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Introduction

Motivation

It is well-known that the representation theory of groups, algebras, quantum groups,
etc. is most naturally developed in the language of tensor categories [S50]. The pro-
blem of constructing one of the previous objects (that we will call in general guantum
groupoid) describing a given tensor category via representation theory originates in
the physics literature (see [29]), but soon became relevant in the theory of categories
[55]. This branch of study is called reconstruction theory, and tries to answer to the
following questions:

(a) given a tensor category C, is it possible to build (possibly in a canonical way) a
quantum groupoid A such that a category of representation of A is equivalent to C?
(b) Is A unique, under some suitable conditions?

Of course these questions can be formulated in different shapes, depending on
the type of category we have, and consequently the answers might change. For a
brief introduction to the reconstruction theorems see the beginning of the Chapter 2.
Here we would like to focus more on how these reconstruction problems are linked
to certain physical models. In classical mechanics, symmetries are elements of the
group of transformations which act on the phase space. In quantum mechanics, we
cannot talk about points of the phase space, but we have a non-commutative algebra
of observables. The class of symmetries acting on this algebra is larger than a group
(see [1], [26], [47], [48]), and we will call it quantum groupoid. Tensor categories
play a prominent role in this setting, since they are the main tools in order to model
some quantum systems. In this way we come back to the questions shown above:
physics gives us a category with some properties, and we would like to bring out
a quantum groupoid from it, possibly unique or at least canonical, whose physical
interpretation is quite easy to understand at this point. As we can see in Chapter 2,
some of the reconstruction problems arising in this setting were successfully solved
[19], but only when we are dealing with symmetric categories. Unfortunately, many
categories arising in conformal field theory are not symmetric, but only braided [29],
[25]. On one hand, the weakening of this condition does not prevent us from proving
the existence of a large class of quantum groupoids whose representation theory is
equivalent to the given category. On the other hand, it makes hard to prove a sort
of uniqueness of the reconstructed object. This can be seen for a quite large class
of braided tensor categories in [61]. In our work, we focus on a special class of
modular tensor C*-categories, which sometimes are called Verlinde categories [23].
These categories are of interest because their fusion rings, at least in some cases,
are found to be the same as those which come from certain quantum and conformal
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field theories, as for example the Ising model and the Wess-Zumino-Witten model
[14]. Moreover, they played a crucial in role in the subfactor theory [34] and the
study of invariants of 3-manifolds (see [70], [82]). We briefly introduce them. Let
g be a complex simple Lie algebra of type different from FEg, ¢ a primitive root of
unity, and let Uj(g) be the Lusztig’s restricted form of the Drinfeld-Jimbo quantum
group. We consider as its representation category Rep(U,(g)), whose objects are
tensorially generated by the Weyl modules V), where X is a dominant weight. It is
well-known that U, (g) is not semisimple. As a consequence, Rep(Uy(g)) is quite far
from being semisimple. When ¢ = ed, and d is the ratio of the square lengths of a
long root to a short root, we can restrict to the category of the tilting U, (g)-modules,
which is proved to be the tensor category generated by V)’s, where A € A;. A; is the
so-called principal Weyl alcove and A, is its closure. This category is said to be the
tilting category, and it is labelled by T;. Before going further, we add that a tilting
module 7T is irreducible if and only if T = Vj, with A € A;; moreover, for every [
and every g there always exists an irreducible representation called fundamental such
that every irreducible representation is a submodule of a tensor power of V. Our
procedure is not complete, since J;’s are still not semisimple, but now we are close
to obtain the desired semisimple categories. In fact, every J; contains the ideal of
the so-called negligible modules. Quotienting by this ideal, we obtain a semisimple
category that we indicate with J;. J; can be seen as a semisimple tensor category
endowed with a suitable truncated tensor product, which allows to drop out all the
negligible modules. This theory is developed in depth in [2]-[7] and in [27]. Kirillov
[37] introduced a involution * and an associated hermitian form on the arrow spaces
of F;, conjecturing positivity. Wenzl [81] proved the conjecture, putting on F; a C*
structure which makes the braiding unitary. Putting everything together, it is quite
natural to ask if there exists a quantum groupoid whose representation category is
equivalent to F;. To the best of our knowledge, the problem was faced in two different
ways. On one side, F; can be considered as part of a larger class of semisimple fusion
categories. Every category of this type can be seen as the representation category of a
weak Hopf algebra [31],[61],[76]. It is worth to notice now that in our work we will
give a different definition of weak Hopf algebra in comparison to [10],[11],[12],[60],
as we will also point out later. However, this approach is quite unsatisfactory, since
the relation between the reconstructed object and the original Lie algebra is not clear.
Moreover, the construction is highly non-unique and non-canonical. These facts rely
on the use of a fiber functor which does not reproduce the truncation procedure of
;. On the other side, a different approach can be found in the work of Mack and
Schomerus [49]. They considered only the case g = slo, showing that the truncation
of the tensor product at the categorical level leads to the construction of a weak quasi
Hopf algebra, as we intend in our work. The non-coassociativity of the coproduct on
this algebra is the price we have to pay in order to obtain a more natural construction.

Aim of the work

At this point we are ready to introduce our work. These thesis contains part of the
results of a more general research project about quantum groups at roots of unity
which involves Claudia Pinzari and me [15],[16]. So, the most of the results exposed
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here are products of this collaboration. However, Chapter 2 and Chapter 5 contain
my own contribution, and in particular results exposed in Chapter 5 will be published
separately [17].

In [15] Claudia Pinzari and me partially followed the approach of Mack and
Schomerus in order to extend their construction from g = sls to every g of Lie
type A, using a procedure which is the most possible canonical. In the following
lines we explain our approach. Let U and V' be two tilting modules in J;. The
truncated tensor product U®V could be obtained decomposing U ® V' in indecom-
posable tilting modules, throwing away the negligible ones. Unfortunately this pro-
cedure is non-canonical. Anyway, if we restrict to truncated tensor products of the
type VA®V, where V is the fundamental representation and A € A;, we can choice
a canonical truncation. This result is due to Wenzl. Every V), is endowed with a her-
mitian form, that Wenzl proved to be an inner product under the conditions ¢ = ed
and A € A;. The truncated tensor product VA&V can be still endowed with an in-
ner product, which is a deformation of the product form using the R-matrix and the
ribbon structure of (a suitable extension) of U,(g). The corresponding projection
from V), ® V to VA®V is self-adjoint w.r.t. the modified form. Therefore, we can
define a natural functor W; : F; — Hilb, where Hilb is the category of Hilbert
spaces. This functor will be called throughout this work as the Wenzl’s functor. Our
strategy is to apply a Tannakian reconstruction to ;. Anyway, we need several ad-
justments in comparison to the Tannakian classical case, since W} is really far from
being a tensor functor. The structure of W; seems to be too much poor, even conside-
ring reconstruction theorems which use functors with weaker assumptions on them
(see [30]). This fact is essentially due to the lack of associativity of the projections
pn 2 VO — VE" We briefly report our procedure. We are able to construct the
bialgebra D(V,1) = @, V€™ @ VE", which is coassociative but non-associative,
thanks to some remarkable properties of p,, which partially replace the associativity
failure. Using the coboundary structure on D we can put on it an involution. Next, we
obtain the quotient algebra C(G, ) quotienting D(V, 1) by a *-coideal which is also
a right ideal (and not a left ideal again because of lack of associativity of p,,). This
coideal is the translation of some identifications that we can do at the level of the fu-
sion category. C is naturally a coalgebra with an involution. The problem is to endow
C with a product, which can be solved supposing that C(G, [) is cosemisimple. In this
way, we can put on it a non-associative product which is the pull-back of the product
on D(V, ). Passing to the dual algebra G(/C¥7 ) we obtain the desired groupoid, that is
a weak Hopf C*-algebra with a R-matrix and a representation category equivalent to
F. Moreover, it is endowed with a twisted involution (£2,* ) in a sense that we soon
explain, where the twist €2 is induced by the R-matrix. At this point, the last thing
to do is to understand when it is possible to put the cosemisimplicity condition on
C(G,1). We focus only on Lie algebras g of type A, proving that in this case C(G, )
is cosemisimple for every /. Crucial in order to prove this fact is the existence of a
Haar functional, which in turn is induced by a suitable filtration on C(G, ). We avoid
to treat the other cases since they require more Lie technicalities. Anyway, this result
likely extends to every simple Lie algebra of a type different from Ej.

Now it is worth to say something more about the kind of object we built. As we
said before, weak quasi Hopf algebras are not completely new in literature, but since
their first appearance they have been quite ignored in literature. Therefore, in this
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thesis we also give a systematic approach to this kind of object. This will be part
of a second paper, which is now in preparation [16]. A weak quasi Hopf algebra A
is a quasi Hopf algebra in the sense of Drinfeld [20], with a non-unital coproduct.
Following what Gould and Lekatsas did for quasi Hopf algebras [28], we consider as
involution the pair (€2,* ), where Q2 € A ® A is a self-adjoint element satisfying the
following identity:

Aa)*Q = QA(a™) (0.0.1)

and a compatibility condition with the associator ®. Moreover, it is possible to
put a suitable definition of R-matrix on it. We prove that this class of algebras is
closed under a quite large class of twists, and we stress some interesting properties
of the antipode. More precisely, it is quite easy to see that the antipode S on A
is not anti-comultiplicative. We prove the existence of a weak version of the anti-
comultiplicative relation. Unlike the quasi Hopf algebra case, if we restrict to the
coassociative case we do not get the usual anti-comultiplicative relation, and this is
a consequence of the non-unitality of the coproduct. We next develop a theory of
representation in the semisimple case. If we consider *-representations on hermitian
spaces, it is worth to notice that the representation category is a tensor category, but
with a hermitian product form which is a deformation of the product form, using the
involution element {2 and the relation (0.0.1). It is possible to prove the existence of
conjugate objects when the antipode S commutes with *. Probably it is possible to
remove this condition as Woronowicz did for compact quantum groups [83], but this
will not be part of the thesis and will be treated in [16]. Moreover, we see that the
semisimplicity of A is equivalent to the existence of a Haar measure. Considering a
suitable definition of integral on the dual weak quasi Hopf algebra [13], we also no-
tice that, unlike the Drinfeld case, we cannot prove the existence of such an integral
in the dual case. A deeper look to the object built in the construction reported above
bring us to focus on a subclass (not closed under twists) of these algebras, called weak
Hopf algebras. These are weak quasi Hopf algebras with some additional conditions
on the idempotents Ps, P, ()3, Py, Q4 defined in the following way:

Py =A(I), P3=A®id(A(])), Q3=id®A(A(I))
Py =A®id®id(A ®id(A(I))), Qi =id®id®@A(id®A(A(I)))

As a consequence, the associators ® and ®~! can be chosen in the following peculiar
way:

d=Q3P, @ '=PRQ;

These algebras will be analyzed more in detail in [16]. In this work we notice that
weak (quasi) Hopf algebras can be seen as the counterparts of weak (quasi) tensor
functors. More precisely, given a semisimple weak (quasi) Hopf algebra A and its
representation category, the natural embedding functor of Rep(A) in Vect (or Hilb
in the C* case) is a weak (quasi) tensor funtor. Conversely, given a semisimple tensor
category C with some other mild conditions, and a weak (quasi) tensor functor which
embeds C into Vect, we can reconstruct a weak (quasi) Hopf algebra whose repre-
sentation category is equivalent to €. This result is reported in Chapter 2 and it is a
generalization of the work of Hiring-Oldenburg. Specifically, we do not assume that



the natural transformation associated to the functor is a coisometry. Correspondingly,
the reconstructed groupoid satisfies the generalized commutation relation (0.0.1). It
could seem surprising that we did not apply this reconstruction theorem to our cate-
gories, but the explanation is that it was not obvious at all that Wenzl’s functor W,
was a weak (quasi) tensor functor. Indeed the construction of such a tensor structure
can be interpreted as our main contribution. Finally, in order to give a more concrete
look to the algebras reconstructed from F;, we present the groupoid C(SU(2),1) by
generators and relations. We have chosen only the case g = sls because it is the most
workable and there is much information about its representation theory. As recalled
above, all this facts will be the subject of the paper [17]. Before concluding the in-
troduction, we would like to give a sketch of the future directions of our research.
First of all, we would like to extend our construction to other simple Lie algebras
of type different from A. Moreover, we would like to study the uniqueness of the
reconstructed groupoid, of course under some suitable assumptions on it.

Plan of the work

In the first two sections of the Chapter 1, we report some well-known definitions and
results about tensor categories, including the pivotal definition of weak (quasi) tensor
functor. In the other sections of the first chapter we introduce weak (quasi) Hopf
algebras, reporting most of the results that will appear in [16]. In the Chapter 2 we
make a brief introduction to the reconstruction theorems, and then we explain the
reconstruction theorems made by Majid and Haring-Oldenburg. We also give a gene-
ralization of the Héring-Oldenburg’s construction, as we said before. In Chapter 3 we
report some well-known results about ribbon categories and ribbon algebra. More-
over, we introduce the quantum group at root of unity U,(g) and the main results
about its representation theory (see references therein). We focus on the tilting cate-
gories, showing the result of Kirillov and Wenzl about the existence of a C* structure
on them. Finally, we introduce the Wenzl’s functor and clarify some aspects of the
rigidity of Rep(U,(g)). In the Chapter 4, we report the main results of [15], showing
in detail the construction briefly explained in this Introduction. We also show that the
reconstructed quantum groupoid fits with the algebras introduced in the first chapter.
Finally, in Chapter 5 we focus on some results about Weyl U, (slz)-modules, which
allow to give a presentation of C(SU(2),1) by generators and relations, for every
even root of unity q.
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Chapter 1

Tensor categories and weak quasi
Hopf algebras

1.1 Generalities on tensor categories

In this section we introduce some general notions about tensor categories. Our main
references are [23], [S5]. A tensor category is a sextuple (C,®,a,1,l,r), where C
is a category, ® : € x € — C is a bifunctor called tensor product, a is a natural
isomorphism such that:

axyz: (X@Y)®Z-5X®(Y®Z), X,Y,Z€C

called the associativity costraint, 1 € C is the unit object of C and [, r are natural
isomorphisms such that:

Ix:1®X—=Xandry : X ®1—X

called unit costraints. They are subject to the following two axioms.
(a) The pentagon axiom The diagram:

(WeX)eY)eZ

aW,XW W7Z

WeXeY)eZz WeY)® (Y ®2)
aW,X@Y,Zi laW(@X,Y,Z
id
We(XeY)®Z) w ax vz We XY oz)
(1.1.1)
is commutative for all objects X, Y, Z, W in C.
(b) The triangle axiom The diagram:
(X®1)eY ey X®(1eY)
(1.1.2)
rx ®idy idx Qly
X®Y

is commutative for all objects X, Y in C.

Definition 1.1.1. A tensor category is strict if for all objects X,Y, Z in C one has
equalities (X ®Y)® Z =X ® (Y ®Z)and X ®1 = X = 1® X, and the
associativity and unit costraints are the identity maps.

3



4 Tensor categories and weak quasi Hopf algebras

Theorem 1.1.2 (MacLane). Any tensor category is tensorially equivalent to a strict
tensor category.

In a tensor category, one can form n-fold tensor products of any ordered sequence
of objects X1,...,X,. Of course such products can be parenthesized in different
ways, obtaining possibly distinct objects of €. For n = 3 we have two different
parenthesizings, (X; ® X2) ® X3 and X; ® (X2 ® X3), which are canonically
identified by the associativity isomorphism. It is easy to see that one can identify
any two parenthesized products of X1, ..., X,, n > 3, using a chain of associativity
isomorphisms. The problem is that, when n > 4, there may be two or more possible
identifications, which could be not the same. If n = 4 the pentagonal axiom avoids
the occurrence of this unpleasant situation. What does it happen if n > 4? This
problem is solved by the following theorem of MacLane:

Theorem 1.1.3 (Coherence Theorem). Let X1,...,X, € C. Let P, P two paren-
thesized products of X1, ..., Xy. Let f, g be two isomorphisms between Py and Ps,
obtained by composing associativity and unit costraints. Then f = g.

The next definition is crucial, because from now on we will only deal with this
kind of categories.

Definition 1.1.4. A tensor category is called linear if every morphism space (X,Y")
is a C-linear space. Moreover we require the existence of direct sums and subobjects.
More precisely, if X, Y, Z are objects in C, Z is the direct sum of X and Y if there
are morphisms u € (X, 2Z),v € (Z,X),v e (Y, Z),v' € (Z,Y) such that:

uow +vov =idy
and:
Wou=idxy , v ov=idy and v ou=0=vu'ov

Y is a subobject of X if there exists a morphism p € (X, X) such that p = p o p and
morphisms u € (Y, X), v € (X,Y) such that v/ o uw = idy and wo v’ = p.

We now want to introduce categories endowed with more structure. Let C be a
tensor category. A commutativity costraint c is a natural isomorphism such that:

CX’y:X®Y;>Y®X

c must also satisfies the following conditions:
(@)
Xy 2 vex
f®gl lg®f (1.1.3)
Xy 2 yig X
commutes for all objects X,Y, X', Y’ and all morphisms f € (X,X’) and g €
(¥,Y).
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(b)
XoVYez2) X% vez)oX
aX,Y,ZT lay,z,x
(XeY)eZz Y ®(Z®X) (1.1.4)
cx,y ®idz idy ®cx,z
l ay,x,z T

YeX)eZ 222y (X 2)

commutes for all objects X, Y, Z.

(c)
(XeY)®Z 22 70 (X @Y)
aX,Y,ZT laZ,X,Y
X® (Y ®2) (Z@oX)®Y (1.1.5)
idx ®CY,Z\L TCX’Z(X)idY
—1

X0(ZoY) XX (X92)eY
commutes for all objects X, Y, Z.

The next definition is due to Joyal and Street:

Definition 1.1.5. Let C be a tensor category. A commutativity costraint c on C is also
called braiding. A braided tensor category is a tensor category with a braiding.

When the tensor category C is strict, then the conditions (1.1.4) and (1.1.5) simply
become:

cxyez = (dy ®cx z)(cxy ®idz) (1.1.6)
cxeyv,z = (cx,z @idy)(idx ®cy,z)
Braided tensor categories are generalizations of symmetric categories:
Definition 1.1.6. A tensor category C is symmetric if it is equipped with a braiding ¢
such that:

Cy,X ©CX)Y :idX®y (117)
for all objects X, Y in the category. If (1.1.7) holds, the braiding c is the symmetry

for the category. In that case, diagrams (1.1.4) and (1.1.5) are equivalent.

Definition 1.1.7. A category C is a *-category if there exists an antilinear contra-
variant functor * : € — C which is the identity on the objects and such that:

f* = f for every morphisms f

If C is also a tensor category, the morphisms must satisfy the following additional
compatibility condition:
(feg =g

Moreover, we require that the commutativity costraint and the associativity costraint
are unitary natural isomorphisms. In other words:

ayyy =dxyy VX,Y,Z € Ob(C) (1.1.8)
Cxy = cxy VX,Y € 0b(e) (1.1.9)
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Definition 1.1.8. A *-tensor category C is rigid if there is, for any object X, an
object X called the conjugate object of X and two morphisms rx € (1, X ® X) and
7x € (1, X ® X) such that:

rk ®idgoay 4 oldy ®@Tx = idx (1.1.10)

idx ®r% oay x x 0Tx ®idx = idx (1.1.11)

Definition 1.1.9. Let f € (X,Y) be an arrow in C. Then the transpose f¥ € (Y, X)
of f is an arrow defined in the following way:

Y= (r} @ idy)(idy © f ® idx) (idy @Fx)

Remark 1.1.10. (a) If we consider a *-category C, we can give an alternative (and
equivalent) definition of linearity. In fact, for a *-category € it is possible to replace
u’ by u* and v’ by v*. As a consequence, p is self-adjoint.

(b) The definition of rigidity can be given in a more general setting. In fact, it is
possible to say that a tensor category € is rigid if there exists a conjugate object X
for all X € Ob(€) and two maps 7 € (1,X ® X) and r' € (X ® X, 1) playing
respectively the role of 7 and r*.

Definition 1.1.11. (a) An object X in a category C is simple or irreducible if (X, X) =
Cid X

(b) A category C is called semisimple if it is linear and admits a family of simple

objects X; indexed by ¢ € I, such that every object X is a finite direct sum of X;’s;

(c) V C Ob(C) denotes a set containing one object out of every equivalence class of

irreducible objects;

(d) A category C is rational if there are finitely many isomorphism classes of simple

objects;

The next result is the well-known categorical version of the Schur’s Lemma:

Proposition 1.1.12. Let X and X be two different simple objects in a semisimple
linear tensor category C. Then either (X1, X2) = {0} or dim((X1, X2)) = 1. In the
latter case, X1 = Xo.

Definition 1.1.13. A *-category C is a C*-category if:

(a) (X,Y) is a Banach space for every pair of objects X,Y’;
(b)if f € (X,Y) and g € (Y, Z), then [lg o £ < lgll .
©if f € (X, V), £ £l = /1%
(d) f* f is positive in the C*-algebra (X, X) forevery f € (X,Y) and every Y object
in C.

b

At this point we introduce the notion of tensor functor between two tensor cate-
gories.

Definition 1.1.14. Let (C,®,1,a,l,r) and (€', ®',1',a’,I',7’) be two tensor cate-
gories. A tensor functor from € to € is a triple (F, g, e), where F' : € — €' is a
functor, ¢ is an isomorphism from 1’ to (1), and:

exy :F(X)@ F(Y) = F(X®Y) (1.1.12)
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is a natural isomorphism such that the diagrams:

(F(X)®' F(Y)) & F(z) “LXEOFED, poxy g (F(Y) @ F(Z))
eX,Y®/idF(Z)l lidF(X) ey z

F(X®Y)® F(Z) FX)&' F(y©Zz) (L1113

5X®Y,ZJ/ leX,Y®Z

F(a
F(X®Y)®2) lax,v.2) F(X® (Y ®2)
and: l
e F(X) —% F(X)
GDO@idF(X)l T Flix) (1.1.14)
F()® F(X) =% Pl X)
and:
FX)o1l 9  FX)
idp(x) ®900l TF(TX) (1.1.15)

F(X)® F(1) =% F(X®1)
are commutative for all X,Y, Z € €. This is called the tensor structure axiom. A
tensor functor is said to be an equivalence of tensor categories if it is an equivalence
of ordinary categories.

Remark 1.1.15. It is worth to notice that a tensor functor is an ordinary functor
with an additional structure satisfying certain equations (the tensor structure axiom).
These equations may have more than one solution or no solution at all, so the same
functor can be equipped with different tensor structures or not admit any tensor struc-
ture.

Definition 1.1.16. A morphism g € (X,Y) in C is an epimorphism if it has a right
inverse h € (Y, X). A natural transformation g is a natural epimorphism if there
exists a natural transformation h such that g o h = id.

Definition 1.1.17. (a) A quasi tensor functor between two tensor categories € and €’
is a functor ' : € — €' together with an isomorphism ¢y : 1’ — F(1) in ¢’ and a
natural isomorphism e:

€X’y:F(X)®F(Y)—>F(X®Y)

(b) A weak tensor functor between two tensor categories € and €’ is a functor F' :
C — €' together with an isomorphism ¢g : 1’ — F'(1) in €’ and a natural epimor-
phism e:

exy :F(X)@F(Y)—=F(X®Y)

(but with e1 x and ex 1 isomorphisms) such that:

Flaxy.z) = exyez 0 idr(x) ®ey.z 0 dp(x) pv) r(z) © €xy @ 1dr(z) %€y
(1.1.16)

Flayly,z) = exav,z © exy @ idp(z) 005y piyv) iz © 1p(x) @€y © €xy gz
(1.1.17)
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(¢) A weak quasi tensor functor between two tensor categories © and €’ is a functor
F : ¢ — ¢ together with an isomorphism ¢y : 1’ — F(1) in €' and a natural
epimorphism e:

exy :F(X)QF(Y)—=FX®Y)

but with e1 x and ex 1 isomorphisms.

Remark 1.1.18. (i) The inverse of the diagram (1.1.13) is the diagram obtained from
(1.1.13) reversing all the arrows and replacing each one with its inverse (or right
inverse in the exy case). If I’ is a weak quasi tensor functor and both (1.1.13)
and its inverse commute, then F' is a weak tensor functor. Conversely, it is not true
in general that the identities (1.1.16) and (1.1.17) imply the commutativity of the
diagram (1.1.13) and of its inverse. This implication happens when ex y is a natural
isomorphism.

(i1) The kind of functor introduced in (b) is new and it is linked to the examples that
we will show in the rest of the work, as we can see more in detail in [16].

Definition 1.1.19. (a) A functor F' between two braided tensor categories (C, ¢) and
(€', ) is braided it VX, Y € Ob(C) the following diagram commutes:

FX)®FY) 2% F(X®Y)
Xyl lp(cx,y) (1.1.18)
FY)® F(X) 25 F(Y ® X)

(b) A functor F between two *-tensor categories C and € is *-preserving if F/(f*) =
F(f)* Vf morphism of C.
(c) A functor F between two rigid tensor categories € and €’ is rigid if there exists a

natural isomorphism dy : F(X) — F(X). If € and €’ are *-categories, we require
that d% = d'.

Remark 1.1.20. We point out that associativity costraints, commutativity costraints
and ey y are all natural transformations in the following sense. If f € (X, X'),
ge (YY) and h € (Z,Z'), then:
ax y zo(f@®g)®@h=[f®(g@h)oaxyz
g® foexy =cxryrof®g
exy o F(f)® F(g9) = F(f ®g)oexy
Finally, let f be a morphism in (Y, X). dx natural transformation means that:

F(fY)odx =dy o F(f)"

Definition 1.1.21. Let (F, o, e(f)) and (G, 7o, e(%)) be two weak quasi tensor func-
tors between two tensor categories € and €’. A natural isomorphism 7 : F' — G is
tensorial if the following diagrams commute:

)
FX)®F(Y) —% F(X®Y)
nx®nyl J{nX®Y (1.1.19)

(@)

GX) @ GY) 2% GX oY)
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and
- " G(1

"\ / (1.1.20)

1.2 Definition of weak quasi bialgebra

The notion of quasi Hopf algebra raised in the late *80’s thanks to the Drinfeld’s
work [20], where he proved the equivalence between the braided tensor category of
the modules over the Drinfeld-Jimbo algebra and the braided tensor category of mo-
dules over U(g)[[R]], equipped with a non-trivial associativity costraint. This fact
led to a reformulation of the Kohno’s theorem and an explicit expression of the mo-
nodromy of the Knizhnik-Zamolodchikov equation. The first appearance of the weak
quasi Hopf algebras is probably in the works of Mack and Schomerus [48], [49]. In
fact, physical motivations brought them to develop a generalization of quasi Hopf al-
gebras, allowing the non-unitality of the coproduct. This approach can be also found
in the work of Haring-Oldenburg [30], as we will see in depth in the next chapter.
In the next pages, we have two goals: to give a more systematic approach to these
algebras in comparison to the works previously cited, and to introduce an involution
on them, following what Gould and Lekatsas did for quasi Hopf algebras [28]. We
will finally give the definition of weak Hopf algebra. The facts exposed in this sec-
tion will be treated more in detail in [16]. Classical results about quasi Hopf algebras
which inspired us for this work can be found in [20] and [35].

Let A be an algebra, and a € A. Moreover, let p, g be two idempotents in A. We
can define the linear space (p, q):

(p,q) :=qAp={a € A:qa=a=ap}

D(a) = p will be called the domain of a, and R(a) = ¢ the range. a € (p,q) is
partially invertible if there exists an element a~! € (g, p) such that:

a_la:p, aa”! =q

Definition 1.2.1. A weak quasi bialgebra A is a unital, complex, associative algebra,
with a possibly non-unital algebra homomorphism A : A — A ® A called coproduct
and an algebra homomorphism ¢ : A — C called counit such that:

(e®id)o A =id = (id®e) o A (1.2.1)

Furthermore, there exists a partially invertible element ® € A ® A ® A such that:

D(®) = A ®id(A(D)), R(®) = id @A(A(])) (12.2)
B(A ®id(A(a))) = id®A(A(0)® , Ya € A (1.2.3)
(id @ id ®A(P))(A ® id ®id(D)) = (I ® ) (id ®A @ id(®))(@ @ I)  (1.2.4)
id @e ® id(®) = A(I) (1.2.5)

From now on, we will use the following notation:

(I):Zl'i@yi@%’q)il:Zpi@)%'@ri (1.2.6)
i i
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Remark 1.2.2. (a) The identity ¢ ® id ®id(®) = A(/) = id ® id ®e(P) follows as
in the quasi Hopf algebra case, applying € ® € ® id ® id to both sides of (1.2.4) and
then using the relations (1.2.1), (1.2.2) and (1.2.5).

(b) In the next pages we will often need to manipulate the identity (1.2.4), using it in
different shapes. Therefore, it is worth to notice the following fact. For example, if
we multiplicate both sides of (1.2.4) on the right by ®~! ® I, we get:

(id ® id @ A(®))(A®id ®id(®))(®'el) = (1) (id ®A®id(®))(id ®A(A(I))®1)
The idempotent appeared in the right hand side can be removed, since:

(id®A ®id(®))(Id RA(A(I)) @ I)

= (Id®A ®id(?))(id ®A ® id(A ® id(A(]))))(id A ® (A ® id(I ® I)))

= ([d®A ®id(®))(id ®A ® id(A ® id(A(1))))

=1d®A ®id(®(A ®id(A(1)))) = id ®A @ id(P)

Calculations like this allow to remove idempotents which come out from manip-
ulations of this type.

A morphism of weak quasi bialgebras is a map:
vi(A A, ®) — (A A € D)
which is a morphism of algebras such that:
veovoA=Aovand (r@vev)(®) =739

Of course, if A is unital the definition of weak quasi bialgebra reduces to that
of quasi bialgebra. From now on we will indicate with m the multiplication map
m:A® A — Asuchthat m(a ® b) = ab.

Definition 1.2.3. A weak quasi Hopf algebra is a weak quasi bialgebra with an anti-
automorphism S together with two elements « and 3 in A such that:

m(l ® a(S ®idoA(a))) = e(a)a (1.2.7)

m(I @ f(id®S o A(a))) =e(a)p (1.2.8)

ZwZﬂS(yi)azi =1= Z S(pj)ag;BS(r;) (1.2.9)
i J

The antipode S'is strong if a = 5 = I.

Remark 1.2.4. The compatibility condition (1.2.9) between S and @ is related to the
rigidity of the representation category of A, as we can see in the section 1.4.

Definition 1.2.5. A weak quasi bialgebra A is said to be involutive (or a weak quasi
*-bialgebra) if there exists an involutive map * : A — A and a partially invertible
element 2 € A ® A such that:

Q=0 (1.2.10)
D(Q) = A(I), R(Q) = A(1)* (1.2.11)
Ala)* = QAN Vae A (1.2.12)
e®id(Q) = I = id ®e(Q) (1.2.13)

(I®Q)(IdRAQ)P(ARidQ ) el =1 (1.2.14)
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We will use the following notation:

Q:Zci@)di and QflzzéVi@gz‘

Definition 1.2.6. A weak quasi Hopf *-algebra A is a weak quasi Hopf algebra en-
dowed with an involutive map * and a 2 € A ® A satisfying (1.2.10) - (1.2.14)

Notation.

)

2

Let A = a1 ® ... ® a; be an element in Vi where V is a linear space, and
consider the pairwise different indices 41,...,4; € {1,...,n}. We indicate
with A, i, = a] ®...® ay, atensor product in V®" where n > j, defined in
the following way: a; = a;, and a), = I if k # s forall h € {1,...,j}. For
example, if A € V&4, Ay45 € VO satisfies the following identity:

Aosigs = a2 ® a1 @I ® a3 ® ay

Let V be a linear space. ¥ : V®2 — V®2 ig the map which sends v ® w to
w®uv. X, VO — V" js the map which switches the first i elements with
the second j elements, where ¢ + 7 = n. More precisely:

i jv®... QU041 ®...0U,) =041 ..U, QU1 ® ... Qv
On the other hand,
L1 ®..000..000..0U,) =01®..00,0..00Q... U,

Finally, 3, : V®" — V" reverses the order of the n factors.

Definition 1.2.7. A weak quasi bialgebra A is said to be braided if there exists an
R-matrix R € A ® A partially invertible such that:

D(R) = A(I), R(R) = A°P(]) (1.2.15)
A°P(a)R = RA(a) (1.2.16)
id ®A(R) = O35 R13Po13R120 ! (1.2.17)
A ®id(R) = Pa31 R13P 55 Raz® (1.2.18)

If A is a weak quasi *-bialgebra we require the following additional condition:

O R=RQ (1.2.19)

The same definition of R-matrix holds if A is a weak quasi Hopf algebra. We will

use the following notation:

R=>aob and R =Y @b
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Definition 1.2.8. (a) A morphism of weak quasi Hopf algebras v : (4,5) —
(A’,S") is a morphism of weak quasi bialgebras such that:

voS=.5ov
(b) A morphism of weak quasi *-bialgebras v : (4,Q) — (A’, Q) is a morphism
of weak quasi bialgebras such that:
vo*="ovand vav(Q)=Q
(¢) A morphism of braided weak quasi bialgebras v : (4,R) — (A, R’) is a
morphism of weak quasi bialgebras such that:
v@v(R) =R

Definition 1.2.9. Let A be a weak quasi bialgebra. A rwist is a partially invertible
element F' € A ® A such that D(F) = A(I) and:

e®1d(F) = I = id ®e(F) (1.2.20)

The same definition of twist is valid for weak quasi Hopf algebras. We will use the
following notation:

F=Ye®fiad F'=) 6af
( J

Using a twist F' it is possible to build a new weak quasi bialgebra A, defining
the coproduct Ap : A — A ® A as follows:

Ar(a) = FA(a)F~! Yac A (1.2.21)
and a new associator:
Pp =T ®F)(dAF)®(AQid(F Y (F 'l (1.2.22)
If A is a weak quasi Hopf algebra with an antipode (S, o, 3), Ap is a weak quasi
Hopf algebra with an antipode (SF, ar, ), such that:
Sp=5.ar=)Y_ SE)afi and Bp = eBS(f:)

(2

We are going to prove these facts in the following:

Proposition 1.2.10. For any weak quasi bialgebra A = (A, A, e, ®) and any twist
F € A® A, the algebra Ap = (A, Ap,e,PF) is a weak quasi bialgebra. If A is a
weak quasi Hopf algebra with an antipode (S, «, ), A is still a weak quasi Hopf
algebra with antipode (Sf, ar, BF).

Proof. We check the relation (1.2.1) - (1.2.5) involving A and @ . Relations (1.2.1)
and (1.2.5) are very easy to obtain using (1.2.20).
We prove now that ®p(Ap @ id(Ap(I))) = p:

Op(Ar ®id(Ap((I))) =

= (I® F){dRAF)P(AQId(F )W FIFRN)(AQIdFF Y (F 1ol =
= (I ® F)(id®AF)?(A®id(F ) (A®idF)(AidF ) (F'el) =
= (I ® F)(id®A(F))®(A @ id(AD)) (A @id(F H)(F1el) =

= (I® F)(ideAF)P(Aid(F Y)W F'el)=ofp
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In a similar way we obtain that (id ®Ap(Ar(I)))®r = ®r. So we have proved that
Ap and ¢ satisfy (1.2.2). In the next calculation we prove that they satisfy (1.2.3):

(id AR (Afp(a)))®p =
= (I® F)id®A(FA(@)F ) I @ F'F)(ideAF)®(A@id(FY)(F el =
= (I ® F)(id @A(F))(id 9A(A(a)))@(A @id(FHY)(F e I) =
= (I ® F)(id®A(F)®(A @id(A(e))(A@id(F)WFlel) =
= (I ®F)([id®A(F)®AQ@id(F)WFIFeI)(AQid(FA(@F )W F1eIl) =
= ®p(Ar ®id(Ap(a)))
It remains to prove the relation (1.2.4), or, explicitly:
(i[d®@id @A p(®p))(Ar ®id®id(®r)) = (I ® Pp)(id 9AR @ id(Pp))(Pp @ I)
Hence:
(id®id @Ap(Pr))(Ar @ id®id(®r)) =
= F3(id ®id @ A(Fas(id @A (F)) (A @ id(F 1)) F')) Fay
- Fio(A ®id ®@id(Fo3(id @ A(F))®(A @ id(F 1)) FRh ) ! =
= F3(d ®id ® A(F23))(id @ id @ A(Id @A (F))) (id ®@ id @ A(P))-
(A AF)FR Fy FraFau(A ® A(F))(A @ id @id(9))-
(A®id®id(A®id(F 1)) (A ®@id®id(Fu')Fo'
Since Fi5 e F34 commute and using (1.2.3) on ¢ we get:
(I F)(ideideAl @ F))(I @ ®)(id ®A @ id(id @A(F)))-
(IT®d ) (ideideA(®))(A ®id®id(®))(®~! ® I)-
(@A RIdAQIdFEYNP @ DNARIdIdF o D) (F'oIel)
Using (1.2.4) on ® we obtain:
(I®I®F)(ideideAl @ F))(I @ ®)(id ®A @ id(id @ A(F)))-
(id @A ®id(®))(id ®A ®id(A ®@ id(F~1)))-
(@RNARAIA(F'eN)(F'elel) =
—(I®I®F)(ideideAl @ F)(Io®)(ideA®idI @ FH)(I e Ftel).
(T FaD)(ideA®id((I® F)(idAF)®(Aid(F ) (F'e)(Ie F el
(I FDN(deA@Id(FRN) (PR NARIAQIAF TN (Fleolol) =
= (I ®®r)(id@AF ®id(®F))(Pr @ id)
Let’s pass to the weak quasi Hopf algebra case. We start proving (1.2.7) on Ap:

m([ X aF(SF ®1id OAF((L))) = Z S(eia(l)évj)apfia@)}; =
i,J

=" 5(6)S(aq)S(en)S(@)afn fiaw T
i,5,h

Since F~'F = A(I):
> S(e)S(én)afufi = o (12.23)
ih

> eneiBS(f:)S(fu) = B (1224)
i,h
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Hence:

m(I @ ap(Sp ®idoAr(a))) = Z S(€5)S(any)aag fi =
=ela) ) S(E)af; = c(a)ar
J

The condition (1.2.8) can be proved in the same way. It remains to prove the relation
(1.2.9). We will prove only the first of the two identities. Remembering the definition
of &, we have:

ZSU ®yZF)®Z( ):

Z €jThek(1)€l @ €z'fj(1)yh€~k(2)fz ® fifj(z)zhfk
ik

We want to prove that:

Z DCEF)ﬁFSF(yi(F))OéFZ,(F) =1

i

In fact:

Zaz 18pSr(yar=" = 3" ejandiay | D @enBS(f2)S(f)

G.hk In
- S(€r(2)S (un Zs e))S(Em)afmfi | fiaynf

Now, using (1.2.23) and (1.2.24), we obtain:

ZIE )5FSF )OéFz( ) =

=) ejmnéi)BS(Enez)S (yh)s(fj(l))afj(g)Zhﬁ =

3k
= | D e (Z fﬂhﬁs(yh)azh) (Z E(é})ﬁ) =1
J h k
using (1.2.9) for A and (1.2.20). O

If we are dealing with weak quasi *-bialgebras A, the weak quasi bialgebra Ap
is still involutive with:
Qp = F1"QF !

This is what we are going to prove in the next:

Proposition 1.2.11. Given a weak quasi *-bialgebra A and a twist F, the algebra
Ap is a weak quasi *-bialgebra.

Proof. We need to prove the relations (1.2.10) - (1.2.14) related to Q2. Identities
(1.2.10) - (1.2.12) are very easy to prove. We prove the relation (1.2.13):
QrAp(a*) = FYQF TFA(a")F! =
= F VOAW)F = FTYA@@) QF ! = Ap(a)*Qp
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It remains to prove (1.2.14):

(I ®Qp)(id@AR(Qr)Pr(Ar @id(QE)(Q @ 1) =

—(I@F Il FYHIeF)(idoAF 1) ([doAQ))(deA(F))
(I® FYHY(I®F)(ideAF)S(AQidF ) F e I)(FeI)

(A ®@id(F)(AQidQ " NAQIAF)(F o) (Fol)(Q ' )(Fol) =
= (I @ F1({dQAF 1) (I @ Q)(id ®A(Q))®

(A@idQ)NOQ @A QIAF)) (F*eI) =

= (I @ FideAF ) e AeidF) (Frel) =o,"

O]

Now, suppose that (A, A, e, ®, R) is a braided weak quasi bialgebra, and F' €
A ® A atwist. The twisted R-matrix R is:

Rp = Fy RF ! (1.2.25)
We have:

Proposition 1.2.12. The algebra Arp = (A, Ap,e,Pr,Qr, Rp) is a braided weak
quasi bialgebra. If A is a braided weak quasi *-bialgebra, Ap is a braided weak
quasi *-bialgebra too.

