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Introduction

0.1 Motivation

This thesis lies in the wake of the various works about index theorems in
holomorphic foliation theory and of the subsequent works about index the-
orems for holomorphic self-maps.

First of all, what do we mean here for “index theorem”? Let M be a
compact oriented real C'>° manifold of dimension m and let w € HJ,(M,C)
be a non-zero top degree cohomological class of M (which typically is a
characteristic class of a C* or virtual complex vector bundle). Roughly
speaking, an “index theorem” is a formula relating the integral of w over M
to a finite sum of complex numbers Ry, that is a formula of the kind

ZRA:/ w, Ry, e C.
)\ M

The numbers Ry are called “indices” or “residues” and they keep memory of
geometric informations. A first classical and well-known example of index
theorem is the Poincaré-Hopf theorem, relating the Fuler-Poincaré char-
acteristic of M (which is equal to the integral on M of the Fuler class
ey € H™(M) ) to some indices associated to the isolated vanishing points
of a C* vector field on M (see for example [13, Thm.11.25] for a precise
statement of the theorem). More generally we may also consider possibly
singular analytic varieties M or obtain formulas relating homological classes
(this point will be clearified in Chapter 1).

Index theorems are interesting for instance because they relate “global
informations” with “local informations”. Moreover they furnish “primary ob-
structions” to the existence of certain geometric objects on the manifold.
For instance, the Poincaré-Hopf theorem implies that if the Euler-Poincaré
characteristic of M is not zero then it does not exist a never vanishing C'*®°
vector field on M. This is the case, among the others, of the Riemann sur-
faces of genus g # 1 (if g = 0 it is the hairy ball theorem) and of the complex
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projective spaces P, n > 1. Clearly, the non-existence of a never vanishing
C™ vector field implies the non-existence of a never vanishing holomorphic
one.

As we said, this thesis is inspired by the works concerning residues and
index theorems coming from holomorphic foliations on complex varieties.
The first ones who worked to this kind of theorems were Baum and Bott
in the 60’s, in particular [11] and the subsequent [10], [8] and [9] can be
considered the foundational and starting papers of the matter. In [11] Bott
defined some residues associated to the connected components of the zero
set of a holomorphic vector field X on a compact complex manifold M of
(complex) dimension n. Then he proved an index theorem relating these
residues to the characteristic classes o(TM) € H2%(M,C), with ¢ homo-
geneous symmetric polynomials of degree n (of course the residues depend
on ). In the following [10] and [8] there are some generalizations of this
theorem, in particular in [8] the authors substituted the holomorphic vector
field X with a 1-dimensional holomorphic foliation .# on M. Before stating
this theorem we need to refresh some definitions.

Definition 0.1.1. Let M be a complex manifold of dimension n. A 1-
dimensional holomorphic possibly singular foliation on M is a morphism of
holomorphic vector bundles .% : F — TM, where F is a holomorphic line
bundle over M called the tangent bundle of the foliation. The singular set of
% is the analytic subset

Sing(.#) ={q € M s.t. F|, =0},

then set M° = M — Sing(#). The holomorphic vector bundle N =
TMP/F|yp0 is the normal bundle of %, while the virtual bundle TM — F is
called the virtual normal bundle of 7.

In [8] there is then a slightly weaker version of the following theorem.

Theorem 0.1.2 (Baum-Bott index theorem). Let M be a compact complex
manifold of dimension n, ¥ : F' — TM a 1-dimensional holomorphic possi-
bly singular foliation on M and Sing(.F) = U)X\ the decomposition in con-
nected components of its singular set. Then for any homogeneous symmetric
polynomial ¢ of degree n there exist complex numbers Res, (%, TM —F, %)),
one for each connected component Xy, such that

> Res,(F,TM — F,%,) = / o(TM — F)
A M

vi



0.1. Motivation

See [8, Thm.1]| for the original version or [36, Thm.II1.7.6| for a more gen-
eral formulation. The residues Res,(#,TM — F, X)) are called Baum-Bott
residues. Afterwards Baum and Bott generalized Theorem 0.1.2 considering
holomorphic foliations .# of any dimension k£ > 1. In this way they obtained
also formulas relating homological classes instead of complex numbers (see
|9, Thm.2| for the original version or [36, Thm.VI.3.7| for a more general
formulation). The generalized version of Theorem 0.1.2 is another example
of primary obstruction to the existence of geometric objects since it implies
that non-singular holomorphic foliations of dimension n — 1 cannot exist on
P¢ for n > 1 (see [12, Thm.6.5] for a proof of this fact).

In 1982 Camacho and Sad introduced a new type of index theorem in
their paper [19], as a key tool in the solution of the problem of existence of
a separatrix passing through an isolated vanishing point of a holomorphic
vector field in dimension 2. It was an index theorem for invariant leaves of
1-dimensional holomorphic singular foliations on complex surfaces (see [19,
Appendix] for the original formulation).

Theorem 0.1.3 (Camacho-Sad index theorem). Let M be a complez surface,
S C M a non-singular compact complex curve and F a 1-dimensional holo-
morphic possibly singular foliation defined in a neighborhood of S and leaving
S invariant. Then one can associate to any singular point p € Sing(:F)N S
a complex number i,(.#,S), the index of .F along S at p, in such a way that

> ip(ﬁ,S):/Scl(NS),

pESing(F)NS
where Ng is the normal bundle of S in M and c1(Ng) is its first Chern class.

This theorem has been subsequently generalized step by step. Early
generalizations can be found in [20] and [30], where the authors provided a
residue formula similar to the one of Theorem 0.1.3 when M is a complex
manifold of dimension n, S C M a non-singular compact complex hypersur-
face and .# a (n — 1)-dimensional holomorphic foliation leaving S invariant.
A further generalization along this line was done by Lehmann in [25] allow-
ing S and .Z to be of any dimension (clearly with dimension of .%# less than
dimension of S). Other generalizations were obtained by allowing S C M to
be possibly singular. In particular, in [34] Suwa proved Theorem 0.1.3 for
possibly singular compact (reduced and irreducible) curves S C M, getting
a residue formula involving the first Chern class ¢;([S]) of the natural holo-
morphic line bundle [S] on M (a partial result in this direction was previously
obtained in [31] for the particular case M = PZ). A stronger generalization

Vil
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was proved in [27, Thm.1] by Lehmann and Suwa (see also [36, Thm.IV.6.6.]
for a more general formulation). For the sake of simplicity we state here only
the version for hypersurfaces S C M, actually the most interesting for us.

Theorem 0.1.4 (generalized Camacho-Sad index theorem). Let M be a
complexr manifold of dimension n, S C M a possibly singular compact ana-
lytic hypersurface and F : F — TM a 1-dimensional holomorphic possibly
singular foliation defined in a neighborhood of S and leaving S" = S — Sing(S)
invariant. Let Sing(F|s) U Sing(S) = UxXx be the decomposition in con-
nected components, then there exist complex numbers Res(.#,S,%y), one for
each connected component Xy, such that

es(F = [ !
;R (Z,5,%)) /31 (15D,

where [S] is the holomorphic line bundle canonically induced by S on M and
H([S)) is the (n — 1)-th power of its first Chern class.

The residues Res(.#,S,%,) are called Camacho-Sad residues to honor
the ones who introduced this kind of residues and proved the first version of
the theorem. Later on Suwa generalized [27, Thm.1| (hence Theorem 0.1.4
and Theorem 0.1.3) considering holomorphic possibly singular foliations .#
of any dimension k > 1 (less than dimension of S) leaving S’ invariant,
getting in this way formulas relating homological classes (see [35, Thm.2.4]
for the original version or [36, Thm.VI.6.9] for a more general formulation).

Within few of these papers, to be precise [25], [27] and [35], Lehmann
and Suwa developed a general theory on a cohomological approach to in-
dex theorems based on ‘localization of characteristic classes’, the so-called
Lehmann-Suwa theory. 1t is a very powerful machinery for getting index the-
orems and we will furnish a survey of its basis in Chapter 1 (see [36] or [18] for
a systematic and complete exposition). We stress that the Lehmann-Suwa
approach is not the one followed by Baum, Bott, Camacho and Sad, who
proved their index theorems in different ways, anyway it provides a global
theoretical framework also for them.

In [28] Lehmann and Suwa made the machinery clear and even proved
a third type of index theorem, regarding again invariant subvarieties of pos-
sibly singular holomorphic foliations on complex manifolds but involving a
different type of characteristic classes. The following is a reformulation of
[28, Thm.3.6].

viii



0.1. Motivation

Theorem 0.1.5 (Lehmann-Suwa-Khanedani index theorem). Let M be a
complex manifold of dimension n, S C M a possibly singular compact ana-
lytic subvariety of any dimension m and F : F — TM a 1-dimensional holo-
morphic possibly singular foliation defined in a neighborhood of S and leaving
S" =8 — Sing(S) inmvariant. Let Sing(.F|s) U Sing(S) = L)Xy be the decom-
position in connected components, then for any homogeneous symmetric poly-
nomial @ of degree m there exist complex numbers Res,(F,TM|s—F|g, X)),
one for each connected component Xy, such that

> Res, (F|s,TM|s — Fls, %)) = /SQO(TM —F)
A

To be precise [28| contains a more general version of this theorem, that
is a version for holomorphic foliations of any dimension & > 1. As usual
in this case, one obtains formulas relating homological classes as well as
formulas relating complex numbers (see [28, Thm.3.5] for the original version
or [36, Thm.VI.6.4] for a more general formulation). We call Theorem 0.1.5
the ‘Lehmann-Suwa-Khanedani index theorem’ since it had been previously
proved in [23] by Khanedani and Suwa for n = 2 (in a different way and
using a different terminology). The residues Res,(#,TM|s — F|g,X)) are
clearly named Lehmann-Khanedani-Suwa residues (in [23] they are called
‘variations’).

Subsequently, versions for holomorphic self-maps of these three types of
index theorems have been proved. Why? The moral link between the two
settings (holomorphic foliations and holomorphic self-maps) is represented
by Abate’s paper [2]. In his work Abate obtained a complete generalization
to two complex variables of the classical Leau-Fatou flower theorem for maps
tangent to the identity mimicking the strategy of Camacho and Sad in [19]. A
key ingredient in his proof was an index theorem for holomorphic self-maps
on complex surfaces M fixing pointwise a non-singular compact complex
curve S C M, clearly inspired by the Camacho-Sad index theorem. Here
we state a version of the theorem slightly different from the original one [2,
Thm.1.1].

Theorem 0.1.6 (Abate index theorem). Let M be a complex surface, S C
M a non-singular compact complexr curve and f : M — M a holomorphic
self-map such that f|s = idg. Assume ‘f tangential along S’ or that M is the
total space of a holomorphic line bundle over S. Then one can associate to
any p € S a complex number iy(f,S), the index of f along S at p, vanishing

X
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at all but a finite number of points, in such o way that

Zip(ﬂs):/cl(Ns),

peS s
where Ng is the normal bundle of S in M and c1(Ng) is its first Chern class.

The meaning of ‘f tangential along S’ will be clear later on. A first gen-
eralization of Theorem 0.1.6 was made soon after by Bracci and Tovena in
[16] (see also [14]), where they assumed S to be possibly singular. Hence it
became natural to try and generalize the Abate index theorem in a system-
atical way, as Lehmann and Suwa did starting from the Camacho-Sad index
theorem. A large generalization to any dimension of M and codimension of
the possibly singular S C M was finally made by Abate, Bracci and Tovena
in [4] thanks to a systematic use of the Lehmann-Suwa machinery. In this
paper, very important source of inspiration for my thesis, they also proved
versions for holomorphic self-maps of the two other kinds of index theorems
for holomorphic foliations discussed above.

We now do a step further by replacing the single holomorphic self-map
f: M — M pointwise fixing an analytic subvariety S C M with a pair
of distinct holomorphic self-maps f,g : M — M coinciding on a complex
hypersurface S C M (clearly if one of the two maps is the identity we fall
back in the [4] case). An interesting example arises by lifting a pair of
holomorphic self-maps f,§ : C* — C™ both fixing the origin 0 to the blow-
up w: M — C" of C" at 0. If df|0 = dg|o is invertible we obtain in this way
a pair of holomorphic self-maps f,g: M — M coinciding on the exceptional
divisor § = 771(0) = ]P’g_l. We show that under some hypotheses on the pair
(f,9), and on the hypersurface S if needed, one can define a 1-dimensional
holomorphic possibly singular foliation on S’ = S — Sing(S). In general,
this foliation doesn’t admit a global extension around the whole S’ but it
admits good local extensions (or, using the terminology of [6], an extension
to a suitable ‘infinitesimal neighborhood’ of the subvariety S). What does
it mean “good”? It means that we can use these local extensions to define
certain partial holomorphic connections over suitable holomorphic vector
bundles on S’ outside a ‘singular set’. As a consequence if S is compact we
can use the Lehmann-Suwa machinery to produce index theorems (see also
[5] for a general and deeper explanation).

Our index theorems generalize the ones in [4| and in particular they are
versions of Theorem 0.1.2, 0.1.4 and 0.1.5 for couples of holomorphic self-
maps. We point out that for the last two of them we need to have a foliation



0.2. Plan of the Thesis and statement of the main results

defined in a whole neighborhood of S” (leaving it invariant), while we are
able to define foliations on S” only. Hence our generalizations of Theorem
0.1.4 and Theorem 0.1.5 are not direct consequences of holomorphic foliation
theory.

0.2 Plan of the Thesis and statement of the main
results

The aim of Chapter 1 is to furnish the basics of the Lehmann-Suwa ma-
chinery. In Section 1.1 we briefly review the definition of the characteristic
classes of C'™° complex vector bundles in the Chern-Weil theory. In Section
1.2 we recall the definition of the Grothendieck group of a manifold, whose
elements are called ‘virtual complex vector bundles’. This is preparatory to
Section 1.3, where we extend the Chern-Weil theory of characteristic classes
to virtual complex vector bundles. In Section 1.4 we recall the concept of
‘partial holomorphic connection’ on a C* complex vector bundle and we
state the Bott vanishing theorem, which is a key tool in the theory. From
Section 1.5 to 1.8 we recall the basic definitions of Cech-de Rham cohomology
and we explain how are defined in this framework the characteristic classes
of bundles, the integration over a manifold and the Poincaré and Alexander
homomorphisms. The core of the chapter is Section 1.9, in which we explain
how one can obtain index theorems within the Lehmann-Suwa theory.

The original part of the thesis starts with Chapter 2. Here we show
how a pair (f, g) of distinct holomorphic self-maps of a complex manifold M
coinciding on an analytic hypersurface S C M can induce a 1-dimensional
holomorphic possibly singular foliation on S’ = S — Sing(.S). First of all we
introduce in Section 2.1 the ‘order of coincidence of (f, g) along S’, which is
a positive integer related to the pair (f,g) denoted by v¢,. In Section 2.2
we define the ‘canonical section associated to (f,g)’,

@f,g : N?Vf"q — TM|S/,

assuming that one of the two maps is a local biholomorphism on a whole
neighborhood of S” (we will keep this assumption for the rest of the thesis).
In Section 2.3 we briefly recall some definitions about 1-dimensional holo-
morphic foliations, then in the subsequent Section 2.4 and 2.5 we discuss two

x1
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hypotheses under which the pair (f, g) induces a 1-dimensional holomorphic
foliation on S’, denoted here by

9 :Ng'" — TS

The hypothesis of Section 2.4 is that ‘(f, g) is tangential along S’, while in
Section 2.5 we assume a geometric property on S’ regarding the way it sits
into M. When this property is satisfied we say that ‘S’ splits into M’.

In Chapter 3 we assume S non-singular and we prove the first index
theorem of the thesis. We show in Section 3.1 that if one of the two hy-
potheses discussed in Chapter 2 is satisfied, then we are able to define in a
canonical way a partial holomorphic connection on the normal bundle of &
outside a ‘singular set’. As a consequence, in Section 3.2 we get the following
Baum-Bott-type index theorem applying the Lehmann-Suwa machinery.

Theorem 0.2.1. Let M be a complex manifold of dimension n and let S C
M be a non-singular compact connected complex hypersurface. Let (f,g)
be a pair of distinct holomorphic self-maps of M such that f|s = g|ls and
g s a local biholomorphism over an open neighborhood of S, with order of
coincidence v = vy 4. Assume that

(i) (f,g) is tangential along S
or
(i1) S splits into M

and let 9 be the foliation induced on S by the pair (f,g) depending on the
case. Let Sing(2) = U X\ be the decomposition in connected components of
the singular set of 2. Then for any homogeneous symmetric polynomial
of degree n— 1 there exist complez numbers Res,(2,TS — N¥, X)), one for
each connected component Xy, such that

> Res, (2,TS - N§¥, %)) = / ¢ (TS — N§").
)\ S

We conclude the chapter by computing in Section 3.3 the residues of
Theorem 0.2.1 at isolated singular points of 7.

In Chapter 4 we talk about extensions of Z. In Section 4.1 we show
how a global extension of 2 around S’ would induce canonically two partial
holomorphic connections on the normal bundle of S” in M and on the normal
bundle of Z in M. Unfortunately & does not admit in general such a global

xil
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extension, anyway we can extend it locally in a “good” canonical way. In
Section 4.2 we show how to do it when ‘(f, g) is tangential along S’. Instead
in Section 4.3 we treat the non-tangential case, but in this case we need to
assume an embedding property on S’ stronger than the splitting one. When
it is satisfied we say that ‘S’ is comfortably embedded into M’.

Lastly, in Chapter 5 we use what we have proved in Chapter 4 to obtain
the other two index theorems. In Section 5.1 we show that the ‘canoni-
cal local extensions’ of & are good enough to define a partial holomorphic
connection on the normal bundle of S’ in M outside a ‘singular set’, both
in tangential and non-tangential case. Then applying the Lehmann-Suwa
machinery we get the following Camacho-Sad-type index theorem in Section
5.2.

Theorem 0.2.2. Let M be a complexr manifold of dimension n and let S C
M be a globally irreducible compact analytic hypersurface with regular part
S =S — Sing(S). Let (f,g) be a pair of distinct holomorphic self-maps
of M such that fls = gls and g is a local biholomorphism over an open
neighborhood of S, with order of coincidence v = vy 4. Assume that

(i) (f,qg) is tangential along S
or
(i1) S’ is comfortably embedded into M

and let 2 be the foliation induced on S" by the pair (f,g) in both cases. Let
Sing(S) U Sing(2) = UpX\ be the decomposition in connected components
of the singular set Sing(S) U Sing(2). Then there exist complex numbers
Res(2,5,%)), one for each connected component ¥y, such that

_ cn—l .
;Res@,s, ) = /S "1 (18])

Here [S] denotes the holomorphic line bundle on M canonically induced
by S and ¢~ !([S]) is the (n — 1)-th power of its first Chern class. In the
subsequent Section 5.3 we compute the residues appearing in Theorem 0.2.2
at isolated singular points of & and, in a case, of S.

In Section 5.4 we show that if ‘(f, g) is tangential along S’ and vy, > 1
then the ‘canonical local extensions’ of & are good enough to define a partial
holomorphic connection on the normal bundle of & in M outside a ‘singular
set’. Then applying again the Lehmann-Suwa machinery we get in Section
5.5 the following Lehmann-Suwa-Khanedani-type index theorem.

xiii
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Theorem 0.2.3. Let M be o complex manifold of dimension n and let S C
M be a globally irreducible compact analytic hypersurface with regular part
S =S — Sing(S). Let (f,g) be a pair of distinct holomorphic self-maps
of M such that fls = gls and g is a local biholomorphism over an open
neighborhood of S, with order of coincidence v = vy 4. Assume that (f,g)
is tangential along S and that v > 1, let 9 be the foliation induced on S’
by the pair (f,g) and let Sing(S) U Sing(Z) = U X\ be the decomposition
in connected components of the singular set Sing(S) U Sing(2). Then for
any homogeneous symmetric polynomial ¢ of degree n—1 there exist complex

numbers Res,(2;TM|s— 5] ?”; X)), one for each connected component Xy,
such that

S Res, (9. TM|s ~ [S)§,52) = [ o (T2 = [5)")
\ S

We conlcude by computing in Section 5.6 the residues appearing in The-
orem 0.2.3 at isolated singular points of & and, in a case, of S.

xiv



Ringraziamenti

Il primo ringraziamento va al mio relatore Filippo Bracci per la disponibilita
che ha sempre mostrato nei miei confronti, per gli utili suggerimenti che mi ha
dato in questi anni e, ultimo ma non meno importante, per la comprensione
di alcune scelte fatte durante il periodo del dottorato. Ringrazio inoltre il
referee per le utilissime osservazioni sulla tesi e tutti i dottorandi e post-
dottorandi con i quali mi sono confrontato in questi anni, che mi hanno dato
consigli e con i quali ho condiviso incertezze e grandi quantitd stress.

Vorrei ringraziare di cuore la mia famiglia, in particolare i miei genitori. I
vostri consigli sono sempre molto preziosi e la vostra presenza, costante e
silenziosa, € alla base di tutto.

Infine ringrazio profondamente Alessandra per il sostegno che mi ha sempre
dato in questi anni e per aver sopportato ed assorbito tutti i miei momenti no,
sia riguardo il dottorato che la vita in generale. Grazie di tutto, sicuramente
senza di te sarebbe stato tutto pit difficile.

Paolo Roma, 30 03 2017

XV






Chapter 1

Basics of the Lehmann-Suwa
machinery

The goal of this introductory chapter is to provide the essential notions
and ideas at the base of the main tool used in this thesis, the so-called
‘Lehmann-Suwa machinery’. The reader can refer to [36] and [18] for a
complete treatment of this theory, moreover along the chapter we will furnish
specific references for each treated topics.

1.1 Chern-Weil theory for complex vector bundles

We start by reviewing the Chern-Weil theory of characteristic classes of
smooth complex vector bundles over smooth manifolds. Specific references
for this topic are for example [32, Appendix C] and |21, Sec.3.3].

Let M be a real C'°° manifold and let Tc M be the complexification of its
real tangent bundle. We denote by C37  the sheaf of C-valued C'* functions
on M and by 7,7 the sheaf of C*° sections of TcM. Let E — M be any
C* complex vector bundle of rank r and denote by £ the associated sheaf
of C'*° sections.

Definition 1.1.1. A C°° connection on E is a C-linear morphism
V:E® — (Tire) ®E®

satisfying the Leibniz rule, that is such that V(f-s) =df ® s+ f - V(s) for
any s € £* and f € Cﬁc.
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One can prove that there is always a C'°° connection on a given a C'*
complex vector bundle.

Now denote by A’ T M the j-th exterior power of the complexified cotan-
gent bundle of M and by ¥ the associated sheaf of C*° sections (that is the
sheaf of C-valued C*° differential j-forms on M), for any j > 1. Moreover,
let ©7(£%) denote the sheaf of C™ sections of the bundle A’ TeM @ E for
any j > 1 (these sections can be thought as F-valued C*° differential j-forms
on M) and observe that Q1(£%) = ( 7c)” ®E®. A C* connection V on
FE induces for any j > 1 a C-linear morphism

V) QI(E%) — ITL(EX),
satisfying VU (a ® s) = da® s+ (—1)7a A V(s) for any s € £ and a € .

Definition 1.1.2. Let V be a C'°° connection on E. The morphism of
Cy7 c-modules

Ky =VWov:E£® — Q™)
is called the curvature of V.

Let V be any C* connection on E. Consider an open subset U C M
trivializing for F and let {ey,...,e,} be a C* frame for £ on U. Clearly we
can write

Vie;) = Z@ij X e
j=1

for any i = 1,...,r, with 6;; € QY(U) for any i,j = 1,...,7. Let us call the
r X r matrix 6 = (0;;) the connection matriz of V with respect to the frame
{e1,...,er}. Similarly we can write

.
Ky (e) = Z Kij @ e;
7=1

for any i = 1,...,r, with x;; € Q*(U) for any i,j = 1,...,r. Let us call
the r x r matrix K = (kj;) the curvature matriz of V with respect to the
frame {ej,...,e;}, and recall the relation k = df — 0 A 6. The matrix
k can be treated as a ‘numerical matrix’ since differential forms of even
degrees commute with one another with respect to the exterior product. As
a consequence we can define the C* differential forms o;(k) € Q% (U) for
1=1,...,r by setting

det (Id, + k) =1+ 01(k) + - - + o (K),

where Id, is the r x r identity matrix.
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Remark 1.1.3. (i) Let A be any r x r matrix whose entries are complex
numbers and define the polynomial functions o1(A),...,0.(A) by setting

det (Id, +tA) =14 o1(A)t + - + o, (A)t".
Furthermore, let s1,...,5, be the elementary symmetric polynomials in r

variables defined by setting

r

H(l—i—xj) =14+s1(z1,. ., x) + -+ 50 (x1,...,20),
j=1

and observe that s; is a homogenous polynomial of degree i for any i =
1,...,7. If Ay, ..., A\ are the eigenvalues of A then

O'Z(A) = 5i()\1, ey )\T)

foranyi=1,...,r.

(ii) The elementary symmetric polynomials s1,...,s, generate the al-
gebra of symmetric polynomials in r variables, here denoted by Sym(r).
Clearly also the symmetric polynomials defined by

generate Sym(r). Consequently, for any ¢ € Sym(r) there is a polynomial
P, € Clzy,...,x,] such that

o(x) = Py (c1(x), ..., (),

where © = (z1,...,2,). Then it is natural to define
V-1 NS
o) = 2, (Gt (G) ),
™ T

for any r x r matrix A and ¢ € Sym(r).

Let U C M be another trivializing open set for E such that U N U # 0
and let {é1,...,é,} be a O frame for E on U. Again, we can define the
curvature matrix & = (R;;) with respect to the frame {é1,...,é,} and the
corresponding C* differential forms o;(%) € Q*(U). If g = (gi;) is the r x
matrix of C-valued C™ functions defined on U N U such that é; = gije; then
k=grg ton UNU. As

det(Id, + &) = det(g(Id, + )¢~ ') = det(Id, + )

3



1. BASICS OF THE LEHMANN-SUWA MACHINERY

clearly o;(%) and o;(k) coincide on the overlap for i = 1,...,7. Thus these
local C*° differential 2i-forms can be glued on M to give rise to global C*°
differential 2i-forms, denoted by 0;(V). Consequently we can define the C'*°

differential 2i-forms ,
Jv=1\"
for i = 1,...,r. All these differential forms are closed (see ‘Fundamental
Lemma’ in [32, Appendix C]).
Let now ¢ € Sym(r) be any symmetric polynomial, we know by Remark
1.1.3 that there is a polynomial P, € C[z,...,z,] such that

SO(:E) = P<P (Cl({L‘), . '>CT($))7

where x = (x1,...,z,). Then the local definition of the ¢;(V) suggest to
associate to ¢ the C' differential form

©(V) =P, (c1(V),...,c(V)). (1.1.1)

Clearly if ¢ is homogeneous of degree d > 0 then ¢(V) is a differential
2d-form. Moreover it is closed since the ¢;(V) are closed.

