in one mount position. The mount placed on the right side of the engine is “mount 1”, the one on the left side of the engine is “mount 2” and the last, placed on the rear of the gearbox is “mount 3”. Although Fig. 3.22 shows an enough adequate matching between measurements and simulations for a wide range of engine speeds, for the sake of simplicity, the HTPA is performed only at 3000 rpm. Anyway, the same analysis can be performed at any engine speed.
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Figure 3.22 – Surface acceleration at “mount 1” as function of engine speed, from 1000 to 6000 rpm. Results expressed in octave bands. Green, numerical model; Red, measurements.

Once the full MBD simulation is performed, the methodology described in section 2 can be applied. The substructure investigated is the engine block. All forces acting on the engine block are collected and grouped in sets. The forces collected are the ones transmitted from joints and the combustion pressure acting in the combustion chambers. Each set of forces contains the forces applied on the structure from the same joint, i.e. from the same excitation. 21 different load cases, i.e. 21 different paths, are analyzed. The following cases are identified:
· 4 combustion chambers (corresponding to the vibrations transmitted directly from the walls of the combustion chambers; from “Comb1” to 4 in figures)
· 5 radial main bearings (corresponding to the main bearings of the crankshaft; from “Bearing1” to 5 in figures)
· 4 guidance for connecting rod small ends (which represent the piston-liner interaction; from “Liner1” to 4 in figures)
· 6 bearings for balancer shafts (respectively from “BalInt1” to 3 for the supports in correspondence of intake system and from “BalExh1” to 3 for supports in correspondence of exhaust system in figures)
· Axial bearings 
· DMF supports
When all cases are computed, the force contributions are evaluated in the nodes of interest. Fig. 3.23 shows the force contributions evaluated at Mount1. For the sake of readability, only force in vertical direction at Mount1 is here shown, although, all force components exhibit similar behavior.
The force contributions are finally used as input of the HTPA. These forces are multiplied with the measured transfer functions shown in Fig. 3.24 to derive the influence of internal engine sources on interior noise.
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Figure 3.23 – Force contributions at Mount1 in vertical direction. The bottom line is the overall force transmitted in vertical direction. Other lines are the absolute values of the force contributions.
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Figure 3.24 – Measured FRFs from mount positions to driver position. Data are expressed in Pa/N.

3.8.2 	Noise contributions to driver hear position
The transfer functions, from mount position to interior drives position, are shown in Fig. 3.24. A frequency response function (FRF) is measured for each direction. “Z” correspond to the vertical direction, “X” to the direction of the axis of the crankshaft and “Y” is the thrust direction. The FRFs shown in Fig. 3.24 refers to the SPL measured at driver position and are expressed in Pa/N. These measured transfer functions are used to weight the force contributions shown in Fig. 3.23 and obtain the SPL contributions at driver position. Fig. 3.25 shows the SPL contributions in dB (A weighted). The results shown in Fig. 3.25 are useful to understand how the different noise contributions interact when transmitted via 3 different paths (the 3 mounts). The results presented in Fig. 3.25 consider only absolute values of the SPL contributions. At low frequency, and especially at main engine orders, also the phase information can be taken into account to better analyze the interaction of the different sources. E.g., the Plots in Fig. 3.26 show the phase interaction of the contributions at 200 and 330 Hz, where the SPL is relatively high. Form this graphs it is clear that, depending on the frequency, some contributions are opposite and some others are in phase with the overall noise. This info can be useful during the design phase to understand where it is more convenient to act in order to improve sound quality.
[image: ]
Figure 3.25 – SPL contributions at driver position. The bottom line is the overall noise measured, while all other lines are the absolute values of the contributions.

[image: ]
Figure 3.26 – Sound pressure contributions at 200 and 330 Hz. In red, the overall noise.
 


CHAPTER4

Surface contribution analysis in wave based method framework 


4.1 State of the art on acoustic source identification problems


Together with the reduction of fuel consumption and exhaust pollution, noise reduction is one of the main topics of interest in internal combustion engine development, because of the more and more strict noise legislation and the increasing customer demands. Engine noise can be separated into structure-borne noise and air borne noise. Structure-borne noise is generated from combustion and mechanical phenomena that occur inside the engine, it is transmitted through the engine structure and it is radiated from the external surface of the engine. Conversely, air borne noise is directly generated into the air in correspondence of intake and exhaust systems. The air borne noise can be significantly reduced adopting air intake and exhaust mufflers, therefore, surface radiated noise becomes the predominant acoustic issue.  Covers, such as oil pans, valve covers and front gear covers, are important engine components used to contain liquids (oil and/or water) and, in many applications, also to reduce the noise emission of the internal components. It has been shown that most of the noise is radiated from covers and an optimal cover design can considerably improve the noise emission [124,125]. In order to understand where and how to improve the external covers and engine surfaces design, it is necessary to analyze and rank the different engine surfaces in terms of emitted noise. Experimentally, several methods can be used to rank the different radiating surfaces: Lead covering (also called shielding technique), surface vibrations technique, acoustic intensity technique, beam forming and acoustic holography [21-24]. To reduce design and development timing and costs, computer-aided-engineering (CAE) methods are extensively used. In industrial applications the finite elements method (FEM) and the boundary element method (BEM) are the most widely used methods to predict the acoustic field in interior and exterior radiation problems. Specific methods within FEM and BEM framework were developed with the aim to analyze and rank different radiating surfaces of a body, such as panel contribution analysis (PCA) [126-128]. In addition to FEM and BEM, the wave based method (WBM) has been developed as an alternative method for solving steady-state acoustic problems in the mid-frequency range [64]. This chapter focus on the definition of a numerical methodology to assess and rank different radiating surfaces within a WBM framework.

4.2 Wave based method applications in exterior radiation problems


The WBM is based on an indirect Trefftz approach [129-131] and the field variables are expressed in terms of globally defined shape functions, which are the exact solutions of the homogeneous governing differential equation (Helmholtz Eq.(44)), but which do not necessarily satisfy the boundary conditions [64,68]. The wave models are substantially smaller than equivalent FEM and BEM counterparts and exhibit an increased computational efficiency [132,133]. The WBM is nowadays applied to model many different problems, for example interior acoustic problems [68,134-136], exterior acoustic problems [137-140,113], plate and membrane problems [141-145], coupled vibro-acoustic problems [64,130,134] or poroelastic material modeling [146,147]. A wide overview on the WBM can be found in [148]. Within the WBM framework, a surface contribution analysis (SCA) was proposed to assess and rank the different radiating surfaces of the investigated system [149]. In the following sections, the basics of WBM are given and the SCA formulation is introduced.
4.2.1 	Problem definition
Let us consider an exterior acoustic problem with a vibrating structure which boundary  is surrounded by an unbounded 3-dimensional fluid domain. The fluid is characterized by its speed of sound  and density. Assuming that the system is linear, the fluid inviscid and isotropic and that the process is adiabatic, the steady state pressure field is governed by the homogeneous Helmholtz equation, Eq. (44), as described in section 2.4. There are three possible boundary conditions associated to this problem, assuming that the solid and the fluid structures are not coupled: imposed normal velocity, imposed pressure and normal impedance boundary conditions, respectively described in Eq. (45), (46) and (47). Considering an exterior radiation problem, where the acoustic waves are radiating towards infinity, the Sommerfeld radiation condition is applied on the boundary , in order to ensure that no acoustic energy is reflected at infinity, see Eq (48).  is the boundary placed in the far field and represents the limit of the fluid domain in a numerical model (see Fig. 4.1). As described in [139] and [150], the WBM includes an additional treatment to tackle exterior radiation problems with the introduction of an artificial truncation boundary that defines two subdomains: a bounded part and an unbounded part. In the bounded region of the domain, the WBM formulation for interior problems is applied, whereas in the unbounded region, radiating functions, which satisfy the Sommerfeld radiation condition, are employed. The modeling strategy is shown in Fig. 4.1, where an internal combustion engine is investigated.

[image: C:\Users\antonioacri\Desktop\Untitled.png]
Figure 4.1 – Application of WBM for one-way coupled structural-acoustic unbounded problems: (a) the concept of a truncation boundary  and (b) the modelling strategy [150].

4.2.2	Bounded region
In the bounded sub-domain, the exact pressure solution is approximated with a linear combination of  acoustic wave functions 
	,	(69)
where the unknown  weighting factors are the degrees of freedom of the problem and  is the source term (the particular solution of the Helmholtz equation). As discussed in [68], the acoustic wave functions are
	.	(70)
The only condition needed to satisfy the Helmholtz equation is that the wave numbers in the different directions are related by the expression: 
In [64], it is suggested to consider the following wave number components
	,	(71)
,,,,  and  being integer numbers and ,  and  are the smallest dimensions of the rectangular bounding box enclosing the considered sub-domain.
The bounded domain can also be decomposed in smaller convex subdomains. At the interfaces between subdomains, appropriate coupling conditions (imposed pressure, imposed velocity or impedance coupling) have to be fulfilled. WBM requires convex numerical domains and therefore, this decomposition can be required if the geometry has a non-convex shape [64,68].
For the WBM problem resolution in bounded domains of Eq. (69), a weighted residual formulation can be applied for the evaluation of the boundary and continuity conditions [64,68]. Applying a Galerkin weighted residual formulation for each subdomain , yields
	,	(72)
where,  denotes the transpose,  and  denote indices associated to the subdomains that constitute the bounded region,  is the total number of subdomains,  is the vector of WBM weighting factors  (see Eq. (69)),  denotes the vector of weighting functions,  is a matrix containing information about the geometry and wave functions,  is the vector of known terms which depends on boundary conditions. The weighted residual formulation in Eq. (72) should hold for any weighting function . Therefore, the sum in Eq. (72) must be equal to zero. This yields a set of linear equations where the unknown terms are the wave function contribution factors . In matrix form, it reads: 
	 ,	(73)
with 
	 .	(74)
The WBM matrix equation can also be expressed in a condensed form as
	 .	(75)
4.2.3	Unbounded region
In the unbounded domain, the solution has to fulfill both Sommerfeld radiation condition and Helmholtz equation. A valid basis set for the wave function expansions is given in [139,151] and in a spherical coordinates reference system it reads
		(76)
where are the Legendre polynomials,  denote the spherical harmonics and  are the spherical Hankel functions.
The modeling of exterior acoustic problems in WBM is done using an artificial spherical truncation boundary surface, as described in [139,114]. A bounding box, whose characteristic dimensions are the ones of the investigated radiating object, is introduced together with 6 elements between the truncation boundary  and the bounding box, as shown in Fig. 4.1.
4.2.4	Boundary conditions application
In Eq. (74), the terms  that constitute the known terms of the WBM system equation are a sum of different  terms. Their expression is related to the boundary conditions described in Eqs. (45) to (47) and the coupling conditions between subdomains. 
In the case that, it is possible to write
	.	(77)
The term associated to velocity boundary conditions is
	.	(78.1)
The term associated to pressure boundary condition is
	.	(78.2)
The term associated to impedance boundary condition is 
	.	(78.3)
The term associated to velocity continuity at interfaces with other subdomains is
	.	(78.4)
The term associated to pressure continuity at interfaces with other subdomains is
	.	(78.5)
In the case that, it is possible to write
		(79)
where  and are respectively the imposed velocity and pressure at the boundary, is the imposed impedance at the boundary,  is the particular solution of the Helmholtz equation (source term) in subdomain  while  is the solution of subdomain ,  is the coupling boundary with other subdomains and  is the surface boundary that subdomain  and  share. Note that 
		(80)
and also
	.	(81)
In exterior radiation problems, the boundary conditions of the bounded region are the ones in Eq. (77) and are introduced to solve the system in Eq. (75).