Proof. We have to prove relations (1.2.15) - (1.2.18) for Rr. (1.2.15) is quite easy to
prove. (1.2.16) is a consequence of the following calculation:

RpAp(a) = FyRF'FA(a)F~! = Fyy RA(a)F ™1 =
= A (a)RF ™ = (FA(a)F )y Fon RF~! = AP (a)Rp

We pass to (1.2.18). The relation (1.2.17) can be proved in the same way.

id@AR(RR) = (Id@AF(F)) ([d @A F(R)) (iId @AR(F 1)) =
= (I ® F)(id @A(Fy1))(id ®A(R))(id @A(F~ )T @ F~1) =
= (I ® F)(id ®A(F2)) @55 R13Po13R12® (id @A(F )T @ F1) =
= (I ® F)(id @A(F21)) @55 R13Po13R12(A @ id(FY))(F @ 1)@ =
= (I ® F)(id @A(F1)) @515 Ri13P213(A® @ id(F 1)) (Fy' @ I)(Rp @ I)®5" =
= (I ® F)(id @A(F21)) @35 Ri3(id @A(F 1 )o13) Fi3' @5y R, @5 =
= ([ ® F)(id®A(F))® 312(1d QAP(F™ )213)F3_11RF13(I)F213RF12(I)I;1 =
=y F5i' Rpyy ®pyy R, @

Now, suppose that A is a weak quasi *-bialgebra. It remains to prove the relation
(1.2.19):

Qo1 pRr = Fy " Qo1 Fy ' Fon REY = Fy V" Qp RF 1 =
= RTOF = RV RTQR T =
= F, "RV F*Qp = (Fn RFYH)™V0p = RV QR
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When F is a twist on A, then so is F~! and we have:
(Ap)p-1=A = (Ap-1)F (1.2.26)
If F’ is another twist, then so is the product F'F’ and:
(Ap)pr = Appr (1.2.27)

Definition 1.2.13. Two weak quasi bialgebras (A, A,e,®) and (A’, A’ ¢/, ®') are
equivalent if there exist a twist ' on A’ and an isomorphism v : A — A/, of weak
quasi bialgebras.

All the results we have seen before involving weak quasi bialgebras are still valid
for weak quasi Hopf algebras. Before ending this section, we introduce a special
kind of these algebras, which is not closed under twists. Let A be a weak quasi Hopf
algebra. In order to shorten the formulas in the next Definition, we set:

P, =A(I), P3=A®idA(I)), Q3=id®A(A()) (1228)
P =A®idid(A @id(A))), Q4 =id®id®AG(dRAAI)))

Definition 1.2.14. A weak Hopf algebra is a weak quasi Hopf algebra with P», Ps, @3, Py, Q4
satisfying the following:

Q3A ®id(A(a)) = id ®A(A(a)) Ps (1.2.29)
Q3P3Q3 = Q3, P3Q3P3=D; (1.2.30)
(I ®Q3)(id A @ id(QsP3)(P3 @ I) = Qu(A @ A(P)) Py (1.2.31)

As a consequence of the previous identities, the associator ® and its inverse ® ! can
be chosen in the following way:

® = Q3P3 = id @A(A(I))A ®id(A()) (1.2.32)
! = P3Q3 = A®id(A(I))id RA(A(T)) (1.2.33)

Remark 1.2.15. (a) A deeper look to these algebras will be given in [16]. At this
stage we can notice that our definition of weak Hopf algebra is quite different from
the one introduced by Bohm, Nill and Szlachanyi [10], [60]. In fact, their algebras are
coassociative, with a non-counital coproduct and a non-multiplicative counit. This is
due to the fact these two kinds of algebras arise in different contexts and with differ-
ent motivations.

(b) Suppose that A is a weak quasi Hopf algebra with associators ® and ®~!. Hence,
since we already know that ¢ and ®~! are associators, the identities (1.2.32) and
(1.2.33) are equivalent to conditions (1.2.29) - (1.2.31). This fact will be used af-
terwards to prove that a peculiar weak quasi Hopf algebra is actually a weak Hopf
algebra.

1.3 Weak quasi Hopf algebras: properties of the antipode

In this section we focus on some properties of weak quasi Hopf algebras, specially
those involving the antipode. The most of the following results are new but heavily
inspired by the Drinfeld’s work about quasi Hopf algebras [20].
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Proposition 1.3.1. The counit € of a weak quasi Hopf algebra A is unique and sa-

tisfies € 0 S = e. If A is involutive, € also satisfies (a*) = (a), for every a € A.

Proof. The first two statements can be proved in the same way as for quasi Hopf
algebras, namely the first follows from (1.2.1) while the second from applying the
counit to one of the equations (1.2.7) and (1.2.8). For the last statement it suffices to
show that £(a) := £(a*) is a counit. We prove just one of the two counit identities:

(id ©2)(A(0)) = a)Elage) =
= (aa)s(a’&)))* = (id®e(A(a)"))" =
= ([d ®e(QA(@)Q™1))* = (id®e(A(a")))* = a

using (1.2.12) and (1.2.13). (]

Proposition 1.3.2. Let A be a weak quasi Hopf algebra with antipode (S, c, ). Then
for every invertible u € A, the triple (S, @, ) defined by

S(a) =uS(a)u™, wa=a, Bu'=045. (1.3.1)

is another antipode of A. Conversely, if (S, a, B) and (S, @, B) are two antipodes,
there exists a unique invertible element u € A satisfying (1.3.1). In particular, if a
strong antipode exists, it is unique.

Proof. Straightforward calculations allow us to prove that, if (S, «, ) is an an-
tipode, (S, @, 3) defined as (1.3.1) is another antipode. Conversely, let (S, a, 3) and
(S, @, B) be two antipodes, and:

u="> S(p:)aqBS(r;) (13.2)

In some of the following calculations we will avoid the summation symbol. Applying
themapV : A® A® A — A such that:

V(b®c®d) = S(b)acBS(d)

to both side of the identity A®id(A(a))® ™! = &71(id ®A)(A(a)), we getuS(a) =
S(a)u. In fact:

V(A @id(A(a)®™") = V(emaypi @ agy@)@i @ a@)ri) =
S(aqyypi)aa) 2 aBS(aeri) =
= S(pi)S(agyay)aaq)z) @BS(a@r) =
S(pi)agiBS(r;)S(a) = uS(a)

Applying V' to the right hand side, we obtain:

V((I)fl(id ®A)(A(a))) = V(pia(l) ® gia(2)(1) @ T'ia(z)(Q)) =
= S(piag))agiae)1)BS(riae) )
= S(a)S(pi)agiBS(ri) = S(a)u
Now, from (1.2.4) and (b) of Remark 1.2.2 it follows that:

(id®id ®A(P))(A ® id @id(®))(@ 1 ® I) = (I ® ®)(id ®A ®id(P))
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We apply the map W : A®4 — A to both sides of the previous identity, where
Whecwdee)=8S0b)aclS(d)ae
obtaining in this way ua = @. In fact the left hand side gives

g(xixj(l)pk)ayixj(z) q]CBS(Zi(l) yjrk)az’i(g) Zj =

i) S (@) ) [S (@) ayie (2i)] ) arBS (1) S(yj) vzj =
Pr)S () Jazj, arBS (k) S (y;) oz =
pr)qrBS (ri)[e(x;) S (yj)az;] = ua

We have used the following identity in the third line:

S(xi)aye(z) =mo [l @a- (S ®id)(id ®id ®e)(®)] =
=mo[l®a- - (S®id)(A(I))]=c(l)a=a

and similarly we have used the relation £(z;)S(y;)cz; = « in the last line. Analo-
gous computations show that the right hand side leads to @. The relation involving
can be proved in the same way. Now we prove the invertibility of u. We define:

U_Zspl Oéngg )

v 1s the inverse of u. Indeed:

uv = Zus (pi)aqiBS(ri) = Z?(zn)uaqﬁ?(m =
= Z S(pi)agiBS(r;) =
A similar calculation allows to prove the uniqueness of w:

u=ul = ZuS (pj)ag;BS(r;) ZS (pj)uag;BS(rj) =
= S(p;)ag;BS(ry)

O

We now ask if there exists a relation between the antipode and the coproduct, or,
more precisely, if the antipode enjoys a sort of anticomultiplicativity. The answer
is quite similar to the quasi Hopf algebras case, but we must take into account the
non-unitality of the coproduct. We define:

v=V(I®® ) (id®id @A(P)))
5 =V'((A®ideid®) (@ @ 1))

where V, V' : A®* — A®2 are:

Vicwdoe® f) = S(d)ae® S(c)af
Vi(c@d®e® f) = cBS(f) @ dBS(e)

Our goal is to prove the following:
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Theorem 1.3.3. There exists a unique quasi invertible element F' in A® A such that:

D(F)=A(I), R(F)=5®S(A(I)) (1.3.3)
FA(S(a))F~' = (S ® S(A%(a))) Ya € A (1.3.4)
v =FA(a) (1.3.5)
§=A(B)F! (1.3.6)

Moreover, we have that:

F= Z S ® S(AP(pi))vA(BS(rs))

)

and

= Z A(S(pi)ag;)d(S ® S(A'(r5)))

We start proving the following:

Lemma 1.3.4. We have:
(a)

y=V(@®)(A®ideid@ )
§=V'(([d®id @A) ®))

(b) Ifa € A, then:

(S @ S(A%(aqy)))vAla)) = e(a)y
Aa(1))d(S @ S(A%(a(p))) = e(a)d

(c)

Z A(z:)0(S ®@ S(AP(y:)))7A(z) = A(T)

]

D (S @ S(AP(p;)))7A(g;)5(S ® S(AP(r;))) = A(T)

J

Proof. (a) Using (1.2.4) we have

v =V((d®A ®id(®))(® ® I)(A ®id®id(®)))

It is easy to see that:

V(id®A ®id(®) - T) = V(T) (1.3.7)

after the following calculation:

V(id®A ®id(®) - T)

S cwVinereles 1) -
— Zg(y,-)S(Tg)aTg ® S(T1)S(wi)azi Ty =
- Z S(Ty)aTs @ S(T1)[S(w)e(yi)az] Ty =

= S(Th)aTs ® S(Ty)aTy = V(T)
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where the expression in the square brackets is equal to « thanks to (1.2.5). Therefore:
7=V((id®A ®id(®))(® ® I)(A®id®id(®~ 1)) =
=V(®®)(A®ideid(@ 1))

Similarly for the identity involving 9.
(b) We prove the first identity. The second identity will follow in the same way.
(S @ S(A°(a(1))))vA(a(z)) is equal to

V(I®d ) (ideid A(®))(A @ A(A(a))))
which in turn is equal to:
V((id®A @ id(id A(A(a))(I © 1) (id @ id @A(P))) (1.3.8)
after the following calculation:

(I®d 1) (id®id @A(®))(A ® A(A(a)))
= (I ®® ) (i[doid ®A(P(A ®id(A(a)))))
= (I ® & ) (id®id ®A((id ®A(A(a))) D))
= (id ®A ® id(id A (A(a)(I @ 1) (id ® id R A(P)

)

Finally, (1.3.8) is equal to £(a)~y since:
V(id QA ® id(id ®A(A(a))) T RTERTs® T4) = €(a)V(T1 RTH RT3 ® T4)

(c) We prove the first identity. The second will follow similarly. Let r be the fol-
lowing element in A%S:

Tl (Ied ) (idoideA(®)](A® A A(D))-
(A ®ideid(®)(d e I)®I®I]

We introduce the map ¢ : A®6 — A®? with:
Pla®b@ced®e® f)=(a®b)(B® B)(S(d) ® S(c))(a®a)(e® f)
A simple calculation leads to the identity:
¢(r) = Azi)d(S @ S(AP(y:)))7A()

In this way we obtain the LHS of the identity that we are going to prove. We need
much more work in order to get the RHS. It is possible to write 7 in a different way:

r=(A®id®A ®id(ild®id @A (D)) (1% @ &)

(@' @ I (Id ®A ® id A (A ® id ®id(P)))) (1.3.9)

using repeatedly (1.2.3). We report the explicit computation:

r=[I*® o ) ([id* eA((I*? © 9))|(A%(2))[(A ® id®(® @ I?))(P™! @ I%%)] =
(I 20 (A ®id*?2A((I ® ®)(id®A @id(®))(®®1))(d o I9?%) =
= (I 23 ) (A ®id*?®A(([d®id ®A(P))(A @ id®id(®)))) (@ @ I9?) =
= (A ®id)**((1[d*? @A(®)))(I#* @ @7 1)(27! @ I??)((id ®A)**(A ® id®*(@)))
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Now, we apply ¢ to r written as in (1.3.9). We obtain the following identity simply
using the definition of ¢:

3(r) = (A @ 1™ (D125))(27 @ I?°)(I%° @ @71) (1d®! @ A(P1s5)))
We rewrite the cocycle relation, putting I at the positions 4 and 5:
(id &® id ®A((I)))1236(A ® id®4(@125)) = (13236(id ®A & id®3(q)125))(13123

Multiplying both side on the left by (id ® id ®A(®~1))1236 and on the right by ® 55
we get:

(A @ A(AD)))1236((A @ id® (P125))) @1 =
= (id @ id @A ()] 236P236(Id ®A ® id®? (P125)) (id ®A(A(I)) @ I9?)
We can also rewrite the cocycle relation putting I at the positions 2 and 3:
(I%° @ &) ((1d** ®A(P145))) (A @ A(A()))1456 =
= (I @ (A®id(AI)))((1d®? A @ id(P145)))P1a5(A @ id @id(D 1)) 1456

Proceeding as in (b) of Remark 1.2.2 we have:
(A ©d™!(@125))) P15 = (id @ id ©A(®)) 36 Pas0(id ©A © id™3(@125))

and:

(I% @ @1 ((1d¥* ®A(P145))) =
= ((id®3 RA ® id<¢’145)))¢)145(A ®Rid® id(q)_l))1456

We use the previous two identities in the following calculation:

O(r) = ¢((A @1d®! (D125))(P~! @ I)(I?? @ @71)(id®* @A (P1s5))) =
= qf)((ld ®id ®A(q)))1236q>236(id QA ® id®3(q)125))'
. (id®3 QA ® id(@145))@145(A ®id® id(‘bfl))1456)

Using the definition of ¢ we get the desired result:

O(r) = pi;xripjiy) BS Yk ) YiPjay) Yk 2105 @
® GiTiYjy BS (T Yilj o) ) OTin 225 275 =
= e(pj)e(yr)pizjzrq; @ e(ri)e(y;)aiziziry =
= (i[d®id ®e(®@ 1)) (id ®e @ id(®))(id ®e @ id(P))-
(e ®@id®id(®@7Y) = A(I)
O

Lemma 1.3.5. Let B be an algebra, p an idempotent in B, f : A — B a homo-
morphism and g : A — B an anti-homomorphism with f(I) = g(I) = p, and
p,o € (p,p) such that:

(1.3.10)
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where a € A. Moreover,

Z F@)og(yi)pf(z) =p (1.3.11)

>_9ws)pf(a5)o9(r;) = p (13.12)

J
In addition, we have an idempotent ¢ € B, p, o € qBp and an anti-homomorphism
g: A — Bwithg(Il) = qalso satisfying (1.3.10) - (1.3.12) (but in (1.3.12) q replaces
).
Then there exists exactly one element F' € B, partially invertible with D(F') = p,
R(F) = q, such that:
Fp=p
cF =0 (1.3.13)
gla) = Fg(a)F~!
As a consequence, we have F' =Y. G(p;)pf(qi)og(r;) and F1= > 9i)pf(a)ag(r:).
Proof. Let Fbe Y, g(pi)pf(qi)og(ri). We apply themap V : A®3 — B, V(b®c®
d) = g(b)pf(c)og(d), respectively to (A ®id(A(a)))®~! and &~ (id A (A(a))),

obtaining Fg(a) = g(a)F. In the same way, we apply the map V' : A®* — B such
that:

V(b®cwdae) =gb)pfc)og(d)pf(e)
to both sides of the identity:

(id ®id ®A(D))(A @ id ®id(®))(@ ® I) = (I ® ®)(id ®A @ id(®))

From the LHS we obtain F'p, and from the RHS p. In the same way for o. It remains
to prove the uniqueness of F'. Suppose that F' satisfies the first three identities of
(1.3.13). Then:

F=Fp= ZFg(pj)pf(qj)Ug(Tj) = Z?(pj)pr(qj)Ug(rj) =

J J

= Z?(pj)ﬁf (4j)o9(rs)

J

At this point we are able to prove the Theorem 1.3.3:

Proof. Tt is straightforward if we apply the previous Lemmato B = A® A, p =
A(l), ¢ = S®S(A®U)), f = A, g=A08p=Aa), s =Ap),g =
S®SoAP 5=, =39. O

We now ask what does it happen if A is coassociative, or in other terms ® =

I ® I ® I. In this case we do not recover the classical anticomultiplicativity property
of the antipode, as we can see in the next:

Proposition 1.3.6. The following identities are equivalent:

A =11
(i) AoS = (S®S)o AP
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Proof. (1)=-(ii) is the ordinary case. Let us prove (ii)=(1).

A =AD)I @) =
De(In) I ® I = Ale(Ip)D)(Ig @ I) =
TywSUay)) U @ 1) =
f<1>)A(S(I(2><1>>)(I< 2)(2) @ 1) =
(1(1)(1) ® I1y2)) (S 2 ) ® S(L2)1)(2) L2)2) @ I) =
Iy@SUewe) =

Il

—~

=

=

=

=

v

/\

\_/ \_/ —~

'\4

I
I f @ ® Iay2SU)w) =
= 1(1 ( ) ® I ( 1) =
Inya >®I<1>< >5(f<2>) I ®f< 915U 2)2) =
=y @ec(l)l =)y =1I1
O

Finally, we want to shed light on the structure of the dual algebra A. We recall
the definition of the structure maps on A:

(¢¥]a) := (¢ ® P|A(a))

(B@)la®b) := (glab) (13.14)
£(¢) = (ol1)
(S@la) = (915(a))

where ¢, 1) € A, a,b € Aand (-|-) denotes the dual pairing A ® A — C. Using the
structure maps it is easy to see that:

A(p)* =A(¢") Vpe A

Moreover, A is a non-associative algebra, with a coassociative and unital coproduct
and a non-multiplicative counit. The involution * is not antimultiplicative.

1.4 Weak quasi Hopf algebras: representation theory

In this section we will deal with the representation theory of a semisimple weak quasi
Hopf algebra. We restrict to the semisimple case since in this situation talking about
representation categories does not cause any kind of categorical issues. Moreover,
we will only consider finite-dimensional representations. A representation of a weak
quasi Hopf algebra A is a pair (V, 7y ) where V is a finite-dimensional complex
linear space and 7y : A — End(V') an algebra homomorphism. We will indicate
with Rep A the category whose objects are the representations of A and the arrows
between two objects (my, V') and (my/, V') the subspace (V, V') of £L(V, V') whose
elements are the A-linear maps. This linear category can be made into a (non-strict)
tensor category following, for example, [10].
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We define x on representations:

TV XW ‘= (7TV ®7Tw) oA

(1.4.1)
VxW:= vaw(f)(v & W)
and then on A-linear morphisms:
fxg:=(f®g)omvxw(l) (1.4.2)

where f € (V, V'), g € (W, W').

If A is a weak quasi Hopf *-algebra, we restrict to the representations (7y, V)
such that 7y (a*) = my(a)* and V' is endowed with a hermitian form. We will call
them *-representations. The category whose objects are these representations will be
called Rep;, A. Finally, if A is a weak quasi Hopf C*-algebra and 2} € A ® A is
a positive element, we restrict to the *-representations 7y on the Hilbert spaces H.
The category whose objects are these representations will be called Repy A.

Our goal is to prove the following:

Theorem 1.4.1. Let A be a weak quasi Hopf algebra. Then Rep A is a tensor ca-
tegory. If A is a weak quasi Hopf *-algebra, Rep,, A is a *-tensor category. If A
is a C*-algebra and ) a positive element in A ® A, then Repy A is a C*-tensor
category. If the antipode S commute with the involution * in A, Repy A is rigid. If
A is braided, then Rep A is braided. If A is endowed with the involution *, then the
braiding is unitary.

It is quite easy to see that the unit object exists and it is the trivial representation
1 = (C,¢), where A acts on the complex numbers in the following way

a-1=c¢(a)l

We define the associativity costraints ayy,w : (U x V) x W —= U x (V x W) and
agyw U x (V x W) — (U x V) x W. We will take into account that:

(uRV)@w=ARIdAI))(u® (vew)) e (UxV)xW
u® (vRw)=1dRA(A))(u@v)@w) € U x (V x W)

Hence:

apyw((u®v) @w) =*((u®v) ®@w)
al}7l‘/7w(u @vew) =01 ue (vew))

while the unit costraints are:
ry(v@l)=vandly(l®v)=v

Using (1.2.2) it is quite easy to see that the associativity costraints @ and a~! are well-
defined. Furthermore, pentagon axiom and triangle axiom are direct consequence of
(1.2.2) - (1.2.5). So Rep A is a tensor category.

The next step is to prove that Rep; A is a *-tensor category when A is a weak
quasi Hopf *-algebra. In this setting, the main problem is to prove that the product
of two *-representations is still a *-representation. It is crucial the existence of ).
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In fact, let (my, V') and (my, W) be two *-representations. We put on V' x W the
following hermitian form:

(v1 ® wi,v2 @ wa) 1= (11 ® w1, V(v ® w2))p
where the form on the right hand side is the product form. Then:

Proposition 1.4.2. Endowing V' x W with (-, -) defined above, we get that Ty x is
a *-representation.

Proof. First of all, the form (-, -) is hermitian because of the self-adjointness of (.
Next:

(v1 @ w1, Ty xw (@) (v2 @ wa)) = (Tyxw(a)(v1 @ wi),v2 @ wa) =

= (A(a)(v1 @ w1), Q(v2 @ w2))p = (v1 @ w1, A(a) " Qv2 @ w2)), =

= (v1 ® wy, QA(a™)(v2 ® w2))p = (V1 @ w1, Ty xw (a”)(v2 @ wa))
O
What does it happen if we have n *-representations V7,...,V,? Since the co-
product is not coassociative, the category is not strict. So, it will be necessary to use

parentheses to indicate the order of the products. According to the order that occurs,
we define

AW = (([d®...®dRA®Id®...®id)o...0 A
with A =idand A® = A,

Unlike the coassociative case, A depend on the positions of A’s into the com-
position. When it will be possible, we will avoid the use of parentheses and we will
consider A fixed, withi < n. If A = A & A(®) o A, then:

Q" = Q") @ Q) (AN @ ADY Q) € A%" (1.4.3)

with Q) = T and Q) = Q. In other words, the definition of (™ depends on the
A which in turn is chosen according to the order of the products.
Now we can define the hermitian formon V7 x ... X V,;:

(M. QU @ ... Q) = (11 ®...0v, AW ®@...0u)), (144
As before:

Proposition 1.4.3. Endowing Vi X ... X V,, with the hermitian form (1.4.4), we get
that Ty, « .. xv, Is a *-representation.

Remark 1.4.4. The relation A(a)*Q = QA(a*) can be extended to A™ and Q™)
or more explicitly:
A (0)*Q™) = QM AM) (%)

Va € A and Vn € N. We prove it by induction.

A(")(a)*Q(n) - (A(r) ® A(S)(A( N)* (Q(r) ® Qs ))(A(r) ® A(S)(Q)) -
= (AT (a1))* Q" @ A®) (a(5)* Q) (AN @ AL(Q)) =
= (@020 (ah) ® QYA )AL @ AD(Q) =
= (0" 2 o)A @ A 5)(A(a) Q) =
= (2 ® o)A @ AL(@))(AT @ A¥(A(a"))) =

= QM AM (g*)
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The following result completes the proof that Rep,, A is a *-tensor category:

Proposition 1.4.5. The associativity costraint ay,y, satisfies the following identity:

* —1
ayvw = Ay yw
forallU,V, W in Rep,, A.

Proof. Tt is merely a consequence of (1.2.14):

((u1 ® v1) ® wy, agy,w (uz ® (02 ®ws))) =
= (avvw ((ur ® v1) @ w1), 2 (uy @ (vg ® wy))), =

= (2((u1 ® v1) ® w1), ( ® Q)(Id DA(R2))(u2 @ (v2 ® w2)))p =
(w1 ®v1) ® wi, 2*(I ® Q) (Id ®A()) (u2 ® (v2 @ w2)))p =
(w1 @ v1) @ wy, (2 1)(A @id(2) 0" (u2 ® (v2 @ w)))p =
(w1 ® v1) @ wy, ava(U2 ® (v2 @ w2)))

O]

It remains to talk about the C* case. If A is a C*-algebra and ) a positive element
in A ® A, it is very easy to prove that Repy A is a C*-tensor category. We just need
to check the following:

Proposition 1.4.6. Suppose that Q is a positive element in A @ A. Then Q™ is
positive 'n € N and for every A",

Proof. We suppose that A" is equal to A @A) oA, and we proceed by induction.
Since Q and Q") are positive for all » < n, we have Q = T2, Q) = T3 and
06 = T32, where 11, T and T5 are self-adjoint. We will obtain the result after the
following calculation:
o) — (Q(T) ® Q(s))(A(T) ® AB(A(T?))) =
= (A1) & AT & QA @ AC(T)) =
= (A" @ AL(T)* )Ty ® Ts)(To  T3)(A") @ A¥)(T1)) = B*B

where B = (Tp @ T3) (A" @ AG)(T7)). O
Next, we focus on the rigidity of Repy A under the assumption:
So* =* oS

Let V be a Hilbert space and V its conjugate space. If (7, V) is a *-representation
of A, then (77, V) is also a *-representation of A, with the following action of a € A
onv € V:

av = S(a)*v (1.4.5)

The next calculation shows that (7, V) is a *-representation of A:
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Now we prove that V' is the conjugate object of V in Repy; A. In order to prove
this fact, we introduce the conjugation maps r = r%,a ) e (1,VxV)and7 = ?gj ) €
(1,V x V):

rP1) =01y Geate (1.4.6)
(1) =Y Bewe (1.4.7)

We have:

Proposition 1.4.7. The map r*(v ® w) = (v, aw) is the adjoint map of r. Moreover,
r and T defined respectively as in (1.4.6) and (1.4.7) are morphisms in Repy A.

Proof. We start with r*:

rm@w) = (r(1), v w), = (7@ © a*e;), AT W), =

= (e;,v)(a"e;, w) = (v, ¢)(e;, aw) = (v, aw)

Of course r is a morphism if and only if * is a morphism. Therefore it is sufficient
to prove that 7* € (V x V,1):

" (Aa)(v @ w)) = (S(a@)) v, aapw) = (v, S(an))aapw) =
=¢(a)(v,aw) = e(a)r* (v ® w)

using (1.2.7). In order to prove the second statement, we use the well-known exi-
stence of the linear space isomorphism A : V ® V — B(V), such that:

Av@w)(u) = (w,u)v

So it will be sufficient to prove that A(A(a)7(1))(w) = A(e(a)7(1))(u) Yu € V.
AA(a)7(1))(u) = A (Zn; agyBe; © a(g)ez) (u) =
Z ei, Slag))u)agBe; = anyBS(a@m))u = e(a)fu =
=A (6(@) éﬂei ® e) (u) = A(e(a)r(1)) (u)

using (1.2.8). (]

Proposition 1.4.8. The morphisms r and T satisfy the conjugate equations (1.1.10)
and (1.1.11). Hence V is the conjugate object of V in Repy A.

Proof. First of all, it is easy to see that the conjugate identities can be proved putting
the standard tensor product ® in place of the truncated product x. It is merely a
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consequence of (1.2.2). We start proving the equation (1.1.10):
n

oty enore) = oia (o7 (10 (3 m07) ) -
i=1

= i@ 0o s ) =Y r*oidpT® qbe ® rg) =
=1

4,J
= Z(% S(pj)ag;Bei)rje; = Z(ei,5*61;@*5(293')*”)5(7”]')*61 =
1,5 1,

*

= S(ry)BrqiarS(p)v = | > S(p)agBS(r;)) | v="1
J J

We pass to the second identity (1.1.11):

n

id@r*oayy, oT@id(v) = ) ider(®(8e; © & ®v)) =

i=1
= Z id®@r*(z;0e; ® yj€; ® zjv) = Z(ei, S(yj)azjv)zife; =
12 .7
= Z:UjﬁS(yj)azj v=wv
J
In both cases we have used (1.2.9). ]

Remark 1.4.9. We point out that Rep;, A is also a rigid category, but in this case we
can choose 7y and 7y as in (1.4.6) and (1.4.7) only when the hermitian form on V' is
an inner product. Otherwise, we have to introduce slight modifications on r and 7.

Focusing on the proofs of the last two results, we can see that all the properties of
the antipode S are crucial in order to prove the rigidity of the category. We wonder if
it is possible to reverse this statement in some sense. Suppose that A is a (semisimple)
weak quasi bialgebra, and S is a *-antiautomorphism. We define the representation
on V asin (1.4.5) using S. Then:

Proposition 1.4.10. Let A be a quasi C*-bialgebra and (1.4.5) the representation
of A on the objects V, where S is a *-antiautomorphism of A. Then (S, a, 3) is
an antipode if and only if Repy A is rigid with conjugate objects V and conjugate
(a)

morphisms ry,’" and Fgf ) respectively as in (1.4.6) and (1.4.7).

Proof. We have just proved that if (S, «, ) is an antipode commuting with the invo-
lution, then Repy A is rigid, with rg/a ) and ?&f ) asin (1.4.6) and (1.4.7). Conversely,
we must first notice that, since A is a semisimple algebra, then there exists a faithful
representation V. Suppose now that the rigidity of the category Repy A is given
by the conjugate morphisms r = r&ft ) and 7 = ?g/ﬁ ) defined resp. as in (1.4.6) and

(1.4.7). Then, Vv, w € V:
(v, S(ay)aapyw) =r*(A(a) (T @w)) = r*(e(a)(v" @ w)) = (v,e(a)aw)

which implies (1.2.7). We pass to 7, recalling that A : V ® V — B(V) is an isomor-
phism of linear spaces such that:

Av@w)(u) = (w,u)v
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So:

n

e(a)Bv =e(a) Z ei,v)pBe; = A (5 Zﬁei ®ei) (v)
i=1

=1

= Ae(a)r(1))(v) = AMA(a)7(1))(v) = A (Z anyBei ® a(2)ez’> (v) =

=1
= Z (ei, S(agy)v)a)Be; = (aqyBS(ae))v

We obtain (1.2.8) using the faithfulness of V" as representation of A. Next, developing
the calculations as in the proof of the Prop. 1.4.8 and proceeding as for (1.2.7) and
(1.2.8) we get that (S, «, ) satisfies (1.2.9). a

In order to conclude the proof of the Theorem 1.4.1, we prove that if A is endowed
with a R-matrix R satisfying the identities (1.2.15) - (1.2.18), then Rep A is braided.
Proposition 1.4.11. If (7, U) and (my, V') are two representations of A, then:

cyyv =2(m ®@m)(R) e (UxV,V xU) (1.4.8)
are morphisms such that, for all f € (U,U") and g € (V,V'):

corviofxg=gx focyy (1.4.9)
and:

—1 . . —1
CUVXW = aV,W,U o ldV XCcyw o ayv,uw ©cyy X ldW OaU,V,W (1 4.10)

cuxv,w = aw,u,v © cyw X idy OG‘EI}V[/,V oidy Xcy,w o au,v,w
Finally, if A is a weak quasi Hopf *-algebra, cy v are unitary morphisms YU, V.
Proof. 1t is straightforward to see that c;7 1, are morphisms in Rep A using (1.2.15)
and (1.2.16). The identity (1.4.9) follows after an easy calculation. (1.4.10) are also

easy to obtain using (1.2.17) and (1.2.18). Finally, we want to show that in the in-
volutive case cy,y is unitary. It will be trivial after finding the explicit expression of

(CIATE
(w1 ® v1, ¢y (v2 @ u2)) = (cry (ur @ v1), Uva @ ug))p =
= (XR(u1 ® v1), Qv2 @ uz))p = (u1 @ v1, R*EQ(v2 @ ug)), =
= (w1 ® v1, R*Qo1(ug @ 12))p = (u1 @ v1, QR (ug ® v2)), =
= (u1 ®v1, AR~ 12(v2®u2))p = (u1 @ v1, R 8 (vs @ up))
using (1.2.19). So ¢y, = R7'. O

Collecting results together we obtain the proof of the Theorem 1.4.1.

We close this section giving some additional results about the representation
theory of a weak quasi Hopf algebra. We remember that two weak quasi bialgebras A
and A’ are equivalent if there exists a twist " on A’ and an isomorphism v : A — A%,
of weak quasi bialgebras. We are going to prove that equivalent weak quasi bialge-
bras have equivalent representation categories. We start proving the following result.
Let A be a weak quasi bialgebra and F' € A ® A a twist. Define:

e%}v(v @w)=F Yvew)

where v and w respectively belong to V and .
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Lemma 1.4.12. Under the previous hypothesis, the triple (id,id, elF )) is a tensor
equivalence from the tensor category Rep A to the tensor category Rep Ap.

Proof. We have to prove that eF) satisfies the relations (1.1.13) - (1.1.15). Relations
(1.1.14) and (1.1.15) are immediate to prove using (1.2.20). Relation (1.1.13) is
consequence of the following identity:

(i[d@A(FY))Fpl®r = (A ®@id(F1)) F!

Finally, it is a tensor equivalence since the tensor functor (id, id, (¥’ 71)) is the inverse
of (id, id, (). O

Now we can prove the result stated before. Let A and A’ such that:
v A=Al

is an isomorphism of weak quasi bialgebras. Now, given a A’,-representation V', we
can equip V' with a A-module structure:

a-v:=v(a)v Vae A, Yo eV

In this way we can define a tensor functor (v*,id, id) from Rep A’ to Rep A which
is the identity on objects and arrows. Composing it with (id, id, e )) we obtain
the tensor functor (v*,id, el )) which is a tensor equivalence between Rep A’ and
Rep A.

It is possible to give an extension to the braided case. As before, we have the
following definition and the following theorem:

Definition 1.4.13. Two braided weak quasi bialgebras (A, A, e, ®, R) and (A’, A’, &', ®' | R')
are equivalent if there exist a twist /' on A’ and an isomorphism v : A — A’ of
braided quasi bialgebras.

Theorem 1.4.14. In the previous hypotheses, the tensor functor (v*,id, elF )) is a
braided tensor equivalence between the braided tensor categories Rep A’ and Rep A.

Next, we want to give the categorical counterpart of the anticomultiplicativity re-
lation. It is a well-known result in the category theory, but we shall give an alternative
and more concrete proof, making use of what we have seen in the previous section.
We set:

F=) fiwg adF'=) fiog
i i
where I' € A ® A is the element introduced in (1.3.13). Then:

Proposition 1.4.15. Let A be a weak quasi Hopf*-algebra and V, W two *-representations.
Then V- x W and W x V are isomorphic as *-representations of A.

Proof. We setthemapsy € (W x V,V x W)andy~ 1 € (VxW,W x V):
Ywev)=Q 1 F (vew) = Z Gfjv® c?ig;w
1,

Tl ovew) = Zﬁi*djw ® fi cju

1,J
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L are A-linear:

Y(a(@ @ 7)) = v(S(any)*w @ S(ag))*v) =
= Q7 1F*(S® S(A%(a))*) (v @ w) = Q1A(S(a))* F*(v @ w) =
=A(S(a))Q T F* (v @w) = aQ 1 F*(v @ w) = ay(W ® D)

We first prove that v and v~

and

v Ha(v@w) =7 (A(S(a)* (v @ w)) =
= 771((5(@*)(1)@ ® (S(a)*)@w) =
= Z@*d (2 w fz CJ( (a )*)(1)U

Since:

F 701 AP(S(0)") = S © S(A(a) F3y ' Qa1
we get:
v Ha(v@w)) ZS gi"djw ® S(a )*ﬁcjv = ay M (v @ w)

It remains to prove that fy_l

Yo EE W) =Y @ dw @ fi ev) =

ij
= Q- 1P I ew) = O IAD)* Qv @ w) =
=ANvew)=vw

is the left and right inverse map of ~:

On the other hand:

v Hy(w @ 7)) Z'y 1czf;v®gigjw):

~ ok ~
= > G drdigiw @ fi crliffv =
i gk

= S(1))'we S(Ig)v=AI)Wx0) =07

where we use the following calculation:

Z g dk:dzgj ® fa créifiv = F3 Qo) Fyy =
45,0k

= F AP(I) Fyy = Fyy U Fy = S © S(A))
O

We conclude this section showing a relation between weak (quasi) Hopf algebras
and weak (quasi) tensor functor. Before proving it, we need the following:

Definition 1.4.16. Let F' be a tensor functor from Rep(A) to the tensor category
Vect of the f.d. linear spaces, such that:

Fl(ny, V) =V

and acting as the identity on the arrows. F’ is called forgetful functor. More generally,
if C is a tensor category and ' a tensor functor from C to Vect, F' is called fiber
functor.
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Theorem 1.4.17. Let A be a weak quasi Hopf algebra. Then the forgetful functor
F : Rep(A) — Vect is a weak quasi tensor functor. If A has an involution (Q,* ), F
is *-preserving, and if A has a R-matrix, F' is braided. Moreover, A is a weak Hopf
algebra if and only if F' is a weak tensor functor.

Proof. Proving that F' is a weak quasi tensor functor is quite easy. We set:
eviw(v@w) =A{)(v®w)
It is not an isomorphism but only an epimorphism, and the right inverse is the map:
(A & w) = A (o @ w)
which is merely the inclusion:
eyw i VXW o VoW

recalling that V' x W = A(I)(V ® W). The assertions about involution and braiding
are very easy to prove, so we focus on the last statement. Looking back at the diagram
(1.1.13), we have that F' is a weak tensor functor if and only if ex y and ® satisfy the
identities:

. / -1 . -1
Flax,y,z) = ex,yxz ©idp(x) Xey,z © Ap(x) p(v)r(z) © €x.y X 1dr(2) %€xyy 7

and

-1 1 1 ' -1 . 1 1
Flaxy.z) = exy xidp(z)o€xyy 7 © apx),pv)Fz) Cldrx) Xeyzoexy, g

In our situation, a F(X),F(Y),F(Z) 18 the trivial associativity costraint in Vect. Hence
we have:

. -1 . -1
Flaxyz) = exyxz °ldp(z) Xexy o exy X idp(z) o€y, v,

-1 . . . -1 -1
F(GX7Y7Z) =exxy,zoexy X ldF(Z) OldF(X) XeYZ o eX,YXZ

Using the explicit expressions of the natural transformations a and e in this setting,
and the semisimplicity of A, the previous identities become:

¢ = (IdRA(A))I @ AD)(A(I) @ I(A®id(A(I))) =
= ([d®A))(A ®id(A(1)))

and in the same way:
! = (A®id(A)))(id ®A(A()))

As a consequence, (1.2.29) and (1.2.30) are immediately satisfied. In order to prove
(1.2.31), it is sufficient to see that ax v,z and a)_(ly , must enjoy the pentagon axiom.
O

Remark 1.4.18. The notion of weak Hopf algebra and its relation with weak tensor
functors will be studied in detail in [16].
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1.5 Weak quasi Hopf algebras: Haar measure and semisim-
plicity

It is well-known [67] in the theory of Hopf algebras that if A is an arbitrary Hopf al-
gebra, then the left integral space has dimension < 1, and if A is a finite-dimensional
Hopf algebra, then this dimension is exactly 1. Same statement is true for the right
integral space. Moreover, if the left integral space has dimension 1, then the right
one has dimension 1 too. The two spaces coincide if and only if A is semisimple.
In this case, we deduce the existence of unique idempotent (self-adjoint) two-sided
integral such that e(h) = 1. We call this element Haar measure. The same result
can be given for the dual algebra A. These facts can be generalized to quasi Hopf
algebras and dual quasi Hopf algebras, giving in the last case a suitable definition
of integral which could be the extension of the classical integral to a non-associative
algebra [13]. In this section, we focus on an analogous result for finite-dimensional
weak quasi Hopf algebras. More precisely, we want to prove that if A is a f.d. weak
quasi Hopf algebra, then A is semisimple if and only if A has a Haar measure. If
we consider the dual algebra A, we will prove that it is not possible to extend the re-
sult concerning the existence of the integrals available for dual quasi Hopf algebras.
In fact, there exists a class of weak quasi Hopf algebras A such that A cannot have
integrals.

Definition 1.5.1. (i) Anelement! € A, [ # 0, is a left integral if xl = ¢(x)l Vx € A.
(ii) An element € A, r # 0, is a right integral if rx = e(x)r Vo € A.
(iii) An element h € A, h # 0, is a Haar measure if it is a two-sided integral such
thate(h) = 1.

It is possible to prove the following central result:

Theorem 1.5.2. A has a Haar measure h iff A is semisimple. It is unique, idempotent,
self-adjoint and such that S(h) = h.

In order to prove the theorem, we need the following lemmas:

Lemma 1.5.3. Let A be a semisimple unital algebra. If J is a left ideal, J = Ae,
where €% = e. If J is a right ideal, J = f A, where f?> = f.