Suppose now to have a finite number of C*° connections Vg, ...,V over
E. Consider the vector bundle £ x R¥ — M x R*, which is again a C>
complex vector bundle of rank r, and define the C*° connection

k k
Vi= (1 - Zta) Vo+ Y taVa
a=1 a=1

over it, where (t1,...,t;) are the standard coordinates on R¥. For any ¢ €
Sym(r) we have the C* differential form (V) on M x R¥ defined as above.
Let AF C R* be the standard k-simplex and let

L Q9 (M x A*) — QI7F(M), j>k,

denote the integration along the fiber (see [36, Sec.I1.4]). Then we define the
C® differential form on M

QD(V()) ) Vk’) = I, (SO (Vt)) )

which is a (2d — k)-form whenever ¢ is homogeneous of degree d > 0 (if
2d < k it is zero by construction). This form is alternating in its entries and
satisfies the property

k

S (1) (vo, Vi ,vk) + (=1 dp(Vo,..., Vi) =0  (1.1.2)
=0
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(see [12] or [36, Sec.IL.7| for more details). As a consequence of this con-
struction, if V and V' are two distinct C°° connections on E then for any
¢ € Sym(r) we have the C* differential form p(V, V'), usually called the
Bott difference form, with the property that

(V') = (V) = dp(V, V).

Thus ¢(V’) and ¢(V) give rise to the same cohomological class and we can
define the characteristic class of E for the symmetric polynomial ¢ by

* 27
p(E) = [p(V)] € Hir(M,C) = D Hyp(M,C),
J=0
where V is any C'*° connection on F. In particular, when ¢ = ¢; we have
the i-th Chern class of B

ci(E) € H3%(M,C),

fori=1,...,r, and the cohomological class ¢(E) = 1+c1(E)+- -+ (F) is
called the total Chern class of E. Note that it is an invertible element in the
ring H75(M,C) since ¢1(E) + -+ + ¢(E) is a nilpotent element (similarly,
¢(V) is an invertible element in the ring Q% (M) = ©,>00% (M)).

Remark 1.1.4. Let M be a real C'* manifold and £ — M a C* complex
vector bundle of rank r. In practice we have defined an algebra homomor-
phism

Sym(r) — Hi5(M,C). (1.1.3)
Let Inv(r) be the algebra of invariant polynomial functions on the space
of 7 x r complex matrices (that is functions ® which are polynomial in the
entries of the matrices and with the property that ®(B~1AB) = ®(A), for
any matrix A and invertible matrix B). Usually the characteristic classes of
a C° complex vector bundle £ — M are defined in the Chern-Weil theory
via the Weil homomorphism,

Wg : Inv(r) — Hip(M,C).

This is for example what is done in [32] and [21|. Anyway these two alge-
bra homomorphisms are in fact equivalent since there is a natural algebra
isomorphism Sym(r) = Inv(r) which commutes with (1.1.3) and Wg. This
isomorphism is given by the identification of the s;, generating Sym(r), with
the invariant polynomial functions o; defined in Remark 1.1.3, generating
Inv(r).
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1.2 The Grothendieck group of a manifold

In this thesis we deal also with ‘virtual complex vector bundles’, which are
the elements of the ‘Grothendieck group’ of a manifold. For this reason we
recall in this section its definition. More details can be found in |7, Chap.1]]
(in which the author works in the continuous setting).

Consider an abelian monoid (9,+), that is a set 9t together with an
associative and commutative binary operation 4+ and an identity element 0.
We can associate to 91 its Grothendieck group, which roughly speaking is
the most general abelian group arising from 9t by introducing the inverses
respect to the operation. More precisely, let 91 x 991 be the abelian monoid
with the operation

(z,y)+ @ y) = @@+ y+v),

for any z,y,2',3/ € M, and let ~ be the equivalence relation on 2 x M
defined by

(2,9) ~ (2,y) <=z +y +m=2a"+y+m, forameM.
Then the Grothendieck group of 1 is the quotient
(M) = (M x M) / ~

which is an abelian group since it is an abelian monoid and moreover there
are the inverses respect to the (induced) operation. In fact, if (x,y) € K(9)
is any element then its inverse is (y, x), as

(:Ii,y)+(y,$) = ($+y7$+y) = (0,0) =0.

Observe that there is a natural monoid homomorphism u : 9 — K(9N)
given by z — (z,0) for any € 9, and that any element of K (91) can be
written as a difference of elements coming from 9,

(.CII,y) - (.ZL',O) - (y70)

If G is any other abelian group and v : 9 — G is a monoid homomorphism
then there is a unique group homomorphism +' : K(9) — G such that
v =7+"ou, given by v'((z,y)) = v(x) — v(y). This is the so-called ‘universal
property’ of K(9), which guarantees the uniqueness of K (91) for any 9.

Let now M be areal C* manifold of dimension n and let Vect(M) denote
the set of C°° isomorphism classes of C*° complex vector bundles of finite
rank over M. This set is an abelian monoid under the operation of direct
sum, thus we have the following definition.

6
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Definition 1.2.1. The Grothendieck group of a real C*° manifold M is
the Grothendieck group of Vect(M), that is K(M) = K(Vect(M)). The
elements of K (M) are called the virtual complex vector bundles on M.

Let u : Vect(M) — K (M) be the monoid homomorphism given by the
universal property of the Grothendieck group, and denote by [E] the image
under u of any E € Vect(M). By definition

[E] + [F] = [E@ F|

and any virtual complex vector bundle on M can be expressed as a difference
[F] — [E] for some E,F € Vect(M). To ease the notation, from now on we
will simply write E both for a C*° complex vector bundle and its image
under u.

1.3 Characteristic classes of virtual complex vector
bundles

In this section we recall the definition of the characteristic classes associated
to virtual complex vector bundles in the framework of Chern-Weil theory.
For this topic we refer to [9, Sec.4| (see also [36, Sec.I1.8] or [18, Chap.11]).

Let M be a real C* manifold of dimension n and let K (M) be its
Grothendieck group. We define the total Chern class of a virtual complez
vector bundle F — E € K(M) as

c(F—E)=c(F)ANc¢(E)"' € H3,(M,C).

The i-th Chern class of F — E is the component of ¢(F — E) belonging to
HZ%.(M,C) and it is denoted by ¢;(F — E). Then the characteristic class of
F — E for any symmetric polynomial ¢ is defined as

o(F—E)=P,(ci(F-E),...... ).
Clearly if ¢ is homogeneous of degree d > 0 then ¢(F — E) € H3%(M,C).

Remark 1.3.1. Suppose E is a complex vector bundle of rank r. If m > 2r
then ¢(E)~! may have components 0 # ~; € H3b(M,C) for i > r, thus
in general we do not know which is the top degree of the components of
co(F —FE).
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How could we represent these cohomological classes? Let Vg and Vg be
any C'* connections respectively on E and on F and set V®* = (Vg,Vp),
which is a sort of ‘virtual C* connection’ on F'— E. Then ¢(F — E) is clearly
the cohomological class defined by the C* differential form

o(V*) = e(VF) A c(VE)™E e Q2 (M)

and its i-th component ¢;(V*®) € Q% (M) is a representative of the i-th Chern
class ¢;(F — E), for any i« > 1. Consequently ¢(F — F) is the cohomological
class defined by the C'°° differential form

e(V®) =P, (c1(V®),...... ),
for any symmetric polynomial .
Suppose now to have a finite number of C*° connections Vgg,..., Vg

on E and Vpp,...,VE, on F, and set V§ = (Vg;,Vp;) for i =0,...,k.
In a way very similar to Section 1.1 we can construct a C*° differential
form p(V§,...,V}) for any symmetric polynomial ¢ (see [36, Sec.IL8] for
more details). Consider the complex vector bundles E x R¥ — M x R* and
F x R¥ — M x RF, and define the C* connections

a=1 a=1
and
k k
Vii - (1 ¥ ta> Vro+ YtV
a=1 a=1
over them, where (¢1,...,tx) are the standard coordinates on RF. Set Vi =

(VEt, Vi) and consider for any ¢ € Sym(r) the C* differential form ¢(V3)
on M x RF. Let A* ¢ R* be the standard k-simplex and let

L Q9 (M x A*) — QI7F(M), j>k,
denote the integration along the fiber, then similarly to Section 1.1 we define

(P(vav s 7v;> = Iy ((,0 (V;)) .

Clearly it is a (2d — k)-form whenever ¢ is homogeneous of degree d > 0 (if
2d < k it is zero by construction), moreover it is alternating in its entries
and satisfies the property

k

S (=1)p(VE, .., Ve V) A+ (D) (V5. V) =0, (13.1)
=0
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Let us conclude the section by considering the short exact sequence of C'*°
complex vector bundles over M,

0—E-%F g o (1.3.2)

Denote by £%°, F*° and G* the sheaves of C'° sections respectively of F, F
and G. Since (1.3.2) has always a C* splitting we have that F'— F = G in
K(M). Is p(F — E) = ¢(G) for any symmetric polynomial ¢ 7 The answer
is positive and is given by (i) of the Lemma stated immediately after the
following definition.

Definition 1.3.2. Let Vg, Vr and Vg be C* connections respectively on
E, F and G. We say that the triple (Vg, Vg, V) is compatible with the
sequence (1.3.2) if the following diagram is commutative,

goo o JFoo B goo

o o

Q1 (£%) 992 1 ooy 199 1 (gooy.

The following Lemma is a reformulation of [9, Lem.4.17]|, [9, Lem.4.22]
and [36, Prop.I1.8.4]. It basically follows by the existence of a C'* splitting
of (1.3.2) and by the existence of C*° connections over C'*° complex vector
bundles.

Lemma 1.3.3. Consider the short exact sequence (1.3.2). Then

(i) if Vg is a C* connection on G then there exist C> connections Vg
and V i respectively on E and F such that (Vg,VE,Va) is compatible
with (1.8.2). For such a compatible triple we have that p(V*®) = ¢(Vq)
for any symmetric polynomial ¢, where V®* = (Vg,Vp).

(ii) if Vi is another C™ connection on G and (V'y, V', Vi) is another
triple compatible with (1.3.2) then p(V*,V'®) = ©(Va, Vi) for any
symmetric polynomial ¢, where V'* = (V', V7).



1. BASICS OF THE LEHMANN-SUWA MACHINERY

1.4 The Bott vanishing theorem

The aim of this section is to state the Bott vanishing theorem, which plays a
key role in the Lehmann-Suwa machinery. Before to do it we need to recall
some definitions, in particular the one of ‘partial holomorphic connection’
on a holomorphic vector bundle. A reference for this topic is [36, Sec.IL.9].

Let M be a real C*° manifold and let E — M be any C° complex
vector bundle. If H C TcM is any C*° complex vector subbundle then we
denote by H*° the associated sheaf of C*° sections and by p : ToM — H*
the obvious projection.

Definition 1.4.1. A partial C*° connection along H C TcM on E is a
C-linear morphism
§:EF — (H®)" @ &®
such that 6(f - s) = p(df) ® s+ f-6(s) for any s € £ and f € Cfjc.
An extension of a partial C'° connection ¢ along H C TcM is a C
connection V on E such that

for any s € £ and v € H*™.

One can prove that there is always a partial C*° connection on a given
C*° complex vector bundle along a given C'* complex vector subbundle of
Tc M. Moreover an extension of a partial C'* connection always exists (see
[9, Lem.2.5]).

Consider again the short exact sequence (1.3.2), Definition 1.3.2 can be
generalized in the following way.

Definition 1.4.2. Let dg, 6 and d¢ be partial C*° connections along H C
Tc M respectively on E, F and G. We say that the triple (0g,0p,dq) is
compatible with the sequence (1.3.2) if the following diagram is commutative,

£oo o JFoo B goo

. .| N

(1)t @ 2 1L (3y00)7 @ oo ZEL (3y00)r @ oo

Then we have the following lemma, which basically follows by the exis-
tence of a C'™ splitting of (1.3.2) and by the existence of extensions of partial
C™ connections.

10
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Lemma 1.4.3. Consider the short exact sequence (1.5.2) and suppose that
d0p, 0p and dg are partial C* connections along H C TcM respectively
on E, F and G such that the triple (0g,dr,dq) is compatible with (1.3.2).
Let Vg be a C*° connection on G which extends dq. Then there exist C™
connections Vg and Vi respectively on E and F extending 0g and dp such
that the triple (Vg,Vr,Va) is compatible with (1.3.2).

If H C TcM is involutive, that is if [u,v] € H* for any u,v € H™®, we
can introduce the following definition.

Definition 1.4.4. A partial C'™ connection § along H C TcM on E is flat
if

5[u,v}(3) = 0y (0u(8)) — v (u(s)),
for any s € £ and u,v € H™.

Let now M be a complex manifold and let £ — M be a holomorphic
vector bundle. Recall that the complexified tangent bundle Tc M of M (seen
as a real C*° manifold) has a C*° direct sum decomposition

TeM = TM & TM,

where TM is the holomorphic tangent bundle of M and TM is the anti-
holomorphic tangent bundle of M, which is C'* but not holomorphic (see
[37, Sec.2.2.1]). Denote by T the sheaf of C* sections of TM and by
& the sheaf of holomorphic sections of E, which is a subsheaf of £*°. An
important example of partial C'* connection is given by the natural partial
C* connection along TM on E

b 6% — (TF) we®
with the property that d(s) = 0 for any s € £ C £%°.

Definition 1.4.5. A (1,0)-type connection on E is a C° connection on E
extending 0.

The rationale behind the name is that a C° connection on E is (1,0)-
type if and only if the entries of its connection matrix with respect to a local
holomorphic frame of E are differential 1-forms of type (1,0).

When we deal with complex manifolds M and holomorphic vector bun-
dles E — M we can introduce a very important kind of partial connection.
Let H C T'M be a holomorphic vector subbundle and let us denote, as usual,
by H the associated sheaf of C'™ sections and by H the associated sheaf
of holomorphic sections.

11
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Definition 1.4.6. A partial holomorphic connection along H C TM on E
is a partial C'*® connection

§:E° — (H®) @&
such that d(s) € H* ® £ whenever s € £ C £.

Unlike the C'*° case, if F — M is any holomorphic vector bundle and
H C T'M is any holomorphic vector subbundle then there is not in general
a partial holomorphic connection along H on E. In fact, the existence of a
partial holomorphic connection implies strong consequences, as will be clear
in the next lines. In order to better distinguish C*° and holomorphic partial
connections we will write in the following

0:&E—H"®RE

whenever ¢ is a partial holomorphic connection, although in fact § is defined
also on the C'°° sections of F.

If § is a partial holomorphic connection along H C T'M we automati-
cally have the partial C> connection § @ 0 along H @ T M. Then, as there
are always extensions of partial C'° connections, we also have a (1,0)-type
connection on E extending ¢ (which may be not unique).

Definition 1.4.7. Let § be a partial holomorphic connection along H C T M
on E. A §-connection on E is a (1,0)-type extension of d.

Remark 1.4.8. The term ‘0-connection’ is used also in [36, Sec.I1.9] but in
that case the author assumes ¢ flat.

Now we are able to state the above mentioned Bott vanishing theorem.
A proof can be found at [36, Thm.I1.9.11], moreover see [5, Thm.6.1] for a
slightly more general version about not necessarily flat partial holomorphic
connections.

Theorem 1.4.9 (Bott vanishing theorem). Let M be a complex manifold
of dimension n and H C T M an involutive holomorphic vector subbundle of
rank £ < n. Let E — M be a holomorphic vector bundle and suppose there
s a flat partial holomorphic connection § along H on E. If Vo,..., Vi are
any 0-connections on E then

@(VO,,VIC):O

for any homogeneous symmetric polynomial ¢ of degree d > n — £.

12
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In some cases we will need the following stronger version of the Bott
vanishing theorem, which actually is sligthly weaker than [36, Thm.I1.9.11].

Theorem 1.4.10 (Bott vanishing theorem, II). Let M be a complex manifold
of dimension n and H C T M an involutive holomorphic vector subbundle of
rank £ <n. Let E — M and F' — M be two holomorphic vector bundles and
suppose there are two flat partial holomorphic connections dg and 0r along H
respectively on E and F. If VEgo,..., Vi are any 0g-connections on E and
VFo,-..,VEg are any dp-connections on E, then setting V? = (VE,i, Vi)
fori=0,...,k we have that

v (Vy,..., Vi) =0

for any homogeneous symmetric polynomial o of degree d > n — £.

1.5 Cech-de Rham cohomology

In this section we briefly recall definition and basic properties of the Cech-de
Rham cohomology of a real C'* manifold, since the Lehmann-Suwa machin-
ery needs this framework. A brief reference is [36, Sec.11.3| while a detailed
one is [13, Sec.IL8|.

Let M be a real C* manifold. To define the Cech-de Rham cohomology
of M one needs to consider an open covering U = {Uy}acr of it, where
the index set I may be countable (and ordered). However for our purposes
we just need finite open coverings, so let us consider an open covering U =

{UQ,...,UN}. Set
Uio---ip = Uio Nn---NU;

for any indices i, -+ ,i, =0,...,N and any p =0,..., N, and define

Kh = @ Q1(Uig-wi,)

0<ig<-<ip<N

for any p,q > 0, where Q¢ denotes the sheaf of C-valued C*° differential
g-forms on M as in Section 1.1. Whenever Uy,...;, = ) we set Q9(Uj,..;,) = 0.
By definition any element w € K;;? has a finite number of components

13
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Wig-iy € 9(Uig...i,), and we can define the operator 9 : K} — K5,+1’q by
setting
p+1

(Dw)io---ierl = Z(_l)awio...ia...ip+l

a=0

for any w € Kl Tt is a coboundary operator, that is 9% = 0 (see [13,
Prop.8.3|), hence K;;* = @) 4>0K];? equipped with d and the exterior deriva-
tive d is a double cochain complex. Since 0 and d commute we can derive
from (K;;",0,d) a single cochain complex by setting

¢l = P K, Cfy = @200},
pta=j
and
D=v+d*: ¢ — o)t
for any j > 0, where d* = (—1)?d on K};?. Note that D? = 0 because of

the commutativity of 0 and d.

Definition 1.5.1. The cochain complex (Cj;, D) is called the Cech-de Rham
complex with respect to U and its cohomology is the Cech-de Rham coho-
mology with respect to U. We denote by H’(U,C) the j-th Cech-de Rham
cohomology group, for j > 0.

For any j > 0 there is a natural map given by restriction of C'*° differ-
ential forms, that is

V(M) —Cl =K oo K]
w— (wy,0,---,0), (1.5.1)
where wy = (w|yy, -+, w|uy) € K%, These maps commute with d and 0
for any j > 0, then they induce a homomorphism between de Rham and
Cech-de Rham cohomology which is in fact an isomorphism, as stated in the
following theorem (see [13, Prop.8.8] for the proof).
Theorem 1.5.2. The restriction map (1.5.1) induce an isomorphism

H?.(M,C) — H'(U,C),

for any 7 > 0.
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The Cech-de Rham complex can be endowed with an analogous of the
wedge product, that is with the cup product Cj, x Cf, — Czjfk defined by

p
(w ~— T)l()'ip = Z(_l)(]fa)(pfa)wloza /\ Ti(x"'ip?

a=0

for any w € C’g{, T E C’Z'j and j,k > 0. This operation passes on the coho-
mology so we have a well-defined cup product

H/(U,C) x H*(U,C) — HITFU,C) (1.5.2)

for any j,k > 0, which is obviously compatible with the wedge product A in
de Rham cohomology under the isomorphisms of Theorem 1.5.2.

Example 1.5.3. In order to fix the ideas we make explicit the simple case
U = {Uy,U;}. In this case

Cly = QI (Up) ® Y (Uh) @ V1 (Uor)

for any j > 0, then a cochain w € C’gl is a triple w = (wp,w1,wo1) and the
Cech-de Rham differential D acts in the following way

D(wo,w1,wo1) = (dwp, dwr,w; —wp — dwot) -
The cochain map (1.5.1) is given by the restriction
w — (wluy, wley, 0)

for any w € C&, and the cup product is given by

w — T =(wo,w1,wo1) — (70, 71,T01) =

= (wo A To w1 A1, (—1) wg A o1 + wor A 7'1) ,
foranwaCj,TECZ]fl and j, k > 0.
Consider now for any j > 0 the natural projection

O, — Y (Uy)

and define C’g{(Uo) = ker(m). It is easy to check that Dw € CZJfl(Uo)
whenever w € Cg,(Uo), that is (CZ}(U()) = @jZOCZI(UO),D) equipped with

D is a cochain (sub)complex.
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Definition 1.5.4. The cochain complex (Cj;(Up), D) is called the relative
Cech-de Rham complex with respect to U and Uy and its cohomology is the
relative Cech-de Rham cohomology with respect to U and Uy. We denote by
HI (U, Uy, C) the j-th relative Cech-de Rham cohomology group, for j > 0.

Observe that the obvious inclusions and projections induce the following
short exact sequence of cochain complexes
0 — Gy (Uo) = Cfy % Q*(Up) — 0,

hence by a general result in homological algebra (see [22, Thm.I1.2.1]) we
have the long exact sequence in cohomology

coo s H N Uy, C) — H (U, Uy, C) — H’ (U, C) — H)p(Up,C) — - --
Recall the similar long exact cohomology sequence for the pair (M, Uy)
oo — HI7Y Uy, C) — HY (M, Uy, C) — HI(M,C) — H’(Uy,C) — - --

where H’(M,C) and H’(Ug, C) denote the j-th singular cohomology groups
of respectively M and Uy, and H’(M, Uy, C) denotes the relative j-th sin-
gular cohomology group of M with respect to Uy. Pairing these two long
exact sequences, we get by Theorem 1.5.2, by the classic de Rham theorem
(see |21, Sec.0.3]) and by the Five lemma (see [22, Ex.1.2]) the following
proposition.

Proposition 1.5.5. There is a natural isomorphism

ot

H](Mv U(]vC) — HJ(“? U07C)7
for any 5 > 0.

Let us conclude the section by considering the simple case U = {Uy, U1 }.
In this case the cup product in relative Cech-de Rham cohomology with
respect to U and Up is given by

W~ T= (0,&11,&)01) — (0,7’1,7’01) = (0,&)1 N T1,wo1 /\7'1)7

for any w € CJ(Up), 7 € Ck(Up) and 5,k > 0. The right hand side de-
pends only on wi, woi and 71, then we have a product Cy,(Up) x OrU) =
C’i{Jrk(Uo) and, passing on the cohomology, the product

HY(U, Uy, C) x HEp(Uy,C) = HIYF (U, Uy, C), (1.5.3)

for any j,k > 0. We will need this product in the following sections.
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1.6 Characteristic classes in Cech-de Rham coho-
mology

The Lehmann-Suwa machinery works in the Cech-de Rham framework since
it allows to represent characteristic classes in very convenient ways. We
dedicate this section to review the topic and refer to [24] and [36, Sec.IL.§|
for more details.

Let M be a real C*° manifold, let & = {Uy,...,Un} be an open covering
of M and let E — M be any C*° complex vector bundle of rank r. Recall that
in Section 1.1 we have introduced the C*° differential form ¢(Vo,..., Vi)
associated to a finite number of C° connections Vy,...,V on E and a
symmetric polynomial ¢ € Sym(r), satisfying property (1.1.2).

Consider any C*° connection V; on the bundle E|y, for i =0,..., N and
let Vi, = (Vo,..., V) denote this collection of C* connections. Observe
that for any indices 0 < g < --- < 4 < N the restrictions of V;,,...,V;,
to Us...i;, are C°° connections over E|Ui0~~ik' Thus we can associate to any
symmetric polynomial ¢ € Sym(r) the Cech-de Rham cochain o(Vy) €
CZr = @500, defined by

‘P(v*)io-"ik = (P(Viov R vik)

for any indices 0 < ig < -+ < iy < N and any kK = 0,...,N. Clearly if ¢
is homogeneous of degree d > 0 then ¢(V,) € CZZ. By the very definition
of D and by property (1.1.2) it follows that Dyp(V.) = 0, moreover if V/, =
(Vb - .., V'y) is another collection of C*° connections on E|yy,, . .., E|y, then
there exists an element 7 € CZ* such that

p(V.) — (V) = Dr.

As a consequence, (V) and ¢(V,) give rise to the same cohomological class
and we define the characteristic class of E for the symmetric polynomial
in Cech-de Rham cohomology by

o (B.U) =[p(V.)] € H*U,C) = P HYU,C),

Jj=0
where V, = (Vo, ..., V) is any collection of C* connections on the bundles
Elvy, ..., Eluy- As we would expect this definition is coherent with the one

recalled in Section 1.1 in de Rham cohomology, that is ¢(E) corresponds to
©(E,U) under the isomorphisms of Theorem 1.5.2. For this reason from now
on we will use the same notation ¢(E) both in de Rham and Cech-de Rham
context.

17



1. BASICS OF THE LEHMANN-SUWA MACHINERY

Example 1.6.1. Focus again on the simple case U = {Up,U;} to better
understand the general case. Let Vo and Vi be any C'* connections re-
spectively on E|y, and E|y, and set V, = (Vo, V1). For any ¢ € Sym(r)
homogeneous of degree d > 0 we have that

e(V.) = (0(Vo), 0(V1),0(Vo, V1)) € CZ

and by definition of D, property (1.1.2) and recalling that de(Vy) =
de(Vi) =0

Dy(V.) = (de(Vo),de(V1),¢(V1) — ¢(Vo) — de(Vo, V1))
= (0,0,0).

Let now V|, and V] be other C* connections respectively on E|y, and E|r,
and set V/, = (V{, V}). Then by (1.1.2) again

(Vi) — (Vi) =
= (2(Vo) — ©(Vo), (V1) — ¢(V1), o(Vo, Vi) — ©(Vo, V1))
= (dp(Vo, Vo), dp(V1, V1), ¢(V1, Vi) = ¢(Vo, V)
—dp(V1, Vo, V1) — de(V1, Vo, Vi) ,

hence (V') — ¢(V.) = D7 where 7 € CZ*~! is (for instance)
T = (‘P(V07 V6)7 @(Vla vll)a gD(Vl, Vo, v/l) + @(Vh Vo, Vf))) :

The characteristic classes of a virtual complex vector bundle FF — FE €
K (M) are represented in Cech-de Rham cohomology in a very similar way.