4.3 Surface contribution analysis formulation


The purpose of a surface contribution analysis (SCA) is to separately calculate the solution of Eq. (75) decomposing the area on which the boundary conditions are calculated. For the sake of simplicity, in the following expressions the source terms are set equal to zero, although, for a more general source contribution analysis formulation, it is possible to consider also these terms. Neglecting the source terms, it is straight forward to analyze separately the noise radiated from the different surfaces. The terms  in Eq. (73) are defined as sum of different boundary conditions, which are expressed in Eqs. (78) and (79) and are applied on different surfaces, , ,  and. 
Consider a boundary surface selection  such that, being the total number of surface selections. Introducing Eq. (80) and Eq. (81) in Eq. (74), the boundary conditions associated to  can be expressed as
	 .	(82)
where  and  differ from Eqs. (78) and (79) only because of the different integration regions ,,,,, and. Moreover, the relation holds for every integration surface. Given that, the WBM system of Eq. (12) can be solved considering the known terms, it follows
	 .	(83)
The terms, correspond to the contribution of surface to the global solution of the associated radiation problem. Since the WBM formulation solves the Helmholtz equation, for which solution the superposition principle is valid, and considering the validity of Eqs. (80) and (81), also the solutions , obtained considering the known terms , can be linearly summed
	 .	(84)

4.4 Assessment of radiating surfaces in powertrain applications


In industrial applications, engine noise radiation is a typical example of one-way coupled (from structure to fluid) exterior radiation problem, where the velocity boundary conditions of the acoustic problem are derived from the structural vibrations of the engine surface. In this case, the aim is to divide the noise contributions from different engine surfaces in order to assess them in terms of emitted noise. Therefore, the only boundary condition of interest for a SCA is the imposed velocity as expressed in Eq. (78.1).
The structural and acoustic problems are based on different computational techniques and thus use incompatible numerical models. To define the velocity boundary condition for the acoustic problem, a generic multi-local-velocity (MLV) algorithm is implemented [114]. As described in [132,150] and shown in Fig. 4.2, to each WB boundary, , a FE mesh is assigned and the imposed velocity  is defined on specific Gauss Point (GP), mapping the structural velocities components, which are normal to the acoustic boundary.
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Figure 4.2 – Generic MLV algorithm [150].

The WBM formulation and the MLV mapping scheme used to solve the acoustic problem that will be presented in next section, as well as the SCA algorithm, are implemented in the software AVL EXCITE Acoustics [114].
4.4.1	The model investigated
The model investigated is an in-line four cylinder internal combustion engine (see Fig. 4.3), running at full load conditions with constant engine cycle averaged speed of 3000 rpm. The dynamic simulation of the engine is carried out in time domain using the software AVL EXCITE Power Unit [114]. The dynamic simulation procedure and the model description can be found in section 3.
[image: ]
Figure 4.3 – Surface structural mesh of the numerical model investigated.

Once the structural surface velocities are computed in frequency domain, applying the Fourier Transform of the time domain results obtained from dynamic analysis, it is possible to map the velocities on the acoustic mesh using an MLV scheme. Both structural and acoustic wave based surface meshes are displayed in Fig. 4.4. In order to apply a SCA, the surface of the acoustic mesh of the investigated engine is divided into different selections of interest al illustrated in Fig. 4.5. The different surfaces selections of interest are:
· Head cover
· Front block
· Rear block
· Right side block
· Left side block
· Oil pan
· Gear box
· Differential cover

[image: ]
Figure 4.4 – Acoustic surface mesh enveloping the structural surface mesh of the engine. Two different points of view are displayed.
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Figure 4.5 – Surface selections for SCA. Two different points of view are displayed.

4.4.2	SCA results
Results are collected up to a frequency of 2500 Hz in two different field point nodes, which are placed in the transverse plane 1 m distance from the bounding box surface (acoustic WBM surface mesh). The first field point node is placed on the rear of the engine, while the second is placed on the right side of the engine. The results obtained with a SCA are influenced by the measuring position and the position of the two field point nodes (see Fig. 4.6) is chosen to emphasize these differences.
[image: ]
Figure 4.6 – Position of the investigate field point nodes

The results obtained in field point node 1 and 2 are respectively displayed in Figs. 4.7 and 4.8. From these results it is clear that the noise measured at the rear of the engine, in field point node 1, is mostly influenced by the one radiated from the gearbox, in particular at 36th order (1800 Hz at 3000rpm), which correspond the gear whine noise. Conversely, the noise emitted from the front engine block is extremely less effective. As concern the noise emitted on the second field point node, in Fig. 4.8 it is shown how the noise sources are equally distributed along the surfaces which are partly oriented to the direction of the investigated node: right block, head cover, oil pan and gear box. On the other hand, the left side is less effective in this node position. 
[image: ]
Figure 4.7 – Surface contributions in field point node 1.

[image: ]
Figure 4.8 – Surface contributions in field point node 2.

4.4.3	Comparison with NTPA results
The results obtained in this analysis can be compared with the one obtained on the same model in section 3.7 where the internal noise sources where ranked with reference to the sound pressure level (SPL) using a numerical TPA methodology based on dynamic substructuring.
Comparing Figs. 4.7 and 3.19, it is possible to study particular tonal noise. E.g., at 36th order the gear whine noise is transmitted through the roller bearings supporting the gear shafts and then it is radiated via the gear box external surface. At this frequency the contributions from the supports of the differential are less effective compared with the contributions of the gear shafts supports, in accordance with the outcome of the SCA that shows how the cover of the differential emits nearly 67 dB. Although it is obvious that once the vibrations are transmitted from the supports to the structure, there are several paths they can take before reaching the external surface (which means that it is also possible that the noise transmitted through the gear shafts supports can reach the differential cover), it is interesting to see how the two effects (less noise from differential supports and less noise from differential cover) are correlated. 
Another interesting consideration which arises considering the comparison of Figs. 4.7 and 3.19 is that at some frequencies vibrations are generated by different sources and transmitted via many paths into the structure, but the radiation is localized only in few surface selections. E.g., at 700 Hz both combustion chambers and main bearings generate high intensity vibrations that generate noise and the results of SCA show that this noise measured in node 1 is mainly radiated from the oil pan.
4.4.4	Analysis of radiated power and comparison with surface normal velocity
The graphs in Figs. 4.7 and 4.8 show how the solution is influenced from the chosen investigated field point node. For this reason it can be useful to refer to the active acoustic radiated power, since it is a value that does not depend on a single observation point. Fig. 4.9 shows the acoustic radiated active power from all the different surface selections. The surface selections in Fig. 4.9 is different from the one in Fig. 4.5: a more detailed surface selection is chosen. The reason is that in this section the surface normal velocities are compared with the noise radiation from the different surfaces and a more detailed subdivision is required.
Results from SCA shown in Fig. 4.9 helps to rank the different surfaces in terms of emitted noise. E.g., at 1800 Hz, where gear whine noise appears, surfaces 20 and 23 (shown in Fig. 4.10) are the most relevant, with more than 10dB of difference from all other surfaces. Fig. 4.10 also shows the normal surface velocities on the engine, highlighting how SCA helps to properly assess the radiating surfaces. In fact, although the oil pan and the bottom of the gearbox have similar velocity levels to the ones of surfaces 20 and 23, their emitted acoustic power is negligible (10 dB difference or more).
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Figure 4.9 – Active acoustic power from the different surfaces. Mean values of the Monte Carlo method.
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Figure 4.10 – Comparison between surface normal velocity and the position of the most radiating surfaces (in yellow) at 1800 Hz. 