Proof. Let J be a left ideal of A. For semisimplicity it exists a left ideal K such that
A= J®K. So,I = e+finaunique way, withe € Jand f € K. e = el = e?+ef.
Since f € K,ef € K. Butef =e2—ec€ J,soef € JNK = {0}. Soe? =e.
Let’s prove that J = Ae. Ae C J is trivial. On the other hand, let j be an element of
J.j=jl=jle+ f)=je+jf.Sojf € JNK ={0},and j = je € Ae.

Let’s pass to the right case. .J is a right ideal. It is possible to consider the action
a -z := xS(a). Using the invertibility of S, K is a A-module with this action if and
only if K is a right ideal. So, it exists a right ideal K such that A = J & K. As
before, [ = e+ f,withe € J, f € K. So:

SHe)I=5"1e)-e+SHe) - f=e=el4 fe=fe=0=c*=¢

Let’s prove that J = eA. eA C .J is obvious, since ea = S~!(a) - e € .J. On the
other hand, j € J. So:

j=Ii=(e+fi=ei+fi=5"0G)e+S () f=
= fj=0=j=ejceA
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O]

Lemma 1.5.4. The following statements are equivalent:

(i) U is a left integral;
(ii) kere -1 ={0};
(iii) S(1) is a right integral.

Proof. (1)=-(ii) is obvious.
(i)=(@1) x —e(x)I € kere. Soxl = (x —
(D)=(iii) S(zl) = S(e(2)l) = S(1)S(x)

bijective.

e(x))l 4 e(z)l = e(x)l.
= ¢(x)S(l). We can conclude since S is

(iii)=-(1) It is obvious since S is invertible. O]
Now we can prove the Theorem 1.5.2. The proof is inspired by [62]:

Proof. kere is a *-two-sided ideal of A. ¢ # 0, so kere # A. Using the lemma,
we have that kere = Ap and kere = ¢A, where p*> = p, ¢> = gand p,q # I. So
kere(I — p) = (0), and (I — g) kere = (0). So I — p is a left integral, and I — ¢ is
a right integral. It is obvious that p,q € kere, so ¢(I —p) = 0 and (I — ¢)p = 0.
Therefore ¢ = qp = p. In this way we can say that I — p is a two-sided integral.
I—p#0,ande(l —p) =¢e(I) —e(p) =e(I) = 1. Let h := I — p. It is unique.
In fact, let A’ # 0 another two-sided integral, with (k') = 1. So h = hh/ = /. By
uniqueness it is immediate to prove that h = h* and S(h) = h.

Let’s prove the opposite implication. Let h be the Haar measure. We consider
two left A-module M, N, where N is a submodule of M. Let £ : M — N be a
projection, and P : M — N, with:

m) = wih)BE(S(h))S (yi)azim)

If n € N, then P(n) = >, x;h(1)3S(h(2))S(yi)azin = n. So, P is a projection.
Now, we prove that P is A-linear.

aP(m) = a(l)xlh(l)ﬂE(S(h(Q))S(yl)e(a@))ozzlm) =
= a()zih1)BE(S(h2))S(y:i)S(a@)q))aa) e zim)

Since id ®A(A(a)) = ®(A @ id(A(a)))® !, we have

a1y ® ag)1) ®ae)2) = Z(xi@u)mpj ® Yia()(2)q5 ® zia2)r;)
1,J

So:

aP(m) = xka(l)(1)pjxih(1)6E(S(h(2))S(yi)S(yka(l)(z)qj)azka(z)T’jzim) =
= xa1)1)PiTih1) BE(S(h(2))S(45yi) S (Yra(1)(2)) azka2)Tjzim)

Since Zi,j PiT; @ QY T2 = I(l)(l) & I(l)(2) & I(Q) we have:

aP(m) = zraymyLayayh)BE(S(hw))S(amy@2)la)@2)S (k) azrap)L2ym)
= xraqya)yhBE(S(aqy2)h2)S (Yr)azragym)
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Since h is a Haar measure, we have a(1y(1)h(1)®a1y2)h2) = Alayh) = e(aq))hn®
h(2)- Hence,

aP(m) = a:ka 5E( (a(l)(g)h(g))S(yk)azka(z)m) =
= iﬂkhu)ﬁ (S(h(2))5(yk)a2kam) = P(am)

d

We can conclude that the existence of a Haar measure is equivalent to the semisim-
plicity of the algebra.

Let us pass to A. Here, the situation is different in comparison to the ordi-
nary case. In fact, the cosemisimplicity of A is not a sufficient condition to get
the existence of a Haar measure. More precisely, suppose that A is coassociative
(® =1 ® I ®I). We have the following:

Proposition 1.5.5. There are no invariant functionals on A, or, in other words, there

are no ) € A such that g = p(I)) Vo € A.

Proof. Let M be a left A-module. We can see it as a right A-comodule, in this way:
let {b;}_, be a basis of A, and {3;}"_, be its dual basis. 6 : M — M ® A is the
associated right coaction, with 6(m) := .7, 8" - m ® b;, where ¢ - m is the left
action of A on M. Conversely, if 6 : M — M ® A, with §(m) = mo ® my, is aright
coaction of A on M, we can define the associated left action of A on M in this way:

¢ -m = ¢(m1)mo

Let’s check that § is a coaction. First of all, we can write A(b;) = Y AL, b, ® by.
Therefore:

n

((0 ®id) 0 0)( 25 :Z(ﬁiﬂj)-m@@b@bj
,7].71

((id @A) o §)( Zﬁ’ m® A(b Z)\kﬁi.m@)bh@bk
i,h,k

It is straightforward to see that 5'37(b;) = /\ij, and B¢(b;)) = 6;. So, Bifl =
> )\éjﬁl and:

7

([d®A) 0 8)(m) =D A - m®bh®bk—Z<ZA§Lkﬂi>-m®bh®bk:

i,hk R,k

=> B"8" - m@b, @b = ((6 ®id) 0 6)(m)

h,k

Now we have to check that (idy; ®¢) o § = idys:

n

(idyr ®e)(6(m)) =Y e(b)B - m = I(b;)" - m=1-m=m
=1

i=1

So, ¢ is a coaction. Similarly it is possible to prove that, if § is a right coaction,
¢ -m = ¢(mq)my is a left action.
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The space of invariants of a left A-module M is the subspace defined in the
following way:

Inv(;M) = {m e M : ¢-m = E(¢)m,¥p € A} = {m € M : ¢-m = ¢(I)m,¥o € A}
By duality, we define the coinvariants of a right A-comodule M as:
Coinv(MA) :={meM: my@m; =meI}

We want to see that in our case Inv( 7/ ) = Coinv(M 4). In fact, let m € Inv( aM).
So, ¢ - m = ¢(I)m V¢ € A, and in particular 3 - m = B(I)m. Then:

S(m) =Y B (Hmeb=> mep )b =
i=1 i=1

n

=meY BIhi=maI
=1

So, we have just proved that Inv( M) C Coinv(M 4. Now, let 7 be an element
of Coinv(M#). It exists a linear map ® : M ® A — Hom(A, M) which is an
isomorphism of linear spaces, with ®(m ® x) = (¢ — ¢(z)m). So, V¢ € A:

i=1 i=1

S G mek=mel = (iﬁi-mm@-) (6) = B(m @ 1)(6) =
= ob:)B - m=g(I)m = ¢-m = ¢(I)m
=1

In this way, we have proved that Inv(;M) = Coinv(M 4). The main consequence
is that Inv(7M) = {0} VM A-module. In fact, if m € Inv(3M), m # 0, then
m € Coinv(M#4), so 6(m) = m @ I. But d is a coaction, so (§ ® ida) 0 § =
(idas ®A) o §. The identity implies that m @ I ® I = m ® I(1) ® I(2), which in turn
implies A(I) = I ® I.

Let JL(E) be the space of the left integrals of A. If we consider A as a A-

module under left multiplication, for what we have previously said, we have J1,(A) =
Inv(z;A) = {0}. O



Chapter 2

The reconstruction theory for
tensor categories

2.1 Generalities on reconstruction theorems

The topic exposed in this section will be the motivation for what the reader will find
afterwards. We can start from a very basic problem. Suppose that G is a locally
compact abelian group. It is possible to build another locally compact abelian group
G whose elements are the continuous homomorphisms from G to T. G is locally
compact with the topology of uniform convergence on compact sets. The product on
G is the pointwise multiglication. G is called the dual of G. Repeating the procedure,

we can give the bidual G. The classical result by Pontrjagin [66] states:

Theorem 2.1.1. There is a canonical group isomorphism between G and G, which
is also a homeomorphism.

Of course, one can ask if it is possible to generalize this theorem to the non-
abelian case. If we preserve for G the same definition, we will not be able to recon-
struct our group G, so we need to reformulate the definition of G. In the abelian case,
G is the set of the unitary irreducible representations of (G. So, we can give this defi-
nition for G also in the non-abelian case. But in this case G is no more a group, since
the irreducible representations might have dimensions higher than 1, and the tensor
product of two irreducible representations might be reducible. So we must change
our point of view. We consider G = Rep(G) the category of all the f.d. represen-
tations of G. It is possible to see that Rep(G) is a symmetric rigid tensor category.
Is there a way to reconstruct G from Rep(G)? We consider the forgetful symmetric
tensor functor £ from Rep(G) to the category Vect of the f.d. linear spaces, and we
call Nat(F) the set of the natural isomorphisms between £ and itself. Tannaka [77]
proved that:

Theorem 2.1.2. Let G be a compact group and Nat(E) the set of the natural auto-
morphisms of E, where E : Rep(G) — Vect is the forgetful functor. Then Nat(FE)
is a compact group and G = Nat(E).

Suppose now that we start from a given symmetric rigid tensor category C, with
a fiber functor ' : € — Vect. We ask if it is always possible to find a compact group

37
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G such that C can be identified with Rep(G). The answer is positive and is due to
Krein [41]:

Theorem 2.1.3. Let C be a rigid symmetric linear category with End(1) = C and
E : C — Vect a forgetful functor. Let G = Nat(E) be the group of the natural
automorphisms of E. Then there exists a functor F : ¢ — Rep(G) such that:

F(X)=(E(X),rx) and 7x(9) =gx (g € Q)

which is an equivalence of symmetric tensor categories. If C is a *-category, G is
compact.

It is interesting to give a sketch of the proof, following [55]:

Proof. Let Fq, Ey : € — Vect be two fiber functors. We define a unital algebra
Ao(E1, Ez) by:
Ag(Ey, By) = €D (Ba(X), B1 (X)) veer
Xee
spanned by elements [X, s], X € C, s € (E2(X), E1(X))vect, wWith [ X, s] - [V, t] =
[X ®Y,u|, where:
u=exyo(s®t)o e}}y

This is a unital associative algebra, and A(E1, E») is defined as the quotient by the
ideal generated by:
[X,a0 Ey(s)] —[Y, E1(s) o d]

where s € (X,Y)e and a € (E2(Y), E1(X))vect. At this point one can proves that:
if Fy and Ey are symmetric tensor functors, A(E1, E2) is commutative; if C is a
*-category and E, Es are *-preserving, then A(E1, E9) is a *-algebra and has a C*-
completion; if C is finitely generated, then A(E;, E2) is finitely generated. Finally,
there exists a bijection between natural (unitary) isomorphisms « : F; — F» and (*-
)characters on A(E7, Eq). Now, if Eq, E5 are symmetric and either C is a *-category
or is finitely generated, then A(E1, E9) admits characters, using the Gelfand’s theory
or the Nullstellensatz, so E1 = FEo. Moreover, G = Nat(E}) is the group of the (*-
)characters of A(E7) = A(FE1, E1), and so A(E1) is the algebra of the representative
(continuous) functions on G. This allows to prove that € and Rep(G) are equivalent.

O

A good review of the Tannaka-Krein theory can be found in [38]. As we can
point out from the sketch of the proof just seen, the fiber functor is unique up to
isomorphism, and the symmetry of the category is crucial to state this fact. Of course,
this implies that the group G is unique up to isomorphism. Now we want to go one
step further. Is it possible to state the same theorem for an abstract category? Or,
in other words, without giving a fiber functor? The answer is “no” in general, but it
becomes “yes” if we add some mild assumptions on C. This is the theorem due to
Doplicher and Roberts [19]:

Theorem 2.1.4. Let C be a linear rigid symmetric C*-tensor category, with End(1) =
C. Then there exists a unique (up to isomorphism) compact group G such that the
category Rep(G) of the unitary representation of G is equivalent to C as a linear
rigid symmetric C*-tensor category.
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Hence we don’t need to give a fiber functor thanks to the C*-structure. So in the
symmetric case we can say that everything works well. We can now try to give a
further generalization, supposing that € is not symmetric. In this case, it may happen
that we don’t have any fiber functor, and if it exists, it could be not unique up to
natural isomorphism. Moreover, if F is a fiber functor, it is not symmetric, so A(F)
is not a commutative algebra and the reconstructed object cannot be a group. The
suitable object is a Hopf algebra, with its several generalizations (multiplier Hopf
algebras, quantum groups,...) [33]. For example, if € is a linear rigid semisimple and
finitely generated tensor category and F is a fiber functor, we can reconstruct a finite-
dimensional Hopf algebra H such that C is equivalent to Rep(H). If the category is
braided, H is braided; if C is a *-category and the fiber functor is *-preserving, H
is a *-Hopf algebra. We now wonder if we are able to give a reconstruction theorem
also when the category C does not admit a fiber functor, or in other words, when the
functor £ : € — Vect is not a tensor functor. The answer is positive if E is a quasi
tensor functor or a weak quasi tensor functor [30]. This is what we are going to see
in a detailed way in the next section.

2.2 Reconstruction theorems of weak quasi Hopf algebras

Our main reference in this section is [30]. We will also give an extension of the re-
sults exposed there, in two different directions. On one hand, we will talk about the
case when the category C is endowed with a weak tensor functor, getting as recon-
structed object a weak Hopf algebra. On the other hand, suppose that the category
C is endowed with an involution *. In this case, Hiaring-Oldenburg considered only
(weak) quasi tensor functors whose natural transformations ex y satisfy the identity
exy = e}}y VX,Y. This request forced the reconstruction object to have an invo-
lution and a coproduct satisfying Ao* =* oA. We drop out this condition, obtaining
a more general class of reconstructed objects, which fits exactly with the definition
of weak quasi Hopf *-algebra introduced before.

From now on in this section, we will deal with a linear semisimple rational rigid
braided tensor category €. As we said in the previous section, if we have a non-
symmetric tensor category, it is not always possible to give an associated fiber functor.
In any case, it is always possible to construct a weak quasi tensor functor.

Definition 2.2.1. A weak dimension function is a function defined on the irreducible
objects of a semisimple, rigid braided tensor category D : Ob(C)p, — N. It is
constant on equivalence classes, and:

and
D(X)D(Y)> > D(Z)dim((X @Y, 2)) (2.2.1)
Zev
If the equality holds, D is called dimension function

Starting from this definition of weak dimension function, we have:

Proposition 2.2.2. Let C be a semisimple, rigid, braided tensor category and D :
Ob(C) — N a weak dimension function. Then there is a faithful weak quasi tensor
functor F' : € — Vect.
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In order to prove the above proposition, we introduce the following lemma:

Lemma 2.2.3. Set X € Ob(C)yy. Then forallY € Ob(C), we have:
(Y, X) = (X,Y)*
where (X,Y)* is the dual space (as vector space) of (Y, X).
Proof. Let® : (Y, X) — (X,Y)*, where ®(g) = A\, and:
Ag(f) =gofe(X,X)=C

where f € (X,Y). We distinguish two cases. If X does not appear in the decom-
position of Y, then (Y, X) = {0} = (X,Y). We prove this statement. We have
Y = P, X;, where X; are simple objects which are not isomorphic to X. There
exist morphisms v; € (X;,Y") and v € (Y, X;) such that v} o v; = ¢; ;idx, and:

idY: E ’UZ'O’Ug
7

So, if g € (Y, X), then:

g=goidy =) go(viov) =) (gouv)ouv)=0
i i
since g o v; € (X;,X) = {0}. So (Y, X) = {0}. In the same way, let f be a
morphism in (X, Y"). Then:

f=idyof =Y vio(jof)=0

So (X,Y) = {0}. Now, we pass to the case where X is a subobject of Y. In this

case:
ny no

ve@xedx
i=1 j=1

where X; and X are isomorphic if ¢ < n; and not isomorphic if ¢ > n;. As before,
there exist v; € (X;,Y) and v € (Y, X;) such that:

/ — . . 3 1 P— . /
v; 0vj = 0;jidx;, and idy = E V; O U;
i

Now we want to prove that & is injective. If \; = 0, thengo f = 0Vf € (X,Y).

Hence:
ni ni+nz

g=goidy =) (gowv)ovi+ » (gov)ou]
i=1 i=n1+1
We know that (X;, X') has an invertible arrow ¢; if ¢ < nj, while (X;, X) = {0} if

1> ni. So:
ni

g=> (go(viog; ")) odiou
i=1
ButVi € {1,...,n1}, g0 (v;0op; ') = 0since v; 0 ;' € (X,Y). Therefore g = 0.
Since morphism spaces are finite-dimensional vector spaces, it is sufficient to prove
that (X,Y") and (Y, X) have the same dimension. Recalling Prop. 1.1.12, we have
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that dim((X;, X)) = 1if i < ny, so each one is generated by ¢;. Now, we can prove
that (X,Y) has By = {v; o ¢; '}, as basis, while By = {¢; o v/}}, is a basis of
(Y, X). Let f be an arrow in (X, Y"). Then:

ni
f=idyof =Y wio(vjof)
i=1
Since v} o f € (X, X;), there exists )\Ef) € C such that:
U/' o f = )\(f)QS_I

So By generates (X, Y). It is quite easy to see that it is linearly independent. In fact,

ny
Z A\;U; © qbl_l =0
i=1

Composing on the left by v;, we obtain )\jqu_l = 0 which implies A\; = 0. We
conclude repeating this argument for every j € {1,...,n;}. Now, By is a basis and
this can be proved in the same way. Since |B1| = | Bz|, we get the result. O

Now we can prove Prop.2.2.2:

Proof. Let X be a simple object and F(X) := CP(X). F is extended on the other
objects in the following way:

F(Y) =@ X, Y)® F(X)
XeVv
F has to map morphisms f € (Y7,Y32) to morphisms F(f) € (F(Y1), F(Y2)).
Because of linearity, F'(f) needs only to be defined on simple tensor products in
(X,Y1) ® F(X). We define:

F(f)lgoz)=fog®x (2.2.2)

where g € (X,Y]) and z € F(X). Now we want to prove that F is faithful. Let
F(f1) be equal to F'(f2). This implies that f; o g = fa o g for all X simple object
and for all g € (X,Y7). Since Y7 = €, X, then:

idy, = Z v; 0 V]
i
as in the previous lemma, where v; € (X;,Y7) and v} € (Y1, X;). So:

fr=froidy, =) (fiow)ovj=> (faov)ov=fa

Next we prove that F'(Y) = F(Y)* = F(Y'). We need some preliminary facts. First
of all, we have:

(X,7) = (C.Y 0 X) = (V,X) = (X, V)"
using rigidity and the previous lemma. More precisely, ® : (X,Y) — (C,Y ® X)
such that:

O(f) = f @idy oFg
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is an isomorphism, where f € (X,Y). The inverse map of ® is:

®!(g) =idy @rl o g @ idg

X). Finally, if
have the same

As a consequence, X is also a simple object, since (X, X) = (X,
X is a simple object, F(X)* = F(X) = F(X) because X and X
dimension. So:

F Y (X Y)eF(X)2) (X,)Y)e F(X)
X X
=) (X,Y) @ F(X)" = F(Y)
X

Now, let X; and X5 be two simple objects. We choose an arbitrary epimorphism:

Ex, x, : F(X1) @ F(X3) = F(X1 ® X3) = @ (X, X1 © X3) ® F(X)
Xev

It is always possible to find such morphism thanks to the property (2.2.1) of the weak
dimension function D. Now, we want to extend F to every object of €. Therefore we
define ey, v, : FI(Y1) ® F(Y2) — F (Y1 ® Y3), or, in other terms:

eviv,: | P X))@ F(X) | @ | @) (X2, ¥2) ® F(X2) | =

X1€V X2eV
= P X)) F(X)e (X2, Y2)® F(X2) - @ (X,V1 ©Y2) ® F(X)
X1,X2€V Xev
in the following way:
eviv, : P (T ®@id) o (id®id®Ex, x,) 0id ®L ®id (2.2.3)
X1,X2

where I' is a map from (X1,Y7) ® (X2,Y2) ® (X, X7 ® X3) to (X,Y7 ® Y3) such
that:

IN(Ai®fa®wg):=(f/i®f)oyg
We need to prove that, given f; € (Y,,Yz) 1= 1,2, we have:
F(fi® f2)oeviy, = ey 3 0 (F(f1) © F(f2))

We introduce the following vectors v; € F(Y;), where ¢ = 1,2:

ya

Z; eV

with (%) € F(Z;) and g\%) € (Z;,Y;). Using the notation:

Z1) Z
EZ1,Z2 (:C( 1) 2) @ q21,22 ®z Z1,ZQ
BeV
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we get:

5y v, © (F(f1) © F(f2)) (01 ® v2) =
= 6?17372001 o Q(Zl) & Hf(Zl) R f2 o g(ZQ) ® x(Z2)) —

e (F@id(fl 0 g & fr0 9% @ By, g (2% ®$(Zz))>> -
A1

- @ (flog(Zl)®f2og(Z2))oqg1,Z2 ®$§1,Z2 =
Zl,ZQ,BEV

=F(f1® f2)o P 09 %)oqf 4 ®aF 4
Zl,ZQ,BEV

= F(f1 ® f2) o eyy,y; (v1 @ v2)
]

Remark 2.2.4. (a) If C is a C*-category, we look for a forgetful functor £’ in the
category of the finite-dimensional Hilbert space Hilb. We wonder if the functor F’
constructed in the previous proof goes into Hilb and it is *-preserving. It is straight-
forward to see that F'(X) is a Hilbert space if X is simple. Otherwise, we recall
that:

FY)= P X Y)e F(X)
Xev

We can put on (X, Y") the following form:

(f,g)=foge(X,X)=C

Using the properties of a C*-category it is quite easy to see that it is an inner product.
If (-, -) is the inner product on F'(X):

is the inner product on F'(Y'). It remains to prove that F'(f*) = F(f)*. Let f be a
morphism in (Y1,Y3), 2,y € F(X) and g, h € (X, Y3):

(hey, F(f) (g@a) = (F(f)(hoy),gez) =
=(foh®y,g@z) =(foh,g)(y,z) =
=h"o ffog(y,z) = (h®y fog@a) =
= (h@y F(f)(g® )
(b) The proof of the last Proposition allows us to say that finding a weak quasi tensor
functor means finding a weak dimension functor. Moreover, it is clear that the functor

constructed in the previous proof is not compatible in general with the associativity
costraint as in (1.1.13).

Proposition 2.2.5. If C is a rational, semisimple, rigid, braided tensor category, there
exist a weak dimension function D such that:

DA)=1, D(X)=dim P (Yo X,Z2)= ) Ny (2.2.4)
Y,Zev Y,ZeVv

where N% \ = dim((Y ® X, Z)).
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Proof.

D)D) = (Z%) S| = S MV s S NN
s,r S,R 5,1, R K,N,.M

Explicitly,

> NENMW =Y dm(N® X, K)dim(K @Y, M) =
K,N,M K,N,.M

N,M K
=Y dm(N®X®Y,M)=D(X®Y)
N,M

O]

So, putting together the last Proposition and the last Remark we can state that
every category C of our type can be endowed with a weak quasi tensor functor F' :
€ — Vect.

Now we are ready to introduce the Majid’s reconstruction theorem (see [51], [52],
[53] and [54]) and the generalization made by Haring-Oldenburg. We will consider
the case when C is a *-category. Let Nat(F, F') be the set of natural transformations
of F'. We define:

H=H(C,F)=Nat(F,F) ={h: 0b(€C) - Endyect|hx € End(F(X))
and F(f)ohx = hy o F(f)VX,Y € Ob(C),Vf € (X,Y)}
Proposition 2.2.6. H is a (braided) quasi Hopf algebra if F is a (braided) quasi

tensor functor.

Proof. H is a vector space by pointwise addition. The multiplication is also point-
wise:

(hg)x = hx o gx , where X € Ob(C),h,g € H (2.2.5)

The unit is the natural transformation which send X to id x. The coproduct is defined
in the following way:

A(h)xy = 6)_(,15/ ohxey oexy (2.2.6)
A is compatible with multiplication:

(A(R)A(9))xy = A(h)xy o A(g)xy =
= 6;(713/ o hX®y oexy © 6;(71Y 0 gx®y CEXy =

= exly © hxey © gxey o exy = A(hg)x,y
The counitis € : H — C, where £(h) = hy:

((d®e)A(h)x = (ha) @ h),)x = A(h)x1 =

—1
=eyj°hxgroex1 =hx
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The associator ® € H ® H ® H is defined in the following way:

Oxyz = (id®eyy) o exlyoz 0 Flaxyz) o exayz o (exy ®id) (227
If F is a tensor functor, ®x y 7 is trivial because of (1.1.13). If F'is a quasi tensor
functor, we have that ® x y, 7 is invertible with inverse:

q);(’lyz = (e;(}y ®id) o e;((lgy,z o F(a;(}yz) ocexyez o (ild®eyz)
Moreover, we want to prove that:
(@7 (id @AAM)xy,z = (A @id(AR)® ™ ) x vz

In fact:

(@ (id@AAR)xyz =
=Y s o(exyezo (id®eyz)) ' o hxgyez) o exyez o (id®ey,z) =
= (exly ®id) o expy 5 0 Flayly.z) o hxg(vez) © exyez o (id ®ey,z)
On the other side:
(A@id(AM)® N xyz =
= (e;(}y ®id) o e)_(l®y72 o h(xey)nz © €X®Y,Z © (exy ®id) o @}}sz =
= (exy ®id) o expy 5 © hixey)ez © Flaxly.z) o exyez o (id Qey,z)
We can conclude proving that F(a)_(,lx 7) ° hxervez) = hixeviez © F(a}ylx 7)-

But it is immediate because of naturality of 7. Now we want to prove the cocycle
relation on ®. The LHS is:

LHS = id @id ®eyy 0 id ®ey pamw © €X'y o zow) © Flax,y,zew)o
oexgy,zew oex,y ®id®idoid®id®ezw o eyy ®id®idoid ®id ®ey 0
© e)_(l®Y,Z®W o Flaxey,zw) © e(xev)ez,w © €xay,z @ idoexy ®id®id
while the RHS is:
RHS = id ®id ®e,}y, 0 id @ey Yoy 0 id @F (ay,zw) © id Qeygzwo
oid ®ey,z ® idoid @ey 'y @idoid eyt ;y © €X'y 20w °
o F(aX7Y®Z7w) Cexg(Yez)Ww ©eX,YeZ ®id oid Key,z @ idoid ®€;}Z ®ido
o e;{}Y@Z ®id OF((Z)(’yjz) ®id cexey,z & id ocexy & id®id
Simplifying both expressions, we get:
LHS = id®id ®€E,1W oid ®e§,1Z®W o e;(,ly®(z®w) o Fax,y,zew)o
o F(CLX®Y,Z,W) ©€(XQY)®Z,W © EX®Y,Z ® id OEXY ®1d ®id
and:
RHS = id @id ®eyy 0id @y gy 0 1d ©F (av,2w) © €X'y g 70w °

o F(aX,Y®Z,W) Cexe(yez),w © F(aX,yz) ® id CEXQY,Z ® id ocexy ®id ®id
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Now, using the naturality of e in the RHS expression, we have:

RHS = id ®id ®e,;, 0 id ©ey o © €X'y zaw) © id OF (ay,zw)o
o F(aX,Y®Z,W) o F(CLX7Y72> ®id Ce(X@Y)®RZW © €X®Y,Z ® id oexy & id®id

At this stage, we can conclude using the pentagon relation on a. The question of the
antipode will be treated afterwards.
Now we pass to prove the existence of a R-matrix R in H ® H. We define:

—1 _
Rxy = cp%).r(v) © ey x © Flexy) oexy (2.2.8)

We prove that:
(RA(h)R™Y)xy = A%®(h)xy

)

We have:

-1 Vect ! -1
(RA(R)R™ ) x,y = cp(x) rv) © ey.x © Flexy) oexyo
-1 -1 —1 Vect _
oexy ohxgy oexyoceyy o Flexy) oeyxo CR(X),F(Y) =
_ Vect™! —1 -1 Vect
= Cp(x),F(v)°Cyx ° F(exy)ohxgy o Flexy)  oeyxo Cr(X),F(Y)

Using naturality of h, we obtain:

(RAMMR ™) xy = eyt miv) © 5 © hvex o ey x 0 oS gy = AP(R)xy

Next we prove that R satisfies (1.2.17) and (1.2.18). We prove the first of the two
identities. The other one will follow similarly. On one side we have:

(A®id(R))xy = exy ®@idoSig0 ey oy 0 Flexov.z) 0 exovzoexy ®id
and on the other side:
(P312 0 Ri3 0 (P132) 1o Rog o ®)xyz =
= 2172 oid ®€;(,1Y o 62,1)(®Y o F(CLZ,X,Y) oezeX,y c€zXx & ido
oeg}X ®idoF(cx z) ®idoex,z ®id oe;(’lz ® id oe)_(}gzyo
OF(CL;(’lZ’Y) C€X,ZxY © id ®6zyy oid ®62,1Y oid ®F(Cy7z) oid ®6y7Zo
oid ®e§}z o e;(}y®z oFlaxyz)oexgyzoexy ®id

Using the right invertibility of e we obtain:

(P312 0 Ri30 (P132) o Rz o ®)xyz =

= e;(’ly ®idoXg 0 eg’g(®y oF(azxy)oezgxyo
oF(cx,z)®id oe)_(}g)z’y o F(a;(,lzyy) 0 ex,ZzeY°
0id®F(cyz) 0 ex'y gz © Flaxyz) o exov,z o exy ®id

At this point we can conclude using the naturality of e and the identity (1.1.4) invol-
ving a and c. 0

Lemma 2.2.7. If F' is a (braided) weak quasi tensor functor then H is a (braided)
weak quasi Hopf algebra.
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Proof. Let I be the natural transformation such that Ix = idx VX € Ob(C). Itis
quite easy to see that:

A(xy = exyoexy

Remember that ex y o e;(ly =idp(xgy) and e;(ly oexy # idpx)gr(y)- Now we
are ready to prove that H is a weak quasi Hopf algebra:

(id ©e @ id(®))xy =
= (dx ®€i§/) o e)_(,l1®y oF(axiy)oexgly cex,y ®idy =
= exy oexy =A)xy
Next:
(R'R)xy = exly o Fcxly) o ev.x 0 cpiy pryy © C%‘?%,}(Y) oeyly o Flexy)oexy =
= 6)_(,11/ cexy =A(l)xy
Similarly we get:
@;(}Y,Z obxyy =
= (exly ®1dz) 0 exgy,z © Flaylyz) © exyez o (idx ®ey,z)o
o(idx ®€§,1z) o e;(,lY®Z o Flax)y,z)oexgy,zo (exy ®idz) =
= (e;(}y ®idy) o e)_(}}gY,Z ocexgy,z o (exy ®idz) =
= (exy ®idz) o A(I)xey.z o (exy ®idz) =
= (A®id(A()))xy.z
In the same way we can prove that <I>;{71Y7Z olyyz=(1d®AA)))xy z- O

Lemma 2.2.8. If I is a (braided) weak tensor functor, then H is a (braided) weak
Hopf algebra.

Proof. We defined the associator ® in the following way:
Dxyz = (id@eyy) oexlyqy 0 Flaxy,z) o exey,z o (ex,y @id)
Looking back at the Theorem 1.4.17, we have:
Flaxyzz) = exyez oidpx) ®ey,z o e%}y ® idp(z) Oe)_(%g)Y,Z
Using this identity in the defining expression of @, we get:
® = (idp(x) ®e;}Z) o e;(}mz oex,yez o (idrx) ®ey,z)o

o(e)}’ly &® ldF(Z)) o 6;(}8Y,Z cexwy,z © (GX,Y &® ldF(Z)) =
= (Id®A(A(])))(A ®id(A(1)))

In a similar way we can prove the assertion concerning ®~!. Since ® and &' are de-
fined as in 2.2.6, they automatically satisfy all the conditions in order to be an associa-
tor and its inverse, respectively. As a consequence, the idempotents P», P3, Q3, Py, Q4
defined as in (1.2.28) must enjoy the relations (1.2.29), (1.2.30) and (1.2.31). ]

Lemma 2.2.9. The vector spaces F'(X) are representation spaces of H. The functor
G : C — Rep(H) is a braided tensor functor.
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Proof. Let px : H — End(F(X)) be the representation such that:
px(h)=hx he H

It is straightforward to prove that px is a representation of /. This induces a functor
G : C — Rep(H)suchthat G(X) = F(X)and G(X)®G(Y) = A()x vy (F(X)®
F(Y)). In addition, we put G(f) = F(f), so G(f) is an intertwiner:

G(f)opx(h) = F(f)ohx = hy o F(f) = py(h) o G(f)

We can see that ex y is an isomorphism between G(X) ® G(Y) and G(X ® Y).
In fact, being A(])x,y (v ® w) an element in G(X) ® G(Y'), and using the identity
A xy = e}ly o ex,y, we obtain:

exy cexy (A)xy (v @w)) = exly cexy o (exy oexy(v@w)) =
= (exly o (exy oexly) oexy) (@ w) = exy oexy (v @w) = A(l)xy (v © w)

Moreover, the definitions of ® and R in H allow us to state that G is a braided tensor
functor. O

Lemma 2.2.10. Ser X, Y € Ob(C) and h € H. If X and Y are isomorphic, then
hx is determined uniquely by hy. If C is semisimple, then h € H is determined by
its values on V.

Proof. The first statement is a direct consequence of the naturality of h. Next, we
assume that € is semisimple, so every object is isomorphic to the direct sum of simple
objects. Therefore, it is sufficient to define h on the direct sums of simple objects.
It remains to prove that it is determined by its values on V. Consider P, X;, where
X; € V. We have morphisms p; € (D, X;, X;) and ¢; € (X, D, X;), such that:

> gjop; =idgx,
J
Naturality implies that:
F(pj) o hgy x, = hx; o F(pj)
Hence:

hgx, =F qu‘opj ohgx, ZZF(Qj)OF(Pj)OhGBXi =
J J

= ZF(qj) o hx; o F(p;)
J

Lemma 2.2.11. There exists an algebra isomorphism:

Y : H— @) End(F(X;)) (2.2.9)
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Proof. We define v in the following way:
Y(h) = @ hx;
i

It is easy to see that it is an algebra isomorphism. We need to prove that it is injective
and surjective. If ¢)(h) = 0, then hx, = 0 VX; € V. Let X be an object in C. If ¢ is
an isomorphism in (X, € X;) and p;, ¢; as in the proof of the previous lemma, we
define:

S5 :pjogpandtj :go_loqj
with s; € (X, X;) and t; € (X, X). Itis an easy computation to see that:

Sj Otj = ldXJ and Ztl o S8; = ldX

(2

Proceeding as in the proof of the last lemma, we have:

hX:ZF(tj)OhXjOF(Sj):O
J

We need to prove surjectivity of ¢. Given b; € End(F(X;)) where X; € V, and
X € Ob(C), we define bx € End(F(X)) in the following way:

bx =Y _F(t;) objo F(s;)
J

where s; € (X, X;) and t; € (X;, X) are as before, and X = P,y X;. The
definition of bx does not depend on the choice of s;,%;. In fact, let s;., t;- be with the
same features of s; and ¢;. We define:

bx = > F(tj)objo F(s))
J

Moreover:

S; © t;- = 51”‘)\5-1) ide and S; o) tj = 5@j)\§2> ide

where )\5-1), )\5-2) € C. So:

—~ —1 -1
F(sh)obx o F(t;) = b; = AV AP F(s)) o by o F(t)) = F(s}) o by o F(t})

) _ 1:

In the next calculation we explain why )\g;)/\ j

(142
AjTA

=50 (Zt%os%) otj:sjotj:idxj

h

. / /
ldx; =sjot;josjot; =

If j # k, it is quite obvious that:

F(s) obx o F(t}) = 0= F(s}) o bx o F(t})



50 The reconstruction theory for tensor categories

Putting everything together we get:

bx = ZF(t;)oF(sg) oby o (ZF(t;ﬂ)oF(s%)> =
:ZF ( oonFtk)oF

—ZF oonFtk)oF

ZF(L‘;-)OF((S;) oby o (ZF(t%)OF(SZ,)) =bx
J k

It remains to show the naturality of b. Let f be an arrow in (X,Y), 5; € (Y, X;) and
€ (X;,Y) with the same properties of s;, ¢; such that by = F j)obio F(sj).
Then:

(f)obX—ZFfotz)ob o F(s;) = ZF 0550 fot;)ob;oF(s;)

Since 550 fot; € (X;, Xj), itis a scalar multiple of idx, if X; = X, or 0 otherwise.
So:

obX_ZF objoF(sjofotjos;) =

—ZF )objoF(5jofo (Ztiosn):
—ZFt] JobjoF(sjo0f)=byoF(f)

J

Lemma 2.2.12. F and G are essentially surjective and full.

Proof. Tt is a well-known result that if A is an algebra isomorphic to the direct sum
of End(V;), where V; are vector spaces, then all the irreducible representations are
equivalent to p; : A — End(V;), and p;, p; are equivalent iff i = j. So, using the
previous lemma, we can state that every irreducible representation V' is isomorphic
to F'(X;) for some i as object in Rep(H). Since Rep(H) is semisimple, W as
representation of H is isomorphic to the direct sum of F'(X;). Now we prove that F’
and G are full. Since F'(X;) is an irreducible representation, we have:

(F(X3), F(X;)) = {0}
End(F(X;)) = Cidp(x,

Now, let f be an arrow in (F(X), F(Y)). We use the map s; € (X, X;), t; €
(X5, X), st € (Y, X;), t; € (X;,Y), introduced in the proof of the previous lemma.
We have F(s}) o f o F(t;) € End(F(X;)), where X; is a simple object appearing in
the decomposition of X. So there exists a A; € C such that:

F(S;) ofo F(tj) = 51'7]')\2' idF(Xi)
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Composing on the left by F'(¢}), on the right by F(s;) and summing on ¢ and j we
get:

ZF o f o F(tj) o F(s;) ZéZ]AF )o F(s;) =

<ZF7§’0F ) ZF ) o F(s5) Z)\F )o F(s;) =
:>f_F<Z)\Zt;OSZ>

O]

Lemma 2.2.13. Faithfulness of F implies that inequivalent objects yield inequivalent
representations.

Proof. Assume X and Y to be inequivalent object and F'(X) = F(Y), and call
¢ : F(X) — F(Y) an isomorphism. Since F" is full and F(idx) = idp(x), we have
that o = F(f) and o~ = F(g) such that:

F(f)o F(g) =idpy) = F(fog) = F(idy)

Using again the faithfulness of F' we get that f o ¢ = idy. Similarly we obtain
go f=idx. O

Lemma 2.2.14. If C is a *-category and F a rigid and *-preserving functor, then H
is a weak quasi Hopf *-algebra. If C is a C*-category, H is a C*-algebra.