Suppose to have two collections of C*° connections Vgg,..., Vg and
VFEo,-.., VEy respectively on £ and F' and consider the associated ‘virtual
C* connections’ V§ = (Vg,;,Vp;) on F—E fori=0,...,k. Recall by Sec-
tion 1.3 that we can define the C*° differential form p(V§, ..., V}) satisfying
property (1.3.1). In sight of this we can work exactly as just done above.
Hence choose any C*° connections Vg; on El|y, and any C* connections
Vrion Fly,, fori=0,...,N. Set V? = (Vg,;,VE;) fori =0,..., N and let
Ve = (V},..., VY ) denote this collection of ‘virtual C* connections’. We
associate to any symmetric polynomial ¢ the element ¢(V?) € CZ* defined
by

¥ (v;)zozk =¥ (V;O, e ,V;k)

for any indices 0 <49 < --- < i < N and any k =0,..., N. Note that if ¢
is homogeneous of degree d > 0 then clearly p(V?) € Cf{d. Arguing as above
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we can define the characteristic class of F'— E for the symmetric polynomial
@ in Cech-de Rham cohomology by

o (F—E,U) =[p(V2)] € H*U,C) =P HY U,C),
7=>0

where V§ = (V],..., VY ) is any collection of ‘virtual C* connections’ for
F —FE on Uy,...,Ux. As we would expect this definition is coherent with
the one recalled in Section 1.3 in de Rham cohomology, that is ¢(F — E)
corresponds to o(F — E,U) under the isomorphisms of Theorem 1.5.2. For
this reason from now on we will use the same notation ¢(F — E) both in de
Rham and Cech-de Rham context.

1.7 Integration in Cech-de Rham cohomology

In this section we review the integration in Cech-de Rham cohomology since
we need this tool to reformulate the Alexander and Poincaré homomorphisms
in Cech-de Rham framework, as we will do in the next section. What follows
was developed by Lehmann mainly in [24] and [26] (see also [36, Sec.IL.3]).

Let M be an oriented real C'*° manifold of dimension m and, as usual,
refer to the notation already introduced. Let U = {Uy,...,Un} be an
open covering of M and call mazimal a set of indices {ig, ..., 7} such that
Uig-irj 7 0 implies j € {ig,..., i} for any 0 < j < N.

Definition 1.7.1. A system of honey-comb cells adapted to U is a collection
{Ry, ..., Ry} of real C*° submanifolds of M of dimension m with piecewise
C® boundaries in M such that

(a) M = UfioRi and R; C U; for any i =0,...,N,
(b) IntR; NIntR; = 0 if i # j,

(c) if Uiyip, # 0 then Ry..;y = NE_ R, = NE_ OR;, is a real C> sub-
manifold of M of dimension m — k with piecewise C'* boundary in
M,

(d) if {io,...,ix} is maximal then R;,...; has no boundary,

(e) R; has the same orientation as M and the boundary OR; has the ori-
entation induced by R; (see [13, Sec.L.3]) for i =0,..., N,
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1. BASICS OF THE LEHMANN-SUWA MACHINERY

(f) aRlolk = Z];ﬁlo,,lk RZO@k]’

(g) if p is a permutation then R; = signp - Rig...iy.-

p(0)""Fp(k)

Conditions (e), (f) and (g) define the rules for the orientation of the sub-
manifolds R;,...;, -

One can prove that there is always a system of honey-comb cells adapted
to a given open covering U (see [26]).

Let {Ro,..., Ry} be any system of honey-comb cells adapted to U and
assume M compact, so each R;,..;, is also compact. We define the integration
Jy - Ciff — C by setting

[ S S A

k=0 0<ip<--<ipr <N Qi

for any w € Cj}'. One can prove that if Dw = 0 then this definition does
not depend on the choice of the system of honey-comb cells, and that if
w = D7 for any 7 € C’Z,”fl then fuw = 0. Thus the integration passes on
the cohomology,

/ : H™(U,C) — C. (1.7.1)
u

This Cech-de Rham integration is compatible via the isomorphisms of The-
orem 1.5.2 with the usual integration [,, : Hj;(M,C) — C in de Rham
cohomology. For this reason from now on we will use the same symbol [},
both in de Rham and Cech-de Rham context.

Suppose now that M may be not compact and let X C M be a compact
subset. Consider the simple covering U = {Up, U1} where Uy = M — K and
Uy C M is any open neighborhood of K and let {Rp, R1} be a system of
honey-comb cells adapted to U. Since M is not compact we do not have
integration (1.7.1), but as IntR; D K we can assume R; compact and then
we can define the integration [, : G/} (Up) — C by setting

M R1 8R1

for any w = (0, w1, wo1) € Cjf'(Up). As before one can prove that the integra-
tion passes on the cohomology, hence in this setting we have the integration
operator

/ . H™(U, Uy, C) —> C. (1.7.2)
M
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In the next chapters we will be most interested in complex manifolds of
(complex) dimension n, which in particular are orientable real C°° manifolds
of (real) dimension m = 2n. If M is a compact complex manifold we can
of course integrate C*° differential 2n-forms over it, but in fact we can do
something more. Indeed if S C M is a possibly singular compact analytic
subvariety of pure dimension s < n then it is well defined the integration
over S of C* differential 2s-forms defined in a whole open neighborhood
U C M of S (see [29]),

/ : H33(U,C) — C. (1.7.3)
S

We can reformulate also this kind of integration in the Cech-de Rham frame-
work in the following way. Let U = {Uy,...,Un} be an open covering of an
open neighborhood U C M of S and let {Ry, ..., Ry} be a system of honey-
comb cells adapted to U such that S is transverse to each R;...;,. Since each
Rio---ik = R;,..;;,NS is compact we can define the integration fzms : C’gf — C
by setting

for any w € ij’. Also in this case the integration passes on the cohomology,

/ :H*(U,C) — C. (1.7.4)
uns

This integration is compatible via the isomorphisms of Theorem 1.5.2 with
(1.7.3), for this reason from now on we will use the same symbol [ both in
de Rham and Cech-de Rham context.

Let now S be possibly not compact and let K C S be a compact subset
containing the singular set Sing(S). Let Uy C M be an open neighborhood
of S— K (we may choose it to be a tubular neighborhood since S — K is non-
singular), let Uy C M be an open neighborhood of K and set U = Uy U Uy,
which is an open neighborhood of S in M. Consider the open covering
U = {Uy, U1} of U and let { Ry, R1} be a system of honey-comb cells adapted
to U such that Int Ry O K, R; is compact and the boundary 0R; is transverse
to S. Since Ry = Ry NS and Ry = —OR; are compact we can define the
integration [ : CZF(Uy) — C by setting

[o= o[y
S Ry AR,
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for any w = (0,wr,wo1) € C&F(Up). Again it induces the integration on the
cohomology level, hence in this setting we have the integration operator

/ . H(U, Uy, C) —> C. (1.7.5)
S

1.8 Alexander and Poincaré homomorphisms in
Cech-de Rham cohomology

In this section we reformulate the Alexander and Poincaré homomorphisms
in the Cech-de Rham framework making use of what we have recalled in
Section 1.5 and 1.7. We say homomorphisms instead of dualities since we
will consider also the ‘singular case’, in which we don’t have isomorphisms
in general. For the ‘non-singular case’ the reader can refer to [36, Sec.IL.3]
(see also [24]), while for the ‘singular case’ to [36, Sec.VI.4|. Another basic
reference is [17].

Let us start with the ‘non-singular case’. Let M be a compact oriented
real C° manifold (for example a compact complex manifold) of dimension m
and let U = {Up,...,Un} be any finite open covering of M. By composing
the cup product (1.5.2) with the integration (1.7.1) we obtain a bilinear
pairing

H/ (U,C)x H™ 7 (U,C) — C

for any j = 0...,m. Since it is non-degenerate we have an isomorphism
Py Hi(U,C) = H™ I (U,C)*

for any 7 = 0...,m, which we call the Poincaré duality in Cech-de Rham
cohomology. By the isomorphisms of Theorem 1.5.2 and the classic de Rham
theorem we can rewrite Py in a way more useful for our purposes,

Py : H (U,C) = H,,_;j(M,C) (1.8.1)
for any j =0...,m, where Hy,_;(M,C) denotes the (m — j)-th singular ho-
mology group of M. This form is quite similar to the classic Poincaré duality,

in fact composing 4 on the left with the isomorphisms of Theorem 1.5.2 we
get exactly the classic Poincaré duality Py @ Hjp(M,C) — Hy,—j(M,C),
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j=0,...,m (see [13, Sec.I.5|). For this reason from now on we will use the
symbol PM instead of Py also in the Cech-de Rham context.

Suppose now that M may be not compact and let K C M be a compact
subset. Set Uy = M — K, let Uy C M be any open neighborhood of K and
consider the open covering U = {Uy, U }. By composition of the cup product
(1.5.3) with the integration (1.7.2) we obtain a bilinear pairing

HY (U, Uy, C) x HJ 7 (U;,C) — C

for any j = 0...,m. Again, since it is non-degenerate we have an isomor-
phism

Ay« H) (U, Uy, C) — Hypp? (U1, C)* = Hy,; (U, C)
for any j = 0..., m, where the isomorphism on the right hand side is due

to the classic de Rham isomorphism. We call Ay i the Alezander duality in
Cech-de Rham cohomology. If K admits a regular neighborhood U; (which is,
in particular, of the same homotopy type of K) we have that H,,_;(U;,C) =
H,,—j(K,C) and then we could rewrite the Alexander duality as

Ay : H U, Uy,C) = H,j (K, C) (1.8.2)

for any 5 = 0...,m. Such a regular neighborhood exists, for instance, if
M is a complex manifold and K C M is a compact analytic subvariety.
Composing Ay, i on the left with the isomorphisms of Proposition 1.5.5 we
get the classic Alexander duality Ay : H/ (M, M — K,C) — Hp,—;(K,C),
j=0,...,m (see for example [18, Sec.1.5|). For this reason from now on we
will use the symbol Ak instead of Ay i also in the Cech-de Rham context.

Let us now treat the ‘singular case’. Let M be a complex manifold
of dimension n and let S C M be a possibly singular compact analytic
subvariety of pure dimension s < n. Let U C M be an open neighborhood
of S and consider any open covering U = {Uy, ...,Un} of U. By composition
of the cup product (1.5.2) with the integration (1.7.4) we obtain a bilinear
pairing

H7 (U,C) x H*77(U,C) — C

for any j =0...,2s. In this case we have ‘only’ a homomorphism
Pyns : H (U,C) — H*77(U,C)*

for any j = 0...,2s, which we call the Poincaré homomorphism in Cech-
de Rham cohomology. Observe that H?*~J (U,C)" = Hflf{j(U, C)* =
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Hjs_;(U,C) by the isomorphisms of Theorem 1.5.2 and the classic de Rham
theorem. Moreover if we assume U C M to be a regular neighborhood
of S (we can do it as S C M compact analytic subvariety) we have that
Hys_j(U,C) =2 Hys—j(S,C), thus we can rewrite Pyng as

Pyns : Hj (U>C) — HZS*]' (57 (C) (183)

for any j = 0...,2s, where Hos_;(5,C) denotes the (2s — j)-th singular
homology group of S. Composing Fyns on the left with the isomorphisms
of Theorem 1.5.2 and observing that H),(U,C) = HI(S,C) because U is
a regular neighborhood of S, we get the classic Poincaré homomorphism
Ps : HI(S,C) — Has—j(S,C), j =0,...,2s (see [17]). For this reason from
now on we will use the symbol Pg instead of Pyng also in the Cech-de Rham
context.

Suppose now that S may be not compact and let K C S be a compact
subset such that Sing(S) C K. Let Uy C M be an open neighborhood of
S — K and let Uy C M be an open neighborhood of K, then set U = Uy UU;
and consider the open covering U = {Up, U1} of U. By composition of the
cup product (1.5.3) with the integration (1.7.5) we obtain a bilinear pairing

H? (U, Uy, C) x Hay? (U1,€) — C

for any j = 0...,2s. As before, also in this case we have ‘only’ a homomor-
phism

AUHS,K : Hj (Z/{, U07 C) — Hs;_] (Ul,(C)* = HQS—j (Ulv (C)

for any j =0...,2s, where the isomorphism on the right hand side is due to
the classic de Rham isomorphism. We call Ayns x the Alezander homomor-
phism in Cech-de Rham cohomology. If K admits a regular neighborhood
Uy then Hos— (U, C) =2 Hys—j(K,C) and we can rewrite Ayng x as

Auns i : H (U, Uy, C) — Has—j (K, C) (1.8.4)

forany j =0...,2s. Suppose then that Uy C M is a regular neighborhood of
K, moreover note that we may assume without loss of generality that Up is a
tubular neighborhood of S — K (since it is non-singular). With these choices
U = UyUU; is a regular neighborhood of S and one can prove (using the Five
lemma) that H7 (U, Up) = H’(S, S — K) for any j > 0. By this remarks and
composing Ayns k on the left with the isomorphisms of Proposition 1.5.5 we
recover the classic Alexander duality Agx : H/(S,S — K) — Has—;(K,C),
j=0,...,2s (see [17]). For this reason from now on we will use the symbol
Ag i instead of Ayns i also in the Cech-de Rham context.
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1.9 How to get index theorems

We conclude this chapter by outlining the basics of the Lehmann-Suwa ma-
chinery, the main tool we will use in Chapter 3 and 5. This machinery is
based on the representation of characteristic classes in Cech-de Rham coho-
mology, on the Alexander and Poincaré homomorphisms and on the Bott
vanishing theorem (or, more generally, on vanishing theorems about charac-
teristic classes). The reader can refer to [36, Sec.II1.3] and [36, Sec.VI.4| for
what will be explained in this section (see also [3]).

Let M be a compact complex manifold of dimension n and let K € M
be a compact analytic subvariety. Set Uy = M — K, let Uy C M be a regular
neighborhood of K and consider the open covering U = {Up, U1} of M. By
Alexander and Poincaré dualities (1.8.2) and (1.8.1) we have the following
diagram

HI (U, Uy,C) —— HI (Y, C) (1.9.1)

for any j = 0,...,2n, where ¢* is induced by the inclusion of cochain com-
plexes +* : C}(Uyg) — Cj;, and i, is induced by the topological inclusion
i: K — M. The key point is that (1.9.1) turn out to be commutative (see
[36, Prop.I1.3.11]). As a consequence, if for any reason we are able to lift a
w € H/(U,C) to a cocycle wx € HI (U, Uy, C) such that 2*(wg) = w then we
get the formula

Ty (AMJ( (WK)) =Py (w) )

which relates homological classes of M. In this case we call wg the localiza-
tion of w at K and the homological class Ay i (wk) is the residue of w at
K. If K = UyK) is the decomposition in connected components then clearly
Hy,—j(K,C) = @)yHap—;(Ky,C) and accordingly Ay g (wg) decomposes in
a finite sum of components. We denote these components by Res(w, K))
and we call them the residues of w at K) for any A. The previous formula
becomes then
> iRes(w, Ky) = Py (w)
A

and we get an index theorem (according to the definition given in Introduc-
tion). The most interesting case for our aims is when w € H?*(U,C), that is
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1. BASICS OF THE LEHMANN-SUWA MACHINERY

when we deal with top degree characteristic classes. In this case the previous
formula may be rewritten as

; Res(w, K) = /M o,

where Res(w, K) € C for any A.

As we said, we obtain index theorems whenever we are able to lift
cohomological classes (typically characteristic classes) from HJ(U,C) to
H)(U,Uy,C). However given a w € HI(U,C) its localization wg €
H7(U,Uy,C) may be not unique in general and clearly any choice of wg
gives rise to a different index theorem and different residues. Instead an in-
dex theorem is useful if we find a “good” lifting which is in particular unique
(and if we are able to compute the residues). A typical situation is when
there exists a ‘geometric object’ § (vector field, connection, foliation, etc.)
over the manifold M which guarantees the vanishing of a specific family of
characteristic classes outside its ‘singular set’ K C M, thanks to a vanishing
theorem. In this case any w belonging to the family can be represented by a
unique Cech-de Rham cocycle of the kind

[(0, wy,wo1)] € H(U,C)

and then we can lift w to H’ (U, Uy, C), where Uy = M — K, gaining an index
theorem as just explained. The localization of w at K and hence the residues
will keep memory of the properties of 6, which is the “reason” why we can
lift w. Instead on the right hand side of the formula of the index theorem
there will be something indipendent from 6, and this is one of the reasons
why index theorems are interesting and useful.

Example 1.9.1. Let M be a compact complex manifold of dimension n and
let E — M be a holomorphic vector bundle of rank r. We know by Section
1.6 that for any ¢ € Sym(r) we can represent the characteristic class p(E)
in Cech-de Rham cohomology by

p(E) = [(¢(Vo), ¢(V1), ¢(Vo, V1))] € H** (U, C),

where U = {Up, Uy } is any open covering of M and Vy and V; are any C*
connections respectively on F|y, and on E|y,.

Suppose that outside a compact analytic subvariety K C M, that is on
Uy = M — K, there are a holomorphic line subbundle Fy C T'M |y, and a flat
partial holomorphic connection dg along Fy on E|y, (the ‘geometric object’).
By Theorem 1.4.9, the Bott vanishing theorem, we have that p(Vg) = 0
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for any dp-connection Vo on E|y, and for any homogeneous ¢ € Sym(r) of
degree d = n. Let Uy C M be a regular neighborhood of K and consider the
open covering U = {Uy, U1 }. For any ¢ € Sym(r) of degree d = n we can
then localize the characteristic class p(FE) € H**(U,C) to

o(E, K, Vo) = [(o,gp(vl),@(%,vl))} e H2(U, Uy, C),

where V; is any C™ connection on E|y,. Observe that o(E, K, Vy) keeps
memory of Jp since it depends on a dp-connection. Moreover one can prove
that this localization does not depend on the choices of Vg and V; (see |36,
Lem.II1.3.1]). Hence we get the index theorem

XA: Res,(E, K)) = /M o(E)

for any ¢ € Sym(r) homogeneous of degree d = n, where K = U)K, is the
decomposition in connected components and Res, (E, K) € C is the residue
of p(E) at K for any A. See |36, Thm.I11.3.5] for a general index theorem
which implies the one just explained.

Assume now that M may be not compact and that there is a possibly
singular compact analytic subvariety S C M of pure dimension s < n. Let
K C S be a compact analytic subvariety of S such that Sing(S) C K (it
will be typically the union of Sing(S) with the ‘singular set’ of a ‘geometric
object’ defined over S —Sing(S)). Let Uy C M be a tubular neighborhood of
S — K and let U; C M be a regular neighborhood of K, then we can assume
that U = UgUU; is a regular neighborhood of S. Consider the open covering
U ={Uy, U1} of U. As well as in the ‘non-singular case’, by Alexander and
Poincaré homomorphisms (1.8.4) and (1.8.3) we have the following diagram

Hi (U, Uy, C) —“— HI (U,C) (1.9.2)

o r|

Has_; (K,C) —2= Hy,_; (S,C)

for any j = 0,...,2s, where i, is here induced by the topological inclu-
sion ¢ : K < §. Again the diagram turn out to be commutative (see |36,
Prop.V1.4.4]) and we obtain an index theorem whenever we are able to lo-
calize a cocycle w € HI (U, C) at K, that is to lift w to a wx € H? (U, Uy, C).
In particular, if we deal with cohomological classes w € H?*(U,C) we get
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formulas as

Snete - [

where K = LK) is the decomposition in connected components and
Res(w, K)) € C is the residue of w at K) for any A\. A slight difference
respect to the ‘non-singular case’ is that in this setting one uses to localize
characteristic classes of C* or virtual complex vector bundles defined on a
whole neighborhood of the variety, while in the ‘non-singular case’ one deals
with bundles defined on the variety. Examples of general index theorems in
the ‘singular setting’ are [36, Thm.IV.2.4] and |36, Thm.VI1.4.8|.
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Chapter 2

Holomorphic foliation induced
by a pair (f,g)

The original part of the thesis starts with this chapter. From now on M is
a complex manifold of dimension n and S C M is a possibly singular glob-
ally irreducible analytic hypersurface with regular part S’ = S — Sing(S).
We denote by T'M the holomorphic tangent bundle of M and, if S is non-
singular, by T'S and Ng respectively the holomorphic tangent bundle and
the holomorphic normal bundle of S. The corresponding sheaves of holo-
morphic sections are denoted respectively by Ty, Ts and Ns. The sheaf of
holomorphic functions on M is denoted by Ops and its subsheaf of holomor-
phic functions vanishing on S is denoted by Zg. For the sake of simplicity
we shall denote a germ of holomorphic function at some point and any local
representative of it by the same symbol.

In this chapter we start to consider a pair (f, g) of distinct holomorphic
self-maps of M, that is f,g : M — M, with the property that f|s = g|s
and (from Section 2.2) that one of the two maps is a local biholomorphism
over an open neighborhood of S’. We show that assuming a local property
on the pair (f,g) or a geometric property on S’ we are able to obtain a
1-dimensional holomorphic possibly singular foliation over S’.

2.1 Order of coincidence of a pair (f,g)

Let p € S be any point. Observe that for any germ h € Oy y(,) we have the
well-defined germ ho f —hog € Zg,,.
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

Definition 2.1.1. For any h € Oy y(, define

Vi (h) =max{veNst. hof—hogeTg,}.

We call the number
V?g = min {V‘Tf),g(h), for h € OM,f(p)}

the order of coincidence of (f,g) at p along S.

Let (w!,...,w") be any local holomorphic coordinates at f(p) = g(p)
and set f/ = w/o f and ¢ = wfog for any j = 1,...,n. For any germ
h € Oy, p(p) we have the fundamental relations

- ; ; oh 208
hof—hog= Z (f7—¢’) <8wj og) <mod IS’;"’)

j=1
n . . 0 P
=> (-4 <8£j o f> (mod I;I;”g> : (2.1.1)
j=1

In fact by Definition 2.1.1 we have that

J J J vy
— g
fl—¢g =5 ¢ I,

and ok .
_— o Vg
owJ °f owI °9 € ISJ’

for any j = 1,...,n, hence

hof—hog="h(g' +s',...,9" +5") —h(g",..., ")

n

1 . 9%h
- Jok Y0
+5 2 G

_ Zn: gl ﬂ + ..
j=1 0w |(g1,....gm) Jk=1 (g"59™)
= . Oh ?
= Fl(fj ~9) 5.7 °9 <mod I, g)
- . Oh 2v
=30 = g o (moa 757,

where the second row is given by the Taylor expansion of h at f(p) = g(p).

Lemma 2.1.2. Let p € S be any point. Then
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2.1. Order of coincidence of a pair (f,g)

(i) if (w',...,w™) are any local holomorphic coordinates at f(p) = g(p)
then
Vi, = min{u;”g(wl), . .,y?,g(w”)} :
(i) for any h € Oy g¢py the function
q— v}, (h)
s constant in a neighborhood of p in S.

(iii) the function
P
p— v,
is constant on S.
Proof. (i) By Definition 2.1.1 we have V?g < min {Vﬁg(wl), e ,V]e’g(w”)}
and by (2.1.1) we have the reverse inequality.
(ii) Let h € Oppp(p) be any germ and let {y',...,7'} be any set of
generators of Zg,. Then

hof—hog= > Al

[1]=vP (k)

where I = (i1,...,4;) € Nt is a multi-index, |I| = i1 + --- + 4, 7 =
(vh)i -+ (%) and ¢; € Oprp. This equality clearly holds in a neighbor-
hood of p by definition of germ and since Zg is a coherent Op;-module the
v’s are generators of Zg , for points ¢ close enough to p. Moreover by defini-
tion of /% (h) there must be an index Iy such that ¢j, ¢ Zg,, thus ¢j, ¢ Zg,
for all ¢ € S close enough to p. Then the assertion follows.

(7i7) By (¢) and (i7) the function p — y?g is locally constant on S. Then
it is globally constant since S is connected. O

As a consequence of (ii7) the following definition makes sense.

Definition 2.1.3. The order of coincidence of the pair (f,g) along S is the
number vy, = y?g for any point p € S.

Example 2.1.4. Let f,§: C* — C" be a pair of (germs of ) holomorphic self-
maps both fixing the origin 0 € C™ and such that df]o = dglo is invertible.
As mentioned in Introduction, we get an interesting example by lifting f and
g to the blow-up 7 : M — C" of C™ at 0. In fact it is well-known that there
exist unique liftings f,g : M — M such that wo f = forandmog=gom
(see [1, Prop.2.1] for details), and they coincide on the exceptional divisor
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

S =7r10) = IP’%_1 because they both act on S as df|o = dglo. Moreover
fls = gls : S — S is a biholomorphism since d f|y = dglo is invertible.

In this example we want to understand how the order of coincidence of
f and g along S is related to the constant o defined as follows. Let z =
(Z1,...,2") be the canonical coordinates of C", since dg|o is invertible there
exists an open neighborhood U € C" of 0 such that gl is a biholomorphism
onto W = §(U). Then consider the coordinates @ = 0§~ = (@',...,a")
over W and set fj =) of and ¢/ = @/ o § for any j = 1,...,n. Observe
that with this choice of coordinates clearly f7 = 270 §g~'o f and §/ = 7 for
any j = 1,...,n. By the equality df|o = dg|o it follows that

f—g=> Pj,....2"

for any j = 1,...,n, where the ]55 are homogeneous polynomials of degree
d > 2 in the coordinates Z. Let us define the numbers

7 :min{dz 2 s.t. ]53 790}
for any j = 1,...,n, then v is defined as
7 =min {7',..., 0"},

Clearly v > 2 and it is a sort of ‘order of coincidence’ of f and g at 0. Note
that B B
g|w,1(l~]) s YWU) — 7 Y (W)

is a biholomorphism since g| : U — W is a biholomorphism and mog = o,
and recall that any system of holomorphic coordinates of C™ centered at 0
induces canonically n local holomorphic charts over the blow-up M which
cover S. We denote by (Uj, z;) and (W;,w;) the local holomorphic charts
induced on M respectively by (U,%) and (W,®), for j = 1,...,n. By
definition

n

Uui=~"10) and Uw;=="tw),
j=1 j=1

moreover one can easily check that g(U;) = W, and w; = zjog~! for any j =
1,...,n. For the sake of simplicity set now (U, z) = (Uy, z1) and (W, w) =
(Wi, wr), with 2 = (z1,...,2") and w = (w',...,w"). We compute v/
for one point p € U N S since it is automatically vf, by Lemma 2.1.2. Set
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2.1. Order of coincidence of a pair (f,g)

f/ =wiofand ¢/ = w/ ogfor any j = 1,...,n, and note again that
fl=2o0gto f and ¢/ = 27 by the remarks Just done. Recalling that by
definition Z!' = 2! and 27 = 2'2J for any j = 2,...,n, and similarly for the
coordinates w and w, one can check that

i CR 0 = A AL SR L
and
fj(Zl Zn) f](Z le 1 n)
T izt 2 z2 ,2hzm)
_z 'z +Zd>2( DAP(1,22,...,2")
21+Zd22( )dpj(azw"azn)

for any j = 2,...,n. It follows that

and

1,5 1\d pJ 2 n
fj—gj:fj—zj :z z +Zd22(z )~Pd(1,z 4 ) _Zj
z! +ZdEQ(Zl)dP(%(LzQ?...,z”)
2+ ZdEQ(Z’l)d_IIE’j(l, 22,2
1+ Zdzz(zl)dflpj(l, 22 ..., 2")
Sama(FIT | PI(1, 2%, 2 — 2T PY(1, 2%, 2T
1+ Zdzz(zl)d_lpj(l, 22 ..., 2")

—

for any j = 2,...,n. Since z! is a local generator of Zg we have that
V?yg(wl) = ! and

yﬁvg(wj) = min {d > 2 s.t. Pj(l,zQ, L2 = 2P, 2R ) £ 0} -

for any j = 2,...,n, which implies that l/?,g(wj) > min{#!, 77} — 1 for any
J=2,...,n. Then we gain the relation vy, > v — 1.