CHAPTER5

Energy Flow Contribution Analysis 


5.1 Motivations and introduction on energy flow analysis


The characterization of vibration and noise sources is a challenging task required for the purpose of effective NVH optimization. The development of new analysis tools to investigate the vibroacoustic behavior within the vehicle development process is of essential importance to achieve better products in combination with development time and cost reduction. This section discusses a methodology that applies energy flow analysis (EFA) for the NVH assessment and ranking of different system sources. An energy flow contribution analysis (EFCA) considers the different sources in terms of exchanged power with the system.
The earliest study associated to EFA has been published by Lyon and Maidanik in 1961 [152]. They worked on vibration propagation in simple systems. This study later formed the basis for the SEA (Statistical Energy Analysis) technique. A good review of SEA method can be found in [153]. In 1980 Goyder and White proposed a broad theoretical study of structural energy flow transmission in flexible structures [154-156]. Their definition of energy flow (in their paper addressed as power flow) corresponds to the effective power that can be derived in harmonic state from the real part of the complex power. In their work, Goyder and White mainly investigated power transmission of waves in beams, plates and interaction between rigid substructures connected to flexible receiver by spring elements. They demonstrated that vibrational power is a parameter allowing to quantify and to compare, in an efficient way, the main effects associated to structural vibrations. In literature, energy and power problems were also further investigated and extended. Petersson and Plunt in 1982 defined a matrix formulation for the problem of structure-borne sound power transmission between multi-point coupled structures and investigated the importance of the estimation of the effective mobility [157,158]. To be cited is also the work of Mondot and Peterson, [159], that introduced two new quantities to fully characterize a source substructure and the transmitted energy flow: the source descriptor (representing the source ability to deliver power) and the coupling function (representing the portion of energy flow transmitted to the receiver). Miller et al. (1989; 1990) applied EFA on structural networks identifying the components which contain the largest amount of vibrational energy, studying the energy flow at the junctions and its control modifying junction reflection and transmission properties [160,161]. Fulford and Gibbs studied the relationship between point and transfer mobilities for the analysis of structure-borne sound power and source characterization in multi-point connected structures [162-164]. In 2001, Moorhouse introduced three new concepts to characterize sources of structure-born sound [165]. He introduced the concept of mirror power, which is the power delivered by a vibration source when connected to a passive receiver structure that is a mirror image of itself. A second quantity, the characteristic power was defined as the dot product of the blocked force and free velocity vectors and this was shown to be four times the mirror power. In addition, Moorhouse also provided expressions for the maximum available power from a source. Bonhoff and Petersson investigated the importance and signiﬁcance of Fourier coefficients for the characterization of vibrational sources [166]. On average their cross-order terms are found to be insigniﬁcant and can be neglected with good approximation. Therefore, few years later a method that does not consider cross-order terms was proposed by Mathiowetz and Bonhoff [167]. A broader review of EFA and its applications can be found in [168,169].
The methodology discussed here is innovative both in numerical analysis and in experimental analysis. Therefore, it is decided to only focus on the experimental application of the methodology, although the discussion can also be applied on numerical analysis. The difference between a numerical and an experimental application of EFCA is the determination of velocities and excitations for power estimation: in a numerical model velocities and excitations has to be calculated using FEM or MBD methods, while in experimental analysis a newly defined procedure is here presented.
The procedure to experimentally determine velocities and excitations is applied on a gearbox-like structure. The power transmitted through the different shaft bearings into the gearbox structure is experimentally investigated. In literature, similar problems were already examined. Typically, bearings have been modeled as ideal boundary conditions or scalar spring dampers. More complex models consider a stiffness matrix of dimension 6 to describe motion or force transmissibility across rolling elements [170]. This matrix formulation was also incorporated into an overall numerical calculation procedure to describe the related energy flow problem [171]. This numerical methodology requires a prior knowledge of system matrices (shafts and gearbox mass, stiffness and damping matrices) and bearings are modeled as massless joints characterized by stiffness and damping properties. Here, a methodology to experimentally measure the power transmitted through the bearings is proposed. The main issue is related with bearing moment estimation and moment frequency response function (FRF) determination. For moment excitation a number of options exist, for example, twin shaker arrangements [172], blocks [173-175], magnetostrictive exciters [176,177] and synchronized hammers [178]. Other methods instead aim to avoid direct moment excitation altogether [179-181]. The moment acting on bearing is here estimated using a finite difference technique [182].
Once excitation and velocities are determined, EFCA is applied to the target structure and the power contributions of the different bearings (here considered as the energy sources of the gearbox structure) are assessed and ranked. The aim of this study is to characterize and rank the different sources of the system using power quantities, giving more insight on the vibration generation and transmission mechanisms.

5.2 Theoretical basics of EFCA


Energy flow analysis (EFA) is defined as the analysis of power transmission between different components of a mechanical system. The formulation introduced by Goyder and White in 1980 [154-156], is mostly suited for the analysis of energy flow at system interfaces. These interfaces are points where forces or moments are directly applied or where the investigated system is connected with other systems. Consider a structure excited by the force  in a single point and single degree of freedom (DoF). The basic concept of EFA is that, for a fixed frequency, the active vibrational power, , feed by the force into the structure is defined as
	,
	(85)


where,  is the velocity,  denotes the conjugate of the considered quantity and  is the real part of the complex quantity considered. Introducing the mobility concept,, it is possible to define the active power as
	.
	(86)


Eq. (85) can also be written in matrix form considering the whole system and not only a single interface point:
	,
	(87)


where  denotes component-wise multiplication. Each term of vector  corresponds to a different source contribution and its power intensity directly corresponds to its rank. The information obtained can be directly used to identify the most dominant phenomena in the system. 
The terms of vector  can also be derived extending the formulation of Eq. (86). Consider  being the -th element of vector  (the -th contribution), i.e. the power associated to the excitation  applied on the DoF  having velocity . If the velocity is expressed as
	
	(88)


with  being the number of different excitation acting on the system (i.e. the size of vector ), then  becomes
	
	(89)


Eq. (89) can be applied either using numerical input data or experimental input data. Numerical results obtained from FEM or FMBD analysis can be used to assess the energy contributions of the numerical model. In Section 5.3, an experimental methodology is introduced to apply EFCA and assess the energy contributions of an existing gearbox.

5.3 Bearing energy flow estimation


5.3.1	Bearing representation 
This section describes the methodology proposed to evaluate energy flow through bearing supports using direct measurements. The bearings investigated in this paper are cylindrical roller bearings. In reality, the dynamic interaction between the rotating shaft and the gearbox housing is realized via the rotating contacts between cylinders and the inner and outer rings of the bearing. Due to the considerable thickness of the housing and the outer bearing ring, long structural wavelengths are established. The rotating contacts are therefore always closely spaced in terms of the governing wavelength. The resultant dynamic loads on the housing may consequently be treated as point quantities concentrated in the center point of the bearing.
In order to estimate the power transmitted through the bearings, it is needed to derive, for each DoF associated with a bearing, excitation and velocity (translational or angular including their phase). The choice of the DoFs to associate to each bearing is of essential importance to properly represent the bearing dynamics and therefore for the estimation of the power quantities. In this application, the X direction (see Fig. 5.1) was neglected, because the gears inside the investigated gearbox structure are cylindrical (see Fig. 5.2) and the excitation in this direction was considered negligible. 
Hence, it was decided to simplify the model and consider only 4 DoFs for each bearing. Fig. 5.1.a shows the four DoFs chosen to represent each bearing in the multi-point-multi-dof application described in this paper. Directions Z and Y are respectively vertical and horizontal direction, both are perpendicular to the rotation axis of the shaft (direction X), while  and  are the rotational dofs respectively associated to Z and Y axis. In this particular test case, the total system consist of four bearing supports, as shown in Fig. 5.1.b, and therefore a total number of 16 dofs is considered to model the connections between gearbox structure and gear shafts. 
As shown in Fig. 5.1.a, all dofs are considered in the center of the bearing and not in the points of the structure where the excitations are actually applied (i.e. contact points between shaft and structure). Hence, the excitations estimated in this method are equivalent excitations that represent the global forces and moments applied to the bearing. The modulation of the transmitted loads, due to the rotation of the contacts, can be well described in terms of these concentrated equivalent excitations. The same applies to the dynamic loads generated inside the bearings. 
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Figure 5.1 – a) Schematic modeling of each bearing with 2 translational and 2 rotational degrees of freedom. b) Schematic 2D representation of the gearbox structure investigated; In red, the 4 bearing supporting the gear shafts and transmitting power to the structure.
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Figure 5.2 – Tested gears.

5.3.2	Forces and moments estimation 
To estimate bearings excitations, i.e. forces and moments transmitted to the gearbox structure, the inverse problem shown in Eq. (12) is solved. The velocities are derived from operational measurements, while the impedance matrix is derived inverting the mobility matrix (Eq. (15)). The terms of mobility matrix are derived via hammer testing.  The methodology used to derive mobilities needed to estimate these virtual excitations is here described. 
The identification of the force mobilities is done using a finite difference technique, testing in opposite direction of the bearing. Consider the structure in Fig. 5.3. Exciting in point  with a force  produces a velocity  in point, being point the investigated point on which the velocity is measured. In the same way, hammering in point  with a force  produces a velocity  in point . The force transfer mobility associated with excitation at the center point ‘O’ of the bearing and response in C, is
	
	(90)


In Eq. (90), the negative sign is due to the different direction of the hammering as shown in Fig. 5.3.

[image: ]
Figure 5.3 – Identification of vertical force mobility using dual hammer testing.

Also the identification of moment mobilities is done via the finite difference technique. More details about FRF estimation from moment excitation using the finite difference technique can be found in [182]. Fig. 5.4 shows the cross section of a bearing. As shown for force mobility estimation, hammering in point  with a force  produces a velocity  in point and hammering in point  with a force  produces a velocity  in point. This time, the excitations are applied in the direction of the rotation axis of the shaft (direction X). Being  the radius of the bearing hole, i.e. the distance between the central point and the hammering positions, the moment transfer mobility associated with moment excitation in the center point ‘O’ of the bearing and response in C, can be approximated with [182]:
	
	(91)


where the superscript  indicates a momentum excitation.
From Fig. 5.4, it is clear that it is not practical to hammer inside the bearings, especially in the same direction of the axis of the shaft. Hence, exploiting reciprocity principle, in this application an accelerometer is placed inside the bearing and the hammering position is located on the external surface of the structure (see Fig. 5.5).
Force and Moment mobilities are calculated for  points on the external surface, being  greater than the total number of excited dofs, , in order to get an over-determined system of equations. In this application example,  is equal to 16 and is 26. Once all mobilities are evaluated, it is possible to measure the velocities in operating conditions and solve the inverse problem associated to derive the excitations [183]:
	
	(92)
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Figure 5.4 – Identification of momentum mobility using dual hammer testing. View of a section of the bearing.

[image: C:\Users\antonioacri\Desktop\20161028_163924.jpg]
Figure 5.5 – Example of measuring position for mobility estimation. Exploiting reciprocity, the hammer position is on the external surface of the structure.

For the sake of readability, the system in Eq. (92) considers only force excitations, but it is clear that also moment excitations have to be included when considered in the analysis. Since , the mobility matrix is not square. Therefore, the symbol  denotes the Moore-Penrose pseudo inverse matrix [184]. Moreover, the subscript  in Eq. (92) indicates that these velocities are measured in operational conditions on the external surface of the investigated gearbox including their relative phase.