Proof. We define the involution on H in the following way:
(h")x = (hx)"

It is straightforward to prove that it is an involutive anti-linear map on H as an alge-

bra. Moreover, £(h*) = ¢(h) since:
e(h’) = ()1 = (ha1)" = ha = e(h)

We need to prove the existence of an invertible self-adjoint element 2 € H ® H such
that:

A(h)* = QAR (2.2.10)
(@) = (T2 Q)([Id®A(Q)P(AidQ ) ) (2.2.11)
e®id(Q) = I = id®e(Q) (2.2.12)

We set Qx y = €%y o ex,y. Self-adjointness is obvious. The inverse element of (2
is:
-1 _ -1 *  —1
Q= exy °exy
So:

*

QO ' =eXyo 63(,1/71 = (e;(’ly oexy) =A)xy

Q0= 6)}71}, oexy = A(I)Xg/
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Now we prove (2.2.10):

A(h)*x,y = (A(h)xy)" = 63{,1/ ohxgy © 6;(,1Y* =
=eyyoexyo 6)_(,1}/ o (h*)xgy cexy oexly o 6)_(,11/* =
= (ekyoexy) o A )xy o (exy oexly)

The next calculation allows us to prove (2.2.11):

¢ =idx ®ej ;0 ¢k yaz 0 Flayly, ) o extyy oexy ®idg =
= (I © Q)(I[d®A(Q)) oidx ®eyy 0 exlyg, o F(a;(,ly,z*)o
oexgyzoidx ®eyzo (A®idQ)NOQ ' ®I) =
= (1@ Q)(IdA(Q)) oidx ®eyy 0 exlyy, 0 Flaxyz)o
oexgyzoidy ®eyzo(A@id QX ))(Q ' al) =
= (I ®Q)(Id@A(Q)P(A ®id(Q H)(Q e I)

while (2.2.12) is immediate. Suppose now that C is a C*-category. We want to prove
that H is a C*-algebra. We put the following norm on H:

2 2
A2 =" x|
X, eV

The definition does not depend on the choice of the X; in the isomorphism classes.
Completeness is a consequence of the completeness of End(F'(X;)) as C*-algebras.
Subadditivity is a consequence of the Cauchy-Schwartz inequality, while submulti-
plicativity is straightforward to prove. If ||| = 0, then hx, = 0 VX; € V. So, for
what we said in Lemma 2.2.10, h = 0. Finally, the C*-property is a direct conse-
quence of the fact that [|-||, is a C*-norm on End(F'(X;)). Finally, we must prove
that 2 and R satisfy the following relation:

_1*
QuR=R10Q
On the left hand side, we have:
~1
Yo(eyxoeyx)oeyyoF(exy)oexy =
—1
=Xoeyxol(evxoeyy)oF(exy)oexy =
=Yoeyyol(cxy)oexy
On the right hand side, we have:
1 *
YoeyxoF(exy)oexy o(exyoexy) =
—1 *
=XoeyxoF(exy)o(eyy oexy)oexy =
=Yoeyyol(cxy)oexy
]

Remark 2.2.15. We introduce the antipode on H. Since € and F’ are rigid, for every
object X there exists a conjugate object X, and a natural isomorphism:

dy : F(X) — F(X)
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We use it in the definition of the antipode:
(S(h))x = d% o h%ody ™ (2.2.13)

where ¥ : Vect — Vect is a functor which sends V into V' = V*, and f € (U,V)
into the dual map fV € (V,U), transpose arrow in Vect of f € (U, V). It is an easy
calculation to see that:

flev)=wpvof
In fact, Vect is a rigid tensor category with the following maps:
5;[, : V*®V — C such that 5;&(@ ®v) = ¢(v)
Oy : C — V ® V* such that 6y (1) = Zei ® e

1

Therefore:

Fev) =0l @idp (idy- @ f @ idy- (idy- @3y (pv))) =
= 8, @ idy (idy- ®f © idy-(py © ¢; @ €f)) =
= 8l (ov ® f(en)) @€ = pv(f(er))e; =
= (pvofle))e; =pvof

Since € is a *-category, it is possible to rewrite S. In fact, let Jy, : V — V be the
map which sends v into v = (v,-). If f € (U, V), f* € (V,U) and:

fr=Jd5tofVoldy (2.2.14)
This is a consequence of the following calculation:
(Jgto fYov)(w) = Jg' (fY () = I (Y ((v,)) =
= Ji (0. £0)) = T (£ (0), ) = T (F(0)) = £ (v)
Hence, if C is a *-category, the antipode becomes:
S(h)x = Jpix) 0 dy' o (hx)* o dx o Jp(x) (2.2.15)
since:
d% oh¥%ody ' =
-1 * -1 * -1 —1%*
= (JF(X) ody o JW) © (JWO h¥ o W) © (JF(Y) ody oJrix)) =
= Jg(lx) o d;(l o(hx)"odx o Jr(x)
Finally, the dual representation V' is given by:
mx(h) = mx(S(h))"
Using (2.2.14) the dual representation becomes:
mx(h) = Jp(x) o mx (S(h)* o Jily,)
and, more explicitly:
() (@) = Jp(x) 0 1x (S(h))" 0 Ty (0) =
= Jr(x) © (JE(1X) ody' ohygodyo Jrx)) © Jg(l)()@) =
= dy" o hy o dx(7)

Finally it is easy to see that S commutes with *.
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Lemma 2.2.16. Rep(H) is rigid, and S defined in the Remark 2.2.15 is an antipode.

Proof. Suppose that ' and 7 are the conjugate maps in €. We will prove that Rep(H)
is rigid with the following conjugate maps:

pl=F(r)oex yodx ®id (2.2.16)
p=id@dy o e;}y o F(7) (2.2.17)

The first step is to prove that p and 5 are morphisms:

Pl o A(h)x x =

=F(rl)oex x odx ®idody' ® idoegx o hxgx ©€x.x ©dx ®idy =
= F(r") ohggyoex xodx ®id =

=h1o F(rl) oex y o dx ®id = e(h)p!

and:

= id®dy' o A(h) x x 0 id®@dx oid®@dy' o e)_(% o

'
F
= id®d;(1 o A(h)XY o e;{ly ol
=id ®d)_(1 o e)_(% o hX@Y o€y x© e)_(’lY oF

= id®d;{1 oe)_(lyth(@YoF

=id@dy' o e 'c o F(F) o hy = pe(h)

Next, we want to prove that p and 7 satisfy the conjugate equations. We will prove
only one of the two equations. The other will follow similarly.

pl @idod ! oid@p =
=F(r') ®idoey y ®idody ® id®idody' ® id @dy'o

71 . 71 71 o . 1 o
ot x ®idoer v x© F(GY,X,Y) °ex xex ©ldx ®ex xo

ody ®id@dx oid®id@dy! oid@e 'c 0id ®F(F) =

= F(r") @idoid®id @dy' o e o F(

1
XX,X
oex xox ©dx ®id®idoid ®F(T) =

-1
% xx)°

= d)_(l OF(TT ®idoa%1xyoid®?) odx =id

In order to prove the properties of the antipode, it is sufficient to find « and 5 such
that:

n
PlEey) = (z,0y)and p(1) = Y fe; @&
i=1
where {e;}7_, is a basis of F'(X). It is straightforward to see that:

a=(id®p) o (3 ®id) (2.2.18)
B = (id®d") o (p®id) (2.2.19)
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where 61 : F(X) ® F(X) — C is such that:

'@ oy) = (,y)
and§ : C — F(X)® F(X) is such that:
. n
(1) =) e
i=1
At this stage, proving that S is an antipode is straightforward, and it is merely a
consequence of Prop. 1.4.10. O

Summing up all the results, we can state:

Theorem 2.2.17. Let C be a rational semisimple braided rigid tensor category, and
F : C — Vect a weak quasi tensor functor. Then:

(a) H = Nat(F) is af.d. weak quasi Hopf algebra;

(b) there is a functor G : C — Rep(H) such that F = V o G, where V :
Rep(H) — Vect is the forgetful functor. G is full and essentially surjec-
tive. If F is faithful, G is faithful and maps inequivalent objects to inequivalent
objects;

(c) CandRep(H) are equivalent braided tensor categories;
(d) if F is faithful, Rep(H ) is rigid;

(e) if Cis a *-category and F is rigid and *-preserving, then H is a weak quasi
Hopf *-algebra. If C is a C*-category, H is a C*-algebra;

(f) if F is a tensor functor, H is a Hopf algebra;
(g) If F'is a quasi tensor functor, H is a quasi Hopf algebra;

(h) If F' is a weak tensor functor, H is a weak Hopf algebra.

Before concluding the chapter, we say something about the uniqueness of the
construction. The reconstruction of H we have presented is highly non-unique. In
fact, changing the weak dimension function we obtain a different weak quasi tensor
functor F'. Moreover, we can have two different weak quasi tensor functors with the
same weak dimension function, because they can differ in the choice of the epimor-
phisms.

Proposition 2.2.18. Let G, G : € — Vect be two different faithful weak quasi tensor
functors constructed by the same weak dimension function. Then the reconstructed
weak quasi Hopf algebras H and H are equal up to twist equivalence.



56 The reconstruction theory for tensor categories

Proof. Since G and G share the same weak dimension function, there exists a natural
isomorphism ¢ such that:

EX)Y = PX®Y ©ex)y
We can see that H = H r, where F' € H ® H is such that Fly y = e;(ly o 90}1@, o

ex,y. Itis quite easy to see that F' € H ® H. We don’t check every calculation. For
example,

A(h)xy g;(?y ohxgy oexy =
= e}?y 0 Pxby ©hxay © Pxay oexy =
=Fxyo 6)_(’11, ohxgy oex,y © F)E,lY =
== FX,Y (¢] A(h)X’y (¢] F)Zly

and:

RX,Y =Xo g;’,lX o F(CX’y) o ’6VX7Y =
=Xo 61_/,3( ° 90}_/%)( oFcxy)opxgy oexy =
:Eoe;,g(ogo;éxoey,XoEoEo
© 61_/,1X oF(exy)o ex)y © e)_gly CYXRY CEeXYy =
= Yo FyxoXYoRxyoFxy = (FuRF Nxy



Chapter 3

Quantum groups at roots of unity
and Wenzl’s functor

3.1 Ribbon categories

In this section and in the next one we will give a quick review of the main results
about ribbon categories and ribbon algebras. We refer to [35] for a deeper look. Let
C be a strict rigid braided tensor category, and cy y its braiding.

Proposition 3.1.1. cx y satisfies the following relations:

Cxy =Tk ® idggy oidy ®cyy ® idy oidsgy, ®Fx G.1.1)

cyy = idy ®idx @rl oidy ®cyy ®idy ofy @ idy ®idy (3.1.2)

Proof. Using the rigidity of € and the naturality of ¢ we have:

. . . _ . . -1
Xy y © r; ®id%y ®idy oidy @Tx ® idy oids Qe y =
—1 o
XQX,Y

CY7
cxy 0Tk ®idg ®idy oidy ®c oidy ®idy ®7x

Since CX@Y,Z = CX,z ® idy oidx Key,z, then:

-1
CX®Y,Y

=idy ®c§y o cxly ®idg
Therefore:
cxy = ®idy ®idy oidy ®idx Ry 40
oidy ®idx ¥y, oidy ®eyly ®idx oidy @idy ®Tx
The second equality follows in the same way. O
We are ready to introduce the following:
Definition 3.1.2. (a) A twist on C is a natural isomorphism x € (X, X) such that:
Oxsy = (Ox @0y )cy xexy and b = 0%

(b) A ribbon category is a strict braided rigid tensor category with a twist.

We omit the proof of the next:

57
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Lemma 3.1.3. (a) Given objects X and Y of C we have:
Oxoy = cyxcx,y(Ox ®0y) = cy x(0y @ 0x)cxy
(b) We also have 07 = id;.

Using the braiding and the twist we define morphisms 5x : C — X ® X and
sTX : X ® X — C for any object X of the ribbon category € by:

Sx = (idy@&x)cxyrx (3.1.3)
st = rhexx(0x ®idy) (3.1.4)
Now we prove a technical lemma which will be useful afterwards:
Lemma 3.1.4. For any object X of a ribbon category, we have:
0% = (rl @ idx) (idg ®cy'y) (cx x7x ®idx) =
= (rkex x ®idx)(idx @ey xTx) =
= (idy ®r;cx’y)(c;(’ly ® idy) (idx @Tx)
Proof. Ttis sufficient to prove the first equality. The others follow using the naturality
of the braiding. We indicate with f the RHS of the first equality. We want to prove

that:
Tx = (0% f @ idx)Fx (3.1.5)

In fact, using the above expression, we get:
idy = (idx @rl)(Fx ®idy) = (idx @rk) (6% f @ idx)rx ®idy) = 0% f
Therefore:
0 = f
So, it remains to prove (3.1.5):
Tx =Tx0r =0yxoxTx = CY’XCXVYeX ®OxTx =
=Cx xOCxx0© Ox ®idgoidy ®r; ®idso
oildxy ®idy ®0y ® idgoidx ®idy ®Fy oTx =
=Cx x °Cxx0© Ox ®idyoidy ®r} ®idxo
oTx ®idx ®idgofx @ idy oF x =
=Cx x°Cxx O 93( ®idgoryx =
=7k ®idx ®idgoidy @ey'y ® idgoidg ®idy ®Fxo
oCxx© 0% @ idgory =
=7k ®idx ®idgoidy @cy'y ® idgoidy ®0% ® idy ®idgo
oldg®idy ®Tx ocygoTx =
=7k ®idx ®idgoidy @idx ®0% @ idgoidy @cy'y ® idgo
oldy®idx ®Tx o CxxOoTx =
= 0% @idgork ®idy ®@idgoidy @cy'y ®idgo
oCyx ® idy ®idyorx ® idx ®idyorx =
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In the first equality we used 6; = I; in the second one the naturality of the twist; in
the third one the definition of the twist; in the fourth one (1.1.11) and the naturality of
the twist; in the fifth one the naturality of the tensor product; in the sixth one (1.1.11)
again; in the seventh one we used the Prop. 3.1.1; in the eighth and ninth ones the
naturality of the twist; in the tenth one the naturality of the tensor product; in the
eleventh one the definition of f. O

It is possible to introduce the notions of quantum trace and quantum dimension
in a ribbon category.

Definition 3.1.5. Let € be a ribbon category. For any object X in C and any endo-
morphism f of X, we define the quantum trace Tr,(f) of f as the element:

Tro(f) = sk (f @ idg)Tx = riex ¢(0x f @ idg)Fx
of (1,1)

It is quite easy to see that in Vect the above notion of trace coincides with the
usual one. The quantum trace enjoys the usual properties of trace:

Proposition 3.1.6. Given endomorphisms f and g in a ribbon category, we have:
(@) Try(fg) = Try(gf) whenever f and g are composable;

(b) Try(f ® g) = Trqy(f) o Try(g);
() Trg(f) = Trqg(f7).

Proof. We will prove the equalities (a) and (c¢). The equality (b) follows using the
same technicalities. Let us start with (a):

try(fg) = r;( ocyxoblxfg®@idgory =
=rk ocyxofxf®@idgoidy ®rk ®idgorx ®idy ®idgog ® idg oFx =
=rk ocygoidy ®rk @idgofx f ®idg ®idx ®idgo
oldx ®idx®g ®idgory ®idy ®idgory =
=rk oy oidy @rk ®idgoidy ®idy ®g @ idgo
ofxf®idy®idxy ®idyory ® idy ®idgorx =
=k ork ®idg®idy oidy ®g @ idg ®idx ocy %4 a0
ofxf®idy®idy oidy ®idx ®Tx oTx =
=1l oidy ®g ® idg ®idy oidg ®idy @rko
oldg @y ®idgocy g ofxf @idgory =
=l oidg®gocygolxf ®idgory =
=71k oy o g@idgolxf ®idy ofx = Try(gf)
In the first and last equalities we used the definition of the quantum trace; in the
second one (1.1.11); in the third and fourth ones the naturality of the tensor product;
in the fifth one the naturality of the braiding; in the sixth one the naturality of the

tensor product and of the braiding; in the seventh one (1.1.11); in the eighth one the
naturality of the braiding again.
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We pass to (¢):

Trq(fv)

r ocYXoﬁyfV@)idXo?y:

r OCY’Xoé?}/(fV@idXoFy:

% ©Cx x © (fox)" ®idx Ty =

T ©CX x OT;( ®idf@idxOidy@gxf@)idy(g)idxoidy(gfx ® id x ory =

ork ®idx ®idygoidy ®x f ®idy ®idgoidy ®idy ®ex xo

T T T T

r
(@) ldy ®?X ® ldX O?Y —
=l ork ®idx ®idgoidg ®0x f ® idy ®idgoidy ®idy @rk @ idx ®idgo
o idy@ idx ®idy®c;(1x & idyoidy@)idx X idy@ idxy ®Fx o idy@?x ® id x org =
=1l orl ®idx ®idgoidy ®0xf ®idx @idgo
0idy ®cy'y @ idy oidy @ idx @Fx o Tx =
= 1";( oidy ®bx f oidg®idyx ®7‘;( o idy@C;(lX ®idy oT ®idx Qidgory =
= r; oidg®bxfocyxorx =
= r;c ocyxo0xf®idgory = Try(f)
in the first equality and last equalities we used the definition of quantum trace; in
the second one the definition of twist; in the third one the antimultiplicativity of
the transpose; in the fourth one the definition of transpose map; in the fifth one the
naturality of the braiding and of the tensor product; in the sixth one the first identity
in the Prop. 3.1.1; in the seventh and eighth ones the naturality of the tensor product;

in the ninth one the second identity of the Prop. 3.1.1; in the tenth one the naturality
of the braiding. O

‘We can derive the notion of dimension from the trace:

Definition 3.1.7. Let C be a ribbon category. For any object X of C we define the
quantum dimension dim, (X) as the element:

dimy (X) = Tr,(idx) = sl o7x
in (1,1).
As a consequence of Prop. 3.1.6, we have:
Corollary 3.1.8. Let X,Y be objects of a ribbon category. Then:

dimy(X ®Y) = dimy(X) dimy(Y) and dim,(X) = dimy(X)

3.2 Ribbon algebras

Let A be a braided Hopf algebra [67]. For our purpose, we can see it as a braided
weak quasi Hopf algebra with a coassociative and counital coproduct. We use the
following notation:

R:Za,@@bi and Ril:ZCE‘@gz‘
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We consider the element u € A given by:

u=>_ S(bia; (3.2.1)
i
Proposition 3.2.1. The element u defined as in (3.2.1) is invertible with inverse given
by:
=Y "5 (b)a (3.2.2)
i
and for all a € A we have:
S%(a) = uau™? (3.2.3)

Proof. We first show that S?(a)u = ua foralla € A. If y € A ® A, we have the
identity:
(A’ @id(y))(R® 1) = (R®I)(A®id(y))

inA® A® A. When y = A(a) for some a € A, we have:
Za )ai @ aqyb; ® ags Zaza(l)@@ba()@a(g)

Now, let V be the linear map m o m ® id 0id ®5 ® S? from A ® A ® A to A, where
S is the antipode on A. We apply V' to the previous identity, obtaining:

252 a(l) a(2 a; = ZS a(3 a(g )S(bi)aia(l)

Using the well-known properties of the antipode for a Hopf algebra, it is straightfor-
ward to get S?(a)u on the left hand side, and ua on the right hand side. It remains to
show that u is invertible. We setv = >, S~1(b;)a;. Then:

uv = ZUS_I ZS Jua;

using that S%(a)u = ua. As a consequence,

uv—ZS Jua; = ZS i)aia; =

m(S ®id(Ra Ryy')) = (5’ @idI®lI)) =1
In the same way, vu = I. O

Corollary 3.2.2. We have that S(u)u = uS(u). Moreover, this element is central in
A.

Proof. Using the last proposition, we have uS~!(a) = S(a)u. Applying S to both
sides of the last expression, we get:

aS(u) = S(u)S?*(a) = S(u)uau™!

and therefore a.S(u)u = S(u)ua. This proves that S(u)u is central in A. Moreover,
if we take a = w in the equality:

aS(u) = S(u)uau™"

we obtain uS(u) = S(u)u. O
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It is possible to prove that u satisfies some additional relations.
Proposition 3.2.3. The element u satisfies the following identities:

e(w) =1, A(u) = (RuR) " (u®@u) = (u@u)(RnR)™
A(S(u) = (RmR) (S(w) ® S(u) = (S(u) ® S(u)) (R R) ™!
A(uS(u)) = (Ro1R) 2 (uS(u) @ uS(u)) = (uS(u) ® uS(u))(Ra R) >

Before proving the Proposition we need to prove the following result about braided

Hopf algebras:

Proposition 3.2.4. Let A be a braided Hopf algebra:
(a) The R-matrix R satisfies the equation:

Ri9R13Ro3 = RogRi3 R (3.2.4)
and we have:
(e®id(R)) =1 = (id®e(R)) (3.2.5)
(b) If the antipode S is invertible, then:
(S®id(R)) = R™! = (id®S(R)) (3.2.6)
(S®S(R))=R (3.2.7)

Proof. (a) Using (1.2.17) and (1.2.18) in the coassociative and counital case we get:
RioR13Ro3 = ng(A X ld(R)) = (AOP X® id(R))R12 =
=Y ®id(A®id(R))X ®id Ri2 =
=X ®1id(R13R23)X ® id R12 = RozRi3Ra2
Next,
R=(e®id®id(A ®id(R))) = (e ® id®id(Ri3Ra3)) = I ® (e ®id(R)) - R

Since R is invertible, we obtain ¢ ® id(R) = I. Similarly for the other side.
(b) Using (a) we obtain:

(m®id(S®id®id(A®id(R)))) = (e ®id(R)) =1
As a consequence:
I=(m®id(S®id®id(Ri3R3))) = (S®id(R))R
using the unitality of S. Since R is invertible:
(S®id(R))=R!
Proceeding similarly in the opposite braided Hopf algebra we get:
(idoS HR))=R™*

Finally, we have:

(S® S(R)) = (id®S(S ®id(R))) = (id®S(R™1))

= (id®S(id®S'(R))) = (id®id(R)) = R
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At this point we can prove Prop. 3.2.3:
Proof.

e(u) = e(Sli))e(a) = > e(bi)e(as) = e (e(ai)bi) = I

i i
Next we compute A(w). It is quite easy to see that, for all a € A:
A(a)R21 R = Ro1 RA(a)
Since R R is invertible, it is enough to show that A(u)Ra1 R = u ® u:

u)Ro1 R = ZA A(a;)Ro R =
= Z S ® S(AP(bi)))A(ai)Rn R =
— Z (S ® S(A°P(b;)))Ro1 RA(ay)

Now we define the action of the algebra A% on A ® A on the right by:
(@@t)-(QaT)=(S®5(T))(¢®)Q
where ¢,t € Aand Q,T € A ® A. We can rewrite the previous equalities as:
A(u)Ro1 R = Ra1 - RA(a;) @ A°P(b;) = Ro1 - (R® I ®I)(A® A°P(R)))
Since id ® A(R) = Rj13R12, we have id ® A°P(R) = Ri2Ry3, so:
ARAP(R) = A®id ®id(id ®A°P(R)) = A®id ®id(R12R13) = R13Ro3R14R24

Hence:
A(u)R21 R = Rg1 - Ri1aR13R23R14R24

Using (a) of the last proposition we get:
A(u)R21 R = Ra1 - RogRi3R12R14Ray
Now we calculate the expression above. Using (b) of the last proposition we get:

Ry~ Rog =Y _ S(bj)bi ® aia; = (S @ id( Zs b; @ aia;)) =
i,J

= (S ®id(Ry'Ra1)) = S®1d(I®I) =I®I

Hence,
Ro1 - RosRi3 =1® 1 - Ry —ZS Yo, @I =u® I
'L
Next,
Ro1 - RosRisRi12 = (u®1I)-Ria=(u®I)R
and:

R21 . R23R13R12R14 = (U &® I)(Z aiaj (=) S(b])lh) =
i,J
= (e N{d@S()_ aia; ® S (b)by)) =
1,
=wa)(ideS(R'R)=uxT
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Finally:
Ro1 - RosR13R19R14Roy = (u &® I) - Roy = (u ® I)(I ® u) =UuUQuU

The formula involving A(S(u)) is a consequence of the formula for A(u) and the
anticomultiplicativity relation. The formula for A(uS(u)) can be obtained putting
together the formulas for A(u) and A(S(u)) and using the centrality of uS(u). O

At this stage we are able to give the following:

Definition 3.2.5. A braided Hopf algebra A is a ribbon algebra if there exists a central
element § € A satisfying the relations:

A(0) = (RuR)"'0®6), /) =1, SO) =6 (3.2.8)
We wonder if ribbon algebras produce ribbon categories.

Proposition 3.2.6. Let A be a ribbon algebra. Then the category of finite-dimensional
representations Rep(A) is a ribbon category with twist 0 x given by the action by the
inverse of the element 0 introduced in the previous Definition.

Proof. We define the twist 6y, on the vector space V by 0y (v) = 0~ v, wherev € V.
0y is clearly an A-linear automorphism since #~! is central and invertible. We need
to prove that 6y is actually a twist. We have:

Oy ® QW)CI/V,VCV,W(U QRw) = (971 X Gfl)ZRZR(U ®Rw) =
=00 HRyRv O w) =
= A0 (v @w) = byew (v @ w)

Moreover, let v, w be elements in V. Rigidity is given on Rep(A) by the following
maps:

oy(1) = Zei ® e} and 8, (a ® v) = a(v)
i—1

where {e;}7", is a basis of V, {e}}"_, its dual basis, a an element in V*. Of course
V = V*. Therefore, omitting the summation symbol:

(0v)Y () = 6" @ idy-(idy~ @0y @ idy-(idy- ®3(a))) =
=6" @idy-(idy+ @0y @ idy+(a @ e; ® €f))
=0V @idy-(a® 0 le;@ef) =
= a0 e)e; = (S(O7H)a)(ei)e; =07 a

O]

Corollary 3.2.7. The central element 62 in a ribbon algebra acts as uS(u) on any
f.d. representation. As a consequence, 0> = uS(u) if A is finite-dimensional.

Proof. Using the last proposition we have that 62 acts as 0‘72 on V. Using Lemma
3.1.4 we have:

9‘;2 = (idv ®5I/CV,V*)(C\7,1V X idv*)(idv ®gv)
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We compute the right hand side of the equality, omitting the summation symbol and
using the identity R~! = (S ® id(R)):

(idv @0} evy)(eyy, @ idy+)(idv ®3v)(v
= (idy ®5VCVV*>(CVV ®idy«)(v ® €; ® €;
= (idy ®5VCV\/'*)(CL]€Z ® b VR e;

= (idy <§§>(5;r/)(S(OLJ)eZ ® bre; ® apbjv

= €; (S(bg)arbjv)S(aj)e; = S(aj)ubjv = S(aj)SQ(b Juv

= S(S(bj)aj)uv = S(u)uv = uS(u)v

) =
)
i)
)=

O]

It is quite easy to compute quantum trace and quantum dimension on the repre-
sentations of a ribbon algebra:

Proposition 3.2.8. Let V be a representation of the ribbon algebra A. Then:

Tey(f) = Tr(o — 6 uf (v)
where f € Enda(V). In particular, dim, (V') is the trace of the action of 0 u on V.
Proof.
ex x+(Ox f ®idx(0(1)))) =

cxx-(Oxf®@idx«(e; ®e7))) =

Try(f) = T(
(
ex x-(07" fle)) ®ef)) =
(
i(

o
=90
=9
o

bje ® CL] 1f(el)) -
e/ (S(bj)a;07" f(e:)) = ; (0 uf(ei)

which is the trace of the endomorphism v + 6~ u f(v). O

3.3 Quantum groups: definition and R-matrix

In this section we introduce U, (g). We will mainly follow the presentation of Lusztig
[46], which can also be found in [14] and [81]. Let g be a complex simple Lie algebra,
let h be a Cartan subalgebra and h* its dual space. Let & C h* be the root system
of g. Let (-, -) be the unique inner product on h such that (o, a) = 2 for every short
root « € ®. Let ® = {& = <§3>

A={Xeb*|(\a) € Z Va € D} be the weight lattice, A, = ZP C A be the root
lattice, and A, = Z® C %A be the dual root lattice. Let W (the Weyl group) be the
group of isometries of h* generated by reflections o, such that:

ga(A) == (\,a) «
We will most deal with the translated action of the Weyl group, which is defined by:
o A=c(A+p)—p

_ 6]
where p =3 (5.
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Let L be the least integer such that L (\,v) € ZV\, v € A. Let A = {ay,...,an}
be a basis and (a;;) = (o, ;) be the Cartan matrix. & > [ means that « — S is a
nonnegative linear combination of the elements of A. Let AT = {\ € A| (\,q;) >
0,Va; € A} be the set of nonnegative integral weights. Let 6 be the longest root, or,
in other words, the unique long root in ® N A™, and let ¢ be the unique short root in
the same intersection.

We consider the complex *-algebra C[z, x~!] of Laurent polynomials with invo-
lution z* = z~!, and let C(z) be the associated quotient field, endowed with the
involution naturally induced from C[z, x~!]. We consider Drinfeld-Jimbo quantum
group U, (g), i.e. the algebra over C(x) defined by generators E;, F;, K, Ki_l,
1=1,...,r, and relations

K,K; =K;K;, KK '=K'K =1,

KzE]Kl_l e x<04i,oéj>Ej KszKz_l _ x_<ai’aj>Fj

K, — K;!

E;Fj — FE; = b &

i —
1-aij 1—ai;
S RET Y EEY =0, ST ()P EEY =0, i 4,
0 0
where d; = (a;,a;)/2, and, for k& > 0, Ei(k) = EF/[k]a,)s Fi(k) = FF/k]a,!. We
notice that d; = 1 if oy is a short root and d; = d if «; is a long root, where d is the
ratio of the square lengths of the long and short roots. d = 1 except in the cases B,
C, Fy, where it is equal to 2, and G2 where d = 3. Quantum integers and factorials
are defined in the following way:

[kl = Prp—
[k]x! = [k]x s [2]30

We will often use the notation: [k]y, := [k|,q;. There is a unique *—involution on
U.(g) making it into a *—algebra over C(x) such that

K;=K;' Ef=F,.

The introduction of an involution * is due to Wenzl [81]. This algebra becomes a
Hopf algebra, i.e. a coassociative coalgebra with coproduct A, counit ¢ and antipode
S. In fact:

AE)=KQ®E+E&I, A(F)=I1F+F®K;", and AK;) = K; ® K;
S(K;))=K; ', S(E)— K{'E; and S(F;) = -FK;

e(B;)=0=¢(F;), e(K;)=1

Using the above identities it is possible to check that:

A(a*) = A%(a)* (3.3.1)
e(a*) = e(a) (3.3.2)
S(a*) = 5(a)* (3.3.3)
S*(a) = K3, aKa, (3.3.4)
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for all @ € Ug(g). If a is in the root lattice, K, := Kfl ... KFr, where o =
> i1 ki Our goal is to construct a braided tensor category starting from Uy (g). In
order to achieve this goal, we consider a larger polynomial ring A = C[z32L, 2™ 2L],
with L the smallest positive integer such that L({\, u) € Z for all dominant weights
A, p. We give the explicit values of L for all Lie types: L = n + 1 if g is of type A;
L = 1in the cases By, Cy, Eg, Fy and Go; L = 2 in the cases By, 1, Dy, and E7;
L = 3 in the case Fg; L = 4 in the case D2y 1.

We define the integral form U, as the A-subalgebra generated by the elements
Ei(k), Fi(k) and K;. It is quite easy to prove that it is a *~invariant Hopf .A—algebra
with the structure inherited from U,(g). U4 has not a R-matrix, even topologically,
so we will need to extend it in a suitable way. Before doing it, we introduce Uy (g).

We fix ¢ € T, and consider the *~homomorphism A — C which evaluates every
polynomial in ¢, and form the tensor product *—algebra,

Uq(g) = Uy ®4 C,

which becomes a complex Hopf algebra with a *—involution. Properties (3.3.1) -
(3.3.4) still hold for U, (g).

Given a dominant weight A of g, we can associate different modules V) (z),
Va(A), and V)\(q) to U,(g), U4 and U,(g) respectively, usually called Weyl mo-
dules, and thus form corresponding representation categories as follows. We shall
mostly be interested in V) (q) that we will usually denote by V), as well.

Let V\(x) be the irreducible representation of U, (g) with highest weight \ and
let vy, be the highest weight vector of V)\(x). We can form the cyclic module of Uy
generated by v)y:

VA(A) = Ug - vy

It is possible to see that:
VA(A) ®4 C(z) = V()

We denote by Rep(Uy, ) the linear category over A with objects finite tensor products
of modules V) (A). It becomes a tensor category in the natural way.

Every module V) (A) gives rise to the complex U, (g)-modules via the map which
sends z to a complex number ¢:

Va(q) == Va(A) ®4 C.

The representation category of Uy (g) whose objects are finite tensor products of
the modules V) (¢) is a braided tensor category, even though U, (g) is not braided. In
fact we will produce a braided Hopf algebra UL (g) which is the extension of Uy (g)
(see [75)).

As we said before, A is the ring (C[a;i , x_ﬁ], and A is the weight lattice. Now
we consider the Hopf algebra of functions on A as additive group. The collection
of all set-theoretic functions from A to A will be indicated by Map(A, .A), and it is
naturally an algebra over A with pointwise multiplication. It is a topological Hopf
algebra with the following:

A(f) (") = fp+ ')
e(f) = f(0) and S(f)(p) = f(—n)
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for f € Map(A, A) and p, ' € A. Here:
A : Map(A, A) — Map(A x A, A)

The latter space contains Map(A, A) ® Map(A,A) as a dense subspace in the to-
pology of pointwise convergence, and thus may be viewed as the completion of the
tensor product. A topological basis for this Hopf algebra is given by {d)} xca, Where
dr(7) = 6x. By topological basis we mean that the elements are linearly indepen-
dent and span a dense subspace of Map(A,A) in the topology of pointwise conver-
gence. It is a classical result that given a homomorphism between an abelian group
and its dual, we can associate to the homomorphism a R-matrix in the Hopf algebra
of function on the group. If the homomorphism is A — z (A7) the R-matrix is:

R — Z N @ 5,
A

which is an element in the completion of Map (A, A) ® Map(A, A). We will indicate
with U;l(f)) the topological Hopf algebra Map(A,.A), and with z* the homomor-
phism >\ xS, U, (g) acts on Uy via the A-grading of U,. More precisely,
we define the weight of a monomial in { E;, F;, K;} to be the sum of «; for each fac-
tor of F; and —q; for each factor of F;. Then f € U;l([)) acts on a monomial X by
f[X] = f(weight(X))X and then extends linearly. This action is a homomorphism
of Hopf algebras so we can form the semidirect product Ujl(h) x Uy. This Hopf al-
gebra is topologically generated by { E;, F;, K;} U {0 } e with the usual quantum
group relations together with:

a0y = 6rq0x » D Or=1
AEA

WK = Kiby , O\E; = Eidy_q, , O3F; = Fi0xtq,

If U;rl(h) x Uy acts on an A-module V, we say v € V is of weight A € A if
Kiv = zM%) and fu = f(\)v for f € U;L(h). V is a A weight space if it consists
entirely of weight A vector. Let )1 be the direct product of all U;l(h) x U 4-modules
which are a finite direct sum of A weight spaces on A. Of course U;l(b) x Uy acts
on M. The kernel of this action is a two-sided ideal I (which is not {0} for sure
since it contains K; — x®¢). Moreover, I is a Hopf ideal, so U;l([)) x Uy /I is a Hopf
algebra which embeds into End(9t). End(91) is endowed with a topology given by
the product topology on 91, where a sequence converges if and only if it converges
on each f.d. submodules. The closure of UL(P)) x U, /I with respect to this topology
is called UL, and it is a ribbon Hopf algebra. The R-matrix is:

N (1) - ts)
R=R Z Hq/jT? (1= q52) " [tr)gs, \ By © Fg"

t1,..,tn=1r=1

with R € UA@U}I. By g, we mean q% when f3, is the same length of «;. The ribbon
element related to R is g”.

It is possible to see that V(A) is a U}Ll(g)—module by letting f € Ujl([]) actona
weight A vector by multiplication by f(). On the other side, every UL (g) is clearly
a U4-module. Therefore Rep(U,) and Rep(UL (g)) are the same category and hence
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Rep(Uy) is ribbon. Now we restrict = to a root of unity, proceeding as before. Thus
we can define:

Ul(g) = U} @4 C

We indicate with UJ@U, the space (U:[l ® UL) ® C. It is the completed tensor
product of UJ ® U,;r in the topology inherited from (UL@UL) ® C. Therefore UqJr (9)
is a ribbon algebra, and Rep(UqT (g)) is a ribbon category. Proceeding as before, we
have that Rep(U,(g)) is the same as Rep(UqT(g)), so it is ribbon.

3.4 Irreducibility of representations of U,(g) and quotient
category

In the previous section we introduced the category Rep(U,(g)) generated by the
Weyl modules V), = V,(q). We focus on this category, trying to understand when
Vy\’s are simple and if there is a way to restrict the category of representations in
order to obtain a semisimple one. We will give here an overview of the results about
this topic, following [2]-[7] and [27]. Other reviews on this argument can be found
in [15] and [81]. In order to answer to the first question, we introduce the so-called
linkage principle. We consider g as primitive root of unity of the type ¢ = ed.
Moreover, we define the affine Weyl group W; which acts on the real vector space
spanned by the roots in the following way:

w-r=w(x+p) —p

where w € Wy and x € E. Under the above restriction on g, W, is generated by the
ordinary Weyl group W and the translation by [0, where 6 is the highest root. The
action of W, on E admits a fundamental domain', called the principal Weyl alcove,
which is:

Api={ e AT (N+p,0) <dl}

The linkage principle states that V), is irreducible if A € A;. Moreover, Vy and V), are
pairwise inequivalent if \, u € A;. The proof of these facts can be found in [4].

Now, we restrict to a peculiar category of representations of U, (g). In order to do
that, we introduce the notion of tilting module.

Definition 3.4.1. A finite-dimensional U, (g)-module V" has a Wey! filtration if there
exists a sequence of submodules

{0}=VhcWVicCc...CcV,=V

with V,./V,_1 2V, for some \; € AT. A finite-dimensional U,(g)-module V is a
tilting module if both V' and its dual V* has a Weyl filtration.

We fix for each Lie type a representation V' of g taken from a specific list, that we
call fundamental. For example, if g is of type A, V' is the vector representation. Each
fundamental representation has the property that every irreducible representation of

!Given a topological space X and a group acting on it, the images of a single point under the group
action form an orbit of the action. A fundamental domain is a subset of X which contains exactly one
point from each of these orbits.
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g is contained in some tensor power of V. We can form the category T; = T(g,1)
whose objects are finite tensor powers of V' and arrows the intertwining operators,
completed with subobjects and direct sums. T; is called tilting category, because
every object of T; is a tilting module, and conversely for [ large enough every tilting
U,(g)-module is isomorphic to an object of T;. How much does [ have to be large?
We need an order [ such that x € A;, where  is the weight associated to V' and

A ={Ne AT (N+p,0) <dl}

In a tilting module, Weyl filtrations are not unique. Anyway, for all filtrations of
a tilting module T the number of factors isomorphic to a given V)(q) is unique,
and it is in fact given by the multiplicity of V)\(x) in W (x) if W is obtained from a
specialization 2 — ¢ of a module W (x) of U,(g). In particular, suppose that W is
the tensor product Vy, ® ... ® V), with \; € A; forall i € {1,...,n}. Then the
multiplicities of the factors in its Weyl filtrations are the same as those determined
by the decomposition into irreducibles of the corresponding tensor product in the
classical case. We now want to lists some interesting results about tilting modules,
but without giving proofs.

Proposition 3.4.2. (a) The dual of a tilting module is tilting;
(b) Any finite direct sum of tilting modules is tilting;

(¢) Any direct summand of a tilting module is tilting;

(d) Any finite tensor product of tilting modules is tilting.

Prop. 3.4.2 allows us to restrict our attention to indecomposable tilting modules.
They are parametrized by AT:

Proposition 3.4.3. For any A\ € A" there exists, up to isomorphism, a unique inde-
composable tilting module T\ = T\(q). In particular, if X € A;, T\ = V), so it is
irreducible. If T is a tilting module for U,(g), then:

= @ T;M(T)
AEAT

where the multiplicities n(T') are uniquely determined by T

At this stage it is quite interesting to discuss the point of the quantum dimensions
of tilting modules. First of all, we need to clarify the form of the ribbon element in
the (extended) quantum group U, (g)'. We have:

Proposition 3.4.4. U,(g)" is ribbon with ribbon element v = Kyu, where u =

1

Proof. First of all, we need to prove that v is central. Since S?(x) = uzu~' and

S%(z) = K;;:UKQP, we have:
v = Kopyuxr = K2p5’2(as)u = Kngz_plxKgpu = xKo,u = v
It is easy to see that £(v) = 1. Moreover we prove that A(v) = (v ® v)(Ra1 R) L
A(v) = A(Kop)A(u) = (Kzp @ Kop)(u® u)(Ro1R) ™' = (v®@v)(RnR) ™

It remains to prove that S(v) = v. It is quite easy to see that K. ;pls (u) acts as Koyu
on Vy. Since V¥ =V, for some p € AT, KQ_plS(u) acts like Ko,u. We can extend
this fact to any module, obtaining that v = Ka,u = K. 2_/)15 (u). This identity leads to
the conclusion. U
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Using the last proposition and Prop. 3.2.8, we have that the quantum trace of an
endomorphism f of a finite-dimensional U, (g)-module is:

Try(f) = Te(Ky)Lf)
Taking f = idy, we obtain the quantum dimension:

dim, (V) = Tr(K;,)
The following results will be crucial. We report them without proofs.
Proposition 3.4.5. Let A\ € A™. Then dim,(Ty) # 0 if and only if X € A,.

Corollary 3.4.6. (a) Let A € A" \ Ajand f € End(Ty). Then Try(f) = 0.
(b) Let A € AT\ A; and V' be any Uy(g)-module. Then, every direct summand of
T\ ®V =2V ® T\ has quantum dimension zero.

Tilting modules with zero quantum dimension will be called negligible.

At this point we have all the tools to construct a semisimple quotient category of
77, which will be indicated by J;. Using Prop. 3.4.3 we can state that every object
of J; decomposes as a direct sum of indecomposable tilting submodules, and this
decomposition is unique (up to isomorphism). We can form two full linear (non-
tensorial) subcategories, 70 and T+ of T;, with objects respectively those represen-
tations which can be written as direct sums of V), with A € A;, and those which
have no such V), as direct summand. Therefore every object in T is a negligible
representation.

Definition 3.4.7. Let W and W’ be two objects in J;. An arrow 7' € (W, W) is said
to be negligible if there exist two arrows S; € (W, N) and Sy € (N, W’), where N
is negligible, such that 7" = S5 o 5.