We conclude this example by noting that since g is locally invertible at 0
one may consider also the holomorphic map §~' o f over an open neighbor-
hood of 0, which clearly fixes 0. By the choice of the coordinates @ = 0§~ *
it follows that

fl-g =305 of %
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

for any j = 1,...,n, hence the number ¥ coincides with the order of g=' o f
at 0. Since d(§'o f)|o = Id, the lifting of g~ o f to the blow-up 7 : M — C"
fixes pointwise the exceptional divisor S C M. Therefore we have the ‘order
of contact’ of this lifting with S (see [4, Def.1.1]) and one might ask how it
relates to vf,. Observe that the lifting of g~ o f is exactly g~' o f and if
(U, z) and (W, w) are the local holomorphic charts over M introduced just
above then

fleg =2 oglof—2

for any j = 1,...,n. Then by the very definitions it follows that v -1, =
vf.g, and moreover we recover the relation vg-1,y > v — 1 already showed in

[4, Ex.1.2].

2.2 The canonical section associated to a pair (f, g)

Since f|s = g|s, there is a well-defined morphism of holomorphic vector
bundles

df — dg : Ngt —> (f*TM)‘S/ (221)

given on the fibers by [v] — d f|,(v) —dg|,(v), for any [v] € Ng/, and p € S’
We point out that in general f*T'M # ¢*TM but clearly (f*TM)|ls =
(¢*TM)|s. From now on suppose that one of the maps of the pair, say g,
is a local biholomorphism over an open neighborhood of S’ or equivalently
dglp : TyM — Ty, M is an isomorphism of complex vector spaces for any
p € S’. Under this hypothesis we have also the isomorphism of holomorphic
vector bundles

dg‘s/ . TM‘S/ — (f*TM) |S/
and composing (2.2.1) with the inverse dg|g' we obtain
dglg' o (df — dg) : Ny — TM|g.. (2.2.2)

Observe that this last morphism can be seen as a holomorphic section of
Ng ® TM|g, then we want to express it respect to a local holomorphic
frame of that bundle. To this end, it is useful to consider only certain kinds
of local holomorphic charts of M.
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2.2. The canonical section associated to a pair (f,g)

Definition 2.2.1. Let M be a complex manifold of dimension n and let
V' C M be a complex submanifold of codimension 0 < k£ < n. We say that
a local holomorphic chart (U,z) = (U, z!,...,2") of M is adapted to V if
UNV =0orUNV = {z! =... = 2¥ = 0}. We call an atlas { of local
holomorphic charts of M adapted to V an atlas adapted to V.

Let W C M be an open neighborhood of V' and suppose there is a local
biholomorphism ® : W — M. If (U, z) is a local holomorphic chart of M
adapted to V such that ®|; is a biholomorphism onto its image, then we call
it adapted to V and ® and we consider the special coordinates w = zo@\(}l =
(wh,...,w") over ®(U). We call an atlas & of local holomorphic charts of
M adapted to V and ® an atlas adapted to V and ®.

Let (U, z) be a local holomorphic chart adapted to S’ such that UNS’ #
and let m: TM|gr — Ngr be the obvious projection. Then

ot =m <81 >
0z |
is a local holomorphic generator of Ngs on U NS’ and we denote its dual by
0*z', thus
0 0
e —| ,....0% e — (2.2.3)
9z g 92" | g

is a local holomorphic frame of N§ ® TM|g on UNS'. Let p e UN S’ be
any point and take any (for the moment) local holomorphic chart (W, w) at

f(p) = g(p). Then
* 1 * a
S/,...,az ® (f 8w”>

* 1 * 0
{6 2 ® (f 8w1> S’} (2.2.4)
is a local holomorphic frame of N% @ (f*TM)|sr on U N f=1W)N S". We
point out that in general f*% % g*% but clearly (f*%ﬂs/ = (Q*%)‘S/.
In order to express (2.2.2) respect to (2.2.3), we express (2.2.1) respect
to (2.2.4) first. Set f/ =w’/o f and ¢ = w/og for any j = 1,...,n, a trivial
computation shows that (2.2.1) is locally

0
* 1 *

since (U, z) is adapted to S’. Assume now (U, z) adapted also to ¢g and take
the associated special coordinates w = z o g|;;' on W = g(U). With this

"o — d
Z(f 9’)

o (2.2.5)

j=1 s
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

N (2N ] (2
owJ q_ g(?wj q_awqu_ 9lq azjq

forany g e UN S and j =1,...,n, then by (2.2.5) it follows that (2.2.2) is
locally

choice

n

O(Ff — qgJ
Z (f8219)

J=1

2l @ i

} 5 (2.2.6)

5
Observe now that since (U, z) is adapted to S’, by Lemma 2.1.2 it follows
that (2.2.6) is identically zero on S’ if and only if vy, > 1. Thus we would
like to define something similar to (2.2.6) but not identically zero on S’ if
vig > 1, and the idea is to consider higher order derivatives of “f — g”
respect to z! not all vanishing on S’. More precisely, let (U,z) be a local
holomorphic chart adapted to S’ and g such that UNS’ # () and consider the
associated special coordinates w = z o g\(}l on W = g(U). Set fl =wiof
and ¢/ = w’ og for any j = 1,...,n as usual, then by Lemma 2.1.2 there
exist local holomorphic functions h? € Oy such that

f7— gl =2 re (2.2.7)

for any j = 1,...,n. Let us define

n ) , a
Dy = Z; W (dzY)re @ PPL (2.2.8)
J:
where (dz!)¥79 = (dz')®s, which is a local holomorphic section of

(TM®¥19)* @ TM on U. Note that (2.2.8) is not identically zero on S
by construction, moreover we have the following fundamental proposition.

Proposition 2.2.2. Let (U,z) and (U, 2) be two local holomorphic chart
adapted to S" and g such that UNUNS" # 0, and let Dy 4 and Dy 4 be the
corresponding local sections of (TM®V1.9)* @TM defined as in (2.2.8). Then

@f,g =9y4 (mod Lg)
where they overlap.

Proof. Set v = vy, in the following to ease the notation. Since 2! and 2!

are both generators of Zg ), for any p € U N Un S', it follows that 2! = az!

for a germ a € O%,, then

(dzh)Y = a¥(dz')” (mod Zg). (2.2.9)
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2.2. The canonical section associated to a pair (f,g)

By (2.1.1) and (2.2.7) we have that

=S (Gaees) mod 7).

hence

Z pe o2 azk (mod TY%) (2.2.10)

. "J . -
forany j =1,...,n, since g%og jk because w are the special coordinates

associated to z. Lastly, we need the trivial relation

0zF 9
M Z 557 5F (2.2.11)

for any j =1,...,n. Then it follows by (2.2.9), (2.2.10) and (2.2.11) that

n

R . )
— J J
Dy = 2 hi(dz! M Zh ® 55 (mod T)
08
_ kY~ 1\v
= Z h 5k (dz")" ® 557 (mod Zg)
7j=1k=1
& "L 947 97 0
— k htadll Iyw o Y
= Zh ) 9F 05 (dz")" ® 550 (mod Zg)
k=1 i=1 j=1
_3y h,’f(dzl)”@i (mod Zg)
, 02" ’
k=1 i=1
where in the last equality we use that Z; 1 ajv g; = gzz,i = §;; for any

tL,k=1,....,n. O

Remark 2.2.3. A priori the germs A/ defined in (2.2.7) do not have repre-
sentatives defined on U, however we can assume it (possibly shrinking U).

We can now introduce the following definition.

Definition 2.2.4. The canonical section associated to the pair (f,g) is the

global holomorphic section Zy 4 of the holomorphic vector bundle (N ?Vf VR
T M |s obtained by gluing together over S’ the local ¢ ; defined as in (2.2.8).
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

Observe that we can think to Z¢ 4 also as a morphism %, : N gu*f”’ —
TM)|g of holomorphic vector bundles. If (U, z) is any local holomorphic
chart adapted to S’ and g such that U NS’ # ), then Py, is given over
UnS' by

* 1\vy
Drg :Zh]|sl (0%27)"9 ® 957 |
=1 s
where the h’ are the local holomorphic functions defined as in (2.2.7). We
point out that Zy 4 is not identically zero on S’ by construction.

Definition 2.2.5. A point p € S’ is a singularity of the pair (f,g) if the

canonical section %y, : N?Vf‘g — TM]|gs is not injective in p, that is if
Dtglp = 0. The singular set of (f,g) is denoted by Sing(f, g).

Remark 2.2.6. Let (U, z) be any local holomorphic chart of M adapted to
S”and g such that UNS’ # () and consider the special coordinates w = zog|;*
on W = g(U). With this choice of coordinates we have that

fj:wjof:zjogh_]lof and g =2

for any j = 1,...,n. Then if Vylotof is the ‘order of contact of g|51 of

with (a piece of) S” (according with [4, Def.1.1]) we clearly have the equality
Vig = Vgl-tofs and ;4 is locally exactly as the canonical section associated

to g|51 o f (see [4, Sec.3]). Consequently if g is a global biholomorphism
over an open neighborhood of S’ then vy, = Vg-1of and Py 4 is exactly the
canonical section associated to g~ ! o f.

2.3 Basic definitions about 1-dimensional holomor-
phic foliations

We stop the discussion about the pair (f,g) for a while in order to make a
brief digression about 1-dimensional holomorphic foliations, since our next
aim is to construct such geometric objects.

Let S denote only in this section any complex manifold. A 1-dimensional
holomorphic possibly singular foliation on S is a morphism of holomorphic
vector bundles

F . F— TS,
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2.3. Basic definitions about 1-dimensional holomorphic foliations

where F' is a holomorphic line bundle on S called the tangent bundle of F.
The singular set of F is

Sing(#) ={q € Sst. F|, =0},

and we set S° = S — Sing(F) and F° = F|g. Since .#|go is injective we
can define the holomorphic vector bundle N% = 7'S%/F° and we call it the
normal bundle of % (note that it is defined over S°). Instead the virtual
complex vector bundle T'S — F' € K(S) is called the virtual normal bundle
of F as TS® — FO = NY in K(S9).

If M is another complex manifold and S C M then we can even de-
fine the holomorphic vector bundle N ,, = T'M|g0/F°, which we call the
normal bundle of % in M. Observe that in this case the double inclusion
F% ¢ TSY C TM|go induces the short exact sequence of holomorphic vector
bundles

0— N% — N% 1y — Ngo — 0.
If v is a local generator of the tangent bundle F' then the possibly singular
holomorphic vector field .# (v) € Tg is called a local generator of F.

We may equivalently reformulate everything in the language of sheaves.
In this case a 1-dimensional holomorphic possibly singular foliation on §'is
an injective morphism of Og-modules

F . F —Tg,

where F is a locally free Og-module of rank 1 called the tangent sheaf of % .
Clearly F is the sheaf of holomorphic sections of the tangent bundle F'. The
singular set of the foliation is then

Sing(.#) = {q € S s.t. the stalk (7g/F)q is not a free Og ,-module} ,

where the coherent Og-module Ny = Tg/F is called the normal sheaf of
. Clearly ./\/2« = Nz|go is the sheaf of holomorphic sections of the normal
bundle N%. If M is another complex manifold and S C M then Tus
denotes the sheaf of holomorphic sections of TM|gs and the coherent Og-
module /\/gz,M = Tum,s/F is called the normal sheaf of .F in M. Clearly
./\/'}7 v =Nz wlso is the sheaf of holomorphic sections of the normal bundle

N 9; - Observe that in this case we have the double inclusion F C Tg C
Ta,s which induces the short exact sequence of coherent Og-modules

0— Ng — Nz — Ng — 0.
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2.4 Tangential case

Now let us come back to the discussion about the pair (f, g). Recall that we
are assuming that g is a local biholomorphism over an open neighborhood of
S’ and set in the following v = vy 4 to ease the notation. As showed in Section
2.2 the pair (f, g) induces the canonical section %y, : Ng?” — T'M|gs, which
in practice is a 1-dimensional holomorphic distribution over S’. However we
would like to have a 1-dimensional holomorphic foliation over S’, and in this
section we discuss a first condition under which it is possible.

Let p € S be any point, the pull-back by f and g of germs of holomorphic
functions at f(p) = g(p) gives rise to two ring homomorphism

Ip2 95 : Ompp) — Omip

which are not equal in general. Anyway (f;)_l(IS,p) = (9;)_1(15,17) as
fls = gls and we denote by I(,) this ideal of Opy (.-

Remark 2.4.1. Let p € S be any point. Clearly Iy, 2 Zyg) f(p) but
they may be not equal in general, nevertheless Iy may be seen as the
stalk at f(p) of a coherent module. In fact, by hypothesis there is an open
neighborhood U C M of p such that f(U NS) = g(U N S) is biholomorphic

to U NS and then it is an analytic subvariety of g(U) C M. Thus Zyng)
is a coherent Oyy)-module and I,y = Zywns),f(p)-

Definition 2.4.2. Let p € S be any point, if
min {V?g(h), for h € If(p)} > V?g

we say that the pair (f, g) is tangential at p € S.

Lemma 2.4.3. Let p € S be any point. The following two statements are
true:

(i) let {p', ..., p*} be any set of generators of Iy(p), then (f, g) is tangential
at p if and only if

. 1 k
mm{ygg(p )s-s s (p )} > vy
(ii) if (f,q) is tangential at p then it is tangential at any point of S.
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2.4. Tangential case

Proof. (i) Let h € Iy, be any germ, then h = hip' + - - + hypF for some
hi, ... hx € Opp p(p) and clearly

(0’ og)(hjof—hjog).

1

k k
hof—hog=> (hjof)(p/of—p og)+
j=1 j=
l/p j
The j-th term of the first sum belongs to Isf;;g(p]), forany j=1,...,k, and

Fotl .
each term of the second sum belongs to Igfl;g . Thus by definition

V2 (h) > min {Vgg(pl), B () 1}

and since this is true for any h € Iy;,) we have that

win {7 (h), for b€ Iy b = min {v} (p"),.... W5, (pF) 1, +1}.

Then recallling Definition 2.4.2 the assertion follows.

(it) By Remark 2.4.1if {p*,..., p*} is any set of generators of Iy, then
the corresponding germs at f(q) are generators of I, for any ¢ € S close
enough to p. Then (ii) of Lemma 2.1.2 and (i) of the current Lemma imply
that the set of points of S where (f,g) is tangential is both open and closed.
Then the assertion follows because S is connected. O

By (it) of Lemma 2.4.3 we can give the following definition.

Definition 2.4.4. The pair (f,g) is tangential along S if it is tangential at
one point p € S.

Let p € S’ be any regular point, let (U, z) be a local holomorphic chart
adapted to S’ and g such that p € U N S’ and take the associated special
coordinates w = zog|51 over W = g(U). Note that I, is generated by the
germ of w! at f(p), then by (i) of Lemma 2.4.3

(f,g) tangential at p <= h' € Zg,
where h! is defined as in (2.2.7). Thus by (ii) of Lemma 2.4.3

(f,g) tangential along S <= h' € Zg,, for any p € S’ and any (U, z)
adapted to S’ and g such that pc U NS’
< Yy, is tangential to S i.e. Dy y(NG") C TS
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where again the (germs of ) holomorphic functions k! are defined as in (2.2.7).
Therefore when (f, g) is tangential along S the canonical section Py 4 is in
fact a 1-dimensional holomorphic possibly singular foliation on S,

Dy N&' — TS,

with tangent bundle N§” and singular set Sing(f,g). If (U, z) is any local
holomorphic chart adapted to S” and g such that U NS" # () then

(2.4.1)

v . j a
Xfg = -@ﬂg ((821) ) = Z h]|S/ 923 .
j=2

is a local generator of 2y, on U N S’, where the holomorphic functions hi
are defined as in (2.2.7). We call (2.4.1) the canonical local generator of Z;
associated to (U, z).

Example 2.4.5. Let (f,g) be a pair of holomorphic self-maps of C" as in
Example 2.1.4 and let (f, g) be its lifting to the blow-up of C™ at 0, denoted
by 7 : M — C™. In this example we want to understand in which case the
pair (f,g) is tangential along the exceptional divisor S = 771(0) C M. Let
us refer to the notation already introduced in Example 2.1.4.

Let p € U N S be any point. Since w! is a generator of I4(y), by Lemma
2.4.3 the pair (f, g) is tangential along S if and only if thereisa j =2,...,n
such that yp7 (wh) > V§7g(w]’). By Example 2.1.4 this is equivalent to say

f.g
that there is a j = 2,...,n such that

min{d > 2 s.t. ]5(3(1,22,...,,2") — zjlsdl(l,zz,...,zn) #* O} <t

Suppose for a j = 2,...,n that ]55(1,,22,...,2”) — zjl-:’ﬁl(l,zz,...,z") £ 0,
then for such a j

min{dz 2s.t. Pi(1,22,...,2") — 2 P}1,22,...,2") ;Ao} <<t

and (f,g) is tangential along S. On the contrary, assume now that
PJ(1,22,...,2") — 27 P}(1,2%,...,2") = 0 for any j = 2,...,n. Then nec-
essarily ]5,;1 =% 0 otherwise ]55 = 0 for any j = 1,...,n and this would be
in contradiction with the definition of &. This implies that ]55 = 0 for any

j=1,...,n and consequently that 7' = ... = 7" =, thus

min{dz 2 s.t. ]36{(1,,22,...,2") — P12, 2 7&0} >p=0p!
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2.5. Non-tangential case

for any j = 2,...,n, that is (f,g) is not tangential along S. Summing up,
the pair (f, g) is tangential along S if and only if there is a j = 2,...,n such
that Pg(l,ZQ,...,z”) — 2IPY(1,2%,...,2™) # 0, or equivalently such that
2115; =+ ijﬁl. As a consequence, if (f, g) is tangential along S then there is
aj=2,...,nsuch that v} (w’) <v—1. However v} (w/) >wvs, >0 —1,
where the second inequality is proved in Example 2.1.4, then vy, = v — 1.
Conversely, if (f, g) is not tangential along S then vy, = V?g(wl) =l =7,
where the second equality is also proved in Example 2.1.4 and the third is
proved just above. Concluding, we have found that

D—1<vpy <7

and that
,g) tangential along S <= v;, =0 — 1.
g g f.9

We end the example with the following remark. As noted in Example
2.1.4, we may consider also the holomorphic map ¢! o f and its lifting to
the blow-up 7 : M — C", which turns out to be g=! o f. Then, as one shall
expect, the pair (f, g) is tangential along S if and only if g~' o f is tangential
along S (according with [4, Def.1.2]). Compare the present example and
Example 2.1.4 to [4, Ex.1.2].

Remark 2.4.6. Let (U, z) be any local holomorphic chart of M adapted to
S’ and g such that UNS’ # () and consider the special coordinates w = zog\[_]1
on W = g(U). As noted in Remark 2.2.6, with this choice of coordinates we
have that f/ =w/o f = zjogyl}lof and ¢/ = 27 forany j = 1,...,n. Then
clearly (f, g) is tangential along S if and only if ‘g|;;' o f is tangential along
(a piece of) S’ (according with |4, Def.1.2|). Consequently if g is a global
biholomorphism over an open neighborhood of S’ then (f,g) is tangential
along S if and only if g~! o f is tangential along S.

2.5 Non-tangential case

Suppose now that the pair (f, g) is not tangential along S. If S’ sits into M
in a “favorable way” we can still define a 1-dimensional holomorphic foliation
over it. For details about this geometric property of S’ see [4, Sec.2] or, for
a deeper treatment, |5, Sec.2-3| and [6]. Here we just recall some general
definitions and basic facts that we need in the following.
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

Definition 2.5.1. Let M be a complex manifold of dimension n and let
V C M be a complex submanifold of codimension 0 < k£ < n. We say that
V' splits into M if the short exact sequence of holomorphic vector bundles

0— TV - TM|, = Ny — 0

splits holomorphically, that is if there exists a morphism of holomorphic
vector bundles ¢ : Ny — TM|y such that m oo = Idy,,. We call such
morphism o a splitting morphism of V into M.

Let 4 be an atlas of M adapted to V. If for any two local holomorphic
charts (U, z), (U, 2) € 4 such that UNU NV # § we have that

BEG
027

forany i = k+1,...,nand j = 1,...,k, we say that U is a splitting atlas
adapted to V.

€Ty (2.5.1)

Proposition 2.5.2. Let M be a compler manifold of dimension n and let
V C M be a complex submanifold of codimension 0 < k < n. The following
statements are equivalent:

(i) V splits into M.

(i1) there exists a morphism of holomorphic vector bundles T : TM|y —
TV such that T o1 = Idry.

(14i) there exists a splitting atlas adapted to V over M.

Proof. (i) <= (ii1): see [4, Prop.2.1] or |5, Prop.2.15].

(1) <= (i1): suppose there exists a splitting morphism o : Ny — T M|y,
then 7 o (Idgps, — 0 om) = 0 and im(Idzps, — o om) C ker(m) = im(2).
Thus we can define 7 = 17! o (Idzasp, — 0 o m), which is a morphism as in
(73). Conversely, suppose there exists a morphism 7 : TM|y — TV as in
(43). Then ker(7) Nim(2) = ker(7) Nker(m) = {zero section} and 7|iey(r) has
the inverse, thus we can define o = 7|, 1(7) which is a splitting morphism of
V into M. O

Remark 2.5.3. The arrow (i7i) = (i) can be proved by construction in
the following way. Let 4 be a splitting atlas adapted to V and let (U, z) € 4
be any local holomorphic chart such that U NV # (). Then

{821:7r<8821 V),...,ﬁzkzﬂ<£€v)} (2.5.2)
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2.5. Non-tangential case

is a local holomorphic frame of Ny on U NV and we can define a local
splitting morphism oy : Nyny — TM|yny by setting

' 0
oy (82‘]) = % ,

for any j = 1,...,k. Let now (U,2) € 4 be another local holomorphic
chart such that UNU NV # () and let o be the associated local splitting
morphism. Since

9zt 9 N " 959
021 021 95t 027 93t
1 i=k+1

for any j = 1,...,n, we have over UNU NV that

(o0 = a) (0) = ou (0)) = 3 S5 o002
i—
_ 0 _Z’“:azi 9 _Z”:aﬁ 9
02 |y, &2 0271y, 02y, N S 021 |y, 0z,
for any j = 1,..., k. Then by property (2.5.1) we have that
(00 - 03) (07) =0
for any j = 1,...,k and consequently we can glue oy and op; over ununv.

As this is true for any (U, z), (U, 2) € 4l we get a (global) splitting morphism
oy - NV — TM’\/.

Example 2.5.4. Let M be a complex manifold of dimension n and let
m: M — V be a holomorphic vector bundle of rank £ > 1. The base V can
be embedded into the total space M via the zero section, and in this way it
is a complex submanifold of M of codimension k. Let U’ be an atlas of V
such that for any local holomorphic chart (U”,2") = (U", 2F*1, ... 2") € W”
there is a trivialization

p:U =,k x U,

where U = 7= 1(U"”) C M. We can consider over all these open sets U the
local holomorphic coordinates z = (Idgr x 2”) o @ = (21,...,2"), then 4’
induces an atlas 4 = {(U, z)} over M. This atlas is a splitting atlas adapted
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

to V, in fact for any (U, ), (U, 2) € 8 we have that 2 = 2i(z51, .. 2") for
i=k+1,...,n, then

0z

027
foranyi=k+1,...,nand j=1,...,k. Thus V splits into M via the zero
section.

0

Let V' C M be a splitting submanifold of codimension 0 < k < n and let
o : Ny — T M|y be any splitting morphism. We denote by 77 the morphism
TM|y — TV induced by o as in the proof of Proposition 2.5.2, that is

7 =1"1o (Idpary, — o o).

Observe that 79 o0 = 171 o (6 — ) = 0, hence im(c) C ker(77). Moreover
ker(77) = ker(Idz ), —oom) hence im(o) = ker(77). Let now i be a splitting
atlas adapted to V over M, which exists by Proposition 2.5.2. For any local
holomorphic chart (U, z) € U such that U NV # () the set {9z,...,02F}
defined as in (2.5.2) is a local holomorphic frame of Ny on UNV. In general

0

v

for any j = 1,...,k, hence the following definition is justified.

Definition 2.5.5. Let o : Ny — T M|y be a splitting morphism of V' into
M and let 4 be a splitting atlas adapted to V. If for any chart (U,z) € U
such that U NV # () we have that

0

a(@zj) = —

= 5 (2.5.3)

|4

forany j = 1,...,k, then we say that i is a splitting atlas adapted to V and
o. If moreover there are an open neighborhood W C M of V and a local
biholomorphism & : W — M and U is adapted also to ®, then we say that
il is a splitting atlas adapted to V, ® and o.

Proposition 2.5.6. Let M be a compler manifold of dimension n and let
V C M be a compler submanifold of codimension 0 < k <n. Then

(1) for any splitting morphism o : Ny — T M|y there is always a splitting
atlas adapted to 'V and o.