The accuracy of excitation strength reconstruction (in the presence of noise that contaminates the measurements) is crucially dependent on the conditioning number of the mobility matrix to be inverted. For this reason, before estimating the vector  it is suggested to perform a regularization of matrix . In this application, a Tikhonov regularization is employed [183,185].
Considering the following singular value decomposition of impedance matrix [186-188]
	
	(93)


where  and  are unitary matrices, the superscript  denotes the Hermitian transpose and the diagonal matrix of singular values, , can be written as 
	
	(94)


being  the singular values of matrix .
Substituting Eq. (93) into Eq. (92), the inverse problem for the determination of the excitation strength is solved as 
	
	(95)


where the matrix  is the pseudo-inverse of matrix  and can be written as
	
	(96)


Low singular values due to measurement errors may generate high errors during inversion process. To avoid issues associated with matrix inversion, Tikhonov regularization tries to reduce the matrix condition number manipulating the singular values of matrix . Hence, the problem to be solved is not anymore Eq. (95) but

	
	(97)


where  is given by 
	
	(98)


Therefore, any particularly small singular value will be effectively increased by the addition of the regularization parameter  and the inversion of the matrix is thus stabilized. 
The optimum choice of the regularization parameter can be achieved via an ordinary cross-validation methodology, as illustrated in [185]. In synthesis, the ordinary cross validation method is a “leave-one-out” process that allows to identify the optimal value of  solving the problem considering  measurements and predicting the response in the “left-out” measured velocity. 
The essence of cross validation method is to first find the vector of complex excitation strengths that minimizes the cost function
	
	(99)


which is the usual cost function for minimization as described in [183,185], but with the -th value of the measured and modelled velocities (respectively  and ) omitted from the calculation. Once the source strength vector  is determined minimizing Eq. (99), its effectiveness is tested comparing the measured value of the left out measurement, , with its modeled value  (the modeled value is obtained solving the inverse problem). This procedure is repeated leaving out all measured velocities one by one. The optimal value of  is obtained minimizing the cross-validation function
	
	(100)


for which the error between measured velocities and modeled ones is minimal. At each investigated frequency, Fig. 5.6 shows the typical improvement in the condition number of the system matrix after Tikhonov regularization. Finally, bearing forces and moments are estimated solving Eq. (97) for each frequency and adopting an optimal value of regularization parameter estimated with an ordinary cross-validation method.
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Figure 5.6 – Improvement of system matrix conditioning number after Tikhonov regularization.

5.3.3	Velocities estimation 
Power estimation using Eq. (87) requires both complex load vector estimation (see section 5.3.3) and velocity estimation. Translational and angular velocities have to be estimated referred to the bearing center. For obvious reasons, no methodologies allow direct measurement in these points under operating conditions. In this section a methodology to estimate the required velocities is described. The methodology here considered consists in direct measurements of translational velocity of surface points near the bearing location under the hypotheses that the distance between measurement location and DoFs where the velocity has to be estimated is small compared with the governing structural wavelength.
Considering Fig. 5.7, two different approaches are considered to estimate translational and rotational speeds of the bearing central point, respectively  and . Fig. 5.7.a shows the case in which both sides of the structure can be investigated in operating conditions. Conversely, if only the external surface of the gearbox can be investigated, it is possible to refer to Fig. 5.7.b.
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Figure 5.7 – Measurement positions ( and ) for velocities estimation in the bearing central point (). a) Measurement positions on opposite sides of the bearing; b) Measurement positions on the same side of the bearing.

If measurement instruments are displaced as shown in Fig. 5.7.a, the velocities  and  can be measured in operating conditions. It is possible to express  and  as a function of  and 
	
	(101)

	
	(102)


The signs in Eqs. (101) and (102) are chosen according with the directions shown in Fig 5.7.a and  denotes the distance between measurement positions  and  along the direction of the shaft axis. Summing Eq. (102) and Eq. (102) it is obtained
	
	(103)


while subtracting Eq. (101) and Eq. (102) gives
	
	(104)


Consider that measurement transducers are displaced as shown in Fig. 5.7.b and the velocities ,, and  can be measured. It is possible to express velocities in  and  as a function of ,  and 
	
	(105)
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	(107)

	
	(108)


The signs in Eqs. from (105) to (108) are chosen according with the directions shown in Fig 5.7.b and  denotes the distance between measurement positions  and  in the direction perpendicular to shaft axis. Summing  with ,  with  and subtracting  and , it is obtained:
	
	(109)

	
	(110)

	
	(111)


Eqs. (109) to (111) can be combined into a more compact matrix form
	
	(112.1)


from which ,  and  are determined.
The application shown in this paper investigates a gearbox-like structure which cannot be investigated from the interior side (where gears are located). Therefore, measurements can only be carried out on the external surface under operating conditions. Bearing velocities are estimated with dual measurement on the same side of the bearing (see Fig. 5.7.b) and Eq. (112.1) is solved. Moreover, neglecting the effect of forces in axial direction (direction X in Fig. 1.b), the DoF corresponding to  is not considered and a simpler system can be solved
	
	(112.2)


5.3.4	Investigated structure 
The investigated gearbox-like structure is mounted on a gear test bench. Inside the gearbox, a test gear drive is mounted, as shown in Figs. 5.8 and 5.9. The gears under test are shown in Fig. 5.9. The gear test bench is a back-to-back spur gear rig with 91,5 mm centre distance. The rig re-circulates power in a closed-loop torque regenerative arrangement, also known as four- square configuration: the variable-speed AC electric motor provides only the power necessary to overcome the frictional losses in the system. The test spur gear pair at one end is connected to a slave gear drive at the other end by two parallel shafts. One shaft is divided into two parts with an hydraulic loading system that permits to continuously vary the applied torque during tests. The other shaft is equipped with a strain gage system for torque measuring and a telemetric system for data transmission. The whole test bench was originally thought for gear damage test [189]. The test gear drive mounts the gears shown in Fig. 5.2. On the primary shaft a gear with 17 teeth has been mounted, while the secondary has 18 teeth.
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Figure 5.8 – Schematic representation of the test bench. Highlighted in green, the investigated gearbox-like structure containing the test gear drive.

[image: ]
Figure 5.9 – The test bench. The investigated structure is the gearbox containing the test gear drive.


In this work, only the gearbox structure containing the test gear drive (green highlighted area in Fig. 5.8) is investigated and the power transmitted from the shafts to the gearbox structure through the bearings is measured. The influence of electric motor and slave gear drive on surface velocity measurements of test gear drive is investigated. Above 500 Hz, transfer mobilities from electric motor and from slave gear drive mount positions to test gear drive surface points is at least one order of magnitude lower than mobilities from investigated bearing positions. Hence, contributions from other sources are neglected and the test gear drive gear box is considered as an isolated structure in the frequency range of interest. Fig. 5.1.b shows an easy schematic representation of the investigated gearbox of the test gear drive, which includes 4 bearings, each of them modeled with 4 DoF. In the bearings holes, cylindrical roller bearings are mounted. These roller bearings support gear shafts and are the components that directly excite the gearbox structure.
5.3.5	EFCA results 
The operating conditions tested are a rotational speed of the primary shaft of 3000±1rpm and a recirculating applied torque of 200±2 Nm. Under these running conditions, the velocity is measured on 27 external surface points for which the mobility matrix (containing transfer mobilities between velocities normal to the housing surface and DoFs of the bearings) was previously obtained via hammer testing. The measured surface velocities are shown in Fig 5.10. Using these velocities, bearing forces and moments are estimated up to 7 kHz. Due to low coherence of hammer testing measurements, results above 7 kHz were removed from this analysis. 
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Figure 5.10 – Frequency spectra of surface velocities used to estimate bearing forces.


The gear meshing frequency is 850 Hz and Fig. 5.10 it is possible to clearly distinguish this frequency component including sidebands and harmonics. From Fig. 5.10 it can be concluded that the meshing frequency harmonics constitute the most relevant noise phenomenon. 
The estimated power quantities for each point and each DoF were collected and results are presented in Fig. 5.11. Fig. 5.11 shows the power transmitted between the four bearings and the gearbox structure. For the sake of visibility, Fig. 5.11 shows results in bands of 25 Hz. Each bearing power contribution considers the sum of the power transmitted by the two associated translational and rotational dofs. The information obtained from an EFCA shows the most relevant sources in terms of energy contribution. In this particular test case, the most relevant energy content is at 4th gear meshing frequency order (3400 Hz). Between 1st and 5th gear order, the vibrational energy of the gearbox housing (casing) is mainly originating from the bearings supporting the primary shaft (bearings 2 and 3).
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Figure 5.11 – Power contributions of the four bearings. Frequency bands of 25 Hz.

Fig. 5.12 shows the energy flow of the highest contributions in detail, at 3400 Hz and 3350 Hz. At these two frequencies, the power transmitted to the structure has its maximum levels. Fig. 5.12 shows that the bearings supporting the primary shaft are the ones that excite the gearbox structure most. This is in accordance with the investigation of the system excitations shown in Fig. 5.13: moments from Bearings 2 and 3 are few dB higher than others. Another important consideration is that moment excitations (dofs  and ) transmit more power than force excitations. This can be understood considering the shape of the gearbox housing: the faces of the gearbox, on which the bearings are located, are thick plates and can be more effectively excited by moments than in-plane excitations (i.e. forces in direction Z and Y).
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Figure 5.12 – Details of power contributions at 3350 Hz and 3400 Hz. The different dofs are shown for each bearing.
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Figure 5.13 – Frequency spectra of moment around horizontal axis in the four bearings.

Positive values in Fig. 5.11 and Fig. 5.12 indicate that energy flows from the shafts, through the bearings into the gearbox structure. Conversely, negative values indicate that excitations and velocities are opposite in phase in the considered DoF. Therefore, energy flows through the structure into the shaft. According with Eq. (89), negative energy flow contributions can appear only when cross order terms cannot be neglected and their values is negative. Cross order terms can be influenced by the phase of the contact forces and velocities. From the physical point of view, these negative cross order terms indicate a recirculation of energy in the system.

A discussion of the results and measurement accuracy will be given in this section. Results from Fig. 5.10 and especially Fig. 5.11 show that vibrations and power are lower at first gear meshing order (850 Hz) than the higher orders (especially 2nd order at 1700 Hz and 4th order at 3400 Hz). This phenomenon can be explained as follows. The gears used in the Slave Gear Drive have a double number of teeth compared with the gears in the Test Gear Drive. Therefore, the fundamental gear meshing frequency is not anymore 850 Hz but 1700 Hz. As a consequence, vibrations from the Slave Gear Drive are transmitted through the shafts and combine with the vibrations generated by the gears under test at even orders. Fig. 5.14 shows the transfer mobilities between all 16 Dofs representing the bearings and one node on the external surface of the investigated gearbox. The mentioned frequencies, 1700 and 3400 Hz, are close to important peaks indicating that at these frequencies the power flow may be amplified due to the presence of structural modes of the gearbox housing (casing).
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Figure 5.14 – Mobility between bearing’s dofs and point surface.