The category T satisfies the following properties, which can be inferred from
Prop. 3.4.3 and 3.4.5, and from Cor. 3.4.6:

Proposition 3.4.8. (a) Any object W € T is isomorphic to a direct sum W =
Wo @& N, where Wy € T and N € T+;
(b) For any pair of arrows T € (W1, N) and S € (N, Ws) in T;, where N € T+ and
Wl, Wy € ‘J'O, then:

ST =0

(¢) For any pair of objects W € T}, N € T+, we have that N @ W and W @ N are
negligible.

Property (a) follows from the decomposition of tilting modules shown in Prop.
3.4.3. Property (b) means that non-negligible modules cannot be summands of a
negligible one. This can be easily proved by a dimensional argument. Same argument
can be used to prove property (c). These properties were first shown by Andersen [2]
and then abstracted by Gelfand and Kazhdan [27].

Now, let Neg (W, W) be the subspace of the negligible arrows of (W, W'). Then
the quotient category J; is the category with the same objects as J; and arrows be-
tween the objects TW and W’ the quotient space:

(W, W)z, = (W,W')/ Neg(W, W)
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Therefore it is possible to define a functor F' : J; — J; which is the identity
on the objects and the natural projection on morphisms. It is quite easy to see that
J; is a linear rigid braided tensor category using as associativity and commutativity
costraints the images through F' of those in J;, and the same for the rigidity maps.
If we restrict F' to T° we obtain the functor F* which is an equivalence between the
categories T° and ;. Indeed, to prove this, it is enough to show that every object in
F is isomorphic to the image under F° of an object of TV, and that F* is a bijection
on the sets of morphisms. The first assertion is quite easy to prove, since if W € T is
non-negligible, then W is equivalent to F'(WW) in F;. Conversely, if N is negligible,
then N is equivalent to F'(0) in F;. The second assertion is a consequence of the
property (b) seen before. Since J is a linear rigid braided tensor category, so is TV.
We will usually denote the tensor product of objects and arrows in F; by W W' and
S®T respectively, and we will call it the truncated product. Dropping out all the
indecomposable but not irreducible tilting modules, we get that J; is a semisimple
category, with {V\, A € A;} as complete set of irreducible objects. F; or, equivalently
TY, can be seen as the categorification of the fusion ring with the truncated tensor
product. If A, 4 € A;, we can decompose V) ® V), in TJ; in the following way:

eV @miloN
veEN;

where N is negligible. The decomposition is unique up to isomorphism. Passing to
F;, we obtain:
et = @,
VEAZ
It is worth to notice that the decomposition of V\ ® V, in TJ; is unique up to isomor-
phism but not canonical.

3.5 Kirillov-Wenzl theory

The goal of this section is to prove the existence of a hermitian form on the represen-
tation spaces of Rep(Uy). So it is required a double effort: to put a hermitian form
on V)\(A), and to find a suitable hermitian form on every tensor product space gene-
rated by V)\’s. These results can be found in [37]. Wenzl [81] proved the existence
of a subclasses of such representations where this hermitian form is a scalar product,
also when we consider the product form. We will strictly follow the review of these
results made in [15].

It was proved in the section 2 of this chapter that Rep(Uy,) is a ribbon category,
since U;L is a ribbon algebra. It is possible to put on UL an involution which extends
the involution on U4, defining:

R* = (R 1Y)y (3.5.1)

where R is the R-matrix. Recalling the definition of w in the first section of this
chapter, we have:

Proposition 3.5.1. u is a unitary element in UL. As a consequence, the ribbon ele-

ment v s unitary too.
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Proof. Since S commute with *, we have that v* = ). a;S(b}). Moreover, from
Prop. 3.2.4 (b), we have S ® S(R) = R. Therefore S ® S(R*) = R* and hence
S—!® S~1(R*) = R*. As a consequence:

u* = m(id®S(R*)) = m(id®S(S™' @ STYRY))) = m(S™! @ id(R*))
Using (3.5.1), we get:
u* =m(ST! @id(R*)) = m(S™! ®id(Ry,)) ZS bi)d; = u~

Since K>, is also unitary, we get that v* = v ]

It is possible to derive the explicit expression of v as operator on the highest

weight module V), using R and Ks,. It is given by the scalar multiplication by

2~ MA+20) on V). Therefore it is possible to construct a central square root w of v in

A A+2p)

the topological completion of U , ! which acts as 272 on every V). Therefore:

w? = vand w* = w

~1
Since v is the ribbon element, we have:
Ry R=(v@v)A(w™)
For this reason, we have (RQlR)% = (w®w)A(w™!). We set
0=(w'®w )Aw) = (RuR) 2
and R = RO. We give the following:

Lemma 3.5.2. The element O satisfies the following relations:
(a) ©* = 03]
(b) ©21 R = RO

Proof. We start proving (a):

0" = A(w)*(w@w) = A%(w ) (w®w) = (w®w)A®(w™ ') = 05!
Next:
021 R = (w'@w HA®(w)R = (w'@w )RA(w) = R(w '@w ) A(w) = RO

O

The following result is crucial:

Proposition 3.5.3. R is self-adjoint. More precisely:
R =R, =R
Proof. Using the (a) of the previous lemma, we have:
R' = (RO)* = ©"R* = 0, Ry;' = (R1091) "' = Ry
For the second part of the equality, we proceed in the following way:
Ro1R = R21091RO = Ry RO* =]

. _1 —. . — ) o
since © = (Rg1 R)™ 2. Therefore R is the inverse element of R, so it must coincide
with R". O
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We proved in the section 2 of this chapter that R satisfies the relation (3.2.4), also
called the Yang-Baxter equation. It can be expressed in an alternative way, which can
be inferred from (3.2.4) itself and (1.2.17) and (1.2.18) restricted to the coassociative
and counital case:

Ri12(A ®id(R)) = Ro3(id @A(R)) (3.5.2)

This identity allows us to define the following elements:
R — (R™ & (A @id(R)) = (I ® R™)(id A" D(R))

where R(®) = R. Moreover, we set 0 = (w™ ' ® ... ® w™)AP=D(w), with
O = ©. We have the following identity:

0™ o N(AMY gid(0)) =

— (@ o DA D (w) @ DA () & w ) AP @ id(Aw)) =
_ w—l@'ﬂA(n) (w) _ @(n—i—l)

In the same way it is possible to prove that Q("H) = (I ® ©M)(id@A"=D(@)).

Hence we can define the element R(n) in UL o in the following natural way:

R™ = ptmgm

(2) (n)

where R = R. Our goal is to prove that R is self-adjoint for n > 2. We need

the following:
Lemma 3.5.4. We have the following recursive relation:
R = (B™ @ (A 9id(R)) = (I ® R"™)(id 9 A (R))
Proof. The first part of the equality is a consequence of the following computation:
®&" & 1AM 2id(R)) =
= (R™ @ 1)(0™ @ N(A™ D @id(R))(A™ Y ®id(0)) =
= (R™ @ D" @ DA D(w) @ AT 2id(R) (A 2id(0))
= (R™ @ I)(A™D @id(R))(w™ " @ I)(AP D (w) ® I)(A™ ) ®id(©)) =
_ R(n+1) (@(n) ® I)(A(nfl) ® 1d(®)) R(n+1)@(n+1) R( 1)

(A
I)

O

We get the second part of the equality in the same way.

At this stage we are ready to prove the following:

(n)

Proposition 3.5.5. R is self-adjoint for all n.

Proof. 1t is straightforward to prove (for example, by induction) that for all n:
A(n) (a)* — Aop(n) (a*)

Moreover, it is quite easy to see that A°P(a)R = RA(a), since © commutes with
A(a) for all a. We define now:

Ros1 = (AP Y @ 1d(R) (R @ 1) = (id@APV(R)(I @ Ry)
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and Ry = R. We can prove the following identity by induction:
AP ()R, = R,AM Y (a)

for all a. When n = 2 the above identity is true. Suppose it is true for n. We prove it
forn 4 1:

N(APY @ id(R)) (R, ® I) =
R)(Ry 1) =
AP @ 1d(A(a)) (R ® 1) =

Ry, © (A" @id(A(a))) =

Next, by induction again we have (E(nﬂ))* = Ry+1. In fact, recalling that R is

self-adjoint and R = (E(n) ® I(AT™Y @id(R)), we get:

(R(”+1))* _ (Aop(n—l) ® ld(ﬁ*))(ﬁ(")* ® I) _

= (A" @ id(R) (R, ® I) = Ry,

(n+1)

At this point, proceeding by induction once more, we obtain that R is self-
adjoint:
E(n-l‘l) _ (Aop(n—l) ® ld(ﬁ*))(ﬁ(n) ® I) _

— (A% @id(R))(Ro © 1) = (Ra @ (A" @ id(R)) =
- B & D"V id(R) = (R © (A" @ id(R) = B

O]

The existence of the R-matrix in U;@U} allows us to define, for any pair of
objects (77, U) and (7, V') in Rep(Uy ), the braiding operators:

cvy =E(mp@ny(R) e (U V,VaU)

It is quite natural to consider the associated modified form:

ovy =Xy @ny(R)) € UV, VaU)
The operators oy, are called coboundary operators. We have the following:

Proposition 3.5.6. oy v is a natural isomorphism satisfying:

oy ooyy = idyey (3.5.3)

OVeU,W °oUy & idy = oUWV © idgy Koyv,w (3.5.4)

Proof. The first equality is a consequence of the identity Ro; R = I. The second one
is a consequence of Lemma 3.5.4. 0
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The identity (3.5.4) defines an intertwiner of the category Rep(U,) which re-
verses the order in a triple tensor product:

o3 :=oyguw ooy Qidy € U3VeaW,WeVeU)
More generally, we can consider the arrows:
on€WN®...eVp,V,®...0WV)

which can be inductively defined in the following way:

On =0V, 1®..@V1,V, © On—1 @ idy,
Proposition 3.5.7. We have:

on = SnRy (3.5.5)
o2 =id (3.5.6)
and:

On = On—1® idVl 00V, Va®...0V, —

= OVi,Vp®..0V; © 1dy; ®op—1 = (3.5.7)

= idy,, ®p—10°0V,®..0V,,_1,Vn

Proof. We start proving (3.5.5) by induction on n:

Op = Enfl,l(A(n_l) ® 1d(§))(znflﬁn71 ®id) =
= (Zp_11 0 Zn1 ®id) (AP @ id(R))(Rp-1 @ id) =

= 2, (AP @ id(R))(Rn_1 ® id) = S, Ry

—~~

(3.5.7) can be proved in a similar way. For example:

On—1 ®idy; 00wy V.0V, =

= (Zn1Rp1 ®1d)(B1.0_1 0id APV (R)) =

= (8,1 ®idoX, 1)(d @R, 1)(id@AMY(R)) =
= 2, (i[d QAP D(R))(id ®Rp_1) = Sn Ry = 00

It remains to prove (3.5.6), which follows by induction and using (3.5.7) and (3.5.3):

2 . .
0y = 0p 00, =idy; ®0,-1 00V, 8.0V, © OV, Va®..0Vs O idy; ®0y_1 =

= idv1 Xop_10 idVl XRop_1 = idV1®---®Vn

O]

Following now Kirillov’s [37] and Wenzl’s [81] approach we are able to introduce
an involution on Rep (U, ) making it into a *-tensor category. Let V' be a represen-
tation of U 4. V is a hermitian space if it is endowed with a non-degenerate and
sesquilinear A-valued form (£,7) on V' such that:

&n)"= %)
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If T is a map from V to V', we can define the adjoint map 7% : V' — V. There-
fore the category of the hermitian spaces on A is a *-category. (my,V) is a *-
representation of Uy if V' is a hermitian space and:

my(a®) = mv(a)®
Weyl modules can be made into *-representations. First of all, we prove that V(A)
is endowed with a sesquilinear form:

Proposition 3.5.8. Let V)\(A) be a Weyl module and v) be its highest weight vec-
tor. Then there exists a sesquilinear form ( , ) on V\(A) uniquely determined by
(vx,vn) = 1 and by:

(avy, buy) = (b avy, vy) = (vy, a*bvy) (3.5.8)

Proof. The uniqueness is clear. We pass to the existence of such form. We know that
VA (A)* is still a U 4-representation, with the following action:

a-$(&) = (S~ (a)€)

where ¢ € V) (A)*. Vi(A)* has highest weight —w(\), where wy is the longest
element in the Weyl group. Define ¢y € V) (A)* by ¢a(vy) = 1 and ¢ (v) = 0 for
any v weight vector not belonging to the weight A. Using a little bit of Lie theory it
is possible to prove that ¢, is the lowest weight vector in V) (A)*. Now, we consider

the conjugate space V) (A) with the action of U4 defined in the following way:

av = S~Ha*)v
The highest weight in V) (A) is —wp () and the lowest weight vector is Ty. Therefore
we have an antilinear isomorphism ® : V) (A) — V) (A)* such that ®(Ty) = ¢, and
®(av) = a®(v). At this point we can define the sesquilinear form on V) (A):

(& n) =2(&)n)

It is easy to see that this form is well-defined and (v, vy) = 1. It remains to prove
(3.5.8):

(€, an) = ®(&)(an) = S(a)2(§)(n) = ©(S(a)€)(n) = ©(a*€)(n) = (a"&,n)
O

Proposition 3.5.9. The sesquilinear form defined in (3.5.8) for an irreducible highest
weight module V\(A) is hermitian over A. In other words:

&n) = m¢)"

Proof. Since V) (A) is spanned by elements of the type av), and using the sesquili-
nearity of the form, it is sufficient to prove that (a1vy, agvy) is self-adjoint in A. We
can restrict to the case that a1, ag are products of F;’s, and we proceed by induction
on the number of factors. Assume a; = F,.a). Then (a1vy, agvy) = (a}vy, Eragvy).
It is sufficient to prove that E,aquy = Y ; f;bjvx, where each b; is a product of F;’s
with less factors than as and each f; is self-adjoint and commutes with F; and F;
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for all . We proceed by induction on the number of factors F;. in ag. If as does not
contain F;, Eras = agE, = 0. Otherwise, we can write ay = a) F,.a’y, where al, is a
product of elements of { F;, 7 # r}. Then:

Eragvy = aé([(“m )]z + FrEr)agUA

where p is the weight of the weight vector ajvy. [(a, )], is clearly self-adjoint
and commutes with E; and F;, while E,a/ can be written as a linear combination as
stated using the induction. Iterating we obtain in the end:

> (vx, fibivy)

7

The j-th addend of the above summation is 0 if b; 7 I. So we obtain that (a vy, asvy)
is self-adjoint for all a1, as. O

As a consequence of the last proposition we have that V) (q) is also a hermi-
tian space in Rep(U,(g)). This makes that module into a *-representation. At this
stage, there is a problem to overcome. In fact, if we consider the product of two
*-representations U, V' of Uy, with the action of Uy defined in the usual way using
the coproduct, and we put on it the natural product form:

(5 ® s 5/ ® 77/)17 = (fa 5/)(7% 77/)

then U ® V is not a *-representation, since A is not *-preserving. However, the
coboundary structure fixes the problem.

Proposition 3.5.10. For any pair of *-representations (7, U) and (v, V') of Uy,
the following form:

Eengen)=EenmarR)(Een)), (35.9)
is hermitian. Furthermore, (U ®@ V, 7y @ 7y) is a *-representation.

Proof. We proved that R is self-adjoint and invertible in the extended algebra U;rl.
Hence the right hand side of (3.5.9) defines a non-degenerate and hermitian form. It
remains to prove that 7 ® my (a*) = 7y @ my (a)*:

enmyery(a) (€ @) = (tv@ry(a)(€ ®J o) =

= (A(a)(E®@n),RE @1)), = (@0, AP(@")R(E @1)), =
= (@0 RA()(E @)y =(E@nm @my(a)(E @)

O

In this way, all the objects in Rep(U,4) can be made into *-representations. More
precisely, we endow the tensor product V), ® ... ® V) with the form defined by the

action of the matrix R(n):

&) = (&R0,

is self-adjoint. We have the following:

n)

which is hermitian since E(
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Theorem 3.5.11. The hermitian forms so defined on objects of Rep(Uy) allow us
to state that Rep(Uy) is a strict tensor *-category. Furthemore, both the braiding
operators cyy = YR € (U ® V,V ® U) and the coboundary operators oyy =
YR e (U®V,V ®U) are unitary arrows in Rep(Uy).

Proof. The associativity of the tensor product easily follows from Lemma 3.5.4.
Moreover, (S ® T)* = S* ® T*, where S and T are arrows in the category, and
itis merely a consequence of the U 4-linearity of S and I". We pass to the unitarity of
cand o:

E@n cpyvin @¢)) = (ERE@n), R(

= (R(E®n),Rau(¢' ®n')) = (E®n, R R21@21(§
=(£®@n,02( @) =(E©n,0uRR(¢

= (@1, ROR™'S(of

£)
)
)
®¢

@n
@n

)

~—

Therefore ¢, = R7Y = cl}lv In a similar way one can prove the unitarity of
ouV. O

We focus now on Rep(U,(g)). As we said before, if we specialise x to g € T, we
obtain a complex sesquilinear and hermitian form on V) (g). We can ask if there are
some cases where the hermitian form on V) (¢) is an inner product, or, equivalently,
positive definite.

Theorem 3.5.12. Let g € T. The hermitian form of V\(A) specialises to a positive
definite form on V\(q) in the following cases

(a) for X € AT satisfying (\ + p,0) < d +
(b) for \ € A if g = e,

Alternatively, we can say that the hermitian form on Vy(q) is positive definite if A €

\t| if q is not a root of unity;

At and q = €™, with:
1

<
g A+p,0)—d

We call I the set of such q.

Proof. Since V) (q) is simple when ¢ € I, the hermitian form on it must be non-
degenerate, otherwise its nilspace would be a non-trivial submodule. Let {v; }; be the
canonical basis of V\(¢), and C = ((v;,v;)); ;. Obviously the coefficients and the
eigenvalues of C' depend continuously on ¢. They are all real and positive if ¢ = 1
from the classical Lie theory, and non-zero for any g € I. Therefore they have to be
positive for all ¢ € I, by continuity. O

Let « be the dominant weight of the fundamental representation V' = V; of g.
The order of the root of unity ¢ is chosen large enough to make V,; non-negligible.
The following result is crucial to understand the fusion rules of the tensor product of
an irreducible representation with the fundamental one.

Theorem 3.5.13. Let V be the fundamental representation of g, where g is of a Lie
type different from Fg. Let A € A;. Then:
(a) All irreducible submodules V,, of V\ @ V in Rep(Uy(g)) have weights pu € Ay;
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(b) The maximal negligible and non-negligible summands Vy ® V' in J; are unique
and given by:
Ni= @B muV,, eV =P m.V,
HEAN\A, HEN;
with multiplicities as in the classical case. Specifically, both decompositions are
multiplicity free for g # Fy;
(© Ifgisoftype A, B,C, D, then:

my =1 pu€ Ey={\+v:vyweightof V}NAT

Proof. The proof of (a) and (b) is essentially a consequence of the classical Lie
theory. A sketch of it can be found in Theorem 3.5 of [81]. We prove (c). Every
summand V), of V\ ® V has weight of the form ;s = A+, where 7y is a weight of V.
But in addition g is of type ABC' D, so the previous statement has a converse: for any
weight v of V' such that A +  is dominant, V), does appear in V), ® V' [43]. O

() are invertible and self-adjoint, so the

We know that the coboundary matrices R
corresponding hermitian formon Vy, ®...®V)  is non-degenerate when \; € A, for
all <. However, it may happen that this form degenerates on some subspaces. Thanks
to the properties of the fundamental representation exposed in Theorem 3.5.13, Wenzl

proved the next important result:

Theorem 3.5.14. For q = el and \ € A the hermitian form (3.5.9) on V), @ V is
positive definite on VA\QV'. Furthermore, for any v € Ay, the canonical projection:

Prq V)\ RV — mVV,y

is self-adjoint under the same form and py py , = 0 for vy # p.

3.6 Rigidity of Rep(U,(g))

Itis well-known that Rep(U,(g)) is arigid category. So, here in this section we would
like to focus more on the explicit expression of the conjugate maps. In Theorem
3.5.12 we have seen that if ¢ = ed we can put an inner product on V when \ € A;.
Proceeding as in the section 1.4 and in particular as in Remark 1.4.9, we can explicitly
express the conjugate maps of Rep(Uy(g)) using an orthonormal basis {e; }, but only
when r = ry and ¥ = 7y are referred to V' endowed with an inner product. Hence:

r()=Ruy &oe T(1)=) 606 (3.6.1)
=1 i=1

We notice that r and 7 are as in (1.4.6) and (1.4.7), taking into account that U, (g) is
a weak quasi Hopf *-algebra with ® = I®3, ) = Rand o = I = 3. Nevertheless, r
and 7 could be written differently in this special case. This fact will be useful in the
next chapter.

Proposition 3.6.1. Let r and 7 be as in (3.6.1). Then:
r(1) = Z%@@K%% (3.6.2)

() © ¢) = (4, Kz, ¥) (3.6.3)
where 1, ¢ € Vy and {1);}; is a basis of V.
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Proof. We start calculating 7*:

TW®d) = (F(1), R ®¢) = (¥ ® ¢, R(Y ® ) =
= (Vi ajw ™ wey ) (Y5, S(b)*S(w=1)*S(wez) ) ¢) =
= (Vi ayw ™ wey ) (S(by)*S(w) S (w(a))* ¢, i) =

= (S(b)*S(w)S(w)* ¢, ajw™ wy) =
= (
= (
= (

¢, 5(w(2))S(w™)S(by)ajw ™ wayy) =
¢, S(w(2))S(w ™ uw ™ wy) =
¢, S(w(g))usS™ Yw™ )w 1w(1)w)

Since w? = v and S(v) = v, we have S(w™!) = w!. So:

(¢, S(wigy)uS™ (w™ Hw  wmyv) =
= (¢, S(w@))uv w(1) V) = (9,8 ( )KQp 1)1/1) =
= (¢, K3, S~ (wea))wayp) = (6, Ky, 1)
using that v = K3,u and S%(a) = K;plaKgp. We pass to prove the identity involving

r. Let f be a map defined as the right hand side of (3.6.2). It will be sufficient to
prove that f* = r* in order to prove that f = 7:

F@¢)=(f1),RE©¢) = (f(1),R (b ©¢) =
= (¥, (w()) wa) (Kapti, (w(g)) whjp) =
= (i, S(wy)S(w™1) S (a;)Y) (Kopthi, (w(z)) wh}¢) =
= (S(wey)S(w )5 (@), i) (Wi, Ky, (wa))*whid) =
= (S(w)S(w™")S(a;)0, K3, (w()) wbid) =
= (¥, 5(a;)*S(w)S(w())* K, (w(z)) wh;¢)

Since:
S(aj)*S(w)S(w)) Ky, (wz)*whi = (bjw ™ wz) KapS(wey)S(w™')S(ay))*

it is sufficient to prove that bjw™ w9 K2,S(w(1))S(w1)S(a;) = I in order to
conclude. Using the tools we used before for 7 and the centrality of w~! we obtain:
bjw ™ w(a) KapS (w1 S(w™)S (a;) =
= bjw™ w8 (w) Ka,S(w™)S(a >
=bju~'S(a;) = b;S Haj)u™t = S(bj)aut =1
In the last line of the previous calculation we used that b;S~1(a;) = S(b;)a; =
u, and it is worth to explain why. Proposition 3.2.4 tells us that S ® S(R) = R.

Therefore id ®S(R) = S~! ® id(R). Applying the opposite multiplication to both
sides of the identity we obtain b;S™(a;) = S(b;)a;. O

3.7 Wenzl’s functor

In this section we construct the projections p,, on the tensor powers V®™ onto suitable
Hilbert subspaces, and describe their main properties. Let A be a weight in A; and
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px be the self-adjoint projection from V) ® V to VA®V, given by py = > pr+»
where the sum is made over all v € A; such that V,, is a summand of V) ® V.
We denote with pg the identity map in (C, C) and p; the identity map in (V, V). If
g # D,, we denote with py the projection p,, where « is the dominant weight of
V. In the D,, case we denote with x; and ko the dominant weights of the two half-
spin irreducible subrepresentations of V. In this case we set po = py; + Pu,. In
general, we denote with p,, the canonical projection onto the non-negligible part of a
canonical decomposition of V¢ into submodules:

V= PV P Na
vel,

with N,, negligible. Using what we said in the previous section, we have unitaries
Uop: Vi — Vi n, with € Ay. It is possible to define the projections p,, iteratively:

Pn+1 = Z UL,n & ldV Opu o UL:ul X ldv OPn X ldV
LEL,

Using the iterative description, we can prove the next useful:

Lemma 3.7.1.

(1) pp o pm @ idyer = pp = P @ idyeropp,, n=m+r

(2) A®idyer opmir = Pptr © A®idyer = AQidyer, A€ (VE™ VEM)
Proof. The first assertion is easy to prove. In fact, for r = 1 it is a simple con-
sequence of the iterative definition of p,; a simple iteration gives the result for

the generic case. We pass to prove the second statement. We assume » = 1 and
A=U,,U-}. So:

L1,p°

AVim = V= Vi,n

Therefore:

A®idy oppy1 = U, ®idy opy, o ULI}N ®idy opy, ®idy = ppy1 0 A®idy

Since VE™ and VE" are completely reducible, the equality is true for every A €
(V&m y€n) Now we prove the same assertion for » > 1 by induction on 7, and
using (1):
A® idV®T OPm-+r = (A X idV®T*1 Opm+r—1> ®idy OPm-+r =
= (Pntr-10 A®idyer1) ®@idy oppir =
= Pn+r © (pn+7“—1 0 A® id\/@T*l) ®idy = Pn+r © A® idV®T
O

Proposition 3.7.2. The projection p,, are self-adjoint for all n w.r.t. the Wenzl’s
hermitian form.

Proof. We prove it by induction. If n = 0 and n = 1 the projections are the identity
maps, so it is straightforward. Suppose it is true for n, and we prove it for n + 1.
Using the identity p,, ® idy op,+1 = pp+1 and the iterative description of p,11 we
have:

Pnr1 =Y pn ®@idy oU,, ®idy opy o U, ! @idy op, ® idy
LEI’rL

Since p,, is self-adjoint and U/, = U, Ljnl, we obtain py, | = ppi1. Ul
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In Lemma 3.7.1 we saw that the projections p,, satisfy a sort of left associativity
(property (1)). Conversely, this property is not true on the right. In other words, if
n=m-+r:

Pn © idyer @pp # pn and idyer @pm © pn # P

This fact can be deduced from the next example.

Example 3.7.3. Let g be sly and [ = 3. « is the unique simple positive root, so
d=1,0=q,p=jaand (o) = 2. Therefore:

1
Al:{)\GA+:<)\+2O{,OZ> <3}

1
2
negligible representations are V5 = C and V; = V fundamental representation. We
know that V; @ Vi =V & Vs, so Vi®V) = V. Therefore:

So the only admissible \’s are A = 0 and A = 5«. Hence the irreducible non-

VWweaW 2V =1al

As a consequence, p3 = p2 ® idy. We now want to understand how po acts on
V1 ® V1. We have the following explicit expression of the decomposition of V; ® Vi:

Vo = (1 ® Y2 — qh2 @ 1)
Vo = (11 ® 1,91 ® Yo + ¢ 1P @ 1, 1he ® o)

where {11,152} is a basis of V] such that:
Eyy =0, Fyy = o, K1 = qin
Etpy =1, Fipp =0, Kipy = ¢ 1o
So:

p2(1 @ Y1) = 0 = pa(vh2 @ o)
pa(1 ®@2) = ¢ (Y1 @2 — qiho @ 1)
p2(2 @ Y1) = —(P1 @ P2 — qih2 @ 1)

For instance,
P3(1h2 @ Y1 @ 1) = po @idy (12 @ Y1 @ Y1) = =1 @ Y2 @ Y1 + qh2 @ Y1 @ Yy

On the other hand:

p3 0 idy ®@p2 (12 ® Y1 @ 1) = p2 @ idy oidy ®@pa(1he @ Y1 @ 1) =0

So p3 o idy ®p2 # ps. In the same way it is easy to see that idy ®po o p3 # ps. For
a deeper treatment of this kind of examples one can see the last chapter of this work.

The next lemma will be very useful for calculations, and it is a sort of replacement
of the right associativity failure of the projections:

Lemma 3.7.4. For any pair of morphisms S € (V€™ V&) and T € (VO V),
we have:
pro T oidyes ®pr ® idy ez 0S 0 py =proSoT opy,
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Proof. The range of idy s ®(idy et —pt) ®idy«- is a negligible module by property
(c) of Prop. 3.4.8, while the ranges of p,,, and p, are non-negligible modules. Hence
using propery (b) of Prop. 3.4.8, we obtain:

pro T oidyes @(idyer —pt) ® idye: 0S o py, =0

At this point we are ready to introduce the category G;, whose objects are:
Ven .= p,ven
and morphisms:
(Ver yem)y =15 ¢ (Ve vem) . Sp, = pnS = S}
We introduce a tensor product in G;:
Vergyen = yamtn
SQT := ppy4n’ ©S T 0 Proin

where S € (VE™ VE™)and T € (V& VE™). The following theorem is due to
Wenzl:

Theorem 3.7.5. G; is a strict tensor C*-category with a unitary braiding simmetry
given by:

Cyyv = PnCUVDPn
Furthermore the composition of the inclusion G; — T; with the quotient Ty — JF is

an equivalence of braided tensor *-categories.

Proof. Firstof all, we need to prove thatidy,em ® idy,en = idy,@m+n. Since id,en =
Dn, it means to prove that p,,®p, = pmin. It is straightforward using property (1)
of Lemma 3.7.1 and Lemma 3.7.4. Next, we need to prove that (S®T)* = S*QT™.
We have:

(SRT)" = Pisn © (SO T) 0y = Prmgn © (S O T7) 0 pyy gy = 5" QT

Now we prove the associativity of the tensor product:

(Q29)RT = pum/ynir © P4 @ 1d 0Q @ S @ T 0 Py @ idy 0Pyt =
= P4/ 4 ©Q @S @ T 0 Prynyr =
= Pm/n' 4 © iy P © Q ® S @ T 0 idyy, @Prtr © Pntntr =
= Qe(S8T)

using again property (1) of Lemma 3.7.1, and Lemma 3.7.4. Finally we prove that:
(SoT)&(S' o T') = (5@ o (TRT')
where S € (V& V&) § ¢ (VEV VE') T e (VE™ VE T ¢ (VE VE),
In fact:
(SoT)R(S 0 T') = priv 0 (S0 T) & (5 0 T') 0 Py =
=D 0 (S® S/) o(T'® T/) O Pm+m/ =
= Pr4r’ O (S ® Sl) O Pn4n’ © Pnin’ © (T o2y T/) O Pm+4+m/ =
= (S895) o (T3T")
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using Lemma 3.7.4. The assertions about the braiding can be proved using the same
tools and with similar calculations. The unitarity of the braiding is a direct con-
sequence of the self-adjointness of p,, and of Theorem 3.5.11. The C*-structure is
inherited from TJ;. It remains to prove that the functor F' : §; — J; is an equiva-
lence of tensor categories. It is sufficient to proceed as in the case of the equivalence
between TY and F;. O

This realisation of the quotient category J; is very useful in order to obtain a sort
of fiber functor W; : G; — Hilb which sends V€" to its Hilbert space p,V®", and
acts identically on the arrows. Now it is quite natural to wonder if we are able to apply
the reconstruction theorem seen in the previous chapter to (G;, W;). The answer is
’no’, since it is not possible to state that IV is at least a weak quasi tensor functor. In
fact, it is not obvious at all to prove the existence of epimorphisms:

evy WU @W (V) — WU V)

and this fact is essentially a consequence of id,, ®pm, © Prtm # Pntm and Ppipm, ©
id,, ®pm # Pnrm- Anyway, it is possible to develop a reconstruction theorem for
W, when g = sl,, and for all /, and this is what we will do in the next chapter. As a
consequence of this construction we will be able to say that the Wenzl’s functor W}
is actually a weak tensor functor.
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Chapter 4

A reconstruction theorem for J;

4.1 The generic ¢ case

In this section we fix ¢ € T not a root of unity. We treat this case even if we don’t
need any kind of truncation in J;. Anyway, this construction is interesting because it
conveys a general strategy that will be extended to the root of unity case in the next
sections. The reconstructed object will be a quantum group € which can be seen as
the quantization of the algebra function over the compact group G corresponding to
the compact real form of g. We denote with V the category whose objects are the
object of J; which can be endowed with a hermitian form, and the arrows are the
linear maps. The tensor product of two spaces in V3 is still a hermitian space, with
the well-known hermitian form:

(v@w,v @uw) = (vew, RV @w))

as in the truncated case. Therefore it is possible to define the adjoint on V3. It satisfies
all the axioms of a tensor *-category, except the rule of the adjoint of a tensor product
arrow, which is replaced by:

(SRT) =R 'o(S*®@T*)oR @.1.1)

Of course it becomes the usual rule if S and 7" are morphisms of representations. We
indicate with V" the n-th tensor power of the fundamental representation of U, (g),
and with ¢; ... ¢, a simple tensor in V™. In an obvious way, elements of V" can be
regarded as arrows of (1, V™), and elements of (VV")* can be regarded as arrows in
(V™,1). We introduce the tensor algebra associated to V:

D:=PHV) v

neN

where the multiplication is given by:

(e @Y)(¢ @Y') = pp’ @Yy (4.12)

with o € (V)*, ¢/ € (V™)*, ¢ € V", ¢/ € V™. Itis easy to see that the subset of
simple tensors:

{vpp =@V, e V,p e V*}

87
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generates D as an algebra. Now, let J be the linear subspace of D generated by:
{pod@v—pRAcp, Y eV e (V)" A (V",V™)}
We have the following:

Proposition 4.1.1. J is a two-sided ideal of D, so the quotient space C = D/J is an
associative and unital algebra.

Proof. 1t is sufficient to show that J is stable under left and right multiplication by
the generators v .. In fact:

V(o ARY —pRAoy) = (ppoid®A) ® (7)) — (dp) @ (id ®A 0 y1p)

Since id ® A € (V™1 V™+1) we obtain the left stability of J. The right one can be
obtained in the same way. O

We now want to give C a structure of involutive Hopf algebra. Let ) be an element
of V, and ¢* the linear functional on V' defined by:

(W) = (,¢)

It is possible to identify the dual space (V")* with (V*)", denoting by v} ...} the
tensor product functional ¢/ ® ... ® 1. In fact, (V*)" is a subspace of (V")*. But
they have the same dimension, so they must coincide. We can define the involution *
on D as follows:

where ¢;,; € V. It is now interesting to express this adjoint in terms of the hermi-
tian structure of V'"™:

Lemma 4.1.2. Let ¢, ...,y be vectors in V, and o,, = Enﬁ(n) e (V™ V™) the
coboundary operator. We have:

(1. Yn)" =y Yoo,
Proof. Using (4.1.1), we have:
W1 ) = R oyt g o BR™
E(n)fl can be removed since it acts trivially on the unit object. Therefore:
(1. n) =i o B = . 4o
O

Representing simple tensors in D in the form ¢*o,,! ® ¢, one can define the
adjoint map on D by:
(Wo, @) =g, @y
where ¢, € V™.

Proposition 4.1.3. This involution makes D into a *-algebra and J into a *-ideal.
Hence C is a *-algebra.
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Proof. 1t is straightforward to see that D is a *-algebra. Let us prove that J is a *-
ideal. Suppose that A € (V™ , V™), ¢ € V", ¢ € V™, and we compute the adjoint
of Y*o 1A ® ¢

(¢*051A® ¢)* _ ((O’T:IA*O'nw)*O';l ® (b)* — (b*o_;l ® ngA*O_nw
using the unitarity of o,,. In the same way:

(Yo, ® Ag)* = (Ag)*o, ' @ ¢ = ¢ 0, (onA 0, ) @1

Since o, = 0, !, we have that the adjoint of an element of the form ¢*o,, ' A ® ¢ —
Y*o, ' @ Ag is of the same form. O

Remark 4.1.4. Let [¢)* ® ¢'] be a class element in €, where 1,1 € V™. The adjoint
is:

W @y =" @y
where the adjoints of 1), v’ are referred to the hermitian form on V™. If V, is a sub-
module of V", with o« € A;, then the hermitian form on V™ restricts to the hermitian

form on V. Hence if 1, ¢’ € V,,, ¢* and 1)'* are the adjoints relative to the hermitian
form of V,.

We can now introduce a Hopf algebra structure on € first endowing D with a
coproduct defined by:

Ag*@y) = (6" @) @ (nf @)

T

where {7, }, is a basis of V" and 7 its dual basis in (VV")*. An easy computation
shows that the definition of A does not depend on the choice of the basis. In fact if

A(p* @) = (0" ®&) (£ @), we obtain:
D (0" 0&) @ (&) Z\ N &) 2 (0" @ ) ® () ® ) =

S

=l (¢* @) ® (n: DY) =D (" @n) @ () @)

T

Proposition 4.1.5. The coproduct A is unital and coassociative, and satisfies A(a)*
A°P(a*). Moreover J is a coideal, so A is a coproduct on C satisfying the same pro-
perties.

Proof. Unitality is straightforward. Let us pass to multiplicativity. We take ¢, €
V™ and vy, € V™. Moreover, {1, } is a basis of V" and {&;} is a basis of V'™:

A" @ P)A(Y ©@6) = Z[(cb* Q) @ (1 @Y)[(V ® & @EE®I)] =

= Z O @ mrés) © (6 @ PI) = A($*y" ® o)

Now we focus on the central terms >~ 7,&s ® ;€5 Let {C,} be a basis of V"""
We define:

¢ = (Cromrls)nies
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Therefore:

(Ch)* = 2(777"557 Ch)(n:f;)* = 2(777“537 Ch)§2177r£s =

] T,8

= Zﬁﬂ(nrgwﬁgh)pgrns = Ro1RC, = G

r,$

So {¢"}}, is the dual basis of {(;};. Multiplicativity follows after the next computa-
tion:

Z o= Z Ch @ (Chy mr€s)myés =
h

h,r,s

= Z (Z(Cha 77r§s)<h> & U:§; = Z"?r&s X 77:5;
7,8 h 7,8

Coassociativity is very easy to prove. We pass to the relation A(a)* = A°P(a*).
Using multiplicativity of A, it is sufficient to prove it fora = ¢* Q¢ € V@ V. We
have:

AP(¢* @ 1) = (Z(n;f 1Y) ® (¢* ® nr>> =

T

=) W en) e @) =AY ©e) =A(¢"©P))
Finally we prove that J is a coideal. We take A € (V", V™), {n;}; basis of V", {¢;};
basis of V", ¢p € V" and ¢ € (V™)*:
Alpo ARY)=¢o AR @ @
A®Aoy) =90 € ® Aoy
Therefore:

A(pAR Y — ¢ @ AY) =Y ((pA®n — ¢ ® An;) @ nf @ P+
,J
+9 @& R(EGARY - @A)+ PR AN @ @Y - R REARY)
It remains to check that:

Y ooAnen oY= ¢00EARQY (4.1.4)
i J

In fact, this implies A(J) C T® D + D @ J. We have (4.1.4) as a consequence of the
following computation:

D@ Aneney=3 68 (Z(éﬁ%ﬁ&) QN @ =

J

= @& ® ((An;, &))" @ ¢ =
.

=489 (Z(<77i"4*§j)77i)*> QY =
J i

=Y 00§ AG) 0y =
J

=D 9R4LRGARY
J
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O]

We next introduce the functional h : € — C. Lete,, : V™" — V" be the projection
onto the isotypical component of the trivial subrepresentation of V™. So:

h(¢ & TP) = ¢(en¢)

where ¢ € V™ and ¢ € (V"™)*. Calculating h on a generic element of J we obtain:

h(pA @ — ¢ ® Ap) = d(emAY) — p(Aentp) = 0

since e, A = Ae, forany A € (V™ V™). In fact A sends every isotypical com-
ponent of V™ in the same isotypical component of V" (this is essentially due to
Prop. 1.1.12). In particular it happens for the trivial subrepresentation. Hence h
annihilates on J. As a consequence, it is a linear functional on €. This functional
will turn out useful later. Consider a complete set V), of irreducible representations,
where A € AT, The isometric intertwiner S € (Vy, V®") induces a linear inclusion
V¥ ® V) < € which takes a simple tensor ¢ ® 1 to [p o S* ® S o 9]

Proposition 4.1.6. The above inclusion does not depend on n and S € (Vy, VE™).
Moreover, the image is a subcoalgebra.