(#) if moreover there are an open neighborhood W C M of V' and a local
biholomorphism ® : W — M then there is always a splitting atlas
adapted to V, ® and o.
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2.5. Non-tangential case

Proof. (i) Let 0 : Ny — T'M|y be a splitting morphism, { a splitting atlas
adapted to V' (which exists by Proposition 2.5.2) and oy : Ny — T'M|y the
splitting morphism induced by 4 as in Remark 2.5.3. Since wo (0 —oy) =0,
the image of the morphism o — oy lies into T'V', consequently if (U, z) € il is
any local holomorphic chart such that U NV # 0 and {9z',...,0z*} is the
local holomorphic frame of Ny on U NV defined as in (2.5.2), then

(o —oy) (027) Z a ’ (2.5.4)

i=k+1

forany j =1,...,k, where ozé- € Oy (UNV). Actually, we can consider these

ozé- as holomorphic functions defined on U not depending on z', ..., z¥. Thus
for any (U, z) € U we can replace the coordinates z with the new ones z, =
(zL,...,2") defined by 22 = 27 forany j = 1,...,k and 2 = 2% — Z§:1 a2

forany i = k+1,...,n. Then we get a new atlas , = {(U, z,)} adapted to
V' which turns out to be a splitting atlas adapted to V and o, as showed in
the following.

Let (U, 2), (U, 2) € U be any local holomorphic charts such that U N U N
V # 0, let a}, 5; be the holomorphic functions arising as in (2.5.4) respec-
tively for (U, z) and (U, ), and let (U, z4), ([7, Z5) € U, be the resulting new
local holomorphic charts. By the very definition of the new coordinates

o3 03t 95| 027
| = 2o Z > :
0z% 1% 027 Vo e g 0z v 0z} \%
0z - 02t 0z
= —| - B —| + af S (2.5.5)
027 |, z_; 027 rzk;rl]@zv
foranyi=k+1,...,nand j=1,...,k. Since
0 00 §h 0D
0z — 027 93t Pt 027 03¢
we have that
~ 0| 9
_ J .
(0= (027) = 3 o - ' S Y ’a
r=k+1 i=k+1r=Fk+1 4 14
and
kst
st
(o0 —oy) 827 Z 527 (0 —oy) 82 Z Z ﬁt Gzﬂ 82” ,

i=k+1 t=1
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

for any j = 1,..., k. Consequently

n

2. 9

r=k+1

Z Bt 821

forany i =k+1,...,n and j = 1,...,k, then recalling property (2.5.1) we
have by (2.5.5) that

031

92 Iy
foranyi=k+1,...,nand j =1,..., k. Then 4, is a splitting atlas adapted
to V. Lastly, observe that

=0

B, ) Z":az‘a

0z 02 921 02

i=k+1

for any j =1,...,k, hence 9z = 027 and

, , B, "0
0 (0z)) =0 (07) = 9.7 V+i:zk;rlaj i v:

9
92 v

(2.5.6)

for any j = 1,...,k. Then 4, is adapted also to o.
(#4) Just shrink the local holomorphic charts (U, z) € 4. O

Now come back to the pair (f,g). It is clear that if o : Ng — TM|g
is a splitting morphism of S into M then we can define the 1-dimensional
holomorphic possibly singular foliation on S’

75

,=7170%:4: NG — TS,

whose tangent bundle is again N g%”. The singular set may be instead larger
than Sing(f, g) since it depends also on o (it may be even the whole S’; see
Example 2.5.7). If { is a splitting atlas adapted to S’, g and o (which exists
by Proposition 2.5.6) and (U, z) € il is any local holomorphic chart such that

UnNS #0, then
o9
IR

Xfg=27,(( Zh|5’ 323

and

(2.5.7)
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2.5. Non-tangential case

is a local generator of .@J‘{ g on U N S’, where the holomorphic functions h’
are defined as in (2.2.7). We call (2.5.7) the canonical local generator of 77,
associated to (U, z).

Note that if S’ splits into M and the pair (f, g) is tangential along S at
the same time then 97 = Zy,5 and X7 = Xy, for any splitting morphism
o since 79 o1 = Idpg.

Example 2.5.7. In this example we want to furnish a family of pairs of
holomorphic self-maps coinciding on a splitting hypersurface which are not
tangential along it. The holomorphic foliations induced by these pairs on
the hypersurface unfortunately turn out to be identically zero.

Let S be a connected complex manifold of dimension n—1 and suppose it
is the base of a holomorphic line bundle 7 : M — S. Asremarked in Example
2.5.4, S is a splitting hypersurface of M via the zero section. Let f : M — M
be any endomorphism of the line bundle such that f # Ids, then we can
consider the pair (f,Idas) of holomorphic self-maps of M coinciding on S.
Consider the atlas l of M induced by a trivializing atlas of S as in Example
2.5.4, let (U, z) € U be any local holomorphic charts and set f/ = 27 o f for
any j =1,...,n. Since f sends any fiber onto itself, it must be

for a holomorphic function ®(22,...,2") and
=z
for any j = 2,...,n. Since z!' is a local generator of Zg and ® # 1 (as

f # Idp), it follows that vipa,, (2') = 1, while vf14,,(27) = +oo for any
Jj =2,...,n. As a consequence vyiq,, = 1 by Lemma 2.1.2 and (f,Idas) is
not tangential along S by Lemma 2.4.3.

The canonical section Zfq,, : Ns — T'M|g is locally given by

0
* 1
‘@vad]\/I:(©_1)aZ ®g

’

uns

then Sing(f,Idas) can be identified via the zero section with the analytic sub-
set {g € Ss.t. f|y =1d}. Let now o : Ng — T'M|g be a splitting morphism
of S into M such that 4 is adapted to it. We may define the holomorphic
foliation @J{IdM =177 0 Dy 14,, as explained above, but note that

o 9
T oz1

S) =(r700)(02") =0
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2. HOLOMORPHIC FOLIATION INDUCED BY A PAIR (f,g)

hence -@?,IdM = 0 (roughly speaking, Z¢1q,, is transversal to S so when we
project it over S by 77 we get a foliation singular everywhere).

Remark 2.5.8. Observe that in order to have a foliation on S’ when (f, g)
is not tangential along S, actually we just need that S’ — Sing(f,g) splits
into M. In fact if o : No/_ging(t,9) = TM|s/—sing(f,g) 1S @ splitting morphism
we can define the 1-dimensional holomorphic possibly singular foliation

. ® !
79 0 @ﬁH : NS/V—Sing(ﬁg) — TS

5'—Sing(f,g)
over S’ — Sing(f, g), and then extend it to Sing(f,g) by zero.

Remark 2.5.9. In this chapter we have assumed S C M of codimension 1
but actually everything we have done up to now can be easily adapted to
S of any codimension 0 < k < n. Instead we need that S is a hypersurface
from Chapter 3 onward.
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Chapter 3

The first index theorem

Suppose in this chapter that S C M is non-singular and let (f,g) be a pair
as in Chapter 2. If (f,g) is tangential along S then set 2 = %, let U
denote an atlas adapted to S and g, and for any (U,2) € U set X = Xy .
Instead, if S splits into M and o is a splitting morphism of S into M then
set 9 = 9}7,97 let 4 denote a splitting atlas adapted to S, g and o, and for
any (U, 2) € Uset X = X7 . In both cases set SY = S — Sing(2), moreover
set v = vy, to ease the notation.

We show that if (f,g) is tangential along S or S splits into M then we
can define a partial holomorphic connection along N g%” cTS° on N, %, and
thanks to it we obtain a Baum-Bott-type index theorem. Then we find an
explicit formula for the computation of the Baum-Bott residues at isolated
singular points of 2.

3.1 First partial holomorphic connection

Assume that (f,g) is tangential along S or that S splits into M, and fix
a splitting morphism o : Ng — T'M|g in the latter case. We have showed
in Chapter 2 that in both cases (f,g) induces a foliation 2 : Ng?” — TS.
Let N, g%” denote the sheaf of holomorphic sections of Né%” and recall the
notation introduced in Section 2.3. Then we can define a partial holomorphic
connection along Ng%" C T'S® on NY by setting

NG 5 (NE) &N
w —s 6% (w) s.t. 6% (w) = 7 ([v, 1)), (3.1.1)
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3. THE FIRST INDEX THEOREM

for any w € N and v € N& C Tgo, where w : TS — N, is the obvious
projection and w € Tgo is any holomorphic vector field such that m(w) = w.
Observe that definition (3.1.1) does not depend on the choice of w, in fact
if w € Tgo is another holomorphic vector field such that w(w) = w then
W—w e N , hence [v, W — w] € N/ <o and consequently 7 ([v,w — w]) = 0.
Moreover, 5bb is flat since by the J acobl identity

5Zb63b(w) - 521)62()(7"0) =m ([uv [U, UN}H) -m ([Ua [u7 UN}H)

=m (['LL, [U, UN}H - [?), [u, UN]H)
— 7 ([fu, o], @) = 62, (w)

for any w € N§, and u,v € N3’ C Tgo.

3.2 A Baum-Bott-type index theorem

Consider the short exact sequence of holomorphic vector bundles

Zls g0 Ty N9 5 0 (3.2.1)

0— N —=
and let V? be any 6”-connection on NJ. By (i) of Lemma 1.3.3 we can
take C™ connections V} and V3 respectively on N g?oy and T'S” such that the
triple (V3, V2, V%) is compatible with (3.2.1). Then setting V§ = (V{, V3)
we have by (i) of Lemma 1.3.3 and Theorem 1.4.9 that

P (VD) = (V") =0 (3.2.2)

for any homogeneous symmetric polynomial ¢ of degree n — 1. Let now
Sing(Z) = U)X be the decomposition in connected components of the sin-
gular set of &, which is an analytic subvariety of S since it is the zero set of
a holomorphic section of a holomorphic vector bundle over S. For any A let
Uy C S be an open subset such that Uy D Ty and Uy N Uy = 0 whenever
A #£ N. Set Uy = L)U,y and let V1 and V2 be any C* connections respec-
tively on N?”]UI and T'S|g . Then set V§ = (V1,V2) and consider the open
covering U = {S°, U1} of S. By (3.2.2) it follows that

@ (TS = N§”) = [(0,0(91), (8, VD)) | € B2 (U, 8°,C)
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3.2. A Baum-Bott-type index theorem

for any homogeneous symmetric polynomial ¢ of degree n— 1, that is for any
such polynomial ¢ we can localize ¢(T'S — N&") at Sing(Z). Moreover, the
localization does not depend on the choice of the C'*° connections, as stated
by the following lemma.

Lemma 3.2.1. Let V? be another 6**-connection on NJ,, let (V§, V3, V™)
be another triple compatible with (3.2.1) and set V§ = (V§, V3). Moreover,
let Vi and V% be other C™ connections respectively on N?”]UI and T'S|g,

and set V} = (V1,V3). Then for any homogeneous symmetric polynomial o
of degree n — 1

[(0.6(91), (T3, V1) | = [(0.60(V1), (8, V1)
in H2(=1) (14, 5°,C).
Proof. By property (1.3.1) we have that
P(V1) = (V1) = dp(V3, V1), (32.3)

moreover that

(P(v(.), VI> = (,0( v I? VI> - ()O( V I? VB) - ng( v I7 V(.), VI>
and

p(VE, V1) = p(V5, Vi) + @(WLVB) + d_@(@& %)

= —¢(V1, Vi) + de(Vg, Vi, Vi),

where in the last equality we use that p(V8,V§) = @(V?, V%) = 0 by (ii)
of Lemma 1.3.3 and Theorem 1.4.9. Hence

p(VE V1) — (V5 V1) = p(ViV]) — dw, (3.2.4)

with w = ¢(V$, Ve, V) +p(V, VS, V3). By (3.2.3) and (3.2.4) and recalling

~

the definition of the Cech-de Rham differential D we then have

(0,0(V9),0(V5, V1) = (0,0(V1), (V5. V1)) = D(0,9(V], V1), w).
O

Suppose now S compact, then Sing(Z) C S is also compact and we
can assume without loss of generality that U; is a regular neighborhood of
Sing(Z). Then by what we said in this chapter and by the commutative
diagram (1.9.1) we gain the following index theorem.
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3. THE FIRST INDEX THEOREM

Theorem 3.2.2 (Baum-Bott-type index theorem). Let M be a complex
manifold of dimension n and let S C M be a non-singular compact con-
nected complex hypersurface. Let (f,g) be a pair of distinct holomorphic
self-maps of M such that f|s = g|ls and g is a local biholomorphism over an
open neighborhood of S, with order of coincidence v = vy ,. Assume that

(i) (f,qg) is tangential along S
or
(ii) S splits into M and o is a splitting morphism of S into M.

In case (i) set I = Dygq, while in case (ii) set 9 = 97, and suppose
2 # 0. Let Sing(Z) = U X\ be the decomposition in connected components
of the singular set of the foliation 2. Then for any homogeneous symmetric
polynomial ¢ of degree n — 1 there exist complex numbers Res,(2,TS —
N?”7Z)\), one for each connected component %y, such that

> Res, (2,TS - N§¥,%,) = / ¢ (TS —NF").
h\ S

We call Theorem 3.2.2 a Baum-Bott-type index theorem because Baum
and Bott have introduced this kind of residues and the partial holomorphic
connection (3.1.1) (see [9] and [8]). Moreover, it basically follows by the
Baum-Bott index theorem (see Theorem 0.1.2).

Remark 3.2.3. Suppose that g is a global biholomorphism over an open
neighborhood of S and recall Remark 2.2.6 and 2.4.6. In this case Theorem
3.2.2 turns out to be [4, Thm.6.4] for the holomorphic self-map ¢! o f.

Note that we may weaken hypothesis (i7) of Theorem 3.2.2 by asking that
only S —Sing(f, g) splits into M, in place of the whole S (see Remark 2.5.8).
In [4, Thm.6.4] the authors assume an embedding property on S — Sing( f)
stronger than (ii), but actually it is not necessary. We are going to talk
about this embedding property in the next chapter since it will be necessary
in Theorem 5.2.2.
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3.3. Computation of the Baum-Bott residues

3.3 Computation of the Baum-Bott residues

We end the chapter by deriving an explicit formula for the computation of
the residues of Theorem 3.2.2 at isolated singular points of 2. A reference
for this section is [36, Sec.IIL.7]. In the following let ¢ be any homogeneous
symmetric polynomial of degree n — 1.

Let V§ and V2 be C* connections respectively on NG%” and TSY as in
Section 3.2 and set Vi = (V3,V2). Let X be any connected component
of Sing(2) and let U C S be a regular neighborhood of ¥ such that U N
Sing(?) = . Let V! and V? be for the moment any C™ connections
respectively on Ng@” = N&|; and TU = TS|z, and set V* = (V! V?).
Lastly, let R C U be any compact real C> submanifold of dimension 2(n—1)
oriented as S such that ¥ C IntR, and let the boundary OR be oriented with
the orientation induced by R. Then by Section 3.2 and 1.9 the residue of
(TS — N&¥) at X is

Res, (2, TS — N&, %) = /
R

so(vv—/aRso(vs,V').

Suppose that 3 is an isolated point, that is 3 = {p}. In this case up to
shrinking U we can assume that U = U N S for a local holomorphic chart
(U,z) e U centered at p. Thus (92')" is a holomorphic generator of N®”

and {8%2“7, cey 62” |7} is a holomorphic frame of TU, and consequently we
can choose V! and V? trivial respect to them, that is

v ((92")) =0

v (5),) -0

for any j = 2,...,n. With this choice ¢(V®) = ¢(VZ) Ae(V)t=1A1=1,
then ¢(V*) = 0 and the residue of p(T'S — N&") at p becomes

and

Res, (2,TS — N&”,p) = —/~ ¢ (Vg, V*). (3.3.1)
OR

Now in what follows we are going to mimic the strategy adopted in the
proof of [36, Thm.IIL.5.5] (see also [25, Sec.5]). Set Uy = U — {p} to ease
the notation. The canonical local generator X of 2 associated to (U, z)
generates the holomorphic line subbundle N(%” C TUy, and it induces two
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3. THE FIRST INDEX THEOREM

flat partial holomorphic connections 6} and 63 along Ng” C TUy on Ng”
0 0

and TUy. The connection 5% is defined by setting
(9) ax @) = 277 ([X, 2()])

for any w € Nggl’ and a € Op, , while 62 is defined by setting
0

((53)aX (w) = a[X,w]

for any w € TUO and o € Op, . Clearly the flatness comes from the Jacoby

identity, moreover by construction the triple (83, 2,6%) is compatible with
the short exact sequence

D5 ~
0 — NZ¥ —F TUy = Ny
0

UO—>0,

which is (3.2.1) restricted to Up. Then by Lemma 1.4.3 we can assume V} and
V3 respectively a d3-connection and a §3-connection (the reason of this choice
will be clear in the proof of Lemma 3.3.2). Observe that 53 ((921)”) = 0 then
V! is a §}-connection.

Remark 3.3.1. Observe that the C'"*° connections V(l) and V% just chosen
are defined only on Uy and not on the whole S°. Anyway, this is not a
problem since for the computation of the residue we integrate over OR C U
(it is a local issue).

Let L/ C TU be the holomorphic line subbundle generated by %] i, for
any j = 2,...,n. There are natural flat partial holomorphic connections 61/
along L’ on Ng” defined by setting

(5,

827

. 077

U

for any a, 8 € Op and j = 2,...,n. Moreover, there are natural flat partial
holomorphic connections §% along L/ on TU defined by setting

), =
¢ U

2, 0=
n. Again, the flatness comes from
)

U

for any a € O, w € Ty and j = 2,...

the Jacoby identity. Note that 517 ((9z1)”) = 0 then V! is a §'/-connection,
for any j = 2,...,n. Furthermore 52’j(£k |7) = 0 for any k = 2,...,n hence
V2 is a 6?J-connection, for any j = 2,...,n.
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3.3. Computation of the Baum-Bott residues

Let us introduce now the open covering Uy = {[72, e U”} of Up defined
by setting

U’ = {q e Uy s.t. B (q) # 0}

for any j = 2,...,n, where the holomorphic functions hi € Oy are the ones
defined in (2.2.7). This is a~c0vering of Up since X =377, hj\f]%hj and
then {h? =-.. = h" =0} NU = {p} by hypothesis. Observe that
5 D 0
N L B
822 Ui 82’] Ui 82’” Ui U
is a holomorphic frame of TUJ = TS|g; for any j = 2,...,n, thus we can

define the C*° connections V? on TUY by asking that are 3-connections and
0

by setting
(w) =« [ ,w}
o] 0zk Ui

for any o € Op;, w € Ty; and k = 2,...,n such that k # j. Moreover, we
can define the C'* connections le- on Ng?j” simply by setting

(V5) oo

8zk

1_ ol
Vi= Vg
for any j = 2,...,n. Note that in general

0
(s #0535

9z

]
Ui

hence V? is ot a 62J-connection, on the contrary it is a 6>*-connection for

Ui

any k = 2,...,n such that k # j. Moreover, le- is a dj-connection and a
dLk_connection for any k = 2,...,n since V! is. 3

Set now V3§ = (V;,V?) for any j = 2,...,n and consider the Cech-de
Rham cocycle 7 € C;én_l)_Q defined by

Tiip = ¢ (V5 VS, VS, V2 ) € Q21 —k1 <U n---n Uk) :
forany2<ii < - <@y <nandk=1,...,n—1.
Lemma 3.3.2.
(1) (D1)i = —(V§,V®) foranyi=2,...,n.
(17) (D7)iyeip, =0 forany2<i; <---<ix<nandk=2,...,n—2.
(131) (DT)2m = —p(V*,V3,..., V7).
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3. THE FIRST INDEX THEOREM

Proof. Observe preliminarily that by Theorem 1.4.10

¢ (V5, Vi, Vs ) =0 (3.3.2)
forany 2 < i3 < -+ <1 < mand k =1,...,n — 1, since by what we
have remarked the connections V(l), V}l, .. .,V}k are all 53—connections and
V%, V?l, e ,V?k are all 5(2)—connections. Moreover, again by Theorem 1.4.10

¢ (V,V:,...,V;) =0 (3.3.3)
forany 2 < 41 < -+ <1 < mnand kK =1,...,n — 2, since by what we

have remarked the connections V1!, V%l, e V}k are all §'-connections (for
any j = 2,...,n) and there is an i € {2,...,n} — {i1,...,ix} such that
V2, VI, ,V%k are all §>*-connections.

(7) By definition of D and property (1.3.1)

(DT)Z :dTZ = ng (V(.], v.v vz.)
=— (V% V7)) +0(V5, Vi) — (V5 V*)

for any ¢ = 2,...,n. Then by (3.3.2) and (3.3.3) we are done.
(ii), (i) By definition of D

k
(DT)il---ik :(_1)k71d7—i1"'ik + Z(‘l)éilﬂl...i}..ik
=1

=(-1)"tdep (V5, V*, V..., V)
k
n Z(—l)é_lw (V(;?V',Vz‘.p cs Vi ,V;k> ,
=1
forany 2 <i3 <---<iy <nand k=2,...,n—1. By property (1.3.1) we
have that
k—1 . . . .
(—1) ng (VO,V ,Vl-l,...,vik)

=—¢o(V,V;,....V:) +¢(V5, V5

217"

V)

k
(1) (V(‘),V',V;, LV .,v;k) .
(=1
Then (D7)y.i), = —p(V*, V5 ..., V) +@(V5, V3., V3 ) for any 2 <
i1 <--<iy <mnand k=2,...,n—1, and by (3.3.2) and (3.3.3) we are

done. O
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3.3. Computation of the Baum-Bott residues

Consider the open covering {[72 NOR,...,.U"N 8R} of OR and a system

of honey-comb cells {OR?,...,0R"} adapted to it. Set dR*™ = OR? N

--NOR", then by Lemma 3.3.2 and recalling the Cech-de Rham integration
(1.7.1) we have that

0= Dr = Z/ (Vo V°) = /z9R2...n(p(v.vv57"' V),

R

and consequently by (3.3.1)
Res, (2,TS — N&”,p) :/~ 0 (V* Vs, ...,V). (3.3.4)
OR2

Recall by Section 1.3 that ¢(V®, VS, ..., V) = I*(SO(VEt)))a where Vzt) =

(V%t), V%t)) is defined by setting

Vi = th v+ thvl
and
Vig=1-D_t | V*+> V3
=2 =2

and I, denotes the integration along the fiber. Observe that V%t) = V!, then
C(Vzt)) = C(V%t)) A C(V%t))*1 = c(V%t)) A (V1)L Since we have chosen V!
trivial respect to (9z1)”, we have that ¢(V!) = 1 and then ¢( ) = C(V%t)).
By the definitions it follows that o( zt)) = (p(V%t)), thus

@ (V*,Vs,...,Vn) =¢ (V3 V3,...,V})

and by (3.3.4) the residue of p(T'S — N&") at p is
Res,, (2,TS — N§¥,p) = /6[%2 K (V2,V3,...,V2). (3.3.5)

The last step is now to understand how is done (V2 ,V3,...,V2),
which is a (n — 1)-form over U>™ = U? N ---NU" By definition
©(VE V2 ... V2) = L(@(V%t))) where V?t) is the C*° connection on the
complex vector bundle

T2 % RP—1 __y [72+1 & Rn—1 (3.3.6)
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3. THE FIRST INDEX THEOREM

defined above and I, is the integration along the fiber. To compute Lp(V%t))
we need ultimately to know the curvature matrix H%t) of V%t) respect to a
C frame of (3.3.6). Recall that if (9(2t) is a connection matrix of V?t) then
we have the relation m%t) = d9(2t) — 0(2t) A (9(2t), so we just need to compute

H(Qt). Let 62,03,...,02 be the connection matrices of V2, V2,..., V2 respect
to the holomorphic frame

9
022

respect to the induced C* frame of (3.3.6) is

0

G 21

of TU?"™. Then G(Qt)

9(215) =|1- Zt]‘ 62 + Zt]ﬂ? = thﬁf-, (3.3.7)
=2 =2 =2

where in the second equality we use that 2 = 0 because V? is trivial respect
to the fixed frame. By definition
0
()
i \ 02" |

for any j,k,i = 2,...,n such that k # j, and

(V)

8zF

0 1 0
1, (2L) =ty e 41
(v3) 52715 \ 02| g hi|g; o 92" |g;
R SR
—2 h] Ui aZi Ui 326 Ui
for any j,7 = 2,...,n. This means that
dz’
2 _
@——ﬁjm"m
for any j = 2,...,n, where H is the (n — 1) x (n — 1) matrix of holomorphic
functions '
Oh
H = < l> , (3.3.8)
92" ) i4=a..n
and then by (3.3.7)
n
dz
2 . . _
O =— Y H|ga.n-
j=2



3.3. Computation of the Baum-Bott residues

Consequently the curvature matrix of V%t) respect to the fixed frame of

(3.3.6) is

n

° dzJ

2 2 2 2 . _

iy = A0y — Ofy N0y =— Y _dt; A —= .
j=2

+ terms not containing dt;,

then

) B 22 A ... 2"
@ (V?o) =l (n - 1)! : H)hd2~--Ah” -

+ terms not containing dto A -+ - A dt,.

Adta A -+ Adiy,
Ug...n

By definition of I, (see [36, Sec.I1.4]) and recalling that fAn,l dtoN---Adt, =
1/(n —1)!, we finally have that

n—1 —H)dZ2 A Ad2"
¢ (V3 V3,...,V2) = (—1)[ =) A )hQ,,,hn

U2-n
and by (3.3.5) the residue of ¢(T'S — N§¥) at p is
e —H
Res,, (@,TS—N?Vw) Z/~ ( )h; SZEL ) dz? Ao Ad2™
of2n

Let us consider now the specific compact real submanifold R C U defined
by
R= {q eUst. |R2(q)) +- -+ W@ < (n— 1)62}

for € > 0 small enough, whose boundary is

8R = {q € U s.t. ‘hQ(q)‘Q 4+t |hn(q)’2 _ (n_ 1)62} )

In this case we can take as a system of honey-comb cells {OR?,...,0R"}
adapted to {U? NOR,...,U" N OR} the one defined by setting

oR) = {q € oRst. |W(q)| = |Wi(g)| fori=2,....n}
for any j = 2,...,n. Let I' be defined by
r= {q e Ust. |h2(g)| = = |n"(q)| = e} (3.3.9)

and oriented so that d9? A---Add¥™ > 0, with 9/ = arg(h’), then considering

the orientations we have I' = (—1)[%1]81%2”'”. Summing up, we have proved
the following theorem about Baum-Bott residues at isolated singular points
of 9.
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3. THE FIRST INDEX THEOREM

Theorem 3.3.3. Let M, S and (f,g) be as in Theorem 3.2.2 and assume
(i) (f,qg) is tangential along S

or
(ii) S splits into M and o is a splitting morphism of S into M.