Particular attention has to be paid also to the results obtained from EFCA, which suggest that most of the power that flows into the gearbox comes from the bearings supporting the primary shaft. The structure of the gearbox can be considered symmetric with good approximation; therefore no big differences are encountered in the transfer functions between primary shaft bearings and secondary shaft bearings.  Conversely, the structure of the two shafts is intrinsically different because one shaft is divided into two parts with a hydraulic loading system that permits to continuously vary the applied torque during tests. This difference is reflected into the excitations transmitted (and therefore power) from the shafts to the bearings.
An important aspect to discuss is also the interface geometry. In this application, interfaces at bearing location are modeled as single points. However, the real contact between gearbox and shaft considers the presence of a roller bearing. Therefore, the real application point of the excitation is moving and, due to possible bending of the shaft supported, also not symmetric. This simplification can generate some modeling errors leading to inaccuracies in mobility and force estimation. 
Being this an experimental methodology, influences from measurement errors can also be expected. In particular, small errors in the phase of the quantities measured can generate big misunderstanding in the physics of the problem investigated. In order to understand the influence of these errors, Fig. 5.15 shows the total power fed to the system, which is the sum of the power of all the 16 DoFs. Being the gearbox a passive structure, it is expected that at every frequency the sum of all power contributions is entering the system, the total sum should consequently be positive. Nevertheless, Fig. 5.15 shows some negative values, indicating that the system (i.e. the housing) is virtually generating energy and it is transferring this energy into the shafts. The presence of these errors is an index of the errors made during the measurement procedure. The causes of these errors can be mainly identified in:
· inaccuracies in the measurement of the mobilities used for the estimation of the forces;
· the regularization procedure itself, because it manipulates the mobility matrix;
· inaccuracies in the application of the finite difference technique as described in section 3.3;
· inaccuracies in neglecting the axial component of the force acting on the bearings;
· the approximation of considering a multi-point-multi-dof system, while in reality the application region of the excitation is moving. 

Despite the measurement inaccuracies encountered (negative power sum at some frequencies in Fig. 5.15), Fig. 5.15 clearly shows how the most relevant phenomena can still be identified with this analysis. Moreover, the contribution patterns shown in Figs. 5.11 and 5.12 (energy mainly transmitted from primary shaft bearings) give an evident hint on which sources have the higher contribution.
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Figure 15 – Total power feed into the gearbox structure. Negative values indicated measurement inaccuracies.

In this section it was shown that notwithstanding the inherent measurement inaccuracies, the approximations introduced by the finite difference technique and by the regularization of the structural mobility matrix, the power flow through the bearings into the gearbox casing could be successfully carried out. The contributions of the different degrees of freedom of the separate bearings to the vibration of the casing could be ranked. Relatively small amounts of negative power occurred in the side bands of the gear meshing harmonics and could most probably be ascribed to the fact that the power transmission from the shafts into the casing takes place via rotating contacts in the bearing.  



CHAPTER6

Influences of uncertainties on sources assessment 


6.1 Introduction on uncertainties estimation


Practical mechanical systems operate with some degree of uncertainty. In numerical models uncertainties can result from poorly known or variable parameters, from geometrical approximation, from discretization or numerical errors, from uncertain inputs or from rapidly changing forcing that can be best described in a stochastic framework. The focus of this investigation is the vibro-acoustic response of the investigated mechanical system. Particular attention is paid to the influence of these uncertainties on the analysis and the assessment of the different engine vibration sources. This chapter discusses how these uncertainties affects source assessment methodologies, giving hints on the robustness of these methods. Two different kinds of uncertainties are studied: model parameter estimation and excitation definition. Regarding these two different aspects, two new methodologies are also introduced to deal with source assessment numerical engine problems considering uncertainties.
Mechanical models of engine systems may exhibit modeling errors or uncertainties that arise naturally due to incomplete knowledge of the system (e.g. Ref. [190-193]). Joint clearances, friction, lubrication, load estimation, material non-uniformities, manufacturing and assembly errors are examples of factors influencing the model uncertainties of internal combustion engines. As any model contains such uncertainties, the question of their effect on the quality of results, obtained when using such a model becomes relevant. 
In literature, several methods can be found that can be used to formally assess the effects of uncertainties in mechanical systems. A very general approach is to solve the Fokker-Plank equation that governs the evolution of uncertainty distribution under system dynamics, but this method requires high-dimensional probability space and cannot be easily implemented in systems of practical interest [194,195]. The Monte Carlo (MC) approach is maybe the most extensively used method in dynamic models. It consists of repeated random sampling of a set of system parameters to obtain the uncertainty distribution via numerical simulation results [196-198]. Being computationally demanding, Latin Hypercube Sampling [199] and Bayesian methods [200,201] were introduced to overcome classical MC limitations. The perturbation approach, useful when the perturbations are small, uses ﬁrst and higher order sensitivity coefficients to derive low order moments of the simulation uncertainty [202,203]. Other methodologies such as the Neumann series expansion, statistical linearization, stochastic averaging and generalized polynomial chaos methods, together also with some applications on numerical modeling, are described in [204-214]. In this paper, a Monte Carlo methodology is implemented to determine the influence of the variability due to:
· Model parameter variability 
· Statistically independent excitations 

6.2 Influences of model parameter variability on source assessment


Recently, random matrix theory was introduced to take parameter uncertainties into account in numerical modeling problems. In particular in this section, Wishart random matrix theory is applied on a multi-body dynamic system to generate random variations of the properties of system components. Multi-body dynamics is a powerful numerical tool largely implemented during the design of new engines. In this section, the influence of model parameters variability on the results obtained from the multi-body simulation of engine dynamics is investigated.
6.2.1	Introduction on random matrix theory
Uncertainties on mechanical automotive systems where firstly observed by Kompella and Bernhard [215]. In their experiment, they used 98 vehicles of the same make, evaluating the frequency response function (FRF) from wheel to driver’s ear position. Although the FRF for each vehicle shows the same characteristics, the plot of all the resulting 98 FRFs shows a spread of approximately 20dB from 50 to 500 Hz. Similar findings have been reported also by Fahy, that demonstrated that FRFs measured in the same way on very simple and presumably identical elements, beer cans, could vary considerably [216]. Due to these findings, it became clear that it is important to quantify the order of variability of simulated mechanical models, considering system uncertainties. 
On numerical multi-body models there are several uncertainties, which consist of geometry or discretization errors, approximation of the physical parameters, or uncertain excitations. Concerning multi-body analysis, recently Batou and Soize studied the random response of multi-body dynamic systems considering random rigid bodies [217,218]. In their probabilistic model, the mass, the center of mass and the tensor of inertia are modeled by random variables for which the prior probability density functions are constructed using the maximum entropy principle under the constraints deﬁned by all the available mathematical, mechanical and design properties. Uncertainties related to physical or geometrical properties can be observed from the variation in sparsity structure of the mass, stiffness and damping matrices of the total system. To introduce these variations, different models with different system matrices can be derived from the original one. In order to consider the effects of these parameter uncertainties on small vibrations of flexible bodies, perturbation models using random matrix theory, pioneered by Soize et al. [219-228] and subsequently extended by others [229-234], are used in this paper to generate the different samples of the Monte Carlo method. In particular, the Wishart model [232-234] is implemented here. Although random matrix theory is commonly associated with finite element analysis (FEM), the Wishart model is here used to study the variability of the response of a flexible multi-body system under the assumption that the uncertainties of mass, stiffness and damping matrices are not affecting the gross motion of the bodies. Therefore, the contact forces between bodies are assumed to be uncorrelated from system variations. This hypothesis is valid for internal combustion engines where the forces resulting from body motions act mainly at low frequency, where the system is less sensitive to parameter variation. Nevertheless, it is obvious that strong modification in system matrix have an effect on the accuracy of local joint forces estimations. For these reasons, low system variability is considered and in NTPA is directly applied on the investigated body considering constant excitations. In this chapter, the effects of uncertainties of engine block modeling are investigated introducing Wishart random matrices in the NTPA method.
6.2.2	The Wishart distribution
Suppose that ,  and  are, respectively, the condensed mass, damping and stiffness matrices of the engine block (see Section 2.3.2 for the definition of the matrices with reduced DoFs). This information is likely to be available, e.g., using deterministic FEM in conjunction with modal updating [235]. However, there are uncertainties associated with the numerical modeling. Hence, ,  and  are indeed random matrices whenever a probabilistic approach is adopted. The matrices ,  and  are the best known information regarding the system matrices and may be close to the mean of the fundamental matrix ensemble of ,  and . According with [219-222,229-233] the matrix variate distributions of the random matrices should be such that:
· ,  and  are symmetric;
·  is positive-definite,  and  are non-negative-definite matrices and their null space removed from the analysis;
· Give and excluding its null space, the moments of the complex dynamic stiffness matrix  should exist, i.e., (where  denotes the mathematical expectation). 
Considering that,  and  have similar probabilistic characteristics, for the sake of readability the notation , which stands for any one of the three system matrices, is introduced. In [219,220,222] Soize proved that system matrices should follow the Gamma distribution, which in turn is related to the Wishart distribution . Indeed, the maximum entropy probability density function of  follows the Wishart distribution with parameters  and , where  is the number of DoFs and  is an integer number defined as. Subsequently, Adhikari proposed an optimal distribution of , suggesting the following  values for Wishart parameters [230]:
	
	(213)


and
	
	(214)


The constants  and  are defined as
	
	(215)


and
	
	(216)