Proof. Let T be another isometry in (Vy, V®™). Then:
[¢S* ® SY] = [¢S™ @ ST*T| = [$pS*ST* @ TY] = [¢T" @ T

since ST* € (VO™ V®") 1t remains to prove the last assertion. A similar compu-
tation allows to prove that [¢)* ® '] = 0 when 1 and ¢}’ lie in orthogonal invariant
subspaces of some V", The next step is to choose a basis of V®" collecting the
basis of every single irreducible components of V®™. So, if ¢ and v stay in the same
irreducible component of V®", then A([¢* ® 1]) can be expressed using only the
orthonormal basis of that submodule. U

Lemma 4.1.7. Let V) and V), be two irreducible representations. Then V) ® V,
contains the trivial representation if and only if Vy = Vi

Proof. Suppose that V) is isomorphic to V.. Then the trivial representation is con-
tained in V), ® V), using the rigidity of the category. On the other hand, suppose that
C is contained in V) ® V,,. Then there exists a U,(g)-linear map ¢ from V) ® V,, onto
C, such that £ ® y + c¢ . This induces a map ¢’ from V), to 7“ where £ — £* such
that £*(7y) = c¢ . Using the properties of ¢ we can see that ' # 0 is in (Vy, V},).
Since V), and V, are both irreducible we have V, = V,. O

Theorem 4.1.8. For any A € A", the natural inclusion V' @ V\ < € is faithful.
Therefore:

e=EP vyen
AeAt

as a coalgebra and C is cosemisimple.
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Proof. Consider Sy ; € (Vy, V®") such that S5 ;S ; = idy, and:
Z S)\7’iS;<\,i - idV@n
i

The class of the element ¢ ® 1) € (V®™)* @ V™ in € can be written in the form:

[ @] = ¢®ZSMS/\1¢

> ¢Sni® Si,iw]

As a consequence, C is linearly generated by V" ® V. We prove now that the in-
clusion of V¥ ® V) in C is faithful. In order to do this, we use the functional h. Let
a =" ® 1)’ be an element in V' ® V) and b = ¢* ® ¢’ be an element in V; @ V,.
If V) is not conjugate to V},, h(ab) = 0, since V) ® V,, does not contain the trivial
representation. Suppose now that V) = 7“ If {¢;}; is an orthonormal basis of V},
we consider the conjugate map 7(1) = Y, 1; ® ¥; in (C,Vy ® Vy). Suppose that
a = ¢* @1 is equal to 0 as an element of C, and we want to prove that it is O also as
an element of Vy' ® V). Let b = E* ® 1 be an element in W* ® V. We know that
7 =, (4, K;plzl)l) = d(\), where d(\) is the quantum dimension of V). As a
consequence, d( T 7* is the projection of V), ® V), onto C. Therefore:

= d(\)h(ab) = (¢ @ T T (Y @ 7)) =

= (¥ (¢®5), “Wem) = (& Ky, 6)(n, Ky,')

for all £, € Vi. HenceK2p¢ = 0or Ky, 1/1 = 0, which implies ¢ = 0 or ¢ = 0.
In both cases, a = 0 as an element of V)" ® V)\ O

Let us fix a complete set of irreducible representations parametrised by A™*. For
any u € AT, the conjugate of V), is V), where A = —wou. The composition of the
complex conjugation .J,, : V,, — V,, with a unitary intertwiner U, : V,, — Vj is an
antiunitary map j,, : V,, — V), unique up to a scalar z € C such that |z| = 1. We can
thus define a linear map (the antipode) .S : ¢ — C by:

S(¢* @vY) = (Ju¥)* @ jud

where ¢, € V. It is quite easy to see that the definition of S does not depend on
the choice of the unitary intertwiner. We can also define the counit ¢ : € — C, such
that:

(" @) = (6,7)

Proposition 4.1.9. Antipode S and counit € make C into a Hopf *-algebra. Further-
more, S is invertible and S and € commute with the adjoint map. Finally:

S (¢* @) = " Ky, @ Koyih

Proof. The relations S(a*) = S(a)* is easy to check. S is invertible and its inverse
is the map:

ot @) = (G, ) @b, e
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where j,,; L=y " Lo U,;. Next, we prove that € is a counit. We check the identity
e ® id oA = id. The identity with € on the right can be proved in the same way.

e@id(A(¢* @) =) e®@id(¢" @ @1 ® P) =

=Y (¢ @ =" @9

where ¢, € V) and {7, }, is an orthonormal basis in V)\. We pass to prove that S is
an antipode:

moid®SoA(¢* @) =moid®S(¢* @n, @) @) =

= m(¢* QN ® (];ﬂ/})* & (j;ﬂ?r)) = ¢*(]u¢)* & nr(j;ﬂ]r) =

= ¢ ()" @ ([deU, oT(1)) = ¢*(juy)" 0id@U, 0T & 1
Now we calculate the left factor of the tensor product in the last expression of the
above identity:

¢* @ (ju)* 0id @U, oT(1) =Y (¢, 0r) (Guth, Junr) =

r

=D (&) (W) = ($,9) = (6" @ ¢)

It remains to prove the relation involving S and K 2p- We need to talk about some
preliminary facts. First of all, it is possible to identify V,, and E In fact, let £ be an
element in V,,, and a € Uy(g). We have:

a-&=5%a)¢ = K, aKayt

So K, € (ﬁ, Vi) Vu, and of course K{; € (Vu,ﬁ). Furthermore, let Uy and
U, be the unitary intertwiners introduced before. More precisely, U,, € (V,,, V)) and
Uy € (Vi, V). Itis possible to express Uy, in terms of U,,:

Uy = Ko, 0 Uy

where U, l\{ € (Vi,V,,) is the transpose arrow of U,,. Repeating the same argument of
Remark 2.2.15 we obtain that U,/ (¢v, ) = ¢y, o Uy and Uy o Jy = Jy o U, If we
want to calculate S2, we have:

S ® ) = (jaju®)* ® (jajut)
where ¢, € V,,. We look for the explicit expression of 7, j,:

Ianju=UxoJyoU,o/J :KgpoUl\foJ)\oUqu =
:KQPOJWOU;OUMOJM:KQPOJWOJM
and this gives jyj, = Ko,. O
We finally pass to the dual space €’ and we endow it with the usual dual algebra

structure given by:

ww =ww oA
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Moreover, we can define a coproduct:
A(w)(a @ b) = w(ab)
and an involution:
w*(a) = w(a*)

Notice that the involution on the dual space of C differs from the one of an ordinary
Hopf *-algebra. The counit &’ : €' — C and the antipode S’ : ¢’ — €’ are defined as
usual by:

g'(w) =w(l)and S’ (w) =wo S

As a consequence of Theorem 4.1.8, we have:

Theorem 4.1.10. €' is isomorphic as a *-algebra to the direct product of full matrix
algebras:
€' = [[ My (C), na = dim(V))

The coproduct A’ is an algebra homomorphism satisfying A'(w*) = (A”)°P(w)*

4.2 The universal algebra D(V ()

In this section the deformation parameter is a fixed root of unity of the form ¢ =
ed . Our aim is to construct a non-associative bialgebra D(V,1) endowed with an
involution playing a role similar to that of D (V) in the generic case. Let VV be Wenzl’s
fundamental representation of g (where g is not of type Fg). We consider the infinite-
dimensional linear space:

[e.e]

DV, 1) = PVE)pp @ paVE"

n=0

Notice that D = D(V, 1) depends not only on V' but also on the root of unity. We
define the multiplication on D by:

aff = ¢¢/pm+n & pm+n¢wl
for
a=¢RyY e (Vm)*pm ®pmvm and 8 = QZ)/ ® 1// € (Vn)*pn ®pnvn

D is a unital but not associative algebra, as, if we pick a third element v = ¢" @ " €
(V")*p, ® p,V", and we take into account the relation py,4ntr © Pryn ® id, =
Pm+n+r, We see that:

(aB)y = (¢¢/¢”)pm+n+r & Pmtnr (¢¢/¢”)
but
a(By) = (¢¢/¢”) idm ®Pntr © Pmtntr @ Pmtntr © idm @Pptr (¢¢/¢//)

that differs from the previous one since in general P, 4n+y © idy, @Pptr # Prmtntr-
The elements:

Ug,n:§*®777 §a77€V
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still generate D as an algebra. We next introduce an involution on D as suggested
by the generic case. Specifically, we replace the coboundary operators o, by their
truncated versions:

Th i= PnOnpn € (VE" VEM)

Proposition 4.2.1. 7, satisfies the following relations:
* 2
T, =Tp and T, = pn
forallm € N.

Proof. 1) = ppo;pn = pponpy since o, = Y, R, is self-adjoint with respect to
the hermitian form. Furthermore, using Lemma 3.7.4 we have T,% = PnOnPnOnPn =
Pno2p, = p, since 02 = id. ]

We can write any element ¢ € (V®")*p,, uniquely in the form ¢ = 1* with
1 € V& The adjoint of 1) is computed with respect to the Wenzl’s inner product of
VEn, We set for 1,9’ € VE™:

W @¢)" = ()" ® 1)

Proposition 4.2.2. The involution on D enjoys the following properties. Let a be an
element in D and ve , in V* @ V:

(a) a — a* is antilinear;

b) a™* = a;

(C) ’Ug,'f] = Uﬂ,f’.

(@ (v p0)" = ™,

Proof. (a) is obvious, (b) is a consequence of the involutivity of 7,, and (c) of 7, =
idy . More effort is required to prove (d). Let a be of the following form:

a=¢" @9 € (V)P @pa V="

*

e lo) (@) =

o7, ' @idy opny1) ® (pny1 07, ®idy ogf) =

) o a(V,VE) Lo @idy oppi1) ® (Pnt1 07, t @ idy o) =

mb)* oidy @py, 0 o(V,VE") Lot @idy oppi1) ® (pny1 o7, t @ idy 0pé)

Tn
* %k
n

Using the adjoint identity of the next lemma, we obtain that:
idy ®pp o (idng1 —Pny1) © U;t@n o7, ' ®idy oppi1 =0

So we can add the projection p,, 41 after (n)* in the above computation, removing
idy ®p,. We obtain:

(1) o pny10a(V,VE) oot @idy oppi1) @ (pay1 o7, | @ idy 0g)
At this point, using the iterative definition of o, we get:

((W¢)* o anrlo-q;—&l-lanrl) ® (anrl © Tn_I ® idV O¢£)
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We calculate now (vg ,a)*. We have:

(Uf,na)* = (§7¢" o pny1 @ ppyanp)” = (nY)* o +1 T, n+1 o U(V@n7 V) o @€

We focus on 7, 0 o(VE", V). We have:

n+1 o O'(V® V)= pn+1a7;1_1pn+10(V®", V)op,®idy =
= Pnt+100, '@ idy OJ(V®", V)_1 O Ppt1 © U(V®", V)op,®idy =
= pur1 00, @idy oo(VE", V) Loa(VE, V) op, ®idy = puyio7, @idy

using Lemma 3.7.4. O

Lemma 4.2.3. Let T be a negligible arrow of the tilting category T;. Then:
pnoT oidy @ppm—1 =10

Proof. SetY = p, o T o idy @pm—1. VE™ 1 is the direct sum of V), where A €
A;. V ® V) is completely reducible and the dominant weights . of the irreducible
components V/i all liein A;. If u € Ay, V,, must be in the kernel of T" since 7' is
negligible (it is straightforward recalling the definition of negligible arrow). On the
other hand, if 1 € A; \ Ay, then Y'V,) = {0}, as otherwise it would be an irreducible
submodule of p,, V&™ of weight . O

We introduce a coproduct:
A:D—-DxD

in a way similar to the generic case. More precisely, let ¢, 1 be elements in p, V™ and
{nr}» be an orthonormal basis in p, V", with {n}} its dual basis in (p,V")*. Then:

Al @) =) ¢"®@n@n @y

It is easy to prove that the definition does not depend on the choice of the basis.

Theorem 4.2.4. The coproduct A is unital, coassociative, and satisfies for a,b € D:
@) A(a") = A%(a)";
(b) A(ab) = A(a)A(b).

Proof. (b) can be obtained with an argument very similar to the one used in the
generic case. So we focus on (a). Set a = ¥* ® v/, where ¢,v’ € p,V", and let
{%r } be an orthonormal basis in p,, V™. Since 7,, is unitary, we have that {7,1, }, is
still an orthonormal basis:

Afa”) = A((Tn¢,)* ® TY) = Z((Tnd),)* ® Tatr) @ ((Ta¥r)* ® Ta¥)) =

T

= (WFe¢) (@ @1,)" = A%(a)*

T

Proposition 4.2.5. The linear map ¢ : D — C which sends ¢* @ ¢ in (¢,) is
counit for the coproduct A making D(V, 1) into a coalgebra. Moreover e(a*) =

e(a) )
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Proof. The first statement can be proved as in the generic case. The second one is
consequence of the following calculation:

e((@" @Y)*) = e((Ta)* @ @) = (Tnth, Tnd) =
= (¥, 9) = (¢, ¢) = e(¢* @)

using the unitarity of 7,,. O

Remark 4.2.6. It is important to notice that, unlike the generic case, € is not multi-
plicative on D(V/ 1), since in general p,, # id.

4.3 The quantum groupoid C(G, /) and a corresponding as-
sociative filtration

In analogy to the generic case, we follow a Tannakian reconstruction from the quo-
tient category J; for which D = D(V, 1) plays the role of a universal algebra, ob-
taining a quantum groupoid C(G, [). The two main differences with the generic case
are the associativity failure of D (V) and the fact that the ideal of D defining C(G, [)
is only a right ideal. C(G, () is naturally only a *-coalgebra, so we need a new effort
in order to give an algebra structure in C(G, [) which is compatible with the coalgebra
structure. In this section we define € = C(G, 1) and establish the main properties. We
then introduce a non-trivial (possibly nilpotent) associative structure on C, described
by a finite sequence ék of *-coalgebras, which we regard as a generalised algebra
filtration. We will eventually be able to give an algebra structure in C(G, 1) in the
type A case by analysing this filtration.

We introduce identifications in D as follows. Consider the linear span J of D of
elements of the form:

(6, A, Y] :=¢" R AY — "0 AR Y
where A € (VE™ VE™) and set:
C(G,1) =D(V,1)/d
We start summarizing the properties that € inherits from D.

Proposition 4.3.1. C(G, 1) is a finite-dimensional, coassociative, counital coalgebra
with involution. More precisely:

(a) Jis a right coideal;

(b) C is linearly spanned by class tensors vé‘ﬂp = [¢* @ Y], 0,0 € Vy, A € Ay;

(c) dim(C) < oo;

(d) J is a coideal annihilated by €;

(e) J is *-invariant, hence the involution of D factors through C and satisfies:

A(a™) = A%®(a)*, e(a*)=c¢(a), a € C (Ung)* = vfl‘,’d)
Finally, the coproduct acts on the class tensors in the following way:

A _ A A
AWpy) =D v, ®vy g

r
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Proof. We start proving (a). Setx = ¢ @ Aop —po Ay eJand( =£®n €
(VM*pr, @ pp, V. We have:

:ZJC = ¢§pn+h ® anrh(Aw)n - (¢A)§pm+h ® pm+h¢n =
= (¢€Pn+h) ® (Pntn 0 A®idyn(¥n)) — ((¢€) 0 A @ idyn oprtn) ® (Pm+nthn) =
= (¢§pn+h) ® ((A@ ith)pm+hw77) - ((z)gpn—i-h(A@ith)) ® (pm+h1/"7) S

To show (b) we may argue as in the generic case, but now with a choice of isometries
Si € (Vy,, V&™), with \; € Ay, in the C*-category J; satisfying >, S; S} = py,. (¢) is
a consequence of (b), since |A;| < oo and dim(V),) < oco. (d) and (e) can be proved
as in the generic case, taking into account the results of the previous section. O

We now focus on the filtration ék We filter D by the size of the tensor product.
Set:
Dy = P V) pp @ p V"
n<k

Proposition 4.3.2. (a) Dy, is a filtration of D, i.e. it is an increasing sequence of
subspaces satisfying:

Do=C, DpDi C Dpyk, | J Dk =D
k=0

(b) Dy, are *-invariant subcoalgebras: (Dy)* = Dy and A(Dy) C Dy @ Dy.

Proof. (a) is an immediate consequence of the definition of Dy. (b) follows using the
definition of * and A on D. O

Set:
Jp = span{[p, A, 9], A € (VE™ VE") o € VE™ ¢ € VE" m,n < k}

and notice that J, C Jand J, C Ji11. Set Cx = Dy /Jx. Hence there are maps
Cr — Ciy1 and G, — C. Focusing on the former one, it is defined in the following
way:

di + I — (dk ® 0g+1) + Ipt1

where dj, € Dy.. Since Ji, C Ji1 1, the map is well-defined. The latter can be defined
in a similar way.

Lemma 4.3.3. IN Dy, = Iy and Jy41 N Dy, = Ty

Proof. We prove the first identity. The inclusion J; C J N Dy, is obvious. Let now
X € INDy, be written as a finite sum of [¢, A, ] elements of J. Since X is an element
of Dy, we can assume that the indices m, n appearing in the elements [¢, A, 1] of the
finite sum satisfy min(m, n) < k. Therefore X =Y + Z, where Y € Jj, and:

Z:Z(¢®AO¢—¢0A®¢)+Z(§®A'on—§OA/®n)

with A € (Ve vem A € (V& VE") n q < k, m,r > k. We know that
V€™M can be written as the direct sum of some Vy’s. Therefore we can consider the
maps Sy = S/(\m) € (Ve VEm) where VE" is the lowest tensor power where
V) appears as summand of the irreducible decomposition. S restricted to V) is an
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isometry, while it annihilates the other summands. Since ), S ASY = Dm. the first
sum in X can be written as follows:

D (0 ® (ASN)Sip — do (ASH) ® (S51)) + Y (¢ o (ASy) @ (Siy) —po AR )

and similarly for the second sum. If n) > k, A o S\ = 0. Hence:

> (6@ (ASy)S5¢ — ¢ o (ASy) ® (S5¢))

is an element of J;. It remains to show that:

W => ((pA)Sr @ S5t — pA® ) + Y (@ A'n — £S) @ S5(A'n))

vanishes. Since W € J N Dy, and the domain of A and the range of A’ have large
indices, hence the sum of the terms in second and third position must vanish. It
remains to prove that the sum of the terms in first and fourth position vanish. We are
thus reduced to show the general statement that given elements ¢; and 1; of a Hilbert
space H such that ZZ ¢; ® 1 = 0 and operators Y; : K; — H, where K; are other
Hilbert spaces, then ZZ ¢;Y; ® Y;*1p; = 0, and this can be now checked by means of
orthonormal basis decomposition of ¢;, 1);. ]

Proposition 4.3.4. The natural maps C,, — Cy1 are faithful and form a finite in-
creasing sequence of inclusions of *-invariant subcoalgebras:

C=CcCcCcCcCc...cC,=¢
stabilizing to C.

Proof. Using the previous lemma it is straightforward to prove that the natural maps
defined above are faithful. Passing to the second statement, there is an integer m
such that every irreducible V), with A\ € A; is contained in V®" for some n < m.
Therefore:

D = PVE™) @ VE™ = (B (Vy @ V)™
AEA;

Quotienting by J;, we identify the different copies of V' @ V)\’s, so:

Cr = Dy /I = @(‘/Z\*(g‘/:\)@mA /Jk%@VA"@VA%’G
A€, AEN;

O]

We next pass from Cj, to a quotient ék and from the linear (faithful) maps C;, —
Ck41 to the linear (possibly non-faithful) maps @k — (‘3k+1 The advantage will be
the existence of natural and associative multiplication maps (‘3h & @k — G;Hk More
precisely, we observe that the associativity failure of D can be described in terms of
certain negligible intertwiners Z of the tilting category, as follows.

Lemma 4.3.5. For any triple a = ¢ @, B = ¢/ @' and v = ¢ @ )" of elements

of D, of grades m,n,r respectively, we have:

(af)y — a(By) =

= ((¢¢,¢H)pm+n+r ® Z(ww,d//)) + ((¢¢/¢”) 0 Z* ® (Pmtntr © idm ®@pptr 0 (wwl¢//)))
“4.3.1)

where Z = pptntr © iy, @(idpgr —Pptr)-
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Proof. 1t is sufficient to put the explicit expression of Z in the identity (4.3.1). O

Consider the following spaces of negligible arrows of the tilting category:
2" = {pgsjir 0 idg ®(id; —p;) ®ids, g+ j + 7 < k}

and then define:

Iy := span{Jy, ¢ @ Z oy, ¢’ o (Z')" @ ¢}
where Z, Z' vary in Z(), 4, ¢ in the canonical truncated tensor powers of V and
', ¢ in the full tensor powers.
Proposition 4.3.6. We have the following inclusions:
Dﬁk - 5j+k and iij C 5j+k

Proof. Arguments similar to those of Prop. 4.3.1 (a), but keeping track of the grades
of homogeneous elements, show that J,D; C J;, and hence J;D; is a subspace of
§j+k. Similar considerations hold for products y{ with y of the form y = ¢ ® Zvy or
y=¢oZ*@pand =E@n e (VMp, @ pp V", where Z € 2) and h < j. For
example, if y = ¢ ® Z:

yC = (bgpn—i-h & Ppth © A idh(l/Jﬂ)

and py, 4, 0 Z ®idy, is an element of ZF17 since n < k. Dﬁk C ’ij%, is more difficult
to prove, due to the lack of associativity of the projections p,. Let y and ( be as in
the calculation above. We have:

Cy = €¢ph+n & Pha4n © idp, ®Z(T7¢)

Z has the explicit expression:
Z = py 0idy ®(idj —p;) ® id,
So:
Phtn ©1d, ®Z = ppyn 0 idj, @py © idhtg ®(id; —pj) @ id,
Now, set Z1 = ppyn, © idp4q ®(id; —p;) ® id, and Zy = ppyp 0 idp, @(idy, —py). It
is straightforward to see that:
Phin 01dp ®Z = Z1 — Z3 0idp 14 ®(id; —p;) @ id,

Since Z1, 75 € 29tk we have Cy € ijJrk. We are left to show that (x € 5j+k, for
al( € Djandxr = ¢p R Ao —po A®Y € Ji. Itis sufficient to prove it when
Jj=1land ( = v¢,, where vg ,, := {®@n € V* ®@ V. Indeed, finite products of simple
tensors vg, ,,, are total in (V2")* @ V€h, and multiplication of D is associative up to
summing elements of $+k thanks to (4.3.1). We thus compute:

Ven® = EPP1n @ (P14 0 idy @A(NY)) — (@) 0 idy ®A 0 p1im) @ prommy =
= {Pp14n ® (Idy ®A) 0 prymnyY — (§dp1yn 0id ®A) @ (premn¥)+
+ Edp1+n @ Yi(n) — (£0)Y2 @ p1ymny

where:
Y1 = p14n oidy ®A o (idy —p14m) and Ya = (idy —pi14y) o idy @A o p1om

Using Lemma 4.2.3 we have that Y7 oidy ®p,, = 0 = idy ®p,, o Y2. So the last two
terms in the sum vanish, and hence v¢ ;v € T4 1. L]
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Proposition 4.3.7. Each subspace ﬁk is *-invariant.

Proof. As already noticed in the proof of Prop. 4.3.1, the proof of the *-invariance of
J), is similar to that of the generic case. Now, let Z be an arrow in Z(*) 0 (V" V&n),
Then:

(A Z¢)* = (TmZ¢)" @ Tpyp =
:((TnZ¢)*®an (TnZ¢) ®¢)+¢ OZ*®¢

which lies in Jk, with ¢ € V™ and ¢p € V€", In the same way it is p0s51ble to
prove that ((1 o Z')* @ ¢)* € Jj, as well for Z’ € (Z(®))*, concluding that J, is
*-invariant. d

Proposition 4.3.8. ik is a coideal in Dy, or in other words:
A(?fk) - jk ® D + Dy ®§k

Proof. This statement can be proved with the same calculations of the proof of Prop.
4.1.5, keeping track of the grades of the homogeneous elements. O

We set ék = Dy /ik, for k£ € N. The composition of the natural linear inclusion
thi @ Dy — Dk, where k > h, with projection 7 : Dy — ék factors through a
linear map i, j, C, — Cy. In fact, let dj, be an element in Dy, ¢, k(dp) = dp ®
(0541 ®0n41)®. .. @ (0;; ®0%), which can be shortly written ¢p, ;. (dr) = dj, @ OBk—h
while 7y (dy) = di + jvk So:

T O Lh,k(dh) =d, D Oeakih + 5k

Suppose that dj, € Jh Since 0%k~ = =3 m0 ® Ao0, — 0 oA®O0,, for some
Ay € (VE™ V&) we can conclude that dj, 0P~ ¢ Ty, 50 T oL,k factors through
in,k» which is an inductive system. Moreover, we have natural quotient maps:

ek—>fé]€

A
i, i € @, corre-

sponding to an orthonormal basis of V). Let Af denote the set of A € A; for which
V) is a summand of some V€", with n < k. In analogy with the properties of Prop.

and we denote by e € Gk the images of the matrix coefficients v

4.3.1 for G, we also summarise the results about ék:

Theorem 4.3.9. Assume that g # Eg and let V' be Wenzl’s fundamental representa-
tion of g. Then:
(a) @k is a *-coalgebra linearly spanned by elements e ; labelling matrix units cor-
responding to Vy, for X € AF;
(b) coproduct and involution satisfy:

A(e?‘ ) = ez’»\J ® ei"j and (ez’»\’j)* = eii
In particular the involution is anncomulnpllcatlve
(c) There are associative multiplication maps (?h & @k — (‘Zthk and an element

I e Go acting as the identity. The involution is antimultiplicative and the coproduct
is unital and multiplicative.
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4.4 Quasi coassociative dual C*-quantum groupoids C(G, 1)

The aim of the present and the next section is to show that if G = SU(NN), then
the dual groupoid @) can be made into a C*-quantum groupoid, satisfying the
axioms of a weak quasi Hopf C*-algebra introduced in the first chapter. Furthermore,
the representation category Repy, (é) of C generated by the fundamental representa-
tion turns out to be a tensor C*-category equivalent to the original fusion category
1.

We shall divide the proof in two parts. Throughout this section g is general (but
not Eg) and we assume to know that C(G, 1) is cosemisimple with respect to the
coalgebra structure introduced in the previous section. We then show that the above
conclusions hold for GTG?) More precisely, we will first show that C(G, () is a non-
associative bialgebra with antipode, associ/a‘geﬂ to a fixed section of the quotient map
D(V, 1) — €(G,1); then we will pass to €(G, I), constructing a Drinfeld’s associator
in C(G,1) and discussing the main properties; moreover, we will explicitly write
down quasi invertible R-matrices for (?(/67‘7 ) and we will discuss the relation among
the groupoid structures associated to different sections; finally, we will show that
Repy, (é) is a tensor C*-category equivalent to F;. In the next section we will verify
cosemisimplicity in the type A case.

4.4.1 Algebra structure and antipode in C(G, )

Let V), be a copy of the irreducible representation of U, (g) with highest weight A €
A; and contained in some V2", and let M), denote the image of VY ® V) in C under
the quotient map D — C. We already know that M are subcoalgebras independent
of the choice of V), and spanning C. We shall say that C(G, () is cosemisimple if it is
the direct sum of M), which are not only subcoalgebras but also matrix coalgebras
of full dimension dim(V})2. If we know that C(G, [) is cosemisimple, we can endow
it both with an invertible antipode and with a non-associative algebra structure. Let’s
start with the antipode, which we introduce in a way similar to the generic case. Fix
a complete set Vy, where A € Ay, of irreducibles contained in the various V€", and
set, for ¢* @ € Vi @ Vi

A A
S(Vg) = Visyjré

which does not depend on the choice of V). It satisfies the relations:
S(a)* :S(a*)’ 82(2}(?),#1) :U;\(2p¢vK297r/” AOS:S@SOA

The above properties can be proved as in the general case. As regards the alge-
bra structure, we pull back the product of D(V,1) via the choice of a section s :
C(G,l) — D(V,1) of the quotient map D(V,l) — C(G,I). Correspondingly, we
have a choice of irreducibles V) and s takes vq’}#} to ¢* ® 1, where ¢, € V. We
thus set:

A A
v¢,¢v§,n = [5(U¢,w)3(’05n)]

We always choose Vy = C and V,; = V for the trivial and the fundamental repre-
sentation, respectively. In this way, denoting as before by v ,, the class tensors of V/,
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products of the form vg 4 Ve,n encode fusion decomposition of V) ® V' in F;. How-
ever, the section is not unique, and the product of C(G, [) depends on s (but later we
will see that this is not really a problem).

Proposition 4.4.1. The product makes C(G, 1) into a non-associative unital algebra
and the coproduct of C(G, 1) is a unital homomorphism. Furthermore, the following
relation holds:

moid®SoA=¢e(-)I]=moS®idoA

Proof. The fact that the coproduct is an algebra homomorphism can be proved as the
statement (b) of Theorem 4.2.4. Next we prove that m o id®S5 o A = ¢(-)I. The
right identity can be proved in the same way. Developing the same calculation as in
the proof of Prop. 4.1.9, we obtain:

m(id @S(A(¢* @ v¥))) = ¢*(Janr)" © Pham @ Phym 0 id @Uy o 7(1)

where i and m are the powers of V' containing V), and V5 respectively. We have that
the image of C through id ®U) o 7 is a copy of Vp in V), ® Vy, = V5 ® V), which in
turn is embedded in V&"*™ . As a consequence:

Phim 01d Uy oT =id QU o7 =id ®U, oT o py
Hence:

m(id @S(A(¢* @ 1)) = ¢"(Janr)™ © Phim @ Phym 01d@U) o T(1) =
" (janr)" cid@Uy 0T ® 1

At this stage it is easy to conclude proceeding again as in the proof of Prop. 4.1.9. [

Hence C(G, 1) satisfies all the axioms of a Hopf algebra except associativity of
the product and multiplicativity of the counit. The antipode is not antimultiplicative.

—

4.4.2 The dual quantum groupoid C(G, 1)

Starting from the results of the previous subsection we can state that the structure
of C(G,1) is quite unsatisfactory. In fact, C(G, ) is quite far from admitting an
interpretation as a non-commutative space as compared, for instance, to the compact
quantum group of Woronowicz. It is far more rewarding to pass to the dual (‘3(/6’7),
aglﬁ)rrespondingly consider its *-representations. In this subsection we show that
C(G,1) is a weak quasi Hopf C*-algebra.

We identify elements of tensor power algebras €™ with functionals on C®". We
shall need various elements of these algebras, and we start with P € @@2, defined as
follows:

PO’%W ve ) = (0@ & prk(h @ n))p

where h and £ are such that V) and V,, are summands of V&P and V&* | respectively.
Notice that these integers depend on the section. Furthermore, the form defining P is
understood with respect to the product form of V&" ® V&, where each factor is in
turn endowed with the Kirillov-WenzI inner product.
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Proposition 4.4.2. €= C(G, 1) is a unital complex associative *-algebra such that:

€= (P End(V)
AEN;

Hence it is a C*-algebra.

Proof. Tt is mainly a consequence of the duality maps and of the corresponding pro-
perties of C(G, ). More precisely, the associative algebra structure of € follows from
the coassociative coalgebra structure of C. Antimultiplicativity of the involution of e
follows from anticomultiplicativity of that of €. The isomorphism is a consequence
of the cosemisimplicity of C. O

Proposition 4.4.3. € is endowed with a coproduct A and a counit € such that:

A(l)=P (4.4.1)
A(wT) = A(w)A(T) 4.4.2)
e(wr) = e(w)e(T) (4.4.3)
e®idoA =id =id®s o0 A (4.4.4)

Proof. We prove the first assertion:

AI) (03 s vE,) = T3 yvE,)) = e((9°€* © Phis @ Phik 0 Un]) =
= O Phir(Phrtn) = (€, Prrtn)p = P(v} , vE )

We pass to the second statement. We start calculating the left hand side:

A(wr)(vg’d,, ve ) = wr([$"E Pk @ Prarin]) =
=w @ T([@"E prik © G, [CF © pryribm]) =
= w([¢"E phir @ G)T([C] © prarton])

where {(;}; is an orthormal basis of VE"*¥_On the other side:

AWA(T) = (m@moid @Y @ idoA ® A(w ® 7'))(1}277/), v )

= (deX®id(A ® Alwe 1)))([¢" ® v, [V @ ¥], [€ @], [6; @n))
= (A®Aw®T))([¢" ®l, [€ ® 5], [ @], 67 ®@n])

= w @ T([@"E Phik @ Phrridj], [V 0] Phak @ Prartbm]) =

= w([¢"E Pk © Pr+ki0])T([75 03Ptk @ Priton])

where {7;}; is an orthonormal basis of V2" and {§;}; is an orthonormal basis of
V@ The multiplicativity of ¢ is an easy consequence of the unitality of the copro-
duct of C. The last statement is also immediate to prove using the duality. O

The coproduct A in @ is not coassociative, and this fact is due to the lack of
associativity of the multlphcatlon in C. However, we are gomg to show that it is
possible to endow € with a Drinfeld’s associator ®, making € a weak quasi Hopf
C*-algebra.

For a given weight A € A, let i) denote the truncated powers of V' containing V},
as prescribed by the choice of a section s. It will be useful for later computations to
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have a multiplication rule for elements of €%, of the following form. Let T' = (T3,)
be a sequence of linear maps T}, : V™ — V" and associate the element wr of C®™
defined by:

wr ()l s 0y ) = (10 ® by Thy 4t 1 ® - ® )y

where the form on the right is the product form with n factors. The following lemma
is a convenient formulation of the product of two elements in C®" of the above form.

Lemma 4.4.4. Given S = (S,,) and T = (T,) as above, set w = wswr. Then:

A An
WL gy Vgt ) = (D1 s Sy +.4hy, OPhy, @ - @Phy 0Ty 4. thy, Y1 - -

Proof. We have:

“(”21,7,&17 ) =
—ws([6; @ M), 65 @ EMwr (€ @ v, €5 @ ) =
= (01 bus Sty 4ot 6 o EN(ED €T Ty iy, 1)y

1
= (61 bus Shy, +..0hy, (€ .. §§Z>,Thh+...mw1 n)pEl €M), =
= (1. ns Shy, +..+hy, OPhy, @ - @ Ppy, 0 Thy 1o 4ny, V1 Un)p
O
Now we introduce the elements ®, ¥ € ©®3, Set:
Qhy by = Zidh,\ ®8,i © Phyth, ©1dp, @S
5t
where S, ; € (V, V@(hﬂ“”)) are isometries of the fusion category satisfying
Z SV’iS;7i = Phy+h,
V5%
It is quite easy to prove that ¢ does not depend on the choice of the isometries. In

fact, suppose that 5! ; € (V,, V& utm)) are other isometries, with S*,S, ; =
Cv,i0~,n0;;idy, where ¢, ; € T and ¢ is the Kronecker symbol. Of course we also

have:
Z 85,950 = Phycthys S35 = 0yndigidy
We set:
q;b\,hu,hu = Z idp, ®S O Phy+hy © idp, ®S§tz~
v,
Therefore

Qhy by = Zidm ®S5,i © Phyth,y ©idp, ®ST; =
V5t

= idp, P, +h, 0 idn, @Sy,i © Phyth, 0 idn, @S ; 0 idn, Eph,th, =
V5t

B . / I% ) . * Ix

- Z 1dh)\ ®Sfr) JS'r] JS’Y,Z oph)\—‘rhry o ldh)\ ®S ’L Ll L,l -

Vo1l
- . / . %
= Z C’Y,’ic’y,i ldh)\ ®S’y,7, O])h)\J’,h’y o ldh)\ ®S’Y,Z =
o

. ’ . 1% /
= § :ldhx @8 i © Phythy ©1dny @S5 =y by h,
58

~n)p
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It remains to explain why ¢, ; € T. In fact:

—_— /% * /
Cy,iCriidy = 5573505557, ; =

_oQrx Qe r
- S%i © 2 :SWSW' © S%i -
_oQlx I

- S’Y/L °© ph#+h’/ °© S’Yﬂ - ld/y

Next we set:

O (v}, VE V%) = (D @ € B Xy Gy gy © Phsthyth, @ N ®C)p  (44.5)
W (v, 0F e Uxic) = (@ ® &R X, Phythyuth, © Ghyhyh, ¥ N C)p  (44.6)

In the next theorem we will see that ® and W play the roles of the Drinfeld’s associator
and its inverse in a weak quasi bialgebra, respectively.

Theorem 4.4.5. ® and U satisfy the following relations:

TS = A®id(A(I), BT = id @A(A(D)) (4.4.7)
DA ®id(AI)) = & = id @A(A(I))® (4.4.8)
DA ®id(A(w)) = id ®A(A(w)) D (4.4.9)
(id ® id ®A(P))(A ® id ©id(®)) = (I ® )(id 9A @ id(®))(® @ I) (4.4.10)
id ®e ® id(®) = A(I) 4.4.11)

So @ is partially invertible and U is its inverse.