In case (i) set 2 = Dy 4 and let U be an atlas adapted to S and g, while in
case (ii) set 9 = .@J‘{g, let 1 be an atlas adapted to S, g and o, and suppose
2 # 0. Letp € Sing(2) be an isolated singular point, let (U, z) € U be a local
holomorphic chart centered at p such that U N (Sing(S) U Sing(Z)) = {p}
and let @ be any homogeneous symmetric polynomial of degree n — 1. Then
both in case (i) and (ii) the residue Res,(2,TS — N§",p) of Theorem 3.2.2

is given by the integral formula

—-H
Res, (2,TS — N§",p) :/Fl;g(hl dz? A A d2", (3.3.10)

where the holomorphic functions b7 are defined in (2.2.7), T is defined in
(3.3.9) and is oriented so that d9> A --- A\ d9™ > 0, with ¥/ = arg(h’), and H
is the (n — 1) x (n — 1) matriz of holomorphic functions defined in (3.3.8).
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Chapter 4

Local canonical extensions of
the induced foliation

Now come back to assume S possibly singular and let (f,g) be a pair as in
Chapter 2. As usual set v = vy, to ease the notation.

We know by Chapter 2 that if (f,g) is tangential along S or S splits
into M then we have a 1-dimensional holomorphic possibly singular foliation
on S’. If it had a global extension to an open neighborhood of S then we
could define certain natural partial holomorphic connections. This is not the
case in general, anyway we show in this chapter that it is possible to define
“good” local extensions of the foliation. To do this in the non-tangential case
we need S’ to have a geometric property stronger than the splitting property.

4.1 Natural partial holomorphic connections in
case of a global extension of the induced foli-
ation

Assume that (f, g) is tangential along S or S’ splits into M, let 2 : Ng%” —
TS’ be the foliation induced by (f, g) in both cases and set S° = 5’ —Sing(2).
Suppose there exist an open neighborhood W C M of S, a holomorphic line
bundle F — W and a morphism of holomorphic vector bundles

9. F — TM|y,
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4. LOCAL CANONICAL EXTENSIONS OF THE INDUCED FOLIATION

such that F\Sr = N?i” and _@\S/ = 2 (in other words, suppose that 2 has
a global extension around S). Under this hypothesis we have two natural
partial holomorphic connections along N ?O” C TSV, respectively on Ngo and
N%M (the normal bundle of Z in M, see Section 2.3). Let F be the sheaf of

holomorphic sections of F and let 7 : TM|g0 — Ngo and p : TM|go — NY
be the obvious projections. Then the partial holomorphic connection on Ngo
is defined by setting

Ngo 255 (V&) @ Ngo
w — 0 (w) s.t. 6;°(w) = 7 ([0, ][ g0) (4.1.1)

for any w € Ngo and v € N&' C Tgo, where @ € Tas|go and © € Flgo C
Tar|so are any holomorphic vector fields such that 7(w|g0) = w and 7|g0 = v.
The partial holomorphic connection on N, % s 18 defined in a similar way, that
is by setting 7

NG ar 55 (NG)" © NG
w — 5ls(w) s.t. 5f,s(w) = p([0,%]]g0) (4.1.2)

for any w € ./\/'%M and v € N& C Tgo, where @ € Tar|go and © € Flgo C
Tar|go are any holomorphic vector fields such that p(w|g0) = w and ¥|g0 = v.
Observe that both (4.1.1) and (4.1.2) does not depend on the choices of @ and
v. For instance, if w € Tys|go is another holomorphic vector field such that
m(W]g0) = w then (W—w)|g0 € Tgo, thus [0, W—1w]|g0 € Tgo and consequently
([0, — w]|g0) = 0. We can argue similarly for (4.1.2), moreover in both
the definitions if 7 € F|go C Tar|go is another holomorphic vector field such
that 0|go = v then [0 — v, W]|g0 = 0. Lastly, as well as (3.1.1) also §°° and
' are flat by the Jacobi identity.

Unfortunately 2 : N ?ﬁ” — TS’ does not admit in general a global exten-
sion around S. Anyway we can do something weaker, that is we can extend
2 locally about points of S’ in such a way that we are able to define partial
holomorphic connections as in (4.1.1) and (4.1.2). We talk about this sort
of ‘first order extension’ of Z in the following two sections (see [15] to in-
vestigate further the topic), while the discussion about the resulting partial
holomorphic connections is postponed to Chapter 5 .
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4.2. Tangential case

4.2 Tangential case

Let (f,g) be tangential along S and let  be an atlas adapted to S’ and g.
Recall that any local holomorphic chart (U, 2) € 4 such that U N S" #
induces the canonical local generator X4 of Z¢, on U N S" defined as in
(2.4.1). Let us define the local holomorphic vector field

Xpg=_ oo (4.2.1)
j=1

and observe that Xy |ung = Xy 4. We call it the canonical local extension
of D4 associated to (U, z), since it generates a 1-dimensional holomorphic
foliation on U whose restriction to U NS’ coincides with Py 4|yns:.

Let now (U, 2) € 4 be another local holomorphic chart such that UNTU N
S" # 0, X1, the corresponding canonical local generator of 2y, on UNS’ and
ng the corresponding canonical local extension of Z;, on U. As both 2!
and 2! are local generators for Zg, there is a (germ of) holomorphic function

a € O} such that 2! = az!, and

Xf,g:@f,g((a )) @fg<( ’i) (6z)>—(1u

X 4.2.2
a‘S’) £ ( )

on the overlap. Instead the relation between X, and AA,’f’g is less obvious
than (4.2.2). We describe it in the next Proposition, but first let us fix the

following notation: for any (U, z) € i denote
(1) by Ty the holomorphic vector fields of the form 2?22
TE (‘tangential’ terms vanishing on S with ‘order k'),

827, with &/ €

(2) by Vi the holomorphic vector fields of the form c%, with ¢ € Ig
(‘transversal’ terms vanishing on S with ‘order k).

Note that if (U, 2) € &l is another local holomorphic chart then
Tk =T+ Vi1 and Vk =T, + V. (4.2.3)

Proposition 4.2.1. Suppose (f, g) tangential along S and let L be an atlas
adapted to S’ and g. If (U, z), (U z) € i are any local holomorphic charts
such that UnUN S’ # 0 and Xy g, ng are the corresponding canonical local
extensions of Dy 4 defined as in (4.2.1), then

- 1
Xf)g = TXf,g + TV + VV+1

where they overlap, with a € O%, such that 2' = az'.
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4. LOCAL CANONICAL EXTENSIONS OF THE INDUCED FOLIATION

Proof. Let w and w be the special coordinates associated to z and 2
respectively and let b € O}, be the germ such that @' = bw'. Then by
(2.1.1), (2.2.7) and observing that w' o f € Zg we have that

Rla’(z1) = W21 =it f— ' og
= (bo f)(w' o f) — (bog)(w' og)

= (w'o f)(bo f—bog)+ (bog)h'(z")

= (w' o f)(z Zh’“(

Since (f, g) is tangential along S, we have that w' o f = w! og (mod Ig“),
hence we can rewrite the previous relation as

i = ob
1 v 1 k
hta” = (w og)kg_lh (awk

n 51
= h’fg; (mod T4, (4.2.4)

g) +(bo g)hl(zl)l’ (mod IS%V'H) .

o g) + (bog)h' (mod Z¥H)

improving in this way (2.2.10) for j = 1. Using (2.2.10), (2.2.11), (4.2.3) and
(4.2.4) we have that

; 0 ;
j=1 7j=2
1 (0080 00 1 K, ;08 0
- hkAAA' - hk
a’ (Z 82’“) 031 * a? 4 0zk 927 Vit
k=1 =2 k=1
1 .04 0
= 2 Mgmga Tt e
Jk=
1 — " 937 07 0
=— > — v,
o 2"\ 2 aam | g T Tt Ve
k,i=1 Jj=1
Finally, recalling that Z] 1 322 gj] = (;zk = d;, for any i,k =1,... n, we

get the theorem. O
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4.3 Non-tangential case

Suppose now that S’ splits into M and fix a splitting morphism o : Ng/ —
TM|g. Let 4 be a splitting atlas adapted to S’, g and o. Recall that any
local holomorphic chart (U, z) € & such that UNS’ # () induces the canonical
local generator X7 of 7 on UN S’ defined as in (2.5.7). Let us define the
holomorphic functlon hy = hl(() 22,...,2") on U, where h! is the defined as
in (2.2.7), and observe that there ex1sts a germ k' € Oy such that

Rt — h} = K'2? (4.3.1)

since z! is a local generator for Zg. Then define the local holomorphic vector

field
9 "0
o _ 1.1_1 7
X7, = kz 91 +]§2h 927 (4.3.2)

and note that Xﬁg\UmS' = X%g. We call it the canonical local extension of
97, associated (U, z), since it generates a 1-dimensional holomorphic folia-
tion on U whose restriction to U N S’ coincides with -@}T,g’UmS'-

~ Let now (U z) € Y be another local holomorphic chart such that U N
uns 1, X , the corresponding canonical local generator of Z¢ g on
UNS and X fq the corresponding canonical local extensmn of @f g on U. It
a € O}, is the (germ of) holomorphic function such that 2* = az! then

1

—— X9
alg)”

, (433

. 1
~1 1
£0= 97, (09) = 7 ( oy @) = ¢
on the overlap. Again, the relation between X 7g and X 7 18 less obvious
than (4.3.3). We could obtain something similar to Proposition 4.2.1 but
the splitting property on S’ is not enough now.

Definition 4.3.1. Let M be a complex manifold of dimension n, let VC M
be a complex submanifold of codimension 0 < k£ < n and let 4 be a splitting
atlas adapted to V. If for any two local holomorphic charts (U, z), (U, 2) € U

such that UNU NV # 0 we have that
%37

—— e 1, 434

02502t € v ( )

for any r,s,t = 1,...,k, we say that i is a comfortable atlas adapted to
V. Then we say that V is comfortably embedded into M if there exists a
comfortable atlas adapted to V.
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4. LOCAL CANONICAL EXTENSIONS OF THE INDUCED FOLIATION

If o : Ny — TM|y is a splitting morphism of V into M and 4 is
also adapted to o, then we call i a comfortable atlas adapted to V and
0. Moreover, if there are an open neighborhood W C M of V and a local
biholomorphism ® : W — M and 4 is adapted also to ®, then we say that
il is a comfortable atlas adapted to 'V, ® and o.

Roughly speaking, a comfortably embedded submanifold is a sort of first-
order approximation of the zero section of a holomorphic vector bundle.

Example 4.3.2. Let M be a complex manifold of dimension n and let
m: M — V be a holomorphic vector bundle of rank k£ > 1. We have seen in
Example 2.5.4 that V splits into M via the zero section, and that an atlas
of M induced by a trivializing atlas of V is a splitting atlas adapted to V.
Actually V is even comfortably embedded into M. In fact if 4 is an atlas
of M as in Example 2.5.4 and (U, z), (U, 2) € 4 are any charts, then the
coordinate 2" depends linearly on z!,..., 2% for any r = 1,..., k, thus

8227’
02502t —
for any r,s,t =1,... k.

Example 4.3.3. Let 71 : M — C™ be the blow-up of C™ at 0 and let
S = 771(0) C M be the exceptional divisor. In this example we want to
show that S is comfortably embedded into M.

Recall that any system of holomorphic coordinates of C™ centered at 0
induces canonically n local holomorphic charts on M which cover S. As in
Example 2.1.4, let us denote by (Uj, z;) the ones induced by the canonical
coordinates of C", for j = 1,...,n. By their very definition U; NU; NS # 0
for any i # j, and the change of coordinates z;j o z;~ is given by

z? = zfzf, z; = 1/25, Zf = zf/zg, #1475, (4.3.5)

for any i # j. Now let us consider for instance (Ui, z1) and (Us, 22). For
the sake of simplicity rename z = 21, hence z¢ = zf forany £ =1,...,n.
Moreover, define the local holomorphic coordinates y on Us by switching the
first two components of z9, that is

1 2 2 1 Y4 4
Yy =2, Yo =z, Yy =2z, £=3,...,n.

We do this in order to have a local holomorphic chart (Us,y) adapted to
S according with our Definition 2.2.1. By (4.3.5) the change of coordinates
x oy~ !is given by

z! ZZJIZJQ, w2=y2, xz:ye/f, {=3,...,n.
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4.3. Non-tangential case

Then ,
0
9~ 0
oyl
for any £ =2,...,n, and
0%t
=0
(0y')?

Making a similar switching of components for the other local holomorphic
charts (Uj, z;) we clearly obtain a comfortable atlas adapted to S.

Now we can state the analogous of Proposition 4.2.1 for the non-
tangential case. We still refer to the notation introduced in Section 4.2.

Proposition 4.3.4. Suppose S’ comfortably embedded into M, let o : Ngr —
TMlg be a splitting morphism and let 31 be a comfortable atlas adapted to
S', g and 0. If (U, 2), (U z) € i are any local holomorphic charts such that
UﬂUﬂS’ # 0 and X]‘Zg X]‘Zg are the corresponding canonical local extensions
of 77, defined as in (4.3.2), then for v > 1

. 1
Xﬁg:pxﬁg‘f'Tl"“/Q

where they overlap, with a € O%; such that 2* = az'.

Proof. Let w and w be the special coordinates associated to z and 2
respectively and refer to the usual notation. First of all observe that gzl =
1 (mod Z2) by property (4.3.4) ?f comfortable atlases (if the atlas is not
comfortable we only have that g% = %(mod Zs)). Thus by (2.2.11) and the

other property (2.5.1) of comfortable atlases we have that

0 1 0
921 ~ a0zt

+ Ty 4 Va. (4.3.6)

Observe moreover that by (2.2.10) and by definition of iL(l] and h} it follows
that hja” = h}a, then

. n 951
Mila” = —hha+ Y hka—; (mod T%) . (4.3.7)
k=1

This relation will play here the role of (4.2.4), which is not true if (f,g) is
not tangential along S. Then using (2.2.10), (2.2.11), (4.2.3), (4.3.6) and
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4. LOCAL CANONICAL EXTENSIONS OF THE INDUCED FOLIATION

(4.3.7) we have that

0z .
=2
1, 10 1 s 08 0 o o
=7 (_hoa) 951 + ngl 9k 95 T,+V,
1 n 0 1 & [&=0202)\ 0
= (M) gt 20| L gz | gt T Ve,
k=1 7j=1
Recalling that Z] 1 gji g; = 372,1 = 0, for i,k =1,...,n, we then have
. 1
Xﬁgzﬁ( 31+7th Tt Vininw)
1 k
= aT a” Z h + Ty + len(u 2)

= ?Xﬁg + Tl + Vmin(u,2)‘

Assuming v > 1 we get the theorem. O

Observe that Proposition 4.3.4 does not work for v = 1. In this case we
can modify slightly @" 7,10 order to overcome the problem. By hypothesis
there is a well-defined morphism of holomorphic vector bundles

df7g : Ngo — Ng/ (438)

given on the fibers by [v] — [(dg, * o df,)(v)], for any [v] € Ng/,, and p € 5.
Hence we can define

71 — .
‘@;g = ‘@]‘Z,g o df,g : Ns/ — TS,,
which is again a 1-dimensional holomorphic possibly singular foliation on S’.

Remark 4.3.5. We may consider df?g : Ng?i” — Ngﬁ” and define

9

(SO ® !
fg_‘@fg de.NS,V—)TS

for any v > 1. Anyway @Jf’g” = 97, for any v > 1 since dy 5 # Idn,, if and
only if (f, g) is not tangential along S and v = 1.
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4.3. Non-tangential case

Clearly the singular set Sing(.@}f’gl) may be larger than Sing(%7 ). If
(U, 2) € this any local holomorphic chart such that U NS” # () then

oft

1y _ 1_ 1 1
dﬁg(az ) = 5.1 S/az = (17L h S,)az ,
where f!' = w'o f, w = (w!,...,w") are the special coordinates associated
to the 2z and h' is the one defined as in (2.2.7). Thus
ol ol 1\ _ oo 1 1
Xy = P53 (02) = 77, (14 h'|g) 02)
_ 1
= (1+ h'lg) Z; Wl 57 ) (4.3.9)
]:

is a local generator of 27 on UNS’ , where the holomorphic functions h7 are
the ones appearing in (2.2.7). We call (4.3.9) the canonical local generator
of 9}7:; associated to (U,z). Let h} and k! be the holomorphic functions
defined in (4.3.1), then the local holomorphic vector field

0

5 (4.3.10)

0 SN

ol _ 711 1 E :

Xﬁg—kZ@"‘(l"‘ho) h]
=2

is such that X}T’gl\UmS/ = X}T’gl. We call it the canonical local extension of @;’gl
associated (U, z) since it generates a 1-dimensional holomorphic foliation on
U whose restriction to U N S’ coincides with @;;]Unsx.

Let now (U, Z) € U be another local holomorphic chart such that UN un

S0, X’;; the corresponding canonical local generator of .@J‘f’gl on UNS

and 23}791 the canonical local extension of .@Jf’gl on U. Then

. 1 1
ol _ ol 21\ 0,1 1\ o,1

X7, =97, (02") = 27, <a5,8z > = G‘S’Xf’g (4.3.11)
on the overlap, where a € O3, is the holomorphic function such that 3l =
az'. The relation between X }7 ’gl and X ; ’; is instead described by the following
proposition.
Proposition 4.3.6. Suppose S’ comfortably embedded into M, let o : Ngr —
TM|g be a splitting morphism and let 3 be a comfortable atlas adapted to S,
g and o. Assume that v =1. If (U,z), (U, %) € Y are any local holomorphic
charts such that UNUNS’ # () and X}T’gl7 X}T’; are the corresponding canonical

local extensions of @}7’91 defined as in (4.3.10), then

. 1
Xy = ax}f’; +T1+ Va
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4. LOCAL CANONICAL EXTENSIONS OF THE INDUCED FOLIATION

where they overlap, with a € O}, such that 2t = azl.

Proof. Let w and w be the special coordinates associated to z and 2
respectively and refer to the usual notation. If v = 1 we need to improve
relation (4.3.7). First of all observe that we can improve (2.1.1) by writing

LR . Oh
hof—hogzg (f]—g])g
J=1
1 & , . A . 0%h
— t_ gt ) 4J 3v
+ 2”:1 (f g)(f g ) 01027 (mOd I )’

for any h € Opy. Hence if v = 1 and recallingg (2.2.7) we have that

in 0?31
a—ZhjaZ] 1Zh W=~ (mod 7).

ij

. 221 221 P
Since 8§1§Z =257 da “(mod Zs), % = gz‘ﬁ- (mod Zg) if i > 2 and 8,521 =

O(mod Zg) if 4,5 2 2, the previous relation becomes
- ;02! —~ ; Oa
1. _ Z 1 12 2
ha— P hjﬁ‘i‘Zh ‘_1h]@(m0dl'5)
= g hj + hy g hi zla—a, (mod 1'2)
0 By S

and consequently
k'2'a = —h{a — h'hia+ (1 + h}) Z = (mod Z32). (4.3.12)
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4.3. Non-tangential case

Then using (2.2.10), (2.2.11), (4.2.3), (4.3.6) and (4.3.12) we have that

vo,1 118 71 nA’a
X7l =k'z a“1+(1+h0)j§hjazj
o 1 " L0800
= (—hy — h'hY) 621+a(1+h}))' hka 95
7,k=1

_1_1_11i i 027920\ @
_a( o th)@ 1+h0 kzz:1h Z@z’“@zﬂ 9z
+T1+ Vs
1 o 1 s )
:a(_hé—hlha)azl+a(1+hé)kzh o TtV

6 1 0 o,
kll Z W+T1+V2 X 1—i-T1+V2
—2

and we get the theorem. O

Remark 4.3.7. Suppose that g is a global biholomorphism over an open
neighborhood of S’. In this case Proposition 4.2.1 is basically [4, Lem.4.1]
for the holomorphic self-map ¢g~! o f, while Proposition 4.3.4 and 4.3.6 are
together [4, Prop.4.2].
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Chapter 5

The other index theorems

Let S and (f,g) be as in Chapter 4, set again v = vy, and let [S] denote
the holomorphic line bundle on M canonically induced by S. Similarly to
Chapter 3 we fix the following notation. If (f,g) is tangential along S then
set 7 = Dy 4, let U be an atlas adapted to S” and g and for any (U, z) € U
set X = Xygand X = Xy, If S" is comfortably embedded into M, o
is a splitting morphism of S” into M and v > 1 then set 2 = _@J‘Z let Ll
be a comfortable atlas adapted to S’, g and o, and for any (U, z) € i set
X = X§,and X = X7 . Lastly, if S’ is comfortably embedded into M, o

is a splitting morphlsm of S’ into M and v = 1 then set 2 = @Ugl let &l
be a comfortable atlas adapted to S’, g and o, and for any (U, z) € U set
X = X;; and X = X}’gl In all the cases S° = S’ — Sing(2).

We show that if (f, g) is tangential along S or S’ is comfortably embedded
into M we can define a partial holomorphic connection along N g?oy c TS°
on Ngo, and then we get a Camacho-Sad-type index theorem. Moreover, if
(f,g) is tangential along S and v > 1 we show that we can define a partial
holomorphic connection along N g%” c TS° on N% a» and then we get a
Lehmann-Suwa-Khanedani-type indez theorem. In both cases we find explicit
formulas for the computation of the residues at isolated singular points of
and, in a case, of S.

5.1 Second partial holomorphic connection

Suppose (f,g) tangential along S or S’ comfortably embedded into M, and
fix a splitting morphism o : Ngv — TM|g in the latter case. We know by
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5. THE OTHER INDEX THEOREMS

Chapter 2 that in both cases the pair (f,g) induces a foliation 2 : Ng%” —
TS’, and we have showed in Chapter 4 that any local holomorphic chart
(U,z) € 4 induces a canonical local extension X od 2 on U. This means
that we are locally in the setting of Section 4.1 and then we can define locally
partial holomorphic connections exactly as in (4.1.1). Thus for any (U, z) €
such that U N S’ # () we can define a partial holomorphic connection along

N[@%So C T'S°|yngo on Nyngo by setting

85 #
®
NUmso — (NUFZSO) ®NUHSO

w — 05 (w) s.t. (05)ax(w) = am ([X,0]|yng0) 5 (5.1.1)

for any w € Npynso and a € Opyngo, where m @ TM|g — Ngo is
the obvious projection and @ € Tas|yngo is any holomorphic vector field
such that 7(W|yng0) = w. Observe that any holomorphic vector field
v € /\/}‘%’So C Tsolpngo is of the form v = aX for a holomorphic func-
tion @ € Opngo since X is a local generator of 2 on U N S’. Exactly as
(4.1.1) the definition of 6§ does not depend on the choice of @, moreover it
is flat by the Jacobi identity.

The key point is that we can glue together all these local partial holo-
morphic connections thanks to Proposition 4.2.1, 4.3.4 and 4.3.6, and conse-
quently we have a global partial holomorphic connection along Ng%” cTs°
on N S0.

Proposition 5.1.1. Suppose that (f,g) is tangential along S or S’ is com-
fortably embedded into M, and fix a splitting morphism o : Ngv — TM|g/ in
the latter case. Let i be an atlas according to the case. If (U, z),(U,2) € U
are any local holomorphic charts such that U N uns’ # (0 and 53‘?,(5?5 are
the corresponding local partial holomorphic connections defined as in (5.1.1)
then

5;9 = 0%

where they overlap. Consequently, there is a well-defined flat partial holo-
morphic connection

Ngo L5 (N8 @ Nyo

along Ng%” C TS° on Ngo.

Proof. Since X is a local generator of Z on U N UnNS', we just need to
prove that

(95) (@) = (6%)x (w)
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5.2. A Camacho-Sad-type index theorem

for any w € NUmUmSO' This is true because if 2! = az', with a € O%,,
and 7 : TM|g0 — Ngo is the projection, by (4.2.2), (4.3.3), (4.3.11) and by
Proposition 4.2.1, 4.3.4 and 4.3.6 we have that

J|s»)

() (@) = Colsn)” (55) () = (also)”m ([,
Il

1 v

= (algo)" T ( [<a> X +T+ Vo,w
=7 ([¥, @l|g0) = (0%) x (w),

where the last but one equality is due to the fact that [T, w]|g0 € Tgo and

[Va, w]|go = 0. O

w
0

5.2 A Camacho-Sad-type index theorem

Let V be any 6“°~connection on Ngo and consider a tubular neighborhood
r: Uy — S of SY in M (it always exists, see for example [33, p.465]). By
the property of the tubular neighborhood r*Ngo = [S]|y,, hence r*V is a
C* connection on [S]|y, and by Theorem 1.4.9 we have that

Crlz—l (T*vcs) — ?”*0711_1 (vcs) = 0. (521)

Let now Sing(S) U Sing(2) = U)X, be the decomposition in connected
components of the singular set Sing(S)USing(Z), which is clearly an analytic
subvariety of S. For any A let Uy C M be an open subset such that Uy D X
and Uy N Uy = 0 whenever A\ # \. Set Uy = L,\U, and let Vi be any C*®
connection on [S]|y,, then consider the open neighborhood U = Uy U U; of
S and its covering U = {Up, U1 }. By (5.2.1) it follows that

(8] = [(o,cgb—l(vl),c’f—l(r*v“,vl))} e B (U, U, C),

that is we can localize ¢!~ *([S]) at Sing(S) L Sing(Z). Moreover, the local-
ization does not depend on the choice of the C'*° connections, as stated by
the following lemma.

Lemma 5.2.1. Let V be another §°-connection on Ngo and let V1 be
another C™ connection on [S]|y,. Then

(0,471 (V) 71 Ve, V) | = (0,671 (W), e T Y, ) |
in H*=D(U, Uy, C).
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Proof. By property (1.1.2) we have that
ATV = (V) =dd T (Ve V), (5.2.2)
moreover that

C?*l(r*vci Vl) :c?*l(@l’ vl) + C?fl(r*vcs’ vl)
—dc N (V1,7 V®, V)
and
Crfil(r*vcs’ @1) :C?ffl(r*vcs, vl) — C?il(r*vcs,r*@cs)
_ dc?fl(,r_*vcs’ r*vCS, vl)
) A 9

where in last equality we use that ¢}~ (r* Ve, r*V) = 771V, V) = 0
by Theorem 1.4.9. Hence

ATV, V) = THEVE, V) = 4TV V) = do, (5.2.3)

with w = 71V, 7"V, Vy) + C?_I(T*VVCS,?l,r*?CS). By (5.2.2) and
(5.2.3) and recalling the definition of the Cech-de Rham differential D we
then have

(0, 1(Vy), &LV, W) — (0,1 (V1), 0LV, 1))
:D(O, 0711_1 (?1, Vi), w)
a

Suppose now that S is compact, then Sing(S) U Sing(Z) C S is also
compact and we can assume without loss of generality that U is a regular
neighborhood of Sing(S) U Sing(Z). Consequently we can assume that U is
a regular neighborhood of S. Then by what we said in this chapter and by
the commutative diagram (1.9.2) we gain the following index theorem.