Where  is the dispersion parameter characterizing the variability of the random matrix . This parameter is the only one controlling the variability and it is the only information regarding the system uncertainty that is required in this approach. This can be obtained from physical or computer experiments as shown in [219-222,229-233]. Although in literature several valid approaches can be found to define the parameters of Wishart distributions, it was found that using Eqs. (213) and (214) to define them gives the best agreement between calculated response statistics and direct numerical simulation results [232]. Therefore, parameters corresponding to Eqs. (213) and (214) will be used in this paper.
6.2.3	The Monte Carlo methodology adopted
The implemented Monte Carlo methodology is discussed here. A full multi-body dynamic simulation is performed. Under the hypothesis that the variability of the contact forces can be neglected, the NTPA methodology can be iteratively applied in a Monte Carlo scheme considering unchanging excitations. Each iteration considers a different sample for the engine block’s ,  and  matrices. The matrices considered are directly the condensed matrices with a reduced number of DoFs. A total of 40 simulations are performed, according with [236]. The simulation algorithm considers a Wishart distribution for the system matrices with parameters expressed by Eqs. (213) and (214). According to [233], the method was implemented following these steps:
1) The parameter  is defined as the dimension of the system matrices;
2) Different values for the parameter  are chosen for the considered model;
3) Calculate  and   from Eqs. (215) and (216);
4) Generate the different samples of Wishart matrices using the parameters previously evaluated and apply NTPA methodology for each sample to obtain the response statistics of interest (the algorithm used for this purpose is available in [230]).
6.2.4	The model investigated
The system investigated is a four-cylinder internal combustion engine running at full load condition with constant engine cycle averaged speed of 3000 rpm, even though the methodology can be applied for any engine running condition. The excitations applied in the model are the cylinder forces (including imbalance inertial contributions), simulated cam contacts on engine block and resistant torque applied on differential. In order to address all uncertainties to model parameters, combustion forces used in this model are simulated and identical for each engine cycle.
The FMBD model considers 4 con-rods, the crankshaft, the engine block, primary and secondary gear shaft with their gears, the differential case and the chassis. All bearings in the model (both radial and axial) are simple non-linear stiffening contacts. Also the ball bearings are modeled with simple non-linear contacts without considering balls contacts. The motion of the piston is purely translational in this model. Gear contacts are modeled with varying meshing stiffness/damping joints. In this model the 3rd gear, having 36 teeth is engaged; therefore, gear meshing frequency is supposed to appear at 36th engine order. Fig. 6.1 shows a 2D schematic representation of the multi-body model studied: highlighted in dotted-green, the target substructure; in red, the joints connected to the target substructure. 
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Figure 6.1 – Schematic 2D representation of the multi-body dynamic system of the engine investigated. : highlighted in dotted-green, the target substructure; in red the joints connected to the target substructure.

The geometry investigated in the NTPA is the engine block of the powerunit system connected with linear mountings to the chassis. The block consists of 153728 degrees of freedom (DoFs). It is made of steel with an elastic modulus of 210000 N/mm2, a Poisson ration of 0.3 and a density of 8076 kg/m3. The whole system (both simulated cylinder pressure and system dynamics) is simulated using the software AVL EXCITE [114]. 
Since the total amount of time needed for the computation is significantly influenced by the number of DoFs of the system, a condensed model with a reduced number of DoFs, equivalent to the full model, is considered for the simulation. The condensed number of DoFs of the engine block is 1666. The dynamic system of equations is solved in time domain and result data are transformed into frequency domain. Once the full simulation is performed, the substructuring method and the consequent NTPA can be applied. In this analysis, 21 different load cases, i.e. 21 different paths, are analyzed. The following cases are identified:
· 4 combustion chambers (corresponding to the noise transmitted directly from the walls of the combustion chambers; from “Comb1 to 4” in the figures)
· 5 radial bearings (corresponding to the main bearings of the crankshaft; from “Bearing1 to 5” in the figures)
· 4 guidance for connecting rod small ends (which represent the piston-liner interaction; from “Guide1 to 4” in the figures)
· 5 roller bearings (corresponding to the roller bearings of primary and secondary gear shafts, respectively “PSRB1 and 2” and “SSRB1 to 3” in the figures)
· Supports of differential (“Diff” in the figures)
· Axial bearings 
· Cam contacts
Among these cases, 16 of them refer to contact forces with other bodies and are highlighted in red in Fig. 6.1.
6.2.5	System uncertainties
Having no information on system uncertainties and possible variations, in this paper different values of the dispersion parameter were chosen, in accordance with the values used in other applications that can be found in literature [230,232,233,237]. The values of 0.01, 0.05 and 0.1 are selected for , in order to show the order of variability of the system while changing. The same values are chosen for ,  and  matrices. Figs. 6.2, 6.3 and 6.4 show the point mobility evaluated in the nodal rear mount position. The coefficient of variation , defined as the ratio between the standard deviation and the mean value of a statistical group of samples, is evaluated for the eigenfrequencies below 1kHz. The average value of this coefficient of variation is: for, the mean value of is 0.0008; for, the mean value of is 0.0041; for, the mean value of is 0.0088.
Figs. 6.5, 6.6 and 6.7 show the vertical acceleration results obtained in the front mount position in vertical direction. These results are obtained considering the different samples of the engine block system matrices. The excitations do not change from sample to sample and correspond to the contact forces evaluated in the multi-body dynamic simulation. Figs. 6.5, 6.6 and 6.7, also the coefficient of variation is shown. As expected, the coefficient of variation of results increases with increasing  and also with increasing frequency. However, in correspondence of half engine orders (running at 3000 rpm the 1stengine order is at 50Hz) the variability is lower.
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Figure 6.2 – Point mobility evaluated in rear mount for equal to 0.01. In grey, the different samples of Monte Carlo set; in blue, the mean value.
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Figure 6.3 – Point mobility evaluated in rear mount for equal to 0.05. In grey, the different samples of Monte Carlo set; in blue, the mean value.
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Figure 6.4 – Point mobility evaluated in rear mount for equal to 0.1. In grey, the different samples of Monte Carlo set; in blue, the mean value.
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Figure 6.5 – Vertical acceleration at front mount position for equal to 0.01.


[image: ]
Figure 6.6 – Vertical acceleration at front mount position for equal to 0.05.
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Figure 6.7 – Vertical acceleration at front mount position for equal to 0.1.


Considering that the energy of the frequency spectra is almost totally included into these frequencies (25 Hz and multiples), it can be said that for low level of (e.g. the case of  = 0.01) the uncertainties are not relevant. This is also confirmed in Fig. 6.8 where the coefficient of variation of the vertical acceleration is shown in octave bands. In fact, for  = 0.01 the coefficient of variation is always lower than 0.02, while for higher values of the parameter, the coefficient of variation of results increases but never exceeds 0.2.
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Figure 6.8 – Coefficient of variation of vertical acceleration at front mount position. Results in third octave bands.

6.2.6	Influences of system uncertainties on the assessment of vibration sources
In this section, the influence of model parameter variability on the ranking of the different source contributions is discussed. In Fig. 6.9, the mean values of the contributions to acceleration in vertical direction at nodal position of Mount1 are shown. The quantities shown consider the mean values obtained from all the different samples of the Monte Carlo method.
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Figure 6.9 – Acceleration contributions in vertical direction in front mount position. Mean values.

The graph in Fig. 6.9 shows only magnitude information of the different source vibration contributions. The bottom line of Fig. 6.9 is the overall acceleration measured in the investigated node. It is possible to clearly distinguish the tonal components of the main engine orders at low frequencies, mainly due to combustion chamber and radial bearing supports. Also the gear whine noise at 36th order transmitted from roller bearings supporting gear shafts and differential can be distinguished. Due to variability of source contribution results, in this section the influences of model parameters uncertainties on the source ranking are also investigated. For this reason, the phase information is also included. The projected contributions (see Eq. (66)) are considered to rank the different sources. The sources contributions are here used to study the interaction between sources and their variability. 
For the sake of simplicity, Figs. 6.10 and 6.11 show results only at 300 and 1800 Hz, although this rating can be done at every frequency. The bars in Figs. 6.10 and 6.11 represent the 95% interval of results dispersion (two times standard deviation). In Figs. 6.10 and 6.11, the projected contributions are shown for all 3 values of investigated. The projected contribution gives an idea of the investigated configuration: the higher its value, the higher is the component of the contribution on the direction of the overall vibration. E.g., at 1800 Hz, which correspond to the gear whine noise frequency, the supports of the differential and the second roller bearing supporting the secondary gear shaft are the most contributing sources. From the analysis of the projected contributions in Figs. 6.10 and 6.11, it is also possible to have an idea of the influence of system variabilities on source ranking. The comparison between 300 and 1800 Hz shows how, with increasing frequency, the variability is increased. In Figs. 6.10 and 6.11, results obtained at different values of  are compared. These graphs show how results uncertainties obtained at low variability can be practically neglected. 
[image: ][image: ]
[image: ][image: ]

Figure 6.10 – Projected contributions at 300 and 1800 Hz with  = 0.01 and 0.05. Bars refer to 95% confidence interval.
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Figure 6.11 – Projected contributions at 300 and 1800 Hz with =  0.1. Bars refer to 95% confidence interval.

Conversely, increasing variability makes the assessment of the vibration sources less straightforward. If the variability is increased, it is harder to uniquely rank the sources. E.g., at 1800 Hz and = 0.05, the 95% intervals of sources “Diff” and “SSRB2” overlap, indicating that it is not possible to identify which is the most relevant one. The same happen at the same frequency for  = 0.1. Moreover, it may happen that some projected contributions change their sign: this suggests a change in the phase. Similar conclusions arise also from the study of any other frequencies.
Due to these reasons it is important to understand if and how the sources are correlated. Fig. 6.12 shows the Pearson correlation coefficients between the different projected contributions for a given frequency. The Pearson correlation coefficient is defined as the ratio between the covariance of two random variables, and, and the product of their standard deviations, respectively and , [238]
	
	(217)


Studying the cross correlation coefficients in Fig. 6.12, the direct correlation between the different sources can be observed. For the sake of simplicity, results in Fig. 6.12 are shown only for  = 0.1, where the variability is sufficiently high to let some projected contributions change sign. These correlations are useful to see how, for example, vibrations in the combustion chambers are inversely correlated with the vibrations of the main bearings at 300 Hz, or how at 1800 Hz all roller bearing supports on the gear shafts are highly correlated. More significant are the considerations made on the contributions derived from differential supports at 1800 Hz. In fact, this contribution is inversely correlated with the contributions of secondary gear shaft roller bearing 1 and 2 (respectively SSRB1 and 2 in figures), suggesting that in some cases, these contributions from roller bearing contacts can became more relevant than differential support. Indeed, at 1800 Hz for  = 0.1, the contributions Diff and SSRB2 have similar probability to be the highest contribution: in the 53% of the cases Diff is the highest one, while the 47% of the cases SSRB2 is the highest. Considering that at 1800 Hz there is a strong correlation also between SSRB1 and SSRB2 (see Fig. 6.12) it is not surprising that from this analysis SSRB1 never results as the highest contribution, although the 95% intervals of confidence of Diff, SSRB1 and SSRB2 overlap. These considerations can be applied at any frequencies and can help to analyze system sources ranking.
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Figure 6.12 – Pearson Correlation coefficient between projected contributions at 300 and 1800 Hz for   = 0.1.