Proof. First of all, we see that:

A @id(A(D) (0] V%) = (0 ® § @ X, Phythyth, OV @N®C)  (44.12)

1d®A(A(I))(U¢w7 &ny XC) (¢®§®X71d®s’}%oph)\+h °1d®5710¢®77®0
(4.4.13)

omitting in (4.4.13) the summation symbol with indices vy and i. We prove (4.4.13):

IdAAD)([¢" @y, [ @), X" @) =
= A ([¢" @ Y], [€°X" © Phythy @ Phy+h, © 7€)

Since pp,,+h, = Y., ; vy, and Sy ; € (Vy, V&huthi) we obtain:

A ([0* @ Y], ("X © Phy+hy @ Phy+h, ©1€]) =
—ZA ([¢* @ 9], [€°X" © Sy @ 8% ; 0 nc])

:Z:(éfﬂg)fﬁ?§><,1d®5w’OJDhAJrhW 0id®S) ;09 @N® ()

i

We are ready now to prove (4.4.7). We start with the identity on the left. We know
that ¥ = wg and ® = wy, where S and T can be easily deduced from (4.4.5) and
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(4.4.6). Therefore, using Lemma 4.4.4, $® = wy;, where:

U= Dhythyth, 0id @Sy ;0 phyh, 01d @S 0
’Y7L7Z‘7j

O Phy @ Phy, @ Ph, ©id @S, j © pryth, 1A ®S); © Phythyth, =
= Z Phythy+h, ©1d®S,;01d @S] ; 0id®S, ; 0 id ®S); © Phy+hy+h, =
’Y’L7i7j
. *
= thwhﬁhu 01d ®5+,i57 i © Phy+hu+hy = Phath+h,
i

The identity on the right can be proved using the same approach. We have ®¥ = wy,,
where:

V= Z id ®S“/ai © Phy+hy © id ®S’?i © Phy+hy+h, ©
77L7i7j
© Phy ® Phy, @ Phy, © Phy+hyth, © 1A @S, j 0 prytn, 01d®S); =
= > id®S,i0phy+h, 01d@ST; 0id®S, ;0 phy4h, 01 BS; =
VibshJ
Y485, 0, o KBS,
5t

We pass to (4.4.8). The left identity is very easy to prove. The next calculation
allows us to prove the right one, using again Lemma 4.4.4. Suppose that & = wr as
before, and id ® A(A(I)) = wg, where S can be deduced from (4.4.13). Therefore
id ®A(A(I))® = wq, and it will be sufficient to prove that Q) = T":

Q= Z id ®5S,,; 0 phy+h, 01 @S] ; 0 phy ® ph, @ pp, 0 1A ®S, j © phytn, © 1A @S © Phy 11y +h, =

77L’i7j

= Z id ®Sy; 0 pryyn, 0id ®S:,i 0id®9, ; oid ®S:j O Dhythythy =
77L7i7j

= 1d®S, © phyth, 01 ®SE ;0 pyihyin, =T
V5t

Next we prove (4.4.9). We first calculate the left hand side:

PA @id(A(w))([¢" @ Y], [€7 @), X" @ (]) =
= Q1w(1)(1) ® Pow(1)(2) ® Pawey([¢" @ YL, [€* @), X" ®(]) =
=01 @ wy1) ® P2 @ w(1y(2) ® P3 @ w(a)([¢" @ &, [6] @ Y], [€" @ ¢5], [1] @, [X* @ ki), [k} ® (]) =
= O([¢" ® 6], (€7 @ 1], X" © mi]) A @ id(A(w))([67 @ ), [ @), [K] ®C]) =
= (#C, Tditj1)pw (07 L5 K] © Phy+hyuthy @ Phythy+hy¥NG])
Using the symbol ¢ to indicate the adjoint w.r.t. the product form, we have:
(9€C, Titjk1)pw ([67 LK) © Phy+hythy @ Phythy+h, Y1€]) =
W([((iejk1, T*GEC)Iit 1) © Dhythy+hy @ Phy+hputhy ¥NC]) =
= w([¢*E"C" o T o ppy @ P, @ Phy, © Phy+huthy @ Phy+h,+h, ¥1C])
Using the same tools in the calculation of the right hand side we get:

id @A(A(w))2([¢" @ ], [ @], [x" ®(]) =
= w<[¢*€*X* oid ®S'y,i O Phy+hy @ Phy+hy © id ®Sj;,i © Phy & Phy, & Ph, © TwnCD
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At this stage, using the explicit expression of 7" and the well-known properties of the
projections we get:
w([@"E* X" 01d @Sy, © Phy+hy @ Phyth, ©1d RS ;0 phy @ pr, @ pp, © TYN(]) =
= w([¢"E X" 01d ®S5 i © Prythy, @ Phy+hy © 1A ®SS ; © Phy iy +h, © YNC])

Passing id ®5,; from the left tensor factor to the right one and summing on - and
¢ we obtain (4.4.9). The relation (4.4.11) is very easy to prove using the same
tools. Therefore it remains to prove the identity (4.4.10). We compute the elements
Ty, Ty, T3 € C®4 corresponding to A ® id ® id(®), id ®A ® id(®), id ® id A(P).
We start with 77:

A®id® id((I))(v%w7 V56 vgn, vy o) = @(vg‘wv;ﬂ, Ugm, vy o) =

= (paéx; So,j @ idp, 4 h, 0idp, @S5 © Ph,th,©

oidp, ®S7 ; © Phythyth, © Sy @idn, 4n, YBNC)

where S, ; € (V,, V&uwthr)yand S, ; € (V,, VEM+hr) Therefore:

Ty = Spj ®idp,+n, 0idp, @Sy © Phy+h,, ©1dn, @S ;0 Phythy+h, © Sy @ idp, +h, =
= idpy+h, @S5, 0 Spj @ idn, +h, OPhy+hy ©1dp, @S] ;085 i @ idh,+h, OPhy+he+hy+hy =
= idpy+h, ®S5i © Phy+ho+h, © Soj ®1dp, 055 ; @ idp, 0idp, +h, ®ST; © Phyth,+hu+h,

Summing on ¢ and j we obtain:

Ty = idpy +h, @Sy, © Phy+hethy © 1dpyth, @S0 Phythothythy
One also finds:
T = idh)\ ®Sglyj®idhu o idhA ®S"/’,ioph>\+h7/ oidh)\ ®Sj;’,iophx+ha/+huoidh>\ ®S;/7j®idhy
where S,/ ; € (V, V&hor+h)) and Serj € (Vor, V&hrthu)) and:
Ts = idp, +h, ®Ser joidn, @Sy i0Phy+h_ s Cidny @STn ;0Phy+hy+hy ©idhy+h, ®Sgn

where S, ; € (Vou, VR Fhar)y and Sy j € (Vou, VERuth)) - At this point we
are ready to prove the cocycle relation. Since the formulas are rather long, we will
drop out many indices. For example, we indicate with po the projections pp,, 4., and
so on. We first calculate the left hand side:

T30pP* o T1 =id ®id ®S1 0id @S 0 pa 0id @Sj 0 p3 0 id ® id @S} 0 pP* 0id ®id @53 o pzo
0id ®1d ®S5 o py = id ®id ®S] 0id ®S3 0 py 0id ®S5 0id ® id ®ST © py
On the other side, if 7" is the matrix defining ®:
(I®T)opP*oTropPto(TeI) =
=id®id ®S; 0 id ®py 0 id ®id ®ST 0 id ®ps3 Op(iM 01d ®55 ® id 0id ®.S3 o pgo
0id ®S% o p3 0id @85 @ id opP* 0id ®S; ® id opy ® id 0id @S} ® id opz @ id
Using the usual tools we can delete the idempotents id ®ps and the first p?4. More-
over, we can delete the first three factors of the second copy of p?‘l, moving the fourth
to the far right. This has also allowed to use S5 o Sy = d2,4. So we obtain:
id ®1d ®5] 0id ®p2 0 id ® id ®S7 0 id ®(S2 ® id 0S53) o pyo
0id ®S53 o [p3 o (p2 01d ®S5 o p3) ®id] 0 id ® id ® id ®p;
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Next, write the term in the square brackets as (p2 0 id ®.55 o p3) ® id opy, so we can
delete ps and ps. Therefore the above term becomes:
id®id ®S7 0id ®(p2 0id ®ST 0 Sy ® id 0S3) o pao
0id®S53 0id®S55 ®idops 01d®id® ® id ®p; =
=1d®id ®57 0 id ®(p2 0 id ®ST 0 S3 ® id 0S3) o pyo
0id®(55 0 55 ®idoid ®51 0 p2) 0id ®id ®ST 0 py 0id ® id ® id ®py
adding in the last equality id ®p», id ® id ®S; and id ® id ®ST in the suitable posi-
tion. It is possible to do that thanks to the well-known properties of the projections.
We set now S' = pooid ®S} 0S5 ®id 0S5 another orthonormal system of isometries.
In this way we get:
id®id ®5] 0id ®S" 0 py 0id @S 0 id ® id ®S} 0 py 0 id ® id ® id @p;

which coincides with the matrix defining the left hand side of the identity (4.4.10).
O

Remark 4.4.6. We have already noticed that @ is endowed with a quasi coassociative
structure but not coassociative. We can say that this structure is a little bit stronger
than quasi coassociative. In fact, there is also a simple relation between the iterated
coproducts:

A1) = A®id® Yo, .0 A @idoA(])

and arbitrary iterated coproducts A(™ of order n. More precisely, iterated coproducts
can be obtained as compositions:

CoCRC— ... —Eontl

where the maps C®7 — C®+1 can be arbitrary translates id®” @A ®id® ! of A.
Therefore, for all possible choice of A" we have:

A (w) = A (DA W) A (1)

We derive the above identity. The left hand side is:

Aén) (w)(v@iwl, . ,v;‘:wn) =
=w(9]... oy, O Phy, +.othyr, & Phy, +.thy, © 1. )
The right hand side is:
APDAD @AW s ) = Tt Ly @ . ® L[N vl ) =
=L WO ®... .01, ®w, ®I([¢] ® &y,
€0y @0l [0y @ ), -, [0, @ Emy]s (1) @ O(my), [06) @ ¥n]) =

= (@1 Oy Py 4o 4hy, §1) - Em) (0(1) - - - O(n)s Py, +.thy, V1 - - Yn)
. w(fa) .. f?n) oT* ®RT o (5(1) o 5(71))
where {&(;)} and {d(;)} are orthonormal basis of V), and T' = pj o T", where 7" is
a composition of isometries S, ; and projections p;, (we have dropped out many in-
dices). Proceeding as in the proof of the last Theorem and setting p,, = Phy,+.+ha,,
we get:

W(dT - ppopnopi™ 0T opp @ pgoT o pf™ opyothr...¢n)

Now we can conclude using the well-known properties of the projections.
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Proposition 4.4.7. C is a weak quasi Hopf algebra. More precisely, it is endowed
with an anti-automorphism S such that:

m(id ®S(A(w))) = e(a)] = m(S ® id(A(w))) (4.4.14)

Zmz Dz =I=> 5(p;)q;S(r;) (4.4.15)

J

where ® = Y. 2; ®y; ® z;and ¥ = ), p; ® q; @ r;. Therefore S is an antipode
witha = = 1.

Proof. We define S by duality on C:

S(w) (v ) = w(S(v} ) = W(UJme)

We prove now that S is anti-multiplicative. Let {7, }; be an orthonormal basis of V)
and {¢&;}; be an orthonormal basis of V. We have:

S(wr)(¢" @ ¢]) = wr ()" @ (ad)]) =
T([(Ga)* @ &, [ @ (ad)]) = w([(ay)* © &€ @ (1ad)])

On the other side:

S(r)S(w)([¢* @ ¢]) = S(1) @ S(w)([¢" @ mil, [n; @ Y]) =
= 7([(am)" @ (a)Dw((ay)" @ (ami)])

Identifying & with jyn; we obtain S(wT) = S(7)S(w). The relation (4.4.14) is also
a consequence of the duality, since it is a self-dual relation and it has been proved on
C. It remains to check (4.4.15). We omit, as usual, the summation symbol on i:

23S (i) 2i(vly ) = TS (i) ® 2i(vly, vy ) =
=T S( ) ® Zi(vgfk’ ng: 77]’7]7/77':1/1) =
,u
(p(% &k’ JW] NI n],w)
= (¢ @ (Junj) @ nj,idp, @Syi © Ph,+h, © idp, @S] ; 0 P3n, &k @ (Juék) @ V)

We know that 7(1) = >, & ® (juéx) as arrow in (C,V, ® V,,), so

(¢ @ (Junj) ® nj,idp, ®Syi © Ph,+hy © idp, @S5 ;0 P3n, &k @ (Juék) @ Y) =
= (¢ ® (Junj) ® nj,idp, ®Syi © Phy,+h, © 1th ®5S7 ; © p3n, T(1) @)

The range of 7 in V,, ® V,, is a copy of C in it. Hence 7(1) ® ¢ is an element in
Ve ®V, =V, where Vi = C. Therefore the projections are trivial:

(¢ @ (Jumj) © nj,idn, @8, © phyyh,, © idp, @SS ;0 pap, T(1) @ 1) =
= (¢ ® (j,unj) & Ny, &k ® (]ufk) ® ¢) (¢ gk)(]unﬁjugk)(%a ¢>
= (b) = It )

The right part of the identity can be proved in the same way. O
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Proposition 4.4.8. C is a weak quasz Hopf*-algebra. In other terms, there exists an
involution map * : C — C such that Cis a *-algebra with respect to it and a partially
invertible element ) such that:

Q=0 (4.4.16)

QA(I) = Q = A(D)*Q (4.4.17)
Alw)* = QAW Vw e C (4.4.18)
e®id(Q) = I = id ®=(Q) (4.4.19)
> = (I2Q)(ideAQ)P(ARIdQ ) QT (4.4.20)
(4.4.21)

More precisely, * is the dual involution of * on C, and {2 = wg, where S = ROth_hM
Proof. First of all, we know that * is defined on the simple tensors of € in the fol-
lowing way:
Ax A
Yo = Uio
Therefore we define * on C by duality:
w*(v%w) = w(vi‘w)
We want to prove that * is anti-multiplicative. On one side:
(W)™ ([¢" @ ¢]) = wr([v* @ ¢]) = w @ T([* @ nil, 0] @ ¢]) =
= w([¥* @ ni])([ni x @¢])

On the other side:
w ([¢" @ ¢Y]) = 7" @ W ([¢" @ mil, [ni @ ¢P]) =
= 7([n © ¢))w([* @ nil)
Next we check the relations involving 2. We define €2 in the following way:
Qv 5, vE,)) = (6@ & Rppy 1, % @ 1)

where R is the coboundary matrix introduced in the Chapter 3. We start with the

self-adjointness of 2. Set p = pp, 1 1,:

Q* (Ug,dn vgﬂ?) - Q(’U;};@a Uql:;’w) - (¢ ® 777§p¢ ® f)p =
= (Rpp @&y @n)p, = (9@ &P RY @), =
=(¢p® &, RpRo1 Ry @ My =(¢® & Rpy ® np = Q(”Q,@ Ugn)

where we used the fact that p is self-adjoint w.r.t the modified hermitian form and

hence p* = RpR»;. Proceeding in the same way we have:

A(I)*(Ug,w véfn) = (¢ ® &, Rppyth, Ro1v @ n)

Using Lemma 4.4.4 we have (4.4.17). Next we prove (4.4.18) in the form A(w)*Q =
QA(w*). The left hand side is:

Aw) [¢" @), [€7 @n]) = (ww)) " @ ()" Qa([0" @ Y], [€" @ 1)) =

= (w1))" ® N @ (wz))" @ (" @ x|, i @], [§" ®

w

w

(
Aw)*([¢* @ xil, [€" @ 6;1)U7 @ ¥, [0 @ n]) =
Alw)(Ix; ® 0,105 ® ])(xi ® 05, Rpyp @ ) =

651, (07 ®@n]) =

w(x; 85 0 p @ po ¢€)(xidj, Rpym) = w(¥*n* o Rp @ p o $€)
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On the other side:

QAW ([¢" @ 9], [€" @ n]) = Q([¢" ® xa], [€" @ §;]) AW (X} @ 9,0} @ 1)) =
= (¢ ® & Rpxi ® 6;)w™([X"0; op@ponm]) =
=w*([¢p"¢ o Rp@poyn)) =
= w([y*n* o p* o R® peé]) = w([tp*n* o Rp @ pe€])

(4.4.19) is merely a consequence of the identity ¢ ® id(R) = I = id ®e(R). In fact:
e @1d(Q) (v} ) = QT v},) =
= (1® ¢, Rpp, 1 ©¢) = (¢,e @ id(R)Y) = (¢,7))

The right part of (4.4.19) can be proved in the same way. It remains to prove (4.4.20).
First of all, there is an equivalent formulation of the identity:

&7 = (IdBAQ)) I © Q! @ (A @id@ ™)

This allows us to see that it is not restrictive to multiply on the right by A®id(A(1))*.
Now we turn back to the original formulation. The right hand side is wp, where:

T =id®R oid ®ps 0 p @ p| @ pf 0id®S; 0 Rps 0id @S]0
op1 @ py ® P op1 @ py @ Py 0id @S 0 pa 0id ®ST 0 p3op1 @ py @ Py o Sy ®ido
opaRay 0 S} ®id opy ® ply @ pl/ 0 psRoy @ idopy @ p) @ plf o B ps Ry
Using the well-known properties of the projections we get:
T=p ®id®idoid ®R 0id ®ps 0id ®S; 0 Rps 0 id ®S; 0id @S0
0id @57 0id @Sy 0 Ra1 0id @S 0id @Ra1 0 B\ psRyy

Now, it is possible to use the properties of the isometries and omit the first projection.
We have:

T =id ®R o id ®ps 0 id ®5; 0 RpaRa1 o id ®S; oid ®@Ro1 0 R(S)pgﬁ(ﬁ)

We know that po =}, 515}, so using this expression in place of the first py and the
properties of the isometries again we obtain:

T=id ®§Sz o Rpgﬁgl oid ®S§k§21 o E(g)pggﬁg)
On the other side, we know that o 1" = ¢* = wy e, where:
Ve =id ®RS¢R21 o Epzﬁgl oid ®§S;§21 o E(B)pgﬁg)

We use ¢ to indicate the adjoint with respect to the product form. In order to obtain
V¢ =T, we can see that:

RSiE21 - RSZ and ES:RZL = S;R21

In fact, if S; € (V, VEN) for some v and some NN, we have that Ry acts trivially
on V. For the same reason we can omit R in RS} Ry, since S7 € (VN V). O
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Proposition 4.4.9. ® and V satisfy the following identities:
O =id®A(A))A ®id(A(])) (4.4.22)
U =A®Iid(A{))idA(A(I)) (4.4.23)
Therefore, @ is a weak Hopf *-algebra.
Proof. It is straightforward to prove using Lemma 4.4.4. O

We can see that C is endowed with a R-matrix R € €2, defined in the following
way:
R0}, 0 ) = (6 @ & S nprrn Sk Ron 1 (1 @ )y
where ¢, € V& and &, € VEF,

Proposition 4.4.10. R satisfies the following relations:

RA(I) = R = AP(I)R (4.4.24)
AP (W)R = RA(w) (4.4.25)
id @A(R) = O3 5R13P213R12P ! (4.4.26)
A ®@id(R) = Boz1R13P 55 Ro3 P (4.4.27)
R*Qoy = QR (4.4.28)

Finally, R is invertible and its inverse is:

R0 vE,) = (6 © & pran R Sk wprsnZnath © 1)y (4.4.29)
Proof. Recalling that:

AD) W) g vl) = (6@ € Prartd @ 1)
AP(D) (v}, VE ) = (6 ® & Sk Pt nZnpth © 1)
and using Lemma 4.4.4 the first assertion is very easy to prove. We pass to the second

one. Suppose that {J;}; is an orthonormal basis of V) and {x;}; is an orthonormal
basis of V),. The left hand side is:

AOp(QJ)fR(Ug’w, Ug,n) =wieR ® w(l)Rg(v$7w, vgn) =
= w(z)([¢" ® G:])R1([67 @ Y])w(1) ([€" @ x;])Ra([Xf @ 7)) =
= (X;j0i, Pk+nZn e BPR k0w ([€7 0" © Pt @ prn 0 Xj6i]) =
= w([§" 0" © Prn @ Prrn ok Rpn kb))

On the other side:

RA(W) (), VE ) = (€6, PrtnEn kR 101X )w([67 X © P @ Phyn © ¥m]) =
= w([§"¢" 0 PrtnZn k RPh+k @ Prtn 0 YM))

Since popSnpRppir € (VEE V/Ek+h) we can conclude. Next, we treat the
identities (4.4.26) and (4.4.27). We focus on the first one, since the second can be
proved in the same way. We will use the well-known computation rule shown in
Lemma 4.4.4, but with a slight modification. In fact, we know that if w = wgwr,

(n)

then w = wy, where V = Sop| ®...®p; ' oT. In the next calculation we omit
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the projections in the middle, since they will soon disappear thanks to the properties
of the projections. So, the right hand side is wp, where T is:

T =%310p301®8S;0pr01®85;01®prol®@Lol®Rol®@prol®Sjo
op2o1®S;fop3op2®102@1OR®1op2®1op301®5kop201®52

using the short notation. We can delete all the projections except the first and the last
one, sO:
T=3%310p301l ®EXRoYXR®101®Spopr0l® S}

using the relations involving the isometries. We know that the R-matrix R on the
extended form of U, (g)®? satisfies the identity:

id ®A(R) = Ri3R19
which can be rewritten in the following way:
Y12id®A(R) = (I @ XR)(XR®I)

So:
T:ZQJ OpgOzl’goid@)A(R)Ol®5k0p201®5’;§

Since id ®S}, is Uy (g)-linear, we have:
T =3310p30%1201d®@S,0Ropyoid®S), =
22271 Op305k®102Rp201®SZ =
=3210S5, ®1opeXRprol®S; =
=1®SLoXpXRprol®Si =T

where T" is such that id ® A(R) = wqv. It remains to check that R*Qy; = QR~L. If
R = wy, then R* = wye, where U? is the adjoint of U w.r.t. the product form. So:

U® = RpaRo1 R*YRpsRor ¥
Therefore, using Lemma 4.4.4, we have that the left hand side is wg, where S is:
S = RpaRo1 R*SRpaRa1 0 p1 @ p 0 SRpeY

Using the well-known relations Ry RO? =TI ®1I, R* = R;ll, YR = Ry X and
R = RO we get:

S = RpaR21021 R* R21021XpaR21 Y 0 p1 ® pl o TRpeY =

= RpaR2105 Spa R o p1 @ pl o TRpeY =

= Rpa(RO?*)21XpaRo1 Y o py ® pl 0o SRpoY =

= RpoR™'SpaRo1 ¥ 0 p1 ®@ p o SRpoY.
Using Lemma 3.7.4 we obtain:

S = RpoR™ 'SRy XY RpoY = RpaR™'Spoy
On the other side, QR = wy, where:
T =Rpyopr @pyopaR'EpeX =S

using again Lemma 3.7.4 and Lemma 4.4.4. Finally, similar calculations allow to
prove that R~! can be defined as in (4.4.29). ]
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We next briefly discuss a relation between the original quantum group U,(g) and

—

C(G,1). There is a natural map:

—

7 Uy(g) — C(G,1)
taking an element a € Uy (g) to the functional:

m(a)(vgy) = (¢, )
where ¢, 1 € Vy and A € A;.

Proposition 4.4.11. 7 is a surjective homomorphism of *-algebras satisfying:
Pr®@n(A(a)) = A(m(a)) =71 7(A(a))P (4.4.30)
Proof. We first check that 7(a)* = m(a*). In fact:

m(a*) (V) = (6, a") = (ag, ) =
= (¥,a¢) = m(a)(v), 4) = 7(@)* (v},4)

)

Secondly we prove that 7w(ab) = m(a)mw(b). The left hand side is ﬂ(ab)(vgw) =
(¢, abip). The right hand side is:

m(a)m(b) (v} ) = w(a) @ w(b) (v} 5,, 05, ) =
(¢, ad;) (0, b0) = (¢, aba))

In the same way it is easy to prove (4.4.30). Finally, surjectivity is a consequence of
the identification of C with P, , B(V)) and of the irreducibility of V}’s. O

4.4.3 Comparing the groupoids associated to different sections

Let s : C(G,l) = D(V,l) and s’ : C(G,l1) — D(V,l) be different sections of
the quotient map D(V,l) — C(G,!1). Correspondingly, we can put two different
structures (A, ®,R) and (A’, ®',R’) of weak quasi Hopf *-algebras on €, noticing
that the antipode S is the same because it does not depend on the choice of the section.
We claim that these algebras are related by a twisting procedure as shown in Chapter
1, induced by special quasi invertible elements in e®eC.

Proposition 4.4.12. Set P = A(I) and P' = N'(I). Then for w € €:
PA (w)P = A(w) , PPAw)P' = Al(w)

Proof. To show the first relation, we first write P in a different way, as follows.
Let s and s’ be defined by two choices of irreducible summands V) and V; both of
highest weight A in V" and Ve, respectively. For each ) there exists a unitary
intertwiner Uy : V{ — V), unique up to a scalar multiple by an element of T. We
associate the element G € C ® € defined by:

G<U$’7w’7 Ug/m/) = (UA¢/ ® UM¢/7ph)\+h# o' ® U,u77/)p

where ¢/, € V{, &'\ € V;i- On one hand we may use the defining identifications
in C(G, 1) and write, for ¢, ¢ € V), vgﬂp = vi\7§¢>,U§¢’ and this shows that G = P.
On the other hand, we can develop the usual calculations and derive the relation
GA'(w)G = A(w). We can proceed similarly in order to prove the second identity.

O
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Remark 4.4.13. ¢/ = Cp, where F = A/(I)A(I) and F~' = A(I)A/(I). We need
to check that:
e®Iid(F) =1 =id®e(F)

and F7'F = A(I), FF~! = A’(I). In order to prove the first assertion, it is
sufficient to prove that:

e®id(A'(I)) = I = id®e(A/(1))
We have:

e @1d(A'(I))(vg,,) = A(I)([1* @ 1], [¢* @ ¢]) =
= (1 ®@ U, pny, 0 1@ Uxtp) = (¢, %)

Next we check that F~'F = A([). It is equivalent to prove that A(I)A'(I)A(T) =
A(I). Using the well-known Lemma 4.4.4, we have A(I)A'(I)A(I) = wr, where:

T = Phy+h, © Phy @ pu o Uy @ U0 ppy py, © Ux @ Uy © phy @ Phy, © Phythy,

which is equal to pp, +p,. The identity FF~1 = A’(I) can be checked in the same
way.

—

4.4.4 The “-tensor equivalence between F; and Rep,, (C(G, 1)).

In this subsection we show that if C(G, 1) is cosemisimple then the smallest full tensor
subcategory Repv(@)) of the representation category of C containing the fun-
damental representation is a tensor C*-category equivalent to the fusion category ;.
Let Rep(@) be the category of unital representations of € on f.d. vector spaces. In the

~

first chapter we showed that Rep(C) can be made a tensor category. Moreover, if we
restrict to the f.d. vector spaces endowed with an inner product, we get that Rep, (@)
is a *-tensor category. Now if u and v are Hilbert space representations, then u ® v
is still a Hilbert space representation provided u ® v(€2) is a positive operator with

respect to the product form. We consider the map V:C— B(V') defined by:

(& V(w)n) = w([&" @)

where w € € and &,m e V,and (-, ) is the inner product on V. We restrict to the ca-
tegory Repy(€), which is the smallest full tensor subcategory of Rep,(C) containing
V. The objects of Repy (C) are the trivial representation, " and all the representa-

tions of the formw — V @ ... ® V o A (w), n > 1. We have:

~

Theorem 4.4.14. Repy, (C) is a tensor C*-category.

Proof. 1t is sufficient to prove that Ve V(Q) is a positive operator on V ® V. We
use the notation ) = Zl c; ®d;. Set &y, € V. We have:

(G @&, VeVQa©&) =Y (&, V(&) (&, V(d)é) =

7

= Zci([ﬁf ® &1))di([&5 © &) = Q6] @ &1], 65 @ &a]) =

= (6 ®&,Rpro&i®&) = (p20& @&, Rpro&i ®&) >0

using the positivity of the Wenzl’s form. O
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We finally discuss the relation between the original (strict) fusion category J;

~

and Repy (C). Let X = VE&" be regarded as an object of F;, meaning that X is the
truncated Uy (g)-submodule of V®", endowed with a Hilbert space structure, as we
showed in the Chapter 3 of this work. We associate to X the map:

o —

X €(G,1) = B(X), (6, X (w)v) = w([¢" @ ¢])

for ¢,1p € V&' w € GTG?) This formula extends the previously introduced V to
all objects of J;, and, as before, it is easily seen that X is a unital *-representation of

——

C(G,1) on VE™, One has:

~ ~

X (n—1)

Ve..0VoA)

Hence X is an object of Repv(@).

Theorem 4.4.15. The functor € : F; — Repv(@)) sending X to X and acting
identically on the arrows is a tensor *-equivalence.

Proof. An arrow T' € (X, X') in F} is an intertwiner of the corresponding modules
of Uq,(g). But it also lies in the arrow space (X, X') of Rep(C(G, 1)), as:

(6, TX (w)¥) = (T*¢, X (W) = w([(T*$)* @ Y]) =
= w([p* o T @ Y]) = w([p* ® TY]) = (¢, X' (w)T)

hence € is a functor between the stated categories, and it is easy to see that it is ac-
tually a *-functor since in a *-category the involution acts trivially on the objects.
€ is obviously faithful, so we verify that it has full image. In fact, let X be a
*-representation of €. It is a routine computation to see that X = Xomisa*
representation of Uy(g), where 7 : Uy(g) — € is the surjection introduced before.
Soif T € (X,X'), then TX(r(a)) = X'((a))T, and therefore T is an inter-
twiner of the corresponding U, (g)-representations. Essential surjectivity is very easy
to prove, since the @—representation X=V®..0VoAMis equivalent to £(X),
where X = p,V®". Finally, it remains to prove that € is a tensor functor. Ex-
plicitly, since J7 is strict while Repy, (@) is not, we look for natural isomorphisms
Exy € ()? ® 17, m) such that:

8VV,X®Y o Id/W ®€X,Y o (I)/W,)?,f/ = 8W®X’y o 8X7y &® ld?
For W =V&m X =V&" Y = V& we write:
Exy = VErt(Q,,)

)

and we are reduced to look for a quasi invertible @, , € eentr) satisfying the
intertwining relation:

QurA ™V ® ATV (AW) = ATV ()Qur
It is solved by:

Qny = AT (AT @ AV (AD)
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which also allows to obtain naturality. So it remains to check that @, , satisfies the
tensorial equation:

Qmntr(Im@Qu) A V@ AP V@ AT ™ (@) = Quuinr (Qun® 1) (4431)
Using now the short notation, we have that Q),,, = wr, ,.» where:
Tn,r = Pn+r © idy, ®S’y O Pn+10° id,, ®S'>;

and this expression shows that @, , is quasi invertible, so € x y are isomorphisms.
Furthermore Agm_l) ® Ag”_l) ® Agr_l) (®) corresponds to:

So— & SO'/ X So.// oid ®S'Y O pg 0 ld®5’; op3o So’ () SU’ [ So.//
and we next check the validity of the relation (4.4.31). At the left hand side we obtain:

Pmtntr © idp, ®S’y © Pm+h., © id, ®S:; ° P ® idptr 01ds @Prtro
0 idp4n ®Ss 0 idyy, OPn+hg © idmin ®S§ 0S5 ® Sor ® Sgro
0idm ®Sa © Phythe 0 1A @S © Phyh i thn © Sy @ Sy @ Sy

which equals
Pm4n+r © idy, ®Ser @ S 0 Pm+h, i +h, i © id, ®S;/ X S;”
by repeated use of Lemma 3.7.1 and Lemma 3.7.4. The right hand side becomes:

Pmtntr © idpyn ®Ser 0 Pm+n+h, i, © idm+n ®Sgn © Pmtn ® pro
oidm ®Sy ® idy opmyn,, ® idy 0idy, @Sy, @ id,

which in turn equals:
pm+n+roidm+n ®Sa”o[pm+n+hau O(pm+noidm ®Sa’opm+ho,/ )®1h0u]oidm ®S;’ ®S;"

It is easy to see that the expression in the square brackets can be rewritten as:

(pm+n o ldm ®SO'/ o pm+hJ/) X idho// Opm-}—ha_/-i-hg//

Substituting it in the right hand side formula and using the usual properties of pro-
jections we get the desired identity. O

4.5 Cosemisimplicity in type A case.

Crucial in the construction we carried out in the previous pages was the cosemisim-
plicity of C(G, ). In this section we will verify it for G = SU(N). Our condition
appeals to the existence of a Haar functional on C(G, 1), and of the associative fil-
tration ék built in this chapter. We prove the cosemisimplicity just in type A case
because it is the easiest and most common case, but maybe not so much work will be
required to prove the same result for the other Lie types (but not Eg).
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4.5.1 A sufficient condition for cosemisimplicity.

It turns out useful to face the cosemisimplicity problem at the level of the filtration
ék, as this is a better behaved structure, in that it is provided with a multiplication. Of
course, this involves the question of non-triviality of this filtration, or, more precisely,
whether the image of M /’\f of M) in ék under the quotient map Cp, — ék 1S a matrix
coalgebra for some k£ > n and sufficiently many A € A;.

Linear indipendence can be easily settled.

Proposition 4.5.1. (a) The subcoalgebras M) are linearly independent in C as \
varies in Aj;
(b) My, are linearly independent in Cp as A € Af for all k.

Proof. 1t is sufficient to prove (b). (a) is easier and can be done along similar lines.
Let V3, be the isotypic submodule of p,V®" of type V), with orthogonal com-
plement V/\l,n. The subspaces V', ® V/\fn, (V/\l,n)* ® Vi, and VY ® Vi p, for
n = 0,...,k, are linearly independent in Dy. Let W) denote their span. Consider
the projection Ey : D, — W), with complement:

k
@ (V/\L,n ) "® V)\L,n
n=0

The main point is that f]ﬁ;€ is stable under E. This can be seen noticing that f]ﬁ;€ is
linearly spanned by ¢* ® Ay — ¢*A® ¢, withp € V) , and ¢ € V) ,,, or ¢ € Vin
and ¢ € V/\l’m; and also by ¢* ® Z% and ¢*Z ® 1), where ¢ € V), and ¢ € V/\l’n,
or ¢ € V)\L’n and 1) € V), 0r 9,0 € V)\J,_n' Therefore if /) acts on elements of these
types, then it annihilates them or it acts as the identity. Hence E (ij) C .’JA;; O

Cosemisimplicity in the generic case was studied by means of the Haar func-
tional. We look for a generalisation of that approach to the  present setting. Notice
that if one can establish that M f is a matrix coalgebra in Gk then M) is a matrix
coalgebra in C(G, ¢) as well, by dimension count. We shall verify cosemisimplicity
in this stronger form.

Definition 4.5.2. A linear functional h on ék is said to be a Haar functional if h([) =
1 and h annihilates the subcoalgebras MY for A € AF\{0}.

Obviously a Haar functional on ék is unique. Furthermore, if ék admits a Haar
functional then so does ), for h < k. For a given A € Ay, let deg()\) denote the
smallest integer k such that A € A¥, or, in other words, such that V) is a summand of
V®k_ Furthermore, set:

m(g,!) := max{deg(\), A € A;}

Definition 4.5.3. We will say that the pair (g, [) satisfies the cosemisimplicity condi-
tion if
(1) there is m > m(g,[) such that éfn admits a Haar functional,

(2) every A € A; has a conjugate A € A; satisfying deg(\) + deg(\) < m.
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Lemma 4.5.4. Let \ € Af have a conjugate \ € Alh such that éh+k admits a Haar
functional. Then M )’f is a matrix coalgebra in Cy.

Proof. Let V) be a summand of V&" n < k. Letr : C — V5 ® V) be asin (3.6.2).
The composed arrow r*r : C — V5 ® V) — C is nonzero since A € A;. More
precisely:

N
rr(1) =) (6, Ky, &) = tr(Ky,1) = dim(Vy) = N

i=1
In particular, the trivial submodule defined by r is a summand of V; ® V). But
(1-— ph+n)VX ® V) cannot contain a trivial submodule, as otherwise it would be
a summand, by multiplicity count. This shows that r € py,,V®*". If a linear
combination x = }_, Mi,jeﬁj = 0 vanishes in C then h(az) = 0 for all a € €,
where h is a Haar functional for éh+k. Now computations analogous to those at the
end of the proof of Theorem 4.1.8 show that z; ; = 0. ]

Theorem 4.5.5. If (g,1) satisfies the cosemisimplicity condition in Definition 4.5.3,
then:

(a) ]\/Zf is a matrix coalgebra in Cr for k = deg()\),

(b) M)y is a matrix coalgebra in C(G, 1) for all X € A;, hence C(G, 1) is cosemisim-

ple:
C(G,1) = @ M,y
AEA;
Proof. The proof follows from Proposition 4.5.1 and Lemma 4.5.4 O

4.5.2 The case G = SU(N).
The rest of the section is dedicated to the proof of the following:

Theorem 4.5.6. If g = sl then (g,1), satisfies the cosemisimplicity condition for all
N >2andl > N + 1 withm(g,l) = (N —1)(I — N)and m :=m(g,l) +1— 1.

We start fixing notation of type Ax_; root systems [32]. Consider RY with
the usual euclidean inner product, and let ey, ..., exn be the canonical orthonormal
basis. Consider the subspace E C RN of elements pier + - -+ + pnyen such that
p1+ -+ pn = 0. The Ay_q root system is & = {e; — e;, i # j}, the simple roots
are a; = e; — €;41, and the fundamental weights are w; = e; +---+¢; — ﬁ'e, where
e:=e1+---+eyandi=1,..., N — 1. The weight lattice and the dominant Weyl
chamber of (E, ®) are respectively:

Mot A
N )

A:{)\:)\1€1+---+)\N_16N_1— /\Z'EZ}

and:
AT={AeA: N\ >N > > Ay 1 >0}

The highest root is § = e; — ey, and:

p:52(61'—63‘):%((N—1)61+...—|—(N—2i+1)ei+...+(—N+1)€N)
i>7
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In general we know that:
Ar={AeAT: (A+p,0) <dl}
Direct computations bring to:
A={ eAT: N <I-N+1}, A={AeAT: N <I-N+1}

We consider the vector representation V' = V,,, . Its weights are:

.
71=w1,%=6¢—ﬁe,z:2,...,]\7

In the next lemmas we shall make use of the decomposition into irreducibles:

VoV~ Vi, Aeh
i
in the category J; of tilting modules, where the sum is extended to all ¢ such that

A +; € A; (Theorem 3.5.13). We derive two simple consequences.

Lemma 4.5.7. For any \ € A, the negligible submodule Ny of V\ ® V is non-zero
ifand only if \1 =1 — N, and one has Ny ~ V.

Proof. We set A =X+ ~; when i > 2. We have:

/\1+...—|—)\N_1+16
N

Since \; < I — N +1and A® € A;\ A; if and only if \; = [ — N + 1, we conclude
that A(® ¢ A; \ A;. We focus now on A(Y) = X 4 w;. We have:

A0 = Nei4. . Aot (At e+ Aip1eir1+. . AAN_1en—1—

M. .+ Ay +1
AD = (\; + 1)er + Maea + ...+ Ay_ten—1 — 1 = €

N
Therefore A) € A;\ A if and only if \; =1 — N. O
Lemma 4.5.8. m(siy,l) = (N —1)(l — N).
Proof. Let A € A; be determined by non negative integers A1, ..., Ay_1 as above,
and let us identify A with (A1, ..., Axy_1). The dominant weight with coordinates all

(N=1)(=N) and this is the smallest

equal to [ — N lies in Ay, it is a summand of V'
possible power. This fact is merely a consequence of the decomposition V) ® V' =~
D, Vat,, with A € A;. We need to show that every module V), with A € A;is a
summand of some p, V"™ with n < (N — 1)(I — N). Notice that (1,0,...,0),...,
()\1,0,...,0), ()\1,1,0,...,0),..., ()\1,)\2,...,0), ceey ()\1,...,)\]\[_1) is a se-
quence of A\; +Aa+- - -+ Any_1 dominant weights of A; starting with w; and obtained
from one another by adding a weight of V. The fusion rules then show that V) is a

summand of p, V", wheren = A\; + Ao + -+ + Ay_1 < (N = 1)(I — N). O

We next derive information on the negligible summands of V®", including the
non-canonical ones, for the bounded values of n. The following Lemma plays a
crucial role for the Haar functional.

Lemma 4.5.9. No negligible summand of V", with n up to m = m(sly,1) +1—1,
contains the trivial module among the successive factors of its Weyl filtrations.
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Proof. A negligible summand of V" is isomorphic to a summand of:
N, = (id —py) V"

Furthermore the inductive procedure described in Sect. 3.7 shows that N, is in turn
spanned by the summands:

Np,VE @V)oVer—r-b  »—1 . n-1 4.5.1)

where N (p,V®" ® V) is the canonical negligible summand of p,V®" @ V, hence
we are reduced to show the statement for these modules. Using Lemma 4.5.7, we
know that N (p,V®" @ V) is completely reducible and the dominant weights of the
irreducible components are of the form A +w; = (I = N + 1, A2,...,An—-1). On
the other hand, the dominant weights appearing in the Weyl filtrations of (4.5.1) are
the same as those appearing in the irreducible decomposition of the corresponding
module at the level of the semisimple category Rep(g), see Prop. 3 and Remark 2 in
[75]. Hence we are reduced to show that the smallest integer ¢ such that V), ® Vet
contains the trivial module in Rep(g) satisfies:

t+r+1>(N-1)([(-N)+1-1

where A 4+ w; has the form shown above. We compute ¢. For a general dominant
weight © = (u1,...,un—1), the shortest path to the trivial module is obtained as
follows. If pny—1 > 0 we consider the path:

pEIN, BF2YN, oo, P UN-1TN
which lowers p to:
p = (1 — pN-1,-- -, iN—2 — pN—1,0)

and we have thus used 1 powers of V. In fact, recall that vy = en — %e. Then:

/~L+7N:/~L1€1+...+,U/N71€N,1—M1+ N+'MN 16+6N_N€:
b pN_1 — N+ 1
:(Ml—1)61+...+(MN_1_1)6N_1_“1+ + HUN-1 +1

N

So previous calculation explains the expression of y’. At this stage we need no powers
of V if uy_1 = 0. We proceed in the same way for the N — 2 coordinates and the
new weight 1/, but we now need to follow a longer path, due to vanishing of the last
coordinate, and the shortest is:

Wtan-1, Wi+, f+2n-1 N, W+ 2v-+ 29
using 2(pun—2 — un—1) more powers of V. Continuing in this way, we find:
t=pn-1+2(pn-—2 — pN-1) +3(uN-3 — pn-2) + -+ (N = 1)(p1 — pi2)

Now we know that ;s = A\ +w; and appears as dominant weight in V¥ +1, Therefore
p1+ ...+ pun—1 <r+1,so:

tbr+1>t4+m 4 +punva =Ny =NI-N+1)=(N—-1)(1I-N)+I

which finally gives the desired estimate. O
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Remark 4.5.10. Using the last Lemma and Lemma 4.5.7 we have:
Np V¥ e@V)=0if r<i—-N
Corollary 4.5.11. Let n < m.
(@) ey, is a central element of (V®" V&),
(b) e, 0idye ®(1 —pj) @idyw =0, g+ j+u=n.

Proof. (a) The multiplicity of the trivial representation in p, V'™ is the same as that of
the classical case, by the proof of the previous lemma, hence e, is the specialisation
of a central intertwiner of the generic case. (b) We know that:

en 0idye @(1 — pj) ® idyw opy, = po © €, 0 idye ®(1 — pj) ® idyw opy,
Now, using Lemma 3.7.4, we have:
Po © €n 0 idye ®(1 — pj) ® idyu opp = po © € © P — Po © € © idya ®p; @ idyu op, =
=P0O€nOPn —PoOenopy =70

50 ey, 0 idye ®(1 — p;) ® idyw op,, = 0. Putting together this fact with the centrality
of e,, we get:

en 0 idye ®(idy; —pj) ® idyw = e, oidye ®(idy; —p;) ® idyw o(idyn —p,) =
= idye ®(idy; —p;) ® idyu oey, o (idyn —pp) = 0
O

We next consider the m-th term, ém of the associative filtration ék corresponding
to C(SU(NV), ). For convenience we recall that Cm = Ds / J, where 357 is spanned
by elements of the form ¢ ® A o1 — ¢ o A ® 1), together with ¢ ® Z o )’, and
¢ o Z' ® 1, where:

A€ (V@m, V@n)a Z, A Pg+j+u © lye ® (1 _pJ) ® lyu

withm, n,q+ 7 +u < m.
We define the linear functional:

h: Dm —C
setting:

ho @) =dlenh), ¢@¢p e (V") pp@p V", n<m

where e, € (p, V", p, V") is the orthogonal projection onto the isotypical compo-
nent of the trivial representation.

Theorem 4.5.12. The functional h annihilates 57% Hence it gives rise to a Haar
functional on Cgz,.

Proof. Using the centrality of e, it is clear that h annihilates elements ¢ ® Ay —
¢ A®7). Furthermore, it also annihilates elements of the form ¢® Zv/', ¢' Z' @1 € I
by (b) of the last Corollary. O
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We finally verify the needed upper bound for deg(\) + deg()) for all A € A;. It
will be given by (c) of the following:

Proposition 4.5.13. If A\ = (A1,...,An_1) € AT then:
(a) deg(A) = A1+ + An-1,
() A= (A, A1 — AN—1, A1 — An—2,..., A1 — Aa),
(c) deg(\) +deg(N) = NAy < mfor X € A,

Proof. (a) is a classical result. Let us pass to (b). Let wy be longest element of the
Weyl group. For sly, this is the permutation group Py and wyq is the permutation
reversing the order of (eq, ..., ex). Then:

Mt Ay

A= —wol = —(\ien + doey_1 + -+ An_1€2) + N

= (AL, A = AN_1, AL — AN—2, .., AL — A2)



Chapter 5

The quantum groupoid
C(SU(2),1): generators and
relations.