Theorem 5.2.2 (Camacho-Sad-type index theorem). Let M be a complex
manifold of dimension n and let S C M be a globally irreducible compact
analytic hypersurface with reqular part S’ = S — Sing(S). Let (f, g) be a pair
of distinct holomorphic self-maps of M such that f|s = g|ls and g is a local
biholomorphism over an open neighborhood of S, with order of coincidence
v ="vyg. Assume that

(i) (f,qg) is tangential along S
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5.3. Computation of the Camacho-Sad residues

or

(i) S’ is comfortably embedded into M and o is a splitting morphism of S’
wnto M.

In case (i) set I = Dy, while in case (ii) set I = 97 if v > 1 and
9 = 901 if v = 1, and suppose 9 # 0. Let Sing(S) Ll Sing(Z) = UxXx
be the decomposztzon in connected components of the singular set Sing(S) U
Sing(Z). Then there exist compler numbers Res(2,S,%y), one for each
connected component Xy, such that

es = 1 .
> Hes(2.5.54) /S "1 ((9])

Remark 5.2.3. Suppose that g is a global biholomorphism over an open
neighborhood of S’ and recall Remark 2.2.6 and 2.4.6. In this case Theorem
5.2.2 turns out to be [4, Thm.6.2] for the holomorphic self-map ¢! o f.

Observe that we may weaken hypothesis (ii) by asking that only S’ —
Sing(f, g) is comfortably embedded into M, instead of the whole S’ (see
Remark 2.5.8). Similarly, in [4, Thm.6.2] the authors assume that only
S" — Sing(f) is comfortably embedded into M.

5.3 Computation of the Camacho-Sad residues

In this section we derive explicit formulas for the computation of the residues
of Theorem 5.2.2 at isolated singular points of Z and, in a case, of S. A
reference for this part is [36, Sec.IV.6].

Let V® be any 6°-connection on Ngo, let 7 : Uy — SY be a tubular
neighborhood of S in M and consider the C* connection 7*V on [S]|y, =
r7*Ngo. Let 3 be any connected component of Sing(S)USing(Z) and let U C
M be a regular neighborhood of ¥ such that U N (Sing(S) U Sing(2)) = X.
Let V be for the moment any C* connection on [S]|y. Lastly, let R C U
be any compact real C*° submanifold of dimension 2n oriented as M such
that 3 C IntR, with the boundary OR transverse to S and oriented with the
orientation induced by R. Set R = RN S, then by Section 5.2 and 1.9 the
residue of ¢~ 1([S]) at ¥ is

Res(@,S,Z):/ A 1(V)—/~c?_1 (r*ve, V).
R OR
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From now on set U = UNS and Uy = U — {p} to ease the notation. Suppose
that 3 is an isolated point, that is ¥ = {p}. In this case up to shrinking
U we can assume [S]|y trivial, then we can choose V trivial respect to a
holomorphic generator of [S]|7. Consequently, the residue of ¢! ~'([S]) at p
becomes

Res (2,S,p) = — /~ c?il (r*ve,V)
OR

:_/[)chl—l (V“, V|UO), (5.3.1)

where in the second equality we use that R C Up and that by the very
definitions ¢! (r*Vves, Vg, = Ve, Vig,)-

Now let us consider the case p € Sing(Z) first. In this case Ny = Ng'|5
does exist since p is a regular point of S, moreover we can assume that U is
the open set of a local holomorphic chart (U, z) € il centered at p. Let V
be the C*° connection on Ny trivial respect to 0z', that is

Vi (ﬁzl) =0,

and let ' : U — U be a tubular neighborhood of U in M. We consider the
C* connection V = (1')*V over [S]|y = (r')* N, which is trivial respect
to (r)*0z'. Clearly V|5 = V, then we can rewrite (5.3.1) as

Res (2,8, p) = _/~ AT (VE, V) (5.3.2)
OR
As done in Section 3.3, we mimic the strategy adopted in the proof of
[36, Thm.II1.5.5]. Let LY C TU = T'S’|;; be the holomorphic line subbundle
generated by %m, for any j = 2,...,n. There are natural flat partial
holomorphic connections 8 along L’ on Ny defined by setting

P, @ =on ([54]]).

0z7
for any w € N, o € Oy and j = 2,...,n, where 7 : TM|s» — Ng and
@ € Tl is any holomorphic vector field such that 7(@|;) = w. Clearly the
flatness of 7 comes from the Jacoby identity. Note that 67(9z') = 0 hence
Vi is a §7-connection, for any j = 2,...,n.
Let X be the canonical local extension of 2 associated to (U,z). Tt
depends on the case we are in, but for the moment we write

X: ]7‘
;é o
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5.3. Computation of the Camacho-Sad residues

where &/ € Oy, in order to keep the generality of the argumentation. With
this notation the canonical local generator of & associated to (U, 2) is then
X~ = X|Q = ZZZQ §j|[~]%|(~]. Let us introduce the open covering Uy =
{U?,...,U"} of Uy defined likewise the one in Section 3.3, that is by setting

Ul = {q e Uy s.t. &(q) # ()}

for any 7 = 2,...,n. This is a covering of Uy since {2=...=¢" = O}OU =
{p} by hypothesis. Observe that

X \Ua}

Ui

9
022

is a holomorphic frame of TU? = TS|y, for any j = 2,...,n, thus we can
define the C°° connections V; on Ny, by asking that are §“*-connections

and by setting
0
(w)zom([,dj] )
i 0z* Ui

for any w € Ny, a € Op,; and k = 2,...,n such that k # j, where
@ € Tarlg, is any holomorphic vector field such that 7(@|5,) = w. Observe

that in general
o0 .
w ar | |=—,®
L@ ([ael] )

then V; is not a 87-connection, on the contrary it is clearly a ¢¥-connection
for any k = 2,...,n such that k # j.
Consider now the Cech-de Rham cocycle 7 € C;(n_l)_z defined by
0

o]

U,-7”"8zj

0
o B

(vj) )

a2
azk

(vj)a o)

821

Tiviy = (VS V5, Vi, ., Vi, ) € Q2nmD=hd (U"l AN Uk) ,
forany 2 <i1 <---<ip<mnand k=1,...,n— 1. Then we have a lemma
analogous to Lemma 3.3.2 (the proof is almost the same).

Lemma 5.3.1.
(i) (D7); =~ 1V, Vi) foranyi=2,...,n.
(13) (D7)iyeiy, =0 forany2<i; <---<ip<nandk=2,...,n—2.
(iii) (D7)om = =4 (V. Va, ..., Va).
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Proof. Observe preliminarily that by Theorem 1.4.9

AN (VE Ve, V) =0 (5.3.3)
forany 2 <4 < - < iy <nand k =1,...,n — 1, since by definition
Ve Vi, ..., V,, are all 0“-connections. Moreover, again by Theorem 1.4.9

A (Vg Vi, .o, Vi) =0 (5.3.4)
forany 2 <143 < ---<ig <mand k=1,...,n — 2, since by what we have

remarked there is a i € {2,...,n} — {i1,..., 4} such that V,Vy,..., Vy,
are all 6’-connections.
(i) By definition of D and property (1.1.2)
(Dr); =dr; = def ™ (V, V5, Vi)
= (Vg, Vi) + 77 H(VE V) — 7 (VE, V)
for any ¢ = 2,...,n. Then by (5.3.3) and (5.3.4) we are done.
(i), (i) By definition of D

k
(D7), =1 driyiy + 3D 2
(=1

=(—1)F e (VS V5, Vigs - -+ Vi)

k
3D T (VL Y Vi Vi, Vi)
/=1

forany 2 <iy <---<ix <nand k=2,...,n—1. By property (1.1.2) we
have that
(=) (VE, Ve, Vi, ... Vi)
=— 4 (Ve Vi, oo, Vi) + (VS Ve, V)

k
D i (vcivﬁ,vil, Vi ,vik) .
=1

Then (D7)i;.i), = =7 (Vg Vig, oo, Vi )+t (VS V..., V) for any
2<ip<---<ig<mnand k=2,...,n—1, and by (5.3.3) and (5.3.4) we
are done. O

Consider the open covering {UNQ NOR,...,U"NIR} of (9]? and a system
of honey-comb cells {OR?,...,0R"} adapted to it. Set OR*™ = OR%nN
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5.3. Computation of the Camacho-Sad residues

--NOR", then by Lemma 5.3.1 and recalling the Cech-de Rham integration
(1.7.1) we have that

R S Il s
AR

OR
/~ Crllil(:f]’;%"',;n)7
OR2

and consequently by (5.3.2)
Res(@,s,p):/~ A (Vi Vo, V). (5.3.5)
aRQ.,.n

Recall by Section 1.1 that ¢}~ (VU,VQ,...,VH) is a (n — 1)-form over
U%m =0U%?N---NU" defined by ¢f " (V,Va,..., V) = L} (Vi)),
where V ;) is the € connection on the complex vector bundle

Nz x R*H — U270 x R*! (5.3.6)

defined by
V(t 1_2753 VU—FZt]‘V
j=2

and I, denotes the integration along the fiber. To compute c?_l(v(t)) we
need to know the curvature 2-form r ;) of V(4 respect to a C>° generator of
(5.3.6). Recall that if 6 is a connection 1-form of V() then we have the
relation k) = dby — Oy A Oy = db(y), so we just need to compute 6.
Let 07,02,...,0, be the connection 1-forms of Vi, Va,...,V, respect to
the holomorphic generator 0z' of Ngz..n. Then 60 respect to the induced
C™> generator of (5.3.6) is

H(t) =11- Zt]‘ 90 + Zt]ﬂj = Zt]‘@j, (5.3.7)
=2 =2 =2

where in the second equality we use that 65 = 0 because Vi is trivial
respect to 0z!. Since Va,...,V, are all §°-connections, the connection 1-
forms 6,, ..., 0, depend ultimately on the canonical local extension X of Z.
By definition

(821) =0
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for any j, k= 2,...,n such that k # j, and

N )
L0 =g ([ 2]l

1 o¢! 1
- — —| 0z,
g5 021 |

for any j = 2,...,n. This means that
0 — dzj 851
J §J i 021
for any j = 2,...,n, then by (5.3.7)
n og!

dzd
__th?zj

j=2

g2-n 821 02

Consequently the curvature 2-form of V ;) respect to the fixed generator of
(5.3.6) is

S
U2...n 821 7

ki = df s Z dt;

+ terms not containing dt;,

+ terms not containing dta A --- A di,.

By definition of I, (see [36, Sec.IL.4]) and recalling that [,,_, dtoA---Adt, =
1/(n — 1)!, we finally have that

—yo10e A A
NV, V..., V) = (-1)["F] ( il ) dennd
U ) ’ €2§n
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5.3. Computation of the Camacho-Sad residues

and by (5.3.5)
s n—1 -1 [nT_l] 6751 e
RGS(.@,S,])): < \2/7‘-71> /(9R2n ( ) 52(?2 ) sz/\"‘/\dz”
(5.3.8)

Similarly to Section 3.3, let us consider now the specific compact real
submanifold R C U defined by

R={q€Ust [P+ +|"(@)f < (n— 1)}

for € > 0 small enough. Then

R=RNS = {qGUs.t. (@) + -+ 1) < (n—1)62}
and its boundary is

2

8R:{q€ﬁs.t. 1€%(9)] +"'+|€"(q)\2:(n—1)e2}_

As in Section 3.3, we take the system of honey-comb cells {OR?, ... ,0R"}
adapted to {U?NIR,...,U" N IR} defined by setting

ORI = {q € OR s.t. ‘gj(q)’ > \5’((1)\ fori=2,... ,n}
for any j = 2,...,n. Let I's be defined by
e = {q eUst [E(@)]=--= ()= 6} (5.3.9)

and oriented so that d¥? A--- Ad¥™ > 0, with 97 = arg(¢?). Considering the

orientations we have I'c = (—1)[%]8]%2"'”, then we can rewrite (5.3.8) as

Res (2, S8,p) = <_‘2?>n_1/F

(61)71—1
N) 42 Adet (5.3.10)
. 526% : e

Clearly this formula changes slightly depending on the case. For instance if
(f,g) is tangential along S then I'¢ is exactly the I" defined in (3.3.9), and by
(4.2.1) we have that & = hJ for any j = 1,...,n, where the h/ are defined
in (2.2.7). Moreover, since h' € Zg there is a holomorphic function /! € Oy,
such that

Rt =1t (5.3.11)
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and then
6751 — ¢
821 g2-n
If S” is comfortably embedded into M and v > 1 we have again that I'e =T’
and & = hJ for j = 2,...,n, while by (4.3.2) it follows that ¢! = k'2!, where
k! is defined in (4.3.1). In particular in this case

B a2t
g2-n - 621

‘Uz.“n .

o¢t

o (kb
0z1

_ 1
S e P

U2-n

Lastly, if S’ is comfortably embedded into M and v =1 then I's becomes

- {q e Ust. | (1+hi(g) h* ()| =

= |(1+ ho(q)) h"(q)| = 6}7 (5.3.12)
where h{ is defined in (4.3.1). Moreover, by (4.3.10) we have that ¢! = k12!
and & = (1 + k)W for any j = 2,...,n, and in this case %Hf]%n is

exactly as for v = 1. Summing up, by (5.3.10) and taking into account all
these remarks we have the following theorem about Camacho-Sad residues
at isolated singular points of 2.

Theorem 5.3.2. Let M, S and (f,g) be as in Theorem 5.2.2 and assume
(i) (f,qg) is tangential along S
or

(11) S’ is comfortably embedded into M and o is a splitting morphism of S’
mto M.

In case (i) set D = Dy4 and let U be an atlas adapted to S" and g. In case
(17) set 9 = D7, v >1and 7 = @U Yifv =1, let & be a comfortable atlas
adapted to S’, g cmd o, and suppose @ # 0. Let p € Sing(2) be an isolated
singular point and let (U, z) € U be a local holomorphic chart centered at p
such that U N (Sing(S)U Sing(2)) = {p}. If (f,g) is tangential along S then
the residue Res(2,S,p) of Theorem 5.2.2 is given by the integral formula

1

n—1 1\"n—
—V=1 14
Res(2,S,p) = ( o 1) AMszA-"Adz", (5.3.13)

where the holomorphic functions h%,... h" are defined in (2.2.7), (' is
defined in (5.8.11) and T is defined in (3.3.9) and is oriented so that
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5.3. Computation of the Camacho-Sad residues

A2 N~ AdO™ > 0, with 97 = arg(W). Instead, if S’ is comfortably embedded
into M and v > 1 then the residue is given by the integral formula

n—1 1\n—1
e k
Res (9, S,p) = <2ﬂ_> /F MdZQ VANERIVAN dZn, (5314)

where the holomorphic function k' is defined in (4.3.1). Lastly, if S’ is
comfortably embedded into M and v = 1 then the residue is given by the
wntegral formula

s\l ]{51 n—1
Res(2,S,p) = L / ( z dz2 A A d2",
2m F/(l—i—h(l))n L2 opn

(5.3.15)
where the holomorphic function h(l) is defined in (4.8.1) and T is defined in
(5.3.12) and is oriented so that 9> \---Ad9™ > 0, with 9/ = arg((1+h{)h7).

Let us conclude with the case p € Sing(.S). Recall that from the beginning
of the section U C M is an open neighborhood of p such that U N (Sing(S) U
Sing(Z)) = {p} and [S]|v is trivial. The strategy of the non-singular case
does not work now since we do not have in general a local holomorphic
chart (U, z) € U centered at p. Consequently, we do not have a holomorphic
generator 7y of [S]|y such that 7|5 = 92" and we can not rewrite (5.3.1) in
(5.3.2). In what follows we are going to see that if ¢g|y is a biholomorphism
onto its image, (f,g) is tangential along S and v > 1 then we can anyway
compute the residue at p in another way.

First of all, observe that up to shrinking U we can assume there is a
holomorphic function x € Zg which is a local generator of Zg at any point of
U. Now suppose there is a holomorphic vector field V extending the foliation
2 on U, that is V’Uo generates 2 on Up. Such a V would induce the flat

partial holomorphic connection 4y; along Ng@” C TUy on Ng, defined by
0
setting

(65)avy,, @) =ar ([V.a]]g,) (5.3.16)

for any w € NUQ and a € 0007 where @ € Ty| 7, is any holomorphic vector
field such that m(&[y ) = w. Suppose that ¢} coincides with the partial
holomorphic connection §°° of Proposition 5.1.1. Then choosing some holo-
morphic coordinates (y',...,y") over U as in [36, Cor.IV.4.5] (see also [27,
Thm.2]), namely such that

"9
V:Zvja—yj

j=1
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and {v? = ... = v® = 0} NS = {p}, we may compute the residue at
p applying directly the integral formula of [36, Thm.IV.6.3] (see also the
formula just after [27, Thm.2]). More precisely, we would have that

n—1 n—
Res(@,S,p):<_V_1> /WdyQ/\---/\dy” (5.3.17)
'y

2 vZ.o.on

where T'y, is defined by

Iy = {q e U s.t. ‘UQ(q)} = =" = e}, (5.3.18)

for € > 0 small enough, and oriented so that d9? A --- A d9™ > 0, with
¥/ = arg(v?). Note that dz(V) € Zg and that (dz(V)/z)|; does not depend
on the choice of x.

Remark 5.3.3. We could use directly the integral formula (5.3.17) even
for the non-singular case, and we would have obtained the same formulas of
Theorem 5.3.2. In fact if p € Sing(2) and (U, z) € U is such that p € U
we can take as V the canonical local extension X associated to (U, z), as
x € Tg the first coordinate 2! and as coordinates (y', ..., y") the coordinates
(z',...,2"). Then recalling (4.2.1) we have that

dzt(x) ht 1
Zl = ; = E
and v/ = b7 for any j = 2,...,n when (f, g) is tangential alnog S. Moreover,
recalling (4.3.2) we have that
dzt (X) k't L

and v/ = hJ for any j = 2,...,n when S’ is comfortably embedded into M
and v > 1. Lastly, recalling (4.3.10) we again have that

dzt (x) k2t

z1 z1

and v7 = (1 + h})h’ for any j = 2,...,n when S’ is comfortably embedded
into M and v = 1. Thus by (5.3.17) and (5.3.18) we recover (5.3.13), (5.3.14)
and (5.3.15).

Let (y',...,y") be for the moment any holomorphic coordinates over
U, let (u' = y'o g\[}l,...,u” =qy"o g|ljl) be the corresponding special
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5.3. Computation of the Camacho-Sad residues

coordinates on g(U) and set for simplicity f/ = u/ o f and ¢/ = u’ o g for any
Jj=1,...,n. By Lemma 2.1.2 we have that f/ —¢g’ € Z¢ forany j =1,...,n,
hence we can define the holomorphic vector field over U

" fi—gl 9
7j=1

Moreover, let us define the sets U7 = {q € U s.t. %(q) # 0} and U7 =
Ui N Uy, for any j = 1,...,n. Note that {U',...,U"} is an open covering

of Uy since {% == a%ﬂ =0} NU = {p} by hypotheses. We can define
over each U’ the holomorphic coordinates z; = (zjl-, . ,z;l) by setting
z}:a:, forany j=1,...,n,
Z;:yifl, forj=2,...,nandi=2,...,7,
2t =yt forj=1,...,n—landt=75+1,...,n.

Note that (U7, z;) is a local holomorphic chart adapted to S’ and g for any
j=1...,n.

Lemma 5.3.4. Let Vy  be the holomorphic vector field over U defined as in
(5.3.19). If (f,g) is tangential along S then

Xl = Viglus + %]

forany j =1,...,n, where X7 s the canonical local extension of 9 associ-
ated to (U7, zj) and Vi is a holomorphic vector field on U7 with coefficients
belonging to I¢.

Proof. We do the proof only for j = 1 since it is basically the same for any
j =1,...,n. For the sake of simplicity set X = X! and (U, 2) = (U}, z1),

and let w = (w!,...,w™) be the special coordinates associated to the z.

Recall by (4.2.1) that
X=>» W—
Z 8zj ’

J=1

where the holomorphic functions b/ € Oy are defined in (2.2.7). By defini-
tion of the coordinates z, we have for j = 2, ..., n that
flog _wiof-—wiog _

——= B =1 (5.3.20)
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and ‘
Lo _ayod_oyios oy
OyJ — 020 Oyl 021 oyl 09
hence for j =2,...,n
oyt B oyt 02"
@ —_— _ﬁaiy]. (5.3.21)
Then by (5.3.21) and recalling (2.1.1) we have
1 1 - j j ou' 2
ft—g :Z(w of —w og) 57 Y (modIS)
j=1
n l/ay
:Zh](z ) 927 (modI Y)
7j=1
oy! - oyt 0z
1/ 1\v v 2v
() S = S L S (mod 7)
j=2
consequently
=9 _ 8y Oylaz v
— =0 Z W T oy - (mod T5). (5.3.22)

Lastly, by the very definition of the coordinates z and by (5.3.21) it follows

o oyl o

and Lo
0 oy 0z 0 0
I B 5.3.24
07 0z OyI oyl + oyl ( )
for any j = 2,...,n. Then by (5.3.20), (5.3.22), (5.3.23) and (5.3.24) we
have that

"9 oyt 02t 0 "9
X: ‘77. ‘7 -~ 1 ji-
jz::lh 027 Z 021 dyi | oyt —i—j;h Oy
0
ZVmb+Cap

where C' € Zg. O
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5.3. Computation of the Camacho-Sad residues

Clearly, Lemma 5.3.4 implies that if (f, g) is tangential along S then Vs,
extends & on U. Secondly, if v > 1 then the partial holomorphic connection
(5@‘? , induced by V¢4 as in (5.3.16) is exactly §° restricted to Up. In fact by

Lemma 5.3.4 and recalling (5.1.1) we have on each U7 that

(5,,) ., @)= (6@;&,)wﬁg‘m ()
=ar (Vg @][g,) = om ([X7 = V7, &]|5,)
=am ([7,0]5;) = (09)axs (@)
for any w € Ny;, o € Op; and j = 1,...,n, where @ € Ty|g; is any

holomorphic vector field such that m(&|7;) = w. Note that in the third
line we use that [Vﬂ,@]\m = 0 since v > 1. Consequently, choosing the

holomorphic coordinates (y*,...,4") in such a way that
2 =g fr=g"
= ... = = nsS = 3.2
{ — — 0r,NS={p} (5.3.25)

we can apply formula (5.3.17). Observe that in this case
dz (Vy,4) 1 &, Oz
T :xu+12(f]—9])@

j=1

and the I'y defined in (5.3.18) becomes

fj _ gj
xV

" = {q e U s.t.

(q)] — e, forj:2,...,n}, (5.3.26)

then we have the following theorem about Camacho-Sad residues at isolated
singular points of S.

Theorem 5.3.5. Let M, S and (f,g) be as in Theorem 5.2.2 and as-
sume that (f,g) is tangential along S and v > 1. Let p € Sing(5)
be an isolated singular pownt, let U C M be an open subset such that
U N (Sing(S) U Sing(2)) = {p} and suppose that g|y is a biholomorphism
onto its image. Let ©x € Lg be a local generator of Tg at any point of U,

let (y',...,y") be holomorphic coordinates on U and (u',... ,u") the cor-
responding special coordinates on g(U). Set f/ = w/ o f and ¢ = v/ og
for any j = 1,...,n, and suppose that the coordinates y are such that we

have (5.3.25). Then the residue Res(2,S,p) of Theorem 5.2.2 is given by
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the integral formula

dy A A dy™,

Jp—— S (-l
Res(2,S,p) = <\2/?> /,, [azi 1Hj2(fja;ygj) ( )
5.3.27

where T is defined as in (5.8.26) and oriented in the usual way.

5.4 Third partial holomorphic connection

Assume now that (f, g) is tangential along S. As already recalled in Section
5.1 any local holomorphic chart (U, z) € 4 induces a canonical local extension
X of @ on U, and this implies that we can define locally partial holomorphic
connections exactly as in (4.1.2). Thus if UN S’ # () we can define a partial
holomorphic connection along N& g0 C TS 7ng0 on N 7.:rlunso by setting

N,%,M‘Umso (NUOSO) ® N%JVI‘UQSO
w— 85 (w) s.t. (0§)ax(w) = ap (X, @lpng) . (541)

for any w € N 1/lunso and o € Opyngo, where p : TM|go — NJ, ,, is the
obvious projectibn and W € Tyr|pngo is any holomorphic vector field such
that p(@0|yng0) = w. Observe that any holomorphic vector field v € N®VSO C
Tsolnsgo is of the form v = aX for a holomorphic function ¢ € Opngo since
X is a local generator of 2 on UNS’. Exactly as (4.1.2) the definition of 6
does not depend on the choice of w, moreover it is flat by the Jacobi identity.

As in Section 5.1, we can glue together all these local partial holomorphic
connections thanks to Proposition 4.2.1, but only when v > 1. Then only in
this case we have a global partial holomorphic connection along N ?0” c1S8°
on N%M.

Proposition 5.4.1. Suppose that (f, g) is tangential along S and that v > 1.
Let 84 be an atlas adapted to S' and g. If (U,2),(U,2) € 8 are any local
holomorphic charts such that untuns’ #+ () and (55‘?, 615 are the corresponding
local partial holomorphic connections defined as in (54 1) then

ls __ gls
ol = 6%
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5.5. A Lehmann-Suwa-Khanedani-type index theorem

where they overlap. Consequently, there is a well-defined flat partial holo-
morphic connection

0o o QU * 0
Noy — W) @ NGy

along Ng%” cTS% on NJ ;.