6.3 Influences of excitation variability on source assessment


In automotive applications, cylinder pressure variability is one of the uncertain parameters that engineers have to deal with when designing and analyzing internal combustion engines. Multi-body dynamics is a powerful numerical tool largely implemented during the design of new engines. In this section the influence of cylinder pressure cyclic variability on the results obtained from the multi-body simulation of engine dynamics is investigated. Particular attention is paid to the influence of these uncertainties on the analysis and the assessment of the different engine vibration sources and radiating surfaces. NTPA is used to derive and assess the internal engine vibration sources, while SCA is used to study the different radiating surfaces. In order to investigate the cyclic variability of cylinder pressure, a Monte Carlo approach is adopted. Starting from measured cylinder pressure that exhibits cyclic variability, random Gaussian distribution of the equivalent force applied on the piston is generated. The aim of this paper is to outline a methodology which can be used to derive correlations between cyclic variability and statistical distribution of results. The statistical information derived can be used to advance the knowledge of the multi-body analysis and the assessment of system sources when uncertain inputs are considered.
6.3.1	Cyclic cylinder pressure variability
Cyclic variability has been observed since the earliest scientific studies of internal combustion engines [239,240]. Although in the beginning the predominant understanding of cyclic variability was that cycle-to-cycle variations were of stochastic nature [241,242], there have been many attempts to analyze the cycle-to-cycle variations by applying deterministic methods from nonlinear dynamical systems and chaos theory [243-247]. In general, it can be said that the physiochemical processes in an internal combustion engines are influenced by many factors like composition of fuel air mixtures, amount of recycled gases in the combustion chamber, engine aereodynamics or engine operating conditions. In this section the cylinder pressure is measured in experimental data and the cylinder variability is statistically treated to define the input for the multi-body dynamic simulations.
Cylinder pressure was measured on a GDI engine running under full load operating conditions with constant engine cycle averaged speed of 3000 rpm and firing crank angle of 0 deg. The measured data consist of 16 different periods (one cycle correspond to two complete crankshaft rotations being a 4-stroke engine). In Fig. 6.13, the blue line shows the mean value of the cylinder pressure measured, while the orange line correspond to the standard deviation,, of the measured data. 
The maximum pressure measured exhibits a Gaussian distribution with a standard deviation of 8.6 bar. From these pressure data, an equivalent force is derived, which is applied in vertical direction both on piston head and on the walls of the combustion chambers. Each time history is obtained by mixing the 16 measured cycles in random sequence. Each excitation in a cylinder has a time history which is independent from the excitations in the other cylinders and the statistical dispersion of the excitations correspond to the one shown in Figs. 6.13 and 6.14. Fig. 6.14 shows the statistical distribution of the force applied in the combustion chamber in vertical direction. This distribution is obtained from a MC approach consisting of 31 simulations. 
[image: Screen Clipping]
Figure 6.13 –Cyclic variability of measured cylinder pressure. In blue, the mean value. In orange, the standard deviation of measured data.
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Figure 6.14 – Cyclic variability of piston force frequency spectra. Left, narrowband. Right, third octave band. In blue, the mean value. In orange, the coefficient of variation of measured data. In grey, all the different samples of the MC approach.

The frequency spectra, together with the coefficient of variation, here indicated with , defined as the ratio of the standard deviation and the mean value of the measured data, are plotted in Fig. 6.14. This frequency spectrum is obtained from the FMBD simulation considering a period of 3 engine periods, i.e. 0.12 s, resulting in a frequency step of 8.3 Hz. From Fig. 6.14, it can be seen that the frequency spectra of the applied force is characterized by a series of tones. These tones depend on the engine speeds. The first peak in the frequency spectra occur at the 0.5th engine order, 25 Hz, and the other harmonics at its multiples. Most of the energy is contained below 250 Hz. Concerning the statistical distribution of the data, it can be said that the coefficient of variation  is relatively low in correspondence of the cylinder orders, when the frequency spectra exhibits tonal peaks. Comparing narrowband data and third octave bands data, it can be noticed that the is drastically reduced when the data are investigated in bands. In detail,  is lower than 0.1 up to nearly 1 kHz third octave band. Conversely, in narrowband  stays below 0.1 only up to 250-300 Hz. 
The dispersion in the frequency spectra is higher compared with the one in time domain. The main reason is that higher frequency content is influenced by the shape and the smoothness of the excitation time history [1]. In fact, the variability of the cylinder pressure spectrum is not only influenced by the maximum pressure but also (and especially) by the shape of the cylinder pressure time history, as confirmed in Fig. 6.15 where first and second time derivative of the pressure are plotted.
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Figure 6.15 – First and second time derivative of cylinder pressure.

6.3.2	The model investigated
The model here investigated is the same described in section 3.8.1. The system consists of one engine block mounted on 3 different mount positions, a crankshaft, four con-rods, two balancer shafts in correspondence of intake and exhaust systems and a dual-mass-flywheel (DMF). The joints connecting gearbox and engine block are linear, while all others are nonlinear joints with exponential increasing stiffness as function of the displacement. No gear transmissions are included into the model. The pistons are excited with moving forces representing the combustion pressure analyzed in section 6.3.1. The torque applied on the crankshaft from the pistons is balanced with an external torque applied in correspondence of the DMF. In Fig. 6.16, a schematic 2D representation of the system investigated is shown. Pistons, cylinders, bearings and other joints are numbered from front to rear. The simulation is carried out in time domain using the software AVL EXCITE [114].
[image: ]
Figure 6.16 – Schematic 2D representation of the multi-body dynamic system of the engine investigated.

The substructure investigated is the engine block. All forces acting on the engine block are collected and grouped in sets. The forces collected are the ones transmitted from joints and the combustion pressure acting in the combustion chambers. Each set of forces contains the forces applied on the structure from the same joint, i.e. from the same excitation. 21 different load cases, i.e. 21 different paths, are analyzed. The following cases are identified:
· 4 combustion chambers (corresponding to the vibrations transmitted directly from the walls of the combustion chambers; from “Comb1” to 4 in the figures)
· 5 radial main bearings (corresponding to the main bearings of the crankshaft; from “Bearing1” to 5 in the figures)
· 4 guidance for connecting rod small ends (which represent the piston-liner interaction; from “Liner1” to 4 in the figures)
· 6bearings for balancer shafts(respectively from “BalInt1” to 3 for the supports in correspondence of intake system and from “BalExh1” to 3 for supports in correspondence of exhaust system in the figures)
· Axial bearings 
· DMF supports
Finally, when all cases are computed, the vibration contributions are evaluated in the nodes of interest.
In order to investigate the cyclic variability of cylinder pressure, a Monte Carlo approach is adopted. Starting from measured cylinder pressure that exhibits cyclic variability, random Gaussian distribution of the equivalent force applied on the piston is generated. According with [236], 31 different multi-body simulations are investigated to get relevant statistical results. The aim of this paper is to describe a methodology to derive correlations between cyclic variability and statistical distribution of results; therefore the number of simulations here performed was chosen to optimize the statistical relevance of results and calculation time required. In real industrial applications it is strongly suggested to perform a convergence analysis related to the statistics of the quantities of interest.
6.3.3	Influences of cylinder cyclic variability on NTPA results
In this section, the influence of cyclic variability on the ranking of the different source contributions is discussed. The assessment of the vibration contributions is done using the numerical transfer path analysis described in chapter 3. 
In Fig. 6.17, the mean values of the contributions to acceleration in vertical direction at nodal position of Mount1 are plotted.  In fig. 6.18, the acceleration spectrum of Mount1 in the vertical direction is shown. Both in fig. 6.17 and 6.18, the quantities shown consider the mean values obtained from all the different samples of the Monte Carlo method. 
In order to account for their phase relationship, the sources are ranked in terms of projected contributions (see Eq. (66)) and their variability is studied. The projected contribution gives an idea of the investigated configuration: the higher its value, the higher is the component of the contribution on the direction of the overall vibration. 
Fig. 6.19 shows the variability of the projected contributions at the frequencies shown in Fig. 6.18. These frequencies were chosen to show how to use the results obtained from the NTPA method.
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Figure 6.17 – Acceleration contributions in vertical direction at Mount1. Mean values.

Fig. 6.19 can help to understand how the different sources interact, e.g. at 100 Hz the vibrations derived from the excitations applied in combustion chambers are opposite in phase with the main bearings contributions. Moreover, it can be seen that the assessment of the sources is not straightforward. For instance, at 1140 and 1625 Hz, some relevant contributions may change direction. Unfortunately, with increasing frequency, the variability also increases and may happen that some projected contributions change sign.

This suggests that the variability of the phase is not negligible. To show how the variability of the phase affects the projected contributions, in Fig. 6.20 the projected contribution of Bearing3 is investigated in frequency domain. The coefficient of variation of the cosine of the phase of the complex vector of this contribution is also considered. For the sake of simplicity only Bearing3 is investigated.
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Figure 6.18 –Mean value of acceleration in vertical direction at Mount1. In red, the frequencies investigated considering phase information and plotted in Fig. 7.

From Fig. 6.20, it is possible to conclude that if the coefficient of variation of the phase cosine is lower than 0.2, the projected contribution do not change its sign (i.e. the complex vector of the contribution and the complex vector of the overall acceleration preserve their directions). This condition is fulfilled at low frequencies and in correspondence of the main engine orders. Between engine orders and with increasing frequency, the variability is high and it is difficult to properly rank the different contributions considering the phase information. 

Given the high variability of the results with increasing frequency, the cross correlation between the sources is investigated. Fig. 6.21 shows the Pearson correlation coefficients between the different projected contributions for a given frequency. The Pearson correlation coefficient is defined as the ratio between the covariance of two random variables and the product of their standard deviations (see Eq. (217)).
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Figure 6.19 – Variability of projected contributions at 100Hz, 200Hz, 333Hz, 767Hz, 1140 Hz and 1625 Hz. The bars around the mean value indicate to the 95% confidence interval of data.
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Figure 6.20 – Cyclic variability projected contributions of Bearing3 with 95% confidence interval of data. In orange, the coefficient of variation of the phase of the contribution of Bearing3.
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Figure 6.21 – Pearson Correlation coefficient between projected contributions at 100 and 1625 Hz.