5.1 Representation theory of U,(sl) for ¢ root of unity

We shall write down C(G, [) introduced in previous chapter by generators and rela-
tions, in the case g = sl and [ = N + 1. The presentation of C(SU(2), N + 1)
will be obtained simply passing to the dual, and we will do it in a peculiar example.
The case sl is the most workable, since the decompositions of the tensor products
of irreducible representations are multiplicity free, and there is a canonical choice
of truncated tensor products. Our main references in this chapter are the works of
Andersen and his collaborators: [2]-[7]. For classical results about Lie theory we
refer to [32], and [35] for the quantum case. Other very useful references for specific
results about sy case are [25] and [70]. First of all, we recall the definition of U, (g)
in the case g = slo.
Definition 5.1.1. We denote by U, = U,(sl2) the associative, unital C(x)-algebra
generated by E, F, K, K—! subject to the following relations:
KK '=K'K=1
K—-K!
FF-FE=——+ (5.1.1)
x—x"
KE =2EK ,KF =2 °FK
It is well-known that U, has the following Hopf *-algebra structure:
AE)=E®14+K®E,AF)=FK '+10F,AK)=K®K
S(E)=—-K'E,S(F)=-FK,S(K)=K"!
e(E)=¢(F)=0,e(K)=1
E*=F,FF=F, K=K
(5.1.2)

As we did in the general case, we want to specialize this definition in the case of ¢

root of unity. We set A = C[x, z~!] and define for all j € N the j-th divided powers:
- po I
7! 7!

125



126 The quantum groupoid C(SU(2),1): generators and relations.

We call Uy the A-subalgebra of U, generated by K, K—', EU) and FUU). We fix
now ¢ € T, where g is a root of unity of order 2N + 2, with N > 0. This means that
we will work only with even roots of unity of order > 4.

Definition 5.1.2. Let ¢ be as above, and consider C as an A-module by specializing
x to q. Then we define:
Uy=Us®4C

So, the generators of U, will be I/ @) ®1and analogously for the others, but we will
abuse notation and keep on calling them EU ) and so on.

Remark 5.1.3. It is easy to see that U, has a Hopf structure inherited from U,.
Moreover, since ¢?N 12 = 1, we have K2V*2 = 1 and EN*! = FN+1 = (. In fact,
EN+L = [N 4 1)l EOV+D = 0 because [j] = 0 iff [N 4 1] = 0. In this way we can
see that this approach is equivalent to the Reshetikhin-Turaev’s one, with the only
remarkable difference that we call ¢ what they call ¢ and ¢> what they call q.

Definition 5.1.4. Let V be a U;-module and A be a scalar. An elementv # 0in V' is
a highest weight vector of weight X if Ev = 0 and Kv = Av.

Proposition 5.1.5. A non-zero U;-module V' contains a highest weight vector.

Proof. Since C is algebraically closed and V is finite-dimensional, there exists a
non-zero vector vg and a scalar « such that Kvg = awvg. Let n be the lowest integer
positive number such that E™vg = 0. It is at most N + 1, since EN*! = 0. So,
setting v = E™ v, we have that v is a highest weight vector. O

Lemma 5.1.6. Let v be a highest weight vector of weight \. Set vo = v and v, =
A FPy for p > 0. Then:

[p]!
—(P=D )\ — gp—1)\1
Kuv, = )\q_2pvp, Ev, = g = q?l Up_1, Fop_1 = [P]Up
Proof. Tt is a direct consequence of (5.1.1). O

Theorem 5.1.7. Let V be a U,-module generated by a highest weight vector v of
weight A\, such that dim(V') =n+1 < N + 1. Then:
(a) The scalar X\ is of the form \ = eq", where e = £1.

(b) Setting v, = %v, we have v, = 0 for p > n and, in addition, the set {vo,...,vn}
is a basis of V.
(¢) K acting on'V is diagonalizable with n+1 distinct eigenvalues {eq™, eq" 2, ... eq " }.

(d) Any other highest weight vector in V' is a scalar multiple of v and is of weight \.
(e) The module V is simple.

Any simple finite-dimensional U,-module V' is generated by a highest weight vector.
Two finite-dimensional Ug-modules generated by highest weight vectors of the same
weight are isomorphic.

Proof. (a),(b) Using (5.1.1), we have that the sequence {v,}, is a sequence of eigen-
vectors for K with distinct eigenvalues, so they are linearly independent. Since V'
is finite-dimensional, there has to exist a m such that v,,, # 0 and v,,+1 = 0 (and
v; = 0if [ > m + 1 using the last Lemma). Hence:
T S
q—q
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which is equivalent to require that A = e¢™. Since dim(V') = n + 1, m < n. But
m must be n, since V is generated as a module by vy, so any element in V' must be
a linear combination of v;. (¢) is straightforward to prove now, using Lemma 5.1.6
and (5.1.1). (d) Let v/ be another highest weight vector. It is an eigenvector for the
action of K; hence, it is a scalar multiple of some v; because of (c). Using once again
Lemma 5.1.6 we have that v; is killed by E iff i = 0. (e) Let V' be a non-zero Ug-

submodule of V' and let v’ be a highest weight vector of V’. Then v’ is also a highest
weight vector for V. By (d), v’ has to be a scalar multiple of v. Therefore v € V.
Since v generates V', we have V' C V', which proves that V' is simple. Finally, we
can prove the last statement. Let v be a highest weight vector of V'; if V' is simple,
then the submodule generated by v is necessarily equal to V. Consequently, V is
generated by a highest weight vector. If V and V' are generated by highest weight
vectors v and v" with the same weight A, then the linear map sending v; to v; for all ¢
is an isomorphism of U,-modules. ]

Remark 5.1.8. It is important to notice that there are two types of U;-module V;,, of
type 1 and type —1. In the first one, the highest weight vector has eigenvalue ¢", and
in the second one it has eigenvalue —q". Kassel usual indicates them with V7 ;,, and
V_15. In [70] there are four types: 1,—1,i, —i, since they call ¢ our ¢°. Anyway,
we can just deal with type 1 modules, since V7 ,, and V_1 ,, are unitarily equivalent
as objects in a C*-tensor category.

Proposition 5.1.9. Any simple non-zero Uy-module of dimension < N + 1 is isomor-
phic to a module of the form V,,, where 0 < n < N — 1. Moreover, there is no simple
finite-dimensional Ug-module of dimension > N + 1.

Proof. The first statement has been proved in Theorem 5.1.7. More effort is required
to prove the second statement. Let us assume that there exists a finite-dimensional
module V' of dimension > N + 1. We shall prove that V' has a non-zero submodule
of dimension < NN + 1. It is possible to prove that there exists a non-zero eigenvector
v € V for the action of K such that F'v = 0. In fact, it is well-known from the
Lie theory that there exists a non-zero eigenvector vy for the action of K, since K
is semisimple, V is finite-dimensional and C is algebraically close. If we consider
v = FNuy, it is still a K-eigenvector, and F'v = 0. We claim that the subspace

V' generated by {v, Ev, ..., ENv} is a submodule of dimension < N. In fact it is
stable under the action of generators F/, ' and K, and this is straightforward using
(5.1.1). O
According to the terminology used in the Chapter 3, V,, = V,,(¢) will be called
the n-th Weyl module. This is the linear space with basis &, . . . , &, and the U, -action
defined by:
_ ; [n—k+ j]! , [k + J]!
K&, =q" 7, EVG, = by FOG = oy
it [n — K] 1 [R]

For g = sls we can explicitly give the Weyl modules which generate the quotient
category. In this case we just have one simple root a. So d = 1, where d is the ratio
of the square length of a long root to a short root. Moreover, AT = %a, p = 5 and
6 = «. Hence:

)\GKN+1<:><>\+%,O<>§N+1
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Since (-, -) is linear on the left, (o, a) = 2 and A = ga (k € N), we get:
)\ S KN+1 < ]’C S N

and A € Ay iff £ < N. So, every object in the quotient category is the direct
sum of some Weyl modules V;,, where n < N. The Weyl module V; is the vector
representation and it is the fundamental one. Vy is negligible. Now we want to know

how we can decompose V;; ® Vj,, when ji + j2 < N.

J2
Theorem 5.1.10. If j; + jo < N, then:

min j1,]2

Viy ®Vj, = @ Vii+ja—2p

Proof. 1Tt is possible to prove the statement as for a generic g. All the highest weight
vectors in Vj; ® Vj, are of the following form:

p
j1+j2— —t — P G-
o) 3 () il [31} Bz_p] i i=irn) o) 00
< ! !

where p is an integer, 0 < p < min(j1, jo). It easy to see that U(j 143272P) pag weight
¢/19272P since U(J Ve U(]2) has weight ¢/t ~2i+72=2p+2i — qjlﬂ2 2P Let us prove

now that A(E) é‘“ﬂz %) _ = 0. Recall that A(F) = E® 1+ K ® E. It follows that:

. P [y — i]![jg — 1 : ;
A(E)U(()]1+]2_2p) _ Z(_l i [jl Z]'[]Q D+ Z]'qz(jl—z-l—l)Evi(Jl) ® vj()]fz)_‘_

pard [71]!j2 — p)!
+Z Cpyiln = Mz =P H R i) e )  B) =
P [71]!j2 — p)!
P . . . .
L — i+ 2 —p+a]! i), G o ()
_ 1)i : . i(j1—i+ )U»]l ®7}J2A—f—
ZZ;( ) R I
P . rr - .
D =il —p i+ 1 G- (1) g o, 2)
=+ —-1) - ; qZ I lvi i-1 =
2D it
p+1 . AT .
='W —p i+ 1] i (71) g o, 72)
_ —(—1)¢ : ' i J1 1),[)'] J2 +
A /75 b

P . R .
L =i —p i+ 1! Gingi—) G o G2)

+ > (1) e gt DE=y, 01 ) =0

ZZ:% ]!z = pl! '

So, for all p such that 0 < p < min(j1, j2), there exists a non-zero morphism of
modules from Vj, 1, o, into Vj, ® Vj,. Being Vj, 14, 2, simple, the morphism must
be an embedding into Vj; ® Vj,, since its kernel must be zero. The submodules
{Vii4ja— 2p}mm 1:92) are simple and of distinct weights, so their sum in Vj;, ® V), is

direct. Since their direct sum has the same dimension as V), ® V},, we can conclude.
O

Now it is time to shed light about some facts that will be useful later. Considering
the last theorem, it is clear that we have two interesting bases in Vj; ® Vj,. One is
inherited from the tensor product structure:

{U(jl)

(32)
® vy }0<i<ji 0<h<js
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and the other one is inherited from the decomposition:
(J1+52—2p) _ i k, (j1+j2—2p)
Vg - [k]’F 0
where 0 < p < min(j1,72) and 0 < k < j; + jo — 2p. If we want to pass from
one basis to another, we need to introduce the so-called quantum Clebsch-Gordan
coefficients:

Ji1 J2 Jji+j2—2p
i h k

defined for 0 < p < min(j1,j2) and 0 < k < j; + jo — 2p by:

Pl _ 3 [j; ]}f J1 +j]j - 2p] oD @ o)

0<i<j1,0<h<j2
We discover now some properties of these coefficients, also called quantum 3j-symbols.

Lemma 5.1.11. Fix p and k. The vector v(jﬁ” )

tors of the form v( i) & UZ() Z) i Therefore, we have:

is a linear combination of vec-

Juogz ntja—2p)
i h k
when i + h # p + k. We also have the induction relation:

B [i]q~U2=2(h+1)) 4 [ 4 1]
B [k +1]

Ji g2 Jitj2—2p
1 h+1 k+1

i h k

J1 Jo Ji+j2— 2]9]

Proof. We prove this by induction on k. The assertion holds for £ = 0 thanks to
Theorem 5.1.10. Supposing:

We have:

[k + 1]1},&?” ) _ py (Jlﬂz 2p) _
—Zaz (Fv -1 ;]22+k+v(]1)®Fv;jfg+k) =
= ZO‘Z i+ 1]q~ G2—2p=itk) 1(1-11) & v(]22)+k+

+p—i+k+ 1y e ”(]23+k+1)
- Z ; < T2 4 [ — ik 1]) o enln,

O]

Remark 5.1.12. From the proof of the last theorem it is possible to get an explicit
formula for quantum Clesbsch-Gordan coefficients when k& = 0:

g Ji+Jj2—2p (1z[]l_.i}![]:2_p+i]!qi(j17i+1)
T p—1 0 [71]![72 — p]!

This fact together with the induction formula allows us to calculate all the possible
quantum Clebsch-Gordan coefficients.
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We now want to express the basis {v.” 1)®U](lj 2)}, , in terms of the basis {U](cj 1Hi2=2p) Yok

We need to introduce an alternative scalar product on V,, when n < N, in order to do
that. First of all, we need the following:

Proposition 5.1.13. There exists a unique unital algebra *-antiautomorphism T of
Uy such that T(E) = KF, T(F) = EK ' and T(K) = K. T is also a morphism
of coalgebras.

Proof. The following calculations will be sufficient to get the result:
) A(T(E) =AKF)=K®@KF+KF®1=
=TRTKQE+E®1)=ToT(A(E))
(i) A(T(F) =A(EK Y)Y =19 EK '+ EFK '@ K ! =
=TRTI®F+FK ') =T T(AF))

(iil) A(T(K)) = A(K) = K@ K =T @ T(A(K))

(iv) T(E*) =T(F)= EK™' = F*K* = (KF)* = T(E)*
(V) T(F*)=T(E) = KF = K"VE* = (EK~Y)* = T(F)*
(Vi) T(K*)=T(K ) =K'= K* =T(K)*

O

Theorem 5.1.14. On V,, withn < N there exists a unique non-degenerate symmetric
bilinear form such that (vo,vo) = 1 and:

(zv,v") = (v, T(x)v") (5.1.3)
Ifv; = [};.—]i!vo, then:

(vi, vj) = 8; g~ 7V H (5.1.4)
i
Proof. We first assume that there exists this scalar product on V,,, and we want to
show that (v;, v;) is necessarily of the prescribed form. By definition we have:

, , 1 Y
(vi,vj) = [i]!(F’Uo,Uj) = (vo, T(F)'v;) = W(Uo, (EK™")"vj)

It is easy to prove that (FK~1)* = ¢/ K—*E' for any i > 0. Consequently, the
vector T'(F')%v; is a scalar multiple of E‘v; which vanishes as soon as ¢ > j. By
symmetry, we also have (v;, v;) = 0if i < j. Now we compute (v;, v;). We need the
formula: [ )

; n—7J+1!

Bloi = T2y v

to compute (v;, v;). We have:
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So, we have the uniqueness of this inner product. We need to prove now the existence.
In other words, we need to prove that the non-degenerate symmetric bilinear form
such that:

n

(vi,v5) = i jq~ "7V [z

satisfies (5.1.3). It is enough to check it on the generators F/, ' and K. We will prove
it for x = E, since the other two will follow similarly. On one hand:

[n]!

(Bvi,vj) = [n =i+ 1](vie1,v5) = 6i’1’jq_(n_i)(i_l)m

On the other hand:

(vi, T(E)v;j) = (vi, KFvj) = ¢" 20D + 1](v;,v;41) =

_ 5 o (n—i1)in—2(j+1)[ [nt _
0i,j+14 [7+1] i
R |
S O L

— fhitld i — 1)n —i]!

O]

Let us now equip Vj, and Vj, of the scalar product defined in the last Theorem.
We put on V;; ® V}, the following symmetric bilinear form:

(v1 ® v, v2 @ vh) = (v1,v2)(v], v5) (5.1.5)
where vy, vy € Vj, and v}, v} € Vj,.

Lemma 5.1.15. The symmetric bilinear form (5.1.5) is non-degenerate and the basis
{vgﬁ) ® U](Lm)} is orthogonal. Moreover, Vx € U, and wy,ws € Vj; ® Vj,, we have:

(zwy,wy) = (w1, T(x)ws)

Proof. All the assertions are very easy to prove. Regarding the last one, it is crucial
the fact that 7" is a morphism of coalgebras. O

The next result is what we were looking for:

Proposition 5.1.16. (a) The basis {v,(gj 1+72=2p) }poke is orthogonal.
(b) Fix integers p, q, k,l. We have the following relations:

_ —i(j1—i—1)—h(ja—h—1) |J1| |J2| |71 J2 S +J2—2p| (1 J2 J1t+J2—2¢
0 z]: 1 [z] [h] [z h k i h z
when p # q and k # 1, and:

. . . . . . 2
Z qfi(hfifl)*h(jthfl) Ju| (J2| |J1 J2 Jit+J2—2p _ qfk(j1+j272p7k;71)
¥ ) i h k

Ji+J2—2p
k
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(¢) Given i and h, we have:

Ui(jl) ® U}(ng) _ q—i(n—i—l)—h(jg—h—l) []1] [Jé]

7

min(j1,52) j1+j2—2p

[jl Jo j1+Jj2—2p
SY ke ioh K
p=0 k=0

] v(jl-i-jz—?]?)
. . k
J1+J2 — 219]

k
(5.1.6)

Proof. (a) Arguing as in the proof of Theorem 5.1.14 we have:

(U]gh-f-jz—zp),vl(j1+j2—2p)) -0

when k # [. We pass to the case p # g. First of all, we need to show that the highest
(J1+72—2p)

weight vectors v and v(J 1132-29) gre orthogonal. Tn fact:
o 2) . .
(U((JJ1+J2 P) o (J1+j2— q Zazﬁg 7 )( ;”ff,véjfg) _

= za@-@-(vi QRS ><v,€j32,v§j32> =0

since p — i # q — 4. It remains to prove that:

(Ul(cj1+j2_2p) U(j1+j2—2q)) ~0

Y
when k,l > 0. Since this form is symmetric, it is sufficient to prove it when k& > [.
We have:

(U](Cj1+j2—2p) (J1+i2— 2!1)) (Fk (J1+d2— 217) l(j1+j2—2¢I)):

’

2 2
_,Y( (j1+372—2p) Ek (J1+J2 Q))

for some scalars v and 7. If k& > [, Ekvl(j1+j2_2q) 0; if k = [, then E*v (]1+]2 24)

. . 142 —2
is a scalar multiple of v{* 772727 5o we are back to the previous case.

(b) We calculate (v (J1+72=2p) l(j1+j2_2q)). It is equal to:

: o .. 9 ‘ ' , '
Z Z [ﬁ J2 g1 +j]z p] [ﬁ J2 1+ 92 (J] (Ul(m)’U§J1))(U](lj2)’vgyz)):

r s l
i+h=p+k r4+s=q+l1

_ Z [Jl Jo J1+Jjo —2}7] [.71 J2 J1+J2—2q (U-(jl),U(jl))(U]SjQ),U]SjQ)) _

ith=p+k h k ¢ h k
_ Z —i(i—i—1)—h(a—h—1) [J1| |J2| [J1 J2 Sit+J2—2p| (J1 J2 J1t+J2—2q
- 7 Rl |i & k h l
ith=p+k ! ! !
On the other hand:

(J1+j2—2p)  (j1+j2—2q) —k(j1+jo—2p—k—1
(Uk » Uy )de.qfsk,lq (1+j2=2p )

k

1+ g2 — 2p]
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(c) We have:
min(j1,j2) j1+j2—2p

,UZ(jl) ®Ui(zj2) _ Z Z VoV J1+Jz 2p)
p=0
for some coefficients 7,. Therefore:

7Pk(v£j1+j2_2p)’ U](Cj1+j2—2p)) _ (U§jl) ® Uf(1j2)’vl(cj1+j2_2p)) _

_ | J2 Jitja—2p (’U(jl) (1)
i h k

Applying (5.1.4) we get the explicit expression of 7.

Now we are ready to build the quantum groupoids C(N) = C(SU(2), N + 1).

5.2 General setting

In this section we set the generators and calculate how involution, counit, coproduct
and antipode act on them. Let {1)1,12} a basis of V' = Vj, where 1) is a highest

weight vector and 9 = F'i1. Applying Lemma 5.1.6, we have:

Ky = qir, By =0, Fibr = )9
Kty = q 1, By = 1, Fipp = 0

It is well-known that C(V) is the quotient of:

o0

D(N) = PVeEr) o ver

n=0

All the elements in D have the form 1 ® 1 and 7, ... ¢] ® 9j, ..

in

Vi, ¥, € {11, 12}. Therefore the generators of C(IV) are:

I:1®1,61:¢T®¢1
e2 = Y] @, e3 = 3 @ o

Let ¢, be in V;. Then:
(@) Involution Since (¢* ® 1)* = * ® ¢, we have:

I"=1,ef=¢€1,e5=c¢3
and e} = 3 ® 1.
(b) Counit We know that £(¢* ® ¥) = (¢, ). So

e(I)=1,¢e(e1) =1=c¢(es),e(ea) =0

(¢) Coproduct From the general theory we know that:

A" @) =) ¢"0RERY

J=0

.j,, where
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where {£;}’_ is a basis of V;. So:

AD)=1R1,A(e1) =e1®e1 + ez ® €
Aler) =e1®@ea+ea@ez, Aleg) = es Dea+e3Des

The previous relations can be easily proved:

A=Al @) =1"0lel ol=T0l

Afer) = A(Y] @ Y1) = ¢] @Y1 @ Y] @Y1 + Y] @ P2 @ Py @ P1 =
=e®e+ex®e;

A(] ®@1h2) = Y7 @ b1 @ Y] @ the + Y] ® the @ Y3 ® tho =
=e®ex+ex2®es

Aes) = A(Y3 @ 92) =15 @ Y1 @ Y] @ Yo + 15 @ P ® 3 @ ¢y =

=e;Qex+e3Res

>
—
D
B
~
I

(d) Antipode We will prove that:
S(er) =e3, S(es) =e1, S(ea) = —q tey (5.2.1)
We recall how the antipode .S acts on £, F' and K in U, (sly):
S(K)y=K',S(E)y=—-K'E,S(F)=—-FH
Moreover, we know that S acts on ¢* ® 1) in the following way:
S(¢" @ ¥) = (ji)" ® jip

and a € U,(slz) acts on 7, where v € V;, in the following way:

a-7y=5(a*)y

adopting the Wenzl’s notation. Let .J; be the complex conjugation map from V; to
V;, such that J;(y) = 7 Vv € V;. Itis well-known that V; is still a Weyl module,
with dim(V;) = dim(V;). Therefore, by Theorem 5.1.7, we have V; = V;. j; is
an automorphism of V;, and it is obtained by composing J; with U;, where U; is a
unitary intertwiner between Vi and V;. We explicitly calculate j;. First of all, we
write down how K, E and F act on v, ¥:

K1 = S(K*)¢1 = Koy = ¢ 'y

Eyy = S(E* )1 = —FKi¢y = ¢ '=F¢y = —¢ '
Fipy = S(F*)1 = S(E)¢py = —K~'E¢y =0

Kby = S(K*)o = Ktpa = qips

By = S(E*)tpg = —F Ky = q—F3 =0

F*)ipy = —K 1By = —K 1y = —¢" "4y

It is clear that the map Uy : V; — V defined in the following way:

Ur(¥1) = —¢ "2, Ui (¥2) = i1
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is a unitary intertwiner. So j; = U; o Jj acts on the basis in the following way:

1 = —q "y, 12 = 1
Finally we obtain (5.2.1) after the following calculation:
S(er) = (j1gn)* @ jin = (—q3) © (—¢ "h2) = Y3 @ Y2 = €3
S(es) = (J1v2)" @ jihe = Y @Y1 = €1
S(e2) = (j1t2)* @ jihr = ¥ @ (—q 'th2) = —¢ " 'ez

It is important to notice that generators, involution, counit, coproduct and an-
tipode do not depend on the order of the root of unity. Conversely, relations on the
products will be heavily influenced by the order of the root. More precisely, let 2N 42
be the order of the primitive root of unity ¢. In our treatment we will distinguish three
cases:

(i) N = 1 or, in other words, q is a fourth primitive root of unity;
(i) N = 2 or, in other words, ¢ is a sixth primitive root of unity;
(>iii) N > 2 or, in other words, ¢ is a nth primitive root of unity, with n > 6

From now on we will use the following notation:
ay = agy

where o,y € V.
Moreover, we recall that in C(N) we have the following identification: if ¢ €
VE e VE " and A € (VE", VE™), then:

POAP) =Y 0 AR

We will repeatedly use this fact in the following sections.

5.3 Case (i) and (ii): ¢ fourth and sixth root of unity

The case NV = 1 is very simple to analyze. In this case, the only Weyl modules are
Vo = C and V4, and V is negligible. So, e; = e2 = e3 = 0, and C(1) = CI. Let
us pass to the case N = 2. In this case, we have three Weyl modules: Vj, V1 and Vs,
and V5 is negligible. Since V; @ V1 = Vj ® V3, we have:

Vigvi =V
We explicitly write down the decomposition of V; ® Vi:

Vo = (1 @12 — qiba @ 1)
Vo = (Y1 ®@ 1,1 @ P2 + qiba @ Y1, 12 @ 1)
Since V5 is negligible, we have that:
P11 = 0 = or)e (5.3.1)
For the same reason:
*o ok * OE — O
vivi = (Wn)o R (53.2)
Yoy = (Yop2)" o R = =0

Consequently:



136 The quantum groupoid C(SU(2),1): generators and relations.

Proposition 5.3.1. We have the following relations:
e% = e% = eg = e1e9 = e9e] = ege3 = egeo =0
Proof. 1t is straightforward using (5.3.1) and (5.3.2) 0

It remains to show the relations involving ejes, eze; and e5ez. We introduce the
morphism Ay : Vo — V1 ® V4, such that:

Ao(1) = 1 @ 1h2 — qha ® Y1
Hence:
Proposition 5.3.2. We have the following relations:

eseq = eges = —1I

ejes = q_ll

Proof. Let us start with ejes:
ere3 = Yy @ P11
We want to decompose 11 ® 2 € V1 ® V1 as element in Vj @ V2. We have:

Y1 @b = A(Yh1 @ Yo — qo @ 1) + (1 @ b2 + ¢ 1ha @ )

Since ¢ is a primitive sixth root of unity, we have ¢ + ¢~! = 2cos(5) = 1. So
A = ¢~ ! and ; = q. Therefore:

1y = 1@ = ¢~ (1 ® P2 — qib2 @ 1)
Using the morphism Ay, we have:
Yis @ Yite = YiYs @ ¢ Ao(1) = ¢ WY 0 Ag@ 1 =g 1@ 1 =g
since ¥]15 o Ay is a linear functional on V{ which gives 1 on 1. We pass to e5es:
eze2 = V3] ® 1o
As we have just seen, 1112 = ¢! (11 ® 12 — qapa ® 11). Using Ag, we have:
sy @ 1ty = Y3 @ ¢ Ag(1) = ¢ YT o Ag @1 = 1@ 1= —T

since Y317 o Ay is a linear functional on Vj which gives —q on 1. Similarly we can
prove that egel = —1. O

The relations that are left are the adjoint relations. In fact, * is anti-multiplicative
on the products of simple tensors, and it is enough. For instance:

ezer = (ere3)* = (¢ 1) =gl

Resuming, we have the following:
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Theorem 5.3.3. C(2) is generated by two self-adjoint elements e1 and e3 and one
normal element ea. Antipode, counit, coproduct and involution are as in the previous
section. The relations are:

e% = e% = eg = e1eg = ege1] = e9egz = egeg = 0 (5.3.3)
eseo = egey = —1I (5.34)
eres =q LI (5.3.5)

Remark 5.3.4. It is quite easy to notice that C(2) is not associative and cannot be a
C*-algebra. Moreover, dim(C(2)) = 5, with {1, e1, ez, €3, e3} as linear basis. The
dimension of C(2) of course agrees with the general theory exposed in the previous
chapter.

—

We can also present C(2) by generators and relations.

(a) Generators The generators will be:
no=Tandm =&,i€{1,2,3}
where €;(e;) = d; j and &;(I) = 0.

—

(b) Involution We know that, if f € C(2), we have:
fH(a) = f(a¥)
where a € C(2). Applying the last formula to 7;, we get:

o =10,1 =N1,03 =13

)

whilen; = é&" =e

[\

(c) Counit We know that £(f) = f(I). So:

(d) Coproduct The general formula is:
A(f)(a®b) = f(ab)
where f € (3/(5) and a,b € C(2). So:

Alo) =m0 @m0 +m @13+ 13 @11 + 05 @ 02 + 12 @ 1
A =no@mi+n @ Vi € {1,2,3}

(e) Antipode From the general theory we know that:

(S(f))(a) = f(S(a))

where f € C(2) and a € C(2). So:

() =m0, S(m) =mn3,S(n3) =m
(n2) = —q e

»)y W)
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(f) Products It is well-known that:

fg(a) = f @ g(Aa))

—

where f,g € C(2) and a € C(2). So:

=m0t =m.n3=0,n=n;

non; = 0 =mnmo Vi € {1,2,3}

mns = n3m = n2n = n3n2 =0

N2 = N2, M2M3 =12, MaN2 =03, 205 = M

It is easy to see that the unit in (‘3/(5) is I = No + N1 + 3.

5.4 Case (iii): ¢ nth primitive root of unity, with n > 6

Let n be 2N + 2, with N > 2. As we have seen before, the Weyl modules are
Vo, ..., VN, and Vi is negligible. Moreover:

N
dim(€(N)) = 3 i2 = éN(N +1)@2N + 1)
=1

The next result gives us the commutation relations on our algebra. They do not
depend on N > 2:

Theorem 5.4.1. We have the following relations for all N € N, with N > 2:

(vii) eser = ¢ 2erez + (1 — ¢ )1
Proof. Remember that V; ® V] = V& Vs, and we have the following decomposition:

Vo = (1 ® Y2 — qh2 @ 1)
Vo = (1 @ Y1, 91 @ Y2 + qiha ® 1,2 @ 1)

In comparison with the case (ii), we don’t have any truncation here, so 1/1@2 = VP2
Let Ay € (Vp, V1®2) be a morphism, where Ag(1) = ¥1¢2 — qP21)1. Therefore:

YIYT ® (Y1ehe — qathr) = Y17 ® Ap(l) = Y19 oA ®1 =0
Consequently we get ejea — geae; = 0. Similarly:

VYa1hsy @ (P1Pa — qibathr) = 315 @ Ag(1) = 39p5 0 Ag®@1 =0
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In this way we get e5esz — geges = 0. So we have proved (i) and (v), and (ii) and (iv)
immediately follow using the adjoint map. Going on with the same calculations, we
have:

Yibs @ (P1ye — qibathr) = is @ Ao(l) = i 0 Ag@1=1®1

So eje3 — geae; = I, getting (vi). In the same way, taking 151/ in place of 13,
we obtain e5es — gese; = —ql. Now, taking the adjoint of the relation (v), we have:

ese] — q_legeg =] = e3e1 = q_legeg + 1
Hence:
—ql = e5eq — qege; = eseg — q(q_lege§ + 1) = eseq — ege5 — ql

So e5ex = eges. It remains to prove the relation (vii). Using (vi) and its the adjoint
relation we have:

2

eser = q eses +1=q %eres —q 21 +1=q %eres+ (1 —q )1

g

Before going on, we need a very useful result about the representation theory of
Uy (sl2). We introduce the following:

Definition 5.4.2. Let J](,N) be the set whose elements are the maps i : {1,..., N} —

{1,2}, with [i=*(2)| = p. o(i) is the minimum number of transpositions we have to
do in order to pass from the ordered set {1,...,1,2,...,2} to {i(1),...,7(N)}.

Proposition 5.4.3. Vi is the summand with the highest index in the decomposition
of V1®N into the direct sum of irreducible representations, and its multiplicity is 1.

v(()N) = ?N is the highest weight vector, and.:

FP vy _ v —o(i
I =iV = Z 0 D) ® ... ® Yy

iegty)

Proof. The first part of the Proposition can be proved by induction. If N = 1 the
result is obvious. Suppose that the result is true for V, with 0 < £ < N, and we
prove it for N:

VPN =V evi= | @ VieVna|oVi=
E<N—2
E<N-2 E<N-1
- @ e
K'<N-1

using the theorem we proved before. It is quite easy to see that Kvg = ¢’V vy, using
that AN) (K) = K®N . Now we prove that Fvy = 0. We can proceed by induction.
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If N = 1, obviously E1/; = 0, since ¢; is the highest weight vector of V;. If it is
true for N — 1, let’s prove it for V:

EYPN = BN @ g + KPPVl @ By = 0

It remains to prove the last statement. Before, we need to prove the following identity.

Ifp>1:

(1)

(N) - U(N 1 Quy’ + q_pvz(oN_l) ® v((]l) (5.4.1)

We proceed by induction on p. If p = 1:

vgN) - (N) _ (¢®N71) ® KLy _I_wi@NA ® Fipy =
= q*1F< P e K*lwl ® wl +q PN TP @ Fn @y + PN T @4y =
A o D@+ PN P @ dr 0 + 9PN T @y =
N-1
e eN_i . L
==Y gtV T e ev = Y o Dyn e @ Py
J=0 iegt™)
On the other side:
oV o N g ol =
=PV @+ [ D g TP P e 0yl | @ =
7=0
N-1 ) ‘
=Y ¢ WP T ey @ ¢
j=0

Now, we need to prove the induction step. We need the following identity:

qlp = 1]+ ¢~ = [p]

which can be easily proved:

e qpfl — qf(pfl) (e
Q[p_1]+q(p 1):(]74-(]@ D=
B q—q! = vl

At this stage it is easy to prove that, if (5.4.1) is true for p — 1, then it is true for p:

N r N 1 N-1 1
B = gt = e e gV =
S _
= 7 (qu[p]U](DN—l) Q U(()l) + q*(Pfl),U]()N D vgl) +qlp— ]vgl D g v§1)) _

= ¢ "oV Y @ ol + ol @ uf)

Now we can conclude. We proceed again by induction on N, proving that:

N = Z a7y ® ... ® Yy

icgtv)
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If N = 1itis obvious. We suppose that it is true for NV — 1, and we prove it for N:

ZgN)_UI()N 2 ®’U1 +q pv( 1)®v(()1):

Z q U(Z)@Z} (1) ® - @ Yyn_1) | ® 2t

ZGJ(N b

+q" Z ") ® ... @Yoy | @1

gV =1
and it is immediate to conclude now. OJ

Lemma 5.4.4.
n)* n—i)—nn=1) —o (i) . 1.* *
ieJE”)

(n)* (n)

where v;") = (v,"", ") is a functional on V"

Proof. We need to understand how R™

= Z a7 D0y -+ imy

iea(™

acts on:

We use some results that can be found in Appendix of [15]. It is well-known that
R™ = RMO™) where ©(" acts as scalar multiplication by:

G- (Fataga) _ 2

Moreover,
RM™ =%, 06, 10 (en—2en—1)0...0(E1...En—1)

where e; = q~ 2gl andg;, = 1,_1®g®1,_;_1.9 € (V®2 V1®2) acts in the following
way:

gP1 @ 1 = qh1 @
P2 @ 2 = qip2 @ 1o
g2 ® P1 =1 @ ¢
g1 @ 1P = Yo @Y1 + (q — ¢ 1)1 @ 1o

It is easy to prove that g;w = qw, so putting everything together we get:

By — q"<" 2 pn), —
=%,000-10...0(g1...gn—1)W =

n(n—1) nn=1) _
=q 2 Yaw = q 2 w

where:

w = Z g® O D0y iy

ieg™
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Now we want to write w* in terms of wj(l) e w;‘(n). Roughly speaking, we look for
an explicit expression of \; € C, where:

Z )‘”7/)1(1 z(n

zejl(")

We obtain it after the following calculation:

)\zo = Z )\ij(l) .- Tﬁ(n) (¢7,0(1) cee ¢zo(n)) =
* —o(1 -(n)
=w (wio(l) “e wio(n)) = (Z q ( )1/%'(1) o Yin), R (%’0(1) ‘e ¢io(n))>
i o

+(n) —o (1
= <R E a7 DYi1) - ity Vio(1) - - -¢i0(n)> =
i P

)

2= 4 5 (3)—I(n—
= <Zq 2 to)-i l)d}iu)---ﬂ}i(n),%ou)---U}io(n)> =
Z' p’n

_ q1(n71)f@ﬂ(io)

Proposition 5.4.5. We have the following relations on C(N):

(i) e =0 Vie{1,2,3}

(ii) efel =k = ekesN—F = ehellF —egkeév F=0Vke{0,...,N—1}
Proof. Using Prop. 5.4.3, v((]N) = ?N and U](VN)
Y =Y = 0 and:

= wgz)N . Since Vy is negligible,

* * * *(n)_l * 7(,,1)—1 * *
i = (1. 1) o R =0=(¢2...¢2)" o R =y
Using these facts, it is straightforward to prove the above identities. O

It remains to discover the relations involving e} 6263 and elesT ek when b + j +
k= N and hk # 0:
Proposition 5.4.6. We have the following relations on 6?63263 and eles? el when

h+j+k= N and hk # 0:

min(h,k)
g Creh~ le%eg !

where C; € CVI € {1,...,min(h, k)}. We have analogous relations replacing e
by e5.
Proof. 1t is well-known that:
h+j h, j+k
etejel = v Iyst @ Y]
We focus now on 9" @ @z)g@' *F_ It is an element in VEN | but more precisely we
can see it as an element in V2" @ V27T where ¢®" € V" and 37T € VEITF,
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Using the previous proposition, we have that 1/1 is the highest weight vector in
Vi, = V" and ¢®] T is the lowest weight vector in Vitr < V1®J ** So:

6 ™ = o) ) € Vi 8 Vi o VO

Using Theorem 5.1.10, we know that:

min(h,j+k)
Vi @ Vir = @ VN-2p

Using (5.1.6), we have:

min(h,j+k)
h j+k N—2 h—j—k
o) @l = D ) = doh ot i)
p=0
where:
h o j+k N-—2p ]
d, = qj+k+(j+k—p)(h—p—l) 0 jt+k jtk=»
N —2p
jt+k—p

So, if we consider the truncated product w?w%+k, we have:

min(h,j+k)

ik N—2 N—2 h—j—Fk
Yrg = Z dpv ](+k 5) =d U§+k i"‘ +dj+k7min(h7j+k)v(()| I
p=1

We can now use the map:

h,j+k 1, QN—-2p QN
ANV = VN_op = V@V = Vj
where
h,j+k .
AN 2p|VN72p - ld

and 0 elsewhere. Using Prop. 5.4.3, we know that:
(N 2p) _ —o(t
Vi = 2L @iy i)

(N—2p)
hed$y e

In particular, |i=*(1)| = h — pand |i7*(2)| = j + k — p. Itis easy to see now that:
@hﬂw;k 0 Ay_op = (Ul(ch 2p))
if £ > p, and 0 otherwise. After an easy calculation we have:
min(min(h, j + k), k) = min(h, k)

So:

min(h,k)
xh+j k N—2p) N—-2
Tk ®¢{L¢]+ Z dy( ( p U§+k_£) _

min(h,k)

= > 4 > Cij¥i1) - - Vin-2p) @ Vi) - - Vj(v—2p)

p= 1 EJ(N 2?)’]63(1\] 25)
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(N—2p)(N—-2p—1) . .
where ¢; ; = gFP)hti=p)—a(i)=a(j)= 2 . Using the commutation rules

we can reorder the above summation, obtaining:

min(h,k)

¢Ih+j¢; whwﬁrk Z C w*h+] p¢*k p®¢h p¢j+kf P

p=1

O]

Remark 5.4.7. We are not able to give a concrete and explicit formula for Cj, but
following the proof of the previous theorem it is easy to understand what is the pro-
cedure in order to obtain them.

Corollary 5.4.8. The relations showed above together with the commutation rules
are all the possible relations on C(N), and the following set is a linear basis of

C(N):

B ={eielekli,jk € {0,...,N =1}, i+j+k < N}U
U{eles/eklik € {0,...,N —2},j € {l,...,N—1},i+j+k < N}

Proof. Using the relations we found, it is easy to see that all the (non-commutative)
monomials in ey, e, €3, e3 are linear combinations of the monomials e’ieéelg and
eieslel. If i+ j+k = N, then eielek and efe}’ek are equals to a linear com-

binations of monomials of degrees lower than N, because of truncation relations.

If:
N
Bl =>
=1

then we can conclude for a dimensional argument. It is sufficient to count how many
elements of the type eile%elg and e} e3’ ek we have for fixed j > Oandn =i + j + k.
Elements of the first type are n — j + 1 since i € {0,...,n — j} and k is completely
determined by ¢ and j, and the same for the elements of the second type. So, if we

sumon j = 1,...,n, we have:
n n
. . n(n+1
S 2+ 1) =2 (3 )+ =2 = "D ) = (a4 1)
j=1 i=1

It remains the case when j = 0. In this case we only have elements of the first type,
and they are n+ 1. Therefore, the elements of B of degree n are n(n+1)+ (n+1) =
(n + 1)2. Now, summing on n we have:

N-1 N
|B|:Zn—|—1 222
n=0 =1

putting ¢« = n + 1. In this way we obtain the desired result. O
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