Proof. Since X is a local generator of Z on U N UnSY we just need to

prove that
(5), - (%), 0

for any w € N% wvlunngo- This is true because if 21 = az!, with a € OF,,
and p: TM|g0 — N%M is the projection, by (4.2.2), Proposition 4.2.1 and
recalling that v > 1 we have that

J|)

)

where in the last line we use the fact that [Ts + V3, w]|gq0 = 0. O

A~
I

() , (w) = (also)” (8%)  (w) = (algo)”p (| &

tatoro([(2) wrm )

= (1. illgo) = (%) (),

w
SO

5.5 A Lehmann-Suwa-Khanedani-type index theo-
rem

Consider the short exact sequence of holomorphic vector bundles

g0

0— N& =5 TM|g0 5 NG 1y — 0 (5.5.1)

and let V' be any §*-connection on N%M. By (i) of Lemma 1.3.3 we can
take C°° connections V} and V3 respectively on Ng%” and TM|go such that
the triple (V}, V2, V%) is compatible with (5.5.1). Let r : Uy — S° be a
tubular neighborhood of S® in M and consider the C* connections r*V}
and r*V3 respectively on [S] %’ = r*N&' and TM|y, = r*TM|go. Then
setting 7*V§ = (r*V§,7*V2) we have by (i) of Lemma 1.3.3 and Theorem
1.4.9 that

P (rV) = e (V5) = r*p(V*) = 0 (5.5.2)
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for any homogeneous symmetric polynomial ¢ of degree n — 1. Let now
Sing(S) U Sing(Z) = UxX be the decomposition in connected components
of the singular set Sing(.S) U Sing(2), which is clearly an analytic subvariety
of S. For any A let Uy C M be an open subset such that Uy D ¥, and
Uy N Uy = () whenever A # ). Set U; = U\Uy and let V1 and V? be any
O™ connections respectively on [S] %1” and TM|y,. Then set V$ = (V1,V3?)
and consider the open neighborhood U = Uy U U; of S and its covering
U = {Up,Uy}. By (5.5.2) it follows that

@ (TM = [S1%) = | (0,(V9), (" V5, V1) | € H2"D) @, U, ©)

for any homogeneous symmetric polynomial ¢ of degree n — 1, that is for a
any such polynomial ¢ we can localize p(T'M — [S]®V) at Sing(S) L Sing(2).
Moreover the localization does not depend on the choice of the C*° connec-
tions, as stated by the following lemma.

Lemma 5.5.1. Let V' be another 6'S-connection on N—%,M’ let (V§, V3, V")
be another triple compatible with (5.5.1) and set r*V§ = (r*V{,7*VE). More-
over, let V1 and V3 be other C™ connections respectively on [S] %1” and
TM|y, and set V$ = (V1,V3). Then for any homogeneous symmetric poly-
nomial ¢ of degree n — 1

[(0,0(V1), 0"V, V1) | = [ (0.6(VD), (" V3, VD))
in H*=D(UY, Uy, C).
Proof. By property (1.3.1) we have that

p(V1) — (V1) = dep(V1, V1), (5:5.3)

moreover that
p(r*Vg, V1) = (V1 V1) — o(V1,7°V) — dp(V5,7° Ve, V1)
and
(V8. V) = o' V3, V1) + o(r Ve, VE) + dip(r* Vg, Vg, V1)
= —p(V1,7°Vg) + dp(r*V§, r Ve, Vi),

where in the last equality we use that p(r*V§,r*V§) = r*p(VE V) = 0
by (i7) of Lemma 1.3.3 and Theorem 1.4.9. Hence

p(r"V5, V1) — o(r"VE, Vi) = (V1 V) — dw, (5:5.4)
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with w = p(V$,7*V8, V1) + o(r*Ve, 7* Ve, V1). By (5.5.3) and (5.5.4) and

)

recalling the definition of the Cech-de Rham differential D we then have

(0,0(V1). e(r* V5, V1)) = (0. 0(V1), (1" V5, V1)) = D(0,4(V5, V1), w).
O

Suppose now S compact, then Sing(S) U Sing(Z) C S is also compact
and we can assume without loss of generality that U; is a regular neigh-
borhood of Sing(S) U Sing(Z). Consequently we can assume that U is a
regular neighborhood of S. Then by what we said in this chapter and by the
commutative diagram (1.9.2) we gain the following index theorem.

Theorem 5.5.2 (Lehmann-Suwa-Khanedani-type index theorem). Let M be
a complex manifold of dimension n and let S C M be a globally irreducible
compact analytic hypersurface with regular part 8" = S — Sing(S). Let (f,g)
be a pair of distinct holomorphic self-maps of M such that f|s = g|s and
g is a local biholomorphism over an open neighborhood of S’, with order of
coincidence v = vy, Assume that (f,g) is tangential along S and that
v>1, set 2 = Dy4 and let Sing(S) U Sing(Z) = U X be the decomposition
in connected components of the singular set Sing(S) U Sing(2). Then for
any homogeneous symmetric polynomial o of degree n—1 there exist complex
numbers Res,(2;TM|s—[S]|5";5)), one for each connected component T,
such that

S Res, (9. TMg — (8118 2) = [ o (131 - [5]°).
N S

We call Theorem 5.5.2 a Lehmann-Suwa-Khanedani-type index theorem
since Lehmann and Suwa introduced this kind of residues and the partial
holomorphic connection (4.1.2), which inspires the one in Proposition 5.4.1
(see [27], |28] and also [23]).

Remark 5.5.3. Suppose that g is a global biholomorphism over an open
neighborhood of S’ and recall Remark 2.2.6 and 2.4.6. In this case Theorem
5.5.2 turns out to be [4, Thm.6.3] for the holomorphic self-map ¢! o f.

In [4, Thm.6.3] the authors assume also that S’ is comfortably embedded
into M, on the contrary we do not need this hypothesis. The reason is a
slightly different definition of the partial holomorphic connection §', which
in [4] is called ‘Lehmann-Suwa (holomorphic) action’ and it is denoted by V
(see |4, Thm.5.3]). Both here and in |4] the partial holomorphic connection
is defined locally by fixing a local holomorphic chart (U, z) € 4, and one has
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to extend Z(v) € Tgo|ynso to a section of Tar|yngo for any v € N[?%’SO. The
difference between here and [4] is on the way of extending Z(v). In (5.4.1)
we observe that Z(v) = aX for a holomorphic function o € Opypgo, since
X is a local generator of 2, and then we extend Z(v) to aX. Instead in
[4] the authors make a sort of “double extension”. They firstly extend v to
a section v € TM’%;SO called the ‘local extension of v along the fibers of a
splitting morphism o’ (see [4, Def.5.7]), and then extend Z(v) to ®(v) where
D is a local holomorphic section of (TM®)* ® TM on U defined similarly
to (2.2.8). In order to have good local extensions o, and then good local
extensions D(7), the atlas U needs to be comfortable (and adapted to S’ and
o).

5.6 Computation of the Lehmann-Suwa-Khanedani
residues

We end the chapter and the thesis by deriving explicit formulas for the
computation of the residues appearing in Theorem 5.5.2 at isolated singular
points of & and, in a case, of S. To do it, we mix in some sense the strategies
of Section 3.3 and 5.3. A reference for this part is [36, Sec.IV.5|. In the
following let ¢ be any homogeneous symmetric polynomial of degree n — 1.

Let V§ and V2 be C* connections respectively on Ng%” and T'M|go
as in Section 5.5 and set V8§ = (V§,V2). Let r : Uy — S° be a tubular
neighborhood of S° in M, consider the C* connections r*V} and r*V3
respectively on [5’]@1)’ = p*N& and TM|y, = r*TM|go, and set r*V§ =
(r*V§,7*V3). Let X be any connected component of Sing(S) U Sing(2)
and let U C M be a regular neighborhood of ¥ such that U N (Sing(S) U
Sing(2)) = . Let V! and V2 be for the moment any C* connections
respectively on [S]|5” and TM |y, and set V* = (V!, V?). Lastly, let R C U
be any compact real C*° submanifold of dimension 2n oriented as M such
that ¥ C IntR, with OR transverse to S and oriented with the orientation
induced by R. Set R = RN S, then by Section 5.5 and 1.9 the residue of
o(TM — [S]®") at 2 is

Res, (7, TM| — [S][2", %) = /R (V) - /8 (V).

From now on set U = UNS and Uy = U — {p} to ease the notation. Suppose
that 3 is an isolated point, that is ¥ = {p}. In this case up to shrinking

102



5.6. Computation of the Lehmann-Suwa-Khanedani residues

U we can assume [S]|5” and TM|y trivial, then we can choose V! and V2
trivial respect to some local holomorphic frames of them. Consequently, the
residue of (T M — [S]®") at p becomes

Res, (2, TM|q — [S]|2" ,p) — - /a (V3. 7)

:—/8~¢<V5,V‘|00), (5.6.1)

R

where in the second equality we use that R C Uy and that by the very
definitions o (r*V§, V*)[g = ¢(V§, V°*[3,)-

Now let us consider the case p € Sing(2) first. In this case Ny = Ng/|
does exist since p is a regular point of S, moreover we can assume that
U is the open set of a local holomorphic chart (U, z) € 4l centered at p.
Thus (9z')? is a holomorphic generator of Ng}” and {%hj, e %b} is a
holomorphic frame of T'M|. Consequently, we can define the C'*° connection
V}] over N?” trivial respect to (9z1)?, that is

Vi ((021)7) =0,

and the C*° connection V% over T'M|; trivial respect to the frame, that is

forany j = 1,...,n. Let ' : U — U be a tubular neighborhood of U
in M and consider the C* connections V! = (r’)*V}] and V2 = (r’)*V%
respectively on [S]|5" 2 (r')*N?” and T M|y = (r')*T M|, which are trivial
respect to (r')*(9z!)" and {(r’)*%lﬁ, ce (r’)*%b}. Clearly V!|; = Vllj
and V3|5 = VQU, then setting V7, = (Vlﬁ, V%) we can rewrite (5.6.1) as

Res,, (2, TM|g — [S]|2" ,p) = — /(mgo (v5.92). (5.6.2)

As for the other kinds of residues, we mimic the strategy adopted in the
proof of [36, Thm.II1.5.5]. What follows is extremely similar to what is done
in Section 3.3, anyhow for the sake of completeness and to make the section
self-contained we repeat the steps. The canonical local generator X of &
associated to (U, z) generates the holomorphic line subbundle Ng@o” C TU,,
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and it induces two flat partial holomorphic connections 6 and 3 along
Ng@” C TUy on Ng”’ and T'M|g, . The connection 84 is defined by setting
0 0

(5(1])aX (w) = a.@*l( (X, 2(w)] )

for any w € Ng” and a € Offo’ while §2 is defined by setting
0

(58)(1)( (w) =« [X,@DHUO

for any w € TM,UO and a € (’)[70, where X is the canonical local extension
of 7 associated to (U,z) and w € Tu|g, is any holomorphic vector field
such that 7I)|UO = w. Clearly the flatness comes from the Jacoby identity,
moreover by construction the triple (63,03, 6'%) is compatible with the short
exact sequence

95
®v ~ 'Y P 0
0— Ng¥ — TM|g, — NQ,M|UO — 0,

which is (5.5.1) restricted to Up. Then by Lemma 1.4.3 we can assume
Vi and V3 respectively a dj-connection and a §3-connection. Note that
55((821)7) = 0 then Vllj is a §}-connection.

Let L7 C TU be the holomorphic line subbundle generated by %] g, for
any j = 2,...,n. There are natural flat partial holomorphic connections §J
along L7 on Ng@” defined by setting

(")

for any a, 8 € Oy and j = 2,...,n. Moreover, there are natural flat partial
holomorphic connections 6% along L7 on TM | defined by setting

(0), 21 (@ =a |35.1]

827 |7

(ﬁ(@zl)”) = a—@ (821)V

(0% -
029 |7

U

for any o € Oy, w € Ty, 5 and j = 2,...,n, where @ € Ty|y is any
holomorphic vector field such that w|; = w. Again, the flatness comes from
the Jacoby identity. Note that 617 ((02')¥) = 0 then Vllj is a 6'J-connection,

for any j :'2, ...,n. Furthermore 527j(%|ﬁ) =0forany k=1,...,n hence
V?j is a §%7J-connection, for any j = 2,...,n.
Let now Uy = {U?,...,U"} be the open covering of Uy defined by setting

Ul = {q e Uy s.t. W (q) # 0}
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for any j = 2,...,n, where the holomorphic functions h/ € Oy, are the ones
defined in (2.2.7). As already noted in Section 3.3

0
{(’322 Uj’X‘U]}

is a holomorphic frame of TU? = TS'|5; for any j = 2,...,n, thus we can
define the C*° connections V? on T'M|z; by asking that are §2-connections
and by setting

—_—
0 0
0j,...,8zj ﬁj,...,azn

for any @ € Op;, w € Ty, 5; and k = 2,...,n such that k # j, where
W € Tal|g; is any holomorphic vector field such that @|;; = w. Moreover,
we can define the C'™ connections V} on Ng@;’ simply by setting

(V§) oo

a8zk

g UJ

1

1
UU]'

for any j = 2,...,n. Observe that in general

W) #a |5l

(V3), o

027

UJ

UJ

hence V? is not a 0>J-connection, on the contrary it is a §%*-connection for
any k = 2,...,n such that k # j. Moreover, V} is a d3-connection and a
dLk_connection for any k = 2,...,n since Vllj is.

Set now V$ = (V},V?) for any j = 2,...,n and consider the Cech-de
Rham cocycle 7 € C’;f)nil)*2 defined by

Tiyeiy = @ (va,vg,v* ...,v;k) e Q2n=1)—k=1 (U"l AN Uk) ,

117

forany 2 <i1 <---<ip<mnand k=1,...,n— 1. Then we have a lemma
analogous to Lemma 3.3.2 (and the proof is almost the same).

Lemma 5.6.1.
(1) (D7) =—p(V(, V) foranyi=2,...,n.

(17) (D7)iyeiy, =0 forany2<i; <---<ix<nandk=2,...,n—2.
(@@i) (DT)2n = —p(VE, V3., V7).
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Proof. Observe preliminarily that by Theorem 1.4.10

gp(V('),V;l,...,V;k) =0 (5.6.3)
forany 2 <4 < -+ <1y < nand kK =1,...,n — 1, since by what we
have remarked the connections V(l), Vill, .. .,Vilk are all 55—connections and
V%, Vz21’ .. ,V?k are all (58—connections. Moreover, again by Theorem 1.4.10

o (vb, Vi VE) =0 (5.6.4)
forany 2 < i1 < - < ip <mand k =1,...,n — 2, since by what we

have remarked the connections Vlly, Vzll, .. ,V}k are all §'J-connections (for

any 7 = 2,...,n) and there is an i € {2,...,n} — {i1,...,ix} such that
. ,V?k are all 6%-connections.
(7) By definition of D and property (1.3.1)

(Dr); =dr; = dp (V5, V3. V7 )
== (V. V1) +0 (V5.9 — ¢ (V5. V5
for any ¢ = 2,...,n. Then by (5.6.3) and (5.6.4) we are done.
(i), (i) By definition of D
k
(DT)il---z‘k :(_l)k_ldTir"ik + Z(_Dé_lnl...fg...ik
=1

—(~1)*"ap (V5, V5, Vi, V3

21

k
+ Z(_l)ﬁ—lgp <V5, V;}, V;l, ce ,ﬁ, . 7V1.k> 5
(=1

forany 2 <i3 < ---<iy <nand k=2,...,n—1. By property (1.3.1) we
have that
(_1)k—1dgp (Va7 VZ]" V;l, cee V;k>

:_¢(v5,v;1,...,vzk) +¢ (V5 Vi, V5)

k
-1 ° ° [ Te [

(~1) 1 (V8,95 Vi, V0 V)

/=1
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5.6. Computation of the Lehmann-Suwa-Khanedani residues

Then (D7)i,.ip, = —p(VE, V;l, Vi) Fe(VE, Ve, Ve ) for any 2 <
ih < - <ip<nand k=2,...,n—1, and by (5.6.3) and (5.6.4) we are

done. O

Consider the open covering {U2 NOR,...,.U"N 8]:2} of OR and a system
of honey-comb cells {OR?,... 0R"} adapted to it. Set OR*™ = OR? N

-NAR", then by Lemma 5. 6 1 and recalling the Cech-de Rham integration
(1.7.1) we have that

o= [y S o (85 [ o)

and consequently by (5.6.2)

Res%’ (9’ TM’S - [S] %V 7p) = /GRQW 2 <V.Ua V;, T 7v;> (565)

Recall by Section 1.3 that p(V2,V3,...,V}) = L(p(V{,)), where V?

(V%t), V?t)) is defined by setting

) ~

Vip=|1- itj \ +§:th§
=2 =2
and
Viy = Zta G +Zta 5

and I, denotes the integration along the fiber. Note that V1. = Vllj, then

®
C(VZt)) — C(V%t)) A C(v%t))— = C(V%t)) /\c(Vllj)_l. Since we have chosen Vlﬁ

trivial respect to (0z')”, we have that C(Vlly) = 1 and then ¢( Zt)) = C(V%t)).
By the definitions it follows that SD(VZt)) = @(V%t)), thus

v (vg,v;,...,v;) _p (vg,vg,...,vi)
and by (5.6.5) the residue of p(T'M — [S]®") at p is
Res, (2, TM|g — [S]|2”,p) :/ o (vg,vg,... ,vi) (5.6.6)
BRZmn

The last step is now to understand how is done @(V%,V%,...,V%),
which is a (n — 1)-form over U?>*™ = U?N---NU" By definition
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@(VQU,V%, V) = I*(cp(V%t))) where V%t) is the C'* connection on the
complex vector bundle

TM|gs.m x R*H — U2 x R™1 (5.6.7)

defined above and I, is the integration along the fiber. To compute @(V%t))

we need ultimately to know the curvature matrix m%t) of V?t) respect to a
C frame of (5.6.7). Recall that if G(Qt) is a connection matrix of V%t) then
we have the relation /{%t) = dG(Qt) — H%t) A G(Qt), so we just need to compute G(Qt).
Let 9(2},9%, ...,0% be the connection matrices of V?j, V3,...,V2 respect to

the holomorphic frame
9
821 U2-n

of TM|g2..... Then Q(Qt) respect to the induced C* frame of (5.6.7) is

B
gom 7 21

0y = [1=D_t5 | 02+ 1,07 = 1;03, (5.6.8)
Jj=2 j=2 j=2

where in the second equality we use that 9% = 0 because V% is trivial respect
to the fixed frame. By definition
( 9
gi \ 072"

for any j,k=2,...,nsuch that k #jandi=1,...,n, and

0 1 0
e, (Bl) g e
( ]) 8% i aZZ Ui hJ Ui 82’1 Ui
B "1 9nt 0
— h]‘[}] 027’ Ui 8Z£ Ui
forany j =2,...,nand ¢ =1,...,n. This means that
dz?
2_ 2 X "
Qj - hi i H }UJ
for any 7 =2,...,n, where H' is the n x n matrix of holomorphic functions
Oht
H = ( Z) , (5.6.9)
0z if=1,...n

2y
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and then by (5.6.8)

‘Ugn

- dz
==D 47|

=2

Consequently the curvature matrix of V%t) respect to the fixed frame of

(5.6.7) is

H
U2-n

2
Ky = 60y — 0y N 0y Zdtz j

+ terms not containing dt;,

then

on —HNdZ2A--- o
¥ (V%ﬂ) :(—1)[%](n —1)! o(—H )h(i/\hn Ad

+ terms not containing dts A - -+ A dt,.

Adty A--- Adt,
U2-mn

By definition of I, and recalling that [,,_, dta A--- Adt, = 1/(n —1)!, we
finally have that

5 w9 2\ n-1] @ (—H')d22 A+ Ad2”
g&(VU,VQ,...,Vn>—(—1)[2] R

U2
and by (5.6.6) the residue of o(T'M — [S]®") at p is
(Do (-H)
Res, (9, M|~ S)5"p) = [ P 2 nazn,
552 o

As in Section 3.3 and 5.3, let us consider now the specific compact real
submanifold R C U defined by

R= {q e U s.t. \hz(q)‘2 o R < (n— 1)62}
for € > 0 small enough. Then
R=rns={geUst [+ + ") < (n—1)e}
and its boundary is
OR = {q eUst |W2(g)) + -+ (@) = (n— 1)62} '
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As usual we take the system of honey-comb cells {BEQ, e ,8R"} adapted
to {U?NOR,...,U"N IR} defined by setting

ORI = {q € ORst. |W(q)| > |hi(q)| fori=2,... n}
for any j = 2,...,n. Let I" be the one defined in (3.3.9), that is
r={qelst |[p2g) == ") =¢},

and let it be oriented so that dv? A --- A d9™ > 0, with ¥/ = arg(h’/). Then
n—1

considering the orientations we have I' = (—1)[ = JoR2 and, summing
up, we have proved the following theorem about Lehmann-Suwa-Khanedani
residues at isolated singular points of .

Theorem 5.6.2. Let M, S and (f,g) be as in Theorem 5.5.2, in particular
(f,g) is tangential along S and v > 1. Set 9 = PDs4 and let L be an
atlas adapted to S" and g. Let p € Sing(2) be an isolated singular point, let
(U, z) € U be a local holomorphic chart centered at p such that UN(Sing(S)U
Sing(2)) = {p} and let ¢ be any homogeneous symmetric polynomial of
degree n — 1. Then the residue Res,(2,TM|s — [S]|5",p) of Theorem 5.5.2
is given by the integral formula

Qv _ ¥ (_H/) 2 n
Res,, (@, TM|g— [5]lg ,p) = | 32 m dz A AN d2", (5.6.10)
rh2
where the holomorphic functions b7 are defined in (2.2.7), T is defined in
(3.8.9) and is oriented so that d¥?> A --- A d9™ > 0, with 99 = arg(h?), and

H' is the n x n matriz of holomorphic functions defined in (5.6.9).

We conclude with the case p € Sing(.S). Recall that from the beginning
of the section U C M is an open neighborhood of p such that U N (Sing(S) U
Sing(2)) = {p} and [S]|5" and TM|y are trivial. As in Section 5.3, the
strategy of the non-singular case does not work now since we do not have in
general a local holomorphic chart (U, z) € U centered at p, and consequently
we can not rewrite (5.6.1) in (5.6.2). Anyhow, if we assume that g|y is
a biholomorphism onto its image we can again compute the residue at p
basically in the same way of the Camacho-Sad singular case.

Suppose there is a holomorphic vector field V extending the foliation &
on U, that is V|U0 generates & on Up. Such a V would induce the flat partial

holomorphic connection 6% along Nl‘i” CTUyon N %7 m g, defined by setting
(5{5) (w) = ap ( v,@] ’%) (5.6.11)
aV\fJO
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5.6. Computation of the Lehmann-Suwa-Khanedani residues

for any w € NY /| 7, and a € O, , where w € TM’U() is any holomorphic
vector field such that p(@[g ) = w. Suppose that 815 coincides with the

partial holomorphic connection 8% of Proposition 5.4.1. Then choosing some
holomorphic coordinates (y',...,y") over U as in [36, Cor.IV.4.5] (see also
[27, Thm.2|), namely such that

= 0
V= E v —
=
and {v? = ... = v" = 0} NS = {p}, we may compute the residue at p

applying directly the integral formula of [36, Thm.IV.5.3]. More precisely,
we would have that

Res, (2, TM|g — [S] i ,p) = / Mdy2 A ANdy", (5.6.12)

Iy U2 YL
where V' is the n x n matrix of holomorphic functions

y4
V= <8U,> (5.6.13)
oy" i0=1,...,n

geeey

and T'y is defined as in (5.3.18).

Remark 5.6.3. We could use directly the integral formula (5.6.12) even
for the non-singular case, and we would have obtained the same formula of
Theorem 5.6.2. In fact if p € Sing(2) and (U, z) € 4 is such that p € U
we can take as V the canonical local extension X associated to (U, z), as
x € Tg the first coordinate 2! and as coordinates (y', ..., y") the coordinates
(2%,...,2"). Then recalling (4.2.1) we have V = H', where H' is the matrix
defined in (5.6.9), and v/ = A/ for any j = 2,...,n. Thus by (5.6.12) and
(5.3.18) we recover (5.6.10).

As already observed in Section 5.3, up to shrinking U we can assume
there is a holomorphic function € Zg which is a local generator of Zg at any
point of U. Let (y',...,y") be for the moment any holomorphic coordinates
over U, let (u!' =y'o g‘[;l, out=gy"o g|&1) be the corresponding special
coordinates on ¢g(U) and set for simplicity f/ = u’ o f and ¢ = w’ o g for
any j = 1,...,n. Moreover, let V;, be the holomorphic vector field over U
defined in (5.3.19), that is

" fi—g7 9
vfﬁgZE Oy
j=1
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We have already observed in Section 5.3 that if (f,g) is tangential alon S
then V¢, extends & on U. Furthermore, if v > 1 the partial holomorphic
connection (%Sf , induced by V¢4 as in (5.6.11) is exactly ' restricted to Up.

In fact by Lemma 5.3.4 and recalling (5.4.1) we have on each U’ (defined as
in Section 5.3) that

<6€’Sf’9>ax.7‘ )= (6€§f’g)an,g|~j )
=ap ([Vig@]|g,) = ap ([&7 = V], 0]|3)
=ap ( [Xj,d;] ‘Uj) = <5l8> (@)

aXJ
for any w € N%}M\Uj, a € Og; and j = 1,...,n, where & € Ty|g; is
any holomorphic vector field such that p(@|;7;) = w. Note that in the third
line we use that [V,,],(I;]\Uj = 0 since v > 1. Consequently choosing the
holomorphic coordinates (y*,...,y") such that we have (5.3.25), that is

2 2 n__ .n
{f g _ "9

v xv

}ﬁSZ{p},

we can apply formula (5.6.12). Observe that in this case the matrix V defined
in (5.6.13) is the Jacobian matrix of

(fQ_gz,...,fn_gn), (5.6.14)

xv v

which we denote by J for simplicity. Moreover, the I'y defined in (5.3.18)
becomes (5.3.26) as in Section 5.3, that is

fj _ gj
xl/

" = {q e U s.t.

(q)‘ze, forsz,...,n}.

Then finally we have the following theorem about Lehmann-Suwa-Khanedani
residues at isolated singular points of S.

Theorem 5.6.4. Let M, S and (f,g) be as in Theorem 5.5.2, in particular
(f,g) is tangential along S and v > 1. Let p € Sing(S) be an isolated singular
point, let U C M be an open subset such that U N (Sing(S) U Sing(2)) = {p}
and suppose that gly is a biholomorphism onto its image. Let x € Tg be
a local generator of Is at any point of U, let (y',...,y™) be holomorphic
coordinates on U and (u', ... ,u™) the corresponding special coordinates on
g(U). Set f =wlof and ¢ =’ og for any j = 1,...,n, and suppose that
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5.6. Computation of the Lehmann-Suwa-Khanedani residues

the coordinates y are such that we have (5.8.25). Let ¢ be any homogeneous
symmetric polynomial of degree n — 1, then the residue Res,(2,TM|s —
(118", p) of Theorem 5.5.2 is given by the integral formula

/" Dp(—J)
v [T (f7 = ¢7)

where J is the Jacobian matriz of (5.6.14) and T is defined as in (5.5.26)
and oriented in the usual way.

Res, (2, TM|g— [S]|5" .p) = du A~ Adu™, (5.6.15)
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