Analyzing Fig. 6.21, three things can be observed:
· Although the high variability of some sources, their projected contributions are correlated. E.g., at 1625 Hz, bearing contributions are strongly correlated. Therefore, it rarely happens that the contribution from bearing 3 is less relevant than the others.
· Despite of the high variability, comparing the correlation coefficients between the overall acceleration and all other projected contributions, it is still possible to rank the sources. For example, again at 1625 Hz, the contribution from Bearing3 is the most relevant. The conclusion is that at this frequency, the variability mainly influences the magnitude of all contributions and that Bearing 3 remains the most relevant source in most of the cases.
· Studying the correlation between contributions also when the variability is low, gives more insights on the source assessment. This is the case for the second order, 100 Hz, where bearings and balancers contributions are inversely correlated with combustion chambers contributions and cancel each other. In fact, only liners contributions and combustion chamber 1 are correlated with the overall noise. This suggests that it is more convenient to act on piston-liner contacts to influence the acceleration measured in the investigated mount position. 

Given two or more correlated sources, one may intuitively think that they can be ranked using only mean values despite of high variability. To quantify how much the ranking based on mean values of projected contributions is affected from system variability, the difference between projections is investigated. Considering two projected contributions  and, their difference () has mean value  and standard deviation . The probability that  is grater that  is proportional to the integral between zero and  of the Gaussian probability function generated using  and . The elements in Fig. 6.22 indicate the probability that the projected contribution  on the row is greater or equal to the projected contribution  on the column. For the sake of simplicity, Fig. 6.22 refers to the same frequencies of Fig. 6.21. 
If the variability is low, the comparison is quite obvious: Fig. 6.22 shows how projected contributions almost never change their ranking at 100 Hz. At 100 Hz, Comb1 is always the highest projected contribution, Comb2 the second, Comb3 the third and so on, in accordance with the results shown in Fig. 6.19. At 1625 Hz, the discussion arising are more interesting and less intuitive. As shown in Fig. 6.22, at 1625 Hz, Bearing 3 is often bigger than all other projected contributions, but it is not always the highest. In the 86% of the cases, Bearing 3 is higher than Bearing 5 and only in the 76% of the cases it is higher than Bearing 4. In conclusion, the ranking based on mean values of projected contributions is valid, although correlations between sources and data dispersion has to be investigated if the variability increase.
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Figure 6.22 – Comparisons between projected contributions at 100 and 1625 Hz. The data indicate the probability that the contribution on the row is greater or equal compared with the contribution on the column.

An alternative to rank the system sources at high frequencies is to investigate only the acceleration magnitude, in particular, can be useful to study results in broad bands. Fig. 6.23 shows the variability of the ranking of the contributions in third octave bands. For the sake of simplicity, results are shown only in bands from 800 to1600 Hz, where the variability is higher. Lower frequencies bands are mainly driven from the tones appearing at engine orders (see Fig. 6.18) and, therefore, it is more convenient to study directly the tones with the projected contributions. Studying Fig. 6.23, it is clear that, despite of the variability that the model exhibits, it is possible to focus on the sources which have the highest absolute amplitude and neglect the ones which are orders of magnitude lower than the overall acceleration level. The results presented in this section refer only to the vertical acceleration at the nodal position of Mount1, because the vertical direction is the one that exhibits the highest magnitude acceleration and joint contact forces. The conclusions reached in this section can also be derived from the analysis of the other directions of the mount acceleration.
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Figure 6.23 – Influence of cylinder pressure variability on sources ranking at mid-high frequency. The bars around the mean value indicate to the 95% confidence interval of data.
The statistical information here derived can be used to advance the knowledge of the multi-body analysis and the assessment of system sources when uncertain inputs are considered. From this study, the following considerations can be made:
· The variability of cylinder pressure can affect the results of multi-body analysis simulation at high frequency range;
· In the low frequency range and at main engine orders the variability is limited;
· The variability of the different sources contributions is connected to the variability of the corresponding exciting forces;
· In order to rank the different source contributions at low frequencies and at main engine orders it is convenient to use both magnitude and phase information. Conversely, at higher frequencies, where the variability of both magnitude and phase is higher, the assessment made using the phase is not straightforward. It is still possible to consider the phase at high frequency, although it can be required to also include information regarding the correlation terms between the different sources. As an alternative, it can be possible to rank the sources in terms of band results (octave or third octave bands).
· The investigation of the cross correlation between source terms can be used to analyze the correlation between sources. Also sources relationship with the overall vibrations can be investigated with correlation coefficients, giving more insight on the effective contributions to the global response.

6.3.4	Influences of cylinder cyclic variability on SCA results
The same model described in section 6.3.2 is here investigated using a surface contribution analysis. The aim is to describe a methodology to deal with excitation uncertainties when assessing and ranking different radiating surfaces using a SCA. The SCA methodology is described in chapter 4. The external surface of the investigated engine is shown in Fig. 6.24. Fig. 6.25 shows all the different surfaces investigated in the SCA. There are in total 27 different surfaces. Each surface is associated with an identification number as shown in Fig. 6.25: surfaces 1 to 4 are associated to the oil pan; 5 and 6 correspond to the air intake system; the cover head is from 7 to 9; the exhaust manifold in surface 10; 11 and 12 are placed in the front of the engine; the right hand side of the engine block consist of surfaces 13 and 14 while 15 and 16 belong the left hand side; the rear of the engine block is surface 17; 18 and 19 are the surfaces of the gearbox directly enclosing the differential; all the surfaces from 20 to 27 are associated with the gearbox.
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Figure 6.24 –The engine investigated.
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Figure 6.25 –The different surface selections investigated in the SCA.

The cyclic variability of the cylinder pressure influences the results of the multi-body dynamic simulation. Therefore, the structural normal velocities on the engine surface, which are the boundary conditions of the acoustic radiation model, may differ from one sample of the Monte Carlo methodology to another. In Fig. 6.26, the structural velocities on engine surface and the sound pressure level (SPL) on a spherical field point mesh of radius 2.2 m are shown for a frequency of 1450 Hz. Fig. 6.26 compares results of 2 samples of the Monte Carlo algorithm, showing how relatively small changes on the structural side (on average 10 dB) can lead to more than 30 dB of difference on the acoustic side, depending on the investigated field point node. Similar results were also obtained from experimental investigations [248]. These differences can also be caused by sound directivity variability.

Due to high variability of results and directivity oscillations, it was preferred to focus the attention on power quantities, which are associated to system surfaces. 
Fig. 6.27 shows the acoustic active output power evaluated on the spherical field point mesh placed in the far field having radius of 2.2 m. The orange lines indicate the 95% confidence interval. The conclusion arising from Fig. 6.27 is that variability of results increases with increasing frequency, in agreement with the trend shown in Fig. 6.14. 
Fig. 6.28 shows the average of acoustic radiated active power from all the different surfaces. Data are also compared with the overall power radiated from the whole engine (bottom line in Fig 6.28).
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Figure 6.26 – Variability of results due to cyclic cylinder pressure variations at 1450 Hz. Two different samples of the Monte Carlo calculations are shown (respectively a and b). Above, normal surface velocity. Below, SPL on a 2.2 m radius sphere.
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Figure 6.27 – Active acoustic power evaluated on the spherical field point mesh placed in the far field having radius of 2.2m. In blue, the mean value. In red, the 95% confidence interval.
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Figure 6.28 – Active acoustic power from the different surfaces. Mean values of the Monte Carlo method.
The influence of cylinder cyclic variability on the assessment of the different radiating surfaces is shown in Figs. 6.29 and 6.30, where the acoustic radiated power at 600 and 1800 Hz is shown including the 95% confidence interval bars (two times the standard deviation). According to Fig. 6.27, also the results of the different surface selections are affected by variability which increases with frequency. Similar considerations may also arise from the analysis of other frequencies.
As shown in Figs. 6.29 and 6.30, with increasing variability of results, the 95% confidence interval bars of different surfaces may overlap. Therefore, it may happen that it is not possible to univocally rank the different panels. As for example in Fig. 6.29 at 1800 Hz, it is not completely clear if the noise produced from surface 23 always has higher intensity than the one produced from surface 20.
To deal with this, the cross correlation between the sources is investigated. As an example, Fig. 6.31 shows the Pearson correlation coefficients  between the different power results at 1800 Hz (See Eq. (217)).
From Fig. 6.31, it is clear that all the contributions to the overall noise from oil pan and gear box surfaces are strongly correlated to each other. Hence, it is possible to state that acoustic power radiated from surfaces 20 and 23 are correlated. Being correlated, the contribution of surface 23 is the most relevant at 1800 Hz, because increasing contribution of surface 20 are correlated with increasing contribution of surface 23.
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Figure 6.29 – Acoustic active power of all different surfaces at 600 Hz. The bars consider the 95% envelop of results.
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Figure 6.30 – Acoustic active power of all different surfaces at 1800 Hz. The bars consider the 95% envelop of results.
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Figure 6.31– Pearson Correlation coefficient between acoustic radiated power of different engine surfaces at 1800 Hz.
Given two or more correlated contributions, one may intuitively think that they can be ranked using only mean values despite of high variability. To quantify how much the ranking based on mean values of radiated power is affected from system variability, the difference between projections is investigated. Considering the power radiated from two surfaces and, respectively  and, their difference () has a mean value  and a standard deviation . The probability that  is grater that  is proportional to the integral between zero and  of the Gaussian probability function generated using  and . This information tell us that at 1800Hz, although the 95% confidence intervals of surfaces 20 and 23 overlap, surface 23 is always radiating more power (in accordance with their Pearson correlation coefficient shown in Fig. 6.31). This is not the case for surfaces 4 and 5 at 600 Hz. Their Pearson correlation coefficient is 0.53 and only in the 58% of the cases surface 5 radiates more power than surface 4, as shown in Fig. 6.32. The elements in Fig. 6.32 indicate the probability that the contribution  on the row is greater or equal to the contribution  on the column. For the sake of simplicity, only the 4 most relevant radiating surfaces are considered.
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Figure 14 – Comparisons between power levels radiated by different surfaces at 600 Hz. Data indicate the probability that the contribution on the row is greater or equal compared with the contribution on the column.
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